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A GENERALIZED NON-LINEAR PROBLEM OF HILBERT TYPE 
IN THE CLASS OF DISCONTINUOUS FUNCTIONS 

I . INTRODUCTION 

Let D+ d eno t e a bounded domain i n t h e complex p l ane Π, 
whose boundary i s a Jordan-Lapunov 'curv*,. Let us denote by 
0 1 f Cg, · · · » C r ( r > 2) some p o i n t s of t h e curve enumerated 
i n t h e p o s i t i v e d i r e c t i o n a l o n g t h e curve« Thus we have 
L a 0 ^ 2 + C 2 C 3 + * · · + where t h e a r c s ( =» 
» 1 t . . . , r , rf' « cf + l ) a r e t h e Lapunov arcs« o r d e r e d f rom 
t o Crf, . The complement of t h e s e t D+ + L t o IT i s deno ted 
by D~. Let us suppose t h a t t h e o r i g i n of t h e c o o r d i n a t e s i s 
i n t h e domain D + . 

I I . FORMULATION OP THE PROBLEM 

The g e n e r a l i z e d mixed problem of H i l b e r t t y p e c o n a i a t a i n 
f i n d i n g a g e n e r a l i z e d a n a l y t i c f u n c t i o n w(z) f u l f i l l i n g i n 
D+ t h e e q u a t i o n » 

w(z) + A ( Z ) w(z) + B(z) W(Z) A f ( z ) ( 1 ) 

and an a n a l y t i c f u n c t i o n Φ ( ζ ) i n D~ v a n i s h i n g a t i n f i n i -
t y , whose boundary Values s a t i s f y a t e v e r y p o i n t t t l > = 

» L - ¿ Cv t h e n o n - l i n e a r boundary c o n d i t i o n ! 
k = 1 
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2 G.Warowna-Dorau 

a0(t) w+(t) + f A0(t,t) w + (t ) cLt = 
L 

k = 0 

+ g(t) + F t,w+(t), <T(t>, ^ ^ 
» · · · » 

d n φ- (t) 
dt .n 

(2) 

where A ia) , B(z), a ô ( t ) , Α 0 ( ΐ,τ), bk(t), Bk(t,t) (k = 
a 0,1,..,n) g(t), P(t,u,a ,...,uQ) are given functions. 

Moreover we require that the n-th derivatives of the func-
tion Φ (z) and w(z) in a sufficiently small neighbourhood of 
the points satisfy for every z e D , 
following inequalities: 

ζ e ΰ the 

d n$-(z) 
dz1 

const 
ζ - CJ ν = 1,2,..,r; 8 q - a positive 

constant smaller than unity 

!w+(z)| < c o n a t - .. 
> - 0ν|β· 

The mixed problem of the Hilbert type was solved in the 
class of continuous functions by J.Wolska-Bochenek 

Wè make the following assumptions. 
Assumptions. 

The curve L is a closed Jordan contour, with con-
tinuously varying tangent which forms with a constant direc-
tion an angle satisfying the Holders condition with exponent 
alO < a 41)¡ 

2°. The complex functions A ( ' Z ) , B(z), f(z) defined for 
every ζ eD + + L, belong to the class L·^ 2(p > 2) and a (Z ) 5 
s B(z) a 0 for ζ e D~. 

3°. The functions of a complex variable aQ(t), bk(t) (k= 
= 0,1,..,n) are defined for every t e i and satisfy the ine-
qualities: 
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| a 0
( t )

 - a o ( V I < k a h -
(3) 

|bk(u) - b k(t 1)| k b|t - t j ß (k=0,1,...,n) , (0 < β < α) 

where k a , k-jj are positive constants, moreover 
a (t) ¿ 0, b Q(t) jí 0 for every t e L. 

4°. The functions Α^ΐ,τ), Β^ίΐ,τ), (k β 0,1,...,η) of 
a complex variable are of the form 

s A ° ( t , 0 χ B? (t,t) 
A o ( t ' T ) ~ _ τ|λ B k ( t ' T ) • |¡ 0 4 λ < 1 (4) 

where the complex functions Α°(ΐ,τ), Β^(ΐ,τ) (k=0,1,...,η) 
are defined for t ε 1, τ e L and satisfy the conditions: 

lAjCt.x) - A°(t,, τΛ)\ < k A[|t - t / + h - τ / ] 

(5) 

l^(t.x) - B j ( t 1 f x1)| < k B [ | t - t / + | τ - τ / ] 

k A, kg - positive constants. 
5°. The complex function g(t) satisfies the inequalities 

M k It - t Ie 

irCt.t,) = [|t - ov| |t1 -cv,|]*+(i 

for every t e l , , t, t1 e Crf Οΰ< e L, t^ e tC¿i, 0 < oc < 1, 
oc + ρ < 1 , kg, Mg - positive constants. 

6°. The complex function F(t,u,uQ,u^ ,... defined for 
t e l , , u g T T , u k e Π (k = 0,1,... ,η) satisfies the following 
inequalities 
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I p c t . u . ^ . . . · . ^ ) ! < ^ . 1 c , t t + ι ς [ ΐ α ΐ + g |uk|" 

V=1 

V I t .- t' 
|F(t,u,u0,...,un) - Ι + 

(7) 
+ ^ [ ¿ κ " + l u • u ' l + I U q " " â l . 

t,t!j ε Crf Crf. e L where t!j etC^, , 

kp, Mp, - some positive constants. 

III. THE INTEGRAL REPRESENTATION OP THE FUNCTION w(z) 

According to the theory of I.N.Vekua [5] the solution of 
the equation (l) with condition 2° is of the form of the . sum 
w(z) = W(z) + w^(z), where W(z) and w^(z) are respectively 
the general and partioular solutions of equation (l). Let us 
take the function W(z) in the form of the generalized Qaneby 
type integral with unknown density μ(ΐ) 

»<«> a 2TTÎ / Ω-j (ζ,τ) μ (τ) άτ - 2ΓΤΪ / Η^Ό ¿Ιτ L L 

where Ω^(ζ,τ), basic kernels normed in respeot 
to the domain D+. The particular solution of (l) can be pre-
sented in the form 

W„(e) = - -J- J J0 1 (a,ξ) f(ç) àk dQ - 1 //q3(ζ,ξ) fÛ")d^ dr? (θ') 

The complex function μ(ΐ»)., t ε L* belongs to the class fia in 
respect to the points C1,C2».··.»Cr· The function W(z) has' 
the limiting value 
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lim W(z) » W+(t) = 1 u(t) + W (t) (9) 
2 — teL, ¿ 

zeD* 
where W(t) exists in the Cauchy sense. The function w^iz) 
according to its representation (θ1) is continuous in the whole 
plane 

lim w (z) « w (t) . (10) 
z— teL,, 

IV. THE INTEGRAL REPRESENTATION Φ (ζ) 

We represent the function Φ(ζ) in the form proposed by 
Y.M.Krikunov [1], in order to solve the Hilbert type problem 
with the boundary condition containing derivatives: 

L. 1 

+ ¿ P v Tû-k-1 Z k]dr . (11) 
k=0 J 

By In — w e understand this branch of logarithm which di-
sappears for ζ = . 

It is easy to show that the same formula is valid if the 
unknown function μ(ΐ) is of the class fi a¡. This results from 
the fundamental theorem of W.Pogorzelski [ 3 ] . The n-th deri-
vative of the function (11) is a Cauchy type integral that in 
the points L^ possesses the limiting value defined by the 
formula: 

lim ä^lla) . - 1 „(t) . 1 + 1 f μ (τ) άτ . ( l g ) 
i-teL. dz11 2 t n 2 7 1 1 { (τ - t)tn 

ζ e D" L 
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V . THE SOLUTION OP THE PROBLEM 

A s s u m i n g t h a t t h e b o u n d a r y v a l u e s of t h e f u n c t i o n s w ( z ) , 

φ ( ζ ) and i t s d e r i v a t i v e s up t o t h e n - t h o r d e r s a t i s f y a t e v e r y 

p o i n t t C v Cν » 1 , 2 , . . . , r l ) o f t h e c u r v e L , t h e b o u n d a r y 

c o n d i t i o n ( 2 ) , we o b t a i n a s t r o n g l y s i n g u l a r i n t e g r a l e q u a t i o n 

w i t h a n unknown comp lex f u n c t i o n μ ( ί ) o f t h e c l a s s f»a 

a ( t ) M ( t ) + ^ / J ^ ^ f 1 + / ^ ( t . O μ ( τ ) dx + 

+ J Κ ^ , τ ) ¡ T t r ) d t » g ( t ) + p [ t , U ( t ) , U 0 ( t ) , * . . f U n ( t ) ] , ( 1 3 ) 

w h e r e 

i ( t ) - 1 
b ( t ) 

. ( t ) + Λ Γ - b ( t ) 1 
2 a , . ( t ) - (14) 

U ( t ) - 2TTI μ ( τ )dT - 2 ί ί ϊ / Ω 2 ( * · τ ) ά τ Í 1 í 5 ) 

I L 

V » > - d r I [ f t - ι - Η 1 • 
ι 

- Σ e * t * ] dx (16) 

ti r+\ ( - 1 ) n + 1 1 f μ ( τ ) Í f r + \ n - l - 1 Γ . x _ i _ t 
U l ( t ) - ( n - 1 - 1 k 2 Π Γ J ( τ - t } Ι 1 * 

ι * 

+ ( n - 1 + J - 2 + · · · + n - l ) t + 

( τ - t ) 1 1 " 1 / I - 1 . 1 - 2 . . 1 λ _τ_ 
n - l \n - 1 n - 2 *** η - 1 - 1 / ^2 
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)a~I"'r. fl-l , 1-2 , , 1 Ul-2)t + · . «4 , (τ - /1-1 . 1-2 . 1 Ul~2> 
+ ftt-W J U - M ) \n-1 n-2 + ··· + n-1-2/ tl-2 

(17) 
4 , [J - t>a~? . (1-1)1 -[ . + (n-1)(n-2) « · ·(n-1) tl. τ + 

n-2 η 
+ X>(k-I)...(k-1+1 >ßkTn~k"V"1 idT , Cl - 1,2,...,n-l) 

k » 1 J 

ν * » - s S î Ι^ίΨ ^ 
L 

— a (t) r fr 
g(t) - g(t) + f(?) άξ dT + 

D* 

+ jja 2i* tO fTÖd^ drj]- i J Α ^ , τ ) ^ ] ^ ( τ , *)*(*) df dr? + 
D* L D+ 

+ ff Ω2(τ,ξ)ί(ξ) d*dr?]dT . (19) 

The kernels and K2(t,-r) are completely defined 
by the given function and are of the form 

K? (t,τ) 9 
" - 1 »2) λ1 . max (λ, J-) (2θ) 

where the functions Kj(tft) satisfy, with regard to the both 
variables, the Hölder condition with the exponent d*·* 
• min (ρ, λ, 

According to the assumption 3o» the equation C13) is of 
normal type. Let us consider the charâcteristio equation of 
(13) with the right-hand aide as follows» 

a(t) μ(α) + ¡"r—T1 - » *(t)e/»a (21) 
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The index of the Hilbert problem corresponding to the equa-
tion (21) has the form 

« - ind act) = ind ill] ; l[l] 3 ind = ^ _ Q ( 2 2 ) 

*1 = ind bn(t) - ind aQ(t) (23) 

and ia called the index of the mixed problem. The solution of 
equation (21 ) in the case at>0 is given by the formula 

L (24) 

a*(t) - g, - ^ (25) a (t) - b (t) 

b*(t) - 2 g (26) 
a (t) - b (t) 

Z(t) = [a(t) + b(t)] X+(t) - [a(t) - b(t)] X-(t) (27) 

and P(_^(t) - an arbitrary polynomial of the degree κ-1 with 
complex coefficients and • 0 for « • 0. 

In view of equation (24) we oonclude that the function 
p.(t)eña satisfying equation (13) satisfy the equation 

Νμ =» μ(ΐ) + J ^(ΐ,τ) μ(τ) άτ + f N2(t,T) ¿ϋτ) dr -
L 

= P*[t,U(t),|U0(t),...,Un(t)] (28) 
where 

Vt,r) = a*(t)K2(t,r) - / dt, (29) 
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.,(*„> - .·(*)«,(*„) • / d t l (30) 

F*[t,U(t) ,UQ(t ),... ,Un(t)] =K*[g(t )+p[t,u(t ) ,U0(t ),... ,un(t )]] + 

+ b*(t) Z(t) P x - 1(t) (31) 

K*[s(t)] - a* (t)s(t) - / t ) (32) 
L 

The kernels Ν.(ΐ,τ) (j a 1,2) are of the form 

N°(t,i) 3 I U - 1*2) «Γ- min(<f\ 1 - tf*) (33) 
|t — τ I 

where the functions τ ) satisfy, with respect to both-va-
riables, the Holder condition with the exponent 

cr ( 1 - θ ) , 0 < θ ¿ 1 (34) 

The non-linear integral equation (28) will be solved by 
the Schauder fixed point metjaod. Let us consider a functional 
space Λ , whose elements are the oomplex functions μ(ΐ) defi-
ned and continuous in the domain L^ a L - . ^ C ^ and satisfy-
ing the condition! 

sup Π |t - Cv|a+h I μ(t)I (35) 

a, h - being the fixed parameters of the class fi. 
The sum of two points of the spaca and the product of a 

point by a number is defined in a known way. The distance of 
two points of A is ¡defined as the norm of their difference 

ç(fv f 2
) • lki - ^2II · (36) 
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where by the norm of the point μ(ΐ) ve understand 

Ι Ι κ Ι Ι - « ρ [ ΰ ΐ * - 0 Ϋ Γ Η | μ Ο ΐ ! ) | ] . (37) t€ Le 

The so defined space is a Banach spaoe. Let us consider in A 
a set E of all points μ that satisfy the inequalities! 

¿ | t - σ ν Γ " | μ ( * ) [ 4 9 (38) 

[l· - C v + l i r " l ^ ( t ) (38* ) 

The constant ç and ω are arbitraryly positive reals; but a 
and h satisfy the relational 

h a min (β, θ ρ, (1 - θ) d" , , O ¿ a+h < 1 

t^, tg being arbitrary points plaoed on the same arc 
between the successive points of discontinuity such that 
t.,£tC r + r The set E is closed and convex (see Zakowski [7]). 
Let us transform each element of the set E by means of the 
transformation» 

fi(t) + J Ν^ΐ,τ) ¿Χτ)άτ + J Κ2(ΐ,τ) ¡TR) dû = 
(39) 

- P#[t,u(t),...,un(t)] , 

according to which to every element of corresponds the exactly 
defined element of the set E'# How, we are going to find the 
conditions for E1 to be a subset of E» 

L e m m a 1. The function Ρ^,ϋίΐ) ,UQ(t)... ,Un(t)] sa-
tisfies the inequalities 
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V-1 1 V I 

I Γ Ί Γ -ι Kb{Bíq+Β0ω+Β,) utt(t)J-p[t1,u(tJU.,un(t1
 3 (40· ) 

whepe the constants Α . , d e p e n d on the curve L, on the 
norms 

of the functions A(z), B(z) and on the number n; the 
constants A2, B2,B^ depend only on the ourve and the exponent 
h» The form of the inequality (40) results from the assump-» 
tion 6° and the properties of the Ûauchy type integrals U(t), 
Un(t) (formulae (15), (18)). 

L e m m a 2. The function g(t) is of the d a s s i.e. 
it satisfies the inequalities 

v=1 

(41) 
~ . k~|t - t J h 

This follows from the assumption 5° and the representa-
tion (19). 

L e m m a 3. The function F*[t,U(t) rUQ(t),.. ,UQ(t)] de-
fined by formulae (32) is of the class fia . 

P r o o f . According to the form (32) of the function 
Ρ"and in view of the inequalités (4θ), (40') we apply the 
principal theorem of the function of the class and obtain 
the following evaluation for F* 

ι F*[t,u(t),u0(t),...,un(t)] I < rïi^* G f 

υ = 1 
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h 
ν ι*-* 

Π Γ Ί Γ ~ Τ ~ 
(42) 

where 

* [ t , u ( t ) u n ( t ) ] - F* [t., f u ( t 1 ) u Q ( t 1 )] I < ^ ( j ^ ) « 

Mp* = p-|Mp + (p 2 ρ + ρ^ω) Mp + (p^ç + p5u))kp + pg 

(42' ) 
kp* » p^Mp + (p'2ç+ p ^ ) M ¿ + (p'4ç + p^oOkp + pg 

and where the constants p^ t p^ C i = 1 , ^ . . , 6 ) depend on the g i -
ven f u n c t i o n s and on the curve L , but they are independent on 
μ ( ΐ ) , q . e . d . 

L e m m a 4 · The set E1 conta in ing the p o i n t s t r a n s f o r - . 
med μ by means of the t r a n s f o r m a t i o n (39) i s a subset of the 
set E i f the constants of the problem s a t i s f y the system of 
i n e q u a l i t i e s » 

(1 + Μ + Ή ί τ ) Μρ* 4 ç kg,* + Mp* ( k ^ + (43) 

=* J I γ1 ( t , x ) I dt f M T = / | ï 2 ( t » T ) l d T » 
1 L L 

where M 

/ ï i C t . O - Τ 1 ( ΐ 1 , τ ) dt 
k = sup Ü J : i l L — , ( i = 1 f 2 ) 

t . t t S L . t - t 1 n 

- P r o o f . I n v iew o f the lemma 2 and the r e s u l t s of 
G.F.Mandzawidze [ 2 ] , the s o l u t i o n of equat ion (39) can be g i -
ven i n the form 

μ ( ΐ ) = F * [ t , U ( t ) , . . . , U n ( t ) ] + / T l ( t , r ) Ρ , [ τ , υ ( τ ) , . . „ υ ι 1 ( τ ) ] ά τ + 
L 

+ J y 2 ( t , T ) ϊ " [ τ , ϋ ( τ ) , . . . , υ η ( τ ) ] dr (44) 
L 

- 16 -



A generalized; non-linear problem of Hilbert type 13 

where F* is the function of the class fia and the homoge-A 
neous equation Νμ = 0 has a zero solution only.On the basis 
of the inequalities (38), (42), we obtain the inequalities 
(43) and substituting formulae (42*) into (43) we obtain the 
condition 

V k F ^ p( 1+M +m1 +k +k )' ̂ ax(pi+pi), (i=1,..,5). (45) 
T·̂  »2 "2 

Since the choice of the constants ç , ω is arbitrary, it 
is evident that conditions (43) are always satisfied,provided 
that the constants M¿,, kg are sufficiently small and satisfy 
the inequality (45). 

L e m m a 5. The transformation (39) is oontinuous in 
the space Λ. 

P r o o f . The proof of this lemma follows from the 
property (42) and from the properties of the singular inté-
grais appearing in equation (44)» considiered by W. Pogorzels-
ki [4]. 

Thus all the conditions of the theorem of Schauder are 
satisfied and we can infer that in the set E there is at 
least one point μ* fixed with respect to the transformation 
(39), provided that inequality (45) is satisfied.This implies 
that the function μ*(ΐ)εηα satisfies equation (15) and can 
be chosen as an density in the integral representations (®), 
(13). Hence we conclude that there exists at least one solu-
tion of the boundary problem ( 1 ) , ( 2 ) . 

T h e o r e m . Assume -that the given functions A(z), 
B(z), a0(t), AQ(t,τ), bk(t), Bk(t,x) (k = 1,.,.-,n), g(t), 

,Un(t)] satisfy conditions 2° - 6°.|âssume further 
that the contour 1 satisfies supposition 1°,the constants M̂ ,, 
k¿, of the problem (1), (2) satisfy inequality (45), and the 
index of equation (25) is non-negative. Let the homogeneous 
equation Νμ « 0 have only zero solution. Then there exist a 
function Φ (ζ) holomorphic in the domain D~ and zero at 
infinity, and the function w(z) satisfying in D + equation 

- 17 
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(1), such that the boundary values of Φ(ζ) and w(z) satisfy 

on L^ the condition (2). All such functions are defined by 

formulae (8), C13). where μ(ΐ) is a solution of integral 

equation (15) and belongs to the class fia. 
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