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0 HEKOTOPHX BOHPOCAX nOBE^EHHfl PEEOLEHHÖ .KMiEPEBUHAJIBHHX yPABHEHHÉ 
B IIPOCTPAHCTBE TMLEEPTA 
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ON SOME PROBLEMS OF BEHAVIOUR OF SOLUTIONS 

OF THE DIFFERENTIAL EQUATIONS IN HILBERT SPACE) 

1 . B paöOTax [ 6 ] , [ 7 ] paccMaTpuBajiHct sonpocu acHMnTOTH-

qecKoro noBefleHUH HeKOTOpnx oÓHKHOBeHHux flH$(fepeHD,HajibHHX y -

paBHeHHä rana 

x + <xx + ßx = 0, x ( 0 ) = x Q , x( 0) = x± ( 1 ) 

h qacTHHX AH$$epeHitHajii.HHX ypaBHeHHM THna 

a t t + a u t + ßu = a g g , u(s,0) = f Q ( s ) , u t (s ,0) = f 1 (s) (2) 

npn HeKOTopnx oflHopoflHHX rpaHHtiHhix ycjiOBHüx. üpeflnojiarajiocB 

ITO OCfß HBJiaiOTCH HeKOTOpHMH (fyHKAHHMH - HJIH OnepaTOpaMH C 

opraHiraeHHHMH oßjiacTHMH 3HaieHHÄ qepe3 HeKOTopne nocTOHHHHe: 

0 < a < a 4 A, b < ß < B. 0ica3aJiocB qTO cymecTByeT 6ojibmoe 

cxoflOTBO nojiy^eHHUX pe3yjitTaTOB. 3TO He cjijniagHO - ero MOXHa 

nojiyiHTb npH öojiee aöcTpaKTHOÜ nocTaHOBKe 3afla^i THna ( 1 ) HJIH 

(2) - noJiyqeHHHe B ynOMHHyTHX paöoTax pe3yjiBTam Moraa nojiy-

qHTB H npn öojiee oßmeM noflxofle,oxBaTHBarnHM flonojiHHTejitHO He-

KOTOpue He paccMOTpeHHHe qacTHHe 3af lara. 

B CTaTte o6o6maKTCfl TOJIBKO iaCTH paßoT, OTHOcnmHecJi K c j iy -

laio Korfla ß HB^aeTCH (fyHKiiHeft TOJIBKO oflHoro nepeMeHHOro x , 

ß = &(x) - ß ciaiiHOHapHa. ÄajiBHeämHe oßoÖmeHHH 6y,nyT onyßjiH-

KOBaHH ii03ace. 

2. IlyCTb H HBJIHeTCH ÄeÖCTBHTeJIBHUM THJIBSepTOBHM npo-

CTpaHCTBOM, I = < 0 , » ) . IlyCTB C k ( I ) - Kjiacc fyHKIiHii x : 

1 — H, onpeaeJieHHHX H k pa3 HenpepnBHO flH$$epeHHHpyeMHX Ha 

I . Hx 3Ha^eHHa 6y,neM o6o3HaiaT£ ^epe3 x ( t ) . 

PaccMOTpHM flBa onepaTOpa P H K. 

Bciofly B c T a i i e npe,nnojiaraeTCH n o : 
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2 H. MycHji, E. MymHHCKH 

K. OnepaTOp K .neâûTByeT hc H b H, D(K) C H, D(K) = H. 
SHa^ieHHe onepaTopa K Ha DJieMeme a oöo3Ha^aeicH iepe3 Ka. 
OnepaTop K - jikhshhhë • 

P. OnepaTop P fleiícTByeT H3 I * D(K) * D^ b H. 3flecb 
D^ - HeKOTOpoe mhoxsctbo H3 H, npH^iëM D^ 3 D(K). 3HaieHHe 
onepatopa P Ha DjieMemax t e l , a e D(K), v e D^ 06o3Ha-
tiaeTCH qepe3 P(t,u,v). IIpeflnojiaraeTca, n o P(t,0,0) = 0 » h 
jiioöoro t e l . o 

nyCT (fyHKUHH X € C (I) HBJineTCH pemeHHeM ypaBHeHHH 

X + P(t,x,x) + Kx = 0 (3) 

npH Ha^iaJIBHHX yCJIOBHHX 

x(0) = x Q, x(0) = x ±, x Q e D(K), x±e D^ (4) 

3to o6o3HaiaeT ito juiji Kaacfloro t e l x(t) e D(K), 
x(t) e D̂ j ,, BHnojiHeHH HaqajitHHe ycjiOBHs (4),a TaKxe ajth Kaac-
Äorö t £ I HMeeT MecTO 

x(t) + P(t, x(t), x (t ) ) + Kx(t) = 0 (5) 

B paôoie He paccMaipHBaeTca Bonpoc cymecTBOBaHHH h eflHH-
CTBeHHOCTH pemeHHM - npesnojiaraeTCH *ito ohh cymecTgyïOT (cm. 
HanpHMep [2,3,4,9]). 

CKajiHpHoe npoH3BefleHHe b H ôy^eM o6o3HaiaTB *iepe3 ( • , • )> 
a HopMy - Il • Il, BBefleM cjie,nyiomHe coKpameHHHe o6o3HaieHHH 
(STO T.Ha3.3HepreTHtiecKHe npoH3BefleHHe H HopMa - CM. [5]) 

<u,v> = (Ku,v), |a| = < u , u > ? (6) 

BBe^eM HGCKOJiBKO onpeflejieHHä : 
0.1. §yHKiíHio X e C°(I) Ha3HBaeM orpaHH^ieHHOíí (K-orpa-

HH^eHHOË) ecjiH cymecTByeT iaKaa nocTOHHHaa M > 0, *ito ¿yin 
Bcax t € I ||x(t) Il 4 M (|x(t)| < M) . 

0.2. $yHKi;H» X £ C°(I) Ha3HBaeM CTpeMsmeiîcjî (K - CTpe-
Mameñcn) sKcnOHeHiîHaJiBHO k HyjiK) ecjiH cymeCTByioT Taicne iioctohh— 
HH6 M > 0, ï > 0, ^TO flJiH Bcex t e l ||x(t)||<Me"rt (|x(t)|<Me"Tt). 

0.3. PemeHHe x 3a,naiH (1), (2) Ha3HBaeM ycTOihuiBHM (K -
ycTOgtiHBHM) ecjiH flan Kaacfloro £ > 0 cymecTByei Taicoe ó > 0, 
ito flJiH aioßoro flpyroro pemeHHH y ypaBHeHHH (1), TaKoro ito 
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O HeKOTOpnx B o n p o c a x . . . B npooTpaHCTBe fHJiBdepTa 3 

y(0) = y Q > y(0) = y 1, ecjm \xQ - y Q | 2 + ||x1 - y±l|2 < S TO 

||x(t)-y(t)||2
 + ||¿(t)-y(t)|| 2<£ (|x(t)-y(t)| 2

 + ||i(t)-y(t)||2<t). 
0.4. PemeHHe x 3afla^H (1), (2) Ha3EJBaeM -acHMiiTOTHiecKH 

YCTOÑ^HBHM ( K-yCTOÜMHBHM) eCJIH OH O yCTOH^HBO ( K-yCTOÍhlHBO ) 

H n p n O6O3HATIEHHAX 0 . 3 . H M E E T M E C I Ó | | X ( t ) - y(t)|| 2 + | | X ( t ) -

- y ( t ) | | 2 - 0 ( | x ( t ) - y ( t ) | 2 + | | ¿ ( t ) - y ( t ) ||2 — Oj)" nPH t - ~ . 

flna n p o c T O r a h h t c SyfleM orpaHHqHBaTBca O^hhm npHMepoM. 

IlycTb p = |i(s), «. = cx(s,.t,u,ii f u + ) - HeKOTopne $yHKiiim yKa-S U 
3aHHHx nepeMeHHHX. IIpH 3THX NPE^NOJIOKEHHHX paccMOTpHM 3aflaiy 
( 2 ) . üpeflnojiaraeTCH ^TO U = u ( s , t ) , s t < 0 , 1 > , t £ I , i\ne 

1 - HeK0T0paH noJioacHTejiBHafl nocTOHHHan. IIpHHHMaeM cjieflyroipie 

R P A H H ^ H H E YCJIOBHH 

u(0,t) S 0, u(l,t) H 0 (7) 

ECJIH paccMOTpeTB KaK np0CTpaHCTB0 H np0CTpaHCTB0 $YHKN;HH 

a 2 
a 3 Lo ( 0 , 1 ) } TO o n e p a T o p K STO o n e p a i o p |5J - , a o n e -

paTOp P renepHpyeTca íyHKijHeñ a ( s , t f u , u ,11̂ )11̂ .. 3,n,ecB D(K) 
OTO npocTpaacTBO flByxicpaTHO HenpepHBHO flHfifepeHiíHpyeMux $ y H K -

UHÍÍ H3 H npHHHMaiOHEX flJIfl S = 0 H S = 1 HyjieBHe 3HaieHHH , 

= H . 0603HaqaH qepe3 x 9JieMeHTH OTOTO n p o o T p a H C T B a , 

f 0 ( s ) iepe3 x Q , f ^ ( s ) ^epe3 x 1 npeodpa3yeM 3aAa^y ( 2 ) 

c ycjioBHHMH (7) K BH^y (3). BnnojiHeHH 3flecB ycjiOBira P H K. 
.HajiBHeitniHe npeflnojioxeHKa H pe3yjiBTaTH npHBefleHH HHsce. 

3. T e o p e i a a 1 . ECJIH: 

a . o n e p a T o p K CTaitHOHapeH ( T.e. He 3aBlncHT OT t ) > n o -

ji03KHTeJiBH0 onpefleJieH c nocTOHHHOñ r > 0 ( T . e . fljiü Bcex 
U £ D ( K ) ( K U , U ) . > r(U,U))> c H M M e T p n q e H ( T . e . ÍUIH Bcex U , v e D ( K ) 

(Ku,v) = (Kv,u) J, 
B . onepaTop P TAKOB , vTO AJIJI JIH>6HX T E L , u e D ( K ) f v e D^ 

(P(t,u,v),v) > 0 (8) 

TO 

A . pemeHHe x 3a^aMH ( 3 ) , ( 4 ) BMecTe c np0H3B0flH0ít x 

O R P A H H I E H O , pemeHHe K -orpaHHieHO , 
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4- HU M y c H ü , E . M y m H H C K H 

B . HyjieBoe p e m e H H e y = 0 y p a B H e H H H (3) y c T o ñ i H B o h K -

y C T O Ä ^ H B O . 

Ä 0 K a 3 a T e J I B C T B 0 . P a C C M O T p H M H a D( K) * D^ $ y H K -

iíHOHaji V onpe^ejieHHHß $opMyjioä 

Y ( u , v ) d=f J ( | u | 2 + II v||2) = J ( ( K u , u ) + (v,v>). (9) 

O u e H H M e r o C H H 3 y . T a K K a K ( K u , u ) > r|(u,u), T , e . 

| u | 2 > rl||a||2 (10) 

TO 

V ( u , v ) > J(r|||a||2 + ||v||2) ( 1 1 ) 

AJia Kaacfloro u. € D ( K ) , v e D^ . P a c c M O T p H M ifyHKitHOHaji Y b^ojib 

p e m e H H H 3a,naiH (3), (4), n p H H H M a n u = x , v = x nojiy^aeM 

$ Í f Y ( x , ¿ ) = l ( | x | 2 + ||i||2)= l ( ( K x , x ) + (i,±)) (12) 

T a K K a K x : I H , x : I — H , to 0 HBjiHeTca (JyHKiineft H a I 

c oÖjiacTBio 3 H a ^ e H n M b MHOacecTBe fleiiCTBHTejiBHbix vacex, a BBHfly 
2 • 1 

(11) I — I . Ilo npeflnojioaceHHK x e. C (I), n o o T O M y x e C (I) 

h $ ê C (I). MojKHa n 0 3 T 0 M y epeHiyipOBàTB ee n o a p r y M e H -

T y t . 3 a M è T H M 3 ^ e c B , i t o 

ì ( K x , x ) = l i m ( K T x , T x ) - ( K x , x ) = 

a t At—0 

l i m ( K T x , T x ) - ( K T X f X ) + ( K T x , x ) - ( K x , x ) 

At-0 A t 

_ l i m ( K T x , T x ) - ( K T x . x ) + ( T x . K x ) - ( x , K x ) _ 
At-0 ^ 

• a [(=*• 3P) * («* At-0 

= ( K x , x ) + ( K x , x ) = 2 ( K x , x ) (13) 
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O HeKOTopux B o n p o c a x . .. b npocTpaHCTBe Fmi ißepTa 5 

r ^ e T - onepaTOp cflBura BflOjB pemeHHH Ha At;, i . e . T x ( t ) = 
= x ( t + At ) , T:H—-H. B BHKJiaflKax Hcn0Jii>30BaHa chmmstphihoctb 

h CTauHOHapHOCTB onepaTopa K. Ü3 $opMyjiH (12) ncnojiB3yH (13) 

nojiy^aeM 

$ = ( K x , x ) + ( x , x ) ( 1 4 ) 

TaK KaK X no npeflnojioaceHH» h b j i h s t c h pememieM ypaBHeHHH 

( 3 ) , to x = - P ( t , x , x ) - K x - OTCiofla 

t * - ( P ( t , x , i ) , x ) ( 1 5 ) 

BBHfly npeflnojioxeHHH ( 8 ) nojiyqaeM 3f lec t ito $ < 0, i . e . 
$yHKmifl i t öyfljrtiH KaK a i o 6hjio yKa3aHO Buine HenpepHBHoft, 
HBjmeTCH HepacTymeñ. IIooTOMy RJIX Bcex t e l 

4 i t ) < $(0) = f[(Kx0 ,x0) + c (16) 

B3 $opMyji ( 1 0 ) , ( 1 2 ) h ( 1 6 ) nojiyqaeM 

| ( r l | x | | 2 + | | x | | 2 ) < | ( | x | 2 + | | i | | 2 ) = * < c ( 1 7 ) 

OicK^a 

l l * ] | 2 < f , | | i | | 2 < 2 c , | x | 2 < 2c 

*ito AOKa3HBaeT Te3nc A TeopeMH. Te3nc B BHieKaeT H3 ( 1 6 ) 
H (17). 

PâCCMOTpHM CJieflCTBHH H3 TeopeMH 1 S H aHOHCHpOBaHHOrO BH-
me npHMepa 

u t t + a ( s , t , u f u s , u t ) u t + ß ( s ) u = u s s , 

u = u ( s , t ) , s e < 0 , l > , t e l 
( 1 8 ) 

u ( 0 , t ) = 0 , u ( l , t ) = 0 

u ( s , 0 ) = f 0 ( s ) , u t ( s , 0 ) = f ^ ( s ) 
IlycTB $yHKiiHH a AJLK Bcex cbohï apryMeHTOB HeoTpimaTejibHa 

h cymecTByeT TaKoe ihcjio b* > - n o RXA s e < 0 , 1 > /i>b*. 
L 

ÄOKasceM BHnojiHeHH© npe^nojioseHHit TeopeMH 1 . 
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6 H . Mycflji, E . M y m H H C K H 

a. CïaiiHOHapHOCTb onepaTopa K o^eBHflHa. B paccMaipHBae-
i 

m o m cjiyiae (Ku,v) HiieeT b h a f ( ß u - u g | g ) v d s , r a e f y H K q n H 

û £ 
U | V 3 a B H C H T OT s,t h npHHaflJieacaT k C othochtsjibho c b o h x 

a p r y M e H T O B . HHTerpupyn: n o q a c T H M h y ^ a r a B a a r p a H H ^ H H e ycjioBHK 

T a n a (7) nojiy^aeM 

i i 

< u , v > = ( K u , v ) = J ( ß u v + u s v s ) d s = Jfliv- v s g ) u d s = (Kv,u) (19) 

0 0 

T . e . K - C H M M 6 T p H i e H • Ü 3 9TO0 (JJopMyjiH n p n a = V nojiyqaeM 

i 

a | 2 = (Ku,u) = / ( ß u 2 + u 2 ) d s (20) 
o 

" .2- - 2 A 
H TBK KaK ß > b* , J Ugds > / u cl S (cm. [l] ) , TO BÍ3HB b = 

2 o 1 1 

= b* + — g , b > 0, nojiy^aeM 

(Ku,u) > b Ja^âs = b(u,u) (21) 
o 

OnepaTop K nojioacHTejiBHO onpe,nejieH c n o c T O H H H O ñ b . 

b. OieBHflHO tuo b p a c c M a T p H B a e M O M cjiyiae ( a > 0) npe^no-

jioxeHHH 06 o n e p a T o p e P bhiiojih6hh• 

BßHfly BHnojiHeHHH npeflnojioKeHHñ T e o p e M H 1 b p a c c M a T p H B a e -

M O M cjiyiae bhiiojih6hh h t @ 3 H c h , 3aTeM cyrçecTByioT T a K H e h o c t o h h — 

H H e Cj^ , i = 1 , 2 , 3 , ^ t o 

||x||2 = / u 2 d s 4 C l , Il ¿ f = / u 2 d s < c 2 , 
0 0 

l 

|x|2 = / (ßu2 + u2)ds 4 c 5 

o 

fíjix B c e x t é I . H 3 noc^eflHero H e p a B e H C T B a , y ^ H T H B a H H e p a B e H -

C T B O E y H H K O B C K O r O t B H T e K a e T 

= (I asds)2 4 s Iasds * 1 / u s d s ( 2 2 > 
0 0 0 

- 2 2 8 -



O HeKOTopiix B o n p o c a x . . . b npocTpaHCTBe r m i B t í e p x a 7 

h b c a y i a e b* > 0 Hueeu 

u 2 < 1 / ( u 2 + b * u 2 ) d s < l / ( a | + ß u 2 ) d s < c , l ( 2 3 ) 
o o 

a b c j i y ^ a e b * ^ 0 

i 2 1 2 1 i 
u 2 4 1 / u 2 d s = I b ( / " T b u s d s ~ / b * u 2 ( i s + / b * u 2 ( i 8 ) ¿ 

o o 11 o 5 

Ì»* A - ) » 

o o o 

l ! 2 d s + / b ' u 2 d s ) = 

= | § I ( u j + b * u 2 ) d s < ¿ J ( u 2
+ P u 2 ) d s < ¿ c 3 

B o6eHx cJiyqaax HMeeT M e c i ó orpaHHieHHOCTB pemeHHa u ( s , t ) 

KaK $yHKQHH flByx nepeMeHHHX b oßj iacTH ee onpefleJieHHH. 

Ms TeopeuH 1 BHTeKaeT TaKace ycTOä^HBOCTt h K-ycTOßiHBOCTt 

H y j i e B o r o pemerom nameiì 3 a f l a i H | t . e . fljia Kaac^oro e > 0 cyme-
IB 2 

CTByeT TaKoe <f > 0 , i t o H3 ycjiOBHH | x Q | + || x i | | ^ ¿ s T . e . 

b paccuaTpHBaeMOM c j i y i a e 

I [ P f 2 + ( f ¿ ) 2 + f 2 ] d s ( 2 5 ) 

BHTeKaeT B cjiy^iae ycTOñiHBOcTH 

i 

/ ( a 2 + u 2 ) d s < e ( 2 6 ) 
o 

a npH K-ycTOñ^HBOCTH 

J ( f j u 2 + u 2 + u 2 ) d s < e ( 2 7 ) 
o 

Ha n o c j i e f l H e r o HepaBeHCTBa BHTeKaeT, i t o u 2 ( s , t ) 4 k e 2 » 

r f l e fc - cooTBeTCBeHHO nof loßpaHHan nocTOHHHSH ( ,n0Ka3aTeJi&cTB0 

aHa j i o ra iHO npKBefleHHOMy BHme). 
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8 H. Myesa, E . MymHHCKH 

OTHOCHTSJIBHO npesnojiaraeMoro O R P A H H I E H A A Ha HA^AJIBHHE 

$YHKIÏHH TKNA ( 2 5 ) CM . [ 8 ] . 

T E O P E M A 2 . BCJIH: 

a . BHnojiHeHH npeflnojioaceHHH TeopeMH 1 OTHOCHTejiBHO onepa-

t o r a K, 

B. onepaTop P ( t ) fljia Kaxcfloro t e l fleñcTByeT H3 D^ 

B H, JiHHeeH h nojioscHTejiH ( i . e . ajih Kaacfloro t e l h V e D^ 

( P ( t ) v , v ) > 0) TO ffŒH Bcex pemeHHiî ypaBHeHHH 

x + P ( t ) x + Kx = 0 (28 ) 

A . BHnojiHeHH Te3HCH TeopeMH 1, a Taicace 

B . Bce PEMEHHH ycTOiteHBH H K-ycToMqHBH. 

J Í 0 K a 3 a T e j x B C T B 0 . Tax Kaic no npeflnojioaceHHio 

( P ( t ) v , v ) > 0 flJiH JIMÖOÄ napa ( t , v ) £ I « D^ TO BHIIOJIHSHH 

npeflrioJioa:eHHH TeopeMH 1, a nooTOMy H Te3HCH. 

IlycTB cp - HeKOTopoe pememie ypaBHeHHH ( 2 8 ) , <p(0) = <pQ? 

9 ( 0 ) = 3aflafltiM jiioôoe e > 0, BBHfly TeopeMH 1 cymecTByeT 

TaKoe cf > 0, ^to AJIH Jiioßoro pemeHHH x , x ( 0 ) = x Q , x ( 0 ) = x^ 
2 2 2 . 2 ecjiH J x I + || x.jJ| < 6 TO jsfia Bcex t e. I ||x|| + ||x|| < e 

2 2 
( | x | + ||x|| 4 e ) . IlycTB V - apyroe pememie ypaBHeHHH ( 2 8 ) , 
V ( 0 ) = 0) '= TaKoe tuo | <pQ - Vq | 2 + | «P - j -V^ 2 < 6. 

il 

06o3HamiM x = <f - V , TaK onpefleaeHHaH ifyHKiïHH H B JIH e T CH p e -

meHHeM ypaBHeHHH (28 ) BBHfly jiHHeËHOCTH P ( t ) h K. ^ajiBnie, nycTB x Q = x ( 0 ) = 9 0 - Yg , = x ( 0 ) = - . ÜMeeM 3flecB 

l x o | 2 + l l x l l|2 ^ n03T0My ||x||2+||i||2<£(|x|2 + ||i||2 < £ ) , TO 

ecTB II cp-v||2 + Il < £ ( | < p - V | 2 + Il <p- i l l 2 < £ ) , OT-

ciofla BHTeicaeT ycTOß^HBOCTB (K-ycToM^HBOCTB) pemeHHH (p. 
4 . T e o p e M a 3 . ECJIH: 

a . OnepaTop K cTamiOHapeH, cHMMeipmieH H BHnojiHeHO cj ie -
flyiomee C B O H C T B O : cynecTByeT CTaitfiOHapHHÄ onepaTop KQ aeäcTBy-
lomHñ H3 MHOatecTBa D ( K Q ) C H, D (K Q ) 3 D { K ) , B H, ( K O ( A ) , U ) > 0 , 

h nocTQHHHHe b , B ( B > b > 0 ) , m o äjih BGBX a c D (K) 

b ( u , u ) + (K ( u ) , a ) < (Ku ,u ) < B ( u , u ) + (K ( u ) , u ) . ( 29 ) 
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O HeKOTopHx B o n p o c a x . . . b npocTpaHCTBe r M & S e p T a 9 

B . OnepaTop P b h i i o j i h h s t yc-nOBHs: cymecTBy»T nojioxHTejiBHHe 

nocTOHHHue a h A j TaKHe i t o aj ih B c e x t e i , u e D ( K ) , v e D^ 

( P ( t , u , v ) , v ) > a | | v | | 2 , | | P ( t , u , v ) | | 4 A| |v| | ( 3 0 ) 

TO 

A . PemeHHe x 3 a f l a i H ( 3 ) , ( 4 ) BMecTS c x orpaHHqeHO, 

peineHHe x K - o r p a m m e H O , CTpeMHTCH h K-CTpeMHTCH 3KcnOHeH-

UHaJIBHO K H y j I K , 

B . H y j i e B o e peineHHe y = 0 ypaBHeHHH ( 3 ) acHMnTOTH^ecKH 

yCTOfilHBO H K - y C T O ä l H B O . 

3 a M e n a H H e . B (fopuyjiHpoBKe TeopeMH K Q ( u ) dto 3 H a -

yeHHe o n e p a T o p a K Q Ha ojieMeHTe u . 

J [ 0 K - a 3 a T e j i ï > C T B 0 . PaccMOTpHM Ha D ( K ) » D ĵ 

ÎyHKiîHOHaji V , señcTByiomHH no $opMyjie 

Y ( a , v ) d i J [ | u | 2 + 2 £ ( u , v ) + | | v | | 2 ] = J [ ( K a , u ) + 2 £ ( u , v ) + ( v , v ) ] ( 3 D 

r f l e £ TaKaH nocTOHHHan, *ITO 

0 < e < m i n / V b , ( 3 2 ) 
V A + 4 b J 

H3 npeflnojiosteHHg TeopeMH BUTeicaeT i t o 

Y ( U , V ) > J [ b | | u | | 2 - 2 £ H u. Il H V II + | | v | | 2 ] + ¿ ( K 0 ( u ) , u ) ( 3 3 ) 

BBHfly HepaBeHCTBa ( 3 2 ) KBa^PaTHaH fopMa B KBaflpaTHHx c k o 6 -

K a x b ( 3 3 ) nojiOKHTeJiBHO o n p e f l e j i e n a ( t < V b ) h nooTOMy c y q e -

CTByeT nocTOHHHaH k > 0 h k = m i n ( Î E , 1 ) > m o 

y ( u , v ) > J k d l u l l 2
 + II v l l 2 ) + J ( K 0 ( u ) , u ) > 

> k [ | | u | | 2 + I I v | | 2 + ( K 0 ( u ) , u ) ] > 0 ( 3 4 ) 

3fleCB npHHHTO BO BHHMaHHe I T O ( K q ( u ) , u ) > 0 ) . C ÄPyrOS CTOpO-

HH H3 ( 3 1 ) H ( 2 9 ) BUTeKaeT, I T O 

V ( u , v ) 4 1 [ b | | u | | 2 + 2e| |u | | | |v | | + | | v | | 2 ] + J ( K q ( u ) , u ) ( 3 5 ) 

h nooTOMy cymecTByioT nocTOJiHHHe I > 0 h I = i - m s x ( l , T ) , t u o 
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r ( u f v ) 4 J Kllu||2 + llvll2) + J ( K 0 ( u ) , u ) 4 

<l(||u||2 + ||v||2 + ( K 0 ( u ) , u ) ) (3 6) 

Onpe^ejuHM $yHKiuiio $ : I — I (icaic b ,noKa3aTejibCTBe Teo-
peMH 1) no (fopiiyjie 

« d= V ( x , x ) = l [ \ * \ 2 + 2 t ( x , x ) + || i | | 2 ] = 

= \ [ ( K x , x ) + 2 e ( x , x ) + ( x , x ) ] (37) 

BflOJiB pemeHHH x 3a^aqH ( 3 ) , ( 4 ) . BBH^y ( 3 7 ) , ( 3 3 ) , (35) 

HM6SM 

0 4 k{x) 4 <J> < l j x j (38) 

rfle 

( x } t || x||2 + ||x||2 + ( K 0 ( x ) , x ) > 0 (39) 

flH$<fepeHitHpyH $ no t h yqHTHBaa ,n;oKa3aHHoe b (13) no-
jiynaeM 

3> = (Kx,x) + t ( x , x ) + e ( x , x ) + ( x , x ) (40) 

IIOflCTaBJUiH x = - P ( t , x , x ) - Kx nojiyqaeM 

- $ = ( P ( t , x , x ) , x ) - e ( x , x ) + e ( P ( t , x , x ) , x ) + e(Kx,x) (41) 

y^HTHBaa npeflnojuoxeHHa (29) h (30) HMeeM 

>a||x||2^||x||2- £ | ( P ( t , x , x ) , x ) | + £b|x||2 + e ( K 0 ( x ) , x ) > 

> [(a-e)||x||2 - eA||x||||x|| + £b||x||2] + e ( K 0 ( x ) , x ) (42) 

®opiiyjia (32) noKa3HBaeT n o $opMa b kba,npathhx OKOGKSX hojio-

HHTeJiBHO onpefleJieHa h n03T0My cyxqecTByioT. iioctohhhhq m > 0 h 

m «= min(m, e) > 0, i t o 

- 4 > i(||x||2 + ||x||2) + e ( K 0 ( x ) , x ) > m{x] (43) 
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BBHAy (38) h (43) HMeeM 

> y $ (44) 

h OTCiofla npH ï = y > 0 nojiy^iaeM, i t o äjih Bcex t e l 

$ ( t ) 4 $(0)e"T t (45) 

Bcjie^CTBHe (29) , (39) , (38) nojiyqaeM npn n = max(B,l) 

| x | 2 + II x| |2 = (Kx,X) 4- II ¿II2 < B||x||2 + IIill2 + 

+ ( K 0 ( x ) , x ) < n(| |x| |2 + H i f + ( K 0 ( x ) , x ) ) < (46) 

h BBKfly (45) flJia Bcex t £ I 

| x ( t ) | 2 + | | i ( t ) | | 2 4 B| |x(t) | | 2 + | | i ( t ) | | 2 + ( K 0 ( x ( t ) ) , x ( t ) ) 4 

4 j $ ( 0 ) e " l t (47) 

ÛTCIOfla BUTSKaiOT BCe Te3HCH H3 A. 
npH ,n;0Ka3aTeJii.cTBe acHMnTOTHiecKOË K-ycTOäqHBOCTH MH HC-

nojiB3yeM HepaBeHCTBa (47) , a ajih ycTOiÎMHBOCTH BtneicaioiUHe « s 
(39) , (38) H (45) HepaBeHCTBa 

| | x ( t ) | | 2 + | | i ( t ) | | 2 < | |x( t ) | | 2 + | | i ( t ) | | 2 + ( K 0 ( x ( t ) ) , x ( t ) ) = 

= ( z ( t ) } 4 ¿ $ ( t ) < £ $ ( 0 ) e " T t (48) 

HMeeM Taicace BBHfly (37) , ( 4 ) , (38 ) , (29) 

f ( O ) = J [ ( K x 0 , x 0 ) + t ( x 0 , x i ) + ( x 1 > x i ) ] < 

^ [ l l - o l l 2 + l l x l l | 2 + ( K 0 ( x 0 ) , x 0 ) ] < 

4 l [ m a x d t J ) ( b | | x 0 | | 2 + (Kq (xq ) f x 0 ) ) + || x , ||2] < 

4 l [ m a x d , J ) ( K x 0 > x 0 ) + ¡ x j 2 ^ 

< 1 maxO, l ) [ ( K x 0 , x 0 ) + (x^ )] (49) 
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H3 $opMyji (47) h (4ß) a TaKse (48) h (49) butsksiot coo t -
B6XCTB3HH0 aCHMIITÓTIUieCKHe K-yCTOHIHBÓCTB H yCTOÔIHBOCTB. 

PaccMOipHM TOT-ae npHMep - CHCTeMy ( 18 ) . IlyciB $yHKUHH ot 
orpaHimeHa RJIX Bcex cbohx apryMeHTOB noctohhhhmh a,A (A > a > 
> a > 0) » a $yHKi;HH ß orpamreeHa hoctojihhhmh b* ,B* (B*> (3 > b* ) 

2 
npnqëM b* > - . IIpn dthx npeffioJiOTOHHHX BtinojiHeHH ycJiOBHH 

1 TeopeMH 3: 
a. CTaRHOHapHOCTB onepaTopa K oieBHflHa, caMOconpnaceH-

2 
HOCTB flOKa3HBaeTCH TaK-xce KaK Bhirae. IlycTB b = b* + , 

df « TT2 „ 2 
B = B* + ^ö h ^ ( a ) h- u - u_ . HMeeM TenepB 

O -^Ct SS 

l l ( u , u ) + ( K 0 ( u ) , u ) = b J a 2 d s + J ( - ^ u2 + Ug)ds = 
0 0 1 

I l L 

= b* J u2ds + J u2ds 4 J ( ß a 2 + u2 )ds = 
0 0 0 

l l 
= (Ku,u) 4 B* J u2ds + J u2ds = 

i i 2 
= B / a 2 d s + / ( - \ a 2 + u2 )ds = B ( u , u ) + (K ( u ) f u ) (50) 

o o 1 

a TaKace 

2 i i 2 1 2 1 

( K 0 ( u ) , u ) = / u2ds + /u2ds > - ^ / u 2 d s / u 2 d s = b (51) 
1 o o I n l o o o J- o 

b. HMeeM 3flecB 

i 
( P ( t f u , v ) , v ) = J av 2 ds > a | v 2 d s = a||v||2, ||p(t,u,v)|| = 

= [ J c x V d s ] * < A [ j v 2 d s ] ^ = A||v II (52) 
0 0 

Oïciofla BHTeKaeT wto BHnojiHeHH Te3HCH TeopeMH 3, n03T0My 
i2 / 2 

cymecTByioT nocTOHHHHe ï , m^, n^, i t o ||x|| = I u ds 4 
o f ? 2 f 2 2 

¿m^ie , ||x|| = J u-̂ cls < m2e , |x| = J (ßa +u g )ds < nue 
o o 
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TaKate KaK H BHme H3 nocjieflHero HepaBeHCTBa BHTeKaei cynecTBO-

B arnie TAKOII I IOCTOHHHO3 m I T O | ( u ( s , t ) | < me1.1.. A H A A O N M H O 

MOXHO npoaHajiH3HpoBaTB CBOiicTBa ycTOftmiBOCTH• 

T e o p e u a 4 . ECJIH 

a. BunOJiHeHU npeflnojioaeHHH TeopeMH 3 OTHOCHiejitHO onepa-

Topa K> 
B. onepaTOp P ( t ) flJifl Kaxfloro t e l fleiicTByeT H D^ B 

H, JIHHEEH, noJioacHTejiBHO onpeflejieH H orpamraeH 

TO fljm Bcex pemeHHË ypaBHeHHH 

x + P ( t ) x + Kx = 0 ( 5 3 ) 

A . BHn0JIH6HH Te3HCH TeOpeMH 31 

B. Bee pemeHHH aCHMIITOTimeCKH yCTOft^HBH H K-yCT08qHBH. 

, 5 0 K a 3 a T e j i B C T B 0 . no npeflnojioaceHHio P ( t ) y , y ) > 

> p ( y , y ) H || P ( t ) II < P FLJIH H e K O T O p H X I IOCTOAHHHX p , P ( P > p > 

> 0 ) I N 0 9 T 0 M Y BUNOJIHEHU npeflnoaoaceHHH T e o p e M H 3 , a 3 H A I H T H 

Te3HCH. , H O K a 3 a T e J I I . C T B O aCHMIITOTHMeCKIIX y C T O f l ^ H B O C T H H K - y C T O Î t -

^ H B O C T H T a K o e - x e K a K B FLOKA3ATEJII>CTBE T e o p e M H 2 , B P A C C M A T P H -

BaeMOM cj iyqae paccyjKfleHHH ONHPAIOTCH Ha TeopeMe 3. 

B 3aKJII0*ìeHHH OTMeTHM, »ITO B CTaTfce OCTaBJieHH "CTaHflapTHHe" 

npeanojioaceHHa Rjia TaKoro Tuna paóoT (paccMaipuBaeTca npocTpaH-

CTBO rmibfiepTa, MOSCHO 6HJIO 6h paccMOTp;eTi> npocipaHCTBO yHHTap-

Hoe, TpefiyeTCH, I T O 6 H D ( K ) = H , XOTH MOSCHO SH 3TOTO He Tpe-

ÔOBaTb H n p . ) . 
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