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CONTINUITY OF TANGENTIAL DERIVATIVES 
OF A THERMAL POTENTIAL 

In [ 3 ] we proved that i f the dens i ty < P ( Q , T ) of the t h e r -
mal p o t e n t i a l of double surface d i s t r i b u t i o n i s determined on 
a c losed Lapunov sur face S and s a t i s f i e s H o l d e r ' s condi t ion 

|<p(Q,t) - <p(Q,t)| < k f ( |QQ|h* +|T-T|h<P) ( * ) 

(k > 0; h^ e (0, 1] ; £ ^ £ ( 0 , 1 ) ) , and i f [ s p j i s a tangent vector 
f i e l d given on S and f u l f i l l i n g the condi t ion 1 

( S p , S p ) 4 C s | p p | 8 ( » . ) 

with C > 0; h e ( 0 , 1 ) , then the va lue s of t a n g e n t i a l d e r i -s s 
v a t i v e s of the a f o r e - s a i d p o t e n t i a l on the s u r f a c e S s a t i s f y 
Holder ' s condi t ion with re spec t to both s p a t i a l and time v a -
r i a b l e s with the exponents h* and h* r e s p e c t i v e l y , and the 
c o e f f i c i e n t k * , sub jec t to the fo l lowing r e l a t i o n s 

h * < h 9 ; k*= C * t P k^ ( . . . ) 

( C * > 0; j3 e ( J , 1)) . 

By ba s ing on that r e s u l t , a non- l inear t a n g e n t i a l bounda-
ry problem was examined in [ 5 ] , whence i t turned out that r e -
l a t i o n s (*»») involved some a d d i t i o n a l , r a ther odd, condi t ions 

In ( « * ) above P and P are arbitrary points on S, and ( s p , Sp) 
denotes the angle formed by the vectors and Sp. 
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2 A.Borzymowski 

concerning functions given in the boundary problem (see [5] , 
assumptions (12) and (13)), and as such should be modified, 
if possible. 

The aim of this paper is a modification of the results of 
paper [3]• We shall prove that if the surface S and the ve-
ctor field |spj satisfy some conditions more restrictive than 
those in [3], then relations (»**) can be transformed to the 
following form 

h* = h ç { k, = C* k<p ("«) 

which evidently enables a reduction of the afore-menti®ned as-
sumptions in [5]. 

The conditions concerning S and {spj, as well as the 
appropriate assumptions for <p(Q,t), will be specified in the 
sequel. 

Let t denote a variable in a finite interval (0,T), and 
let ...,xn) be a variable point of an a-dimensional do-
main Q placed in the space E Q (n>2) and bounded by a clo-
sed Lapunov surface S. 

Consider the thermal potential of double surface distri-
bution of the form 

I 
V(A,t)= JJ (t-t)' 7' 1\AQ\ cos(QA,nQ)exp [ -4(t_T)J 9 (Q* OdQdT (1) 

O S . 

where nQ denotes the inward normal to S at the point Q, 
and |aq| is the euclidean distance of A and Q. 

The following theorem is valid, 
T h e o r e m 1. Assumptions: 
1°. Function ip(Q,t) satisfies 

»(Q,T)| (2) 
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Continuity of tangential derivatives 3 

«p(Q,T)-9(ff,i)| < V ^ ' C I QQ|h^ I t - x I ) ( 3 ) 

where 

0 < 1 < T < T; M ( p > 0 ; ky > 0| e [0,1) j e (0 ,1 ) ; 

2 . For each point Q e S and each vector SQ tangent to 
S at Q there ex ists a tangential der ivat ive ^—<p(Q,f) and 

Q 

( 4 ) 

holds, where 0; ju'̂ e [0» 1) . I f , moreover, vectors Sp and 
SQ belong to a continuous tangent vector f i e l d then the Hol-
der inequal i ty 

¿ ^ p ( Q . x ) - ¿ = < P C Q . T > 4 i v ^ I q q T 

i s va l id , with k^ > 0 and h" £ ( 0 , 1 ] . 
T h e s i s : For each point P on S and each vector 

Sp tangent to S at P, the equality 

( 5 ) 

V(A , t ) = ( 2 V F ) n f ^<p (P , t ) + ^ V ( P , t ) (6) Ii™ 3TT-
A - P d s p dsT 

i s sa t i s f i ed , where 

4 V ( P ' t ) " / / 4 { ( t - T i h p Q | c o s ( Q P , n Q ) e x p [ - ^ T ( 7 ) 

•[q)(Q,T)-<p(Q,t)]dQdT+2nr(f) / j|PQ|1-nco8(QP,nQ ) } [ (p(Q,t). 

- (p(P, t)]dQ + 
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ifor 
r --1 i 

-2n/5f^[|PQ|' l"ncos(QP,nQ) / q2~ e'qdq) 9 (Q, t ) dQ 

with a l l integrals in (7) being absolutely convergent. 
Proof is analogical to that of theorem 2 in [2 ] fwith l i t -

t l e modifications. 
Now, we shall prcfre the following theorem. 
T h e o r e m 2. Assume that: 
1°. Function <p(Q,t) sat is f i es (2) and (3 ) ; 
2°. Surface S is of Class i ^ 0 » 3 * ) » (see [6], p.96) and 

sat i f i es the condition belows 
(c ) There exist on S n-1 f i e lds of tangent unit vectors 

jrpj j r^^jsuch that for»each pair of points P and P 
belonging to S» the following relations 

, a P P , v < r p , r p > = ci; (8) 

( r ; , 4 ) < C r | p p | h r (9) 

hold (where a. - 1 , . . . ,n-1; = 1, . . . ,n-1; C r > 0, h e ( 0 , l ] , 
o 

< ,> denotes the scalar product and i s the Kronecker delta); 
3°. {Sp] i s a tangent vector f i e l d given on S and f u l -

f i l l i n g the condition ( * * ) with 

hs > 1-h9. (10) 

Then, tangential derivative (7) sat is f ies the following 
Holder condition 

| ^ V ( P , t ) . ¿ z V(P,t)| < ( A ^ + A ^ ^ t ^ d P P l ^ + l t - t i ^ ) - ( 1 1 ) 

( t > t ) , where Â  and A2 are positive constant not depen-
ding on <p , and 

h* = minih^, min(hr, hs,x ) ) (12) 
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Continuity of tangential derivatives 5 

with 9^ and being chosen arbitrarily in (0,1). 
P r o o f. We shall give here only some parts, of the proof,, 

omitting the parts which are similar to the appropriate frag-
ments'' of the proofs of theorems 2 and 3 in [3]• 

In order to prove the validity od the first part of rela= 
tion (11), let us denote the successive integrals on the 
right-hand side of (7) by and respectively. 

For the integral we keep in force the appropiate Hol-
der inequality obtained in [3] (formula (40)), which has the 
form 

| I1(Ptt)-I1(P#t)| 4const t^ppf 4 (13) 

Passing on to the examination of the second integral, I^, 

we consider a sphere K with center at P and radius 2|PP|, 

and an (n-1)-dimensional circular cylinder A with axis rip 

and a constant sufficiently small radius 6. It is sufficient to 
consider the case when 21PP| <6. 

We have the following estimates (see [3], pp. 162-164) 

I ^ ' ( P . t ) - ^ (P,t)| 4 const. kvt
M,|pp|h° (14) 

12* (P,t)- Ig (P,t)| < const. k(pt
N|pp|'V (15) 

where 

h Q = miji(ha,hrfhv). 

Further, we have 

I ^ ( P . t ) - I ^ ( P f t ) = J [¿-(|PQrncos(QP,n )) + 
VSk p 

^ Although in [3] the Holder coefficient of the function q> was assumed 
to be limited, the results are easily extendable on the case of an ui>-
limited H61der coefficient (see [4] , pp.144-14?). 
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6 A.Borzymowski 

" dl= (iPQl1"" cos(QP,nQ))] • [<p(Q,t)-(p(P,t)] dQ + 

+ [<p(P,t)-*(P ft)] J |PQ|1" cos(QP,j1Q) )dQ = J 1 + J 2 . (16) 
s-s p A K 

Now, let us introduce two rectangular local systems of 
axes Px^,...,Pxn and Px^,...,Pxn, with the axes Px^, Px^, 
Px n and Px n coinciding with the vectors rp, r|, n p andn^, 
respectively1 (i = 1,...,n-l). 

_d 
ds. 

Basing on the decomposition 

_ f(P,t) = . 
P 

f i f f t ) - ^ f(P,t) = ¿j[cos(x,sp)-cos(x,sp)] (P,t) + 

+ f(P,t)(l-cos(xa,5a)) + (^f(P,t)-3|-f(P,t))cos(xa,x(X) + 

- i • ¿ - f (P . t )cos (x ( j f x a ) ] cos( i a , 3p) } (17) 
a =1 a 
M a 

and on assumptions 2 and 3 , we obtain for the integral J1 
the folowing inequality 

| jJ < const.k^lppf 0 (18) 

For the integral J 2 we have 

, n-1 ^ 

J 2 =[<f(P,t)-<p(Pft)] J ^5|7(|PQ ,rncos(QrP tnQ))(coB(xifBp)dQ + 
SA"SK1"1 1 

+ [<p(P,t)-y(P,t)] / 5|-:(|PQrncos(QP,nQ)) + 
sa-skI=1 1 (19) 

- (IpqI1"" costO7!5, ng)) } cos(xifsp)dQ = H 1 +H 2 

1 i i Here rp and rp are vectors appearing in the condition (o:). 
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Continuity of tangential derivatives 7 

where Q' is the orthogonal projection of a point QeS^-Sg on 
the plane n tangent to S at P. 

Denoting by h 2 the integrand of the integral H 2 in (I9i 
we can write the following equality1 

h 2 = c o s t n p , ^ ) ^ cos(x.,sp) ( (| PQ | ~n-| PQ'| ~ n) . (20) 

= k 1 + k 2 + kj 
in which expressions k^ and k 2 satisfy 

|k^| < const. |PQ'|2~n (21) 

|k2| < const. | PQ'|2~n (22) 

It is evident from (21) and (22) that the integrals having 
the integrands k^ and k2, respectively, satisfy an ine-
quality analogical to (18). Hence, in order to prove our 
theorem, it is sufficient to examine the integral H^ in (19) 
and the following integral 

H 2 = -n [<p(P,t)-<p(P,t)] / Z | P < ? r ( n ' 2 ) M y d Q ' ( 2 3 ) 

nA"nK T = 1 
where n A - f l K is the orthogonal projection of the domain S^-S^ 
on the plane FI . 

We shall use the following relations 

~ ^ « « a w fa { 2 4 ) 

dg(Ql_ /32g(Q) d'g(P) \ > y 3;g(P) t (25) 
** ~ fa Wtp 9ipJ fa ß 

1 i s a function appearing in the local representation of 
S in the neighbourhood of point P . 
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8 A.Borzymowski, 

(oc = 1 , . . . , n - l ) in which Q* and Q are some point|s inside the 
segment jo in ing the points P(0, . . 0 } and Q of 
the plane FT. 

Now, by making use of (24) and (25) we can express H 
and H£ in the form 

1 

H, - [ , ( P . t ) - , C P . t ) ] { / ^ (P fQ)dQ + Capy • 

• / W ^ U f r t f + (26) 
nA nK 

+ Z X , / I . P Q ^ d t f } - W Y 3 , 

h2 = [<p(P ft)-<p(P,t) ] { J ^ 2 ( P ,Q )dQ + 

• ¿ I ^ j ^ ^ r - / I N T ' " ' " « . » , « , « ' } < " » 

where C ^ , C a j and C ^ are constants, and H^CPJQ) and H2(P,Q) 
are some expressions sa t i s f y ing 

I H j (P,Q) I ^ const. |PQr"+U5t (28) 

( j = 1,2). 
Prom (28) i t f o l lows that 

|Y-,] < const.k9 t ^ l P P l " » (29) 

jZ^ < const.k^ t"M»|PP|h». . ( 29 ' ) 

We shal l prove that a l l remaining terms on the r ight hand 
sides of (26) and (27) are equal to zero, that i s , that the 
equa l i t i es 

Y± = 0 ( i = 2,3) (30) 

Z2 = 0 (31) are v a l i d . 
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Continuity of tangential derivatives 9 

In fact, by introducing in the plane T1 a polar coordi-
nates system with the pole at P (see [ 2 ] , p.108), each of the 
expressions Y-j.Yg and Z2 can be written as a linear combina-
tion oi products of some factors, with each product contai-
ning one of the following integrals'' 

•K 2jr 2% J sin-̂w coswdu ; J sin̂w cosu du ; J ain̂r+<̂o du (32) 
0 0 0 

where p,q and r are non-negative integers. 
All integrals above are equal to zero, whence (30) and (31) 

hold. 
On joining the results (21), (29), (29'), (30) and (3l)we 

get for the integral J2 in (16) the following estimate 

| J2| 4 const.k^ t"M<r | P P | ( 3 3 ) 

and by virtue of (14), (15), (18) and (33) we obtain 

|l2(P,t)- I2(P,t)| 4 const.k^ppf" (34) 

(hQ = min(hr,hs,h9)) . 
Now, we pass on to the examination of the integral I^(P,t) 

in (7). 
We can write 

I3(P,t) = -2nj Jf(P,Q,t) [<p(Q,t)- <p(p,t)]dQ + (35) 

+ <(>(P,t) J f(P,Q,t)dQ | = I3(P,t) + I3(P,t) 
s 

J3(P,t) = -2n j Jf(P,Q,t) [<p(Q,t)-<p(P,t)] dQ + (350 
s 

+ <p(P,t) J f (P,Q,t)dQ| = I3(P,t) + I3(P,t) 

<1 The form of the integral contained by a product depends on the valu-
es of the indexes a, |i and y appearing in this product. 
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10 A.Borzymowski 

where lxo|2 

"it-

f(X,Q,t) = a|-[|XQ|
1-ncoB(Qi,nQ) / q ^ e^dq] (36) 

X W 0 

(with X = P or X = P). 

On considering the sphere K and the cylinder A introdu-

ced above in the examination of I^i on decomposing the surfa-

ce S into three parts: S-SA, S^-Sg and Sĵ-, and on making 

use of (24) and (25) we can show that 

|I3(P,t)-I3(P,t)| < c o n s t . k ^ l p p f
0 (37) 

In order to examine the difference of integrals I3(P,t) 

and I3(P,t), let us introduce two (n-1)-dimensional circular 

cylinders W and W^, with the common radius 6' and the axes 

of revolution coinciding with np and n^ respectively. Assume 

that 6' is so small that (SWUSW )cS A. 

The following decomposition 

I3(p,t)- i3(p,t) = [i3"
Sa (p,t)- i3~

Sa (P,t)] + 

+ [i3A"Sw(p.t)-i(|;
s
t^] + [ i * (p,t)-i3

s^ (p,t)] = 

= U 1 + U 2 + U 3 (38) 

is valid. 
For the first two terms on the right-hand side of (38), 

the estimate 

|UjL| 4 ( ^ M , +A2kv)t^|ppf° (39) 

(where i = 1 or 2, and A1 and Ag are positive constants) 

is easily obtained. 

In order to examine the third member, U 3, let us note that 

by virtue of (24), (25), (30) and (31) we have 

I," (P,t) =<p(P,t) J w(P,t;Q)dQ (40) 
sw 
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Continuity of tangential derivatives 11 

I3Sw,(P,t) = <p(P,t) / ¿.,(P,t;Q)dQ (41) 
sw, 

where w(P,t;Q) and (Pft;Q) are some expressions satisfy-
ing the inequalities 

|w(P,t;Q)| < const.|PQ'| n+1+5t (42) 

| ¿.CP, t;Q)| < const. |PQ"fn + 1 + ,t (42r) 

in which Q1 is understood as above and Q" denotes the ortho-
gonal projection of the point QeS w on the plane 

We can write ^ 

|U3|C|I3 (P,t)| +II3 (P,t)| + 

+ |^W~Np,t)-iS3~S,i(P,t)| + l'3(P,t) (43) 

where 

I3(P,t) = vp(P,t) I I ffi1(P,t JQ)| dQ (43') 
sww, 

with S ^ = (SwuSw^) \ (Sw n ̂  ). 
It follows from (42) and (42') that the following inequa-

lities 
|I3K (Xft)| 4 const.Mv tM'|pp|* (44) 

I3 (P,t) 4 const.M^ tM,f|pp| (45) 

hold, for X equal to either P or P. 
Now, it can easily be observed that in order to estimate 

SW~SK / v Syy" 
the difference of integrals (P»t) and I3 (P,t) (see 
(40) and (41)), the following expressions 

c , Y 1 (• ^q(Q) a'qfp? 1. y H a y g ) ay?) l F ( 4 6 ) 
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12 A.Borzymowskl 

- ¿ ^ ^ ( i P Q f - I W l ^ ( l P Q r n - | P Q ' T n ) (47) 
- - •• <x = 1 

n-1 

+ 

r d 9i (p) i -
„ .Lafaafp <48> 

should be examined. Here Q* and Q are understood as in (24) 
and (25), Q** and Q denote some points inside the segment 
joining P and Q" (see (42')), while = g($ ..4n_-]) 
and = g^ • • •» are local representations of* S in 
the neighbourhoods of points P and P respectively, with 

denoting the coordinates of a point QeS^-S^inthe 
local system Px^«..xn, and - the coordinates of 
that point in the local system Px^...xn. 

Note first of all that the following relations 

^n=g1(*1 ^n-l) = $Z avn (^- Sv) + ann[ g^1""^n-1 )- in] s 
V = 1 

= gU-,, » 

C. - Z ava(^v-5v) ( « = 1 n-1) (49') 
V = 1 

+ ((5=1,...,n) (50) 

are valid, where a ^ = b ^ = cos(^,^), and x^,...,xn de-
note the coordinates of point P with respect to the system 
of axes Px,,...x . 1 n 

It follows from (49) - (50) that 

Q") ^ '92g(Q') 
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Continuity of tangential derivatives 12 

whence 

3 V P ) a V P ) <h-a„ y 1 I d*g(P') 

I d2g(P) d'g(p-) I I d'g(P') 
' « p ^a^ßl |1 PP'la^d^ 

b«i| \ b m (52) 

d2q(P') I , y - y V P ) ! |, | 

where E' denotes the point of FI with coordinates (x.j, ..., 
n-1 ( n-1 

x -jO), and is understood as ' with i/aand j £ ¡1 . 
1 l.l—l i,j=1 
However, due to the assumption (c) and the special choice 

of the systems Px1»..xn and Px^...xn, we have 

°va 

1-a 

- hT-

4 const. | PP | r (v 4 a) 

.„ I 4 const. I PP I 

(53) 

where a = 1,...,n. Hence, and by making use of the inequali-
• ty 

(54) 

(which results from the relation S e ̂ (C,*) )» w e obtain for 
the difference on the left-hand side of (52) the following e-
stinate 

32g(P) < const.' PP I (55) 

where h = min(h ,at) . 
Now, let us observe that for the expression (46) the fol-

lowing equality 

r 9?g(Q) ] r + r 3j,(P) d2q(P) ' 61 = 

holds. 
.ft - F ) [ I M ! _ 32g(P) 
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14 A.Borzymowski 

In order to estimate the difference 
we make use of the equalities 

a2g(Q) 
9 « P J ' 

= a b nn aa 

¿-i 9*p = a!» " 
r ag(Q') ag(p') 
L 9*a 9*a 

n 
2 1 annbai i-1 

9g(Q') 3g(P') 
9*i J 

(56) 

v ^ s i m , _ ism . M M 

where the symbol is understood as above. 
On substracting the equalities in (56) from each other, 

and on making use of (49) - (50) and of 

ag(p) _ Sg(P') _ V a 2g (^ (-i ) p 1 9*oc 

P' Q'I¿const.-! PQ'I 

(57) 

(58) 

(Q e S^-Sg, and PePP'), we obtain 

ism. fi 
4 const I PQ'I PP|n (59) 

Finally, let us note that the following sequence of rela-
tions n-1 

*p-*pl = Up" I Z Z avp(*v"*v)*fl»p [9(̂ 1 Sn-lKn])!4 
v = 1 

n-1 
v = 1 

l v p l 

h . 1-h_ 
4 const. PP PQ' (60) 

is valid. 
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Continuity of tangential derivatives 15 

By (55)» (59) and (60) we get f o r the express ion e 1 in 
(46) the est imate of the form 

l e ^ c o n s t . ' d P P l ^ l P Q ' l + l P P l ^ l P Q ' l 1 ^ ) ( 6 0 

The express ion e 2 ( see (47)) can be examined by basing on 
the equal i ty 

( |PQ|~ n -|PQ'|~n) - ! ^ 2 ( | p Q | - n _ | p Q . . | - n ) = 

3g(Q') . a g l ( Q U ) 

L aF„ 
(]PQ | -1PQ'| ) + (62) 

(¡R. (Q") 
+ - ^ r ^ L d P Q r ^ i P Q r 1 1 ) ^ 

'a 

- ( | PQ | ~ n - |PQ'|-n) + ( | P Q ' r n - | P Q T n ) ] 

and by using the r e l a t i o n s 1 

Iqq'I < const--I PQ'I2 (63) 

|q' Q"| 4 const.I PP| |PQ'| (631) 

- V Q , ) . M a i l h _ b + (1-a )b 1 + 

- a b - V ^ a + a ^ Q j 1 b an <*<x vn nn J <xv 

which are v a l i d when Q e S^-Sj^. 

A a a r e s u l t we obtain 

e 2 | 4const. . ( |PPMPQ'| +|PP| |PQ'| (65) 

Inequality (63') is taken from [1], p.207. 
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16 A.Borzymowski 

The expression e^, given by (48), is studied similarly 
as e^ and the result is as follows 

|e3|^consti.(|PP|^|PQ'|3 +| PP^'| P«?|3~V*) (66) 

Basing on (61), (65) and (66) we get the inequality 

. |ij3W 5k (P,t)-I3Sw Sk (P, t)| 4 ( C ^ + C g k ^ t ^ l p p ^ (67) 

where C^ and C 2 are positive constants, while h = min[hy, 
9 min (hr,h^tx)], with 0 being an arbitrary number in (0,1). 

On joining (37), (39), (44), (45) and (67) we obtain 

|l3(P,t)-I3(P,t)| < ( C ^ + C ^ H ^ l P P l k (68) 

and the validity of the first part of the required Holder con-
dition (11) follows immediately from (13), (34) and (68). 

Now, we shall prove the second part of condition (11). 
Let us consider again the expression (7)• 
For the integrals and I 2 in this expression we keep in 

force the conditions'' obtained in [ 3 ] , p.175-179. Hence 

| I.j (P, t) (P, t)|< const.k^t^lt-t |0hl'' (69) 

|l2(P,t)-I2(P,t)| < const.k^t^t-il"* (70) 

(t > t; h^ = 9 2̂ -j 8 e (0,1)) . 

The integral I3(P,t) in (7) can be examined by way of ex-
pressing it according to the scheme (35), and by subsequent 
consideration of the sphere K, with the center at P and the 

— 1/2 radius (t-t) , and of the cylinder W introduced above.The 

1 Let us note that in virtue of the relation S e.£2(c,x), we can put 
in these conditions x = 1. 
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Continuity of tangential derivatives 17 

reasoning is similar to that in the proof of (68), but is much 
simpler. As a result w6 get 

|l3(P,t)-I3(Pft)| < (C^+figk^t^lt-tl " (71) 

On joining (69), (70) and (71) we obtain the second part 
of Holder condition (11), q.e.d. 
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