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ON THE DISCONTINUOUS RIEMANN-HILBERT PROBLEM

1+ INTRODUCTION

Let = {Fo, My ,....,l'm] be a set of m+1 smooth Jor-
dan-Lapunov contours lying in the complex plane,

Assume that the contour Fo contain the remalning ones in
this manner that the G* 1is the m+1 - connected domain boun-
ded by o? r"1 seesey l'“m e By G we denote the complement of
¢t + " to the whole plane.

We suppose that the origin of the coordinate system 1is
placed in the domein GT, ’

Moreover we assume that the orientation of contour Fo(i.e.
the positive directlon on the rb) is accordant with the o-
rientation of the eoordinate system, and the orientations of
the remalning contours F}, Fe,..}., Fm are opposite to the
orientation of FB.

2. FORMULATION OF THE PROBLEM
By the Riemann-Hilbert non-linear discontinuous problem we
understand the following problem. It is required to find in
the domain G' a function w(z) which satiafies the equa-

tion

az w(z) +a(z) w (z) +b (z2) w (z2) = £ (2) (1)
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2 H,Lubowicz, B.Wieprzkowicz

m_ K
Y (3)
and at each point +tel'= r‘—;;;;;;{ci satisfies the non-
-linear boundary condition

re'[if¥3 w (t)] = [[t,w (t)] (2)

where céj) are the points of discontinuity of the function
§y on the contour [,

3. ASSUMPTIONS

I, The angle A(t,t1) that is formed by +the tangents in
two points t,t,¢[ satisfies the Hdlder condition

lA(t,t1)l<k€|t—t1|h, 0<h<1 (3)

where k, 1s a positive constant,

II. Complex functions a(z), b(z), £f{(z) are defined in e~
very point 2z = x + iy of the region ¢t+ M'and are absolu.e-
ly integrable with the power p > 2 1i.e, they belong to the
class L _(¢*+M p> 2.

ITI. A(t) =a(t)+ 1 a(t), ma<|A(t)| <M, , |A(t)]|A0,where
a(t) and g(t) are real functions, defined and bounded for
telm and satisfying the Hélder conditions

|alt) = alty)|< iy |t=t, ]

(4)
|8(8) = plt)| < kg|t=t4] , O0<V<n

m, , M , k, and k, are positive constants.
IV. The real function g(t,s) defined and bounded in the

L g
i=1 It—ci
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On the discontinuous Riemann-Hilbert problem 3

*the class h';* of We. Pogorzelski [4], therefore
it satisfies the following inequalities

MJ" '

[§(ty8) | < s + Myls]
=t

(5)
3
ky | t=t,]

[ e oo g™

|5’(t,s) - 5‘(t1,s1)| < + k'a« | s=84|

where My , My , k; , ky are positive constants and céj), i=
=14250009ky, J=0,1,.44ym are the points of discontinuity of
the function #, placed on the curve FJ according to its po-
gitive direction; k, denotes the number of points of discon-
tinuity of the functlon j on the curve [j and k,+k +e..tk =
= r, The points {t and t4 are placed 1inside +the same are

e
cgj) c§__'?_2 besides the poinj: t4 lies on the part ¢ cii%
(J))
1 .

(we assume °l(c§3-1 =c

4. SOLUTION OF THE PROBLEM

In virtue of the results of I, No Vekua [5] P.229,
the solution of the equation (1) is of the form

w(z) = ¢(z) ew(z) + #W(z) ,

where

5E) P ] af a
w(z) =:[—ff|:a(§) + 5 (L) q—;’k—gg))%m:lz—i—gv§=f+ir) (7)
i ¢

and e“’(z)e C%.z (that means that the function ew(z) is boun-

ded and satisfies Holder condition with the exponent #),
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4 H.Lubowlcz, B.Wieprzkowicz

#%(z) is a particular solution of the equation (1) and 1is
given by the formula

W#(z) = -%ﬂ[cg(z,;) £(£) +Qp(2,¢) f—(_[)] d¢ ap  (8)
&t

where Q and Q, denote the kernels normed with respect to
the domain G' (see [5] ) and are of the form

0w,
Qq(z,%) = X4(z,%) + 1 X,(z,%) = ez(1+2)
o o (9)
Qz(z:‘b) = X1 (z,t) = 1 X,(z,t) = %%ﬁze—z
o at) 0p(2,%)
X(2,8) = Sogmy ¢ Xo(2et) = Sy
(10)

\

a(() Xy (E,t) + b(£)%JS;,t)
ff (¢-Z) G- Xt #dp . (3=1,2)

W =
J J

and W(z)e C oz

P
The function ¢(z) holomorphic in 6¢* and continuous in
Gt + I' satisfies the non-linear boundary condition

re [A(6) ) ¢(1)] = ¢[t,m(5)] - re [A(8) ¥ ()] (1)

According to the results of 2. Bu é ko [1] we shall
seek the solution of the problem (11) in the form

¢ (z) =fM(Z.t),u(r)d6 +ic (12)
where r
Zk -7
T =z When Tel (k=1424000,m)
izyc) = (13)
T when te
T -~ 2 )
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On the discontinuous Riemann-Hilbert problem 5

and wu(t) 1s the real function, continuous wn I''y C is the
real constant, 6 denotes the arc-coordinate of the point zel,

When the point =ze ¢t tends to the point +ter ,the func-
tion ¢ (z) has the following boundary value

Lin $(z) = 6(4) u(t) +fM(t,'t'),u(t) a6 +1cC (14)
i r

where

(t-z,) tmi, ter, (k=1,2,.00,m)
6(t) = (15)

t t ni ’ t er,

It is necessary to choose the unknown function wu(t) and
the constant C so that the function (12) would satisfy the
condition (11). According to H. . u b ow i ¢ z [3]this leads
to the solution of the integral equation of the form

A(t)u(t)+f5§%{?#(r)ar=r[t,w(t)] -re [{(T)W(t)] -rex(t)e’ic (16)
r
where
At) = F aa[A(8)e? (8-2,)F - A(8)e® (3-3,) ¥] (17)
K(t )= [\2)090H) (2B A(1)6908) (5,F) v o2 arer=t)] (1)

. In virtue of the assumption I and III the function X(t,r)
satisfies the Hblder condition with the exponent W=min(0,B%g)

We shall write the equation (16) in the form

A a(t) + BB [AlE) ar o o[ 4,u(6)] - ze [XTB) #(4)]+
: % T-t
o (19)
- re [l(t) ew‘t) i C] -‘[ K(t,r) u@ ar
: r
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6 H,Lubowicz, B.Wieprzkowicz
where

B(%)=ri K(t,t):%—ni[f(?)e"’ (t-zk)%’n(t)ea(%-zk)t’] (20)

R(t,t) = k(_t”'_) (0 < V< V') 21)
T =t~ ™
k(t,0) = 3[AB)e® (z=8) (E=t)+
' (22)

+ Al)e® (Z,-%) (el arg(t-t)-ﬂlgi—iféii:flJ
) ' Iz -t

and k(t,r) satisfies the Hdlder condition with the exponent
V-,

At first we shall study the unhomogenecus ' characteristic
equation

ate) i) + B (20 qr o p(e) (23)
r

where we assume that F(t) satiafies the Héider condition, The
functions A(t), B(t) defined by (17), (20) and in virtue
of assumptions I,III satisfy the HOlder condition with the
exponent V', A

The index of equation (23) is given by the formula

1 S, Astg = B()
taz_"ng'[argAt +Bt]r‘ (24)

k

By the formulae (17) and (20) we have

m
x= —:t— % [arg A(t)] re

The equation (23) is soluble for an arbitrary right-hand
side PF(t) if the homogeneous equation, associated with it
haq.only zero solution,.
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On the discontinuous Riemann-Hilbert problem T
.

In this paper we shall study only the case x> 0.
The solution of equation (23) has a form

) + X7 (%)
2[a(t) + B(#)]xH(t)

xT(t) - X7 (+) P(r) dv (25)
exl f[A(‘r) + B()]xH(r) (v - %) ¥
r

[x* () = 7(1)] B4 (%)

w(t) (t) +

+

+

Wwhere Px-1(t) is an arbitrary'polynomial of the degree not
greater than * -1, when 2>1, and P,_,(t) = O when 2=0.XT(t)
and X" (1) are the boundary values of the canonical sgolution
of Hilbert problem

xt(t) = AL = BUE) y=(y) (26)
A(t) + B(t)

Treating the right-hand side of the equation (19) as a

given function and use the formula (25) we obtain an integral
equation

ar =

ol vy (1 Br, 1) m(ey) av
ult) + AfK("'f)f‘(f)df - 21 i ZET =) ]
r r

(27)

* B*Z . a «
= A X[tQW(t)J - ﬂifw[g(v'ggrzg—tg + f
r

where
B() = AL B(4) s BUL
A (%)~B° (%) A°(t)-B°(t)

2(t) = [A() + B(+)] x*(t) = [A(+) - B(H)] X7(+) (29)
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8 H,Lubowicz, B.Wieprzkowicz

£*= -t ve[A(DIN(1)] - 4" ze [A(8)e(F) ic] + )
(30)

Bz Alt) % (r)]dr  B"Z A5)e(t) 31 (] i
+ nifre[zét) V(tht)] LA ﬁifre[zgrge(f-t) dr-2B"Z B, 4

r

Let us examine the integral

jﬁ(t't‘])ﬂ-(f‘] )dt1
J(t) = L Z(r) (T-t) df (31)
r

which is of the form
J(t) =f ﬁ(t.q),u(q) ar,
r

where

N*(t, 71)

N(t,7y) RW’ (0< g*< ) (32)

N"(t, t'.l) satisfies the Hélder condition with the eXpo~
nent V.- g* [3].
The integral equation (27) has the form

alt) + A"fﬁ(t,r)u(t) dr - %—f—fﬁ(t,r)g(r) ar =
r r

= A*;[t,w(t)] - %f%{%ﬁé% ar + ¥
r

Thus the solution of the problem (1), (2) is reduced to
the solution of 4 equations in the unknown functions w (z),

w(z), #(z) ¢(z)

(33)
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On the discontinuous Riemann-Hilbert problem 9

w(z) = ¢(z) e“’(z) + W (z)
1 30 )] ae L
o(2) =;[f[a(;) » o) SO 4

ata) + KRGz, m ) ar ZE [Fs,0)u0) o - (34)
r r

= 2y [zw(z)] - %’:_%/‘rlrf;v(r)t]_gr . 2"

r

¢ (z) =f M(z,7) u (£)d6 + 1C
r
where A*,B*,Z, £, K and N depend on 3z, l(z),ew(z).
We shall prove the existence of the solution using the to-
pological method of Jd. S c¢c hauder>r. Let A be the func-
tion space consisting of all the systems of functions

Qz) = [w(z) , olz) , wulz), ¢(Z)] .

The complex functions w(z) are defined and continuous
in every point +t € 6t 4+ and they satisfy the inequalities

ki a*
PN D] el -
011‘171:” zf?’?r) [mlz 4 | “'“'(z)l]< s O<a,+v<1 (35)

The functions w(z) are defined and continuous in every
point zeGt 4+, The functions p(t) are defined and conti-
nuous in every point te I and they satisfy the inequalities

max sup [r]lt - c(j)

0<j<m LeG*+}

“**“mmz] (36)

The functions ¢(t) are defined and continuous on ' and
satisfy the inequalities '

- 173 -



10 ) H,Lubowicz,B,Wieprzkowicz

max  sup [ﬁlt-oéj)laﬂwl¢(t)|]<w (37)

0<j<m teG™[; t=1

The space A will be linear,when we define the product of
point Q by the real number 1 and the sum of two points by
the formulae

19= [0, 10, 14, 1¢], Qi = [wawyoramurmerd]  (38)

'We define the norrﬁ of point Q Dby the formula

ol = mex eup {11 ]2 [na)]] + 09 ota)] 4
" odjem tesiry [f"ﬁ [+ o] ] + (39)
+ max sup It[lj t'°§_j) AtV |¢(t)l]

0<jem teg™ij

Further, we define the distance of the two points Q and
Q by the formula

(Q,Q) =@ - Q| (40)

Thus A is a Banach space,
Let us examine in the space A a set E of all the paints
Q which satisfy the conditions

6
x| z-z|

& .
P

|w(z)|< Ao (? ' |W(z)-W(Z‘)|<[
Z-Ci

T i=!

|w(z)l<92 ’ ]w(z)-—w(z')< at2|z'-z'|8 (41)
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On the discontinuous Riemann-Hilbert problem 11

24|z-2/°

. ? 4
I#(Z)|< W’]#(Z)-#(Z)l < [z c(d)l l: cg.j)l]a,fa

(=1

2, | z~2|?

$(2)|< 2 |¢(2)-0(2) | < ~
SRR PR oo e 3T

P :
where z¢ cij) céi%’ z'e i’bgi%: z-cgj)l<|z%c§34’3=0,...,m,

8 < %—min o, E%EJ’ 925 93; 940 %q9» X3y %4, X, are arbitrary
positive constants and ¢, is a positive constant from the
assumption V.

The set E 1s closed and convex.

Without loss of generality we may admit |z - z’|‘< 1.

Let us transform the set E into the set E by means of
the relations

#(2) = ¢(z) %) 4 G(2)

o(8)
oo DB an
6#

o(z)

#(L) e
ﬁ(z)+%IjnM“(z,r)/l(t)dtaA”y[z,w(z)]-%;%j}it;w TT_ST + £
r r

é(z) =fM(z,r),u(r) df+icC
r

where
M* (t,7) = i &K (t,7) - B"z §(t,7) (43)
The third equation of the system is & Fredholm equation

with a weak singularity and an unknown function A2 (t) in the
form

- 175 =



12 H, Lubowicz,B,Wieprzkowiez

alz) + l—foM'(Z,t)ﬁ(r) ar = Q*(t,u,w) (44)
r

where Q*(t,u,w) denotes the right-hand side of the third e~
quation of the system., »
Let us admit that the homogeneous equation

L) +—;[—i M*(t,z)4(r) dT = O (45)
r

has only the zero solution, The unique solution of the equa-
tion (44) is given by the formuls '

A = @ (tm0) + [, 00 rmo), vi)]ar (46)
r

where #t(t,r) is the resolvent kernel with a weak singulari-
ty, depending only on the function M"(t, ). The function
¥ (t,r) has the same singularity.

In virtue of the assumption IV

]
Mf+Mf

g'[t,w(t)]< W’* (47)

i=

[y + 1y 2] It'fla
[ e

,.zj“[t,W(t)]-a{t,w(t)”g

j = 0,1,...,111

Now we shall examine the integral

I(¢) =f‘z[(’;")"(fr)]_§§ (48)
r

From (47) it follows that e ﬁo*. In wvirtue of the re-
sults of [4]
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On the discontinuous Riemann-Hilbert problem 13
»* '
| C M} +Ck}
| J(t)l < [!“\

(=t

(49)

(J)la,.
i

It—c

[CiMy + Cf k] t-c|® .
[[t=0{3 |z -} 33|

|3(t) - 3(r)|<

where 6 = min (v, 2%3 s, the positive constants c,c;cvc; de~

pend on ¢t and r, are independent of the function ; and 2
while

My = (My + Mygy) M,
kj = M, [lcr + kypty + Mk, Cp (My + Myoq )] (50)

Je-e{e-of22)) ™"

+
t-cgj)la* _

M = sup I-%Iv Cr = max sup

-
2 ter 0<j<m trer ;“11

and kz is the Hdlder coefficient of the function Z.

The function f* given by the formula (30) has,according
to the assumptions and inequalities (41) the supremum Mf, and
satisfies the Hdlder condition with the exponent %\)' and the
coefficient .kf*"

So
| o (51)
) SuP'IQ‘ Q —F_—__(_')_ ,j:‘o 1 ooe il 51
ter r"llt_cij Ia'* 'y ?
(=1
where

Mge= M, (My + Myo,) +m™ M, (C M} + C'k}) + MpuC,

dy

(

&
Cr = sup B
ter (=1

M_ = sup |Z{t) M, = sup |A*[. = sup |B*
z = 8up [Z(8)], M, sup |74 Iy mgl l
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and the constants (52) depend on m,, G"', " and p.
Further

@ [tyu(8)y0(8)] ~@* by, n(5), 0 (5)]] <

Ko |t = t4]9

(53)
[[4-e{3] [q=e{33]"°

where

K

i ! ) —1 ' L4 '
o = ky Cr (Mp + Mpoq) + (g + Ky )M, + 77 'k, Cn(CMp+C kp)+

1 (54)
nT Mg, (Cq MF + C) ky)

+

k, and kg, denote Holder coefficients for the functions A"
and B*Z, respectivetly and according to (28), (29) these coe-
fficients depend on ', function w and A, Mp, = sup |B zl.
Thus the function R belongs to the class h’:“ (es% min(v —p—-)
Lemma 1., The set E is a subset of the set E.

Proof. From (46) we have

MQ» (1+M ) + KQ*M

alt)|< ' (55)
Al - P
where
My = tseulpum(t,r) dr‘
M, = f Im%)r)l |t(j1:)le Jr
O<jsm terl =1 f= -cj = a6
=it

In view of (41), (42)
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On the discontinuous Riemann-Hilbert problem 15

. ¢ 92
AR TP (56)
=1

where Mﬁ = sup
According to (42) and monography of Vekua [5] pe. 178 we
have

< u, [Lp(a) + Lp(b)] (57)

where the positive constant M

b depends on p and the re-
gion ¢t

My +1C|Cr+ M,
(s - ol [ (58)
i=1 i

|<1A5(z)|<

where M = f??'!M(t’T)Idr

- b (Dl 1M Gy ]t 2]
Rt <ﬂ 42 T+ c(“l e~ d>
r

Then
k| t,tq]®
|408) = 34| < T—raT— T (59)
VI Tt
where

—1 * 4 \
ky =17 [Mgr(14Mg) + KguMp|KynCl + ky (Mp + Mygq) Cp + kg +
’ - =1 " » [
Kpaq ™ Mp M, [01 My +Cy K47 dp, (CM+C' kG ) Cf +lpm G

pr (t, 't)-M (tqs 7)|
(jna,

KM’ = max sup dt

O<jem tel" |t-t1| n [r-c
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16 H,Lubowicz,B.Wieprzkowicz

a8
Cr = max su [ t-c(j) t, - c(j)]
T pejen WPF | i ”1 1+1|

and

[.ac4 o52 + 2, o 2 0q Cr + Ch %]lt - t1|0

[ = o ey - oE [

(60)

[8(8) - d(sy) |<

where kﬁ is the Hdlder coefficient of the function #(t).
In virtue of W, Pogorzelski [4] we have

. - Cq 9a +C, 2 }|t-t &
¢>(t)-&>(t)<[1 3 —=2 3 K (61)
| D e e

where the positive constants 51 and 52 are independent of
the function wu(t), and

6(8) = o) <1 [By(a) + L0)] [+ ¢4 (62)

where Mﬁ is a positive constant depending on p and ¢t,
The estimates (59), (60), (61) and (62) holds for 0<l4 min
(\)' B;_z- ¢ A
The transformed point Q will belong to the set BE, if
the following inequalities are satisfied

P2

Pgpe” + Mz Cr<oq
Mp[Lp(a) + Lp(b)]s 0o
My Dy +My Dp +My My D3 94 +iey D 4+ D 2 +My Dgley +M ke Do +Dg < Q4
92 t 92 "

e " Xy +Cre " Ay 9, + Crky <y

!
M, [Lp(a) + Lp(b)J <%,

¢y 94 +62x3<x4
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On the discontinuous Riemann-Hilbert problem 17

where Dy (1=142y444,13) are the positive constants,(D,,D,,
....,D7 are independept qf the function f(z) in the equation
(1) while Dy ig independent of the function y of the boun-~
dary condition (2)). ,

The choilce of the constants Oos 930 Q4 Xqy 22133, x4
Jbeing arbitrary so it is possible to choose +them in such a
way that the inequalities (63) will be satisfied provided

My + Ky < 4% (64)

where C* = max (C;,Cg )
C:]’:eMp [Lp(8)+Lp(b):l {[M(D2+D3My)+M1 Dig] [1+Cr (B (2) 415 (1)) Mi,] +

+ Cq (D, + Dy Mr) + Cy D10J

L [Lp(a)+Lp(b.)]

Ch=e {[M(D5+D7M$)+M1D12] [1+C;.M£)(Lp(a)+Lp(b)] +

+ 8y (Dg + Dy M) + 8, D.IZ} .

Lemnma 2. The transformation (42) is continuous in
the space A.

Proof, Let Q(n) [w(n), w(n), u(n), ¢(n)] n=1,2,¢0e
be an arbitrary sequence of points of the set E convergent
in the sense of the norm (39) to the point Q [w,w,#,ﬂof this
set, i.e.

é'(Q(n), Q) —= 0, when n—eoco, . (65)

Thus the set of the transformed points 6(n1§(n)'6(n)’ﬁu),
$(n)] is convergent in the sense of the norm (39) to  the
point § [#, O, 4, &] of the transformation (42).This proper-
ty is evident for all of the components of the gystem (34),
except the integral (48). The integrals in this form were exa-
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18 ~ H.bubowicz,B.Wieprzkowicz

mined by W. Pogorzelsgkdi [4] p.198, We 2 2 k 0 w=
s ki [2] and others,

Applying the method used in the quoted above papers and
agssumption IV concerning the function y , analogicaly we can
prove that é(n)-*-ﬁ in the norm (39) when n— o< ,Thiscom-
pletes the proff of the continuity of transformation (42).

Lemma 3., The set E' is compact in the space A,

Proof, In order to show that the set E' is compact
we have to prove that we can choose from every sequence Q(n)

: W)
such a subsequence Q k that is convergent in norm (39).

It is easy to show similarly as in the paper W.2 a k o w~
s k1 [8], that there exists such a sub-sequence ¥ nk)which
is convergent in the set ¢t + I and which satisfies the Cau-
chy condition. '

Thus all the assumptions of the Schauder the~
orem are satisfied, hence-there exists in the set E at least
one fixed point Q*[w*, o*, w*,¢*] of the transformation (42),
i.e, a point satisfying the system (34).

The functions w*, w*, u*, ¢* are solutions of the system
(34)s So the function w* is a solution of the discontinuous
generalized' Riemann-Hilbert problem in the
multiconnected domain. ‘

The function w" belongs to ﬁ:* where 8 < % min(Q, EEE)
and it satisfies the equation (1) so it possesses the genera-
lized derivate w*. of the Lp(G++F) clags i.e.w"eD1,p(G++FL

Theorem If: a) the agssumptions I-IV are satis-
fied, b) the homogeneous equation (45) has only zero solution,
c¢) the index » of the problem is non negative and d) the con-
stants of the problem M} and ky are sufficiently small,so
that the inequality (64) holds, then there exists in the
multi-connected domain Gt at least one generalized solution
wiz)e D1’p P > 2 of the equation (1), which satisfies the
boundary condition (2) in every point ter',
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