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ON THE INTEGRODIFFERENTIAL EQUATIONS OF COMPLETELY 
DISCONTINUOUS PROCESSES 

L e t t > 0 } "be a s t o c h a s t i c p r o c e s s which t a k e s v a l u e s 
b e l o n g i n g t o a number i n t e r v a l I . L e t us denote "by F and G 
t h e c o n d i t i o n a l c u m u l a t i v e d i s t r i b u t i o n f u n c t i o n s o f t h e p r o -
c e s s X^, i . e . t h e ' p r o b a b i l i t é s 

F ( t 1 f 3 c ; t 5 l y ) = 7 | x t l = * ) » 

G ^ . X i t ^ z i t , , ? ) = P ( X t < y X t = x , Z t = z ) . ( 2 ) 

2 

We now i n t r o d u c e t h e f o l l o w i n g f u n c t i o n s 

1 q ^ t . x ) = Urn ^ P ( x t + 4 t - Z t * 0|X t = x ) , ( 3 ) 

q 2 ( t 1 , x , t 2 , z ) = \ = z > > W 

P ^ t . x s y ) = 4 l i m o P ( X t + / J t < y | X t = x , ^ - X t / 0 ) , ( 5 ) 

P 2 ( t 1 f x ; t 2 , z ; y ) = 

= ^ m 0 p ( z t 2 + ^ 2 < y i X t i = x ' Z t 2 = z ' x v ^ 2 • s 4 ° y ( 6 ) 

We say t h a t { X t , t > 0 ] i s a c o m p l e t e l y d i s c o n t i n u o u s 
Markov p r o c e s s LlJ i f f o r each t 

F ( t , x ; t + / 4 t , y ) = [ l - q i ( t , x ) 4 t j E ( x , y ) + ç^ ( t . x j P ^ ( t , x ; y M t K > ( d t ) , 
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50 E.Plucinski 

where 

E(x,y) = 
¡1 i f x < y , 

iO i f x > y . 

As we know [ 2 ] , [3] i f {x^, t » o } i s a completely d i s -
continuous Markov process and t he f u n c t i o n s P , q ^ h a v e 
app rop r i a t e r e g u l a r i t y p r o p e r t i e s then a re s a t i s f i e d the 
fo l lowing i n t e g r o d i f f e r e n t i a l equations 

3 F ( t ^ , x ; t ? »y) 
a t . 

= q / , ( t 1 t x ) 

<5F(t. 

F ( t 1 , x ; t 2 , y ) - J F C t ^ . z s t ^ y J d ^ C t ^ x j z ) 
«00 

1 t x ; t 2 , y ) £ 
— = - / q 1 ( t 2 , z ) d z P ( t 1 , x ; t 2 , z ) + 

^ -00 
+00. 

+ J q 1 ( t 2 , z ) P 1 ( t 2 , z ; y ) d z P ( t 1 J x ; t 2 , z ) . 

(7) 

(8) 

The g e n e r a l i z a t i o n of t h e s e equat ions f o r a mul t ip l e Mar-, 
kov process may be found in the works [4] , [ 5 ] . 

I n t h i s paper we s h a l l cons ider a completely discontinuous 
s t o c h a s t i c p rocess , which must not he a Markov p rocess . Na-
mely, we s h a l l suppose t h a t the cond i t i ona l cumulative d i s -
t r i b u t i o n f u n c t i o n (2) can "be w r i t t e n as 

G-(t,| , x ; t 2 , z ; t j , y ) = - I g C ^ , x ; t 2 , z ) ( t ^ - t 2 ) ] E ( z , y ) + 

+ q 2 ( t 1 f x ; t 2 , z ) ( t 5 - t 2 ) P 2 ( t 1 f x ; t 2 , z ; y ) + o ( t j - t 2 ) 

where 

E(z ,y) = 
i f z < y 

i f z > y . 
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On the integrodifferential equations 51 

The aim of this paper is to give the integrodifferential 
equations, which are generalization of Kolmogorov's equations 
for Markov procesess. 

We shall proof the following theorem. 
T h e o r e m . Let {X^, t > 0 ] be a completely discon-

tinuous stochastic process and let (3) - (6) satisfy the con-, 
ditions 

1° F(t^,x;tj,y) is a Baire function of x continuous of 

2° G(t^,x;t2»z;tj,y) is a Baire function of x,z conti-
nuous of 

3° q^C^»*)» ^(tfXiy) are Baire functions of x conti-
nuous of t. 

^ ( t ^ ,x;t2,z), P2(t^,x;t2,z;y) are Baire functions of 
x,z continuous of t ^ t g . 

5° There exists the limit 
+oo 

lim JG(t1,x;t1+4t1,z5t3,y)dzP1(t1tX5z). 
/ -oo 

Then the following integrodifferential equations are sa-
tisfied 

dG(t 1 fx;t,x;t 3,y) 
3r = I-] (t1,x)G(t1,x;tj,y) + 

(9) 
too 

- l i m q 1(t 1,x) yG(t 1,x;t 1+4t 1,z;t 3,y)d zP 1(t / l,x;y) 
1 -oo 

3P(t1fx;t,,y) / 
= - / q2(-fc1,X5t3,z)dzP(t1,x;t5,z) + 

_oo 
( 1 0 ) 

+00 

+ 

Proof. The Chapman-Kolmogorov equation for a non-Marcovian 
stochastic process is given by 
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52 E.Plucinski 

+00 
P(t1tx;t5,y) = j G(t1,x;t2,z;t3,y)dzP(t1,x;t2>z). (11) 

-00 

It follows from the formula (11) that 

FCt^acjtj+Atyy) = »xjtj.z ̂ H - a t ^ y M ^ t , , »xjtj,z). (12) 
- 0 0 

Since the process is a completely discontinuous process, 
then for the function G we have 

Gtt^xjt^zjtj+At^y) = [l - q2(t1,x;t5,z)At^E(zfy) + 

(13) 
+ q2(t1,x;t5,z)Atj P 2 (t^ ,x;tj, z ;y) + oGltj) 

where 

1 if z < y 

.0 if z>y. 

By use of (1J) the expression (12) becomes 

E(z,y) = 

+00 
P(t1fx;t3+/lt3,y) = J E(z,y 

- 0 0 

toe 

- AtjJqgit^xstj.zjEU.yJdjjFtt^xjtjiz) + 

Atj Jq2(t1,x;t5,z)P2(t1,x;t5,z;y)dzP(t1,x;t5fz). (14) 

+ 
-OO 

The existence of the integrals on the right hand side of 
(14) follows from the assumptions relative to> the functions 

By using the properties of the function E(z,y) and di-

viding "both sides (12) by At^ we obtain 

P(t1tx;t5+^t5,y) - Fit^xjt^y) 
ttZ = 
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-oo 

+00 
+ J q2(t1,x;t5,z)P2(t1,x;t5,z;y)dzB,(t1,X5t5,z) + o(1). 
-O© 

Hence, in the limit, as Atx-~0, we obtain the equation 
(10). We shall now derive the equation (9). 

It follows from the formula (11) that 
+00 

p(t1,x;t5,y) = J G(t^,x;t/l+iat1,z;t5,y)dz.P(t1,x;t1+4t1,z). (15) 
-00 

But 

) AtjE(x,z) + 

+ q^(t^,x) A t ^ (t^,x;z) + o(4t^). 

Equation (15) can now be written as 

F(t1fx;t5,y) = |l - q^t^xjAt^J* G(t^ .xjt^+A^ ,z ;tj,y )dzE(x,z)+ 
-Oo 

T + q1(t1,x) At,, J G(t1fx;t/1+At1,z;t5,y)dzP1(t1,x;z) + oUt1). (16) 
-M 

The existence of the integrals on the right hand side of 
(16) follows from the assumptions relative to the functions 
ll»-^»®* 

By using the properties of the function E(z,y) from (16) 
we obtain 

' E'(t1,x;t3,y) = G(t^,x;t^+4txj,x;tjfy) + 

- q̂  (t1,x)/it^G(t1,x;t^+At1,x;t^,y) + 
+00 

+ q^t^.x)^ J G(t1,xjt/1+At1,Z5t5,y)dzP1(t1,x;z)+o(Zit1).,(17) 
-OO 
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54 E.Plucinski 

Because P(t 1 fx;tj,y) = G(t,j»xjt^,x;tj,y) therefore di-
viding "both side (17) "by At^ we have 

G(t 1,x;t 1+^t 1,x;t 3 >y) - Gft^,x;t^,x;t5,y) 

= q 1(t 1,x)G(t 1,x;t 1+4t 1,x;t 3 fy) + 
+OO 

- ^ ( ^ » x ) ^ G i t ^ x j ^ + d t ^ z j t j j y ^ P ^ t ^ x j z ) + o(1). 

-00 

Hence, in the limit, as At^ —- 0 we 'obtain 

dG(t 1 fx;r,x;t,y) dr 
V =t1 

= q 1(t 1,x)G(t 1,x;t 1,x;t 5,y)+ 

"Atiio M ^ » * ) / & ( t l » x 5 t 1 + 4 t 1 , z 5 t 5 , y ) d z P 1 ( t 1 , x ; z ) 

This completes the proof of the theorem. 
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