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ON SOME PROPERTIES OF THE CAUCHY TYPE INTECRAL
IN THE EUCLIDEAN SPACE E,

The paper considers the properties'of the surface singu-
lar integral (6). This integral appears in the theory of holo-
morphic functions in the space EB' It is proved that if +the
columrn q(Q) satisfies the Hélder condition with the constant
K and exponent he (0,1) then the column F(P) defined by
the equality (21) satisfies the Hdlder condition with a con~
stant directly proportional to X and with the same exponent
h as in q(Q). The case when h=1 is also discussed, and
some conclusions are drawn.

1. INTRODUCTION

Consider a bounded region D* in the Euclidean space E3;
the boundary S of this region is a closed Lapunov surface.
Let D~ be the unbounded region, complementing the set s+p*
to the space E3.

We introduce the following notations (cf. [1]):

|0 x Y 2 |0 X Y 2

X 0-2 Y . X 0 z-Y
D(X,Y,2) = , D" (X,Y,2) = (1)

Y 2 0-X Y-z 0 X

Z-Y X O lz Y-X O

and

M(4,Q) = —D*<%1%15%>W%,—Q—)— *D(cosa, cosg, cosy) (2)
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38 W.Zakowski

where o¢(A,Q) denotes the dinstance of the point A(x,y,z)
from the point Q(¢,n,6)e€S and [cosa, cosg, cosg] is the
unit vector of the normal to the surface S in point @, orien-
ted externally with respect to the region o*.

Let q(Q) be the column

Q4 (Q)

Q)
%2 (3)

the elements of which are defined and continuous on the sur-
face BS. The surface integral

i [, )a(@)asy, (#)
N

defined in every point A of the set D + DY will be called
the Cauchy type integral in the space E—. It is known, [1],
that the column p(A), defined in the set D"+ Dt vy the equa-
lity

D(A) = = fM(A.Q)-q(Q')dsQ (5)

is holomorphic in this set, i.e. it satisfies in it the ellip-
tic system of equations

d 8 ¢
D<a—§’%’ B_Q—)p(A) = 0,
Furthermore; if the column (3) satisfies on the surface 8

the H6lder condition, then for each Pe S there exists a sin-
gular integral.in the sense of Cauchy principal value

M(P,Q)- Q(Q)ds (6)

4n
5
and 1% is expressed by an absolutely convergent integral
Lf—,,—s 1(P,@)a(Q)dsy = 3-a(P) + L:—ﬂsfM(P,Q,) [a(@) - a(®]asg.  (?)

- 176 -



On some properties of the Cauchy type integral 39

We prove that then there exist Doundary wvalues of the
column p(A) defined by the equality (5), namely

pt(P) = 1im p(4), and P (P) = lim p(A)
D?3A~Pes . ] b'3A~0eS

connected with the singular integral (6) in the following way.

)« tEa® + gk [ uR)a@asy . (8)
S

The formulae (8) are analogous to those of S oc¢c ho ¢ -
ki-Plemel] [2] which are of essential importance in
the boundary problems for a complex variable function.

2., PROPERTIES OF THE MATRIX M(P,Q)
The kernel M(P,Q) of the integral (6), defined by . the

equalities {1) and (2), may, after easy calculations, be ex-
pressed in the form

M(PQQ.) =-2—L MO(PvQ) (9)
9°(?,Q)
here
SN Wx Wy Wz
-W s.n W =W
M°(P,Q) =| ¥ Uz J (10)
: -W W Sen w

ed
N
o K

~W W -W D

where # 1s the unit vector [cosa, CcoSg, cosy] introduced

above, S -~ the unit vector of the vector PQ, 51 -the sca-

lar product, and DMX,Wy,WZ] is the vector product s xT.
Since det M°(P,Q) = 1, then in view of the equality (9)

we have

1

?8(P,Q) )
=177 -

det M(P,Q) = (11)
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We shall now consider some properties of the matrices (9)
and (10). Substituting into (7) the column q(Q) with ele-
ments qq = 1 and qQ = q3 =q, = 0 we obtain-

1 2
l:_st_! M(P,Q)" Z asq = Z
0 0]
i,e.
0 |
%!%MQ:;—J&, (12)

where Mgk(P,Q) is the element of the i-th line and the k-th
column of the matrix (10),5and ¢, - the Kronecker delta,
The elements Mgk(P,Q) obviously satisfy the condition

IM;.)_k(P,Q)l <1, (13)

Next, we shall show that for every three points P1,Pé and
Q, (Q # Pé) of the surface S the following inequality is
fulfilled

0(P4,P,)
M3 (P1yQ) = M3y (P,Q)| < 2n —ﬂﬁl’,:_

(i,k = 1,2,3,4).

(14)

Assume that points P,],P2 and Q do not lie on the same
straight line and consider two cases: izk and i#k.

If i=k then Mgk(P,Q) = cos(PQ,n) thus, denoting 6 =
= < (PQ,P8), we get

U2, (2,,@) - U, (B,,Q)| < @ <msin g, (15)

Since
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o (B, 2) _ @B

sin —2— s:.nd'

where J:{(I”ZQ,P;FE) and P, denotes a point at which the
bisetrix of the angle 6 in the triangle QP4P, intersects the
side P,P,, so, on account of the inequality (BB > 9(P,,Py)
we have

Q(P,I,Pz)sind"> 0 (Q,Pz)sin % ,

?(Pq 9P2)

sin§<—(——)—9 %P, (18)

Now, taking into account the estimates (15) and (16) we
get the inequality (14),

If i # k, then M? (P,Q) is equal (with an accuracy to
one sign) to one of the coordinates of +the vector product
§x 1, Let 84 = [_’cosq,],cosx;,],cosa*ﬂ and s [cosaz,cos,az,cosxa]

be the unit vectors of the vector P;Q Q and PZQ’ correspond-
ingly., Consider the case when M (P Q) = W.i the remaining
cases are considered analogously. Since
Wx(‘P,],Q)
Wy (P5,Q)

cospcos ¥ — cosyy Ccosp

cos,aacosa“- cosy, cosg,

then the following inequality holds true
|2 (P1,Q) - M (P,,Q)

where 8 denotes as above the angle between the vector P,\Q and
the vector PQQ. Hence, in view of (15) and (16) we obtain the
inequality (14).

If the points "Pq,P, and Q 1lie on the same straight
line, then either the left~hand side of the inequality (14)
equals zero, or it is not greater than four, and, moreover,
Q(P,},P2)>Q(Q,P2) and consequently also in this case the
inequality (14) holds true. :
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We shall next prove thabt 1or every Pe S and for every
£>0 the following inequality is satisfied

f M5, (P,Q)

< 8r, (17)
3 9°(2,Q)

dsQ

(i,k = 1,2,3,4),
where S denotes the set of all points of the surface S
which do not lie inside the sphere with the centre P and ra-
dius ¢,
Note that

f —O‘—q(Q)ds =f~2% a(Q)ds fi";—@'—@nq(cz)ds (‘8)

&6
where 6 denotes that part of the surface of the sphere with
centre P and radius ¢ which does not lie in the region p*,
Let q(Q) be a column with the elements aq =1, I =9z =
= qy = 0. Obviously, this column is holomorphic in the whole
space. Thus we cam make use of the analogue of the Cauchy in-
tegral formula ([1], p.170); hence we have

M°(P,Q) (

Q)dS = 4 (P)-
f.? (3,q) QT
Set6

Thus, in view of (18) we obtain

M8 (2,Q) (7,Q) :
ik " ? k ’
—5——4ds, = 4nd8;, ~ | —5——ds,. (19)
./92(P,Q) < ik 0 (P,Q) "Q |

(%
(i,k = 1,2,3,4)

Because for every Qe6 we have ¢(P,Q) =¢ therefore, ta-
king into account the inequality (13), we f£inally get

1k(P Q) < 4 1 4ﬁ52 8rx
& T+ 4T =
FERERY “q £2 ’

and this completes the proof.
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%. PROPERTIES OF THE SINGULAR INTEGRAL (6)

Let K be a positive number, and let h €(0,1].Denote by
H(K3h) +he set of all columns (3) with elements defined on
the surface S and sabisfying on it the following inequali-

ties
h
|as (B |< By |3 (By) = a5 (Bp)| < Keg (P4,Pp) (20)
(i= 1,2,3,4).
Theorem.If q(Q)e¢H(K;h), O<h<1 and
F(P) = o [ U(P,Q)a(Q)ds (21)
4n5 4 Q .

then F(P)e H(C+K;h)}, where C is a constant not depending
on the column q(Q).

Proof. On account of the inequality (7) and the first of
inequalities (20) we have

|7 (®)| < CqoK, for i=1,2,3,4, (22)

in which the constant

ds

1 1 Q.
Cr =%+ —

1 —>.n, ’
= )
does not depend on the column q(Q). Since the elements of the
matrix M°(P,Q) satisfy the conditions (13), (14) and (17),
the assumptions of the theorem 1 of [3] are fulfilled. Thus,
the moduli of continuity ;(r,f;) of the elements £,(P) of

column

£(2) = 7 [u(2,) [a(@) - a(®)]asg (23)
d |

and the moduli of continuity wi(r;qi) of the elements of
column q(Q) satisfy the following system of inequalities

r n
4 A(T3as) (r3q.)
wﬁrﬁﬂ<czz;bﬁhmﬁ-ﬂ[ﬁL;ELM+qﬁﬁ{£hdJ@M
J= 0 r
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(i = 1,2,394)1

where 02 and n are constants independent of the column
a(Q). Since the elements of the column q(Q) satisfy the HO1l-
der condition (20), then wi(t;qi)<§K-rh and, therefore, in
view of (24), we have

h
wi(r;fi) < CB-K-r ,

(1=1,2,3,4),

where the constant Oz does not depend on the column q(Q).
Hence it follows that the elements of the column (23) satisfy
on the surface S +the H6lder condition with constant 03-K
and with exponent h, Since the column (23) is the second com~
pouent on the right-hand side of the equality (7), then the
elements of the column (21) satisfy on the surface S the Hél=-
der condition with the constant C,+K, where G, = g + G, and
with the exponent h, i.e.

h
|7, (2q) - F;(B,) | < CyeKeq (PgyBy), for i=1,2,3,4. (25)

From the inequalities (22) and (25) it follows that
F(P)e H{C*K3;h), where C = max(Cq,C4), and +this completes
our proof.

Conclusion 4. If q(Q)e¢ H(K;1), then the column
F(P) defined by the equality (21) belongs +to the class
H(C°~K;1—£), where ¢ is an arbitrary positive number, and the
constant C_ does not depend on the column q(Q).

This conclusion follows immediately from the inclusion

H(K3;1) ¢ H(C".K;1-¢€),
where

C* = Sup 96 (P/I,P2)l

Conclusion 2. If g(Q)e H(K;h), O<h<1, then
the boundary values pT(P) and p (P) of the column (5) be-
long to the class H(C<K;h), where C=14+0C.
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This conclusion follows from the equality (8) and from
our Theoremn,
It is known ([1]}, p2.178) that if the column ¢(P) satis-

fies on the surface S the HOlder condition, then the inte-
gral equation ’

o [1(2,0) ¢ (Q)asg = ¢ (2) - (28)
N

has in the class of columns ¢(P), satisfying on the surface
S the HOlder condition, exactly one solution, namely

1 .
¢(P) = g}; M(P,Q) ¢(Q)dSQ- » (27)
Let us assume that ¢(P) ¢ H(X;h) where O<h<1, In view

of our Theorem and the equality (27) we obtain

¢(P)e H(2C.K;h)
and then, making use of the equality (26) we find
() € H(4C%+K;h). (28)

Coneclusion 3. The constant C mentioned in our
Theorem is not less than %.

Indeed, the column f(P) with constant elements equal to
unity belongs to the set H(13;h) and, on account of (28),
also to the set H(4C2;h), hence 4C2>-1, i.e.

1

c2= (29)
Since on the basis of the equality (7) we have

41
1 1

1 1
meM(P,Q)- A =7],

S

1 1

then the estimate (29) cannot be improved,
Conclusion 4, If the column q(Q) satisfies on
the surface S +the Hdlder condition and if the column F(P),
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defined by the formula (21), belongs to the set H(K;h), where
O<h<1, then q(P)e H{4C-K;h),
Indeed, on account of the equalities (26) and (27) we have

l]
a(P) = E‘!M(P.Q)F(Q)dsQf (30)

therefore q(P)e H(4C-K;h).
Hence it follows that besides the implication

a(@) ¢ H(kin) == 7 [1(2,Q)a(Q)asy ¢ H(0-K;n)
5 .
mentioned in our Theorem, also the implication

2 [u(p,@)a(@asy e H(xin) = (@) € B(40-Ksh)
S

is true with respect to Hdlder columns q(Q).

Prom the equalities (26) and (27) we can then easily con-—
clude that if there exists & column q(P) satisfying on the
surface S “the Lipschitz condition and such that the column
F{P) corresponding to it in transformation (21) does not sa-
tisfy the Lipschitz condition (comp. Conclusion 1),then there
exists also a column g*(P) satisfying on the surface S the
Hélder condition, but not satishying the Lipschitz condition,
such that the column F*(P) corresponding to it in transfor~
mation (21) satisfies the Lipschitz condition.

Obviously, there exist columns q(P), satisrying on the
surface S the Lipschitz condition, whose images F(P) in the
transformation (21) alsc satisfy the Lipschitz condition.Such
is, for example, the column formed of ones alone,

Our Theorem constitutes a basis for investigation, by the
fixed point method, of non-linear boundary problems for holo~-
morphic functions in the space E5’ and of singular integral
equations connected with them.

These problems shall be dealt with in our further papers.
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