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Abstract: In today’s society, with a high percentage of elderly people, floor heating to ensure constant
temperature and heat jackets in winter play important roles in winter to them to live comfortable lives without
compromising health – except tropical zones. Under floor heating maintains a comfortable temperature in a
room without polluting the air and heat jackets allow for light clothing at comfortable temperatures. The two
facilities are attributed to Joule heat generated by tunnel currents between adjacent short carbon fillers in
flexible polymermatrixes under low voltage. The current between adjacent conductive fillers is due to electron
transfer associated with elementary quantum mechanics. Most of undergraduate students investigating
polymer physics will have learned about electron transfer in relation to the temperature dependence of the
conductivity of conductive filler-insulator polymer composites aswell as the phenomenon of Joule heat at high
school. Despite their industrial importance, most students show little interest for investigating electric prop-
erties, sincemost of polymers are insulationmaterials. Polymer scientists have carried out qualitative analyses
for tunneling current using well-known simplified equations derived from complicated mathematical process
formulated by solid-state physicists. Hence this paper is focused on a teaching approach for temperature
dependence on electric properties of the polymer-filler composites relating to tunnel current in terms of
elementary quantum mechanics. The approach also attempts to bridge education and research by including
reference to the application limit of the well-known theories to such complicated composite systems that fillers
are dispersed uniformly in the polymer matrix.
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Introduction

Most polymers are insulation materials that are easy to mold. Mixing conductive fillers into polymer matrix
provides the temperature dependent conductive property by generation of Joule heat. Joule heat has been
applied to home appliances such as electric oven, electrical cooking plates and induction cooking. This paper
dealswith a teachingprocess for the electric properties of polymer-filler composites built on knowledge acquired
at high school in an attempt to get undergraduate and/or graduate students interested in talking in class.
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Now, let’s briefly review of Joule heat as taught in high school.
The generation of Joule heat is represented as a model in Figure 1 by the movement of free electrons in a

conductor with cross section S [m2] and length ℓ [m], in which n is the number of free electrons in a unit volume
and u is the average velocity under applied voltage V. Free electrons accelerate in an electric field but their
velocity decreases, when they collide with positive ions, and then their final velocity become constant. This
indicates the constant kinetic energy is consumed as Joule heat is used to generate the vibration of positive
ions.

Q = power × distance × total number of  free electrons = e
V
ℓ
× ut × nℓS = enuS × Vt = I × Vt

= IVt (I : electric current) (1)

Q = IVt is also given as Q = IVt = I2Rt using Ohm’s law (V = RI).
However, composites utilized in floor heating and heat jackets have conductive fillers dispersed uniformly

in a flexible insulating polymer matrix (Bin, Chen, Tashiro, & Matsuo, 2008; Isaji, Bin, & Matsuo, 2009;
Koganemaru, Bin, Agari, & Matsuo, 2004; Xi, Ishikawa, Bin, & Matsuo, 2004). These composites are called as
positive temperature coefficient (PTC) materials and are associated with thermal volume expansion as tem-
peratures increase. As an example, the floor heating plate is shown in Figure 2. Thismethod of heating plays an
important role in avoiding the emission of carbon dioxide in comparison with gas water heating.

Figure 1: A model of the movement of free electrons in
conductor.

Figure 2: (a) Sketch in a room
with floor heating function. (b)
Cross section of PTC plate. (c)
Short fillers overlapped
in polymer matrix.
(d) Enlargement of overlapped
position between adjacent
fillers in (c).
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In PTC materials associated with electric current generated by eletron transfer, as shown in Figure 2d, D is
the average gap distance between adjacent fillers to allow electron transfer andA is the area overwhichmost of
the tunneling occurs. The average means that there exist many gaps with small fluctuations in the effective
distance range in the composite. In this case, D in Figure 2d means the average distance associated with
effective tunneling.

On elevating temperature of PTC materials beyond the setting range, the electricity is cut off
automatically by thermal expansion of matrix leading to excess Joule heat, while it flows again by thematrix
shrinkage accompanying cooling. Certainly, the PTC mechanism is well-known function associated with
tunnel current.

To facilitate a systematic understanding of the temperature dependence of tunnel current, for students, the
detailed explanation for tunnel current density must be described in terms of important three factors, the
permeability coefficient induced by the WKB (Wentzel Kramers Brillouin) approximation, the Fermi distri-
bution function, and the thermal fluctuation probability. Of the three, the students are not likely to be familiar
to the WKB approximation, and so the detailed explanation must be explained in combination with tunnel
current density. Reported tunnel current theories (Fowler &Nordheim, 1928; Gossling, 1926; Millikan & Eyring,
1926; Nordheim, 1928; Schottky, 1923; Simmons, 1963) were constructed for an ideal system where a very thin
flat insulating film is sandwiched between two metal electrodes, while more recent theory has an ideal tunnel
junction being a parallel-plate capacitor with distance d (w in Ref. Sheng, 1980) and areaA. Namely, the theory
is based on an ideal system where current can flow, by the tunnel effect, between the parallel-plates with
constant d and A values, so that the parallel-plates correspond to two electrodes.

However, the application of the theories to the complicated systems, i.e. the conductive fillers dispersed in
an insulation matrix, only applies to the limited number of systems that have resistivity between the adjacent
fillers much higher than the interface resistivity between the bulk and the electrode and the resistivity for
carrier movement within the fillers. This is the most important subject, although most of papers by polymer
scientists have never referred to the limit, since the interface resistivity between bulk and electrode and
the filler resistivity by carrier movement within fillers are out of the framework discussed for ideal systems.
The reasons for this are referred to in detail in Sections “Thermal fluctuation-induced tunneling effect” and
“Application limit of tunnel current theory to polymer-filler composite”.

This paper is written as an understandable text for the electric property of polymer-filler composites
associated with elementary quantummechanics in terms of aspects of education. Hencemost ofmathematical
evaluations concerning tunnel effects are described in Supplementarymaterial (I–V). Supplementarymaterial
in this paper is not a mere supplement but is written as a commentary text for polymer scientists who are not
familiar with mathematics. Of course, the fundamental knowledge about quantummechanics has been in the
spotlight in recent quantum technology fields.

Simple application of Schrödinger equation to tunnel effect

This section refers to the one-dimensional Schrödingerwave function built on basic knowledge ofmathematics
at the high school level, which is enough for teaching the tunnel effect.

Generally, wave functionΨwith wavelength λ is represented as a trigonometric function. Traveling wave
to right with velocity u moves ut in the x direction (one dimensional case) after time t.

Ψ = A sin
2π
λ
(x − ut) = A sin 2π(kx − νt) (2)

where k = 1/λ and ν = u/λ (ν: frequency)
Equation (2) is one of the solutions of the following differential equation:
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∂
2Ψ
∂x2

= 1
u2

∂
2Ψ
∂t2

(3)

In addition to Eq. (2), Eq. (4) provides another solution of Eq. (3) as follows:

Ψ = A cos 2π(kx − νt) (4)

Accordingly, the solution of Eq. (3) is given by

Ψ = A cos 2π(kx − νt) + iA sin 2π(kx − νt) = A exp [2πi(kx − νt)] (5)

Equation (5) can be applied to the representation of the de Broglie wave but it is independent of wave-particle
duality.

To combine the relationship between particle andwave properties, the following replacement for energy E
and wave number k must be adopted:

E = hν, k = 1
λ
= p
h
(λ = h/mu = h/p) (6)

where h is Planck’s constant, p is momentum, and m is mass of a quantum particle.
Hence, Eq. (5) can be replaced as

Ψ = Aexp[2πi
h

(px − Et)] (7)

Equation (7) contains both properties of particles and waves.
By using the simple mathematical treatments represented in Supplementary material I, the Schrödinger

wave function is rewritten as

d2

dx2
φ x( ) = 8π2m U x( ) − E( )

h2
φ x( ) = p2φ x( ) (8)

where U(x) and E are potential energy and the total energy, respectively.
The wave function φ x( ) is replaced by assuming the phase S(x) as follows:

φ x( ) = exp
2πi
h

S x( )[ ] (9)

Now, let’s consider the tunnel effect by using the Schrödingerwave function, whenU(x) is given by rectangular
potential Uo independent of x as shown in Figure 3.

Based on Eq. (8), wave functions φ x( ) at Regions I, II, and III in Figure 3 can be written as follows:

d2

dx2
φ x( ) = − 8π2mE

h2
φI x( ) = −k2φI x( )  k = 2π

h

̅̅̅̅
2mE

√( ) (8-1)’

d2

dx2
φII x( ) = 8π2m Uo − E( )

h2
φII x( ) = ρ2φII x( )  ρ = 2π

h

̅̅̅̅̅̅̅̅̅̅
2m Uo − E( )√( ) (8-2)’

Figure 3: Transmission of electron with energy E across
rectangular potential Uo.
(a) The relationship between E and Uo. (b) Wave
functions at Regions I, II and III.
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d2

dx2
φIII x( ) = −8π

2mE

h2
φIII x( ) = −k2φIII x( )  k = 2π

h

̅̅̅̅
2mE

√( ) (8-3)’

At Region I, the traveling wave along the x axis must consider the reflection wave by collision at potential
barrierUo, while at Region III, only travelingwaves going through Region II exist. Accordingly, the above three
equations can be written as

φI x( ) = A exp  ikx( ) + B exp  −ikx( )       x ≤ 0 (10-1)

φII x( ) = C exp  ρx( ) + D exp  −ρx( )       0 ≤ x ≤ a (10-2)

φIII x( ) = F exp ikx( )        a ≥ x (10-3)

Thewave functionsmust be connected smoothly at each boundary of the regions. Thus, the following relations
must be satisfied.

φI(0) = φII(0) → A + B = C + D  (11-1)

d
dx

φI(0) =
d
dx

φII(0) → ik(A − B) = ρ(C − D) (11-2)

φII(a) = φIII(a) → Cexp(ρa) + Dexp(−iρa) = Fexp(ika) (11-3)

d
dx

φII(a) =
d
dx

φIII(a) → ρ{C exp (ρa) − D exp (−ρa)} = ikF  exp (ika) (11-4)

Among the unknown five parameters (A, B, C, D, F), the necessary parameters A, B, and F in Eq. (11) can be
described as following relationships.

F
A
= 4ik ρ exp (−ika)[(ρ + ik)2exp (−ρa) − (ρ − ik)2exp (ρa)] (12-1)

and

B
A
= (k2 + ρ2)[exp(ρa) − exp(−ρa)][(ρ + ik)2exp(−ρa) − (ρ − ik)2exp(ρa)] (12-2)

By considering the positive direction of the waves along the x direction, each flow of possibility of the incident,
reflection and transmitted waves are given by Eqs. (13), (14) and (15), respectively.

Jin = h
2πi

1
2m

φin x( ) dφ
∗
in x( )
dx

− dφin x( )
dx

φ∗
in[ ] = hk

2πm
|A|2 (13)

Jref = h
2πi

1
2m

φref x( ) dφ
∗
ref x( )
dx

− dφref x( )
dx

φ∗
ref[ ] = −hk

2πm
|B|2 (14)

Jtrans = h
2πi

1
2m

φtrans x( ) dφ
∗
trans x( )
dx

− dφtrans x( )
dx

φ∗
trans[ ] = hk

2πm
|F|2 (15)

Accordingly, transmittance (T ) and reflectivity (R) are given by

T = Jtrans
Jin

= |F|2⃒⃒⃒⃒
A2
⃒⃒⃒⃒ = 1

1 + U2
o

4E(Uo−E) sin h
2(2πa

h

̅̅̅̅̅̅̅̅̅̅
2m(Uo − E)√ ) (16)

and
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R = −Jref
Jin

= |B|2
|A|2 =

U2
o

4E(Uo−E) sin h
2(2πa

h

̅̅̅̅̅̅̅̅̅̅
2m(Uo − E)√ )

1 + U2
o

4E(Uo−E) sin h
2(2πa

h

̅̅̅̅̅̅̅̅̅̅
2m(Uo − E)√ ) (17)

Hence, T + R = 1.
Equation (16) has been used for teaching tunnel current for the undergraduate students of electric

department but it has been out of the frame formost of the graduate students of the polymer department. Then,
let’s try exercise.

Exercise

(Question)
Put a particle as an electron with kinetic energy E = 9.00 eV in one dimensional box with barrier height of

Uo = 10 eV and barrier of 10 Å (1 nm) and calculate the electron transmittance by using Eq. (16). Incidentally,

(Uo −E) = 1 eV= 1.602 × 10−12 erg, a= 10 Å= 1 nm= 10−7 cm, m= 9.109 × 10−28 g, h= 6.625 × 10−27erg · sec.
(Answer)

sinh2(pα) = sinh2(2πa
h

̅̅̅̅̅̅̅̅̅̅
2m(Vo − E)√ ) = exp(2ρa) + exp(−2ρa) − 2

4
= 7014.39

Thus, T = 5.1320 × 10−5 and R = 0.99995.

Incidentally, T = 6.1821 × 10−3 and R = 0.99382 at Uo = 10 eV and E = 9.90 eV.
The two values for Tmean that the transmittance increaseswith decreasing the difference (Uo− E) between

potential barrier and kinetic energy.
Additionally, in the case of E > Uo, classical theory provides T = 1 and R = 0, but quantum mechanics

provides the following results.

T = 1

1 + U2
o

4E(E−Uo)sin
2(2πa

h

̅̅̅̅̅̅̅̅̅̅
2m(E − Uo)

√ ) (18)

and

R ==
U2
o

4E(E−Uo)sin
2(2πa

h

̅̅̅̅̅̅̅̅̅̅
2m(E − Uo)

√ )
1 + U2

o
4E(E−Uo)sin

2(2πa
h

̅̅̅̅̅̅̅̅̅̅
2m(E − Uo)

√ ) (19)

At E = 10.00 eV, Uo = 9 eV, and a = 10 Å = 1 nm = 10−7cm, T and R are given by
T = 0.9841 and R = 0.0159
This indicates that T is not always unity even at E > Vo. However, it should be noted that T becomes unity

and R = 0 at 2π
̅̅̅̅̅̅̅̅̅̅
2m(E − Uo)

√
a/h = nπ (n = 1, 2, 3, ———), periodically.

Namely,

E = En ≡ Uo + h2n2

8ma2
(20)

Such property is termed resonant transmission.

Analysis for tunnel effect using the WKB approximation

The general transmittanceT is given in a complicated formusing integration, inmany technical textbooks. This
section explains the process in detail together with Supplementary material II. Different from the rectangle in
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Figure 3, the potential U(x) for the tunnel effect is generally given by an arbitrary function as shown in
Figure 4a. This model has been adopted to explain the tunnel effect of electrons.

When a particle (electron) with energy E can enter in the positive direction along x-axis from Region I
(x < a), the particle at Region III (x > b) provides the travelingwave in the positive direction along the x axis. The
turning points of classical mechanism are x = a and x = b satisfying E =U(a) =U(b). This concept is the same as
that in Figure 3. However, U(x) is not a simple function and the boundary condition is also not simple like Eq.
(11).

Substituting Eq. (9) into Eq. (8) and carrying out the second derivatives, we have

− h2

8π2m
d2

dx2
e
2πS(x)

h i = − h2

8π2m
d
dx

⎡⎢⎢⎣2πih dS(x)
dx

e
2πS(x)

h i

⎤⎥⎥⎦
= − h2

8π2m
[(2πi

h
dS(x)
dx

)2

+ 2πi
h

d2S(x)
dx2

]e2πS(x)
h i

Hence Eq. (8) can be written as follows:

1
2m

(S′(x)2 − hS″(x)
2π

i) + U(x) = E (21)

Assuming [S′(x)]2 > >(h/2π)S″(x), Eq. (21) becomes Hamilton–Jacobi equation.
Now, let’s try perturbation series expansion of S (abbreviation of S(x)) by h/2π as follows:

S = So + h
2π

S1 + ( h
2π
)2

S2 + − − − − − (22)

This method is termed as the WKB approximation.
Substituting Eq. (22) into Eq. (21) and collecting in h order, Eq. (21) is written by

1
2m

[S′2o + h
2π

(2S′oS′1 − iS″o) − − − −] + U(x) − E = 0 (23)

Figure 4: (a) Transmission of
electron with energy E across
arbitrary potential function
U(x) at turning points a and b.
(b) Potential around turning
point a. (c) Linear
approximation around turning
point a. (d) Potential around
turning point b.
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Neglecting terms beyond h2 order, the following relationships can be obtained.

S′2o = 2m E − U x( )( )  0 − order  (24-1)

S′1 =
iS′′o
2S′o

  1st − order  (24-2)

The WKB approximation treats the first order of h, and then it terms as quasi-classical approximation. Inci-
dentally, S has the meaning of action integral at h→ 0 indicating the transfer from quantum mechanics to
classical mechanics. By using theWKB approximation, two approximate solutions can be proposed. One is the
approximate solution at the reachable area of the particle by classical mechanics. The other is the approximate
solution at the unreachable area of the particle in terms of classical mechanics but it becomes the approximate
solution at the reachable area of the particle by the tunnel effect in terms of quantum mechanics. In the latter
case, it is necessary to connect singularity termed as turning points separating the two areas and the con-
necting method is established by a somewhat complicated procedure using the Airy function, which is
described in Supplementary material II.

Now, we shall consider electronmovement with potential barrierU(x) (Region I) in Figure 4b, in which the
potential U(x) shows right upward curve with increasing x.

At E > U(x) (Region I), electron transfer can be analyzed by classical theory of physics.
Then the local momentum p(x) at E > U(x) is given as follows:

p(x) = 2π
h

̅̅̅̅̅̅̅̅̅̅̅̅
2m(E − U(x))√

  (25)

The above condition corresponds to the possible region of classical mechanics of particles (electrons).
By substituting Eq. (25) into Eq. (24-1),

S′o =
dSo
dx

= ± h
2π

p(x)→ So(x) = ± h
2π

∫
x

a
p(x′)dx′ (26)

By substituting Eq. (25) into Eq. (24-2) and carrying out the integration,

S′1 =
dS1
dx

= ip′(x)
2p(x)→ S1(x) = i

2
ℓnp(x) (27)

By substituting Eqs. (26) and (27) into Eq. (9), the right part of Eq. (9) is given by

exp[2πi
h
(So + h

2π
S1)] = exp[ ± 2πi

h
∫
x

a
p(x′)dx − 1

2
ℓnp(x)] = 1̅̅̅̅

p(x)√ exp[ ± 2πi
h

∫
x

a
p(x′)dx′]

Hence the general wave function φ x( ) can be given by a linear combination of the two independent solutions
as follows:

φ x( ) = C+̅̅̅̅
p x( )√ exp

2πi
h

∫
x

a
p x′( )dx′[ ] + C−̅̅̅̅

p x( )√ exp −2πi
h

∫
x

a
p x′( )dx′[ ] (28)

where C+ and C− are constant integrations. To simplify the representation, (2π/h) ∫x

a
p(x′)dx′ is rewritten as

η(x, a) = ∫
a

x

2π
̅̅̅̅̅̅̅̅̅̅̅̅
2m(E − U(x′))√

h
dx′ = −η(a, x) = − ∫

x

a

2π
̅̅̅̅̅̅̅̅̅̅̅̅
2m(E − U(x′))√

h
dx′ (29)

Thus, in Region I, the wave function obtained using the WKB approximation is given by

φ1 x( ) = C+̅̅̅̅
p x( )√ exp −iη x, a( )[ ] + C−̅̅̅̅

p x( )√ exp iη x, a( )[ ]  x < a( ) (30)

η(x, a) is the phase measured from turning point a, which is termed a local phase. Since η(x, a) ≥ 0, η(x, a)
becomes larger as x becomes far from the turning point a. Accordingly, the first and second terms of Eq. (30)
represent the waves along the positive and negative directions, respectively. This means that existence
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probability of a particle between x and x + dx is |φ x( )|2 and the probability is proportional to 1/p(x), which
indicates the inversed proportion to the local momentum.

When E < U(x) (Region II), the electron transfer is out of the framework of classical analysis. The local
momentum is defined by

ρ(x) = 2π
h

̅̅̅̅̅̅̅̅̅̅̅̅
2m(U(x) − E)√

(31)

Of course, |ρ(x)| = |p(x)|.
By using a method similar to p(x) in Eqs. (26) and (27), the application to ρ(x), provides

S′o =
dSo
dx

= ±i h
2π

ρ(x)→ So(x) = ±i h
2π

∫
x

a
ρ(x′)dx′ (32)

and

S′1 =
dS1
dx

= iρ′(x)
2ρ(x)→ S1(x) = i

2
ℓnρ(x) (33)

Similarly, the general wave function φ x( ) can be given by a linear combination of the two independent
solutions as follows:

φ x( ) = D+̅̅̅̅
ρ x( )√ exp

2π
h

∫
x

a
ρ x′( )dx′[ ] + D−̅̅̅̅

ρ x( )√ exp − 2π
h

∫
x

a
ρ x′( )dx′[ ] (34)

The first and seconds terms in Eq. (34) represent the waves along the positive and negative directions,
respectively. Following Eq. (29), Eq. (34) is represented by

φ2 x( ) = D+̅̅̅̅
ρ x( )√ exp η a, x( )[ ] + D−̅̅̅̅

ρ x( )√ exp −η a, x( )[ ]  x > a( ) (35)

It should be noted that the solutions of wave function in Region I and that in Region IImust be connected at the
turning point a. However, the solutions using theWKB approximation are not consistent at the turning point a.
The diagram allowing the WKB approximation for dull potential is shown in Figure 4c.

Hence the exact solutions must be obtained at the region close to x = a. The potentialU(x) in the vicinity of
the turning point a, can be approximated linearly and the exact solution can be obtained. The two wave
functions, Eqs. (30) and (35), can be connected by using the coefficients of theWKB approximation in Region I
and Region II. The detailed procedure by using the Airy function is described as Eqs. (SII-1)–(SII-25) in
Supplementary material II. The result is as follows:

C± = (1
2
D+ ± iD−)exp(∓iπ4) (36)

On replacing C+ and C− by D+ and D−, φ1 x( ) is rewritten by

φ1 x( ) = D+̅̅̅̅
p x( )√ cos η x, a( ) + π

4
[ ] + 2D−̅̅̅̅

p x( )√ sin η x, a( ) + π
4

[ ] (37)

φ1 x( ), which is represented by Eq. (37), is the WKB approximation solution in Region I which is in connection
with the solution of φ2 x( ) in Region II.

Incidentally, as described for Eq. (21), the absolute value of the second term must be much smaller than

that of the first term on adopting the WKB approximation. [S′(x)]2 > >(h/2π)S″(x). Then,
h
2π

|S″| < <⃒⃒⃒⃒S′2 ⃒⃒⃒⃒→ ⃒⃒⃒⃒⃒⃒⃒⃒
d
dx

( h

2πS′
)⃒⃒⃒⃒⃒⃒⃒⃒ < <1→ ⃒⃒⃒⃒⃒⃒⃒⃒

d
dx

( 1
p(x))⃒⃒⃒⃒⃒⃒⃒⃒ < <1

By using the de Broglie wavelength λ(x) = 2π/p(x), the above condition can be satisfied at
(1/2π)|dλ(x)/dx| < <1. This indicates that the WKB approximation can be established when the fluctuation of
the de Broglie wavelength is negligibly small on transferring the distance λ(x).
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In the region of a < x < b, the following relationship can be obtained.

η(a, x) = η(a, b) + η(b, x) = P + η(b, x) (38)

where

P = η(a, b) = ∫
b

a

2π
̅̅̅̅̅̅̅̅̅̅̅̅
2m(U(x) − E)√

h
dx (39)

By using Eq. (39), Eq. (37) can be written as follows: (see Eq. (SII-25))

φ2 x( ) = D+̅̅̅̅
ρ x( )√ exp η a, x( )[ ] + D−̅̅̅̅

ρ x( )√ exp −η a, x( )[ ]
= C̅̅̅̅

ρ x( )√ exp −η b, x( ) − iπ
4

[ ] + 1
2
exp η b, x( ) + iπ

4
[ ]{ } (40)

where

D+ = 1
2
C exp[−P + iπ

4
] (41-1)

D− = C exp[P − iπ
4
] (41-2)

By using Eq. (36),

C+ = C[exp(P) + 1
4
exp(−P)] (42-1)

C− = −iC[exp(P) − 1
4
exp(−P)] (42-2)

As for the U(x) with downward-sloping curve in Figure 4d, the wave functions φ x( ) can be obtained by using
the method similar to the up-sloping curve in Figure 4b.

That is, the wave functions must be obtained at x > b (U (x) < E, Region III) and x < b (U (x) > E, Region II),
when the turning point is defined as b. To connect the solutions of theWKB approximation in the two regions II
and III, the potential U(x) in the vicinity of the turning point b, can be approximated linearly and the exact
solution can be obtained by the method similar to Figure 4c.

The mathematical treatment using the Airy function is somewhat complicated and the concrete mathe-
matical procedure is described in Supplementary material II.

By using the abovemethod discussed for Regions I and II, thewave functionsφ2 x( ) andφ3 x( ) of Regions II
and III are given by

φ2 x( ) = A+̅̅̅̅
ρ x( )√ exp η x, b( )[ ] + A−̅̅̅̅

ρ x( )√ exp −η x, b( )[ ] (43)

and

φ3 x( ) = B+̅̅̅̅
p x( )√ exp η b, x( )[ ] + B−̅̅̅̅

p x( )√ exp −η b, x( )[ ] (44)

Here it should be noted that Eq. (43) is the same as Eq. (35) but is written differently to easily connect of the
wave functions of Regions II and III at the turning point b.

As discussed already, for Regions I and II, the above two wave functions must be connected. The detailed
treatment is described in Eqs. (SII-26)–(SII-40). Incidentally, only the traveling wave going through Region II
exists at x > b. Then, B− = 0.
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φ3 x( ) = B+̅̅̅̅
p x( )√ exp η b, x( )[ ] (45)

Following Supplementary material II, the result is given by

B+ = (1
2
A+ − iA−)exp(+iπ4) (46)

Through complicated treatments represented in Supplementary material II, the wave functions, φI x( ) (Region
I), φII x( ) (Region II) and φIII x( ) (Region III) are described as Eqs. (SII-20), (SII-25), and (SII-40), respectively.
The three equations are summarized as follows:

φI x( ) = 1̅̅̅̅
p x( )√ C+exp −iη x, a( )[ ] + C−exp iη x, a( )[ ]{ }

= 1̅̅̅̅
p x( )√ C+exp iη a, x( )[ ] + C−exp −iη a, x( )[ ]{ } x < a (47)

φII x( ) = C̅̅̅̅
ρ x( )√ exp −η b, x( ) − iπ

4
( ) + 1

2
exp η b, x( ) + iπ

4
( ){ } a < x < b (48)

φIII =
C̅̅̅̅
p x( )√ exp iη b, x( )( ) x > b (49)

where

C+ = C{exp(P) + 1
4
exp(−P)} (42-1a)

C− = −iC{exp(P) − 1
4
exp(−P)} (42-2b)

P is given by Eq. (39) and the following relationship can be given by

η(b, x) = η(b, a) + η(a, x) = −η(a, b) + η(a, x) = −P + η(a, x) (50)

Accordingly, the flow of possibility JI of the incident wave is calculated by using the incident wave function as
follows:

φin x( ) = C+̅̅̅̅
p x( )√( )exp iη a, x( )( ). (51)

JI = h
2πi

1
2m

φin x( ) dφ
∗
in x( )
dx

− dφin x( )
dx

φ∗
in[ ]

= h
2πm

|C+|2
p x( )

dη a, x( )
dx

= h
2πm

|C+|2 = h
2πm

exp(η a, b( ) + 1
4
exp −η a, b( )( )( )2

|C|2
(52)

where

η(a, x) = ∫
x

a
p(x′)dx′ → dη(a, x)

dx
= p(x) (53)

As for the transmitted wave function given by Eq. (49), the flow of possibility JT is given by using the treatment
similar to the incident wave.

JT = h
2πm

|C|2 (54)

Accordingly, the permeability coefficient is given by
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T = |JT |
|JI | =

exp( − 2η(a, b))
(1 + exp(−2η(a,b))

4 )2 (55)

The WKB approximation can be constructed favorably at η(a, b) > >1 and then the following well-known
relationship can be obtained.

T ≈ exp(−2η(a, b)) = exp( − 4π
h

∫
b

a

̅̅̅̅̅̅̅̅̅̅̅̅
2m(U(x) − E)√

dx) (56)

Equation (56) is termed as the Gamow permeability factor, which has been used to evaluate the tunnel effect.
U(x) in Eq. (56) may be given as a complicated function such as Eq. (8) in Ref. Sheng (1980) to represent the

actual potential barrier.WhenU(x) in Eq. (56) is given by a rectangular potential withUo, the values ofT atb− a =
1 nm are 3.5467 × 10−5 atUo = 10 eV and E = 9 eV and 3.9150 × 10−2 at Uo = 10 eV and E = 9.9 eV, respectively. The
calculated values are different from the corresponding reasonable values in Exercise calculated by Eq. (16).

Tunnel current at absolute temperature

Before discussing tunnel current, it must be recognized that the tunnel current cannot be calculated directly
based on the transmittance T in Eq. (56) and/or Eq. (55) and further consideration is needed. The prerequisite to
cause tunneling current needs a potential difference between the two electrodes as shown in Figure 5. This
section refers to tunnel current by using a similar diagram as given by Simmons (1963).

Among the electrons in the electrode 1, shown in Figure 5, let’s calculate the number of conduction
electrons which can arrive at the unit area of electrode surface joined with insulator. Among the conduction
electrons, within unit time, the number of the conduction electrons with momentum px along the x direction is
defined as n(px).The possibility of conduction electrons being transferred from the surface of electrode 1 to the
surface of the electrode 2. beyond the potential barrier, is given by T(Ex) based on the concept that T in Eq. (56)
is represented as a function (see Eq. (SIII-6)) of energy along the x direction.

Thus, the number of electrons N, transferred during unit time, is given by

N = ∫T(Ex)dn(px) (57)

The electron number Δn′(px) with momentum component along the x direction in the range px∼px + Δpx is
given by the multiplying the density of the quantum state D(px) and the Fermi distribution function f(E)
representing possibility of the average particle number at each quantum state, which is given by

Figure 5: General barrier in insulating film between two
metal electrodes (Simmons, 1963).
a, b: limits of barrier at Fermi level, Δd = b − a; η: Fermi
level Ψ: work function of metal electrode; d: the
thickness of the insulator film.
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Δn′(px) = D(px)Δpxf(E) (58)

Equation (58) indicates that D(px)Δpx means that the number of quantum states with momentum along the x
direction in the range px∼px + Δpx and f(E) corresponds to Fermi state F1(E) at electrode 1 associated with the
conduction band. The generation of tunnel phenomenon is attributed to a potential difference between the two
electrodes. This indicates the existence of Fermi state F2(E ) at electrode 2 which accepts electrons after
tunneling, where electrons are Fermi particles with spin quantum number of 1/2.

Representing volume element as ΔΓ for the electron system occupied in phase space, the number of

quantum states is given by 2ΔΓ/h3 based on the concept that the degree of freedom in real space is 3 and two
electrons occupy the same energy level as a pair because of (1/2) spin. The phase space of volume element ΔΓ is
given by

ΔΓ = ΔxΔyΔzΔpxΔpyΔpz (59)

The number of quantum states D(px)Δpx in the range of px∼px + Δpx is given by

D(px)Δpx = 2

h3
ΔxΔyΔzΔpxΔpyΔpz (60)

Substituting Eq. (60) into Eq. (58), the number of electrons with momentum component in the range of
px∼px + Δpx can be obtained. However, it should be noted that Δn(px) in Eq. (57) is the electric number which
can reach the surface unit of electrode 1 in contact with the insulator and then the value of Δx is limited by px as
follows:

Δx ≤ uxΔt = px

m
Δt (61)

where ux is the velocity along the x direction. Equation (61) indicates that the electrons existed in the range
Δx > uxΔt = pxΔt/m can’t arrive at the surface of the electrode 1. Thus Eq. (60) is rewritten as follows:

D(px)Δpx ≤
2px

mh3
ΔtΔyΔzΔpxΔpyΔpz (62)

Based on Eq. (62), the number of electrons Δn″(px) is represented as Eq. (63), by considering the potential
difference against the opposite side (the electrode 2) to accept electrons tunneled from the electrode 1. That is,
Δn″(px) is the number of electrons which arrive at the surface of ΔyΔz within the time period of Δt.

Δn″(px) = 2px

mh3
ΔtΔyΔzΔpxΔpyΔpz  F1(E){1 − F2(E)} (63)

Thus, the number of electrons Δn(px) arriving at unit area within unit time period is given as follows:

Δn(px) = 2px

mh3
ΔpxΔpyΔpz  F1(E){1 − F2(E)} (64)

Substituting Eq. (64) into Eq. (57) and integrating for px, py and pz,N1 corresponding to the number of electrons
transferred from the electrode 1 to the electrode 2 is given by

N1 = 2

mh3
∫

pmax

0

T(Ex)F1(E){1 − F2(E)}pxdpx ∫
∞

−∞
dpy ∫

∞

−∞
dpz (65)

By using the velocity u as like Simmons (1963),

N1 = 2m3

h3
∫

umax

0

T(Ex)uxdux ∫
∞

−∞
F1(E){1 − F2(E)}duy ∫

∞

−∞
duz (66)

The integration for Eq. (66) is represented by using u2r = u2y + u2z in polar coordinates and byusing Er = (1/2)mu2r
and duy  duz = 2πur  dur, and then it is given as follows:
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N1 = 4πm2

h3
∫

umax

0

T(Ex)uxdux ∫
∞

0
F1(E){1 − F2(E)}urdur = 4πm2

h3
∫

Emax

0

T(Ex)dEx ∫
∞

0

F1(E){1 − F2(E)}dEr (67)

The number N2 of electrons, tunneled from the electrodes 2 to the electrode 1, is determined by the method
similar to N1.

N2 = 4πm2

h3
∫

Emax

0

T(Ex)dEx ∫
∞

0

F2(E){1 − F1(E)}dEr (68)

The net flow of electrons N (= N1 – N2) through the barrier is given by

N = ∫
Emax

0

T(Ex)dEx{4πm2

h3
∫
∞

0

[F1(E) − F2(E)]dEr} (69)

When F1(E ) is written as f(E) and the electrode 2 is associated with a positive potential eV with respect to the
electrode 1, F2(E ) is written as f(E + eV) by considering the contact potential difference. Then,

N = ∫
Emax

0
T(Ex)dEx{4πm2

h3
∫
∞

0
[f(E) − f(E + eV)]dEr}  (70)

As described already, the concept of absolute temperature described by Simmons (1963) has been quoted
generally in a number of papers.

Accordingly, tunnel current density J is written by using charge electron e as follows:

J = eN = ∫
Emax

0

T(Ex)dEx{4πm2e

h3
∫
∞

0
[f(E) − f(E + eV)]dEr}

= ∫
Emax

0

T(Ex)ζdEx

(71)

where ζ = ζ 1 − ζ 2. ζ 1 and ζ 2 are given by

ζ 1 =
4πm2e

h3
∫
∞

0
f(E)dEr (72-1)

ζ 2 =
4πm2e

h3
∫
∞

0
f(E + eV)dEr (72-2)

Equation (71) is the general equation to represent tunnel current density and the final concrete formula is given
by Eq. (SIII-7-3). Since the rectangular potential barrier provides different shapes under low, inter-mediate,
and high voltage stages, Eq. (SIII-7-3) is classified into three stages. The complicated derivation process of
tunnel current by Simmons (1963) is introduced in detail in Supplementary material III.

For low voltage range (Case I), tunnel current density J induced as Eq. (SIII-11) in Supplementary material
III is given by

J = [(2mϕo)1/2
d

](e
h
)2

V  exp[ − 4πd
h

(2mϕo)1/2] (73)

Equation (73) satisfies Ohmic law indicating linear relationship between current density (J ) and voltage across
film (V ).

As described in Supplementary material III, Eq. (SIII-7-3) can be written as Eq. (74) for inter-mediate range
and as Eq. (75) for high voltage range, respectively, as follows:

Inter-mediate voltage (Case II)

J = e

2πhd2( ){ ϕo −
eV
2

( )exp −4πd
h

2m ϕo −
eV
2

( )( )1/2
⎡⎢⎣ ⎤⎥⎦

− ϕo +
eV
2

( )exp −4πd
h

2m ϕo +
eV
2

( )( )1/2
⎡⎢⎣ ⎤⎥⎦⎫⎬⎭ (74)
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High voltage (Case III)

J = 2.2eϕo

8πhΔd2( ) exp − 8πΔd
2.96hϕo

2mϕ3
o( )1/2[ ] − 1 + 2eV

ϕo
( )exp − 8πΔd

2.96hϕo

2mϕ3
o( )1/2 1 + 2eV

ϕo
( )1/2

⎡⎢⎣ ⎤⎥⎦⎧⎪⎨⎪⎩ ⎫⎪⎬⎪⎭ (75)

Exercise
Let’s confirm the dimension of Eq. (73) for current density under low voltage.[( 2mϕo)1/2

d ](e
h)2  V is the dimension of current density. That is,

[ C2V

(J • s)2m(kg • J)1/2] = [ C
s •m2

•
CVm

J2s
(kg • J)1/2] =

⎡⎢⎣ C
s •m2

CV

J2
⎛⎝ ̅̅̅̅̅̅̅̅̅̅̅

kg •m
s2

m • J

√ ⎞⎠1/2⎤⎥⎦
= [ C

s •m2

CV

J2
(N •m • J)1/2] = [ C

s •m2

J

J2
(J2)1/2] = [ C

s •m2
] = [ A

m2
]

− 4πdo
h( ) 2mϕo( )1/2 is dimensionless as follows:

[ m
J • s

(kg • J)1/2] = [1
J
(kg •m

s2
m • J)1/2] = [1

J
(N •m • J)1/2] = [1

J
(J2)1/2] = [1]

Therefore, Eq. (73) becomes the dimension of current density. The samedimension is also obtained for Eqs. (74)
and (75).

Incidentally, at low voltage, represented by Eq. (73), the area of insulation film is defined as S and tunnel
current and resistivity are defined as I and R, respectively. Because of I = J • S and R = V/I, RS becomes

RS = 1[(2mϕo)1/2
d ](e

h)2

 exp[ − 4πd
d (2mϕo)1/2] (76)

where e (electron charge) = 1.602 × 10−19 (C),m = 9.109 × 10−31 (kg), h = 6.626 × 10−34 (J ・s) are intrinsic values.
Assuming d = 10 Å (10−10 m) and ϕo = 1 eV = 1.602 × 10−19 J for exercise of the numerical calculation, RS
becomes 8.917 Ω · μm2. The relationship between barrier width (d) and barrier height (ϕo) at the indicated
values of RS is shown in Figure 6 (Ohmukai & Hirata, 2006).

Incidentally, the well-known treatment by Simmons (1963) is based on the elastic tunnel current and the
inelastic tunnel current such as excitation of the metal phonon is out of the framework. Even so, the slightly
simple treatment by Simmons has been well-known and has been adopted for the analyses of scanning
tunneling microscope (STM) (Binnig, Rohrer, Gerber, & Weibel, 1992; Stip, Rezaei, & Ho, 1998; Tersoff &
Hamann, 1983) and gate current (Dennard, Gaensslen, Rideout, Bassous, & LeBlance, 1974).

However, the conductivity of polymer-conductive filler composites increases with elevating temperatures,
when the polymer has high heat resistivitywith negligible thermal expansion. To analyze such a phenomenon,
the thermal fluctuation-induced tunneling effect by Sheng (1980) must be understood.

Thermal fluctuation-induced tunneling effect

The well-known discussion described above is attributed to the tunnel current at absolute temperature.
However, the conductivity of polymer-filler composites, the filler being conductive and the matrix being
insulative, is sensitive to the measured temperature.

To resolve this problem, one approachwas proposed in terms of fluctuation-induced tunneling conditions.
The study is very important to promote polymer science and polymer engineering field to understand tem-
perature dependence of the conductivity of polymer-filler composites. This section introduces the difficult
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theory proposed by Sheng (1980) through the detailed derivation of equations up to Eq. (83), describedmainly
in Supplementary material IV to bridge the gap between education and research. Because polymer scientists
have never referred to the quantitative analysis of temperature dependence on conductivity.

Recently, the quantitative analyses have been reported for several kinds of composite (Jonscher, 1977;
Zhang, Bin, Dong, & Matsuo, 2014; Zhang, Bin, Zhang, & Matsuo, 2014; Zhang, Bin, Zhang, & Matsuo, 2017).
This section focuses on the application limit of an ideal theory to polymer composites with complicated
morphology in terms of educational concepts. The application limit is discussed in relation to complex
impedance extrapolated to frequency → 0. Before discussing this, we shall refer to thermal fluctuation-
induced tunneling effect.

As discussed already, the theory by Simmons (1963) is based on an ideal concept that two electrodes are
separated by a thin insulation film and current flows between the unite area of two electrodes, while the theory
by Sheng (1980) is based on an ideal tunnel junction of a parallel-plate capacitor with distance d (w in
Ref. Sheng, 1980) and area A. Hence the theory by Sheng is suitable for the application to tunnel current for
polymer-filler composites. That is, the distance between the parallel-plates of a capacitor corresponds to the
distance d between conductive fillers and the plate area corresponds to the surface area A on the filler over
which most of tunneling occurs. This concept provides an advantage for evaluating the temperature depen-
dence of d and A, which will be discussed later. The detailed validity is discussed in the next Section
“Application limit of tunnel current theory to polymer-filler composite” and Supplementary material V.

Sheng approximated such a tunnel junction by a parallel-plate capacitor with area A and separation
d shown in Figure 7a, in which C denotes only a small part of the total capacitance Co between the two large
conducting segments given asA/4πd andR/2 represents the resistivity connecting the junction capacitor to the
rest of the conducting segments. A is the area over which most of tunneling occurs.

The point emphasized in this paper is the concept that the barrier between adjacent fillers is associated
with the image-forced corrected rectangular barrier as illustrated in Figure 7b. The distance d in Figure 7b
corresponds to the distance D for one tunnel junction point as shown in Figure 2c and d. But there exist many
gaps with individual Dwithin the composites. Therefore, in the polymer-filler composites, D for the composite
means the average effective gap distance that allows effective electron transfer. Therefore, d appeared in the
following equations is thought to correspond to the average gap distanceD. Incidentally, the energy difference

of Fermi levels at electrodes 1 and 2 is given by δUo in accordance with the theory by Sheng (1980).

When C << Co, 〈V2
T 〉 is given by

Figure 6: The relationship between barrier width (d) and
barrier height (ϕo) calculated by Eq. (74) at the indicated
RS (Ohmukai & Hirata, 2006).
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〈V2
T 〉 = ∫

∞

0

4kTR

(2πf CR)2 + (1 + C
Co
)2df ≈ ∫

∞

0

4kTR

(2πf CR)2 + 1
df

= 4kTR

̅̅̅̅̅̅̅
1

(2πCR)2
√ [arctan( ̅̅̅̅̅̅̅̅

(2πf CR)2
√ )]∞

0
= 4kTR
2πCR

arctan [2πf CR]∞0

= 2kT
πC

[arctan(∞) − arctan(0)] = 2kT
πC

× π
2
= kT

C
 

(77)

Following Sheng (1980), the equipartition theory is a direct consequence of the Boltzmann distribution and
then the above equation suggests that the probability of fluctuations is proportional to exp( −ΔE/kT) asso-
ciated with the energy needed to move the system away from equilibrium. From this concept, the normalized
function of fluctuation probability for 0 ≤ δT <∞ is given by

P(δT) =
̅̅̅̅
4a
πkT

√
exp( − aδ2T

kT
) 0 < δT <∞ (78)

Temperature dependence of tunnel current is attributed to the thermal fluctuation voltage field VT and field
δT(= VT /d) across the tunnel junction d in addition to externally applied voltage VA and applied field
δA(= VA/d). The actual theoretical analysis for partial conductivity by using net tunnel current Δj along the
direction of applied field is defined as

∑(δT) = lim
δA→0

Δj
δA

= lim
δA→0

d
dδA

(1
2
[j(δT + δA) − j(δT − δA)])

δA=0
(δA)′

=
(1
2 [j′(δT + δA) − j′(δT − δA)])

δA=0
1

= j′(δT) = dj(δT)
dδT

(79)

Figure 7: (a) A region of close approachbetween two conducting (Sheng, 1980). Shadedarea denotes conductors. The heavy lines
delineate the surface areas where most of the tunneling occurs. (b) General barrier between adjacent conductive fillers, in which
the schematic system corresponds to parallel-plate capacitor. Electrons transfer from the left filler (named as electrode 1) to the
right filler (named as electrode 2). Φ1 and Φ2 are working functions of electrodes 1 and 2, respectively.
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The fluctuation-induced tunneling conductivity σ(T) of the junction is then obtained by using thermal
averaging ∑(δT ) as follows:

σ(T) = ∫
∞

0
P(δT)∑(δT)dδT = ∫

∞

0
P(δT) dj(δT)dδT

dδT (80)

As discussed already, the barrier between adjacent fillers is associated with the image-forced corrected rect-
angular barrier at one joint point as illustrated in Figure 7b and there exist many gaps with similar potential
barrier in the composites.

The accurate potential barrier function is expressed as Eq. (81) by Sheng, in which the notations V(u, δ)
and Vo in Ref. Sheng (1980) are represented as U(u, δ) and Uo, respectively, in this paper.

U((u, δ) = Uo[1 − λ
u(1 − u) − δu] = Uo[1 − λ

u(1 − u) − ϵδou] (81)

where u = x/d is the reduced spatial variation and x is the distance from the left surface of the junction.Uo is the
height of the rectangular potential barrier in the absence of image-force correction and δ = δed/Uo is the
electric field expressed in units of δU = Uo/ed. The peaked curve profile of Eq. (81) can be drawn roughly in
Figure 7b as the pattern diagram, in which the adjacent fillers are termed as electrodes 1 and 2 to facilitate easy
understanding in relation to the previous sections. The maximum peak is denoted by Umax = U(u∗, δ) and u*
satisfies the condition (∂U/∂u) = 0. The condition reveals the decreasing function of δo against λ (Sheng,
1980).

Furthermore,

λ = 0.795e2

4dKUo
(82)

λ is the dimensionless parameter governing the amount of image-force correction and the barrier shape, in
which e is the electric charge andK is the dielectric constant of the insulating barrier. Based onUmax calculated

from a given λ, δ = δo is defined. δo = 0 at λ = 1/4, in which Umax = 0. This indicates that λ > 1/4 is out of
framework of the concept about tunnel current. As discussed by Sheng, a new dimensionless field parameter is

defined as ϵ = δ/δo. The parameter is very convenient to characterize the electric field. That is, ϵ = 1 marks the
point below which Um ≥ 0 and above which Um ≤ 0. The theoretical calculation indicated that tunneling
characteristics for ϵ ≤ 1 are drastically different from those for ϵ > 1 (Zhang, Bin, Zhang, et al., 2014; Zhang et al.,
2017).

Eqs. (79) and (80) can be represented by using ϵ = δ/δo as follows:

∑(ϵ) = 1
δo

dj(ϵ)
dϵ

(79)′

σ = ∫
∞

0
P(ϵ) dj(ϵ)

dϵ
dϵ = δo ∫

∞

0
P(ϵ)∑(ϵ)dϵ = σ(T) (80)′

Also, Eqs. (78) and (81) are given as follows:

P(ϵ) = ( 4a
πkT

)1/2
exp

⎡⎢⎣ − aϵ2

kT
⎛⎝δoUo

ed
⎞⎠2⎤⎥⎦ (78)′

and

U(u, ϵ) = Uo[1 − λ
u(1 − u) − δoϵu]  (81)′

P(ϵ) is a function of temperature T and then σ is represented as σ(T).
The final equation about temperature dependence of conductivity σ(T) is given by
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σ((T) = δo ∫
∞

0
P(ϵT)∑(ϵT)dϵT

= (4T1

πT
)1

2[ ∫
1

0
∑o(ϵT)exp( − T1

T
ϵ2T −

T1

To
φ(ϵT))dϵT + ∫

∞

1
∑1(ϵT)exp( − T1

T
ϵ2T)dϵT] (83)

T1 = aδ2o
k

=
(δoUo)2

8πke2
(A
d
) (84-1)

To = T1

2χdξ(0) =
h(δoUo)2

32π2ke2(2mUo)1/2ξ(0)
(A
d
) (84-2)

φ ϵ( ) = ξ ϵ( )
ξ 0( ) (84-3)

where φ 0( ) = 1 and φ 1( ) = 0.
This section refers to only the outline to derive Eq. (83) and the detailed derivation process is represented in

Supplementary material IV. The derivation for many equations in Sheng’s paper is very difficult for most of
polymer scientists, as the detailed derivation of each equation is needed.

Furthermore, Supplementary material IV provides the method to determine the optimum values of
important parameters of d and A by computer. The parameter fitting process for ensuring good agreement
of the parameters in Eq. (83) with experimental results is slightly complicated (Zhang, Bin, Dong, et al.,
2014; Zhang, Bin, Zhang, et al., 2014; Zhang et al., 2017). As an example, the pursued fitting method is
described by using well-dispersed vapor grown carbon fiber (VGCF) within polyimide (PI) matrix (Zhang
et al., 2017), since VGCFs like rigid CFs, provide higher conductivity than carbon black at the lower filler
content (see Figure S5 in Supplementary material V). This composite is suitable for Sheng’s theory
associatedwith low applied field. PI used as thematrix, is a rigid amorphous polymer with negligibly small
thermal expansion up to 180 °C.

Now, we shall refer to the reason as to why PI is selected as the matrix, although PI is independent of PTC
effect. Certainly, PTC effect is related to tunnel current but PI is better as matrix to investigate the mechanism
about temperature dependence of tunnel current density for polymer-filler composites, since the distance
between adjacent fillers is thought to be constant independent of the measured temperature. Accordingly, the
PI-VGCF composites were adopted to pursue the easy explanation about temperature dependence of tunnel
current in terms of educational concept.

Figure 8 shows the results for the PI/VGCF composites with 3.11 vol% VGCF content corresponding to the
critical concentration and with 6.28 vol% VGCF content (Zhang et al., 2017). The composites were pressed to
assure constant thickness under high pressure before measuring the temperature dependence of current
versus the indicated voltages. The goodfitting for conductivity at the indicated temperatures could be achieved
at the optimum values of the parameters in columns (c) and (d), respectively.

The calculated values of average distance D in columns (c) and (d) in Figure 8 are 1.20 and 1.00 nm for the
composites with 3.11 and 6.28 vol% contents, respectively, which means the average distance D shown in
column (d) in Figure 2. The average distance D to allow electron transfer is essentially different from d in
Figure 7b given by the ideal system but D is thought to be equal to d to pursue the theoretical calculation.

On the parameter fitting process, it was found that d is very sensitive to the conductivity in comparison
with the other parameters. Without setting optimum value of d, the calculated values deviate greatly from the
experimental result. The value of λ calculated by Eq. (82) is not sensitive to temperature since d is a constant
independent of the temperatures. The small change of λ is thought to be due to the slight thermal fluctuation of

Uo attributed to applied voltage and VGCF contents. Accompanying the slight change in λ, δo slightly depends
on temperature. The parameter fitting indicated that an increase in area A is attributed to an increase in
conductivity of the composite, which is shown in columns (e) and (f) in Figure 8.
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Based on the above postulation for parameter fitting, this paper refers to the concrete parameter fitting
process by computer, based on Eqs. (SIV-33) and (SIV-34) in Supplementary material IV.

As the first step, the focus is to determine ϵ∗T in Eq. (SIV-33). As common sense for tunnel current, the

parameter d shown in Figure 7b is set in the range of 0.8–1.5 (×10−9 m) at the interval of 0.05 (×10−9 m). The
initial stage, λ for each setting value of d is determined by Eq. (82) assumingUo = 1 as the tentative initial value

and consequently δo can be determined from the relationship between δo and λ at Umax(u, ϵ) = 0 (see Figure 4
in Ref. Sheng, 1980). Incidentally, electric charge e, electric massm, Prank constant h and Boltzmann constant
k are 1.602 × 10−19 (C), 9.109 × 10−31 (kg), 6.626 × 10−34 (J・s), and 1.381 × 10−23 (J/K), respectively. The dielectric
constant of PI asmatrix of the composite with relative permittivity 3.5 at room temperaturewas calculatedwith

vacuum permittivity 8.854 × 10−12(F/m) to use Eq. (82).

Based on the values of λ and δo calculated for each value of d (0.8–1.5 nm), ξ(ϵ) can be obtained by
integration of Eq. (SIV-10) at a fixed value of ϵ∗T for u in the range from u3 to u4 at integrated interval 0.01. As the
same procedure in Figure S4 in Supplementary material IV, the value of ϵ∗T to give the maximum value

of −φ ϵT( ) − ϵ2T is determined from λ. Concretely, the value of λ is determined by the individual value of d
(0.8–1.5 nm) using Eq. (82), when Uo is selected to be unity as the initial tentative value.

As the second step,φ ϵ∗T( ) = ξ ϵ∗T( )/( ξ 0( )) can be obtained by using ϵ∗T . Thus, Eq. (SIV-33) is represented as a
function of T. The theoretical curves by Eq. (SIV-33)must be comparedwith the experimental resultsmeasured
at 25, 40, 80, 120 and 160 °C (Zhang et al., 2017).

Through the curve fitting, the optimum values of To, T1 and σo are obtained for the composites with 3.11

and 6.28 vol% contents. Since d is set in the range 0.8–1.5 (×10−9 m) at the interval of 0.05 (×10−9 m) as
discussed above, the individualA value can be determined tentatively for individual d values by using Eq. (82)

Figure 8: (a) and (b): Current
versus voltage for PI/VGCF
composite with 3.11 vol% and
6.28 vol% contents at the
indicated temperatures,
respectively; (c) and (d):
Experimental and theoretical
conductivities versus
temperature for PI/VGCF
composites with 3.11 and
6.28 vol% contents at the
indicated voltages,
respectively; (e) and (f):
Theoretical value of A versus
temperature for the
composites with 3.11 and
6.28 vol% contents,
respectively, which were
obtained as the parameter
ensuring the good agreement
between experimental and
calculated results in (c) and (d)
(Zhang et al., 2017).
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and Eqs. (SIV-30)–(SIV-32). Also corresponding δo is determined by λ (see Figure 4 in Ref. Sheng, 1980). In this
parameterfitting stage, using Eq. (SIV-33), thed value is confirmed to be very sensitive to the conductivity but it
must be almost same, independent of themeasured temperature because of no dimensional change in bulk. To
satisfy independence of temperature about d, the values of d are determined to be ca. 1.20 and 1.00 nm for the
composites with the 3.11 and 6.28 vol% contents, respectively by modifying the meters scale. On selecting
values different from the above d values, it was found that the calculated conductivity deviates from the
experimental one. On the other hand, the value ofA, determined by Eq. (SIV-30) or Eq. (SIV-31), is confirmed to
be larger with increasing temperature, because of slight temperature dependence of Uo and λ.

As the final step, the values of A, Uo and λ obtained by Eq. (SIV-33) as the initial tentative values are
substituted into Eq. (SIV-29) to pursue further better fitting between the calculated and experimental results at
the fixed values d (fixed at 1.20 and 1.00 nm).

The integration by ϵT was with an interval of 0.01, in which the complicated calculation parts concerning
Eq. (SIV-26-1), by using commercial program for the differentiations on the figures about dξ(ϵ)/dϵ and
d[ηo(ϵ)]/dϵ, were incorporated in the original program. The detailed numerical calculation is done by trial and
error, using a computer, till the best fitting can be obtained. The results are shown in Figure 8e and f.

Incidentally, the fitting was done for the first term in Eq. (SIV-29). The second term for ϵT > 1 was much
smaller than the first term at ϵT = 1 and the non-integral function decreased drastically with increasing ϵT
beyond unity.

As analyzed by Sheng (1980), the difference at ϵT = 1 is attributed to the artifact of T(E, ϵ) given by Eq.
(SIV-8), which is attributed to the variation of approximation of T(E, ϵ) at E = Um by an abrupt slope change.

Let’s refer to the big problem about the evaluation of tunnel current by DC measurement. As described in
this paper, the application of the tunnel current theory (Sheng, 1980) to the complicated system, the
conductive fillers being dispersed uniformly in insulator matrix, is allowed only to such a limited system that
the resistivity between the adjacent fillers is much higher than the resistivity interface between bulk and
electrode and the resistivity by carriermovementwithin the fillers. In this case, the average distanceD between
adjacent fillers in Figure 2dmay be almost equal to d, although the distanceD is generally different from a very
thin insulation film thickness d between parallel-plate capacitors. Certainly, it may be postulated that the area
A shown in Figure 2d probably corresponds to a parallel-plate as a capacitor described by Sheng. This is the
most important subject, although most of papers by polymer scientists have never referred to the limit on
analyzing electric properties of polymer-filler composite in terms of tunnel current. Section “Application limit of
tunnel current theory to polymer-filler composite” in the paper and Supplementarymaterial V refer to the reason
in terms of impedance at frequency → 0 by DC component of AC measurement in detail.

Application limit of tunnel current theory to polymer-filler
composite

Again, it should be emphasized that if the resistivity of the PI-VVGCF composite is not strongly affected by the
average resistivity between adjacent VGCFs, the measured density current of the composite is independent of
tunnel current density. Namely, the value of d calculated by Eq. (83) using the measured current density
becomes meaningless, which is independent of the accurate value of D shown in Figure 2d. Even so, it may be
justified that D is almost equivalent to the calculated d only in the case where (i) the resistivity between
adjacent VGCFs is much higher than the other two, that is, (ii) interference resistivity between electrode and
composite and (iii) the resistivity of VGCFs themselves shown in Figure 10c later. Incidentally, the consider-
ation about the two factors (ii) and (iii) is unnecessary for the reported ideal model systems (Sheng, 1980;
Simmons, 1963).

It is well-known that the conductivity of the composite byDCmeasurements is generally attributed to three
kinds of resistivity, (i), (ii), and (iii).
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To demonstrate extremely high resistivity between adjacent fillers in comparison with the other two
resistivity factors, this paper provides one approach to evaluate the DC component by AC measurement at
frequency → 0 Hz. To pursue this approach, the frequency dependence of complex impedance (Z*) were
measured for the composites with 3.11 and 6.28 vol% contents under 0.1 and 0.5 V.

Figure 9 shows one of the examples for the composite with 6.28 vol% content, in which frequency
dependence of Z′ and Z″, Cole-Cole plots, and AC conductivity κ (real part) were evaluated at the indicated
temperatures under 0.1 V. The experimental and theoretical results are shown as plots and curves, respectively
(Zhang et al., 2017).

Figure 9: (a) and (b); Frequency
dependence of Z′ and Z″; (c)
Cole-Cole plots for Z*; (d) Fre-
quency dependence of AC
conductivity (κ). Open circles:
experimental results. Solid
lines: theoretical results. All
results at the indicated tem-
peratures were obtained for
the composite with 6.28 vol%
content under 0.1 V. Inciden-
tally, the imaginary part κ″ is
negligibly small in comparison
with real part κ (Zhang et al.,
2017).

Figure 10: (a) Composite between electrodes; (b) an
equivalent circuit with two units for the PI/VGCF
composite with 3.11 vol% content; (c) an equivalent
circuit with three units for the PI/VGCF composite with
6.28 vol% content. The first unit: interface between bulk
and electrode: the second unit: interface between
adjacent VGCFs inserting PI; the third unit: carrier
movement within VGCFs.
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For Z* in Figure 9a and b, the experimental plots at the indicated temperatures are almost overlapped. The
frequency dependence curves of Z′ can be distinguished into two regions, plateau region below ca. 104 Hz and
drastically decreasing region beyond ca. 104Hz. The frequency of peak appearance for Z″ in Figure 9b is related
to the frequency corresponding to the drastic decrease of Z′. The peak of Z″ shifts to higher frequency with
increasing temperature but the difference is not considerable. The Z″ increases with decreasing frequency in
the lower frequency range. The duller decrease of Z″ may be consisted of several relaxations. Each Cole-Cole
plot ofZ* at the indicated temperatures in Figure 9c shows a circular arc, which is independent of themeasured
temperatures, but slightly deviates from the arc at low frequency side (higher value side of Z′). Judging from
smooth plots of the experimental results of Z′ and Z″, the κ values in Figure 9d calculated from Z*, are thought
to ensure the high creditability.

To demonstrate extremely high resistivity between adjacent fillers (VGCF/PI boundary region) in com-
parison with other resistivities, the schematic model for calculating impedance of the system is proposed in
Figure 10. ACmeasurement has the advantage that resistivity of the composite can be classified into the several
contributions by equivalent circuits. The resistivity of the composite with 3.11 vol% content is classified into
two, the interference resistivity (R1) between electrode and composition, and the filler-matrix boundary re-
sistivity (R2) indicating resistivity between adjacent fillers inserting PI (see Case I). The resistivity for the
composite with 6.28 vol% content is classified into three components, the filler resistivity (R3) associated with
carrier movement within the filler in addition to R1 and R2 (see Case II). If filler-matrix boundary resistivity R2

indicating resistance between adjacent fillers inserting PI is much higher than other two R1 and R3, the
measured resistivity at frequency→ 0 Hz corresponds to the DC resistance attributed to filler-matrix boundary
resistance. To evaluate the three kinds of resistivity, the impedance as a function of frequency was evaluated
by using the equivalent circuit models. The contribution to resistance of DC component in Case I and Case II
can be evaluated by extrapolating frequency → 0 Hz.

Incidentally, the adoption of the different units for the two composites is discussed in Supplementary
material V. The impedance of the equivalent circuit with two or three units is given by

For Case I

Z∗ = 1
1
R1

+ iωC1

+ 1
1
R2

+ (iω)αC2

= Z∗
1 + Z∗

2

= Z′1 − iZ″
1 + Z′2 − iZ″

2 = (Z′1 + Z′2) − i(iZ″
1 + iZ″

2) = Z′ − iZ″

(85-1)

For Case II

Z∗ = 1
1
R1

+ iωC1

+ 1
1
R2

+ (iω)αC2

+ 1
1
R3

+ (iω)βC3

= Z∗
1 + Z∗

2 + Z∗
3

= Z′1 − iZ″
1 + Z′2 − iZ″

2 + Z′3 − iZ″
3 = (Z′1 + Z′2 + Z′3) − i(Z″

1 + Z″
2 + Z″

3) = Z′ − iZ″

(85-2)

Among C1, C2 and C3, C2 and C3 are the true capacitances of the contact region associated with CPE. The CPE
exponents α and β are given as α = ϕCPE/90° and β = ϕCPE/90°, respectively (Fan et al., 2014; Jonscher, 1977;
Zhang et al., 2017; Zhu et al., 2012). Since the phase angle ϕCPE (＜90°) is frequency-independent, α and β are
also independent of frequency and less than 1.0. When α and β are equal to 1.0, the CPE becomes an ideal
capacitor, which is applied to flat surface interference between electrode and composite. The physical
contributions of these parameters in Eq. (85) can be proven later via curve fittings with the experimental
results.

The procedure for determining components of impedance (Z′1∼Z′3  and Z″
1∼Z

″
3) is shown in Figure S6 in

Supplementary material V. As an example of Z*, the results for the composite with 6.28 vol% content at 0.1 V
are shown as theoretical curves in Figure 9a and b, which are in good agreement with experimental results by
selecting optimum values of parameters for R1, R2, R3, C1, C2, C3, α and β. Also, the Cole-Cole plots and the AC
conductivity κ are shownas curves in Figure 9c andd, respectively. The optimumvalues calculated are listed in
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Table 1 at the indicated temperature. The other conditions for 6.26 vol% content at 0.5 V and for 3.11 vol%
content at 0.1 and 0.5 V are shown as Table S1 and Tables S2–S3, respectively in Supplementary material V.

In Table 1, the values ofR2 (resistivity between adjacent VGCF fillers) aremuch higher thanR1 (interference
resistivity between electrode and composite) andR3 (VGCF resistivity) in Case II for 6.28 vol% content atV=0.1.
Of course, the values of R2 are reported to be much higher than R1 in Case I for 3.11 vol% content (Zhang et al.,
2017). Accordingly, the values of κDC are strongly affected by R2, since κDC corresponding to the DC component
(frequency→ 0Hz) of AC conductivity is represented as ϵo/{Co(R1 + R2 + R3)} for the composite with 6.28 vol%
content and as ϵo/{Co(R1 + R2)} for the composite with 3.11 vol% content, respectively. The coefficients ϵo and
Co are permittivity and capacitance, respectively at frequency → 0 Hz. Namely, the values of κDC are deter-
mined obviously by the value of R2.

Using the values of κDC, the values of λ,D, andA are obtained and the results are listed in Table 2. Thefitting
procedure to obtain the above parameters is also the same as described for DC measurement.

As listed in Table 2, the D values calculated by using κDC are 1.20 and 1.00 nm for the composites with 3.11
and 6.28 vol% contents, respectively. The values are the same as the values obtained by DC measurement
shown in columns (c) and (f) in Figure 8. The λ values calculated are almost independent of the measured
temperatures but they depend on the VGCF contents. Namely, the λ values for 3.11 vol% content were 0.0220
independent of temperature, while the values (0.02468–0.02598) for 6.28 vol% content indicate a slight

Table : The corresponding parameters Ri (i = –) and Ci (i = –) in Eq. (-) obtained by computer simulation for the
composites with . vol% content under . V at the indicated temperatures.

T (°C) 25 40 80 120 160

R (Ω)     

C (F × 
−) . . . . 

R (Ω × 
) . . . . .

C (pF)     

α . . . . .
R (Ω)     

C (pF × 
) . . . . .

β . . . . .

Table : Temperature dependence of parameters D, A and λ at . and . V calculated by using κDC.

T (oC) λ D (nm) A (nm2) λ D (nm) A (nm2)
0.1 V 0.1 V 0.1 V 0.5 V 0.5 V 0.5 V

. vol%  . . . . . .
 . . . . . .
 . . . . . .

 . . . . . .
 . . . . . .

T (oC) λ D (nm) A (nm) λ D (nm) A (nm)
. V . V . V . V . V . V

. vol%  . . . . . .
 . . . . . .
 . . . . . .

 . . . . . .
 . . . . . .

208 M. Matsuo et al.: Electric properties of polymer-filler composites



increase with increasing temperature but the variation is very narrow. The difference of λ between the two

VGCF contents is thought to be due to the slight decrease of δo and Uo, since the conductivity for the 6.28 vol%
content is higher than that for the 3.11 vol% content.

At the indicated temperatures, the values of A calculated by using κDC for the 6.28 vol% content are higher
in comparison with those for the 3.11 vol% content. For the two composites, the A value increased with
elevating temperature, while D value is constant because of negligibly small size change in the bulk. Thus, an
increase in the transfer electron number with increasing temperature is obviously attributed to the expansion
of the average surface area over whichmost of tunneling occurs (Stip et al., 1998; Zhang et al., 2017). Namely,A
is related to the number of electrons transferred by tunneling effect associated with conductivity between
adjacent VGCFs inserting PI. Incidentally, the above phenomenon indicates that the increase in A is inde-
pendent ofD assuring the flat surface, since the areaA is thought to be just very small flat spot on the surface of
VGCF.

As an important point, it should be noted that the concept of tunnel current for polymer-filler composite
was established by assuming a parallel-plate capacitor proposed by Sheng (1980). As a prerequisite, the
application to conductive polymer-filler composite must be limited to the case where the resistivity between
adjacent fillers must be much higher than the other two, interference resistivity between electrode and com-
posite and VGCF resistivity. If the polymer chains of the matrix have functional groups, the resistivity between
adjacent fillers is not higher than the other two. This indicates that average conductivity of the composite byDC
measurement does not reflect the resistivity between adjacent fillers inserting polymer matrix predominantly.

On discussing tunnel current for PI/VGCF composites as a function of the measured temperatures, the
constant average distanceD between adjacent fillers can justify the application of the composites to the theory
by Sheng (1980), since the bulk dimensional change with increasing temperature is zero within the experi-
mental error.

Conclusion

When teaching the electric property of insulation polymer-conductive filler composites at the measured
temperatures, the mechanism of electron transfer between adjacent fillers embedded in polymer matrix is
important to understand tunnel current. To facilitate understanding the electron transfer, electron trans-
mittance based on rectangular potential barrier was presented by using the one-dimensional Schrödinger
wave function. The adoption of the rectangular potential barrier is associated with the smooth connection of
the wave functions at each boundary in Section “Simple application of Schrödinger equation to tunnel effect”.
However, actual potential barrier is different and the transmittance for the arbitrary function was represented
using theWKB approximation, which is very important to pursue the theoretical calculation of tunnel current.
The concept and the detailed deviation were described in Section “Analysis for tunnel effect using the WKB
approximation” and Supplementary material II, respectively.

By using WKB approximation, the well-known theoretical calculation of tunnel current at absolute tem-
perature by Simmons (1963) was introduced and this paper pointed out that the popular equation represented
in textbooks is limited for the low voltage range. And the detailed derivation of the general equation was
proposed through complicated mathematical treatment in Supplementary material III.

However, the electric property for polymer-filler composites must be discussed as a function of the
measured temperature. Unfortunately, the detailed theoretical calculation for the composites has never been
reported. This paper referred to the commentary for the derivation of the difficult equations by Sheng (1980)
and proposed the parameter fitting by computer about the average distance D between adjacent fillers and the
area A where most of tunneling occur. When applying Sheng’s theory to the polymer-filler systems, Dmay be
almost equivalent to the distance d between two-parallel capacitors. Furthermore, the application of the
general theory to polymer-filler composites can be realized only in the limited case where the resistivity
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between adjacent conductive fillers inserting polymer matrix is much higher in comparison with two kinds of
resistivity, (i) interference resistivity between electrode and composite and (ii) resistivity of fillers. The concept
was satisfied by the impedance obtained by AC measurement for the PI-VGCF composites with 3.11 vol% and
6.28 vol% VGCF contents. The former and latter distances were 1.2 and 1.0 nm, respectively, which indicated
reasonable values. Thus, the above evaluation plays an important role in teaching the electric property of
polymer-filler composites.
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