
J. reine angew. Math., Ahead of Print Journal für die reine und angewandte Mathematik
DOI 10.1515/crelle-2025-0082 © the author(s) 2025

On the structure of singularities of weak mean
curvature flows with mean curvature bounds

By Maxwell Stolarski at Coventry

Abstract. This paper studies singularities of mean curvature flows with integral mean
curvature bounds H 2 L1Lploc for some p 2 .n;1�. For such flows, any backward tangent
flow is given by the flow of a stationary cone C. When p D1 and C is a regular cone, we
prove that the backward tangent flow is unique. These results hold for general integral Brakke
flows of arbitrary codimension in an open subset U � RN with H 2 L1Lploc. For smooth,
codimension-one mean curvature flows with H 2 L1L1loc, we also show that, at points where
a backward tangent flow is given by an area-minimizing Simons cone, there is an accompanying
limit flow given by a smooth Hardt–Simon minimal surface.

1. Introduction

A time-dependent family of embeddings F WM n � Œ0; T /! RN is said to evolve by
mean curvature flow if 𝜕tF D H , where H D EHMt

denotes the mean curvature vector of the
embedded submanifold Mt D F.M � ¹tº/ � RN . Submanifolds evolving by mean curvature
flow often develop singularities in finite time T <1. Huisken [10] showed that the second
fundamental form A of a compact hypersurface Mt evolving by mean curvature flow always
blows up at a finite-time singularity T <1, that is,

lim sup
t%T

sup
x2Mt

jAj D 1:

Given Huisken’s result [10], it is natural to ask if the trace of the second fundamental
form, namely the mean curvature H D trA, must also blow up at finite-time singularities of
the mean curvature flow. In [26], we answered this question in the negative by showing the
mean curvature flow solutions constructed by Velázquez [30] develop finite-time singularities
even thoughH remains uniformly bounded supt2Œ0;T / supx2Mt

jH j <1. In dimension n D 7,
[2] further showed how to extend these mean curvature flow solutionsM 7

t � R8 to weak mean
curvature flows defined for later times t 2 Œ0; T C �/ in such a way that H remains uniformly
bounded and the flow has an isolated singularity at .0; T / 2 R8 � Œ0; T C �/.
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Given that there exist smooth mean curvature flows which develop singularities with
bounded mean curvature [2, 26, 30], the focus of this current article is to instead study the
singularities of any mean curvature flow M n

t � RN with uniform mean curvature bounds. In
this general setting, uniform mean curvature bounds along the flow allow us to incorporate
the well-developed theory of varifolds with bounds on their first variation. In particular, we
leverage that theory to obtain the following result which holds more generally for weak mean
curvature flows of arbitrary codimension with integral mean curvature bounds.

Theorem 1.1. Let 2 � n < N and let U � RN be open. Let .�t /t2.a;b/ be an integral
n-dimensional Brakke flow in U � RN with locally uniformly bounded areas and general-
ized mean curvature H 2 L1Lploc.U � .a; b// for some p 2 .n;1�. Except for a countable
set of times t 2 .a; b/, .�t /t2.a;b/ equals the Brakke flow .�Vt /t2.a;b� of a family of integer
rectifiable n-varifolds .Vt /t2.a;b� that extends to the final time-slice t D b.

For any .x0; t0/ 2 U � .a; b�, any backward tangent flow of .�t /t2.a;b/ at .x0; t0/ is
given by the static flow of a stationary cone C. The stationary cones C that arise as backward
tangent flows to .�t /t2.a;b/ at .x0; t0/ are exactly the tangent cones to Vt0 at x0.

Note that the stationary cones C in Theorem 1.1 are generally integer rectifiable n-vari-
folds that are dilation invariant and have zero first variation (see Lemma 2.7 and Theorem 2.13
for more precise statements of Theorem 1.1).

Given a Brakke flow .�t /, tangent flows at .x0; t0/ are, simply speaking, subsequential
limits of parabolic rescalings of .�t / based at .x0; t0/. Backward tangent flows refer to the
restriction of these limits to negative times (Definition 2.11). Analogously, tangent cones of
a varifold Vt0 at x0 are subsequential limits of spatial rescalings of Vt0 based at x0. Thanks
to suitable monotonicity formulas and compactness theorems, (backward) tangent flows and
tangent cones always exist. However, the uniqueness of tangent cones and (backward) tangent
flows, that is, independence of subsequence, is generally an open problem. This uniqueness
question is fundamental for singularity analysis and regularity.

Theorem 1.1 in particular shows that, for flows with mean curvature

H 2 L1L
p
loc.U � .a; b//;

uniqueness of the backward tangent flow of .�t / at .x0; t0/ is equivalent to uniqueness of the
tangent cone of Vt0 at x0. Because of this correspondence, we are able to prove the following
uniqueness result.

Theorem 1.2. Let 2 � n < N and let U � RN be open. Let .�t /t2.a;b/ be an integral
n-dimensional Brakke flow in U � RN with locally uniformly bounded areas and general-
ized mean curvature H 2 L1L1loc.U � .a; b//. If a backward tangent flow to .�t /t2.a;b/ at
.x0; t0/ 2 U � .a; b� is given by the static flow of a regular cone C with multiplicity one, then
this is the unique backward tangent flow to .�t / at .x0; t0/.

It is worth mentioning some related uniqueness results. Huisken’s monotonicity formula
ensures tangent flows are always self-similarly shrinking †t D

p
�t†�1 for t < 0. There are

various uniqueness results depending on † D †�1. When † is compact, [19] proved that if
p
�t† is a tangent flow of a mean curvature flow .Mt / at .x0; t0/, then it is the unique tangent
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flow at .x0; t0/. In [5], uniqueness of the tangent flow
p
�t† is proved when † D Rn�k � Sk

is a generalized cylinder (see also a generalization in [35]).
In [4], uniqueness of the backward tangent flow is proved when † is smooth and asymp-

totically conical (see also a generalization due to [16]). Importantly, the uniqueness results in
[4, 16] require † to be smooth and do not apply when † D C is a minimal cone for example.
The first uniqueness result for backward tangent flows given by non-smooth † came in [17]
which showed that, for 2-dimensional Lagrangian mean curvature flows L2t � C2, backward
tangent flows given by a transverse pair of planes† D P1 [ P2 � C2 are unique. The unique-
ness result Theorem 1.2 here applies to non-smooth minimal cones † D C which arise as
backward tangent flows to general integral Brakke flows of any codimension in an open subset
U � RN , albeit under the assumption of a uniform mean curvature bound H 2 L1L1loc. Note
in particular that a transverse pair of n-dimensional planes P1 [ P2 in R2n D Cn is a reg-
ular cone. Thus, for the class of Lagrangian mean curvature flows with uniformly bounded
mean curvature, Theorem 1.2 gives an alternative proof of the uniqueness result from [17] that
generalizes to all dimensions.

Under additional hypotheses to Theorem 1.2, we can also describe an accompanying limit
flow that arises as a more general blow-up limit around a singularity.

Theorem 1.3. Let M D .M n
t /t2.a;b/ be a smooth, properly embedded mean curva-

ture flow in an open subset U � RnC1 with mean curvature H 2 L1L1loc.U � .a; b//. If the
backward tangent flow of M at .x; b/ 2 U � ¹bº is given by the static flow of a generalized
Simons cone Cn � RnC1 with multiplicity one and C is area minimizing, then there exist
a sequence .xi ; ti / 2 U � .a; b/ with limi!1.xi ; ti / D .x; b/ and a sequence �i & 0 such
that the sequence of rescaled mean curvature flows Mi D D��1

i
.M � .xi ; ti // converges to the

static flow M1 D . yM/t2R of a smooth Hardt–Simon minimal surface yM for all time t 2 R.

We refer the reader to Section 4 for the definitions relevant to Theorem 1.3. For now,
we simply note that the mean curvature flow solutions constructed in [30] provide examples of
mean curvature flows satisfying Theorem 1.3. Theorem 1.3 states that general mean curvature
flows with H 2 L1L1loc in some sense mimic the dynamics of Velázquez’s mean curvature
flow solutions [30] near Simons cone singularities.

The paper is organized as follows. In Section 2, we establish notation, specify defini-
tions, and obtain some general results used throughout the paper. In particular, Theorem 1.1
is proven here. Section 3 proves the uniqueness of backward tangent flows given by regular
stationary cones, Theorem 1.2. In Section 4, we obtain refined dynamics of mean curvature
flows near regular stationary cones and prove Theorem 1.3. Finally, Appendix A reviews some
well-known results about integral varifolds with generalized mean curvature H 2 Lploc that are
cited throughout the paper.

2. Preliminaries

2.1. Brakke flows with H bounds.

Definition 2.1. Let 2 � n < N , let U � RN be open, and p 2 .1;1�. Let V be an
integer rectifiable n-varifold in U and let �V be the associated measure on U . We say that
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V has generalized mean curvature H 2 Lploc.U / if there exists a Borel function H WU ! RN

with H 2 Lploc.U; d�V / such that the first variation ıV satisfies

(2.1) ıV .X/ D �

Z
H �X d�V for all X 2 C 1c .U;R

N /:

Remark 2.2. Observe that, by the definition given in Definition 2.1, if V has gener-
alized mean curvature H 2 Lploc.U /, then V has locally bounded first variation1) which is
absolutely continuous with respect to �V and V has no generalized boundary in U . This con-
vention differs somewhat from the existing literature, but we adopt it nonetheless to simplify
the statements in the remainder of the paper.

Throughout, we use the following notion of Brakke flow as in [34, Definition 5.1 with
empty boundary � D ;].

Definition 2.3. Let 1 � n < N , let U � RN be open, and let I � R be a non-empty
interval. An n-dimensional integral Brakke flow or simply integral n-Brakke flow .�t /t2I in
U is a family of Radon measures .�t /t2I on U such that

(1) for almost every t 2 I , there exists an integer rectifiable n-varifold Vt in U such that
�t D �Vt and Vt has locally bounded first variation ıVt which is absolutely continuous
with respect to �Vt D �t ,

(2) for any Œs; t � � I and any compact K � U ,Z t

s

Z
K

1C jH j2 d�� d� <1

(where, for almost every t 2 I , H D Ht is the vector-valued function representing ıVt
as in (2.1)), and

(3) for any Œs; t � � I and f 2 C 1c .U � Œs; t �/ with f � 0,

(2.2) �t .f / � �s.f / �

Z t

s

Z
𝜕tf Crf �H � jH j2f d�� d�:

We refer to inequality (2.2) as Brakke’s inequality.

Definition 2.4. Let 2 � n < N , let U � RN be open, and p 2 .1;1�. Let .�t /t2.a;b/
be an n-dimensional integral Brakke flow in U . We say the Brakke flow .�t /t2.a;b/ has gener-
alized mean curvatureH 2 L1Lploc.U � .a; b// if, for almost every t 2 .a; b/, there exists an
integer rectifiable n-varifold Vt in U with generalized mean curvature Ht 2 L

p
loc.U / such that

�Vt D �t and2)

kHkL1Lp.K�.a;b// + ess sup
t2.a;b/

kHtkLp.K;d�t / <1 (for all K b U ):

1) “Locally bounded first variation” should not be confused with “H 2 L1loc.U /.” See e.g. [29, Defini-
tion 1.11] for a precise definition of locally bounded first variation.

2) Throughout, “K b U ” means K � U and K is compact.
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Assumption 2.5. Let 2 � n < N , let U � RN be an open subset, �1 < a < b <1.
Throughout, we assume .�t /t2.a;b/ is an n-dimensional integral Brakke flow in U such that
.�t / has locally uniformly bounded areas, that is,

sup
t2.a;b/

�t .K/ <1 for all K b U:

For simplicity, we will abbreviate this assumption as “.�t /t2.a;b/ is an integral n-Brakke flow
in U � RN with locally uniformly bounded areas” in the remainder of the paper.

We will also often assume that, for some p 2 .1;1�, .�t /t2.a;b/ has generalized mean
curvature H 2 L1Lploc.U � .a; b//, but this assumption will be indicated in each statement.

Remark 2.6. The assumption that the flow has locally uniformly bounded areas is quite
mild. For example, it holds for Brakke flows .�t /t2.a;b/ obtained as restrictions of Brakke
flows defined for t 2 Œa; b/. Indeed, this can be seen by using Brakke’s inequality with suitably
defined spherically shrinking test functions (see e.g. [34, Theorem 5.5] or [6, Proposition 4.9]).
In particular, if .�t /t2.a;b/ is an integral n-Brakke flow in U , then for any 0 < � < b � a,
.�t /t2.aC�;b/ is an integral n-Brakke flow in U with locally uniformly bounded areas.

On the other hand, the assumption that the flow has generalized mean curvature

H 2 L1L
p
loc.U � .a; b//

is much more restrictive. Nonetheless, [26] shows that even smooth mean curvature flows
.M n

t � RnC1/t2.a;b/ with H 2 L1L1.RnC1 � .a; b// can develop singularities at the final
time t D b. Combined with the work of [2], there are non-smooth Brakke flows with

H 2 L1L1.RN � .a; b//

with mild singularities and small singular sets, informally speaking.

The next lemma shows that Brakke flows withH 2 L1Lploc can be changed at countably
many times to get a Brakke flow which is a varifold with H 2 Lploc at every time. Moreover,
the flow naturally extends to the final time-slice.

Lemma 2.7. Let .�t /t2.a;b/ be an integral n-Brakke flow in U � RN with locally uni-
formly bounded areas and generalized mean curvature H 2 L1Lploc.U � .a; b// for some
p 2 .1;1�. Then, for all t 2 .a; b�, there exists a unique integer rectifiable n-varifold Vt with
generalized mean curvature in HVt 2 L

p
loc.U / such that

(1) �t � limt 0%t �t D �Vt for all t 2 .a; b/,

(2) �t D �Vt for all but countably many t 2 .a; b/,

(3) for all t 2 .a; b� and all K b U ,

�Vt .K/ � sup
�2.a;b/

�� .K/ and kHVtkLp.K/ � kHkL1Lp.K�.a;b//;

(4) for all t 2 .a; b�,

lim
t 0%t

Vt 0.f / D Vt .f / for all f 2 C 0c .G.n; U //;

(5) .�Vt /t2.a;b� is an n-dimensional integral Brakke flow in U .
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Proof. Let t 2 .a; b�. Since .�t / has H 2 L1Lploc.U � .a; b//, there exist a sequence
of times tj % t (with tj < t ) and integer rectifiable n-varifolds zVj with generalized mean
curvature H zVj in Lploc.U / such that �tj D � zVj and

kH zVj kLp.K;d�tj /
� kHkL1Lp.K�.a;b// + CK <1 for all K b U:

By compactness (Lemma A.1), there exist a subsequence (still denoted zVj ) and an integer recti-
fiable n-varifold Vt with locally bounded areas and generalized mean curvatureHVt 2 L

p
loc.U /

such that zVj * Vt as varifolds and

�Vt .K/ � sup
�2.a;b/

�� .K/ and kHVtkLp.K;d�Vt / � CK for all K b U:

This defines the varifold Vt for any t 2 .a; b� and proves it satisfies (3).
By [12, Theorem 7.2 (ii)], for any f 2 C 0c .U;R�0/ and any t 2 .a; b/,

(2.3) �t .f / � lim
s%t

�s.f / D lim
j!1

� zVj .f / D �Vt .f /:

This proves (1). For (2), simply note that [12, Theorem 7.2 (iii)] implies the first inequality
in (2.3) is an equality for all but countably many times t 2 .a; b/. Note additionally that the
equality lims%t �s D �Vt in (1) implies the varifold Vt is unique.

To prove (4), let t 2 .a; b� and f 2 C1c .U;R�0/. Take a sequence tj % t . By [12,
Theorem 7.2 (i)], there exists Cf such that �t .f / � Cf t is decreasing in t . It follows that,
for any j ,

�Vt .f / D lim
s%t

.�s.f / � Cf s/C Cf t .by (1)/

� �tj .f / � Cf tj C Cf t

� �Vtj .f /C Cf .t � tj / .by (1)/:

Taking j !1 gives �Vt .f / � lim infj �Vtj .f /. For the reverse inequality, let � > 0. Recall
�Vt .f / D lims%t �t .f / and similarly for the Vtj . Thus there exists s D s.�/ < t such that
js � t j < � and j�Vt .f / � �s.f /j < �. There exists J such that s < tj < t for all j > J . It
follows that, for j > J ,

�Vtj .f / � �Vt .f / � �Vtj .f / � �s.f /C �

D lim
�%tj

.�� .f / � Cf �/C Cf tj � �s.f /C �

� �s.f / � Cf s C Cf tj � �s.f /C �

D Cf .tj � s/C �:

Taking j !1 then � ! 0 gives lim supj �Vtj .f / � �Vt .f /. Since the sequence tj % t and
f 2 C1c .U;R�0/ were arbitrary, it follows that

lim
t 0%t

�Vt0 .f / D �Vt .f / for all f 2 C1c .U;R�0/:

Convergence as varifolds then follows from Lemma A.2 and completes the proof of (4).
To prove (5), it suffices to check Brakke’s inequality. Let a < t0 < t1 � b and suppose

that f 2 C 1c .U � Œt0; t1�/ with f � 0. Then

�Vt1 .f / � �Vt0 .f / � lim
s%t1

�s.f / � �t0.f / .by (1)/
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� lim
s%t1

Z s

t0

Z
𝜕tf Crf �H � jH j2f d�t dt

D

Z t1

t0

Z
𝜕tf Crf �H � jH j2f d�Vt dt .by (2)/:

2.2. Huisken’s monotonicity formula and Gaussian density. Let

ˆx0;t0.x; t/ +
1

.4�.t0 � t //n=2
e
�
jx�x0j

2

4.t0�t/ .t < t0/

denote the backwards heat kernel based at .x0; t0/. Let

'x0;t0Ir.x; t/ +
�
1 �
jx � x0j

2 � 2n.t0 � t /

r2

�3
C

.t � t0/

denote the spherically shrinking localization function based at .x0; t0/ with scale r > 0.
Huisken’s monotonicity formula and its localized analogue for Brakke flows states

(2.4)
Z
ˆx0;t0. � ; t /'x0;t0Ir. � ; t / d�t �

Z
ˆx0;t0. � ; s/'x0;t0Ir. � ; s/ d�s

� �

Z t

s

Z ˇ̌̌
H C

.x � x0/
?

2.t0 � �/

ˇ̌̌2
ˆx0;t0'x0;t0Ir d�� d� � 0

for all s < t < t0 and r > 0 such that .�t / is a Brakke flow on Bpr2C2n.t0�s/.x0/ � Œs; t �.
Moreover, for Brakke flows .�t /t2.a;b/ defined in U � RN and points x0 2 B2r0.x0/ � U ,
the Gaussian density

‚�.x0; t0/ + lim
t%t0

Z
ˆx0;t0. � ; t /'x0;t0Ir. � ; t / d�t

is well-defined for t0 2 .a; b� and independent of r 2 .0; r0/.
For an n-dimensional Brakke flow .�t / and �> 0, define the parabolically dilated Brakke

flow Dx0;t0I�� based at .x0; t0/ to be

ŒDx0;t0I���t .A/ + �n�t0Ct��2.�
�1AC x0/:

Often, we omit the basepoint x0; t0 and simply write D�� when the basepoint is clear from
context.

2.3. Densities and blow-up limits. Recall the density of a varifold V at x0 2 RN is
given by

�V .x0/ + lim
�&0

�V .B�.x0//

!n�n

when the limit exists and where !n denotes the volume of the unit n-ball. In the remainder of
the article, we use �x0;� to denote the spatial translation and dilation

�x0;�WR
N
! RN ; �x0;�.x/ + �.x � x0/:

The map �x0;� naturally induces a map of integer rectifiable n-varifolds denoted by .�x0;�/].
Specifically, if V D .�; �/, then .�x0;�/]V D .�x0;�.�/; � ı �

�1
x0;�

/. When the basepoint x0 is
clear from context or x0 D 0, we shall often write �� for simplicity.

When H 2 L1Lploc with p > n, the monotonicity formula (A.3) for varifolds gives
a characterization of subsequential blow-ups of time-slices.
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Lemma 2.8 (Existence of tangent cones of time-slices). Let .�t /t2.a;b/ be an inte-
gral n-Brakke flow in U � RN with locally uniformly bounded areas (Assumption 2.5) and
generalized mean curvature H 2 L1Lploc.U � .a; b// for some p 2 .n;1�. Let .Vt /t2.a;b�
be the family of varifolds as in Lemma 2.7. For any .x0; t0/ 2 U � .a; b� and any sequence
�i %C1, there exist a subsequence (still denoted �i ) and an integer rectifiable n-varifold C
in RN such that .�x0;�i /]Vt0 * C as varifolds in RN . Moreover, C is a stationary, dilation
invariant varifold in RN with

�C.Br.0//

!nrn
D �Vt0 .x0/ D lim

�&0

�Vt0 .B�.x0//

!n�n
for all 0 < r <1:

Any C that arises as such a limit is called a tangent cone of Vt0 at x0.

Proof. By Lemma 2.7, Vt0 has generalized mean curvature H D HVt0 2 L
p
loc.U /. It

follows that the dilations
Vi + .�x0;�i /]Vt0

have generalized mean curvature Hi 2 L
p
loc.�i .U � x0// with

(2.5) kHikLp.K;d�Vi /
� �

n
p
�1

i kHVt0kLp.BR.x0/;d�Vt0 /

for all K � RN compact and i � 1 sufficiently large so that 1
�i
K C x0 � BR.x0/ b U . In

particular, limi!1kHikLp.K;d�Vi / D 0.
As p > n, there is the monotonicity formula (A.3) for integral n-varifolds withH 2 Lploc

(Proposition A.3; see also [23, Chapter 4, §4]). In particular, the density

�Vt0 .x0/ + lim
�&0

�Vt0 .B�.x0//

!n�n

is well-defined and the blow-up sequence Vi has uniform local area bounds.
It now follows from compactness (Lemma A.1) that there are a subsequence (still denoted

Vi ) and an integer rectifiable n-varifold C in RN such that Vi * C. By (2.5) and Lemma A.1,

kHCkLp.K;d�C/ � lim sup
i

kHVikLp.K;d�Vi /
D 0;

which implies C is stationary. Moreover, the convergence Vi * C implies

�C.Br.0//

!nrn
D �Vt0 .x0/ for all 0 < r <1:

The monotonicity formula (A.3) for stationary varifolds finally implies C is dilation invariant,
that is, .�0;�/]C D C for all 0 < � <1 (see e.g. [23, Chapter 8, §5]).

We will show in Lemma 2.10 below that Huisken’s monotonicity formula (2.4) similarly
allows us to extract tangent flows from space-time blow-ups. First, we show local uniform area
bounds imply local uniform area ratio bounds. These area ratio bounds are necessary for the
blow-up argument in the proof of Lemma 2.10 below.

Note that, for general Brakke flows defined for t 2 Œa; b/, local uniform area ratio bounds
at the initial time t D a imply local uniform area ratio bounds for all t 2 Œa; b/. We empha-
size that, for integral Brakke flows with locally uniformly bounded areas and H 2 L1Lploc,
Lemma 2.9 below obtains local uniform area ratio bounds without assuming local uniform area
ratio bounds at the initial time.
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Lemma 2.9 (Area ratio bounds). Suppose that .�t /t2.a;b/ is an integral n-Brakke flow
in U � RN with locally uniformly bounded areas (Assumption 2.5) and generalized mean
curvatureH 2 L1Lploc.U � .a; b// for some p 2 .n;1�. For anyK b U , there exists C such
that

sup
t2.a;b/

sup
Br .x/�K

�t .Br.x//

rn
� C:

Proof. The proof will proceed by combining the monotonicity formula (A.3) with the
local uniform area bounds. Given K b U , there exists � > 0 such that

K 0 + B�.K/ D
[
x2K

B�.x/ b U:

Let
R0 + sup¹r > 0 W Br.x/ � K for some xº; R1 + max¹R0; 1º:

For any Br.x/ � K, there exists R 2 Œmax¹�; rº; R1� such that Br.x/ � BR.x/ � K 0. Let
.Vt /t2.a;b� be the family of varifolds as in Lemma 2.7 and let t 2 .a; b/. The monotonicity
formula (A.3) implies

�Vt .Br.x//

rn
�
�Vt .Br.x//

rn
e
kHVt

k

1�n=p
r
C e

kHVt
k

1�n=p
r
�
�Vt .BR.x//

Rn
e
kHVt

k

1�n=p
R
C e

kHVt
k

1�n=p
R;

where kHVtk D kHVtkLp.BR.x/;d�Vt /. It then follows that

�t .Br.x//

rn
�
�Vt .Br.x//

rn
�
�Vt .BR.x//

Rn
e
kHVt

kLp.K0/
1�n=p

R
C e

kHkLp.K0/
1�n=p

R

�
�Vt .K

0/

�n
e
kHVt

kLp.K0/
1�n=p

R1 C e
kHkLp.K0/
1�n=p

R1

�
sup�2.a;b/ �� .K

0/

�n
e
kHkL1Lp.K0�.a;b//

1�n=p
R1 C e

kHkL1Lp.K0�.a;b//
1�n=p

R1 <1:

Taking the supremum over t 2 .a; b/ and Br.x/ � K completes the proof.

Lemma 2.10 (Existence of tangent flows). Let .�t /t2.a;b/ be an integral n-Brakke flow
in U � RN with locally uniformly bounded areas and generalized mean curvature

H 2 L1L
p
loc.U � .a; b// for some p 2 .n;1�:

For any .x0; t0/ 2 U � .a; b� and any sequence �i %C1, there exist a subsequence (still
denoted �i ) and an integer rectifiable n-varifold C in RN such that, for any t < 0,

.Dx0;t0I�i�/t * �C as i !1 (weakly as measures):

Moreover, C is a stationary, dilation invariant varifold in RN with

‚�.x0; t0/ D
1

.4�/n=2

Z
e�
jxj2

4 d�C:

Any C that arises as such a limit is called a (backward) tangent flow of .�t /t2.a;b/ at .x0; t0/
(see Definition 2.11 below).
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Proof. Let us fix .x0; t0/ 2 U � .a; b�. By Lemma 2.9, .�t / has local uniform area ratio
bounds in a neighborhood of .x0; t0/. It follows from Huisken’s monotonicity formula (2.4) and
the compactness of Brakke flows with local uniform area bounds that there exist a Brakke flow
.�1t /t<0 on RN and a subsequence (still denoted �i ) such that

.D�i�/t D .Dx0;t0I�i�/t * �1t for all t < 0

(see [11, Lemma 8] or [31]). Moreover, �1 is a shrinker for t < 0 in the sense that

(2.6) �t .A/ D .�t /
n=2��1.A=

p
�t / for all t < 0

and, for any t < 0, �1t is an integer rectifiable n-varifold with

(2.7) H C
x?

2.�t /
D 0 for �1t -a.e. x 2 RN :

Additionally,

‚�.x0; t0/ D
1

.4�.�t //n=2

Z
e�
jxj2

4.�t/ d�1t for all t < 0:

Because .�t / is a Brakke flow with H 2 L1Lploc, there exists t < 0 such that, for all i ,
.D�i�/t is represented by an integer rectifiable n-varifold Vi with HVi 2 L

p
loc.�iU/ and, for

any K b RN ,

kHVikLp.K;d�Vi /
� �

n
p
�1

i kHkL1Lp.Br0 .x0/�.a;b//

for all i � 1 sufficiently large such that ��1i K C x0 � Br0.x0/ and Br0.x0/ b U . As p > n,

lim
i!1
kHVikLp.K;d�Vi /

D 0 for all K b RN :

Since �Vi * �1t , the compactness of varifolds with mean curvature bounds (Lemma A.1 and
Lemma A.2) imply that �1t D �C for some integer rectifiable n-varifold C in RN which is
stationary (HC D 0). It then follows from (2.7) that x? D 0 �C-a.e. and thus C is dilation
invariant (see e.g. [23, Chapter 8, §5]). Finally, (2.6) implies �1t D �C for all t < 0. This
completes the proof.

2.4. Remarks on (backward) tangent flows. Lemma 2.10 ensures subsequential lim-
its converge .Dx0;t0I�i�/t * �C weakly as measures for all negative times t < 0. Area ratio
bounds as in Lemma 2.9 do generally imply that space-time blow-ups .Dx0;t0I�i�/t of Brakke
flows subsequentially converge to Brakke flows .z�t /t2R for all times t 2 R and .z�t / is self-
similarly shrinking for t < 0 (see e.g. [11, Lemma 8] or [31]). These limiting flows .z�t /t2R

defined for all t 2 R are sometimes called “tangent flows” in the literature. We, on the other
hand, shall principally be concerned with the behavior of these space-time blow-up limits for
negative times t < 0 only. To distinguish these notions and ensure precise statements, we adopt
the following definitions throughout the paper.

Definition 2.11. Let .�t /t2.a;b/ be an integral n-Brakke flow in U � RN .
An integral n-Brakke flow .z�t /t<0 is called a backward tangent flow or simply a tangent

flow of .�t /t2.a;b/ at .x0; t0/ 2 U � .a; b� if there exists a sequence �i %C1 such that, for
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all t < 0,
.Dx0;t0I�i�/t * z�t as i !1 .weakly as measures/:

An integral n-Brakke flow .z�t /t2R is said to be a full tangent flow of .�t /t2.a;b/ at
.x0; t0/ 2 U � .a; b/ if there exists a sequence �i %C1 such that, for all t 2 R,

.Dx0;t0I�i�/t * z�t as i !1 .weakly as measures/:

A backward tangent flow .z�t /t<0 of .�t /t2.a;b/ at .x0; t0/ is said to be static if z�t D z��1
for all t < 0. A full tangent flow .z�t /t2R of .�t /t2.a;b/ at .x0; t0/ is said to be static if
z�t D z��1 for all t 2 R. A full tangent flow .z�t /t2R of .�t /t2.a;b/ at .x0; t0/ is said to be
quasistatic if z�t D z��1 for all t < 0 but not all t 2 R.

If an integral n-Brakke flow .z�t / is a static backward tangent flow, then we may abuse
notation and say the underlying varifold V (with�V D z�t for all t ) is a static backward tangent
flow (cf. Lemma 2.10 above). Analogous conventions hold in the case of static and quasistatic
full tangent flows.

Clearly, the restriction of a full tangent flow to negative times t < 0 is a backward tangent
flow. Restricting a static or quasistatic full tangent flow to negative times gives a static backward
tangent flow. Since backward tangent flows evolve self-similarly, there is no equivalent notion
of “quasistatic” for backward tangent flows. In the setting of Lemma 2.10, backward tangent
flows are necessarily static. The next example shows full tangent flows may be quasistatic even
in the setting of Lemma 2.10.

Example 2.12. Consider the n-plane P D Rn � ¹0º � RN and the integral n-Brakke
flow .�t /t2R given by

�t D

8̂<̂
:
3Hn P if t < 0;

2Hn P if t D 0;

Hn P if t > 0;

where Hn is n-dimensional Hausdorff measure. Then .�t /t2R is an integral n-Brakke flow in
RN with locally uniformly bounded areas and generalized mean curvature

H � 0 2 L1L1loc.R
N
�R/:

Take .x0; t0/ D .0; 0/ 2 RN �R. For any sequence �i %C1 and any t 2 R,

.D0;0I�i�/t * �t as i !1 .weakly as measures/:

Clearly, the full tangent flow .�t /t2R is quasistatic and ��1; �0; �1 are distinct.

Observe from Definition 2.11 that tangent flows of .�t / at .x0; t0/ are rescaling limits
.Dx0;t0I�i�/t along some choice of sequence �i %C1. In general, it is an open question
whether a tangent flow to .�t / at .x0; t0/ is unique, that is, independent of the choice of
sequence �i %C1. This uniqueness question applies to both full and backward tangent flows,
and it is fundamental to understanding regularity of the flow .�t / near .x0; t0/.

Observe that uniqueness of full tangent flows implies uniqueness of backward tangent
flows. For compact or cylindrical tangent flows as in [5,19,35], uniqueness of backward tangent
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flows is equivalent to uniqueness of full tangent flows. Indeed, suppose a cylinder is the unique
backward tangent flow to .�t / at .x0; t0/ and let .z�t /t2R; .z�

0
t /t2R be full tangent flows to

.�t / at .x0; t0/. Then z�t ; z�0t must both be equal to the self-similar flow of the cylinder for
negative times t < 0, and therefore disappear as t % 0. It then follows that z�t ; z�0t are both
identically the 0 measure for all t � 0, which thereby proves uniqueness of the full tangent
flow. In fact, this argument shows moreover that if the restriction of a full tangent flow to
negative times is given by a self-similarly shrinking compact submanifold or cylinder, then this
backward tangent flow completely determines the full tangent flow. Thus full tangent flows can
be canonically identified with backward tangent flows in this case, and there is no ambiguity
in simply saying “compact or cylindrical tangent flow” to refer to either the backward or full
tangent flow.

Often in the literature, authors study the uniqueness of tangent flows to smooth mean cur-
vature flows .Mt /t2Œ0;T / at points .x0; T / at the first singular time T <1 or to Brakke flows
.�t /t2.a;b/ at points .x0; b/ at the final time b <1 (see e.g. [4, Theorem 1.1], [17, Theo-
rem 1.1], and [16, Theorem 0.1]). In this case, only the notion of backward tangent flow makes
sense since the parabolic rescalings �i .MTCt��2

i
� x0/ and .Dx0;T I�i�/t are undefined for

t � 0. In particular, the tangent flow uniqueness results from [4, 16, 17] are strictly speaking
backward tangent flow uniqueness results in terms of our notation from Definition 2.11. It is
unclear if these results yield any associated uniqueness results for full tangent flows, except
in perhaps some trivial settings such as when the Brakke flow .�t /t2.a;b/ is extended by 0
for times t � b. Nonetheless, uniqueness of backward tangent flows yields important appli-
cations to understanding the dynamics of the flow .�t / near .x0; t0/ for times t < t0 (see e.g.
[4, Corollary 1.2] and Corollary 3.9 below).

2.5. Equivalent densities and blow-up limits. A priori, the tangent cones from Lem-
ma 2.8 could be entirely unrelated to the backward tangent flows from Lemma 2.10. Indeed, the
two limiting objects arise from entirely different blow-up sequences. The next theorem, how-
ever, proves that the tangent cones from Lemma 2.8 exactly correspond to backward tangent
flows from Lemma 2.10.

Theorem 2.13. Let .�t /t2.a;b/ be an integral n-Brakke flow in U � RN with locally
uniformly bounded areas and generalized mean curvature H 2 L1Lploc.U � .a; b// for some
p 2 .n;1�. Let .Vt /t2.a;b� be the family of varifolds as in Lemma 2.7.

For any .x0; t0/ 2 U � .a; b�,

�Vt0 .x0/ D ‚�.x0; t0/:

For any sequence �i %C1, there exists a subsequence (still denoted �i ) such that there are
limiting integral n-varifolds C; zC as in Lemmas 2.8, 2.10 respectively, and in fact C D zC.

Proof. By translation, we can assume without loss of generality that

.x0; t0/ D .0; 0/ 2 U � .a; b�:

For any sequence �i %C1, denote the rescalings

V i0 + .��i /]V0; �it + .D�i�/t :
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Lemmas 2.8 and 2.10 imply there exists a subsequence (still denoted by index i ) such that

V i0 * C; and �it * �zC .for all t < 0/;

where C; zC are stationary, dilation invariant, integral n-varifolds. Additionally,

�V0.0/ D
�C.Br.0//

!nrn
.for all 0 < r <1/;

‚�.0; 0/ D
1

.4�.�t //n=2

Z
e�
jxj2

4.�t/ d�zC .for all t < 0/:

We first claim that �C � �zC. Let f 2 C 1c .R
N / with f � 0. Say supp f � BR. It fol-

lows that

�C.f / D lim
i!1

�V i0
.f /

D lim
i!1

lim
t 0%0

�it 0.f / .Lemma 2.7/

� lim
i!1

lim
t 0%0

�
�i�1.f /C

Z t 0

�1

Z
Hi � rf � jHi j

2f d�it dt

�
� lim
i!1

�i�1.f /C lim
i!1

Z 0

�1

Z
jHi jjrf j d�

i
t dt .f � 0/

D �zC.f /C lim
i!1

Z 0

�1

Z
jHi jjrf j d�

i
t dt:

For any 0 < ı � 1, the integral term can be estimated as follows:

lim
i!1

Z 0

�1

Z
jHi jjrf j d�

i
t dt

� lim
i!1
kf kC1

Z 0

�1

Z
BR

jHi j d�
i
t dt

D lim
i!1
kf kC1�

n�1
i

Z 0

�1

Z
B
R��1
i

jH j d�t��2
i
dt

D lim
i!1
kf kC1�

nC1
i

Z 0

���2
i

Z
B
R��1
i

jH j d�� d� .� D t��2i /

� lim
i!1
kf kC1�

nC1
i

Z 0

���2
i

�Z
B
R��1
i

jH jp d��

�1=p
�� .BR��1

i
/
p�1
p d�

� kf kC1kHkL1Lp.Bı�.a;b// lim
i!1

�n�1i

�
sup

���2
i
���0

�� .BR��1
i
/
�p�1
p

D kf kC1kHkL1Lp.Bı�.a;b//R
n.p�1/
p lim

i!1
��1C

n
p

i

�
sup

���2
i
���0

�� .BR��1
i
/

Rn��ni

�p�1
p

:

By Lemma 2.9, the
�� .BR��1

i
/

Rn��ni
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term is uniformly bounded above by say C0 <1. Since p > n,

�C.f / � �zC.f /C C0kf kC1kHkL1Lp.Bı�.a;b//R
n.p�1/
p C0 lim

i!1
��1C

n
p

i D �zC.f /:

Thus �C.f / � �zC.f / for all f 2 C 1c .R
N / with f � 0. It then follows from a limiting argu-

ment that �C � �zC.
Note that, since C is dilation invariant,

�C.Br.0//
!nrn

D
1

.4�.�t //n=2

Z
e�
jxj2

4.�t/ d�C for all 0 < �t; r <1

and similarly for zC. Then �C � �zC implies

�C.Br.0//
!nrn

�
�zC.Br.0//
!nrn

for all 0 < r <1:

We claim that the reverse inequality

�C.Br.0//
!nrn

�
�zC.Br.0//
!nrn

also holds (for some or equivalently all 0 < r <1). First, observe there exists a time � < 0
such that ����2

i
is an integral n-varifold with generalized mean curvature H���2

i
2 L

p
loc.U /

for all i and

kH���2
i
kLp.K/ � kHkL1Lp.K�.a;b// <1 (for all K b U );

where as usual H denotes the mean curvature of the flow .�t /. Fix R > 0 such that

BR D BR.0/ b U:

Let

Fi .�/ + e
kH���2

i
kLp.BR/

1

1� np
�
1� np

and F .�/ + e
kHkL1Lp.BR�.a;b//

1

1� np
�
1� np

as in the monotonicity formula (A.3). Note 1 � Fi .�/ � F .�/ for all � > 0. It follows from
the monotonicity formula (A.3) that, for any 0 < � < R and any r > 0,

r�n�zC.Br/ D lim
i!1

r�n�i� .Br/ D lim
i!1

����2
i
.Br��1

i
/

rn��ni

D lim
i!1

1

Fi .r�
�1
i /

�
Fi .r�

�1
i /

����2
i
.Br��1

i
/

rn��ni
C Fi .r�

�1
i / � Fi .r�

�1
i /

�
� lim sup

i!1

1

Fi .r�
�1
i /

�
Fi .�/

����2
i
.B�/

�n
C Fi .�/ � Fi .r�

�1
i /

�
(A.3)

� lim sup
i!1

�
F .�/

����2
i
.B�/

�n
C F .�/ � 1

�
D F .�/

�V0.B�/

�n
C F .�/ � 1:

Thus
�zC.Br/

rn
� F .�/

�V0.B�/

�n
C F .�/ � 1:
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Taking �& 0 reveals

�zC.Br/

rn
� lim
�&0

F .�/
�V0.B�/

�n
C F .�/ � 1 D lim

�&0

�V0.B�/

�n
D !n�V0.0/ D

�C.Br/

rn
:

In summary, we have shown that

�C � �zC and
�C.Br/

!nrn
�
�zC.Br/

!nrn
for all 0 < r <1:

In particular, �C.Br/ D �zC.Br/ for all 0 < r <1. It follows that C D zC. Indeed, if not, then
there exists a bounded subset A � RN such that �C.A/ < �zC.A/. Taking R > 0 large enough
so that BR � A would then imply

�C.BR/ D �C.BR n A/C �C.A/ < �zC.BR n A/C �zC.A/ D �zC.BR/ D �C.BR/;

a contradiction.
Thus C D zC and in particular �V0.0/ D ‚�.0; 0/. This completes the proof.

As an immediate consequence of Theorem 2.13, we deduce that the uniqueness of tangent
cones of time-slices is equivalent to the uniqueness of backward tangent flows.

Corollary 2.14. Let .�t /t2.a;b/ be an integral n-Brakke flow in U � RN with locally
uniformly bounded areas and generalized mean curvature H 2 L1Lploc.U � .a; b// for some
p 2 .n;1�. Let .Vt /t2.a;b� be the family of varifolds as in Lemma 2.7. Let .x0; t0/ 2U � .a;b�.
Then

¹C W C is a tangent cone of Vt0 at x0º

D ¹C W .�C/t<0 is a backward tangent flow of .�t / at .x0; t0/º:

In particular, the tangent cone Vt0 at x0 is unique if and only if the backward tangent flow of
.�t / at .x0; t0/ is unique. In other words, .�x0;�i /]Vt0 * C for every sequence �i %C1 if
and only if .Dx0;t0I�i�/t * �C (for all t < 0) for every sequence �i %C1.

Remark 2.15. We emphasize that Corollary 2.14 applies for backward tangent flows
only, not full tangent flows. It may be possible that there exist an integral n-Brakke flow
.�t /t2.a;b/ as in Corollary 2.14 and .x0; t0/ 2 U � .a; b/ such that there are a unique backward
tangent flow to .�t / at .x0; t0/ but distinct full tangent flows to .�t / at .x0; t0/.

For integral n-Brakke flows .�t /t2.a;b/ as in Corollary 2.14 and .x0; t0/2U � .a;b/, it is
possible to adapt the arguments of Lemma 2.10 to show that parabolic rescalings .Dx0;t0I�i�/t
subsequentially weakly converge to integral n-Brakke flows .z�t /t2R for all t 2 R such that
.z�/t2R has generalized mean curvature H � 0 and z�t � z��1 D �C for all t 2 R, where C
is a stationary, dilation invariant, integer rectifiable n-varifold in RN . We remark that if addi-
tionally .z�t /t2R is unit regular, C has multiplicity one, and the regular part Creg of C is
connected, then the constancy theorem implies z�t D �C for all t 2 R. In this case, uniqueness
of the backward tangent flow implies uniqueness of the full tangent flow.

Remark 2.16. Let .�t /t2.a;b/ be an integral Brakke flow with mean curvature bounds
as in Theorem 2.13, and consider the associated flow of varifolds .Vt /t2.a;b� as in Lemma 2.7.
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By combining Theorem 2.13 with White’s local regularity theorem [33] (and its generalization
to integral n-Brakke flows [27]), it follows that if t0 2 .a; b� and Vt0 also has unit density (i.e.
�Vt0 .x/ D 1 for �Vt0 -a.e. x 2 U ), then the singular set of the flow M D .Vt /t2.a;t0� in the
t D t0 time-slice has n-dimensional Hausdorff measure 0, that is, Hn.singt0 M/ D 0. This
recovers Brakke’s main regularity theorem [3, 6.12] in the special case of flows with mean
curvature bounds (see also [6, Theorem 5.3] and [14, Theorem 3.2]).

In particular, if Vt has unit density for all t 2 .a; b/, then Hn.singt M/ D 0 for all
t 2 .a; b/. If additionally U D RN and the flow .�Vt /t2.a;b/ extends to an integral n-Brakke
flow .z�t /t2.a;1/ for all t 2 .a;1/ such that z� is unit density, is unit regular, and has bounded
area ratios, then [18, Theorem 1.1] applies to show that t 7! �Vt is continuous for all t 2 .a; b/
in the sense that, for all f 2 C 2c .R

N / with f � 0,

t 7! �Vt .f / is continuous on .a; b/:

Combining this fact with [12, Theorem 7.2 (ii)] and Lemma 2.7 gives

�t � �Vt D lim
s&t

�Vs D lim
s&t

�s � �t for all t 2 .a; b/:

Hence �t D �Vt for all t 2 .a; b/ in this case.
We refer the interested reader to [3, 6, 14, 18] for precise definitions.

3. Uniqueness of tangent flows given by regular cones

Definition 3.1. Define the link L.C/ of a dilation invariant set C � RN to be

L.C/ + C \ SN�1:

Then C is said to be a regular cone if L.C/ is a smooth, (properly) embedded submanifold
of SN�1.

If C � RN is a regular cone, then C n ¹0º is a smooth submanifold of RN and we write
Cn when C n ¹0º has dimension n. Note that a regular cone Cn � RN naturally gives a dilation
invariant integral n-varifold (of multiplicity one) with associated measure Hn C on RN .

The main result of this section is the following uniqueness result which restates Theo-
rem 1.2.

Theorem 3.2. Let .�t /t2.a;b/ be an integral n-Brakke flow in U � RN with locally
uniformly bounded areas and generalized mean curvature H 2 L1L1loc.U � .a; b//. If .�t /
has a backward tangent flow �C at .x0; t0/ 2 U � .a; b� given by a regular cone Cn (with
multiplicity one), then �C is the unique backward tangent flow of .�t / at .x0; t0/.

The proof essentially follows from [22, §7, Theorem 5] applied to the time slice Vt0 .
However, [22, §7, Theorem 5] requires a regularity assumption [22, equation (7.23)] which we
must verify for Vt0 . Informally, this regularity assumption states that if Vt0 is a small C 1;˛-
graph over the regular cone C in an annulus, then the mean curvature HVt0 of Vt0 has interior
C 2-bounds.

Since Vt0 comes from a Brakke flow, we can prove Vt0 satisfies this regularity assumption
[22, equation (7.23)] as follows:
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(1) show that C 1;˛-graphicality propagates outward in space and backward in time (Lem-
ma 3.7), and

(2) apply interior estimates to improve the C 1;˛ bounds to C1 estimates for Vt and apply
interior estimates to the evolution equation for H D HVt to obtain kHkC2 . kHkC0
(Lemma 3.8).

The remainder of this section rigorously carries out this argument to prove Theorem 3.2.

Definition 3.3. In what follows, we use Ar;R.x0/ to denote the open annulus

Ar;R.x0/ D BR.x0/ n Br.x0/

and Ar;R D Ar;R.0/.
For Cn � RN a regular cone, we slightly abuse notation and write uWC \ Ar;R ! T?C

to mean a function uWC \ Ar;R ! RN such that u.x/ 2 T?x C for all x 2 C \ Ar;R. For

uWC \ Ar;R ! T?C;

denote

Gr;R.u/ +
²

x C u.x/p
1C ju.x/j2=jxj2

W x 2 C \ Ar;R
³
� RN :

Note that if C is a regular cone and uWC \ Ar;R ! T?C is a C 2-function with u.x/=jxj
sufficiently small in C 1, then Gr;R.u/ is a properly embedded C 2-submanifold.

Definition 3.4. For C a regular cone, let k � kCk� and k � kCk;˛� (0 < ˛ � 1) denote the
standard C k and C k;˛-norms respectively. For example, if uWC \�! RN , then

kukCk;˛� .C\�/ D

kX
jD0

sup
x2C\�

jr
j
Cuj.x/C sup

x¤y2C\�

jrkCu.x/ � r
k
Cu.y/j

jx � yj˛
:

For 0 < r < R <1 and uWC \ Ar;R ! RN , define scale-invariant C k and C k;˛-norms by

kukCk.C\Ar;R/ +
kX

jD0

sup
x2C\Ar;R

jxjj�1 sup
y2B jxj

2
.x/\C\Ar;R

jr
j
Cuj.y/

D

kX
jD0

sup
x2C\Ar;R

jxjj�1kr
j
CukC0.B jxj

2
.x/\C\Ar;R/

kukCk;˛.C\Ar;R/ + kukCk.C\Ar;R/
C sup
x2C\Ar;R

jxjk�1C˛ sup
y¤z2B jxj

2
.x/\C\Ar;R

jrkCu.y/ � r
k
Cu.z/j

jy � zj˛

D kukCk.C\Ar;R/ C sup
x2C\Ar;R

jxjk�1C˛Œrku�C˛� .B jxj2 .x/\C\Ar;R/;

where Œ � �C˛� denotes the standard C ˛ semi-norm.
For functions uWC \ Ar;R � .a; b/! RN that also depend on time t 2 .a; b/, denote

backward parabolic neighborhoods as

Pr.x; t/ + Br.x/ � .t � r
2; t /
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and define scale-invariant C k and C k;˛-norms by

kukCk.C\Ar;R�.a;b//

+
X

2iCj�k

sup
.x;t/2C\Ar;R�.a;b/

jxj2iCj�1k𝜕itr
j
CukC0� .P jxj2 .x;t/\.C\Ar;R�.a;b///

C

X
0<k�2i�j

2
<1

sup
.x;t/2C\Ar;R�.a;b/

jxjk�1C˛Œ𝜕itr
j
Cu�t;C

k�2i�j
2� .P jxj

2
.x;t/\.C\Ar;R�.a;b///;

kukCk;˛.C\Ar;R�.a;b//

+
X

2iCj�k

sup
.x;t/2C\Ar;R�.a;b/

jxj2iCj�1k𝜕itr
j
CukC0� .P jxj2 .x;t/\.C\Ar;R�.a;b///

C

X
2iCjDk

sup
.x;t/2C\Ar;R�.a;b/

jxjk�1C˛Œ𝜕itr
j
Cu�x;C˛� .P jxj2 .x;t/\.C\Ar;R�.a;b///

C

X
0<kC˛�2i�j

2
<1

sup
.x;t/2C\Ar;R�.a;b/

jxjk�1C˛Œ𝜕itr
j
Cu�t;C

kC˛�2i�j
2� .P jxj

2
.x;t/\.C\Ar;R�.a;b///:

Here, Œ � �x;C˛� and Œ � �t;C˛� denote the standard C ˛ semi-norms in the variables x and t respec-
tively. Namely,

Œu�x;C˛� .C�.a;b/\�/ + sup
.x;t/¤.x0;t/2C�.a;b/\�

ju.x; t/ � u.x0; t /j

jx � x0j˛
;

Œu�t;C˛� .C�.a;b/\�/ + sup
.x;t/¤.x;t 0/2C�.a;b/\�

ju.x; t/ � u.x; t 0/j

jt � t 0j˛
:

Since we use the C 1;˛-norm most often, we note explicitly that

kukC1;˛.C\Ar;R�.a;b// D sup
x;t
jxj�1 sup

.y;s/2P jxj
2
.x;t/

ju.y; s/j C sup
x;t

sup
.y;s/2P jxj

2
.x;t/

jrCu.y; s/j

C sup
x;t
jxj˛ sup

.y;s/¤.y0;s/2P jxj
2
.x;t/

jrCu.y; s/ � rCu.y
0; s/j

jy � y0j˛

C sup
x;t
jxj˛ sup

.y;s/¤.y;s0/2P jxj
2
.x;t/

ju.y; s/ � u.y; s0/j

js � s0j
1C˛
2

where also the suprema above are restricted to points in C \ Ar;R � .a; b/.

Remark 3.5. While the C k;˛-norms defined above are somewhat non-standard, they
have been chosen so that they satisfy the following properties.

(1) (Parabolic scaling invariance) If uWC \ Ar;R � .a; b/! RN , � > 0, and

zuWC \ A�r;�R � .�2a; �2b/! RN

is given by zu.x; t/ D �u.x=�; t=�2/, then

kzukCk;˛.C\A�r;�R�.�2a;�2b// D kukCk;˛.C\Ar;R�.a;b//:

(2) (Time translation invariance) If uWC \ Ar;R � .a; b/! RN , t0 2 R, and

zuWC \ Ar;R � .aC t0; b C t0/! RN
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is given by zu.x; t/ D u.x; t � t0/, then

kzukCk;˛.C\Ar;R�.aCt0;bCt0// D kukCk;˛.C\Ar;R�.a;b//:

(3) (Equivalent to standard Hölder norms) There exists C D C.r;R; k; ˛/ such that

C�1kukCk;˛� .C\Ar;R�.a;b// � kukCk;˛.C\Ar;R�.a;b// � CkukCk;˛� .C\Ar;R�.a;b//:

Similar properties hold for the space-time C k-norms and the spatial C k and C k;˛-norms. The
proofs of these properties are left as exercises to the reader.

Remark 3.6. The choice of using radius jxj=2 balls in the above definitions was some-
what arbitrary. Indeed, it can be shown through a covering argument that, for any L > 1,
replacing “jxj=2” with “jxj=L” in the above definitions gives an equivalent norm, that is, the
norms differ by a factor of C D C.k; ˛; L/.

Lemma 3.7 (Graphicality propagates out and back). Let .�t /t2.a;b/ be an integral
n-Brakke flow in U � RN with locally uniformly bounded areas and generalized mean curva-
ture H 2 L1Lploc.U � .a; b// for some p 2 .n;1�. Let .Vt /t2.a;b� be the associated integral
n-Brakke flow from Lemma 2.7. Let .x0; t0/ 2 U � .a; b� and let Cn � RN be a regular cone.
For any � > 0, there exists r0; ı > 0 such that the following holds for all 0 < � < r0: if

.Vt0 � x0/ \ A�=2;� D G�=2;�.u/

for some uWC \ A�=2;� ! T?C with kukC1;˛.C\A�=2;�/ � ı, then

.Vt � x0/ \ A�=4;2� D G�=4;2�.zu. � ; t // .for all t 2 Œt0 � 4�2; t0�/

for some extension zuW .C \ A�=4;2�/ � Œt0 � 4�2; t0�! T?C of u with

kzukC1;˛.C\A�=4;2��Œt0�4�2;t0�/ � �:

Proof. By translation, assume without loss of generality that .x0; t0/ D .0; 0/. Suppose
the lemma were false for the sake of contradiction. Then we can take a sequence ri D ıi & 0

and obtain �i 2 .0; ri / where the implication fails. That is, V0 \ A�i=2;�i D G�i=2;�i .ui / is
a C 1;˛-graph over C \ A�i=2;�i with kuikC1;˛.C\A�i =2;�i / � ıi , but .Vt / is not a C 1;˛-graph
over C \ A�i=4;2�i � Œt0 � 4�2i ; t0� with C 1;˛-norm bounded by � in this region.

Parabolically dilate Vt by �i + 1
�i
!C1 to obtain V it + .��i /]Vt��2i and set�it +�V it .

After passing to a subsequence, Theorem 2.13 applied to the Brakke flow .�Vt / implies there
exists a stationary, dilation invariant varifold C0 such that

V i0 * C0 and �it * �C0 .for all t < 0/

as i !1. Since C0 is dilation invariant and

V i0 \ A1=2;1 D G1=2;1.�iui . � =�i //

with k�iui . � =�i /kC1;˛.C\A1=2;1/ D kuikC1;˛.C\A�i =2;�i / � ıi ! 0;

it follows that, in fact, C0 D C. If C is not stationary, then we contradict C D C0 and the proof
is complete. Thus it suffices to the consider the case where C is stationary for the remainder of
the proof.
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Now the stationary flow .�1t D �C/t�0 given by C has Gaussian density

‚�1.x; t/ D 1 for all .x; t/ 2 A1=6;4 � Œ�6; 0�

since C has smooth link. The upper semi-continuity of Gaussian density then implies that, for
any � > 0,

‚�i .x; t/ < 1C � for all .x; t/ 2 A1=6;4 � Œ�6; 0�;

for all i � 1 sufficiently large.
By White’s local regularity theorem [33] (and its generalization to integral Brakke flows

in [27]), it follows that, for i � 1, V it is a smooth mean curvature flow inA1=6;4 � Œ�6; 0� with
second fundamental form bounded by a dimensional constant

C D C.N/ <1 in A1=5;3 � Œ�5; 0�:

Interior regularity for mean curvature flow then implies that the convergence

V it ����!
i!1

C

is smooth on A1=4;2 � Œ�4; 0�. It follows that, for all i � 1,

V it \ A1=4;2 D G1=4;2. zwi . � ; t // .for all t 2 Œ�4; 0�/

for some zwi WC \ A1=4;2 � Œ�4; 0�! T?C extending �iui . � =�i / with

k zwikC3;˛.C\A1=4;2�Œ�4;0�/ ����!i!1
0:

Since
k zwi . � ; 0/kC1;˛.C\A1=2;1/ D k�i zui . � =�i /kC1;˛.C\A1=2;1/ � ıi ! 0;

and derivatives of zwi converge to 0 on A1=4;2 � Œ�4; 0�, we have that, in fact,

k zwikC1;˛.C\A1=4;2�Œ�4;0�/ � �

for all i � 1. Undoing dilations gives that, for i � 1,

Vt \ A�i=4;2�i D G�i=4;2�i .zui . � ; t // .for all t 2 Œ�4�2i ; 0�/

for zui .x; t/ D 1
�i
zwi .x�i ; t�

2
i /WC \ A�i=4;2�i ! T?C extending ui and

kzuikC1;˛.C\A�i =4;2�i�Œ�4�
2
i
;0�/ � �;

which contradicts the choice of the ri ; ıi ; �i .

Lemma 3.8. Let .�t /t2.a;b/ be an integral n-Brakke flow in U � RN with locally
uniformly bounded areas and generalized mean curvature H 2 L1L1loc.U � .a; b//, and let
.Vt /t2.a;b� be the associated family of varifolds as in Lemma 2.7. Let .x0; t0/ 2 U � .a; b� and
let C be a regular cone. There exist ˇ;C; r0 > 0 such that, for all 0 < � < r0 the following
holds: if

.Vt0 � x0/ \ A�=2;� D G�=2;�.u/
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for some uWC \ A�=2;� ! T?C with kukC1;˛.C\A�=2;�/ � ˇ, then for any 0 < � < �,

jrVt0
HVt0 j �

CkHkL1L1.A�=2;�.x0/�.t0��2;t0//

�

�

CkHkL1L1.Br0 .x0/�.t0�r
2
0 ;t0//

�
<1

and

jr
2
Vt0
HVt0 j �

CkHkL1L1.A�=2;�.x0/�.t0��2;t0//

�2

�

CkHkL1L1.Br0 .x0/�.t0�r
2
0 ;t0//

�2
<1

on Vt0 \ A�=2C�;��� .x0/.

Proof. Throughout, we assume 0 < r0 � 1 is small enough so that B2r0.x0/ b U and
.t0 � 4r

2
0 ; t0/ � .a; b/. By translation, assume without loss of generality that .x0; t0/ D .0; 0/.

Assume 0 < � < r0 and
V0 \ A�=2;� D G�=2;�.u/

for some uWC \ A�=2;� ! T?C with kukC1;˛.C\A�=2;�/ � ˇ.
By Lemma 3.7, for any � > 0, we can assume ˇ; r0 � 1 are sufficiently small (depending

on �) so that
Vt \ A�=4;2� D G�=4;2�.zu. � ; t // for all t 2 Œ�4�2; 0�;

for some extension zuWC \ A�=4;2� � Œ�4�2; 0�! T?C of u with

kzukC1;˛.C\A�=4;2��Œ�4�2;0�/ � �:

Consider the parabolically rescaled flow Wt + .�1=�/]Vt�2 and note

Wt \ A1=4;2 D G1=4;2. zw. � ; t // for all t 2 Œ�4; 0�;

where

zw.x; t/ +
1

�
zu.x�; t�2/; k zwkC1;˛.A1=4;2�Œ�4;0�/ D kzukC1;˛.A�=4;2��Œ�4�2;0�/ � �:

If � D �.N;C/ is sufficiently small (depending only on N and C), interior estimates (see e.g.
[27, 28]) imply that Wt is a smooth mean curvature flow on A1=3;3=2 � Œ�3; 0� with derivative
bounds on the second fundamental form A D AWt of the form

(3.1) sup
.x;t/2A1=3;3=2�Œ�3;0�

jr
k
Wt
AWt j � Ck D Ck.N;C/ .for all k 2 N/:

In this region A1=3;3=2 � Œ�3; 0� where Wt is a smooth mean curvature flow, the mean
curvature H D HWt satisfies an evolution equation of the form

(3.2) 𝜕tH D �H CrA �H C A � rH C A � A �H

(see [24, Corollary 3.8]). The bounds (3.1) imply (3.2) is a linear parabolic PDE system for
HWt in the domain A1=3;3=2 � Œ�3; 0� with uniform C k-bounds on the coefficients that depend
only on N , C, and k. Interior estimates for parabolic systems (see e.g. [15]) therefore imply
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that, for some C D C.N;C/,

(3.3) sup
A1=2C�;1��

jr
2
W0
HW0 j �

C

�2
sup

A1=2;1�Œ�1;0�

jHWt j .for all 0 < � < 1/:

In terms of Vt , (3.3) becomes

sup
A�=2C�;���

jr
2
V0
HV0 j D

1

�3
sup

A1=2C�=�;1��=�

jr
2
W0
HW0 j

�
C

.�=�/2�3
sup

A1=2;1�Œ�1;0�

jHWt j (3.3)

D
C

�2�
sup

A1=2;1�Œ�1;0�

jHWt j

D
C

�2
sup

A�=2;��Œ��2;0�

jHVt j

�
C

�2
kHkL1L1.A�=2;��.��2;0// .Lemma 2.7/

for all 0 < � < �. Note that, in the last line, H denotes the mean curvature of the Brakke flow
.�t /t2.a;b/. An analogous argument applies to estimate jrV0HV0 j.

The conclusion of Lemma 3.8 is effectively the same statement as [22, (7.23)]. We can
now prove Theorem 3.2 by adapting the argument [22, §7] used for tangent cones of stationary
varifolds.

Proof of Theorem 3.2. Throughout, we use .Vt /t2.a;b� to denote the associated fam-
ily of varifolds given by Lemma 2.7. By translation, assume without loss of generality that
.x0; t0/ D .0; 0/. By Corollary 2.14, it suffices to show C is the unique tangent cone of V0 at 0.

By Theorem 2.13, there exists some sequence �k %C1 such that

Vk + .��k /]V0 * C:

and �Vk .0/ D �C.B1/=!n for all k. Note that the mean curvature HVk of Vk is bounded by

kHVkkL1.B2/ D
1

�k
kHV0kL1.B2=�k /

�
1

�k
kHVtkL1L1.Bı�.�ı;0�/ ����!

k!1
0

so long as Bı � .�ı; 0/ � U � .a; b/ and k is large enough to ensure 2=�k < ı. Since C is
smooth away from 0, Allard’s regularity theorem [1] (see also [23, Chapter 5]) implies that
Vk \ A1=2;1 is smooth for all k � 1 sufficiently large, and the convergence

Vk \ A1=2;1 ����!
k!1

C

is smooth. In particular, for k � 1, Vk \ A1=2;1 D G1=2;1.uk/ for some uk WA1=2;1 ! T?C
with

kukkC1;˛.A1=2;1/ ����!
k!1

0:

Lemma 3.8 implies Vk satisfies the property [22, (7.23)] and therefore [22, §7, Theorem 5]
applies. Specifically, [22, §7, Theorem 5] gives that, for k � 1, Vk \ B1 n ¹0º D G0;1.zuk/ for
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some extension zuk 2 C 2.C \ B1 n ¹0º/ of uk that satisfies

lim
�&0

zuk.�!/

�
D �k.!/ .! 2 L.C//;

where �k 2 C 2.L.C// and where the convergence is in the C 2.L.C//-norm. Since the Vk are
all dilations of V0, it follows that

zuk.x/ D
�k

�l
zul

� �l
�k
x
�

for all k; l � 1;

and thus �k � 0 for all k � 1. Undoing the dilations reveals that, for a fixed k suitably large,

(3.4) V0 \ B1=�k n ¹0º D G0;1=�k
� 1
�k
zuk.�kx/

�
and

1
�k
zuk.�k�!/

�

C2.L.C//
������!
�&0

0:

The uniqueness of the tangent cone now follows.

As a corollary, we note that Theorem 3.2 implies the flow may be written as a graph over
the cone in certain space-time regions near the singularity.

Corollary 3.9. Let .�t /t2.a;b/ be an integral n-Brakke flow in U � RN with locally
uniformly bounded areas and generalized mean curvature H 2 L1L1loc.U � .a; b//, and let
.Vt /t2.a;b� be the associated integral n-Brakke flow from Lemma 2.7. Assume .�t / has a back-
ward tangent flow �C at .x0; t0/ 2 U � .a; b� given by a regular cone Cn. For any �; C > 0,
there exists r > 0 such that

.Vt � x0/ \ A
p
t0�t

C
;r D G

p
t0�t

C
;r.u. � ; t // for all t 2 Œt0 � r2; t0�;

for some function

uW� + ¹.x; t/ 2 C � Œt0 � r2; t0� W x 2 A
p
t0�t

C
;rº ! T?C with kukC1;˛.�/ � �:

Proof. For any ı > 0, the proof of Theorem 3.2, namely (3.4), implies there exists r > 0
such that .Vt0 � x0/ \ Br n ¹0º can be written as a graph over C with C 1;˛-norm bounded
by ı. Let �; C > 0 be given. If ı D ı.�; C /� 1 is sufficiently small and r is possibly made
smaller, then it follows from Lemma 3.7 that, for any 0 < � < r , Vt � x0 is a graph over C
on the region A�=2;� � Œt0 � C 2�2; t0� with C 1;˛-norm bounded by � > 0. The statement now
follows by taking a union over � 2 .0; r/.

4. Pinching Hardt–Simon minimal surfaces

Throughout this section, we restrict to the case where .M n
t /t2Œ�T;0/ is a smooth mean

curvature flow of properly embedded hypersurfaces in an open subset U � RnC1. We denote
by M D

S
t2Œ�T;0/Mt � ¹tº � RnC1 �R its space-time track. Fix a regular cone Cn0 � RnC1

and let C D ¹A � C0 W A 2 O.nC 1/º denote all rotations of the cone. We generally use C to
denote a rotation of the cone C0, that is, C 2 C .

The goal of this section is to prove Theorem 1.3, which says that if M has boundedH and
develops a singularity with backward tangent flow given by an area-minimizing quadratic cone,
then there is a type II blow-up limit given by a Hardt–Simon minimal surface (see Section 4.2
for the relevant definitions).
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Remark 4.1. The example of the static flow of an area-minimizing quadratic cone
shows Theorem 1.3 is false when M D .M n

t /t2.a;b/ is replaced with an integral n-Brakke
flow .�t /t2.a;b/.

We restrict to the case of smooth mean curvature flows here because the arguments in this
section and the proof of Theorem 1.3 make reference to the second fundamental form and rely
on a pseudolocality theorem for mean curvature flows (see Lemma 4.4 and Lemma 4.5 below
in particular). The pseudolocality theorem fails for general integral n-Brakke flows because
Brakke flows may suddenly vanish.

4.1. Flows near a regular cone. We begin with general results for mean curvature
flows locally close to a regular cone C 2 C . The approach here was inspired by [17, Section 8].

Definition 4.2. We say M is �-close to C 2 C if M is a C 1;˛-graph on

C \ A�;��1 � Œ��
�2;��2�

with C 1;˛-norm at most �. In other words,

Mt \ A�;��1 D G�;��1.u. � ; t // for all t 2 Œ���2;��2�;

for some uWC \ A�;��1 � Œ���2;��2�! T?C with

kukC1;˛.C\A
�;��1

�Œ���2;��2�/ � �:

We say M is �-close to C 2 C at X D .x; t/ if M �X is �-close to C.

Throughout the remainder of this section, � is always assumed to be less than some
small constant �0 D �0.n;C0/ that depends only on the regular cone C0 and implicitly its
dimension n.

Definition 4.3. Suppose M is �-close to C 2 C at X for some � � �0. Define

1 2 Œ��.X/; �
�.X/� � Œ0;1�

to be the largest interval such that, for all � 2 Œ��.X/; ��.X/�, D��1.M �X/ is �-close to
some C0 D C0

�
2 C at .0; 0/.

Occasionally, we may write ��.X IM; �/ or ��.X IM; �/ to emphasize the dependence
on M and �. Observe that ��.X/ and ��.X/ are continuous in the basepoint X .

We note the following consequence of pseudolocality for mean curvature flow in our
setting.

Lemma 4.4. Define constants

0 < cC0 +
1

2
sup

x2L.C0/
jAC0 j.x/ < CC0 + 2 sup

x2L.C0/
jAC0 j.x/ <1:

There exists C D C.n;C0/� 1 and �0 D �0.n;C0/� 1 such that if M is �-close to C 2 C

at X D .x; t/ for some � � �0, then

(4.1)
cC0
�
� sup
jy�xjD�

jAMt
j.y/�

CC0
�

for all .�CC/��.X/� �� .��1 �C/��.X/:
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Proof. Let � 2 Œ��.X/; ��.X/� and consider M0 + D��1.M �X/. By definition, M0

can be written as aC 1;˛-graph over some C0 2 C onA�;��1 � Œ��
�2;��2�, and theC 1;˛-norm

is bounded by � � �0.
Let ı D ı.n;C0/� 1 denote some small constant to be determined, which depends only

on n and C0. If �0 � 1 is sufficiently small (depending also on ı) and C � 1 is sufficiently
large (depending also on ı), then pseudolocality for mean curvature flow [13, Theorem 1.5]
implies that M0 can be written as a Lipschitz graph over C0 on A�CC;��1�C � Œ���2; 0�.
Namely, if M 0t denotes the time t time-slice of M0, then

M 0t \ A�CC;��1�C D G�CC;��1�C .u. � ; t // for all t 2 Œ���2; 0�;

for some uWC0 \ A�CC;��1�C � Œ���2; 0�! T?C0 with

ku. � ; t /kC0;1.C0\A�CC;��1�C /

� C 0
�

sup
x2C0\A�CC;��1�C

ju.x; t/j

jxj
C sup
x¤y2C0\A�CC;��1�C

ju.x; t/ � u.y; t/j

jx � yj

�
� C 0ı

for all t 2 Œ���2; 0� .where C 0 is a universal constant/:

Interior estimates for mean curvature flow [7] then imply u satisfies C 2-estimates on

C0 \ A�CCC1;��1�C�1 � Œ���2 C 1; 0�

of the form
kukC2.C0\A�CCC1;��1�C�1�Œ���2C1;0�/ � C

00ı

for some constant C 00 D C 00.n;C0/.
If ı � 1 is sufficiently small depending on n and C0, then this C 2-closeness of M 00 to

the cone C0 implies curvature estimates of the form

cC

�
� sup
jyjD�

jAM 00
j.y/ �

CC

�
for all � C C C 1 � � � ��1 � C � 1:

Estimate (4.1) now follows from undoing the dilation D��1 and translation and letting � vary
in Œ��.X/; ��.X/�. Note that, since ı D ı.n;C0/, the dependence of �0 and C on ı can instead
be regarded as a dependence on n and C0.

Lemma 4.5. There exists �0 D �0.n;C0/ such that the following holds for all � � �0:
if .M n

t /t2Œ�T;0/ is smooth in U � RN and its space-time track M is �-close to C 2 C at
X D .x; t/ 2 U � .�1; 0/, then ��.X/ > 0.

Proof. If not, (4.1) implies

jAMt
j.x/ D lim

�&0
sup

jy�xjD�

jAMt
j.y/ D C1;

which contradicts the smoothness of the flow at .x; t/.

Remark 4.6. Note that Lemma 4.5 crucially relies on smoothness of the flow and fails
when the smooth mean curvature flow .M n

t / is replaced with an integral n-Brakke flow. Indeed,
the static flow of a regular, minimal cone C has ��.0;�1/ D 0.
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Next, we show that ��.x; t/ satisfies a strict inequality in an annulus.

Lemma 4.7. If �0 D �0.n;C0/� 1 is sufficiently small (depending on n;C0), then
there exists a constant C D C.n;C0/ such that the following holds: if .M n

t /t2Œ�T;0/ is smooth
in U � RN and its space-time track M is �-close to C 2 C at X D .x; t/ 2 U � .�1; 0/ for
some � � �0, then

��.y; t/ > ��.x; t/ for all y 2 A��.x;t/Œ�CC�;��.x;t/Œ��1�C�.x/:

Proof. Fix C D C.n;C0/ � 1 as in Lemma 4.4. Assume �0 D �0.n;C0/� 1 is small
enough so that Lemma 4.4 holds. Let � � �0. To simplify notation, denote

r0 + .� C C/��.x; t/; R0 + .��1 � C/��.x; t/;

r1 + .� C 100C /��.x; t/; R1 + .��1 � 100C /��.x; t/:

Let y 2 Ar1;R1.x/. Suppose for the sake of contradiction that ��.y; t/ � ��.x; t/. Then

.� C C/��.y; t/ � r0 � .�
�1
� C/��.y; t/

if �0.n;C0/� 1. Lemma 4.4 therefore gives curvature estimates of the form

(4.2)
cC0
r0
� sup
jy0�yjDr0

jAMt
j.y0/:

Observe also that the sphere 𝜕B.y; r0/ is contained in the annulus Ar0;R0.x/ based at x.
Indeed, jy0 � yj D r0 implies

jy0 � xj � jy � xj � jy0 � yj > r1 � r0 � .1C 98C /��.x; t/ > .� C C/��.x; t/ D r0;

and an analogous argument applies to show jy0 � yj D r0 implies jy0 � xj < R0. Therefore,
Lemma 4.4 based at x also applies and gives

sup
jy0�yjDr0

jAMt
j.y0/ � sup

jy0�yjDr0

CC0
jy0 � xj

� sup
jy0�yjDr0

CC0
jy � xj � jy0 � yj

<
CC0
r1 � r0

<
CC0
4r0
D
cC0
r0
;

which contradicts estimate (4.2). This completes the proof after relabelling 100C to C .

4.2. Finding Hardt–Simon minimal surfaces. Assume additionally throughout this
subsection that M has H 2 L1L1loc.U � Œ�T; 0// and that 0 2 U . Take a sequence �i & 0

and suppose Mi + D��1
i

M * MC0 , where MC0 D C0 � .�1; 0/ is the flow of the station-
ary cone C0.

Since Mi * MC0 , Mi is �-close to C0 at .0;�1/ for i � 1 and

lim
i!1

��.0;�1IMi / D 0:

Denote the constant C D C.n;C0/ from Lemma 4.7 as C , and obtain xi 2 B2C .0/ such that

��.xi ;�1IMi / D min
x2B2C .0/

��.x;�1IMi /:
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Denote Xi D .xi ;�1/ and observe

lim
i!1

��.Xi IMi / D lim
i!1

��.0;�1IMi / D 0:

Moreover, Lemma 4.7 implies that the minimizer xi must lie in B��.0;�1IMi /Œ�CC�.0/, which
implies limi!1 xi D 0.

Define
M0i + D 1

��.Xi IMi /
.Mi �Xi /:

By construction, for all i , M0i is �-close to some C0i 2 C at .0; 0/.

Remark 4.8. In what follows, we deviate from the notation of Section 2.2 and write
Huisken’s monotonic quantity as

‚..x; t/;M; r/ D

Z
ˆx;t . � ; t � r

2/ d�t�r2 ;

‚..x; t/;M/ D lim
r&0

Z
ˆx;t . � ; t � r

2/ d�t�r2 ;

where M D .�t /t2.a;b/ is a Brakke flow in RnC1 and r > 0.

Lemma 4.9. Along some subsequence i !1, M0i *
yM + .y�t /t2R, where yM is an

eternal integral n-Brakke flow in RnC1 such that

(1) (entropy bound) for all r > 0 and .x; t/ 2 RnC1 �R,

‚..x; t/; yM; r/ � ‚..0; 0/;MC0/;

(2) for all t 2 R, y�t D � yVt for some stationary integral n-varifold yVt ,

(3) kHkL1L1.RnC1�R/ D 0, and

(4) for all � 2 Œ1;1/, D��1
yM is �-close to some yC� 2 C .

Proof. For any r > 0 and .x; t/ 2 RnC1 �R,

lim sup
i!1

‚..x; t/;M0i ; r/ D lim sup
i!1

‚..x; t/;D��.Xi /�1
.Mi �Xi /; r/

D lim sup
i!1

‚.Xi C .x��.Xi /; t��.Xi /
2/;Mi ; r��.Xi //

� ‚..0;�1/;MC0 ; 0/

(4.3)

by the limiting behavior ofXi ;Mi ; ��.Xi / and the upper semi-continuity of‚ [32]. Huisken’s
monotonicity formula therefore implies that the M0i satisfy local uniform area bounds. Com-
pactness of Brakke flows with local uniform area bounds then allows us to extract a subse-
quential limit yM of the M0i . Observe that, since limi!1 ��.Xi / D 0, the limiting integral
n-Brakke flow yM is defined for all t 2 R. Additionally, (4.3) shows that, for any r > 0 and
.x; t/ 2 RnC1 �R,

‚..x; t/; yM; r/ D lim
i!1

‚..x; t/;M0i ; r/ � ‚..0;�1/;MC0 ; 0/ D ‚..0; 0/;MC0 ; 0/:
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The fact that M has mean curvature H 2 L1L1loc.U � Œ�T; 0// implies that the mean
curvature Hi of the rescalings M0i has

lim
i!1
kHikL1L1.K�Œa;b�/ D 0 for any K � Œa; b� b RnC1 �R:

Thus the limiting Brakke flow yM has kHkL1L1.RnC1�R/ D 0.
Let t0 2 R and consider the t0-time-slice M0i .t0/ of M0i . Lemma A.1 applies to give that

some subsequence M0i .t0/ converges in the weak varifold sense to a stationary integral n-vari-
fold yVt0 . In particular, the underlying measures converge �M0

i
.t0/ * � yVt0 . On the other hand,

the Brakke flow convergence M0i *
yM implies �M0

i
.t0/ * y�t0 and so y�t0 D � yVt0 .

Let � 2 Œ1;1/. Observe that limi!1 ��.Xi IMi /D 0 and ��.X�IMi /� 1 for all i� 1.
Thus ���.Xi IMi / 2 Œ��.Xi IMi /; �

�.Xi IMi /� for all i � 1. It follows that

D��1M
0
i D D 1

���.Xi IMi /
.Mi �Xi /

is �-close to some C0
�;i
2 C for all i � 1. After passing to a subsequence and using that

D��1M
0
i * D��1

yM, it follows that there exists a limiting cone yC� 2 C such that D��1
yM

is �-close to yC�. Since � 2 Œ1;1/ was arbitrary, this completes the proof.

Definition 4.10. For p; q 2 N with p C q D n � 1, define the n-dimensional quadratic
minimal cone or generalized Simons cone Cp;q to be the hypersurface

Cp;q + ¹.x; y/ 2 RpC1 �RqC1 W qjxj2 D pjyj2º � RnC1:

Remark 4.11. Cp;q is minimal for any p; q. Moreover, C3;3, C2;4 (equivalently C4;2),
and Cp;q for any p C q > 6 are all area minimizing. In fact, these are the only quadratic
minimal cones which are area minimizing (see e.g. [21] and references therein).

Definition 4.12 (Hardt–Simon foliation). Let Cp;q be a quadratic minimal cone which
is area minimizing. Denote the two connected components of RnC1 n Cp;q by E˙. In [9], it
is shown that there exist smooth, minimal surfaces S˙ � E˙ which are both asymptotic to
Cp;q at infinity and whose dilations �S˙ (� > 0) foliate E˙, respectively. By dilating, we can
assume without loss of generality that both S˙ are normalized to have dist.S˙; 0/ D 1.

For any � 2 R, define

(4.4) S� +

8̂<̂
:
�SC if � > 0;

Cp;q if � D 0;

��S� if � < 0:

We refer to this family of minimal hypersurfaces as the Hardt–Simon foliation.

Theorem 4.13. Let

C0 D Cp;q � RnC1 .p C q D n � 1/

be a generalized Simons cone, and let C D ¹A � C0 W A 2 O.nC 1/º denote all rotations of the
cone. Let 0 < �0 D �0.n;C0/� 1 be sufficiently small so that Lemmas 4.4–4.7 hold, and let
0 < � � �0. If C0 D Cp;q is area minimizing, then there exist �0 ¤ 0, A0 2 O.nC 1/, and
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a0 2 RnC1 such that the eternal Brakke flow yM obtained in Lemma 4.9 is the static flow of
the smooth Hardt–Simon minimal surface M D A0 � S�0 C a0 for all t 2 R. Additionally, the
scale �0 ¤ 0 and center a0 2 RnC1 are such that, for all 0 < �0 < � and all C 2 C , yM is not
�0-close to C.

Proof. It follows from the entropy bound Lemma 4.9 (1), compactness of Brakke flows
with uniform local area bounds, and Huisken’s monotonicity formula that there exists a limiting
shrinker D��1

i

yM * yM�1 along some sequence �i !1. Since yM has H � 0 (see Lem-
ma 4.9 (3)), the same argument as in the proof of Lemma 2.10 shows that, for t < 0, yM�1
must be the flow of a stationary cone yC (which is dilation invariant with respect to 0 2 RnC1).
Because D��1

i

yM is �-close to some yC�i 2 C for all i (Lemma 4.9 (4)), we can pass to a further
subsequence (still denoted by i ) so that the yC�i converge to yC�1 2 C and yM�1 DMyC is
�-close to yC�1 2 C . By the dilation invariance of the cone yC, it follows that yC can be written
globally as a C 1;˛-graph over yC�1 with C 1;˛-norm less than or equal to �.

Consider the Hardt–Simon foliation (4.4) rotated so that S0 D yC�1. If � � 1 is suffi-
ciently small depending on n;C0, then [8, Theorem 3.1] implies that there exist a 2 RnC1,
q 2 SO.nC 1/, �0 2 R such that yC is a C 1;ˇ -graph over aC q.S�0/ and the graphing function
u satisfies an improved decay estimate

sup
x2Br .a/\.aCq.S�0 //

ju.x/j . r1Cˇ for all r � 1=2:

Since yC is dilation invariant (with respect to 0), this estimate is only possible if a D 0; �0 D 0,
and u � 0. In other words, yC D q.S0/ D q.yC�1/ 2 C . Thus, for t < 0, we have yM�1 DMyC
and yC 2 C .

Because D��1
i

yM * yM�1 converges as Brakke flows, we can find t0 < 0 and pass
to a further subsequence so that the time slices yVi + ��1i

yVt0�2i *
yC converge as integral

n-varifolds. For i � 1, [8, Theorem 3.1] applies and gives that, for all i � 1, there exist
ai 2RnC1, qi 2 SO.nC 1/, �0i 2R such that spt yVi \B1=2 is a C 1;ˇ -graph over ai C qi .S�0

i
/.

Moreover, after renormalizing the Hardt–Simon foliation (4.4) so that S0 D yC,

lim
i!1

.jai j C jqi � Idj C j�0i j/ D 0:

Claim 4.14. �0i ¤ 0 for all i � 1.

Proof of claim. Consider some index i with �0i D 0. Then the monotonicity formula
(A.3) for stationary varifolds implies that

� yVi�ai .0/ D lim
r&0

� yVi�ai .Br/

!nrn
� �qi .S0/.0/ D �C0.0/ D ‚.MC0 ; .0; 0//:

Theorem 2.13 then gives that

�C0.0/ � � yVi�ai .0/ D � yVi .ai /

� ‚
D��1

i
yM
.ai ; t0/ .Theorem 2.13/

� ‚
D��1

i
yM
..ai ; t0/; r/ .Huisken’s monotonicity formula (2.4); r > 0/

D ‚ yM..�iai ; �
2
i t0/; �ir/

� �C0.0/ .Lemma 4.9 (1)/:
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Thus we have equality throughout and

‚ yM..�iai ; �
2
i t0/; r/ D �C0.0/ for all r > 0:

It follows from Huisken’s monotonicity formula (2.4) that yM � .�iai ; �2i t0/ is a shrinker (for
t < 0) and must therefore be equal to the limiting shrinker yM�1, that is,

(4.5) yM � .�iai ; �
2
i t0/ D

yM�1 DMyC for t < 0:

Write yM D .y�t /t2R, and note that y�t D �yCC�iai for all t < �2i t0 by (4.5). Moreover,
Brakke’s inequality and the fact that yM has H � 0 (Lemma 4.9 (3)) imply y�t1 � y�t2 for all
t1 � t2. In particular, spt y�t2 � spt y�t1 for t1 � t2.

Let t 2 Œ�2i t0;��
2� and recall y�t is represented by a stationary integral n-varifold yVt with

H D H yVt D 0 (Lemma 4.9 (2)). Then

spt yVt D spt y�t � spt y��2
i
t0 D

yCC �iai :

On the other hand, Solomon–White’s strong maximum principle [25] applied to the smooth
manifold .yCC �iai / n ¹�iaiº � RnC1 n ¹�iaiº implies that either

.yCC �iai / n ¹�iaiº � spt yVt or .yCC �iai / \ spt yVt n ¹�iaiº D ;:

In particular, either yCC �iai D spt yVt or spt yVt � ¹�iaiº since spt yVt � yCC �iai and spt yVt
is a closed set. However, the second case is impossible since yM is �-close to some yC�D1 2 C

by Lemma 4.9 (4). Thus

spt yVt D yCC �iai for all t 2 Œ�2i t0;��
2�:

By the entropy bounds (Lemma 4.9 (1)) and the constancy theorem [23, Chapter 8, §4], it
follows that, in fact, yVt D yCC �iai for all t 2 Œ�2i t0;��

2�. Thus, in combination with (4.5),
we have shown

(4.6) yM � .�iai ; 0/ DMyC for t 2 Œ�2i t0;��
2�;

for any index i such that �0i D 0.
Suppose for the sake of contradiction that there exist arbitrarily large indices i with

�0i D 0. Then there exists i0 such that �0i0 D 0 and �2i0 t0 � ��
�2 � 1. Hence equality (4.6)

holds for t 2 Œ���2 � 1;��2� and

D��.Xj IMj /�1
.Mj �Xj � .��.Xj /�i0ai0 ; 0//

DM0j � .�i0ai0 ; 0/

* yM � .�i0ai0 ; 0/ .as j !1/

DMyC .for t 2 Œ���2 � 1;��2�/:

In particular, White’s local regularity theorem [33] implies M0j � .�i0ai0 ; 0/ converges to MyC
in C1loc .R

nC1 n ¹0º � Œ���2 � 1;��2�/ as j !1. Using smoothness of the flows M0j , it then
follows that, for some large enough j , D��1.M

0
j � .�i0ai0 ; 0// is �-close to yC at .0; 0/ for

all � in a neighborhood of 1. Equivalently, D��1.Mj �Xj � .��.Xj /�i0ai0 ; 0// is �-close to
yC 2 C at .0; 0/ for all � in a neighborhood of ��.Xj /. This however contradicts the definitions
of Xj and ��, and this contradiction completes the proof of the claim.
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With Claim 4.14 in hand, yVi \ B1=2 is a C 1;ˇ -graph over a smooth minimal surface
ai C qi .S�0

i
/ (�0i ¤ 0) for all i � 1. Interior regularity for stationary varifolds then implies

that yVi \ B1=4 is smooth for all i � 1, and thus so is spt y�t0�2i \ B�i=4.
Let t � ��2 and R > �2. Let i � 1 be sufficiently large such that spt y�t0�2i \ B�i=4 is

smooth, t0�2i < t , and �i=4 > R. Since y�t � y�t0�2i , it follows that

spt yVt \ BR D spt y�t \ BR � spt y�t0�2i \ BR:

Because spt y�t0�2i \ BR is smooth, the strong maximum principle [25] applies and implies that
either

spt yVt \ BR D spt y�t0�2i \ BR or spt yVt \ BR D ;:

However, the second case is impossible, since it would imply (together with y���2 � y�t ) that
spt y���2 \ BR D ;, which contradicts that yM is �-close to some yC�D1 2 C (Lemma 4.9 (4)).
Hence spt yVt \ BR D spt y�t0�2i \ BR. By letting i; R, and t vary, it follows that there exists
a smooth manifold M such that M D spt y�t D spt yVt for all t � ��2.

Additionally, M is minimal (HM � 0) and

��1i M * yC 2 C .as varifolds/

since D��1
i

yM * MyC as Brakke flows. The proof of [8, Corollary 3.7] holds in this setting and
implies thatM is necessarily a smooth Hardt–Simon minimal surface, that is,M D q.S�/C a
for some q 2 SO.nC 1/, � ¤ 0, and a 2 RnC1. It then follows from the constancy theorem
[23, Chapter 8, §4] and the entropy bounds for yM (Lemma 4.9 (1)) that yVt DM D q.S�/C a
for all t � ��2. In summary, yM is the stationary flow of a smooth Hardt–Simon minimal
surface M D q.S�/C a for all t � ��2.

Using the strong maximum principle [25] and the fact that y�t1 � y�t2 for t1 � t2, it can
be shown that there exists T 2 Œ��2;C1� such that the flow yM D .� yVt /t2R has

yVt D

´
M for t < T;

; for t > T:

Since yM is a limit of smooth flows M0i , yM is unit-regular [20, Theorem 4.2] and therefore
T D C1. Thus yM D .�M /t2R is the stationary flow of the smooth Hardt–Simon minimal
surface M D q.S�/C a. In particular, White’s local regularity theorem [33] implies M0i con-
verges to yM in C1loc .R

nC1 �R/ as i !1.
Finally, suppose for the sake of contradiction that there exist 0 < �0 < � and C 2 C

such that yM is �0-close to C. Since M0i converges to yM in C1loc .R
nC1 �R/, one can take

�00 2 .�0; �/ and deduce that M0i is �00-close to C for i � 1 sufficiently large. Since M0i is
smooth and �00 < �, D��1M

0
i D D��1��.Xi IMi /�1

.Mi �Xi / must then be �-close to C for
all � in a neighborhood of 1. This, however, contradicts the definition of ��.Xi IMi /.

Theorem 4.13 and the results of this section complete the proof of Theorem 1.3.

A. Varifolds with generalized mean curvature H 2 L
p

loc

In this appendix, we collect some standard results for varifolds with generalized mean
curvature H 2 Lploc that are cited throughout the article. For example, the compactness state-
ment (Lemma A.1) and monotonicity formula (Proposition A.3) are given here.
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Lemma A.1 (Compactness). Let 2 � n < N , let U � RN be open, and p 2 .1;1�.
The collection of integer rectifiable n-varifolds in U with locally uniformly bounded area and
locally uniformly bounded generalized mean curvature H 2 Lploc.U / is weakly compact. In
other words, if Vi is a sequence of integral n-varifolds in U such that

(1) the Vi have locally uniformly bounded area, i.e. supi �Vi .K/ <1 (for allK b U ), and

(2) the Vi have generalized mean curvatureHi 2 L
p
loc.U / with uniform L

p
loc.U / bounds, i.e.

supikHikLp.K;d�Vi / <1 (for all K b U ),

then there exists a subsequence Vij and an integral n-varifold V1 in U such that Vij * V1
weakly as varifolds. Moreover, V1 has �V1.K/ � lim supi �Vi .K/ (for all K b U ) and
generalized mean curvature H1 2 L

p
loc.U / with

kH1kLp.K;d�V1 / � lim sup
i

kHikLp.K;d�Vi /
(for all K b U ):

Proof. Allard’s compactness theorem [1] gives compactness under the weaker assump-
tion where (2) is replaced by the bound

sup
i

jıVi .X/j � CKkXkC0.K/ for all X 2 C 1c .K;R
N /; K b U:

Therefore, there exists a subsequential limit Vij * V1 such that V1 is an integral n-varifold
with locally finite area and the weaker property that

jıV1.X/j � CKkXkC0 for all X 2 C 1c .K;R
N /; K b U:

However, convergence as varifolds Vij * V1 implies that, for any K � U compact and
X 2 C 1c .K;R

N /,

jıV1.X/j

D lim
j!1

jıVij .X/j D lim
j!1

ˇ̌̌̌Z
Hij �X d�Vij

ˇ̌̌̌

�

8̂̂<̂
:̂
�
lim sup
i!1

kHikLploc.K;d�Vi /

��Z
jX j

p
p�1 d�V1

�p�1
p

if p 2 .1;1/;

�
lim sup
i!1

kHikL1loc .K;d�Vi /

� Z
jX j d�V1 if p D1:

(A.1)

The Radon–Nikodym theorem then implies that ıV1 D �H1 2 L
p
loc.U; d�V1/. Then (A.1)

also implies kH1kLp.K;d�V1 / � lim supikHikLp.K;d�Vi /.

Lemma A.2. Let 2 � n < N , let U � RN be open, and p 2 .1;1�. Let .Vi /i2N[¹1º

be a collection of integer rectifiable n-varifolds with generalized mean curvatureHi 2L
p
loc.U /.

Assume
sup
i

�Vi .K/C sup
i

kHikLp.K;d�Vi /
<1 (for all K b U ):

If

(A.2)
Z
fd�Vi

i!1
����!

Z
fd�V1 for all f 2 C1c .R

N / with f � 0;

then Vi * V1 as varifolds as i !1.
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Proof. We first show d�Vi * d�V1 . Let f 2 C 0c .U /. There exist ı > 0 and a compact
set K � U such that

supp f � Bı.supp f / � K � U;

where Bı.supp f / denotes the radius ı neighborhood of suppf . Denote

CK + sup
i

�Vi .K/ <1:

Let � > 0. Split f D fC � f� into positive and negative parts. Convolving fC; f� with
a suitable mollifiers, we can find zfC; zf� 2 C1c .U / such that

zf˙ � 0; supp zf˙ � K; and k zf˙ � f˙kC0 <
1

6CK
�:

Thenˇ̌̌̌Z
f d�Vi �

Z
f d�V1

ˇ̌̌̌
�

ˇ̌̌̌Z
fC d�Vi �

Z
fC d�V1

ˇ̌̌̌
C

ˇ̌̌̌Z
f� d�Vi �

Z
f� d�V1

ˇ̌̌̌
�

ˇ̌̌̌Z
fC � zfC d�Vi

ˇ̌̌̌
C

ˇ̌̌̌Z
zfC d�Vi �

Z
zfC d�V1

ˇ̌̌̌
C

ˇ̌̌̌Z
fC � zfC d�V1

ˇ̌̌̌
C

ˇ̌̌̌Z
f� � zf� d�Vi

ˇ̌̌̌
C

ˇ̌̌̌Z
zf� d�Vi �

Z
zf� d�V1

ˇ̌̌̌
C

ˇ̌̌̌Z
f� � zf� d�V1

ˇ̌̌̌
� 4kf � zf kC0CK C

ˇ̌̌̌Z
zfC d�Vi �

Z
zfC d�V1

ˇ̌̌̌
C

ˇ̌̌̌Z
zf� d�Vi �

Z
zf� d�V1

ˇ̌̌̌
<
2

3
� C

ˇ̌̌̌Z
zfC d�Vi �

Z
zfC d�V1

ˇ̌̌̌
C

ˇ̌̌̌Z
zf� d�Vi �

Z
zf� d�V1

ˇ̌̌̌
< � .for all i � 1/;

where the last inequality follows by (A.2). This completes the proof that d�Vi * d�V1 .
Next, we prove the varifold convergence Vi * V1. Suppose for the sake of contradiction

that Vi 6* V1. Then there exist f 2 C 0c .G.n; U //, � > 0, and a subsequence Vij such thatˇ̌̌̌Z
f dVij �

Z
f dV1

ˇ̌̌̌
> � for all j:

Since the Vij have locally uniformly bounded areas and locally uniformly bounded gener-
alized mean curvatures Hij 2 L

p
loc.U /, Lemma A.1 implies there exist an integer rectifiable

n-varifold V 01 and a subsequence still denoted Vij such that Vij * V 01. In particular,

d�V1 D lim
j!1

d�Vij
D d�V 01 :

Because V1; V 01 are integer rectifiable n-varifolds with d�V1 D d�V 01 , V1 D V 01. We then
have a contradiction that Vij 6* V1 D V

0
1 and Vij * V 01 D V1. This contradiction proves

that, in fact, Vi * V1.

Proposition A.3 (Monotonicity formula). Let 2 � n < N , let U � RN be open, and
p 2 .n;1�. Let V be an integer rectifiable n-varifold in U with generalized mean curvature
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H 2 L
p
loc.U /. Let x0 2 U and BR.x0/ � U . Then, for any 0 < � < � < R,�

e
kHk

1� np
�
1� np �V .B�.x0//

�n
C e

kHk

1� np
�
1� np

� 1
�

�

�
e
kHk

1� np
�
1� np �V .B� .x0//

�n
C e

kHk

1� np
�
1� np

� 1
�

�

Z
B�.x0/nB� .x0/

j.x � x0/
?j2

jx � x0jnC2
d�V � 0;

(A.3)

where kHk D kHkLp.BR.x0/;d�V /. In particular,

e
kHk

1� np
�
1� np �V .B�.x0//

�n
C e

kHk

1� np
�
1� np

� 1 is non-decreasing in �

and

�V .x0/ + lim
�&0

�V .B�.x0//

�n
exists:

Proof. The proof follows [23, Chapter 4, §4]. We provide the proof for p 2 .n;1/ and
let the reader make the necessary adjustments to the proof in the case of p D1.

For any 0 < � < R=.1C �/,

(A.4)
d

d�
.��nI.�// D ��n

d

d�
J.�/ � ��n

Z
��1.x � x0/ �H'�

�
jx � x0j

�

�
d�V .x/;

where '�W Œ0;1/! R�0 is a smooth, non-increasing function with '�.s/ � 1 for s 2 Œ0; 1�
and supp'� � Œ0; 1C ��,

x0 2 U and BR.x0/ � U;

I.�/ +
Z
'�

�
jx � x0j

�

�
d�V .x/ � 0;

J.�/ +
Z
j.x � x0/

?j2

jx � x0j2
'�

�
jx � x0j

�

�
d�V .x/ � 0:

The integral on the right-hand side of (A.4) can be estimated byˇ̌̌̌
��n

Z
x � x0

�
�H'�

�
jx � x0j

�

�
d�V .x/

ˇ̌̌̌
� .1C �/��nkHkLp.B.1C�/�.x0/;d�V /.I.�//

1� 1
p

� .1C �/��n=pkHkLp.BR.x0/;d�V /.�
�nI.�//1�

1
p

�
0 < � <

R

1C �

�
� .1C �/��n=pkHkLp.BR.x0/;d�V /.1C �

�nI.�//;

where in the last step we used a � 0) a1�1=p � 1C a. Inserting this estimate into (A.4)
yields

d

d�
.1C ��nI.�// � ��n

d

d�
J.�/

� .1C �/��n=pkHkLp.BR.x0/;d�V /.1C �
�nI.�//

for all 0 < � < R=.1C �/:

(A.5)
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To simplify the notation, we write kHk D kHkLp.BR.x0/;d�V / for the remainder of the proof.
Multiplying (A.5) by the integrating factor

F�.�/ + e
R �
0 .1C�/kHkz�

�n=p d z�
D e

.1C�/kHk
1�n=p

�1�n=p
� 1

and using the fact that d
d�
J � 0 yields

d

d�

�
F�.�/�

�nI.�/C F�.�/ � 1
�
� F�.�/�

�n d

d�
J � ��n

d

d�
J:

Integrating from � to � then gives�
F�.�/

I�.�/

�n
C F�.�/ � 1

�
�

�
F�.�/

I�.�/

�n
C F�.�/ � 1

�
�

Z �

�

z��n
d

d z�
J d z�:

Using that d
d�
.'�.jx � x0j=�// is supported on the region � � jx � x0j � .1C �/�, it follows

that Z �

�

z��n
d

d z�
J d z� D

Z �

�

Z
j.x � x0/

?j2

jx � x0j2
z��n

d

d z�

�
'�

�
jx � x0j

�

��
d�V d z�

�

Z �

�

Z
j.x � x0/

?j2

jx � x0jnC2
d

d z�

�
'�

�
jx � x0j

�

��
d�V d z�

D

Z
j.x � x0/

?j2

jx � x0jnC2

�
'�

�
jx � x0j

�

�
� '�

�
jx � x0j

�

��
d�V

�

Z
B�.x0/nB.1C�/� .x0/

j.x � x0/
?j2

jx � x0jnC2
d�V :

Letting � & 0 finally yields�
e
kHk

1� np
�
1� np �V .B�.x0//

�n
C e

kHk

1� np
�
1� np

� 1
�

�

�
e
kHk

1� np
�
1� np �V .B� .x0//

�n
C e

kHk

1� np
�
1� np

� 1
�

�

Z
B�.x0/nB� .x0/

j.x � x0/
?j2

jx � x0jnC2
d�V � 0:

In particular, we have monotonicity of

� 7! e
kHk

1� np
�
1� np �V .B�.x0//

�n
C e

kHk

1� np
�
1� np

� 1:

Hence its limit as �& 0 exists and thus �V .x0/ is well-defined.
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