J. reine angew. Math., Ahead of Print Journal fiir die reine und angewandte Mathematik
DOI 10.1515/crelle-2025-0082 © the author(s) 2025

On the structure of singularities of weak mean
curvature flows with mean curvature bounds

By Maxwell Stolarski at Coventry

Abstract. This paper studies singularities of mean curvature flows with integral mean
curvature bounds H € L""Lf':)C for some p € (n, oo]. For such flows, any backward tangent
flow is given by the flow of a stationary cone C. When p = oo and C is a regular cone, we
prove that the backward tangent flow is unique. These results hold for general integral Brakke
flows of arbitrary codimension in an open subset U C RN with H € L°°Lf(’)c. For smooth,

codimension-one mean curvature flows with H € L L}, we also show that, at points where
a backward tangent flow is given by an area-minimizing Simons cone, there is an accompanying

limit flow given by a smooth Hardt—Simon minimal surface.

1. Introduction

A time-dependent family of embeddings F: M" x [0,T) — R¥ is said to evolve by
mean curvature flow if 0; F = H, where H = H M, denotes the mean curvature vector of the
embedded submanifold M; = F(M x {t}) € R™. Submanifolds evolving by mean curvature
flow often develop singularities in finite time 7" < co. Huisken [10] showed that the second
fundamental form A of a compact hypersurface M; evolving by mean curvature flow always
blows up at a finite-time singularity 7" < oo, that is,

limsup sup |A| = oo.
t /'T xeM;

Given Huisken’s result [10], it is natural to ask if the trace of the second fundamental
form, namely the mean curvature H = tr A, must also blow up at finite-time singularities of
the mean curvature flow. In [26], we answered this question in the negative by showing the
mean curvature flow solutions constructed by Veldzquez [30] develop finite-time singularities
even though H remains uniformly bounded sup,¢[g 1) SUpxens, | H| < 0o. Indimensionn = 7,
[2] further showed how to extend these mean curvature flow solutions M t7 C R8 to weak mean
curvature flows defined for later times ¢ € [0, 7 + €) in such a way that A remains uniformly
bounded and the flow has an isolated singularity at (0, 7) € R® x [0, T + ¢).
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Given that there exist smooth mean curvature flows which develop singularities with
bounded mean curvature [2, 26, 30], the focus of this current article is to instead study the
singularities of any mean curvature flow M € R¥ with uniform mean curvature bounds. In
this general setting, uniform mean curvature bounds along the flow allow us to incorporate
the well-developed theory of varifolds with bounds on their first variation. In particular, we
leverage that theory to obtain the following result which holds more generally for weak mean
curvature flows of arbitrary codimension with integral mean curvature bounds.

Theorem 1.1. Let2 <n < N and let U € RN be open. Let (1) se(a,b) be an integral
n-dimensional Brakke flow in U € RN with locally uniformly bounded areas and general-
ized mean curvature H € L°°Lf)C(U X (a, b)) for some p € (n,o0]. Except for a countable
set of times t € (a,b), (Ji1)re(a,b) equals the Brakke flow (iy,)te(a,p) of a family of integer
rectifiable n-varifolds (Vi) ;e(q,p] that extends to the final time-slice t = b.

For any (xg,t9) € U x (a,b], any backward tangent flow of (jit)se(a,p) at (Xo,to) is
given by the static flow of a stationary cone C. The stationary cones C that arise as backward
tangent flows to (i¢)re(a,b) at (Xo, fo) are exactly the tangent cones to Vy, at Xo.

Note that the stationary cones C in Theorem 1.1 are generally integer rectifiable n-vari-
folds that are dilation invariant and have zero first variation (see Lemma 2.7 and Theorem 2.13
for more precise statements of Theorem 1.1).

Given a Brakke flow (u;), tangent flows at (xg, f9) are, simply speaking, subsequential
limits of parabolic rescalings of (u;) based at (xg, fp). Backward tangent flows refer to the
restriction of these limits to negative times (Definition 2.11). Analogously, tangent cones of
a varifold Vy, at xo are subsequential limits of spatial rescalings of V4, based at x¢. Thanks
to suitable monotonicity formulas and compactness theorems, (backward) tangent flows and
tangent cones always exist. However, the uniqueness of tangent cones and (backward) tangent
flows, that is, independence of subsequence, is generally an open problem. This uniqueness
question is fundamental for singularity analysis and regularity.

Theorem 1.1 in particular shows that, for flows with mean curvature

H e L®LY (U x (a,b)),

uniqueness of the backward tangent flow of (u;) at (xo, fp) is equivalent to uniqueness of the
tangent cone of Vy, at xo. Because of this correspondence, we are able to prove the following
uniqueness result.

Theorem 1.2. Let2 <n < N and let U € RN be open. Let (1) te(a,b) be an integral
n-dimensional Brakke flow in U € RN with locally uniformly bounded areas and general-
ized mean curvature H € L°LY (U x (a,b)). If a backward tangent flow to (itt)se(a,p) at
(x0,%0) € U X (a, b] is given by the static flow of a regular cone C with multiplicity one, then

this is the unique backward tangent flow to (jut) at (xo, to).

It is worth mentioning some related uniqueness results. Huisken’s monotonicity formula
ensures tangent flows are always self-similarly shrinking £; = «/—tX_; for ¢t < 0. There are
various uniqueness results depending on ¥ = 3_;. When X is compact, [19] proved that if
V/—tX is a tangent flow of a mean curvature flow (M) at (xg, t9), then it is the unique tangent
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flow at (xo, o). In [5], uniqueness of the tangent flow ~/—¢ X is proved when & = R" % x Sk
is a generalized cylinder (see also a generalization in [35]).

In [4], uniqueness of the backward tangent flow is proved when ¥ is smooth and asymp-
totically conical (see also a generalization due to [16]). Importantly, the uniqueness results in
[4,16] require X to be smooth and do not apply when ¥ = C is a minimal cone for example.
The first uniqueness result for backward tangent flows given by non-smooth ¥ came in [17]
which showed that, for 2-dimensional Lagrangian mean curvature flows L% C C2, backward
tangent flows given by a transverse pair of planes ¥ = Py U P, € C? are unique. The unique-
ness result Theorem 1.2 here applies to non-smooth minimal cones ¥ = C which arise as
backward tangent flows to general integral Brakke flows of any codimension in an open subset
U < R¥, albeit under the assumption of a uniform mean curvature bound H € L*°L . Note
in particular that a transverse pair of n-dimensional planes P; U P; in R2" = C" is a reg-
ular cone. Thus, for the class of Lagrangian mean curvature flows with uniformly bounded
mean curvature, Theorem 1.2 gives an alternative proof of the uniqueness result from [17] that
generalizes to all dimensions.

Under additional hypotheses to Theorem 1.2, we can also describe an accompanying limit
flow that arises as a more general blow-up limit around a singularity.

Theorem 1.3. Let M = (M/");e(a,p) be a smooth, properly embedded mean curva-
ture flow in an open subset U € R"T1 with mean curvature H € L®LX (U x (a,b)). If the
backward tangent flow of M at (x,b) € U x {b} is given by the static flow of a generalized
Simons cone C* C R™t1 with multiplicity one and C is area minimizing, then there exist
a sequence (xj,t;) € U x (a,b) with lim; oo (x;,t;) = (x,b) and a sequence A; \( 0 such
that the sequence of rescaled mean curvature flows M = D1 (M — (xl , 1)) converges to the
static flow Moo = (M )ter of a smooth Hardt—Simon mmlmal surface M for all time t € R.

We refer the reader to Section 4 for the definitions relevant to Theorem 1.3. For now,
we simply note that the mean curvature flow solutions constructed in [30] provide examples of
mean curvature flows satisfying Theorem 1.3. Theorem 1.3 states that general mean curvature
flows with H € L*° L} in some sense mimic the dynamics of Veldzquez’s mean curvature
flow solutions [30] near Simons cone singularities.

The paper is organized as follows. In Section 2, we establish notation, specify defini-
tions, and obtain some general results used throughout the paper. In particular, Theorem 1.1
is proven here. Section 3 proves the uniqueness of backward tangent flows given by regular
stationary cones, Theorem 1.2. In Section 4, we obtain refined dynamics of mean curvature
flows near regular stationary cones and prove Theorem 1.3. Finally, Appendix A reviews some
well-known results about integral varifolds with generalized mean curvature H € L? _that are
cited throughout the paper.

loc

2. Preliminaries
2.1. Brakke flows with H bounds.

Definition 2.1. Let 2<n < N, let U € R¥ be open, and p € (1,00]. Let V be an
integer rectifiable n-varifold in U and let ;y be the associated measure on U. We say that
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V has generalized mean curvature H € LﬁC(U ) if there exists a Borel function H: U — RV
with H € L? (U, duy) such that the first variation §V satisfies

loc

(2.1) SV(X) = —/H-de forall X € CH(U,RM).

Remark 2.2. Observe that, by the definition given in Definition 2.1, if V' has gener-
alized mean curvature H € Lﬁ)c(U ), then V' has locally bounded first variation? which is
absolutely continuous with respect to ;1 and V' has no generalized boundary in U. This con-
vention differs somewhat from the existing literature, but we adopt it nonetheless to simplify
the statements in the remainder of the paper.

Throughout, we use the following notion of Brakke flow as in [34, Definition 5.1 with
empty boundary I' = ¢].

Definition 2.3. Let1 <n < N, let U € RY be open, and let / € R be a non-empty
interval. An n-dimensional integral Brakke flow or simply integral n-Brakke flow (ji¢)ieq in
U is a family of Radon measures (it;);e7 on U such that

(1) for almost every ¢ € I, there exists an integer rectifiable n-varifold V; in U such that
s = py, and V; has locally bounded first variation 61; which is absolutely continuous
with respect to py, = g,

(2) for any [s,¢] € I and any compact K C U,

t
//1+|H|2dutdr<oo
s JK

(where, for almost every ¢ € I, H = H; is the vector-valued function representing 4 V;
asin (2.1)), and

(3) forany [s,t] € I and f € CH(U x [s,1]) with f >0,

t

22) pilh) =nsh) = [ [ouf 4V H - |HP S ducde
N

We refer to inequality (2.2) as Brakke’s inequality.

Definition 2.4. Let2 <n < N,let U € R¥ be open, and p € (1, c0]. Let () e(ab)
be an n-dimensional integral Brakke flow in U. We say the Brakke flow (it¢);e(q,p) has gener-
alized mean curvature H € L°°L1’(’)C(U X (a, b)) if, for almost every ¢t € (a, b), there exists an
integer rectifiable n-varifold V; in U with generalized mean curvature H; € Lf:)C(U ) such that

my, = pr and”

I H |Loorr(Kx(a,b)) = 655(511171))”Ht”LP(K,dM,) <oo (forall K € U).
te(a,

D “Locally bounded first variation” should not be confused with “H € LY (U).” See e.g. [29, Defini-
tion 1.11] for a precise definition of locally bounded first variation.
2 Throughout, “K € U” means K C U and K is compact.
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Assumption 2.5. Let2 <n < N,let U € R¥ be an open subset, —0o < a < b < oo.
Throughout, we assume (j47)se(q,p) 15 an n-dimensional integral Brakke flow in U such that
(i¢) has locally uniformly bounded areas, that is,

sup u:(K) <oo forall K € U.
te(a,b)
For simplicity, we will abbreviate this assumption as “(i4¢)se(q,p) is an integral n-Brakke flow
in U € RV with locally uniformly bounded areas” in the remainder of the paper.

We will also often assume that, for some p € (1,00], (itt)se(q,b) has generalized mean
curvature H € L°°L£C(U X (a, b)), but this assumption will be indicated in each statement.

Remark 2.6. The assumption that the flow has locally uniformly bounded areas is quite
mild. For example, it holds for Brakke flows (it¢);e(q,p) Obtained as restrictions of Brakke
flows defined for ¢ € [a, b). Indeed, this can be seen by using Brakke’s inequality with suitably
defined spherically shrinking test functions (see e.g. [34, Theorem 5.5] or [6, Proposition 4.9]).
In particular, if (i¢);e(q,p) is an integral n-Brakke flow in U, then for any 0 <€ <b —a,
(141)re(a+e,b) 1s an integral n-Brakke flow in U with locally uniformly bounded areas.

On the other hand, the assumption that the flow has generalized mean curvature

H e L®L? (U x (a,b))

loc

is much more restrictive. Nonetheless, [26] shows that even smooth mean curvature flows
(M € R" 1), c(4p) with H € L¥L®(R"*! x (a, b)) can develop singularities at the final
time t = b. Combined with the work of [2], there are non-smooth Brakke flows with

H e L®L®RY x (a,b))

with mild singularities and small singular sets, informally speaking.

The next lemma shows that Brakke flows with H € L°°Lf;c can be changed at countably
many times to get a Brakke flow which is a varifold with H € Lﬁ)c at every time. Moreover,
the flow naturally extends to the final time-slice.

Lemma 2.7. Let (1tt)te(a,b) be an integral n-Brakke flow in U C RN with locally uni-

formly bounded areas and generalized mean curvature H € L°°Lf;C(U X (a, b)) for some

p € (1,00]. Then, for all t € (a, b], there exists a unique integer rectifiable n-varifold V; with

generalized mean curvature in Hy, € LﬁC(U ) such that

(1) pe <limy gz oy = py, forallt € (a,b),
(2) s = py, for all but countably many t € (a,b),
(3) forallt € (a,b]and all K € U,

wy, (K) < S(upb) pue(K) and |[Hy,|lLrx)y < 1H |LoLr (K x(a,b))>
t€(a,

(4) forallt € (a,b],
lim Vie(f) = Va(f) forall f Cl(G(n,U)),
t' 't

(5) (1v,)te(a,p] is an n-dimensional integral Brakke flow in U.
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Proof. Lett € (a,b]. Since (u;) has H € L°°Lf)C(U X (a, b)), there exist a sequence
of times #; /'t (with #; <) and integer rectifiable n-varifolds V; with generalized mean

curvature Hy; in L? (U) such that Me; = puv; and

loc

IHV |Lr(K.dp,y = H [LooLr (kx@by) = Ck < oo forall K € U.

By compactness (Lemma A.1), there exist a subsequence (still denoted I7j) and an integer recti-
fiable n-varifold V; with locally bounded areas and generalized mean curvature Hy, € szC(U )
such that V; — V; as varifolds and

pv,(K) < sup po(K) and |Hy,llLrkdpy,) < Ck forall K €U.
t€(a,b)

This defines the varifold V; for any ¢ € (a, b] and proves it satisfies (3).
By [12, Theorem 7.2 (ii)], for any f € C2(U,Rx¢) and any ¢ € (a,b),

(2.3) we(f) Ssli/rr}us(f) :jli)fgo//ﬁj(f) = uv, (f)-

This proves (1). For (2), simply note that [12, Theorem 7.2 (iii)] implies the first inequality
in (2.3) is an equality for all but countably many times ¢ € (a, b). Note additionally that the
equality limg »; s = jy, in (1) implies the varifold V; is unique.

To prove (4), let t € (a,b] and f € CZ°(U,Rx¢). Take a sequence t; /' t. By [12,
Theorem 7.2 (i)], there exists Cy such that pu;(f) — Crt is decreasing in ¢. It follows that,
for any j,

wv, (f) = Sli/H;(us(f) —Crs) + Crt (by (1))

< ue; (f) —Crtj + Cyt

< uy, (f) + Cr(t = 1) (by (1)).
Taking j — oo gives uy, (f) < liminf; mv, (f). For the reverse inequality, let € > 0. Recall
wy, (f) =limg = ;s (f) and similarly for the V;;. Thus there exists s = s(€) < ¢ such that
|s —t| < eand |y, (f) — pus(f)| < €. There exists J such that s <¢; <¢ forall j > J. It
follows that, for j > J,

v, () = v, (f) = v, (F) = is(f) + €
= Jim (1o (/) = Cro) + Crij — ps(f) + ¢
<us(f)—Crs + Crtj — ps(f) + €
= Cf(lj —5)+e.

Taking j — oo then € — 0 gives lim sup; m, (f) < ny,(f). Since the sequence t; ' ¢ and
f € C°(U,R5¢) were arbitrary, it follows that

tl,ir/ntuv,/(f) = py, (f) forall f € CX°(U,Rxo).

Convergence as varifolds then follows from Lemma A.2 and completes the proof of (4).
To prove (5), it suffices to check Brakke’s inequality. Let a < #9 < t; < b and suppose
that f € CH(U x [to,11]) with £ > 0. Then

wv, (f) = v, (f) = sli/rrtll s (f) = me(f)  (by (1)
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S
< nm[ /atf+Vf-H—|H|2fszdt
s/t to

3]
— [ [or+vsH-inPsdundr ey@). o
to

2.2. Huisken’s monotonicity formula and Gaussian density. Let
1 _lx—xgl?
Dy 10(x, 1) = Wé’ o= (t < tg)
denote the backwards heat kernel based at (xg, zp). Let

. |x — x0l% —2n(1g — 1)\3
ng(),to;r(xvt) = (1 - 7'2 )+

(t <to)

denote the spherically shrinking localization function based at (x¢, Zo) with scale r > 0.
Huisken’s monotonicity formula and its localized analogue for Brakke flows states

(24) / CI))C(),t()( ) t)¢XQ,t0;r( ) t) d“t - / qDX(),t()( ) S)(Pxo,to;r( ) S) d/Ls

()C — x0)t 2
= _/ /‘ 2(10 _ ) ‘ cbxo,to‘pxo,togr d/Lt dt <0

for all s <t <19 and r > 0 such that (u,) is a Brakke flow on B./;23 5, ,—s)(X0) X [s.1].
Moreover, for Brakke flows (it¢);e(q,p) defined in U C R and points xg € Bsro(x0) € U,
the Gaussian density

©,(xo. 1) = lim / Bryro (-2 O pmoser (- 1) it
t 't

is well-defined for ¢y € (a, b] and independent of r € (0, rg).
For an n-dimensional Brakke flow (1t;) and A > 0, define the parabolically dilated Brakke
flow Dy, 10:2 1 based at (xg, fo) to be

[i)xo,to;/ll/v]t(A) = /\nﬂt0+tk—2(k_1A + )CO),

Often, we omit the basepoint xg, 9 and simply write £, u when the basepoint is clear from
context.

2.3. Densities and blow-up limits. Recall the density of a varifold V at xo € R is
given by
py (Bp(x0))
wp p"
when the limit exists and where w,, denotes the volume of the unit z#-ball. In the remainder of
the article, we use 7, 1 to denote the spatial translation and dilation

Dot RY = RV 3(x) = A(x — xo).

Oy (xo) = lim
(xo0) Jim,

The map 7, » naturally induces a map of integer rectifiable n-varifolds denoted by (7,1 )4-
Specifically, if V' = (I, 0), then (nx, 2)4V = (Nxy,2 (). 0 0 TI;(},A)- When the basepoint xg is
clear from context or xo = 0, we shall often write 1, for simplicity.

When H € L°°L1’;C with p > n, the monotonicity formula (A.3) for varifolds gives
a characterization of subsequential blow-ups of time-slices.
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Lemma 2.8 (Existence of tangent cones of time-slices). Let (ji¢)se(q,p) be an inte-
gral n-Brakke flow in U € RN with locally uniformly bounded areas (Assumption 2.5) and
f;C(U x (a, b)) for some p € (n,00]. Let (Vi)ie(a,b)]
be the family of varifolds as in Lemma 2.7. For any (xo,t9) € U X (a, b] and any sequence
Ai /' +oo, there exist a subsequence (still denoted A;) and an integer rectifiable n-varifold C

in RN such that (Mxo,1;)8Veo — C as varifolds in RN Moreover, C is a stationary, dilation

generalized mean curvature H € L°L

invariant varifold in RN with

H“c (Br (0)) _

a)np

Any C that arises as such a limit is called a tangent cone of Vy, at xo.

forall0 <r < oo.

Proof. By Lemma 2.7, V;, has generalized mean curvature H = HVzO € Lf:)C(U ). It
follows that the dilations
I/i : (nxO,A,’)ﬁVto

have generalized mean curvature H; € Lf)c (Ai (U — x¢)) with

21
(2.5) ||Hi ||LP(K,duvl.) = /\ip ||HVt0 ”LP(ER(XO),dMV,O)

for all K € RY compact and i > 1 sufficiently large so that AliK + x9 € Br(xg) € U. In
particular, lim; _, o0 || H; ”L”(K,duvl-) =0.

As p > n, there is the monotonicity formula (A.3) for integral n-varifolds with H € L
(Proposition A.3; see also [23, Chapter 4, §4]). In particular, the density

v, (Bp(x0))
wn p"
is well-defined and the blow-up sequence V; has uniform local area bounds.

It now follows from compactness (Lemma A.1) that there are a subsequence (still denoted
Vi) and an integer rectifiable n-varifold C in R¥ such that V; — C. By (2.5) and Lemma A.1,

p
loc

Oy, (xo) = lim
V’O( 0) 0 N0

IHcllLr(kducy < limsupl|Hy; Lk dpy,) = 0.
1

which implies C is stationary. Moreover, the convergence V; — C implies

B (0
M = 0y, (xo) forall0 <r < oo.
wpr" 0
The monotonicity formula (A.3) for stationary varifolds finally implies C is dilation invariant,

that is, (19,1)4C = Cforall 0 < A < oo (see e.g. [23, Chapter 8, §5]). m]

We will show in Lemma 2.10 below that Huisken’s monotonicity formula (2.4) similarly
allows us to extract tangent flows from space-time blow-ups. First, we show local uniform area
bounds imply local uniform area ratio bounds. These area ratio bounds are necessary for the
blow-up argument in the proof of Lemma 2.10 below.

Note that, for general Brakke flows defined for ¢ € [a, b), local uniform area ratio bounds
at the initial time 7 = a imply local uniform area ratio bounds for all ¢ € [a, b). We empha-
size that, for integral Brakke flows with locally uniformly bounded areas and H € L°°Lff)c,

Lemma 2.9 below obtains local uniform area ratio bounds without assuming local uniform area
ratio bounds at the initial time.
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Lemma 2.9 (Area ratio bounds). Suppose that (jit)se(a by is an integral n-Brakke flow
in U € RN with locally uniformly bounded areas (Assumption 2.5) and generalized mean
curvature H € L®L? (U x (a, b)) for some p € (n,00). Forany K € U, there exists C such

loc
that
pe(Br(x))
sup — <
te(a,b) Br(x)ck "

C.

Proof. The proof will proceed by combining the monotonicity formula (A.3) with the
local uniform area bounds. Given K € U, there exists € > 0 such that

K'=Bo(K) = | ] Be(x) € U.
xeK

Let
Ro = sup{r > 0: B,(x) € K forsome x}, R; = max{Ryp,1}.

For any B,(x) C K, there exists R € [max{e,r}, Rq] such that B,(x) € Bgr(x) € K’. Let
(Vt)te(a,p) be the family of varifolds as in Lemma 2.7 and let # € (a, b). The monotonicity
formula (A.3) implies

IHy, I IHy, I IHy, I IHy, I
uv (B () _ v (Br) Mt Wl ey (BRO)) Wl by
rl’l - rn - Rl’l
where ||Hy, | = [|Hv, |Lr(B(x).duy,)- It then follows that
WHy, I p ok WHI p k7
pe(Br () _ v (B () _ v, (BR(x)) Mivilipxn g - Wlinen
r}’l - rn - Rn
N WHy N pokr IHI p g
< ’U“V’—(K)e =i R +e a7 R1
S e
su K') Hlpocorp(k/x(a. I1H ooy p (K x(a.
< Pre(a,br)l e ( )e EE Ry +e EEES PR
€
Taking the supremum over ¢ € (a, b) and B,(x) C K completes the proof. |

Lemma 2.10 (Existence of tangent flows). Let (j41);e(q,p) be an integral n-Brakke flow
in U C RN with locally uniformly bounded areas and generalized mean curvature

HelL>®L?

loc

(U x (a,b)) forsome p € (n,o0].

For any (xg,t9) € U x (a, b] and any sequence A; /" +0o0, there exist a subsequence (still
denoted A;) and an integer rectifiable n-varifold C in RN such that, for any t < 0,

(Dxo,t0:2; W)t — e as i — oo (weakly as measures).

Moreover, C is a stationary, dilation invariant varifold in RN with

|x|2

1 _x2
Opu(xo,0) = @ /e 4 duc.

Any C that arises as such a limit is called a (backward) tangent flow of (i¢)e(a,b) at (xo. o)
(see Definition 2.11 below).
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Proof. Letus fix (x9,%9) € U x (a, b]. By Lemma 2.9, (14;) has local uniform area ratio
bounds in a neighborhood of (x¢, 7g). It follows from Huisken’s monotonicity formula (2.4) and
the compactness of Brakke flows with local uniform area bounds that there exist a Brakke flow
(U$°) <0 on R and a subsequence (still denoted A;) such that

(‘Dli M)t = (i)xo,t();lilu“)t - /’L?o forallz <0
(see [11, Lemma 8] or [31]). Moreover, 1 is a shrinker for ¢ < 0 in the sense that
(2.6) pi(A) = (=)"?pu_1(4/v/=t) forallt <0

and, for any ¢ < 0, u?° is an integer rectifiable n-varifold with

L

2(—1)

2.7) H + =0 forpus’-ae x € RN,

Additionally,

1

x|2
T a(—1) o
W/e 4(=1) d/,Lt forall t < O.

O, (x0.t0) =
Because (u;) is a Brakke flow with H € L°°Lf;c, there exists ¢ < 0 such that, for all i,

(Dy,; )¢ is represented by an integer rectifiable n-varifold V; with Hy, € Lf(’)c(ki U) and, for
any K € RV,

n_y
IHv; lLr(k.dpyv,) = A7 ITH Lo Lr (B, (x0)x(a,b))
for all i > 1 sufficiently large such that )\i_lK + x0 € Byy(x0) and By,(x9o) € U. As p > n,

lim | Hy, =0 forall K € RV,
A By, ek duy,) ora

Since py; — ug°, the compactness of varifolds with mean curvature bounds (Lemma A.1 and
Lemma A.2) imply that u?° = puc for some integer rectifiable n-varifold C in R which is
stationary (Hc = 0). It then follows from (2.7) that xt=0 Mc-a.e. and thus C is dilation
invariant (see e.g. [23, Chapter 8, §5]). Finally, (2.6) implies u$° = puc for all # < 0. This
completes the proof. m)

2.4. Remarks on (backward) tangent flows. Lemma 2.10 ensures subsequential lim-
its converge (D, 10:4; M) — fc weakly as measures for all negative times ¢ < 0. Area ratio
bounds as in Lemma 2.9 do generally imply that space-time blow-ups (Dy,, s,:1, 4)z of Brakke
flows subsequentially converge to Brakke flows (ji;);er for all times ¢ € R and (ii;) is self-
similarly shrinking for # < 0 (see e.g. [11, Lemma 8] or [31]). These limiting flows (fi;);eRr
defined for all # € R are sometimes called “tangent flows” in the literature. We, on the other
hand, shall principally be concerned with the behavior of these space-time blow-up limits for
negative times ¢ < 0 only. To distinguish these notions and ensure precise statements, we adopt
the following definitions throughout the paper.

Definition 2.11. Let (it¢);e(q,p) be an integral n-Brakke flow in U C RN,
An integral n-Brakke flow (fi;)<o is called a backward tangent flow or simply a tangent
flow of (Ju1)re(a,b) at (xo.%0) € U X (a, b] if there exists a sequence A; / +oo such that, for
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allt <0,
(Dxo,r0:4; )¢ — [y asi — oo (weakly as measures).

An integral n-Brakke flow (ji;);er is said to be a full tangent flow of (ji¢)se(a,p) at
(x0,20) € U x (a, b) if there exists a sequence A; " +o0 such that, for all r € R,

(Dxo,t0:4; M) — [y asi — oo (weakly as measures).

A backward tangent flow (i) ;<o of (i1)se(a,p) at (X0, to) is said to be static if ji; = ji—;
for all # < 0. A full tangent flow ({is);er of (f4t)re(a,b) at (Xo,%0) is said to be static if
fty = ji—1 for all € R. A full tangent flow (fis);er Of (i4t)se(a,b) at (Xo.%o) is said to be
quasistatic if fi; = ji—y forallt < Obutnotall ¢ € R.

If an integral n-Brakke flow (ji;) is a static backward tangent flow, then we may abuse
notation and say the underlying varifold V' (with uy = i, for all ¢) is a static backward tangent
flow (cf. Lemma 2.10 above). Analogous conventions hold in the case of static and quasistatic
full tangent flows.

Clearly, the restriction of a full tangent flow to negative times ¢ < 0 is a backward tangent
flow. Restricting a static or quasistatic full tangent flow to negative times gives a static backward
tangent flow. Since backward tangent flows evolve self-similarly, there is no equivalent notion
of “quasistatic” for backward tangent flows. In the setting of Lemma 2.10, backward tangent
flows are necessarily static. The next example shows full tangent flows may be quasistatic even
in the setting of Lemma 2.10.

Example 2.12. Consider the n-plane P = R” x {0} € R" and the integral n-Brakke

flow (14¢);eRr given by
3H"L_P ift <0,

W =2H" P ift =0,
FL P ift >0,

where H" is n-dimensional Hausdorff measure. Then (u;);er is an integral n-Brakke flow in
R with locally uniformly bounded areas and generalized mean curvature

H=0¢eL®L®RY xR).
Take (x9. %) = (0,0) € RY x R. For any sequence A; / +oco and any ¢ € R,
(Do,0:2, )t — (¢ asi — oo (weakly as measures).

Clearly, the full tangent flow (u¢);eRr is quasistatic and p—p, (o, (1 are distinct.

Observe from Definition 2.11 that tangent flows of (i) at (xo, o) are rescaling limits
(Dxg,t0:2, )¢ along some choice of sequence A; /" +o0c. In general, it is an open question
whether a tangent flow to (us) at (xo,Zp) is unique, that is, independent of the choice of
sequence A; " +o00. This uniqueness question applies to both full and backward tangent flows,
and it is fundamental to understanding regularity of the flow (u;) near (xo, o).

Observe that uniqueness of full tangent flows implies uniqueness of backward tangent
flows. For compact or cylindrical tangent flows as in [5,19,35], uniqueness of backward tangent
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flows is equivalent to uniqueness of full tangent flows. Indeed, suppose a cylinder is the unique
backward tangent flow to (u;) at (xo, o) and let (i;)ser, (2})ser be full tangent flows to
(1¢) at (xo, o). Then fi;, [, must both be equal to the self-similar flow of the cylinder for
negative times ¢ < 0, and therefore disappear as ¢ 0. It then follows that [i,, i} are both
identically the O measure for all # > 0, which thereby proves uniqueness of the full tangent
flow. In fact, this argument shows moreover that if the restriction of a full tangent flow to
negative times is given by a self-similarly shrinking compact submanifold or cylinder, then this
backward tangent flow completely determines the full tangent flow. Thus full tangent flows can
be canonically identified with backward tangent flows in this case, and there is no ambiguity
in simply saying “compact or cylindrical tangent flow” to refer to either the backward or full
tangent flow.

Often in the literature, authors study the uniqueness of tangent flows to smooth mean cur-
vature flows (M;);e[o,1) at points (xo, T') at the first singular time 7" < oo or to Brakke flows
(1) re(a,p) at points (xo,b) at the final time b < oo (see e.g. [4, Theorem 1.1], [17, Theo-
rem 1.1], and [16, Theorem 0.1]). In this case, only the notion of backward tangent flow makes
sense since the parabolic rescalings A; (M7 4, A2 — x0) and (Dy, . 1:2, 1) are undefined for
t > 0. In particular, the tangent flow uniqueness results from [4, 16, 17] are strictly speaking
backward tangent flow uniqueness results in terms of our notation from Definition 2.11. It is
unclear if these results yield any associated uniqueness results for full tangent flows, except
in perhaps some trivial settings such as when the Brakke flow (itt)se(q,p) is extended by O
for times ¢ > b. Nonetheless, uniqueness of backward tangent flows yields important appli-
cations to understanding the dynamics of the flow () near (xg, o) for times ¢ < to (see e.g.
[4, Corollary 1.2] and Corollary 3.9 below).

2.5. Equivalent densities and blow-up limits. A priori, the tangent cones from Lem-
ma 2.8 could be entirely unrelated to the backward tangent flows from Lemma 2.10. Indeed, the
two limiting objects arise from entirely different blow-up sequences. The next theorem, how-
ever, proves that the tangent cones from Lemma 2.8 exactly correspond to backward tangent
flows from Lemma 2.10.

Theorem 2.13. Let (itr)se(a,b) be an integral n-Brakke flow in U C RN with locally

uniformly bounded areas and generalized mean curvature H € L°°L1’(’)C(U x (a, b)) for some

p € (n,00]. Let (Vt)e(a,b] be the family of varifolds as in Lemma 2.7.
For any (xo,t9) € U X (a,b],

GVtO (XO) = ®M(x07t0)‘

For any sequence A; /' 400, there exists a subsequence (still denoted ;) such that there are
limiting integral n-varifolds C, C as in Lemmas 2.8, 2.10 respectively, and in fact C = C.

Proof. By translation, we can assume without loss of generality that
(x0.20) = (0,0) € U x (a,b].
For any sequence A; /' 400, denote the rescalings

Ve = (m)eVo, wh = (Dy, 1)
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Lemmas 2.8 and 2.10 imply there exists a subsequence (still denoted by index i) such that
V(f —~C, and /ﬁ; — u¢ (forallt <0),

where C, C are stationary, dilation invariant, integral n-varifolds. Additionally,

B (0
Oy, (0) = % (forall 0 < r < o0),
n
1 _ 2
©,(0,0) = W / e 2D dug  (forallt < 0).

We first claim that ¢ < ug. Let f € C} (RN) with f > 0. Say supp f < Bg. It fol-
lows that

pc(f) = ilin;ouvé (f)

= lim lim ,u’;,(f) (Lemma 2.7)
i—oot’ /0
t/
< tin tim (w04 [ [ P )
i—oo0t’ /0 -1

0
< tim uly (1) + tim [ [IHV Sl ddde (20
1—>00 1—>o0 J 1
0
= pe(f) + .lim/ /lHl-||Vf|d,u’, dt.
1—>00 J 1
For any 0 < § < 1, the integral term can be estimated as follows:
0 .
tim [ [ 1009 71 d ar
1—>00 J 1
0 .
< timfler [ [ 1l dudd
1—>00 —1 BR
0
= lim ||f||01/\l'~’_1/ / |H|dw,,—dt
I—>00 —1 BRA.*I i

0
. 1
— tim [/l At /
1—>00 _Ai—Z
0

1/p r—1
() 7
-1

RA

/ |H|du,dt (r:tki_z)
Bmi—l

A

Tim ||f||cm?“/
1—>00 A’

i

A

=1
||f||c1IIHIILooLp(ng(a,b))il_i)rgok?_l( sup /‘LI(BR)Li—l)) r

—A;zfrso

1/l R A—1+"( “f(Bm,-O)”?l
= o 7 lim A; T p su _ .
C! Lo°L?(Bsx(a,b)) i oo —Ai_zsptSO R1A"
By Lemma 2.9, the

/LI(BRAi—l)

RAA™
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term is uniformly bounded above by say Cy < oo. Since p > n,

n(p—1)

pe(f) = ue(f) + Col flicr1H oo Lo (Bsx(a.by) R Co lim AT = ().

Thus puc(f) < ue(f) forall f e C} (RN) with £ > 0. It then follows from a limiting argu-
ment that uc < U¢.
Note that, since C is dilation invariant,

peB,0) 1 /_|x2

p —(4 Coyil e 4D duc forall0 < —t,r < o0
wnt 7(—

and similarly for C. Then ne < uc implies
pc(Br(0)) - K (B (0))

Wyt — wyr

forall 0 < r < 0.

We claim that the reverse inequality

He(Br(0) _ pe(B,(0)

wut" - Wt

also holds (for some or equivalently all 0 < r < 00). First, observe there exists a time 7 < 0
such that j1.3-2 is an integral n-varifold with generalized mean curvature H)j-2 € L? (U)
forall i and

loc

[Hea2 Lo k) < I1H |LooLr(kx(a,b)) <00 (forall K € U),

where as usual H denotes the mean curvature of the flow (). Fix R > 0 such that

Br =§R(0) e U.

Let
11— _n

and F(p)=e

1
"Hrki_zllLP(BR)@P ||H||L°°LP(BR><(a,b))@P P

Fi(p) = e

as in the monotonicity formula (A.3). Note 1 < F;(p) < F(p) for all p > 0. It follows from
the monotonicity formula (A.3) that, for any 0 < p < R and any r > 0,

HTAFZ(B]'A._I)
rTuE(By) = lim r "l (By) = hm _
i—00

AT
S (A ) (F"(”’ 1 M;i S R = Rk 1))
< limsup (rlk_l)[ i(p )““ B R - Fz-(rx,-‘l)} (A3)
< timsap| Fip P2 1 ) 1]

= f(m“VOp—Ef?”) +F(p)—1

Thus
+ F(p)—1

rn

Mc(Br) o )MVO(Bp)
o
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Taking p \ 0 reveals

~ B o )
&nr)_ F(p)MVO( p)—l—F(p)—l:hm
r p\ P o \0

MVO( “vo(Bp) _ Oy, (0) = MC(Br).

In summary, we have shown that

wc(Br) - ue(Byr)
wpr™ T wur"

forall 0 < r < oo.

puc = p¢  and

In particular, uc(B;) = u¢(By) forall 0 < r < oo. It follows that C = C. Indeed, if not, then
there exists a bounded subset A € R such that pc(A4) < & (A). Taking R > 0 large enough
so that Bg D A would then imply

pc(Br) = pc(Br \ A) + puc(A) < uc(Br \ A) + uc(A) = uc(Br) = puc(BR),

a contradiction.
Thus C = C and in particular 0y, (0) = ©,,(0, 0). This completes the proof. m]

As an immediate consequence of Theorem 2.13, we deduce that the uniqueness of tangent
cones of time-slices is equivalent to the uniqueness of backward tangent flows.

Corollary 2.14. Let (1tt)te(a,p) be an integral n-Brakke flow in U C RN with locally
uniformly bounded areas and generalized mean curvature H € L°°L11;C(U X (a, b)) for some
p € (n,00]. Let (Vi) e (a,p) be the family of varifolds as in Lemma 2.7. Let (xo,19) € U x (a,b].
Then

{C : Cis a tangent cone of Vy, at xo}
= {C : (itc)¢<o is a backward tangent flow of (u¢) at (xo,t0)}.

In particular, the tangent cone Vi, at x¢ is unique if and only if the backward tangent flow of
(r) at (xo.1o) is unique. In other words, (x, 2,)4Vt, — C for every sequence A; /' +oo if
and only if (Dy, 10:2, )t — pc (for all t < 0) for every sequence A; /' +oo.

Remark 2.15. We emphasize that Corollary 2.14 applies for backward tangent flows
only, not full tangent flows. It may be possible that there exist an integral n-Brakke flow
(14¢) te(a,p) asin Corollary 2.14 and (xo,#9) € U X (a, b) such that there are a unique backward
tangent flow to (1) at (xo, fp) but distinct full tangent flows to (1) at (xo, fo).

For integral n-Brakke flows (j47)e(q,p) as in Corollary 2.14 and (xo,%) € U x (a,b), itis
possible to adapt the arguments of Lemma 2.10 to show that parabolic rescalings (Dy, s,:1; )¢
subsequentially weakly converge to integral n-Brakke flows (ji;);er for all # € R such that
(f1);er has generalized mean curvature H = 0 and ji; < ji—; = uc for all ¢ € R, where C
is a stationary, dilation invariant, integer rectifiable n-varifold in RY . We remark that if addi-
tionally (fi;);er is unit regular, C has multiplicity one, and the regular part C,.g of C is
connected, then the constancy theorem implies ji; = ¢ for all z € R. In this case, uniqueness
of the backward tangent flow implies uniqueness of the full tangent flow.

Remark 2.16. Let (it1);e(q,p) be an integral Brakke flow with mean curvature bounds
as in Theorem 2.13, and consider the associated flow of varifolds (V});e(q,5] as in Lemma 2.7.
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By combining Theorem 2.13 with White’s local regularity theorem [33] (and its generalization
to integral n-Brakke flows [27]), it follows that if 7o € (a, b] and V4, also has unit density (i.e.
QVto (x) =1 for Ky, -a.e. x € U), then the singular set of the flow M = (Vi)te(a 1) in the
{ = 1o time-slice has n-dimensional Hausdorff measure 0, that is, " (sing, M) = 0. This
recovers Brakke’s main regularity theorem [3, 6.12] in the special case of flows with mean
curvature bounds (see also [6, Theorem 5.3] and [14, Theorem 3.2]).

In particular, if V; has unit density for all ¢ € (a, b), then H"(sing, M) = 0 for all
t € (a,b). If additionally U = R¥ and the flow (v, )te(a,b) €xtends to an integral n-Brakke
flow (f1¢)¢e(a,00) forall t € (a, 00) such that ji is unit density, is unit regular, and has bounded
area ratios, then [18, Theorem 1.1] applies to show that # — py, is continuous for all t € (a, b)
in the sense that, for all £ € C2(RY) with f > 0,

t = py,(f) is continuous on (a, b).
Combining this fact with [12, Theorem 7.2 (ii)] and Lemma 2.7 gives

we < py, = lim py, = lim ug < u, forallt € (a,b).
s\ ' s\

Hence pu; = py, forall ¢ € (a, b) in this case.
We refer the interested reader to [3, 6, 14, 18] for precise definitions.

3. Uniqueness of tangent flows given by regular cones

Definition 3.1. Define the link L(C) of a dilation invariant set C € R¥ to be
L(C)=CnsN1,

Then C is said to be a regular cone if L(C) is a smooth, (properly) embedded submanifold
of SN—1,

If C € R¥ is a regular cone, then C \ {0} is a smooth submanifold of R" and we write
C" when C \ {0} has dimension 7. Note that a regular cone C* € R¥ naturally gives a dilation
invariant integral n-varifold (of multiplicity one) with associated measure #” L C on RY.

The main result of this section is the following uniqueness result which restates Theo-
rem 1.2.

Theorem 3.2. Let (i1)se(a,p) be an integral n-Brakke flow in U C RN with locally
uniformly bounded areas and generalized mean curvature H € L LY (U x (a,b)). If (pr)

has a backward tangent flow juc at (xg,t0) € U X (a, b] given by a regular cone C" (with
multiplicity one), then jic is the unique backward tangent flow of (ju¢) at (xo, to).

The proof essentially follows from [22, §7, Theorem 5] applied to the time slice Vy,.
However, [22, §7, Theorem 5] requires a regularity assumption [22, equation (7.23)] which we
must verify for V;,. Informally, this regularity assumption states that if V;, is a small C1:%-
graph over the regular cone C in an annulus, then the mean curvature H v, Of Vi, has interior
C2-bounds.

Since Vy, comes from a Brakke flow, we can prove V;, satisfies this regularity assumption
[22, equation (7.23)] as follows:
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(1) show that C 1**-graphicality propagates outward in space and backward in time (Lem-
ma 3.7), and

(2) apply interior estimates to improve the C 1** bounds to C* estimates for V; and apply
interior estimates to the evolution equation for H = Hy, to obtain || H ||c2 < ||H | co
(Lemma 3.8).

The remainder of this section rigorously carries out this argument to prove Theorem 3.2.

Definition 3.3. In what follows, we use A, g(xo) to denote the open annulus

Ar,r(x0) = Br(xo) \ Br(xo)

and A, gr = A, r(0).
For C"* € R¥ aregular cone, we slightly abuse notation and write u: C N ArR — T+C
to mean a function u: C N A, g — RY such that u(x) € T}C forall x € C N A, g. For

u:CNA,r— TtC,

denote

G,,R(u)#{ x Ful) -xecmA,,R}gRN.

I+ u)?/]x?

Note that if Cis a regular cone and u: C N A, g — T-1C is a C2-function with u(x)/|x|
sufficiently small in C'!, then G, r(u) is a properly embedded C 2_submanifold.

Definition 3.4. For C a regular cone, let || - [[cx and || -|[[ck* (0 < a < 1) denote the
standard C* and C*¥%-norms respectively. For example, if u: C N Q — RY, then

k

: |VEu(x) — VEu(y)|
lullckecnay =Y sup |Viu[(x)+ sup —E <
=0 xeCNQ x#yeCNQ |X - yl

ForO<r <R<oocandu:CNA,gr — R™, define scale-invariant C* and C**®-norms by

k

. i—1 j
lellcriena, = Y sup  |x| sup Veu|(y)
j=0 x€CNAy R yEB%(x)ﬂCﬂAr,R

k
e
:Z sup x|/ NI VEul copiat (rynena, x)
j=0xeanr,R 2

lullckecna, ) = lullcrcna, g)

VEu — Vku(z
b s R s [Véu(y) = Véu()

x€CNAy g y#2€Bll ()NCN A ly —z|*

k—1 k
= lullckcna, o+ sup  |x[TTFV ulc(Blxl (x)nen4,. )
x€CNA, R

where [-]ce denotes the standard C* semi-norm.
For functions u:CN A, g x (a,b) — RN that also depend on time ¢ € (a, b), denote
backward parabolic neighborhoods as

Pr(x’[) = Br(x) X (t - }"2,[)
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and define scale-invariant C* and C*%-norms by

||”||Ck(CmAr'R><(a,b))

. 2i4j—1)5i v/
= 2. s 19:Veullcopiyt (ennen ar wxcabm
2i+j<k (x,1)€ECNA gx(a,b)

+ sup  |x[*TIHRVEul, S (piyl eanend, rx@b)-

0<k= zi—j <1 (x,t)eCNA, rx(a,b)

[ullckecna, rx(ab))

. 2i+j—1y5iv/
= ). sy 19:Veullcopiyt (ennen ar wxtabm)
2i+j <k (x,1)€CNA, gx(a,b)

+ > sup xR VEulL co(piyl (ennen dr g @b
2i+j=k (Xx,1)ECNAr R x(a,b)

k—1+ayiv/ —2i—j
+ Z sup x| [0, Veuls,c 5% (Plsl (ra)n(©N 4y R X (@.0)))-
o<kta=2i—j 4 (x,t)eCNA, rx(a,b)
2

Here, [-]x,ce and [-]; ce denote the standard C* semi-norms in the variables x and 7 respec-
tively. Namely,

|M(X, t) B M(X,,[)|

[ulx,c2(cx(@bne) = sup ’
x,C¥(Cx(a,b)NQ) ()£ (7 1) €Cx(@.B) N2 Ix — x|
- lu(x,1) —u(x,t)]
[ult,ce(cx(@.pne) = sup —
(x,0)#(x,1")€Cx(a,b)NS [t — 1]

Since we use the C 1**-norm most often, we note explicitly that

lullcre(cna, gx(aby) = suplx|™ sup  |u(y,s)| + sup sup  |Vcu(y,s)|
x,t (y,s)eP%(x,t) Xt (y,s)eP%(x,t)

+ sup|x|* sup [Veu(y.s) = Veu(y', s)
Xt () A EPE (x,0) ly =y
+ sup|x|® sup u(y.s) —u(y.s"|

14+«
Xt 0.9)#y.sNePEL(x,t) s — /|2

where also the suprema above are restricted to points in C N A, g X (a, b).

Remark 3.5. While the C¥%-norms defined above are somewhat non-standard, they
have been chosen so that they satisfy the following properties.

(1) (Parabolic scaling invariance) If u: C N A, g x (a,b) — RN, 1 > 0, and
#:CN Aypag x (A2a,A%b) — RN
is given by #(x, 1) = Au(x/A,t/A?), then
]l ek cnay, rx(i2a,n20)) = lullckecna,. gx(a.b))-
(2) (Time translation invariance) If u: C N A, g x (a,b) — R¥, 17 € R, and

#:CN AR X (a+1t0,b+19) = RY
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is given by % (x, 1) = u(x,t —tp), then
Ul ckecna, rx(@+iob+10)) = llullckecna, gx(a,b))-

(3) (Equivalent to standard Holder norms) There exists C = C(r, R, k, ) such that
CMullckecna, px@py < lulckecna, rx@py < Clullckecna, xxap)-

Similar properties hold for the space-time C*-norms and the spatial C¥ and C***-norms. The
proofs of these properties are left as exercises to the reader.

Remark 3.6. The choice of using radius |x|/2 balls in the above definitions was some-
what arbitrary. Indeed, it can be shown through a covering argument that, for any L > 1,
replacing “|x|/2” with “|x|/L” in the above definitions gives an equivalent norm, that is, the
norms differ by a factor of C = C(k,«, L).

Lemma 3.7 (Graphicality propagates out and back). Let (i¢)se(q,p) be an integral
n-Brakke flow in U € RN with locally uniformly bounded areas and generalized mean curva-
ture H € LooLﬁc(U X (a, b)) for some p € (n,o0]. Let (V;)e(a,b] be the associated integral

n-Brakke flow from Lemma 2.7. Let (xg,to) € U x (a, b] and let C* € R be a regular cone.
For any € > 0, there exists ry, 6 > 0 such that the following holds for all 0 < p < ro: if

(Vi —x0) N Apj2,0 = Gpj2,p(u)

for some u:C N Ap/z p — TLC with lullcracna,, . ) <9, then

(Vi —x0) N Apjanp = Gpranp(@i(-,1)) (forallt € [to — 4p>, to])

for some extension u: (C N Ap42,) X [to — 4p?, to] = T1C of u with
1]l cre(cna,, e pxlto—4p?.00]) = €-

Proof. By translation, assume without loss of generality that (x¢, zo) = (0, 0). Suppose
the lemma were false for the sake of contradiction. Then we can take a sequence r; = §; \ 0
and obtain p; € (0, r;) where the implication fails. That is, Vo N Ap; /2,0, = Gp,/2,0; (i) is
a C1%-graph over C N Ay, /2.p; With |u; ||Cl,oz(CﬂApl_/2.pi) < &, but (V) is not a C "*-graph
over CN Ap, /4,20; % [to — 4pl.2, to] with C **-norm bounded by € in this region.

Parabolically dilate V; by A; = % — +ootoobtain V; = (ny,)gVia2 and set uy = py; .
After passing to a subsequence, Theorem 2.13 applied to the Brakke flow (uy,) implies there
exists a stationary, dilation invariant varifold C’ such that

Vi—C and ul — pce (forallz <0)
asi — oo. Since C' is dilation invariant and

Ve N Ai2,1 = Giyz,1(Aiui (- /Ai))
with [|A;u; (- /A c1ecnay o) = [uillcrecna,, 2.) = 8i = 0,
it follows that, in fact, C’ = C. If C is not stationary, then we contradict C = C’ and the proof

is complete. Thus it suffices to the consider the case where C is stationary for the remainder of
the proof.
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Now the stationary flow (17° = pc)r<o given by C has Gaussian density
Opoo(x,1) =1 forall (x,1) € Ay/6,4 X [-6,0]

since C has smooth link. The upper semi-continuity of Gaussian density then implies that, for
any o > 0,
Oui(x,t) <1+0o forall (x,1) € Ay/6,.4 x [-6,0],

forall i > 1 sufficiently large.

By White’s local regularity theorem [33] (and its generalization to integral Brakke flows
in [27]), it follows that, fori > 1, V,i is a smooth mean curvature flow in Ay /¢ 4 x [—6, 0] with
second fundamental form bounded by a dimensional constant

C = C(N) < o0 in A1/5’3 X [—5,0]
Interior regularity for mean curvature flow then implies that the convergence

Vv, ——C
1—00

is smooth on Ay /4 » x [—4,0]. It follows that, for all i > 1,
VI N A1jan = Grjan(@i(-,1)) (forallt € [-4,0])

for some w;: CN A4 x [-4,0] — TLC extending A;ju; (- /A;) with

@il cscnajoxt-a0p 752 0

Since
[W: (-, 0)[[crecna o) = Aitti (- /A)]crecna; o) < 8 — 0,

and derivatives of w; converge to 0 on Ay,4 5 x [—4, 0], we have that, in fact,
[Willcre(cnay s x[—4,0) < €
for all i > 1. Undoing dilations gives that, for i > 1,
Ve O Ap;janp; = Gpyjanp (i(-, 1))  (forallt € [—4p?,0])

for u; (x,1) = %[wi (x)ti,t)tl.z): CNApjapp — T-1C extending u; and

”ﬁz ”Cl’a(anD,‘/4.20i X[_4pi2’0]) <€,

which contradicts the choice of the r;, 8;, p; . O

Lemma 3.8. Let (i¢)ie(a,p) be an integral n-Brakke flow in U C RN with locally
uniformly bounded areas and generalized mean curvature H € L L (U x (a,b)), and let
(V1) te(a,b] be the associated family of varifolds as in Lemma 2.7. Let (xo.19) € U X (a, b] and
let C be a regular cone. There exist B, C,ro > 0 such that, for all 0 < p < rq the following
holds: if

(Vi — x0) N A,o/z,p = Gp/2,p(u)
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forsomeu:CN Apja,p — TLC with lullcrecna,, ) < B, then forany 0 <o < p,

ClH ||L°°L°°(Ap/z,p(xo)x(to—pz,to))
o
CUH llzow Lo By o) x(to—rdao)
o

Vv,  Hv, | <

A

and

C|H ||L0<>L°°(Ap/z_p(xo)x(fo—/)z,fo))
o2
ClH ||L<><>L<><>(B,0 (x0)x(to—72 ,10))
<
0-2

2
|VV[0 HVto | =

A

on Viy N Apja+o,p—0 (X0).

Proof. Throughout, we assume 0 < r¢g < 1 is small enough so that §2r0 (xo) € U and
(to — 4r§, to) C (a, b). By translation, assume without loss of generality that (x¢, 7o) = (0, 0).
Assume 0 < p < rg and
Vo Apj2,p = Gpj2,0(u)

forsome u:C N Ap/z,p — T1C with lullcrecna, .,y < B-
By Lemma 3.7, for any € > 0, we can assume 3, ro < 1 are sufficiently small (depending
on €) so that
Vi N Apjanp = Gpjanp(@i(-,1)) forallt € [—4p>,0],

for some extension #: C N A, 4 2, X [—4p2,0] — T-C of u with

||17||C l’a(CﬂAp/4,2pX[_4p250]) S €.

Consider the parabolically rescaled flow W; = (11/,)4V:p2 and note
Wi N A1/4’2 = Gl/4,2(fﬁ(- ,t)) forallt € [—4, O],

where

1. - ~
w(x,1) = EU(XP, t02), @l cre, aaxi—a0) = lTllcrac, . x—ap2,01) < €-

If € = €(N, C) is sufficiently small (depending only on N and C), interior estimates (see e.g.
[27,28]) imply that W is a smooth mean curvature flow on A3 3/, X [—3, 0] with derivative
bounds on the second fundamental form A = Ay, of the form

3.1) sup |V, Aw,| < Cx = Cx(N,C) (forallk € N).
(x,0)€A1/3,3/2%x[3,0]
In this region Aj/3,3/2 X [~3,0] where W; is a smooth mean curvature flow, the mean
curvature H = Hyy, satisfies an evolution equation of the form

(3.2) O0H=AH+VAxH+A«VH +AxAx H

(see [24, Corollary 3.8]). The bounds (3.1) imply (3.2) is a linear parabolic PDE system for
Hy, in the domain A3 3/, x [=3, 0] with uniform C k _bounds on the coefficients that depend
only on N, C, and k. Interior estimates for parabolic systems (see e.g. [15]) therefore imply
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that, for some C = C(N, C),

C
(3.3) sup Vi, Hwol < —  sup  |Hw,| (forall0 <o <1).
A1/240.1—0 A1/2,1x[-1,0]

In terms of V%, (3.3) becomes

1
sup Vi Hy,l =~ sup |Viy Hu,)l
Ap/2+o.0—0 p A1/240/p.1—0/p
C
< — sup |Hw,| (3.3)
(U/p)2p3 A1/2!1X[—1,0] !

C
= > sup |HWt|
IO A1/2,1X[—1,0]

C

= sup |Hy, |
o A,o/2,px[_92a0]
C

= F”H”LOOLOO(AD/Z.DX(_‘,Z’O)) (Lemma 2.7)

for all 0 < o < p. Note that, in the last line, H denotes the mean curvature of the Brakke flow
(1¢)re(a,b)- An analogous argument applies to estimate |Vy, Hy,|. O

The conclusion of Lemma 3.8 is effectively the same statement as [22, (7.23)]. We can
now prove Theorem 3.2 by adapting the argument [22, §7] used for tangent cones of stationary
varifolds.

Proof of Theorem 3.2.  Throughout, we use (V;);e(q,p] to denote the associated fam-
ily of varifolds given by Lemma 2.7. By translation, assume without loss of generality that
(x0,t0) = (0,0). By Corollary 2.14, it suffices to show C is the unique tangent cone of Vj at 0.

By Theorem 2.13, there exists some sequence A " 400 such that

Vie = (my)gho — C.

and Oy, (0) = uc(B1)/wy for all k. Note that the mean curvature Hy, of Vj is bounded by

1
I Hy, ||Loo(B,) = E”HVOHLC’O(BZ/)%) < E”HV, oo Loo (Bsx(=8.0p 7> 0

so long as Bs x (—8,0) € U x (a,b) and k is large enough to ensure 2/A; < §. Since C is
smooth away from 0, Allard’s regularity theorem [1] (see also [23, Chapter 5]) implies that
Vi N Ay/2,1 is smooth for all £ > 1 sufficiently large, and the convergence

Vk N A1/2,1 ——sC
k—o0
is smooth. In particular, for k > 1, Vi N Ay/2,1 = G1/2,1(ug) for some ug: Ay/21 — T+C
with

||uk||cl,a(A1/2’1) k—) 0.
—00

Lemma 3.8 implies V}, satisfies the property [22, (7.23)] and therefore [22, §7, Theorem 5]
applies. Specifically, [22, §7, Theorem 5] gives that, for k > 1, Vi N By \ {0} = Go,1 (U ) for
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some extension #ixy € C2(C N By \ {0}) of uy that satisfies

lim P2 _ () (e L)),

AN

where ¢ € C?(L(C)) and where the convergence is in the C2(L(C))-norm. Since the Vj, are
all dilations of V), it follows that

A A
Ur(x) = A_];ﬁl(ix) forallk,l > 1,

and thus ¢ = 0 for all kK > 1. Undoing the dilations reveals that, for a fixed k suitably large,

l ~
1 LU (Aep®) c2(L(c)
(34) Vo Bz, \ {0} = G0,1/1k<ﬁuk()th)) and & . 0

The uniqueness of the tangent cone now follows. m|

As a corollary, we note that Theorem 3.2 implies the flow may be written as a graph over
the cone in certain space-time regions near the singularity.

Corollary 3.9. Let (itt)te(a,p) be an integral n-Brakke flow in U C RN with locally
uniformly bounded areas and generalized mean curvature H € L*°L° (U x (a,b)), and let
(Vt)te(a,p] be the associated integral n-Brakke flow from Lemma 2.7. Assume (ji;) has a back-
ward tangent flow ¢ at (xg,t9) € U X (a, b] given by a regular cone C". For any €, C > 0,

there exists r > 0 such that
(Ve —x0) N A0~ = G077 1 (u(-,1)) forallt € [to — r2,to],
for some function

w:Q = {(x,1) € Cx[to—r to] 1 x € AVGT ,} — THC  with |ul|creg) <.

Proof. Forany § > 0, the proof of Theorem 3.2, namely (3.4), implies there exists r > 0
such that (Vy, — x0) N By \ {0} can be written as a graph over C with C!**-norm bounded
by §. Let €, C > 0 be given. If § = §(¢, C) < 1 is sufficiently small and r is possibly made
smaller, then it follows from Lemma 3.7 that, for any 0 < p < r, V; — x¢ is a graph over C
on the region A,z x [to — C?p?, 1] with C1-*-norm bounded by € > 0. The statement now
follows by taking a union over p € (0, r). |

4. Pinching Hardt-Simon minimal surfaces

Throughout this section, we restrict to the case where (M/');c[—T,0) is a smooth mean
curvature flow of properly embedded hypersurfaces in an open subset U € R”*1. We denote
by M = Ute[—T,O) M; x {t} € R"*1 x R its space-time track. Fix a regular cone Cjj € R"*1
andlet € = {A-Cp: A € O + 1)} denote all rotations of the cone. We generally use C to
denote a rotation of the cone Cy, that is, C € €.

The goal of this section is to prove Theorem 1.3, which says that if M has bounded H and
develops a singularity with backward tangent flow given by an area-minimizing quadratic cone,
then there is a type II blow-up limit given by a Hardt—Simon minimal surface (see Section 4.2
for the relevant definitions).
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Remark 4.1. The example of the static flow of an area-minimizing quadratic cone
shows Theorem 1.3 is false when M = (M]');¢(q,p) is replaced with an integral n-Brakke

flow (Ut)re(a,b)-

We restrict to the case of smooth mean curvature flows here because the arguments in this
section and the proof of Theorem 1.3 make reference to the second fundamental form and rely
on a pseudolocality theorem for mean curvature flows (see Lemma 4.4 and Lemma 4.5 below
in particular). The pseudolocality theorem fails for general integral n-Brakke flows because
Brakke flows may suddenly vanish.

4.1. Flows near a regular cone. We begin with general results for mean curvature
flows locally close to a regular cone C € €. The approach here was inspired by [17, Section §].

Definition 4.2. We say M is e-close to C € € if M is a C **-graph on

CNA, 1 x [—e72, —€2]
with C 1®*-norm at most €. In other words,
M;NAc e = G 1 (u(-,1)) forallz € [—e2, —€?],
for some u: C N A, -1 x [—€72, —€2] — T+C with
”u”Cls“(CﬂAé_e_] x[—e—2,—€2]) = €.

We say M is e-close to C € € at X = (x,t) if M — X is e-close to C.

Throughout the remainder of this section, € is always assumed to be less than some
small constant €9 = €g(n, Cp) that depends only on the regular cone Cy and implicitly its
dimension 7.

Definition 4.3. Suppose M is e-close to C € € at X for some € < €g. Define
to be the largest interval such that, for all A € [A,(X), A*(X)], D;-1(M — X) is e-close to
some C' = C, € € at (0,0).

Occasionally, we may write A4 (X; M, €) or A*(X; M, €) to emphasize the dependence
on M and €. Observe that A,(X) and A*(X) are continuous in the basepoint X .

We note the following consequence of pseudolocality for mean curvature flow in our
setting.

Lemma 4.4. Define constants

1
0<ccy== sup |Acyl(x) <Ccy =2 sup |Ac,l(x) < oo.
x€L(Co) x€L(Co)

There exists C = C(n,Co) > 1 and €9 = €9(n, Co) K 1 such that if M is e-close to C € €
at X = (x,t) for some € < €, then

C
@D < qup Ay |() <=2 forall (e + C)An(X) < p < (€ = C)A*(X).
P ly=xl=p p
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Proof. Let A € [A«(X),A*(X)] and consider M' = D; -1 (M — X). By definition, M’
can be written as a C 1%-graph over some C’ € € on A, .—1 x [-€~2, —€?], and the C '"*-norm
is bounded by € < €.

Let§ = §(n, Cp) < 1 denote some small constant to be determined, which depends only
on n and Cy. If €9 < 1 is sufficiently small (depending also on §) and C > 1 is sufficiently
large (depending also on §), then pseudolocality for mean curvature flow [13, Theorem 1.5]
implies that M’ can be written as a Lipschitz graph over C’ on Aetc.e—'—c x [—€72,0].
Namely, if M, denotes the time ¢ time-slice of M’, then

M] N Acice'—c = Gerce—'—c(u(-,1)) forallt € [ 2,0],
for some u: C' N Acyce—t—c X [—€72,0] — T+ with

Ju(-, ) ||C0-1(C’ﬂAe+c,e—' —c)

X 1) — 1
xeC'NActrc.e—1—C |X| x#yeC'NActc.e—1-C |X - y|

forall t € [—€~2,0] (where C’ is a universal constant).
Interior estimates for mean curvature flow [7] then imply u satisfies C2-estimates on
C'NAcrcriet—co1 x[-€ 2+ 1,0]

of the form
1
lullc2(naciciret—coixl—e2+1,0h) = €78
for some constant C” = C”(n, Cy).

If § <« 1 is sufficiently small depending on n and Cy, then this C2-closeness of M to
the cone C’ implies curvature estimates of the form

C

< sup [Apgl) < =S foralle +C+1<p<e!—C—1.
lvl=p p

Estimate (4.1) now follows from undoing the dilation £, -1 and translation and letting A vary

in [A«(X), A*(X)]. Note that, since § = §(n, Cyp), the dependence of €p and C on § can instead

be regarded as a dependence on n and Cy. O

Lemma 4.5. There exists €9 = €o(n, Co) such that the following holds for all € < €y
if (M]")se[—T,0) is smooth in U C RN and its space-time track M is e-close to C € € at
X =(x,t) € U x (—00,0), then A«(X) > 0.

Proof. 1If not, (4.1) implies

|Ap, [(x) = lim  sup [Ap,[(y) = +o0,
PNO |y —x|=p

which contradicts the smoothness of the flow at (x, ). |
Remark 4.6. Note that Lemma 4.5 crucially relies on smoothness of the flow and fails

when the smooth mean curvature flow (M) is replaced with an integral n-Brakke flow. Indeed,
the static flow of a regular, minimal cone C has A.(0,—1) = 0.
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Next, we show that A4 (x, t) satisfies a strict inequality in an annulus.

Lemma 4.7. If €9 = €o(n, Co) < 1 is sufficiently small (depending on n,Cy), then
there exists a constant C = C(n, Co) such that the following holds: if (M[*)c[-T,0) is sSmooth
inU C RN and its space-time track M is e-close to C € € at X = (x,t) € U x (—o0,0) for
some € < €, then

k*(y, I) > /\*(x, t) for all y € A)L*(x,t)[e—{-C],A*(x,t)[e_l—C](x)'

Proof. Fix C = C(n,Cyp) > 1 as in Lemma 4.4. Assume €y = €o(n, Cp) < 1 is small
enough so that Lemma 4.4 holds. Let € < ¢€¢. To simplify notation, denote

ro = (€ + C)Ax(x, 1), Ro = (¢ = C)A*(x,1),
r1 = (€ + 100C)A«(x,1), Ry = (¢! =100C)A*(x,1).
Let y € Ay, R, (x). Suppose for the sake of contradiction that A«(y,?) < A«(x,7). Then
(€ + C)x(y,1) <10 < (€' = CO)A*(3,1)

if eg(n, Cp) < 1. Lemma 4.4 therefore gives curvature estimates of the form
cc
(4.2) —> < sup |Apm (V).
o |y'—yl=ro
Observe also that the sphere 0B(y, r¢) is contained in the annulus A4, g, (x) based at x.
Indeed, |y’ — y| = ro implies
Y =x| = |y = x| =y =yl >r1—ro = (1+98C)Au(x,1) > (€ + C)As(x,1) = ro,

and an analogous argument applies to show |y’ — y| = ro implies |y’ — x| < Ry. Therefore,
Lemma 4.4 based at x also applies and gives

Cc Cc
sup  |Ap,|(¥) = sup —0— < sup n
ly'=yl=ro i=yl=ro 1Y =X T jyrmyi=ro [V = X = [V =]
Co Lo _ e
ry —ro 4}’0 ro ’
which contradicts estimate (4.2). This completes the proof after relabelling 100C to C. O

4.2. Finding Hardt-Simon minimal surfaces. Assume additionally throughout this
subsection that M has H € L*°L> (U x [T, 0)) and that 0 € U. Take a sequence A; \ 0
and suppose M; = !D,xi—l M — Mc,, where Mc, = Cp x (—00, 0) is the flow of the station-
ary cone Cy.

Since M; — Mc,, M; is e-close to Cg at (0, —1) for7 > 1 and
lim A4 (0, —1; M;) = 0.
1 —>00
Denote the constant C = C(n, Co) from Lemma 4.7 as C, and obtain x; € B, (0) such that

Ax(xi, —L;M;) = min  Ax(x, —1; M;).
x€B>c(0)
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Denote X; = (x;,—1) and observe
'lim A*(Xi;eMi) = _lim A*(O,—I;Ml') = 0.
1 —>00 1—>00

Moreover, Lemma 4.7 implies that the minimizer x; must lie in B A (0,—1:M ) [e+C](0), which
implies lim; 00 x; = 0.
Define
M; =D

1
[ Ax (X M;)

(M; — Xi).
By construction, for all i, M] is e-close to some C; € € at (0,0).

Remark 4.8. In what follows, we deviate from the notation of Section 2.2 and write
Huisken’s monotonic quantity as

@((x,t),M,r) = / q)x,t(',t _r2) dl’Lt—rz’
0.0 40 = lim [ @uuot =1 dpt o
r\0
where M = (t¢)te(a,b) i a Brakke flow in R?*1and r > 0.

Lemma 4.9. Along some subsequence i — 0o, M; — M = ([¢)reRr, where M is an
eternal integral n-Brakke flow in R" 1 such that

(1) (entropy bound) for all r > 0 and (x,t) € R % R,

O((x, 1), M, r) < ©((0,0), Mc,).

(2) forallt € R, [i; = up, for some stationary integral n-varifold 17,,
(3) ”H”LOOLOO(R”‘HX]R) =0, and
4) forall A € [1,00), D)1 M is e-close to some (A:A eC.

Proof. Foranyr > 0and (x,¢) € R*T1 x R,

(4.3) limsup O((x, 1), M, r) = limsup O((x, 1), Dy, (x,)-1 (M; — Xi),7)
i—00 i—>00
= limsup O(X; + (xA«(X;), tA5(Xi)?), Mi, rA(X;))
1—00

= ®((0’ _1)9 MCO’ O)

by the limiting behavior of X;, M;, A«(X;) and the upper semi-continuity of ® [32]. Huisken’s
monotonicity formula therefore implies that the M satisfy local uniform area bounds. Com-
pactness of Brakke flows with local uniform area bounds then allows us to extract a subse-
quential limit :/@ of the M. Observe that, since lim; oo A+ (X;) = 0, the limiting integral
n-Brakke flow M is defined for all + € R. Additionally, (4.3) shows that, for any r > 0 and
(x,1) e R"1 xR,

O((x. 1), M, r) = lim O((x.1), ML, r) < O(0,—1), Mc,.0) = O((0,0), Mc,.0).
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The fact that M has mean curvature H € L*°L° (U x [-T,0)) implies that the mean
curvature H; of the rescalings Ml/ has

1im ||H;||poopoo(kxap)) =0 forany K x [a,h] € R*T! x R.
1 —>00

Thus the limiting Brakke flow M has | H || o0 00 rr+1xR) = O-

Let 79 € R and consider the fp-time-slice M (f9) of M;. Lemma A.1 applies to give that
some subsequence M/ (t9) converges in the weak Varlfold sense to a stationary integral n-vari-
fold Vto In partlcular the underlying measures converge MM’(to) — I"LV),‘ On the other hand,
the Brakke flow convergence M| — M implies p M) (t0) — [, and so Lz, = Ky, -

Let A € [1,00). Observe that lim; 00 Ax (X5 M;) =0and A* (Xy; M;) > 1foralli > 1.
Thus A« (X; M) € [Ax(Xi: M;), A*(X;: M;)] forall i > 1. It follows that

Dy M =D (M; — X))

is e-close to some C;L € € for all i > 1. After passing to a subsequence and using that
Dy—1 M) — -1 M, it follows that there exists a limiting cone C 4 € € such that D, - L M
is €- close toC 2. Since A € [1, 00) was arbitrary, this completes the proof. m]

Definition 4.10. For p,q € N with p + ¢ = n — 1, define the n-dimensional quadratic
minimal cone or generalized Simons cone CP+4 to be the hypersurface

CP7 = {(x,y) e RPTI x RIT . g|x|> = p|y[*} c R*TL.

Remark 4.11.  CP+4 is minimal for any p, ¢. Moreover, C3-3, C2# (equivalently C*?2),
and C?4 for any p + g > 6 are all area minimizing. In fact, these are the only quadratic
minimal cones which are area minimizing (see e.g. [21] and references therein).

Definition 4.12 (Hardt-Simon foliation). Let C?- be a quadratic minimal cone which
is area minimizing. Denote the two connected components of R? 1\ C?¢ by E.. In [9], it
is shown that there exist smooth, minimal surfaces S+ € E. which are both asymptotic to
CP+4 at infinity and whose dilations AS+ (A > 0) foliate £, respectively. By dilating, we can
assume without loss of generality that both S1 are normalized to have dist(S+,0) = 1.

For any A € R, define

ASy  ifA >0,
4.4) S)y=43CP9 ifLA=0,
—AS_ ifA <O.

We refer to this family of minimal hypersurfaces as the Hardt—Simon foliation.

Theorem 4.13. Let
Co=CPICR" (p+g=n-1)

be a generalized Simons cone, and let € = {A-Cqo : A € O(n + 1)} denote all rotations of the
cone. Let 0 < €9 = €9(n, Co) K 1 be sufficiently small so that Lemmas 4.4-4.7 hold, and let
0 <e <e¢g. If Co = CPH4 is area minimizing, then there exist Ao # 0, Ag € O(n + 1), and



Stolarski, On singularities of mean curvature flows with H bounds 29

ag € R™ 1 such that the eternal Brakke flow M obtained in Lemma 4.9 is the static flow of
the smooth Hardt—Simon minimal surface M = Ag - Sy, + ao for allt € R. Addltlonally, the
scale Lo # 0 and center ag € R* T are such that, for all 0 < €’ < € and all C € €, M is not
€¢'-close to C.

Proof. 1t follows from the entropy bound Lemma 4.9 (1), compactness of Brakke flows
with uniform local area bounds, and Huisken’s monotonicity formula that there exists a limiting
shrinker Dj TM — M_oo along some sequence A; — oo. Since Mhas H=0 (see Lem-
ma 4.9 (3)), the same argument as in the proof of Lemma 2.10 shows that, for ¢ < 0, M_ —00
must be the flow of a stationary cone C (which is dilation invariant with respect to 0 € R”+1),
Because i),x 1 M is e-close to some C 1 EC for all i (Lemma 4 9(4)), we can passtoa further
subsequence (still denoted by i) so that the C A; converge to C_C>o € € and M_oo = M¢ is
e-close to C_op € €. By the dilation invariance of the cone C, it follows that C can be written
globally as a C1-%-graph over C_oo with C 1%-norm less than or equal to €.

Consider the Hardt—Simon foliation (4.4) rotated so that Sy = é_oo. If € <« 1 i1s suffi-
ciently small depending on 7, Cg, then [8, Theorem 3.1] implies that there exist a € R"*1,
q € SO(n + 1), A" € R such that CisaClh -graph over a 4 ¢(S)/) and the graphing function
u satisfies an improved decay estimate

sup lu(x)] < B forall r < 1/2.
x€Br(a)N(a+q(Sy))

Since C is dilation invariant (w1th respect to 0) this estimate is only possible ifa = 0,1 =
andu = (. In other words, C = q(So) = q(C_oo) € €. Thus, for t <0, we have M_oo = Mc
and C € €.

Because JD;t M= M_ —oco converges as Brakke ﬂows we can find 79 < 0 and pass
to a further subsequence so that the time slices Vl =A; Vt A2 — C converge as integral
n-varifolds. For i > 1, [8, Theorem 3.1] apphes and gives that for all i > 1, there exist
a; e R"1 g; € SO(n + 1), A} € R such that sptV, NBypisa C 1P _graph over a; + ¢ (S,V)
Moreover, after renormalizing the Hardt—Simon foliation (4.4) so that Sy = C

lim (la;| + |g; —1d| + [A[]) = 0.
1—>00
Claim4.14. A} # Oforalli > 1.

Proof of claim.  Consider some index i with A} = 0. Then the monotonicity formula
(A.3) for stationary varifolds implies that

WU —a; (Br) -

67,—a; (0) = lim > 04,(50)(0) = 6, (0) = O(Mcy. (0.0)).

™NO W
Theorem 2.13 then gives that
0co(0) < 09,4, (0) = 6y, (ai)
< G)Dm’__, i, to) (Theorem 2.13)
<0 Dy w(ai to),r) (Huisken’s monotonicity formula (2.4), r > 0)

= Ojt((hiai, Ato), Air)
< 6, (0) (Lemma 4.9 (1)).
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Thus we have equality throughout and
Ot ((Aiai, Atto),r) = 0c,(0) forall r > 0.

It follows from Huisken’s monotonicity formula (2.4) that M — (Aiai, )Ll.zto) is a shrinker (for
t < 0) and must therefore be equal to the limiting shrinker M _, that is,

4.5) M — (Aiai, A2tg) = M_oo = Mg fort < 0.

Write M = (fir)ter, and note that fi; = j1g44,4, forall t < )tl-zto by (4.5). Moreover,
Brakke’s inequality and the fact that M has H = 0 (Lemma 4.9 (3)) imply fi;, > jis, for all
t1 < tp. In particular, sptut2 C sptfiy, forty < tp.

Letz € [/\lzto, —e?] and recall [i, is represented by a stationary integral n-varifold V; with
H = Hyp, = 0 (Lemma 4.9 (2)). Then

spt v, = sptii; € sptﬁ,xl?to = C + Aia;.

On the other hand, Solomon—White’s strong maximum principle [25] applied to the smooth
manifold (C + A;a;) \ {A;ja;} € R*T1\ {X;a;} implies that either

(C+ Mia) \ {Aiai) SsptVy or (C+ Aai) Nspt Ve \ {Aia;} = 0.

In particular, either C+ Aia; = spt 17, or spt 17, C {A;ja;} since spt 17, - C+ Aia; and spt 17,
is a closed set. However, the second case is impossible since M is e-close to some Cy—; € €
by Lemma 4.9 (4). Thus

spt I7t =C+ Aja; forallt € [)Ll-zto, —62].

By the entropy bounds (Lemma 4.9 (1)) and the constancy theorem [23, Chapter 8, §4], it
follows that, in fact, Vt C+ Aia; forall t € [Azto, —€?]. Thus, in combination with (4.5),
we have shown

(4.6) M — (hia;,0) = Mg fort € [A219, —€2].

for any index i such that A} = 0.
Suppose for the sake of contradiction that there exist arbitrarily large indices i with

A7 = 0. Then there exists ig such that )L’ =0 and /\2 olo = — 1. Hence equality (4.6)
holds fort € [-€ 2 —1,—€?] and
D, xj:m)—1 (Mj — Xj — (A (X)) Aigaig. 0))

= M; - (Aioai()’ O)
— (Aipaiy.0) (as j — o0)
= M¢ (fort € [—e72 —1,—€?]).

In particular, White’s local regularlty theorem [33] implies M/ (Aipaiy, 0) converges to M¢
in C]‘gg(]R”“ \ {0} x [-e72 —1,—€?]) as j — oo. Using smoothness of the flows :/W it then
follows that, for some large enough j, ;- 1(M ()L,Oalo, 0)) is e-close to C at (0 0) for
all A in a neighborhood of 1. Equivalently, ;- 1(MJ — (A+(Xj)Aiaiy, 0)) is e-close to
CetCat (0,0) for all A in a neighborhood of A4(X). ThlS however contradicts the definitions

of X; and A4, and this contradiction completes the proof of the claim. m)
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With Claim 4.14 in hand, 171 N By is a clLp -graph over a smooth minimal surface
ai + gi (S ;L;) (A] #0) for all i > 1. Interior regularity for stationary varifolds then implies
that V; N By 4 is smooth for all i > 1, and thus so is sptﬁ,o;@ N By, /4.

Let < —€? and R > €2. Let i >> 1 be sufficiently large such that spt fiy, 22N By, /ais
smooth, to)tz <t,and A; /4 > R. Since ji; < ;L,O)@ it follows that

sptVt N Br =sptiiy N B C spt,u,o)tlz N Bg.

Because spt i, 42 N Bp is smooth, the strong maximum principle [25] applies and implies that
either
sptVe N BR = sptfigua2 N Br or sptV; N Bg = 0.

However, the second case is impossible, since it would imply (together with fi_.> < [i;) that
sptfi_c2 N Bg = @, which contradicts that M is e-close to some 6,1:1 € € (Lemma 4.9 (4)).
Hence spt 17, N Br = spt iy, 2N Bpr. By letting i, R, and ¢ vary, it follows that there exists
a smooth manifold M such that M = spt ji; = spt V; forallt < —e2.

Additionally, M is minimal (Hps = 0) and

/\l-_lM ~Cect€ (as varifolds)

since Op~1 M — M¢ as Brakke flows. The proof of [8, Corollary 3.7] holds in this setting and
implies that M is necessarily a smooth Hardt—Simon minimal surface, thatis, M = ¢(S,) + a
for some ¢ € SO(n + 1), A #0,and a € R”"‘l It then follows from the constancy theorem
[23, Chapter 8, §4] and the entropy bounds for M (Lemma 4.9 (1)) that V; = M = =q(Sy) +a
for all t < —e2. In summary, M is the stationary flow of a smooth Hardt—Slmon minimal
surface M = q(S;) + a forall t < —¢?

Using the strong maximum pr1nc1ple [25] and the fact that e, > [y, forty < tp, it can
be shown that there exists T € [—€2, 4+00] such that the flow M = (UV,)¢er has

~ {M fort < T,
Vt =
@ fort>T.
Since M is a 11m1t of smooth flows M’ M is unit-regular [20, Theorem 4.2] and therefore
T = +00. Thus M = (1ar)rer is the stationary flow of the smooth Hardt—Simon minimal
surface M = ¢(S}) + a. In particular, White’s local regularity theorem [33] implies M con-
verges to M in CRR" xR)asi — oo.

Finally, suppose for the sake of contradiction that there exist 0 < ¢/ <eand Ce €
such that M is €’-close to C. Since M’ converges to M in C OO(R"‘H x R), one can take
€” € (¢/,¢€) and deduce that M is €’ close to C for i > 1 sufficiently large. Since M is
smooth and €” < €, Dy-1M; = D1, (x;:m,)~1 (M; — X;) must then be e-close to C for
all A in a neighborhood of 1. This, however, contradicts the definition of A, (X;; M;). O

Theorem 4.13 and the results of this section complete the proof of Theorem 1.3.

A. Varifolds with generalized mean curvature H € LlOc

In this appendix, we collect some standard results for varifolds with generalized mean

curvature H € Llf)c that are cited throughout the article. For example, the compactness state-

ment (Lemma A.1) and monotonicity formula (Proposition A.3) are given here.
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Lemma A.1 (Compactness). Let 2 <n < N, let U € RY be open, and p € (1, ).
The collection of integer rectifiable n-varifolds in U with locally uniformly bounded area and

locally uniformly bounded generalized mean curvature H € LII:)C(U ) is weakly compact. In

other words, if Vi is a sequence of integral n-varifolds in U such that
(1) the V; have locally uniformly bounded area, i.e. sup; py; (K) < oo (forall K € U), and

(2) the Vi have generalized mean curvature H; € Lﬁ)C(U) with uniform Lﬁ)c(U) bounds, i.e.
sup; | Hill» (k,duy,) < oo (forall K € U),

then there exists a subsequence Vi, and an integral n-varifold Voo in U such that Vi; — Vo
weakly as varifolds. Moreover, Voo has iy, (K) < limsup; wy, (K) (for all K € U) and

generalized mean curvature Hso € Lf)C(U ) with

[HoollLr (K,djyee) < limsupl|HillLr(k,auy,) (forall K €U).
1

Proof. Allard’s compactness theorem [1] gives compactness under the weaker assump-
tion where (2) is replaced by the bound

sup|§Vi (X)| < Cx | X llcogy forall X € CHK,RN), K € U.
i
Therefore, there exists a subsequential limit V;  — Voo such that Vi is an integral n-varifold
with locally finite area and the weaker property that
18Veo(X)] < Ck | X|lco forall X € CH(K,RY), K € U.

However, convergence as varifolds V;; — Vi implies that, for any K € U compact and
X e CH(K,RM),

(A1) |§Voo (X))
= lim [§V;,(X)| = lim ‘/Hi/. -Xduy,
Jj—o0 : Jj—o0 : J

—1

, _»_ I
(i1, g )( [1X077 dinv ) © i p € (1,000

i—00

IA

(i supl Hi gz ) [ 1X]diave if p = oo.

. loc
1—>00

The Radon—Nikodym theorem then implies that § Voo = —Hoo € Lf;c(U .duy,.). Then (A.1)
also implies || HoollLr (k,duyoy) < limsup; [ HillLr(k,dpy,)- =

Lemma A.2. Let2<n <N, let U € R be open, and p € (1, 00]. Let (Vi)ieNU{oo}

be a collection of integer rectifiable n-varifolds with generalized mean curvature H; € Lll; (U).
Assume
sup uy; (K) + supl|HillLr (k,dpy,) <00 (forall K € U).
1 1
If
i—>00 oo N .
(A.2) fduy, —— | fdpy, forall f € CZ(R™) with f >0,

then V; — Vo as varifolds as i — oo.
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Proof. We firstshow duy, — duy,.Let f € CO(U). There exist § > 0 and a compact
set K € U such that
supp f < Bs(supp /) S K € U,

where Bg(supp f) denotes the radius § neighborhood of supp f. Denote

Ck = sup uy; (K) < oo.
i

Lete > 0. Split /' = f4 — f— into positive and negative parts. Convolving f, f— with
a suitable mollifiers, we can find f, /= € C>°(U) such that

f>0, suppfrCK, and |fr— filco <

€.
6Ck

Then

[ raw = [ 1 v

[ riduv, = [ £

=

| [ i~ [ -
+'/ﬁdﬂvi—/f~+dﬂvoo

=

/f+—ﬁd/wi

+‘/f+_f+d/'LVoo

+Vf——f—dw,-

—ﬂ/ﬁ—ﬁJM&

+‘/f—dﬂvi—/f—duvoo
+‘/f~—dMVi_/f~_dl"LVoo
#| [ Fodur = [ i

<4l = Fleoci + | [ Foduy, [ Fodure

<Zeq
—€
3

[ Fedur, ~ [ Fidur,
<e (foralli > 1),

where the last inequality follows by (A.2). This completes the proof that djuy, — duy,, .
Next, we prove the varifold convergence V; — V. Suppose for the sake of contradiction
that V; / Vio. Then there exist f € C2(G(n,U)), € > 0, and a subsequence Vi, such that

‘/fdl/ij—/deoo‘>e for all j.

Since the V;; have locally uniformly bounded areas and locally uniformly bounded gener-
alized mean curvatures H;; € L{;C(U ), Lemma A.l implies there exist an integer rectifiable

n-varifold Vo’o and a subsequence still denoted V;; such that V,-J. — Véo. In particular,
dpy,, = lim dupy, =duy; .
j—o0 Y o

Because Voo, V5, are integer rectifiable n-varifolds with djuy,, = djuy; . Voo = V.. We then
have a contradiction that V;; A Ve = VO/o and Vi, — VO/o = Vso. This contradiction proves
that, in fact, V; — V. O

Proposition A.3 (Monotonicity formula). Ler2 <n < N, let U € R be open, and
p € (n,00)]. Let V be an integer rectifiable n-varifold in U with generalized mean curvature
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H € Lf)c(U). Let xo € U and Br(xo) C U. Then, forany 0 <o < p < R,

IH 1= B IH 1=

(A3) (7" wyBpo) | 1=y 1)
p
LA -2
_(el—%" p/LV(Bn(XO)) %‘7 P _1)
o
L2
Bp(x0)\Bo (x0) X = ol
where |H || = || H |17 (Bg(xo),duy)- In particular,
||HIL| -1 B n 1-2%
el =3” L’Z(XO)) 5" — 1 is non-decreasing in p
P

and

1y (Bp(x0))
o

Oy (xo) = lim exists.
JANU
Proof. The proof follows [23, Chapter 4, §4]. We provide the proof for p € (n, 0c0) and

let the reader make the necessary adjustments to the proof in the case of p = oo
Forany 0 < p < R/(1 + ¢),

d d —
() L@ 1) = 1)~ [0 w0 Hoe (M) duy o

where ¢¢: [0, 00) — R>¢ is a smooth, non-increasing function with ¢¢(s) = 1 for s € [0, 1]
and supp e € [0, 1 + €],

xo €U and Bpg(xo) C U,
X —Xx
1) #/we(' "N dyay ()2 0,
0

/ |(x = xo) 2 E(Ix —pxol) djy (x) > 0,

— xo/?

The integral on the right-hand side of (A.4) can be estimated by

_ X — X X — X
‘p | ; ot ; D dyey ()

<1 +e)p™" ||H||Lp(B(l+€)a(x0),dMV)(I(p))l_;

— — _ L
< (14 9 P IH Lo Bty (0 1) 77 (0<p < )

< (1+)p P H|LrBro)dur)(1 + p " 1(p)),

where in the last step we used a > 0 = al=1P <1+4a. Inserting this estimate into (A.4)
yields

d d
(A5 (1 + e "1(p)) = p‘”d—J (p)
P P

— (1 + )™ P H | Lo Br(xo).duy) (1 + 0" 1(p))
forall0 < p < R/(1 + ¢).
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To simplify the notation, we write || H || = || H || 7 (B (x0),du;) for the remainder of the proof.
Multiplying (A.5) by the integrating factor

Fo(p) = Jd Q+OIHIZ™/ 2 dp _ S50 7 -y

and using the fact that 4 o J > 0yields

d d
n n n
—(Fé(,o)p 1(p) + Fe(p) — 1) > Fe(p)p —pJ > p _,O J.

Integrating from o to p then gives

(F()f(p)we(p)—l) (Fe0 2+ ror-1)= [ 7 dipfdp

g

Using that d—p(<p€(|x — Xo|/p)) is supported on the region p < |x — x| < (1 + €)p, it follows

that
[(7e o= [ [ S e (s
_ 12 _
/ /ll(;— ;C()Olz’*lz dp(‘p (lx pm)) duy dp
0 () e (F )
|(x — x0) L2

. / 1(x = x0)~|
- _ n+2
B, (x0)\B(1 +¢)o (x0) |x — xo

Letting € N\ O finally yields

L) 13 HI 1-n
(el_%p 7y (Bp(x0)) Lo %p » _1)
o
_ (e e 4 MV(Ba(Xo)) %'01_% B 1)
O—l’l
12
X — X
> / %duv > 0.
B,(x0)\Bo (xo) |X — Xol

In particular, we have monotonicity of

LH] 1— H| 1-%
P> e -2 v MV(BP(XO)) %P ? 1
o
Hence its limit as p \ 0 exists and thus 6y (xg) is well-defined. |
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