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Revisiting generic mean curvature flow in R?

By Otis Chodosh at Stanford, Kyeongsu Choi at Seoul, Christos Mantoulidis at Houston
and Felix Schulze at Coventry

This article is part of the special bicentennial issue 2026 of Crelle’s journal.

Abstract. Bamler—Kleiner recently proved a multiplicity-one theorem for mean curva-
ture flow in R3 and combined it with the authors’ work on generic mean curvature flows to
fully resolve Huisken’s genericity conjecture. In this paper, we show that a short density-drop
theorem plus the Bamler—Kleiner multiplicity-one theorem for tangent flows at the first non-
generic singular time suffice to resolve Huisken’s conjecture — without relying on the strict
genus-drop theorem for one-sided ancient flows previously established by the authors.

1. Introduction

Mean curvature flow is the gradient flow of area. A family of hypersurfaces M (t) C R +!
is flowing by mean curvature flow, provided

0

(5X>L = HM(t)(X)-

Here, Hp()(X) denotes the mean curvature vector of M(7) at x. By a simple application of the
maximum principle, the flow M (¢) becomes singular in finite time whenever M (0) C R**1 is
closed and embedded. There are several weak notions of mean curvature flow that allow to flow
through singularities. In this paper, we use the notion of cyclic, unit-regular, integral Brakke
flows. See Section 2 for definitions and references.

A well-known conjecture of Huisken (see [34, #8]) posited that generic mean curvature
flows in R3 encounter only spherical and cylindrical singularities. Groundbreaking progress
toward Huisken’s conjecture was made in the work of Colding—Minicozzi [22], who proved
that spheres and cylinders are, in a sense, the only linearly stable singularity models for mean
curvature flow (in all dimensions). They also showed how to construct “broken” mean curva-
ture flows that avoid closed, multiplicity-one, non-spherical singular points. Subsequently, the
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present authors developed a one-sided perturbation and genus-drop mechanism [12, 14] which
proves Huisken’s conjecture under the hypothesis that all singularities arise with multiplicity
one. This assumption that singularities always have multiplicity one (Ilmanen’s multiplic-
ity-one conjecture [34, #2]) was recently proven to always hold in a remarkable work of
Bamler—Kleiner [4]. As such, when combined with our previous work, this resolved Huisken’s
conjecture.

In this paper, we develop a shorter replacement for our previous works that, when com-
bined with the work of Bamler—Kleiner, gives a new proof of Huisken’s conjecture.

Theorem 1.1. Let M° C R3 be a closed embedded surface. There exist arbitrarily
small C® graphs M over M° so that any cyclic unit-regular integral Brakke flow starting
at M(0) := M only has only multiplicity-one spherical and cylindrical singularities.

The main contribution of this paper is to circumvent the genus-drop theorem; we employ,
in its place, a rather short density-drop theorem inspired by our other work on the generic
regularity of higher-dimensional mean curvature flow under entropy bounds [13, 16] and on
the generic regularity of area-minimizing currents [15, 17]. Its adaptation to our current setting
is nonetheless quite subtle: on the one hand, the argument is global in spacetime in nature,
while on the other hand, it is sensitive to us only invoking the multiplicity-one result at the first
nongeneric time.

Remark 1. Let M C R3 be a closed embedded surface and let M be a cyclic unit-
regular integral Brakke flow starting from M. Such M can be produced by Ilmanen’s elliptic
regularization scheme [31]. Assume that M has the property arranged in Theorem 1.1, i.e.

() M only has multiplicity-one spherical and cylindrical singularities.

Here are some well-known implications of (7).

(a) The work of Hershkovits—White [29], combined with the resolution of the mean convex
neighborhood conjecture by Choi—Haslhofer—Hershkovits [18], yields that the level-set
flow of M is nonfattening and that the innermost and outermost flows starting at M
agree, with their spacetime support equal to the level-set flow of M. Moreover, M is
the unique cyclic unit-regular integral Brakke flow starting at M by [12, Appendix G].
Therefore, M, the innermost, and the outermost flows starting at M all coincide and are
almost-regular in the sense of Bamler—Kleiner [4, Definition 2.6] (cf. [4, Lemma 7.8]).

(b) The work of Daniels-Holgate [26] implies that there exists a mean curvature flow with
surgery starting from M (this result uses the results in point (a) as well as the surgery
results in the mean convex case [8, 10,27,28]).

(c) Consider any sequence M; — M, say in C!, and a corresponding sequence M; of cyclic
unit-regular integral Brakke flows starting at M;. Since the class of cyclic unit-regular
integral Brakke flows is closed under weak convergence of Brakke flows, it follows
from (a) above that M; — M. Furthermore, it follows from the classification of low
entropy shrinkers [6] (or, alternatively, the proof of the mean convex neighborhood con-
jecture — see [35, Proposition 2.3]) that, for sufficiently large i, M; also only has only
multiplicity-one spherical and cylindrical singularities. In particular, the set of M with
corresponding M satisfying () is both dense (per Theorem 1.1) and open.
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1.1. Other works. A number of works other than [4] have been very influential, if not
outright invoked, in Theorem 1.1. We highlight in particular some works of Bernstein, Brendle,
Colding, Haslhofer, Hershkovits, [lmanen, Minicozzi, Wang, and White in approximate chro-
nological order: [31], [40], [42], [43], [45], [22], [21], [20], [25], [9], [39], [6], [18], [29].

1.2. The genus-drop approach. We recall the genus-drop approach of [12,14]. This is
not used anywhere else in this paper.

Consider a one-parameter family of mean curvature flows M obtained by flowing mono-
tone (“one-sided”) perturbations My, s = o(1), of the initial surface My := M. Consider a
family of Brakke flows (My) starting at (Ms). Assume that Mo develops a multiplicity-one
singularity at (Xo, fo) which is not spherical or cylindrical. Any tangent flow of My at (Xg, fo)
is a multiplicity-one homothetically shrinking flow that is not a sphere or a cylinder (see Sec-
tion 2.3). By the avoidance principle, the corresponding blow-up limits of nearby M;’s at
(X, tp) will be ancient flows on either side of the central shrinking flow.

The first step is to now study the rescaled mean curvature flows of these blow-ups. By
developing a PDE classification tool for solutions with fixed-sign speed (positive or negative)
of the rescaled mean curvature flow on one side of non-spherical and non-cylindrical shrinkers,
we show that the blow-up limits of the nearby My move monotonically in the sense of rescaled
flows (i.e. in a shrinker mean convex sense in the original scale). This built on previous work
of the authors in [19], inspired by [2, 3]. One then deduces from this, as in [42], that the
(Ms)s0 only develop multiplicity-one spherical and cylindrical singularities and have genus
zero near (Xg, o).

The second step is to prove a globalized and iterable genus-drop result. By Brendle’s
genus zero classification theorem [9], and a localization of White’s genus monotonicity [40],
one may show that there has been a (strict) genus drop of M (7)o on approach to time ¢ = .
This can be iterated finitely many times, bounded by the genus of My := M, to ultimately get
the following:

for generic closed embedded surfaces M(0) C R3, mean curvature flow has only
spherical and cylindrical singularities for as long as its singularities have multi-
plicity one.

In particular, Huisken’s conjecture was reduced to Ilmanen’s multiplicity-one conjecture (see
[34, #2]), which was eventually resolved by Bamler—Kleiner [4].

1.3. The density-drop approach. As before, we let M be a monotone one-parameter
family of flows, and we study blow-ups of this family at multiplicity-one singular points
modeled by non-spherical, non-cylindrical shrinkers.

Let X be any such shrinker. The key is Proposition 3.6, a qualitative geometric result
characterizing such X: any translate of its shrinking spacetime track must “cross” its original,
untranslated shrinking track. This is a special feature of shrinkers % that are not spheres or
cylinders. Clearly, it is not true for spheres and cylinders.

Our density-drop result, Proposition 4.1, quantifies Proposition 3.6. Suppose that Oy
is the Huisken density of the singular point modeled on X. Proposition 4.1 shows that every
ancient flow to one side of the shrinking flow of X, with entropy no larger than ®y, has Huisken
density at most @y — 1o at all singular points (except the origin). Here, o depends only on
background a priori genus and entropy bounds, but not X. It follows from Proposition 4.1, and
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a monotonicity argument, that all sufficiently nearby points in the pre-blow-up picture have
Huisken density at most ®x — 1. Thus our central singular point is isolated among singular
points with density at least Oy — %770-

We now globalize. For each My, s = o(1), we may assume the existence of singular
points that are not modeled by multiplicity-one spheres or cylinders. (Otherwise, we are done.)
Let us then restrict our attention to the first (ordered by time) such singular point(s). Existence
follows by work of Bernstein—Wang [6] (see Proposition 3.3). The work of Ilmanen [33] and
Bamler—Kleiner’s resolution of the multiplicity-one conjecture [4] (see Theorem 3.9) imply
that these singular points are modeled by multiplicity-one shrinkers that are not spheres or
cylinders. Therefore, Proposition 4.1 (density drop) applies and guarantees that these points are
isolated as long as we suitably stratify by density. In particular, by elementary considerations,
the entire set of such points turns out to be finite, so we can clearly choose M;’s that miss it.

1.4. Comparison. The genus-drop approach to resolve Huisken’s conjecture is signifi-
cantly longer than the density drop in the current paper, but it also gives a refined local picture.
In particular, together with the Bamler—Kleiner multiplicity-one theorem and their compactness
theorem for bounded almost regular flows [4, Theorem 1.7], inner/outermost flows experi-
ence strict genus drop after every nongeneric singular point (thus bounding the number of
nongeneric singular points by the initial genus); see, e.g., the proof of [4, Theorem 1.9 (c)].

1.5. Organization. In Section 2, we recall some standard background notions about
smooth and weak mean curvature flows that are part of our setup. In Section 3, we list the
various technical ingredients from [4,6,11-13,23] that are necessary for our proof. In Section 4,
we give the proof of Theorem 1.1.

2. Background

2.1. Spacetime. It will prove to be very convenient to study our flows in spacetime,
R3 x R. To that end, we will refer to points such as X = (x,7) € R3 x R as spacetime points,
and we will utilize the time function t(x, ¢) := ¢. Furthermore, we denote parabolic distance in
spacetime using

dp(X.Y) = dp((x.). (v.5)) =/ Ix = ¥[12 + |t —s].
and the natural parabolic dilation around the spacetime origin (0, 0), by A > 0, using

ParDil: R3 xR — R3 xR, ParDily (x,7) = (A" 'x, 1 721).

2.2. F-functional and density. Let us begin by recalling a few basic notions in the
smooth setting. First, for smooth surfaces M C R3, one has the F-functional

2.1) F(M) = (471)_1/ e~ 1% g 302 (x),
M
which in turn gives rise to the Colding—Minicozzi entropy via
1
2.2) A(M) = sup F(—(M - xo)).
X()ER3 N tO

t0>0
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Moreover, for a smooth mean curvature flow with bounded area ratios M: ¢ +— M(t), the F-
functional also gives rise to the density function, defined as

1
(2.3) Ou(X,r) = F(—(M(t—rz)—x)), X €eR3>xR, r>0,
r
which is nondecreasing in r by Huisken’s well-known monotonicity formula [30]. In particular,
(2.4) Ou(X) = lirr})G)M(X,r), X e R3 xR,
r—

is well-defined.

2.3. Shrinkers. The spheres and cylinders referred to in Theorem 1.1 are types of self-
similarly shrinking (or shrinkers, for short) singularity models for mean curvature flow.

Definition 2.1. A surface = C R3 is said to be a shrinker if it satisfies H + %XJ‘ =0,
where H is the mean curvature vector of X.

Equivalently, ¥ is a shrinker if # +— +/—7 3 is a mean curvature flow for # < 0.

Definition 2.2. We denote
8 := {X C R> embedded shrinker with 1(Z) < oo},
8* .= 8\ {planes},
e = (S22} U{O(S'(V2) xR e 8: 0 € 0O(3)}.

The elements spheres and cylinders referred to in Theorem 1.1 are the elements of 85",
whose radii were chosen so that 5" C §.

2.4. Brakke flows. For our study of singular mean curvature flows, we need to work
with weaker objects than smooth hypersurfaces, namely varifolds in R> (see [36]). The corre-
sponding weak notion of mean curvature flows are Brakke flows in R3, which we recall below
(cf. [7,31]). All our varifolds and Brakke flows are always taken to be 2-dimensional.

Definition 2.3. A (2-dimensional) integral Brakke flow in R> is a 1-parameter family
of Radon measures (u(¢))se7 over an interval / C R so that

(1) foralmostevery ¢ € I, there is an integral n-dimensional varifold V(r) with (1) = py )
so that V(¢) has locally bounded first variation and has mean curvature H orthogonal to
Tan(V'(¢), ) almost everywhere.

(2) For a bounded interval [t1, 2] C I and any compact set K C R3,
%3
/ / (1 + HP?) du(t)dt < .
I3t K
(3) If[t1,) C 1, f € CHR? x [t1,12]), and f > 0, then Brakke’s inequality holds,

/ £ 1) dpults) — / FCon)dudty) < / § / (P74 B4 O p ) dutydr
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We will often write M for a Brakke flow (14(¢));es, with the understanding that we are
referring to the family / > ¢ — u(¢) of measures satisfying Brakke’s inequality. In this case,
we write M (¢) to mean u(z).

In this weaker setting, (2.1), (2.2) extend to varifolds by looking at their induced Radon
measures, and the monotonicity underlying (2.3), (2.4) extends to Brakke flows in R3 with
bounded area ratios (cf. [33, Lemma 7]).

Furthermore, we slightly abuse notation and still denote with ParDil) the standard par-
abolic dilation of a Brakke flow around the spacetime origin (0, 0) by a factor A > 0. This is
obtained by pushing forward using the parabolic dilation map from Section 2.1.

2.5. F -stationary varifolds. The shrinker condition is also equivalent to the following
(see [32], [22, §3]):

. .. . —Ix|2
e ¥ is a minimal hypersurface for the metric e I/ 4 gRs3, or

e ¥ is a critical point of the F'-functional from (2.1) among compactly supported deforma-
tions, as well as translations and dilations.

Definition 2.4 below uses precisely this insight to correctly generalize the notion of
shrinkers to the varifold setting.

Definition 2.4. A varifold V in R3 is called F -stationary if is stationary with respect to
the conformally flat metric eI/ 4gpr3 on R3.

Of course, the immediate relevance of this is in taking tangent flows.

B Definition 2.5. Let M l‘)ve an integral Brgkke flowin R3, X e R3xR,and A; — 0. If
M; := ParDily,; (M — X) — M, then we call M a tangent flow to M at X It follows from the
monotonicity formula that, for # < 0, M coincides with a shrinking integral Brakke flow

~=tV, t <0,

My (1) =
y (1) {0, (>0

for some F'-stationary integral varifold V' in R3. See [33, Lemma 8] or [41].
2.6. Regular, singular, generic singular points. Briefly recall the following.

Definition 2.6. An integral Brakke flow M is said to be

* cyclicif, fora.e. 7, u(¢) = py ) for an integral varifold V(¢) whose associated rectifiable
mod-2 flat chain [V (¢)] has o[V ()] = 0 (see [45]);

e unit-regular if ® 4((X) = 1 implies that there exists a forward-backward parabolic ball
around X in which M is a smooth connected multiplicity-one flow.

Definition 2.7 ([13, Definition 1.6]). Let ;M be a unit-regular integral Brakke flow in R3.

(a) We denote by reg M the set of X € supp M for which there exists a forward-backward
parabolic ball centered at X inside of which M is a smooth connected multiplicity-one
flow.
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(b) We denote sing M = supp M \ ((supp M(0) x {0}) U reg M).

(c) We denote by sing,, M the set of X € sing M so that allV tangent flows to M at X are,
for ¢t < 0, coincident with some My, X € 82" (see Definition 2.5).

3. Technical ingredients

3.1. Shrinker compactness. The compactness theorem below follows from the work
of Colding—Minicozzi [23] and Cheng—Zhou [11].

Theorem 3.1. Fix g € N, A > 0. If we have a sequence %; € § with
genus(%;) < g, F(Zi) < A,
then, after passing to a subsequence, we can find ¥ € § such that

> XinCy, genus(X) <g, F(X;)— F(Z).

3.2. Entropy gap. The entropy gap result below, due to Bernstein—-Wang [6], estab-
lishes a definite entropy gap between self-shrinking cylinders and all other shrinkers in R3. We
also include below Stone’s explicit computation in [38] of entropies of spheres and cylinders.

Theorem 3.2. There exists a universal 89 > 0 such that every ¥ € 8* \ 82" satisfies”

1 = A(R?) < A(S?) = g

2
~ 147 < A(S' xR) = /= ~ 152 < A() — bo.
e
The gap result builds on previous important work, including Brendle’s classification of

genus zero self-shrinkers [9] and Colding—Ilmanen—Minicozzi—White’s proof that the round
sphere has minimal entropy among all closed self-shrinkers [21].

3.3. Stability of generic singularities. We recall the following result that, in R3, fol-
lows from elementary density upper semicontinuity considerations and the Bernstein—Wang
entropy gap from Theorem 3.2.

Proposition 3.3 ([13, Proposition A.1]). Consider cyclic unit-regular integral Brakke
flows M; — M in R3 with X; € sing M; convergingto X € Singge, M. Then X; € singye, M;
for all sufficiently large i.

See also [35, Proposition 2.3].

3.4. Frankel property for F -stationary varifolds. First recall the following Frankel
theorem for F'-stationary varifolds from [12, Corollary D.4].

Theorem 3.4. If V, V' are F-stationary varifolds, then supp V N supp V' # 0.

D If some tangent flow is a multiplicity-one element of $2", then all are [20,24] (cf. [5]).
2) Note that A is invariant under rescaling, so we need not rescale our spherical factors.
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The following is essentially contained in the proof of [12, Theorem 7.17 (5)].

Proposition 3.5. Fix ¥ € § and let @ C R3 be either component of R3\ . If V is an
F -stationary integral varifold in R> with

(3.1 supp V C Q,

then V. = kX for some k € N.Y

Proof. It follows from (3.1) and the Solomon—White maximum principle for stationary
varifolds [37] that all components of supp V are either disjoint from 02 = X or they coincide
with it. Theorem 3.4 rules out the former case, so supp V' = X. The result that ' corresponds to
an integral multiple of X now follows from the constancy theorem for stationary varifolds [36]
(applied in the conformal metric) and 3’s smoothness. O

3.5. Geometric characterization of generic singularities. The following characteri-
zation of generic shrinkers was central to [13] (see also Colding—Minicozzi’s classification of
&E°M as the unique linearly stable self-shrinkers [22]).

Proposition 3.6 ([13, Proposition 2.2]). Fix X € 8* and let Q C R3 be either compo-
nent of R3\ X. Assume that there exists Xo € (R3 x R) \ (0, 0) such that

(Xo + suppMx) N t_l((—oo,min{O, t(Xo)})) - U V—tQ.

t<0

Then X € §8,

In short, Proposition 3.6 characterizes ¥ € §5" as the only shrinkers that have some
nontrivial translate of their spacetime track (i.e. X¢ + supp My for some Xo # (0,0)) con-
tained, for sufficiently negative times, on one side of the original shrinking spacetime track

(i.e. U, <o V=12, which is a side of Mx).
3.6. First nongeneric singular time. We recall the following notion from [12].%
Definition 3.7 (First nongeneric time; cf. [12, Section 11]). Suppose that M is a cyclic

unit-regular integral Brakke flow in R® with M(0) = #2| M for a closed embedded surface
M C R3. We define

Thad(M) = inf{t(X) : X € sing M \ singye, M},
with the convention inf @ = +o00.

A direct corollary of Theorem 3.2 and the upper semicontinuity of density is as follows.

3 Here and throughout, we implicitly identify X with its induced integral varifold.
4 In the reference, Tpaq (M) is equivalently defined as the supremum of times 7" such that all tangent flows
at X = (x,t) € sing M, t < T, are for negative times coincident with some My, ¥ € 88",
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Corollary 3.8. Let M be a cyclic unit-regular integral Brakke flow with M(0) = #?| M
for a closed embedded surface M C R3. If Tpaa(M) < 00, then there must exist

X € sing M \ singgen M, t(X) = Toag(M).

Any such point X is called a first nongeneric point for M.

3.7. Ilmanen and Bamler-Kleiner tangent flow structure theorem. The work of
Ilmanen [33] and Bamler—Kleiner [4] gives us a precise description of tangent flows at the
first nongeneric time.

Theorem 3.9. Let M be a cyclic unit-regular integral Brakke flow with M(0) = J?| M,
where M C R3 is a closed embedded surface. If Tpaa(M) < oo and X is a first nongeneric

point for M (see Corollary 3.8), then every tangent flow to M at X coincides, for t < 0, with
My for some X € 8%\ 88",

Proof. The weaker result, with My replaced by kMy, k € N, and ¥ € §, was proven
in [33] for the first singular time. Modifications of the proof to the first nongeneric singular
time were give in the proof of [12, Proposition 11.3].

The fact thatk = 1 and X € 8™ \ §&" follows from Bamler—Kleiner’s recent resolution
of the multiplicity-one conjecture. In particular, it follows from [4, Theorem 1.2] provided we
can ensure M is what Bamler—Kleiner call “almost-regular” on [0, Ty,q(M)). This is justified
in [4, Lemma 7.8]. O

4. Proof of Theorem 1.1

Proposition 4.1. Fix g € N, A > 0. There exists no = no(g, A) > 0 with the following

property.
Let Y € 8%\ 82" and Q@ C R3 be either component of R3 \ . Assume

(a) genus(E) < g,
(b) F(X) = A.

If M is any ancient cyclic unit-regular integral Brakke flow with
(©) AM) = F(X),
(d) supp M Nt71((—00,0)) C ;<0 V12,

then © y(X) < F(X) — no for every X € (R3 x R) \ (0, 0).

This is our main density-drop result. It quantifies the characterization in Proposition 3.6.
Subject to appropriate genus and entropy bounds, ancient cyclic unit-regular integral Brakke
flows on one side of a spacetime track of a nongeneric shrinker have quantitatively lower
densities relative to the density of the nongeneric shrinker.

Proof of Proposition 4.1. If not, then there exists a sequence of counterexamples ;,
Qi, M;, X; with

1
4.1) O, (Xi) = F(Zi)_lT-
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We will use assumptions (a) and (b) to pass to limits and ensure that assumptions (c) and (d)
hold on the limit. In what follows, we pass to subsequences as necessary.
First, to normalize, we assume that

dp(Xi.(0,0)) =1

by parabolically rescaling M; without affecting any of the other conditions. By the compact-
ness theorem for shrinkers under genus and entropy bounds from Theorem 3.1, and Allard’s
theorem [1], we deduce that

(4.2) T > X eS8 inC,
4.3) F(Z;) — F(2).

It follows from (4.3) and the Bernstein—Wang entropy gap result from Theorem 3.2 (or by the
isolatedness of 8" in C2° by Colding-Ilmanen—Minicozzi [20]) that

4.4 X ¢ 85
Of course, we also have

Using the compactness of cyclic unit-regular integral Brakke flows ([31] for integral Brakke
flows, [44] for unit-regularity, and [45] for cyclicity) together with (c) and (4.3), we can pass
(c) to the limit as follows:

(4.6) Mi — M,

4.7 A(M) < F(D).
Note that there are only two choices for each of Q; C R3\ ;, so we may pass to a subse-
quence to obtain a consistent choice among them via (4.2). If €2 is the limiting component

of R3\ X, we may use smooth compact mean curvature flows in R3\ Q as barriers in the
avoidance principle to ensure that (d) passes to the limit, too, i.e.

(4.8) supp M N t71((—o0,0)) C U V-1,

t<0

The upper semicontinuity of densities together with (4.1), (4.3), (4.5), (4.6), (4.7) implies
Ou(X) = F(XZ) = A(M).

In particular, M is a shrinking flow with spacetime center X due to the monotonicity formula.
If V is the F-stationary varifold corresponding to some tangent flow to M at —oo, then

(4.9) F(V) = F(%),
and by (4.8) and the parabolic dilation invariance of its right-hand side,
(4.10) suppV C Q.

It follows from Proposition 3.5, (4.9), and (4.10) that V' = 3. This forces Proposition 3.6 into
a contradiction with the fact that X ¢ 85" per (4.4) and X # (0, 0) (since d, (X, (0,0)) = 1)
per (4.5). This completes our proof. m)
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Proof of Theorem 1.1.  Let K° be the smooth compact domain bounded by M °, and let
(Ks)se(—1,1) be a smooth deformation of Ko := K° so that

4.11) 51 <$2 = K, CintKjp,.

Foreach s € (—1, 1), denote M := 0K, and let M be any cyclic unit-regular integral Brakke
flow with M (0) = FH?| M; (see [31]).”
We may fix A > 0 so that

(4.12) A(Ms) <A foralls € (—1,1).

Claim 4.2. Fix so € (—1,1) and X¢ a first nongeneric point for Mg, (recall Corol-
lary 3.8). If s; — so, and Xo # X; — X are first nongeneric points for Ms;, then

limsup O 4 (Xi) < Oy, (Xo) — 10,
1
where 19 is as in Proposition 4.1 with g = genus(My) and A as in (4.12).

Proof of Claim. 1If this were false, then there would exist & > 0 so that
(4.13) O, (Xi) > Oy, (Xo) =10 + ¢

for sufficiently large i. Translate so that Xo = (0,0) and set A; := d,(X;, (0,0)) > 0.
It follows from the Ilmanen and Bamler—Kleiner theorem on the structure of tangent flows
at the first nongeneric singular time, Theorem 3.9, that

(4.14) ﬂ;o := ParDily, My, — ﬂso = My forsomeX € 8%\ 8,
Note that, by the monotonicity formula,

(4.15) F(3) = 04, (Xo) < A.

By the nonfattening of the flow before Xo by Hershkovits—White and Choi—Haslhofer—Hersh-
kovits [18, 29], the regularity for a.e. ¢ of flows with only generic singularities by [41] (see
also [25]), and White’s genus monotonicity [40],

(4.16) genus(X) < genus(My).
Denote
M = ParDily, My, — M, ParDily, X; — X, dp(X,(0,0)) = 1.
The upper semicontinuity of density, (4.13), and (4.15) imply
(4.17) O (X) > F(2) —no + &
Moreover, by a monotonicity formula argument we explain below,

(4.18) A(M) < F(D).

5) In our previous work, we have often had to consider multiple Brakke flows for each fixed s € (—1, 1).
Our more streamlined Claim 4.2 allows us to consider just a single Brakke flow for our argument.
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Indeed, if Y € R3 xR, r > 0, p > 0, then we have by monotonicity and A; — 0 that
On(Y,r) =1lim® y (Y,r) =lim O, (ParDily; ¥, A;r)
i ! i

< 1im © 4, (ParDily, Y, p) < © 4((0,0), p).
1

Now send p — 0 and then take sup over Y, r to obtain (4.18).
Finally, we also have that

(4.19) suppﬂ Nt ((—00,0)) C U V=i,

<0

where Q C R3 is a component of R3 \ X. This follows from (4.11) combined with the avoid-
ance principle and the locally smooth convergence ﬂéo — Msx on t~1((—00,0)) from (4.14)
and Brakke’s regularity theorem [7], the latter of which applies since ¥ is smooth.

Altogether (4.15), (4.16), (4.17), (4.18), (4.19), and X # (0, 0) (since dp (X,(0,0) =1)
contradict our choice of 19 coming from Proposition 4.1. This completes our proof of the
claim. O

Now proceed to define, for £ € {0, 1,2,...},

8y = U {X is a first nongeneric singular point for Mg
= 1 1
LU and @4, (X) € [1 + 501+ 5+ 1)n0)}.

The claim implies that &, is discrete. In particular, § is finite since the flows become extinct
after a uniform finite time. Therefore, ( J, 8, is also finite since the union can be taken over
a finite set of £’s by (4.12). Thus, we have that

8 = U {X is a first nongeneric singular point for M}
s€[—1,1]

is finite.

To conclude, choose s; — 0 so that M, contains no first nongeneric singular points, and
thus no nongeneric singular points at all by Corollary 3.8. It is known that, in the absence of
nongeneric points, Mg, is the unique cyclic unit-regular integral Brakke flow starting at M,
(see Remark 1 (b)). This completes the proof. D

Acknowledgement. We thank Richard Bamler and Bruce Kleiner for their interest in
this work, and the anonymous referees for helpful suggestions.

References

[1] W.K. Allard, On the first variation of a varifold, Ann. of Math. (2) 95 (1972), 417-491.
] S. Angenent, P. Daskalopoulos and N. Sesum, Unique asymptotics of ancient convex mean curvature flow
solutions, J. Differential Geom. 111 (2019), no. 3, 381-455.
[3] S. Angenent, P. Daskalopoulos and N. Sesum, Uniqueness of two-convex closed ancient solutions to the mean
curvature flow, Ann. of Math. (2) 192 (2020), no. 2, 353-436.
[4] R. H. Bamler and B. Kleiner, On the multiplicity one conjecture for mean curvature flows of surfaces, preprint
2023, https://arxiv.org/abs/2312.02106.


https://arxiv.org/abs/2312.02106

(5]
(6]

(7]
(8]

(9]
[10]

(1]
[12]

[13]
[14]
[15]
[16]
[17]
(18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]

(28]
[29]

[30]
(31]
[32]
[33]
[34]

[35]

Chodosh, Choi, Mantoulidis and Schulze, Revisiting generic mean curvature flow in R3 13

J. Bernstein and L. Wang, A remark on a uniqueness property of high multiplicity tangent flows in dimension
3, Int. Math. Res. Not. IMRN 2015 (2015), no. 15, 6286-6294.

J. Bernstein and L. Wang, A topological property of asymptotically conical self-shrinkers of small entropy,
Duke Math. J. 166 (2017), no. 3, 403-435.

K. A. Brakke, The motion of a surface by its mean curvature, Ph.D. Thesis, Princeton University 1975.

S. Brendle, A sharp bound for the inscribed radius under mean curvature flow, Invent. Math. 202 (2015), no. 1,
217-237.

S. Brendle, Embedded self-similar shrinkers of genus 0, Ann. of Math. (2) 183 (2016), no. 2, 715-728.

S. Brendle and G. Huisken, Mean curvature flow with surgery of mean convex surfaces in R3, Invent. Math.
203 (2016), no. 2, 615-654.

X. Cheng and D. Zhou, Volume estimate about shrinkers, Proc. Amer. Math. Soc. 141 (2013), no. 2, 687-696.
O. Chodosh, K. Choi, C. Mantoulidis and F. Schulze, Mean curvature flow with generic initial data, Invent.
Math. 237 (2024), no. 1, 121-220.

O. Chodosh, K. Choi, C. Mantoulidis and F. Schulze, Mean curvature flow with generic low-entropy initial
data, Duke Math. J. 173 (2024), no. 7, 1269-1290.

O. Chodosh, K. Choi and F. Schulze, Mean curvature flow with generic initial data II, preprint 2023, https://
arxiv.org/abs/2302.08409.

O. Chodosh, C. Mantoulidis and F. Schulze, Generic regularity for minimizing hypersurfaces in dimensions 9
and 10, preprint 2023, https://arxiv.org/abs/2302.02253.

O. Chodosh, C. Mantoulidis and F. Schulze, Mean curvature flow with generic low-entropy initial data II,
preprint 2023, https://arxiv.org/abs/2309.03856.

O. Chodosh, C. Mantoulidis and F. Schulze, Improved generic regularity of codimension-1 minimizing integral
currents, Ars Inven. Anal. 5 (2024), Paper No. 3.

K. Choi, R. Haslhofer and O. Hershkovits, Ancient low-entropy flows, mean-convex neighborhoods, and
uniqueness, Acta Math. 228 (2022), no. 2, 217-301.

K. Choi and C. Mantoulidis, Ancient gradient flows of elliptic functionals and Morse index, Amer. J. Math.
144 (2022), no. 2, 541-573.

T.H. Colding, T. Ilmanen and W. P. Minicozzi, II, Rigidity of generic singularities of mean curvature flow,
Publ. Math. Inst. Hautes Etudes Sci. 121 (2015), 363-382.

T. H. Colding, T. Ilmanen, W. P. Minicozzi, Il and B. White, The round sphere minimizes entropy among closed
self-shrinkers, J. Differential Geom. 95 (2013), no. 1, 53-69.

T H. Colding and W. P. Minicozzi, 11, Generic mean curvature flow I: Generic singularities, Ann. of Math. (2)
175 (2012), no. 2, 755-833.

T. H. Colding and W. P. Minicozzi, II, Smooth compactness of self-shrinkers, Comment. Math. Helv. 87 (2012),
no. 2, 463-475.

T. H. Colding and W. P. Minicozzi, 11, Uniqueness of blowups and L ojasiewicz inequalities, Ann. of Math. (2)
182 (2015), no. 1, 221-285.

T H. Colding and W. P. Minicozzi, 1I, The singular set of mean curvature flow with generic singularities,
Invent. Math. 204 (2016), no. 2, 443-471.

J. M. Daniels-Holgate, Approximation of mean curvature flow with generic singularities by smooth flows with
surgery, Adv. Math. 410 (2022), Article ID 108715.

R. Haslhofer and B. Kleiner, Mean curvature flow of mean convex hypersurfaces, Comm. Pure Appl. Math.
70 (2017), no. 3, 511-546.

R. Haslhofer and B. Kleiner, Mean curvature flow with surgery, Duke Math. J. 166 (2017), no. 9, 1591-1626.
O. Hershkovits and B. White, Nonfattening of mean curvature flow at singularities of mean convex type,
Comm. Pure Appl. Math. 73 (2020), no. 3, 558-580.

G. Huisken, Asymptotic behavior for singularities of the mean curvature flow, J. Differential Geom. 31 (1990),
no. 1, 285-299.

T. Ilmanen, Elliptic regularization and partial regularity for motion by mean curvature, Mem. Amer. Math.
Soc. 108 (1994), no. 520, 1-90.

T. Ilmanen, Lectures on mean curvature flow and related equations, Trieste Notes 1995, https://people.
math.ethz.ch/~ilmanen/papers/notes.ps.

T. Illmanen, Singularities of mean curvature flow of surfaces, 1995, https://people.math.ethz.ch/
~ilmanen/papers/sing.ps.

T. Ilmanen, Problems in mean curvature flow, 2003, https://people.math.ethz.ch/~ilmanen/
classes/eil03/problems03.ps.

FE. Schulze and N. Sesum, Stability of neckpinch singularities, preprint 2020, https://arxiv.org/abs/
2006.06118.


https://arxiv.org/abs/2302.08409
https://arxiv.org/abs/2302.08409
https://arxiv.org/abs/2302.02253
https://arxiv.org/abs/2309.03856
https://people.math.ethz.ch/~ilmanen/papers/notes.ps
https://people.math.ethz.ch/~ilmanen/papers/notes.ps
https://people.math.ethz.ch/~ilmanen/papers/sing.ps
https://people.math.ethz.ch/~ilmanen/papers/sing.ps
https://people.math.ethz.ch/~ilmanen/classes/eil03/problems03.ps
https://people.math.ethz.ch/~ilmanen/classes/eil03/problems03.ps
https://arxiv.org/abs/2006.06118
https://arxiv.org/abs/2006.06118

14

[36]
(37]
(38]

[39]
(40]

[41]
[42]
[43]

[44]
[45]

Chodosh, Choi, Mantoulidis and Schulze, Revisiting generic mean curvature flow in R3

L. Simon, Lectures on geometric measure theory, Proc. Centre Math. Anal. 3, Australian National University,
Canberra 1983.

B. Solomon and B. White, A strong maximum principle for varifolds that are stationary with respect to even
parametric elliptic functionals, Indiana Univ. Math. J. 38 (1989), no. 3, 683-691.

A. Stone, A density function and the structure of singularities of the mean curvature flow, Calc. Var. Partial
Differential Equations 2 (1994), no. 4, 443-480.

L. Wang, Asymptotic structure of self-shrinkers, preprint 2016, https://arxiv.org/abs/1610.04904.

B. White, The topology of hypersurfaces moving by mean curvature, Comm. Anal. Geom. 3 (1995), no. 1-2,
317-333.

B. White, Stratification of minimal surfaces, mean curvature flows, and harmonic maps, J. reine angew. Math.
488 (1997), 1-35.

B. White, The size of the singular set in mean curvature flow of mean-convex sets, J. Amer. Math. Soc. 13
(2000), no. 3, 665-695.

B. White, The nature of singularities in mean curvature flow of mean-convex sets, J. Amer. Math. Soc. 16
(2003), no. 1, 123-138.

B. White, A local regularity theorem for mean curvature flow, Ann. of Math. (2) 161 (2005), no. 3, 1487-1519.
B. White, Currents and flat chains associated to varifolds, with an application to mean curvature flow, Duke
Math. J. 148 (2009), no. 1, 41-62.

Otis Chodosh, Department of Mathematics, Stanford University,
Bldg. 380, Stanford, CA 94305, USA
e-mail: ochodosh @stanford.edu

Kyeongsu Choi, School of Mathematics, Korea Institute for Advanced Study,
85 Hoegiro, Dongdaemun-gu, Seoul 02455, Republic of Korea
e-mail: choiks @kias.re.kr

Christos Mantoulidis, Department of Mathematics, Rice University, Houston, TX 77005, USA
e-mail: christos.mantoulidis @rice.edu

Felix Schulze, Department of Mathematics, University of Warwick,
Zeeman Building, Gibbet Hill Road, Coventry CV4 7AL, United Kingdom
https://orcid.org/0000-0002-7011-2126
e-mail: felix.schulze @warwick.ac.uk

Eingegangen 13. September 2024, in revidierter Fassung 1. August 2025


https://arxiv.org/abs/1610.04904

