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Minimal surfaces with low genus in lens spaces

By Xingzhe Li at Ithaca, Tongrui Wang at Shanghai and Xuan Yao at Princeton

Abstract. Given a Riemannian RP? with a bumpy metric or a metric of positive Ricci
curvature, we show that there either exist four distinct minimal real projective planes, or there
exist one minimal real projective plane together with two distinct minimal 2-spheres. Our proof
is based on a variant multiplicity one theorem for the Simon—Smith min-max theory under
certain equivariant settings. In particular, we show under the positive Ricci assumption that
RP3 contains at least four distinct minimal real projective planes and four distinct minimal tori.
Additionally, the number of minimal tori can be improved to five for a generic positive Ricci
metric on RP? by the degree method. Moreover, using the same strategy, we show that, in the
lens space L(4m,2m £ 1), m > 1, with a bumpy metric or a metric of positive Ricci curvature,
there either exist N(m) distinct minimal Klein bottles, or there exist one minimal Klein bottle
and three distinct minimal 2-spheres, where N(1) = 4, N(m) = 2 for m > 2, and the first case
happens under the positive Ricci assumption.

1. Introduction

In 1917, Birkhoff [5] proposed a min-max method and showed the existence of a closed
geodesic in any Riemannian 2-sphere S2. Using multi-parameter families of closed curves to
sweep out S 2, Lusternik—Schnirelmann [31] (see also Grayson [18]) further showed that there
are at least three closed geodesics in any Riemannian 2-sphere.

In one higher dimension, investigating minimal surfaces in S3 is also a significant topic
in differential geometry. In [28], Simon—Smith set out a min-max process to construct minimal
surfaces with controls on topology, which is a variant of the min-max theory established by
Almgren [1, 2] and Pitts [39] for minimal hypersurfaces (see also Schoen—Simon [41]). In
particular, they proved the existence of an embedded minimal 2-sphere in any Riemannian S3
(cf. [12]). In analogy with the result of Lusternik—Schnirelmann, S. T. Yau posed the following
problem in his famous 1982 Problem Section [52].
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Conjecture 1.1 (S.T. Yau [52]). There are four distinct embedded minimal spheres in
any manifold diffeomorphic to S3.

Towards this conjecture, White [51] first used degree methods to show the existence of
at least two embedded minimal spheres in any Riemannian S3 with positive Ricci curvature.
In particular, if the metric is sufficiently close to the round metric, White [51] showed that
there are at least four embedded minimal spheres. Additionally, it was also shown in [51]
that the set of bumpy metrics is generic in the Baire sense, where a metric gps on a given
closed manifold M is called bumpy if every closed embedded minimal hypersurface is non-
degenerate. Using Simon—Smith min-max theory and mean curvature flow, Haslhofer—Ketover
[20] applied the catenoid estimates (cf. [27]) to overcome the difficulty of multiplicities and
proved the existence of at least two embedded minimal spheres in S3 with bumpy metrics.
Recently, significant progress was made by Wang—Zhou [48], which resolved Yau’s conjecture
in 3 with bumpy metrics or positive Ricci curvature via Simon—Smith min-max.

Inspired by the work of Wang—Zhou [48], we set out this paper to investigate minimal
surfaces with low genus in lens spaces.

1.1. Minimal projective planes in RP3. The motivation of Yau’s conjecture is closely
connected to the topological structure of the space of embedded spheres in S3 (cf. Hatcher’s
proof of the Smale conjecture [21, Appendix (14)]). In light of the generalized Smale conjecture
for lens spaces (cf. [3,4,26]), one would expect that the space of embedded projective planes in
RP3 can retract onto the space & of great projective planes (the quotient of great spheres). Note
that & can be parameterized by RIP3.1) Therefore, except for the area minimizing projective
plane (associated with Ho (&', Z5)), we can build three nontrivial (multi-parameter) families of
great projective planes sweeping out the ambient manifold RP3, each of which is associated
with the generator of H; (&, Z») = Z»,i = 1,2, 3, respectively (cf. Section 6.1). Analogous to
Conjecture 1.1, it is now reasonable to ask whether there exist at least four distinct embedded
minimal projective planes in (RP3, ggp3)?

In this paper, we use equivariant min-max theory and a variant multiplicity one result to
investigate the above question. Our first main result is the following dichotomy theorem.

Theorem 1.2. Given a Riemannian RP> with a bumpy metric or a metric of positive
Ricci curvature, either

(1) there exist at least four distinct embedded minimal projective planes, or
(i1) there exist one embedded minimal projective plane and two embedded minimal spheres.

In particular, (i) is valid when RP3 has positive Ricci curvature.

In [20], Haslhofer—Ketover proved in (RP3, ggrp3) With positive Ricci curvature that there
are at least two embedded minimal projective planes. Our result can now improve the number of
minimal projective planes in (RP3, ggrp3) to four under the positive Ricci assumption. Indeed,
a minimal sphere ¥ in RP3 will be lifted to two disjoint minimal spheres £4 LI ¥_ in S3 so
that the antipodal map on S 3 permutes ... Combining with the embedded Frankel property in

D" Throughout the paper, we will use RP” to denote the ambient manifold or the submanifold, and use RIP"
to denote the parameter space.
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manifolds with positive Ricci curvature (i.e. any two closed embedded minimal hypersurfaces
must intersect), we conclude Theorem 1.2 (i) cannot happen if (RP3, ggrp3) has positive Ricci
curvature.

In recent years, we have witnessed the tremendous progress of Almgren—Pitts min-max
theory. One peak of the development is the resolution of Yau’s conjecture [52, Problem 8§]
on the existence of infinitely many closed minimal surfaces due to Marques—Neves [34] and
Song [43]. Meanwhile, several significant advancements [22,36,44] in the spatial distribution of
closed minimal hypersurfaces were made by the multi-parameter min-max theory coupled with
the Weyl law for the volume spectrum [29]. Moreover, after the establishment of a min-max
theory for prescribed mean curvature hypersurfaces [56, 57], Zhou [54] solved the multiplic-
ity one conjecture in the Almgren—Pitts setting. Combining with the Morse index estimates,
Marques—Neves [33, 35] complete their celebrated program on the Morse theory for the area
functional (see also [32]). We refer to [55] for a more detailed history.

1.2. Strategy of the proof. Although our proof shares the same spirit as Wang—Zhou’s
resolution [48], one major difference is that the sweepouts are formed by 1-sided projective
planes. However, Wang—Zhou’s multiplicity one theorem [48, Theorem B] relies heavily on
the min-max theory [48, Theorem 2.4] for prescribing mean curvature functionals Ah, (2.2),
while it is inappropriate to define the AP functional or prescribed mean curvature functions for
1-sided surfaces. Hence [48, Theorem B] cannot be applied directly.

Let 7: S3 — RP? be the double cover and g_ the involution map in S3, i.e.

m(p) =m(g—(p)) and g_(p)# p forallpeS>.

Heuristically, note that a projective plane RP? in RP3 can be lifted to a sphere S = 7~ (RP?)
which separates S3 into two parts Q4, Q_ so that Q1+ = g_ (). Hence if v is a unit normal
along S (with respect to the lifted metric), then dg_(v) = —v and the mean curvature H of S
with respect to v is antisymmetric H(p) = —H(g—(p)). This inspired us to lift the sweepouts
in RP3 back into S3 and consider the Z, = {id, g_} equivariant min-max theory in S> for the
prescribed mean curvature functionals A" with antisymmetric / (i.e. h(p) = —h(g_(p))).

As one key novelty of this paper, we show the following multiplicity one theorem in
a certain equivariant setting analogy to the above, which provides an alternative way to handle
the multiplicities in the 1-sided Simon—Smith min-max theory.

Theorem 1.3. Let (M, gpr) be a closed connected orientable 3-dimensional Riemann-
ian manifold, and let G be a finite group acting freely and effectively as isometries on M so that
G admits an index 2 subgroup G with coset G = G \ G4. Suppose X is an orientable G-
invariant genus-go surface, and 2. consists of all the G -equivariant embedding ¥ = ¢(Zo)
of Zointo M sothat M\ £ = Q4 UQ_and G4 - Qy = Qq, G- - Qy = Q. Then, given
any homotopy class of smooth sweepouts formed by surfaces in Z g, the associated min-max
varifold can be chosen as a G-varifold induced by a closed embedded G-invariant minimal
surface I" with connected components {I'; }jJ —, and integer multiplicities {m; }szl so that

(1) if T'j is unstable and 2-sided, then m; = 1;
(i1) if T'j is 1-sided, then its connected double cover is stable.

Moreover, the weighted total genus of T given by (4.1) is bounded by gy.
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Remark 1.4. (1) By re-merging the components I';; that lie in the same G-orbit G - I';,
we can assume each I'; is G-invariant and I'; / G is connected. In applications, one can first take
a sweepout of M/G formed by 1-sided surfaces in {X/G | X € %Gi} and then pull it back
to a sweepout of M in 2 . Clearly, the min-max G-surfaces {FJ} ', given by Theorem 1.3
can be reduced to min-max surfaces {I';/ G}J , in M/G with the same multiplicity. One
should note that the multiplicity m; is related to the stability and the orientability of I'; by
Theorem 1.3, notto I'; / G.

(2) For a general compact Lie group G acting by isometries on M"+1 with

3 <codim(G-x) <7 forallx € M,

the G-equivariant min-max theory for closed minimal G-hypersurfaces has been established
by Ketover [23], Liu [30], and the second author [46,47] in different settings. However, our
scenarios cannot be covered directly by these works since we also need an equivariant min-max
for the 4" -functional (2.2) and both 4 and 24 are G _-antisymmetric.

After applying the above theorem to M = §3, G = {id, g_}, G+ = {id}, G_ = {g_},
and 2G, = {m~1(P) | P is an embedded RP?> C RP?}, we obtain some G-invariant unions
of disjoint minimal spheres {FJ}J , with multiplicities {m J} ", satisfying (i)—(ii), which
alternatively gives a multiplicity result for the min-max outputs {F, =n(l J)}J L in RP3.

Meanwhile, another difficulty arises as {T }J , may also contain mmimal spheres in-
stead of minimal projective planes. Since spheres have no contribution to the total genus,
the genus bound does not help to distinguish them. Nevertheless, we can show that (Propo-
sition 5.4) every min-max minimal surface U i1 F associated with the sweepouts formed by
(1 sided) projective planes contains exactly one minimal prOJective plane ie. Iy = RP? and
FJ >2 = S2. Hence, if RP? has positive Ricci curvature, we see U 1 F] =T = RP? (by the
Frankel property) and 7 1(Fl) is unstable in S3, which implies m; 7 = 1 (Theorem 1.3) and
gives four distinct minimal projective planes associated with H; (&, Z»),i = 0,1,2,3.

However, in general, we can neither eliminate minimal spheres in { F } ', nor rule out
the existence of minimal projective planes P C RP3 with stable 7 ~!(P) C S 3. Moreover, if
we cut RP? along a minimal projective plane P with stable 7~ 1(P) C S3, we would obtain
one 3-ball B with boundary 0B = 7~ !(P). After adding a cylindrical end 7~ (P) x [0, co)
to B and applying Song’s technique [43] as in [48, Sections 8.2, 8.4], one can only find min-
imal spheres (instead of minimal projective planes) confined in int(B). Therefore, given the
above phenomena, it is reasonable to propose the dichotomy theorem (Theorem 1.2) for the
coexistence of both minimal projective planes and minimal spheres.

Indeed, we would conjecture that, under a certain metric on RP3, every minimal real
projective plane constructed via min-max could be the same area minimizing one, but with
possibly different multiplicities. A possible example is the Riemannian RP? so that its double
cover 3 with the pull-back metric looks like a symmetric dumbbell with a long thin neck
S? x [—R, R] satisfying that the center S? x {0} covers the area minimizing RP?, and for
t # 0, 8% x {t} has positive mean curvature pointing towards S2 x {0}.

1.3. Minimal surfaces with Euler characteristic 0 in lens spaces L(p, g). The above
idea can also be applied to investigate minimal Klein bottles and minimal tori in lens spaces
L(p,q) = S3/Zp,, where p > 2,1 <q < p—1,and Z, = (£, 4) acts freely on S3 by (7.1).
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In particular, we have a very similar dichotomy theorem for minimal Klein bottles in
L(4m,2m £ 1) as shown below. Note that L(4m,2m + 1), m > 1, are the only lens spaces
that contain embedded Klein bottles (cf. [8, Corollary 6.4]).

Theorem 1.5. Let m > 1 be an integer; N(1) = 4, and N(m) = 2 for m > 2. Then,
given a lens space L(4m,2m =+ 1) with a bumpy metric or a metric of positive Ricci curvature,
either

(1) there exist N(m) embedded minimal Klein bottles, or
(i) there exist one embedded minimal Klein bottle and three embedded minimal spheres.

In particular, (i) is valid when L(4m,2m =+ 1) has positive Ricci curvature.

One notices that an embedded Klein bottle K in L(4m,2m =+ 1) can be lifted to an em-
bedded G-invariant torus 7 in S3 so that S3 \ T has two G -invariant components U L U_
with G_ permuting them, where

G = Z4m = <§4m,2m:|:1)» G+ = ZZm = (Ezm,Zm:lﬂ) and G_ =G \ G+.

Hence, using the idea in Remark 1.4, we can lift the sweepout in L(4m,2m £ 1) formed
by Klein bottles to a family of Z4,,-invariant tori in S3, and apply Theorem 1.3 to obtain
closed embedded Z4;,-invariant minimal surfaces UJ!=1 [jin § 3 with the total weighted
genus bounded by 1. Similarly,

J _ J
U T = U T/ Zam
Jj=1 Jj=1

contains exactly one embedded minimal Klein bottle fl (Corollary 7.2). Then f‘l must have
multiplicity one due to the weighted genus bound. The difficulty mainly comes from the
possible existence of minimal spheres, which can be handled similarly by considering the
coexistence of them.

Moreover, we also establish a new result regarding minimal tori in lens spaces.

Theorem 1.6. Let L(p,q), p > 2, be a lens space with a metric of positive Ricci
curvature. Then

(i) L(2,1) = RP3 contains at least four embedded minimal tori; in particular, for almost
every (in the sense of Baire category) Riemannian metric of positive Ricci curvature on
RP3, there are at least five embedded minimal tori;

(i) L(p,1)and L(p, p — 1) with p > 2 contains at least three embedded minimal tori;

(iii) L(p,q) withq ¢ {1, p — 1} contains at least one embedded minimal torus.

Remark 1.7. Using the weighted genus bound [25, (2.6)] and the catenoid estimates
[27], Ketover concluded under the positive Ricci assumption that there are three minimal tori
in L(p,1), p # 2 (see [25, Theorem 4.9]), and two minimal Klein bottles in L(4p,2p £ 1),
p > 1 (see [25, Theorem 4.8]). Theorems 1.5 and 1.6 extend these results by some new con-
structions and the multiplicity one theorem.
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Ketover—Liokumovich [26, Theorem 1.4] showed as an equivalent formulation of the
Smale conjecture in lens spaces that the space of Heegaard tori in L(p, g) retracts onto the
space & 4 of Clifford tori. Hence the parameterization of &) 4 (cf. [26, Proposition 2.3]) and
the Lusternik—Schnirelmann theory support the counts of minimal tori in Theorem 1.6.

It is also noteworthy that the space of Clifford tori in S3 and RP? can both be parameter-
ized by RP? x RIP2. One would then expect five distinct minimal tori in a Riemannian S> and
RP3 (cf. White’s conjecture in [50]). However, after White’s existence result of one minimal
torus in any positive Ricci curved S 3 (see [51, Theorem 6.2]) via the degree method, there has
been no substantial progress (to the best of the author’s knowledge) in the general construction
of more minimal tori in a Riemannian S3. Nevertheless, our Theorem 1.6 (i) has fulfilled the
expectation in RP3 to a certain extent.

The main challenges in finding minimal tori lie in two aspects. Firstly, the moduli space
2 of embedded tori in S3 or RP? is very complicated, making it difficult to find an element

oe H(2Z U0Z 02 :7,) witha® #0e H>(2 UdZ ,02°;Z>),

while such an « is crucial for applying the Lusternik—Schnirelmann theory. In Section 8.1, we
address this by considering part of the boundary % := {great circles} C 0.2  and identifying
an element « € HY (2 U %, % ;75) with a* # 0 (Lemma 8.2). This approach allows us to
find four minimal tori in RP3 with positive Ricci curvature and potentially five via White’s
degree method. Indeed, this construction of « is also valid in S3. Additionally, another chal-
lenge is to distinguish tori from 2-spheres in min-max outputs. In lens space, the positive Ricci
assumption is sufficient to exclude all the minimal 2-spheres by the embedded Frankel prop-
erty, which simplifies the problem considerably. In contrast, this advantage is absent in S3,
where distinguishing between these surfaces remains challenging.

2. Preliminaries

In this section, we collect necessary preliminaries and notation in the equivariant setting.

Let (M3, gar) be an oriented connected closed Riemannian 3-dimensional manifold and
let G be a finite group acting freely and effectively as isometries on M. By [38], M3 can be G-
equivariantly isometrically embedded into some RZ, namely there is an isometric embedding
i from M into RZ which is equivariant with respect to an orthogonal representation p of G
on R (i og = p(g)oi for all g € G). In addition, let G4 be an index 2 subgroup of G
(i.e. [G : G4] = 2), and denote by G_ the coset of G in G (i.e. G = G4+ U G_). Note that
we only specify the ambient manifold M3 and the free actions of G to S3 and Z p respectively
in Sections 6, 7, 8.

To signify the G-invariance, we will add a superscript or a subscript “G” to the usual
terminologies. We also use “G4.” to emphasize G 4 -symmetry together with G_-antisymmetry.

* 7: the projection m: M +— M/G givenby p — [p] :={g-p | g € G};

o J¢™: the m-dimensional Hausdorff measure in R

B, (p): Euclidean open ball of radius r > 0 centered at p;
As r(p): Euclidean open annulus B (p) \ Clos(Bs(p));
BY(p):= Br(G - p) = G- Br(p) and AF (p) := As.r (G - p) = G - Asr(p):
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e heC 81 (M): a smooth mean curvature prescribing function, where for k € N U {o0o},

@1)  C& (M):={feCKM)| f(p)= f(g-p)forall pe M. geGy,
f(p)=—f(g-p)forallpe M, g € G_};

« ©(M), €9 (M): the space of sets @ C M with finite perimeter (i.e. Caccioppoli sets,
cf. [42, §40]), and the space of 2 € €(M ) with g - Q = Q forall g € G (i.e. G-invariant
Caccioppoli sets);

« €0%(M): the space of G -invariant Caccioppoli sets € € (M) so that G_ permutes
Q and M \ Q as two (G-invariant) Caccioppoli sets, i.e.

COE(M):={QeeM)|g-Q2=Qforallg € G,
g-QL=M\Qin€(M)forall g € G_};

« V(M), VO (M): the space of 2-varifolds in M3, and the space of V € V(M) with
g#V = V forall g € G (i.e. G-invariant 2-varifolds);

« X(M), X% (M): the space of smooth vector fields in M, and the space of X € X(M)
with dgX = X forall g € G;

* Diffo(M): the connected component of the diffeomorphism group of M containing the
identity.

For any 2 € €(M), denote by 02 the (reduced) boundary of [[€2]] as a 3-dimensional
mod 2 flat chain, by |02| the induced integral varifold, and by vaq the outward pointing unit
normal of 02 (see [42, §14]). In addition, denote by ||0€2| and ||V || the induced Radon measure
in M associated with 02 and V € V(M).

Remark 2.1. For any Q € €%+ (M?3), the 2-dimensional mod 2 flat chain 92 and the
varifold |0€2| are both G-invariant. Besides, the outward unit normal vq is G4-invariant so
that dg(vae) = —vaq forany g € G_. As his Gt-invariant withh o g = —h forany g € G_,
we conclude that / - vaq is G-invariant.

Let U C M be an open set. Then we denote by Is(U ) the set of isotopies of M supported
in U. Additionally, after replacing M by U, one can similarly define the localized notions
€W), V(U),%(U),and €% (U), €+ (U), VO (U), X% (U) provided that U is G-invariant.

Note that a map F': M — M is said to be G-equivariant if F(g - p) = g - F(p) for all
p € M, g € G. We can now introduce the following notation:

. DiffOG (M): the connected component of the G-equivariant diffeomorphism group of M
containing the identity;

o 3 ssG(U ): the set of G-equivariant isotopies of M supported in an open G-set U.

Furthermore, for any G-invariant subset A C M with connected components {A,-}l-1=1, we

say that A is G-connected if, forany i, j € {1,...,1}, thereis g; ; € G with g; ; - A; = A;.
Finally, given a (G-)connected open set U C M, we say that a set of (G-)connected C !-em-
bedded (G -)surfaces {F’.}ll.=1 C U with 0T N U = @ is ordered, denoted by’ <... < r,
if, for each i, I'; separates U into two (G-)connected components U} (i.e. U \ I'; = Uy L UL)
sothat T, ... . T~ C Clos(UL) and T *1,... . T? C Clos(UL).
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Since the group actions in this paper are free and effective, we can make the following
definition.

Definition 2.2. A G-invariant open set U C M is said to be appropriately small if each
connected component of U is diffeomorphic to 7(U) = U/G.

Namely, an appropriately small open G-set U shall have #G connected components
{U; }fﬁ , With G permuting them. For instance, any open G-set U C BrG (p) is appropriately
small provided r > 0 is smaller than the injectivity radius of G - p.

2.1. A"-functional and V€ %+ -space. For any pairs
(V,Q) € VO (M) x €%+ (M) C V(M) x €(M)

and h € C 81 (M), define the prescribing mean curvature functional by
(2.2) ARV, Q) = ||V||(M)—[ hdJe3.
Q

Note that Fy(V, Q) := (FyV, F(2)) is still a pair in V& (M) x €%+ (M) for any G -equivariant
diffeomorphism F of M. Hence we have the following definitions generalizing [48, Defini-
tion 1.1].

Definition 2.3. A pair (V, Q) € VG (M) x €9+ (M) is said to be A"-stationary (resp.
(G, AM)-stationary) in a (resp. G-invariant) open set U C M if, for any X € X(U) (resp.
X € ¥6(U)) with generated diffeomorphisms {¢’},

d
23)  SAlQ(X) = —|  AM@L(V.Q)

dt‘t:o
=/ divg X(x)dV(x,S)—/ (X,vQ)hdusg = 0.
G>(M) o

In addition, (V, Q) is said to be A" -stable (resp. (G, A™")-stable) in U if

2

d
2 4h . hyst
8 ,AV’Q(X, X) = 2, OA (pu(V,2)) >0

forany X € ¥(U) (resp. X € ¥9(U)).

In the following lemma, we shall prove that (G, A")-stationarity implies #4” -stationarity.
Note that the proof also works for general (non-free non-effective) G-actions.

Lemma 2.4. Given any G-invariant open set U C M, a pair
(V,Q) € VE(M) x €%+ (M)

is (G, AM)-stationary in U if and only if (V, Q) is A" -stationary in U.

Proof. Tt is sufficient to show that, for any X € X(U), there exists X € ¥ (U) so
that SA’I’,,Q(X) = SA?,,Q(Xg). Indeed, define Xg := (deG dg=1(X))/#G to be the aver-
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aged G-invariant vector field compactly supported in U. Since 02 and hvaq are both G-
invariant (Remark 2.1), we have faQ(X,hvag) duya = faQ(Xg,han) diaq- In addition,
note that the diffeomorphisms generated by X and dg~1'(X) are {¢'} and {g"! o ¢’ 0 g}
respectively. Hence the G-invariance of V implies ||¢;V [|(M) = (g~ o 0 )4V |(M) and
[divs X dV = [divs(dg~'(X))dV = [divs Xg dV. o

Remark 2.5. In particular, if the open G-set U is appropriately small (Definition 2.2),
then we also have the equivalence between the G-stability and stability in U. Indeed, since the
stability of (V,€2) in U is equivalent to the stability in every component U; of U,i = 1,...,#G,
it follows from (2.6) and the proof of Lemma 2.18 that

#G - 82 Al o (X, X) = 82 Al o (Xc. X6),

where X € X(U;) and Xg = Y e dg™ ' (X) € X5 (V).

Motivated by Almgren’s VZ-space [2], we make the following definition for the weak
topological completion of the diagonal pairs

{(19022], Q) | Q € €9 (M)} c VO (M) x €%+ (M).

Definition 2.6. The VE€-space VE(M) (resp. VE*-space VECT*(M)) is the space
of all pairs (V, Q) in V(M) x €(M) (resp. VC (M) x €%+ (M)) so that V = limy_, oo |02 |
and Q = limg_, o, Q2% for some sequence {Qy }ren in €(M) (resp. €F+(M)).

For any (V, ), (V/, Q') € V€ (M), define the .# -distance between them by

FZ(V,Q),(V,2)) :=FWV, V) + F(Q,Q,

where F is the varifolds F-metric [39, Section 2.1] and % is the flat metric [42, §31].

Note that VO (M) and €9+ (M) are closed sub-spaces of V(M) and € (M) respectively.
One verifies that V€% (M) is also a closed sub-space of V€ (M ). Hence the .% -distance can
be induced to V€ (M).

Moreover, combining Lemma 2.4 with [48, Lemmas 1.4-1.7], we have the following
results.

Lemma 2.7. Set ¢ := sup,eps|h(p)|. Then, for any C > 0, (V. Q) € VE*(M), and
G -invariant open set U C M, the following statements are valid:

(i) spt(9€2) C spt(||[V ) and |02 = V||,
(i) if (V, Q) is (G, AM)-stationary in U, then V has c-bounded first variation in U, i.e.

18V(X)| := ‘/G o divs X(x)dV (S, x)

§c/ | X|d||VI forall X € X(U);
M

(iii)) A€ :={(V,Q) € vel+ (M) | |VI(M) < C} is a compact metric space with respect
to the % -distance;

(@iv) AOC ={(V,Q) € A€ | (V. Q) is (G, AP)-stationary} is a compact subset of A€ with
respect to the .F -distance.
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Proof. Since veoE (M) is a closed sub-space of VE€(M), (i) and (iii) follow directly
from [48, Lemmas 1.4, 1.6]. Combining Lemma 2.4 and [48, Lemmas 1.5, 1.7], we conclude
(i) and (iv). O

2.2. C11 almost embedded (G, h)-surfaces. In this subsection, we consider the
A" -functional for C !-! (almost embedded) G +-boundaries.

Definition 2.8. Let U C M be an open subset. A C''! immersed surface ¢: & — U
with ¢(0X) N U = @ is said to be a Cb! almost embedded surface in U if, at any non-
embedded point p € ¢(X), there is a neighborhood W C U of p so that

* ¥ N ¢~ (W) is a disjoint union of connected components |_|ll~=1 I
e ¢(T'") C WisaCl! embedding foreachi = 1,...,1;

« for each i, any other component ¢(I'/) (j # i) lies on one side of ¢(I'?), i.e.
$(I) =p(I') or o) <$(T’).

For simplicity, we will denote ¢(X) and ¢(I'!) by  and IV respectively in appropriate
context. The subset of non-embedded points in X, denoted by §(X), is called the touching set,
and R(X) := X\ 8(X) is the regular set.

Definition 2.9 (C'-! G-boundary). Let U C M be a G-invariant open subset. Then a
G -equivariant C '! almost embedded surface ¢: = — U is said to be a C 1! (almost embedded)
G -boundary in U if X is oriented and

Px([[Z]]) = 0

as 2-currents with Z,-coefficients in U for some € €9+ (U).

Remark 2.10. Let (X,Q) be a C!'! Gi-boundary in U. Then both of R(X) and
8(X) are G-invariant. Additionally, it follows from [48, Lemma 1.11] that 3 (as an immersed
surface) admits a unit normal vy, so that

* vy = vyq along spt(0€2) provided 2 # @ or U;

* if ¥ decomposes into ordered G-connected sheets I'! < ... < I'! in a G-connected open
set W C U, then vy must alternate orientations along {I"* }f —1-

For any C ! G4 -boundary (2, Q) (in M), define its A”-functional by
AN(S, Q) = H3(T) — fﬂ hdJge?
It then follows from (2.3) and [48, Lemma 1.12] that, for any X € X(M),
(2.4) SAL o(X) = [Zdivz Xdx?— /aQ(X, vag)h disg

:/ divyg X — (X, vg)h d 32,
>

where vy is given in the above remark.
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Definition 2.11 (C'! (G4, h)-boundary). A C'! Gi-boundary (£,Q) in a G-in-
variant open set U is said to be A"-stationary (resp. (G, A)-stationary) in U if, for any
X € X(U) (resp. X € X6(U)), S.A}Z‘;,Q(X) = 0. In particular, we say that (X,Q) isa Cb!
(almost embedded) (G, h)-boundary in U if it is (G, A™)-stationary in U.

Similar to Lemma 2.4, we have the following result.

Lemma 2.12. Given any G-invariant open set U C M, a CY! Gy-boundary (X, Q)
is (G, AM)-stationary in U if and only if (2, Q2) is A" -stationary in U.

Proof. Forany X € X(U), let Xg := (deG dg—1(X))/#G € ¥9(U). Since T is G-
invariant and € €%+ (M), we can combine (2.4) with the proof of Lemma 2.4 to conclude
&A% o(X) = &Ag q(X@) and get the desired result. ]

By the above lemma, (X, Q) is a C ! (G4, h)-boundary if and only if it is a C 1*! G-
boundary (cf. Definition 2.9) and a C 1,1 h-boundary (in the sense of [48, Definition 1.13]).
In particular, combining the first variation formula (2.4) with the standard elliptic regularity
theory, we know that the regular set R(X) of a C1! (G, h)-boundary (=, Q) is smoothly
embedded of prescribed mean curvature

H|g) = hlgx)

with respect to the unit normal vy = V0.

2.3. Strong A’ -stationarity. In [48], Wang—Zhou introduced the strong A" -station-
arity which plays an important role in the regularity theory of PMC min-max and their multi-
plicity one theorem.

Definition 2.13 (Strong A" -stationarity). A C!! (G, h)-boundary (%, Q) is said to
be strongly Ah-stationary in an open set U if the following holds.

For any p € §(X) N U, there exist a small neighborhood W C U of p and a decom-
position Uf=1 I' of XN W by [ := ®%(Z, p) > 2 connected disks with a natural ordering
' <...<T! Let W1, W/ be the bottom and top components of W \ . Then, fori € {1,/}
and all X € ¥(W) pointing into W' along ',

SA’IE,-’W,- (X)>0 whenW' C Q,

ALyt (X) =0 when W' N Q = 0.

(2.5)

Remark 2.14. One can also say (2, Q) is strongly (G, A")-stationary in U if T has
a local decomposition by G-connected ordered sheets I'! < ... < I'ina G-neighborhood
W CcUofG-pC 8(X) so that (2.5) is valid for all G-invariant X € 2% (W) pointing away
from all other sheets along I (i € {1,/}). Nevertheless, since the strong #4”-stationarity is
a local property, a C 1! (G, h)-boundary (X, Q) is strongly A”-stationary in U if and only if
it is strongly (G, A")-stationary in U.

In particular, the results in [48, Section 1.3] remain valid for strongly Ah—stationary (or
strongly (G, eAh)—stationary) CU1 (G4, h)-boundaries. The mean curvature H of ¥ with
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respect to v still satisfies

h(p) when p e R(X)NU,

H(p) =
(r) {() for #2-ae. p € 8(X) N U.

Moreover, for the generalized mean curvature H I of T! defined with respect to vy from
Remark 2.10, the following holds: given that €2 does not contain the region above the top
sheet T'!, we know that H! = h|p: in a neighborhood where & > 0 and that H I~ hlp: in
a neighborhood where 7 < 0. We have a corresponding statement for I'! by flipping the order.

2.4. G -stability and compactness. Since we only consider G-equivariant deforma-
tions of Gi-boundaries, we will extend Wang—Zhou’s compactness theorem for stable /-
boundaries to an equivariant version.

Definition 2.15 (G-stable C ! (G, h)-boundary). Let U C M be a G-invariant open
set, and let (X, Q) be a C 1! (G, h)-boundary in U. Then (X, Q) is said to be stable (resp. G-
stable) in U if, for any flow {¢?} generated by X € X(U) (resp. X € X9 (U)),

d2
2 4h . h.t
§7Ay o(X) 1= a2 t=0A (Pu(2,€2)) = 0.
If in addition (X, ) is strongly A”-stationary, then this is equivalent to the following stability
inequality for all X € 2(U) (resp. X € ¥9(U)):

/|VLXL|2—RicM<XL,xL)—|Az|2|XL|2dJ€2z/ (XL, V)X, vag2) d I
) 19

where L denotes the normal part with respect to X, and Ay, denotes the second fundamental
form of X (as an immersion).

Note that if the touching set §(X) is empty (or consider X instead of ¢ (X)), the first
eigenfunction ¢; of the Jacobi operator L% = Ay — (Ricps (vs, vx) + |Ax|? + 0y h) is G-
invariant since 0,/ is G-invariant and G-actions are isometries. Hence the (intrinsic) G-
stability is equivalent to the (intrinsic) stability provided §(X) = @. However, 8(X) # 0 in
general even if (2, ) solves the isotopy minimizing problem [48, Theorem 1.25]. Neverthe-
less, as the group actions we considered here are free and effective, we still have the following
lemma.

Lemma 2.16. Let (X, ) be a CY! (G, h)-boundary in an appropriately small open
G-subset U. Then (X, Q) is stable in U if and only if (X, Q) is G-stable in U.

Proof. The “only if” part is direct. For the “if” part, we only need to show (X, Q)
is stable in each connected component {U; }f.‘=1, k := #G, of U. Indeed, given X € X(U,)
(with X U; = 0 for j # 1), we can define X¢ € X0(U) by XgLg - Uy := dg(X) since U
is appropriately small and the G-action is free and effective. Then we notice Vi and vaq will
keep or change the sign simultaneously under the push forward of g € G or g € G_. There-
fore, 62 A% o (X) = 82A% o (dg(X)), and thus 0 < 82 AL o (Xg) = k - §2A%L o (X) by the
appropriate smallness of U'. O
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Combining Lemma 2.16 with [48, Proposition 1.24], we conclude the following com-
pactness result.

Proposition 2.17. Suppose that U C M is an appropriately small open G-subset and

that hj,h € Céi(M) (cf. (2.1)) satisfies limj 00l|hj — hlc2 = 0. Let {(X;,R2})}jen be a
sequence of G-stable C1'1 (G4, hj)-boundaries in U so that #*(Z;) < A for some A > 0.
Then there is a stable C1! (G4, h)-boundary (X, ) in U so that

(1) X; converges to X in U as varifolds and also in the sense of Cl(l)’ca foralla € (0,1);

(2) Q; converge to Q as currents in €6+ (U) c eW).
Moreover,

(1) if X is smooth, then X; converges to X in U in the Cliél topology;

(i) if (X;,)) is strongly Al -stationary in U, then (£, Q) is strongly A" -stationary in U.

Proof. By Lemma 2.16, we can apply the compactness result [48, Proposition 1.24] and
the C1'!-regularity result [49, Theorem 1.1] to (£;, Q;) and obtain C ! h-boundary (¥, Q)
satisfying (1)—(2) and (i)—(ii). Since G acts by isometries, we get the G-invariance of ¥ and
Q e €% (V). o

2.5. G-isotopy minimizing problem. Let
0 < rp < min{pg, inf inj(G -
o < min{po inf, in( p)}

be a sufficiently small constant, where pg = po(M, gar, sup|h|) > 0 is given in [40, §14] and
inj(G - p) is the injectivity radius of the normal exponential map expé. - Note that Brc(i (p)is
appropriately small for all p € M and inf,cps inj(G - p) > O since G acts freely by isometries.
For any open G-subset U C Br((;) (p). suppose that R € €9+ (U) has a smoothly em-
bedded G-invariant boundary X := 0 N U in U. Then we say that a pair (V, 2) € VE(U)
(resp. (V,Q2) € veo+ (U)) is an isotopy minimizer (resp. G-isotopy minimizer) of (X, R)
in U if there exists a sequence {¢y }ren in Ss(U) (resp. $gG(U)) so that
o limg o0 A" (¢ (2, R)) = inf{A"((Z. R)) | ¢ € I5(U) (resp. ¢ € 35 (U))}:
* limg 00 7 ((V. Q). ¢ (2, R)) = 0,
where we used the notation ¢ (X2, R) := (¢ (1, ), ¢(1, R)) for simplicity.
Similar to Lemma 2.16, we also have the following equivalence between isotopy min-

imizers and G-isotopy minimizers in appropriately small open G-sets by the definitions of
heC& (U)and €+ (U).

Lemma 2.18. Let U C M be an appropriately small open G-subset and let (X, R) be
given as above. Then a G-isotopy minimizer (V,Q) € veos+ U) of (X, R) in U is also an
isotopy minimizer of (X, R) in U.

Proof. Denote by {U; }fﬁ , the connected components of U, and fix any component,
e.g. Uy. Then, for any (V/, Q') € VEC*(U), we have

AR(V/LUL, QLU if U; c G4 - Uy,

2.6) AMNVILU, QLU =
2.6) AN(V'LU; QLU {Ah(V'LUl,Q/LU1)+fU1hdJ€3 ifUi C G- Us.
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Therefore, for any G-isotopy minimizing sequence {¢x (X, R)}reN,

#G

A" Pe(Z, R) = D A (G (ZLU;, RLUY)
i=1
h #G 3
= #G)- A (¢k(ELU1,:RLU1))+7 hddt-.
U,

Since any isotopy ¢ € Is(U;) can be extended to a G-isotopy ¢g € 3 sG(U ) by taking

LU = gopog™!

for U; = g - Uy, it follows from the above equality that ¢y (2LUp, RLU7) is also an iso-
topy minimizing sequence of (X, R) in Uy, which implies (V LUy, QLU) is also an isotopy
minimizer in U;. D

By the choice of rg, any open G-set U C BrG0 (p) is appropriately small. Hence we have
the following regularity theorem for G -isotopy minimizers in an appropriately and sufficiently
small open G-set.

Theorem 2.19. Let U C Bg (p) and (X, R) be as above. Suppose (V, Q) € €%+ (U)
is a G-isotopy minimizer of (X, R) in U. Then (V, Q) is a strongly A"-stationary and stable
CU1 (G4, h)-boundary in U.

Proof. This result follows directly from Lemma 2.18 and [48, Theorem 1.25]. O

3. Min-max theory for C "1 (G, h)-boundaries

In this section, we follow the approach in [48] to set up the relative G-equivariant min-
max problem for the 4”-functional and prove the main regularity results for (G, 4")-min-max
pairs.

3.1. G-equivariant min-max problem. Fix a G-connected closed surface ¢ of genus
go- A G-equivariant embedding ¢: X9 — M is said to be G -separating if

M\ ¢(Zo) = Q4 UQ_,
where Q, Q_ are two nonempty domains sharing a common boundary ¢ (X¢) so that
Gy Qe =Q1+ and G--Qi =QF.

For convenience, write X = ¢(X¢) with the orientation induced by the outer normal v of €,
where 2 is an arbitrary choice of {24, 2_}. We then denote

éc. = {(X2,Q) | X is a G-equivariant G-separating embedding of X¢ in M }

endowed with the oriented smooth topology in the usual sense.
Let X be a finite-dimensional cubical complex, and let Z C X be a subcomplex. Let
®o: X — &G, be acontinuous map. Denote by IT the set of all continuous maps ®: X — &5,
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which are homotopic to @ relative to ®g|z: Z — & .. We refer to such a @ as an (X, Z)-
sweepout, or simply a sweepout. Definitions 2.1-2.3 in [48] are directly transferred to our
situation as follows.

Definition 3.1. Given (X, Z) and ® as above, we call I the (X, Z)-homotopy class
of ®g. The h-width of I1 is defined by

L" = L"(IT) = inf sup A"(®(x)).
Pell xex

A sequence {®; };en C I is called a minimizing sequence if

Lh(CDi) ‘= sup Ah(CDi (x)) — L" wheni — .

xeX

A subsequence {®;; (x;) | x; € X};eN is called a min-max (sub)sequence if
AM(®;, (x;)) = L' when j — oc.
The critical set of a minimizing sequence {®; } is defined by

CH{d;}) ={(V,Q) € Vel (M) | there exists a min-max subsequence {®;, (x;)}
such that 7 (®;, (x;), (V,2)) — 0as j — oo}.

We have the following min-max theorem, and the proof will be given later.

Theorem 3.2 (PMC min-max theorem). With all notions as above, suppose

(3.1) LA (1) > max{maé( AP (®o(x)), 0}

Then there exist a minimizing sequence {®;} C 1 and a strongly A"-stationary, C'' (G, h)-
boundary (X, Q) lying in the critical set C({®;}) such that AR(Z, Q) = LA (1).

3.2. Tightening. We follow the pull-tight process in [48, Section 2.2] with some alter-
ations.

Theorem 3.3 (Pull-tight). Let I1 be an (X, Z)-homotopy class generated by some con-
tinuous ®o: X — &g relative to ®g|z. For a minimizing sequence {d>;-" tien C I associated
with A", there exists another minimizing sequence {®; \;en C I such that C({®;}) C C({®}})
and every element (V, Q) € C({®;}) is either (G, AM)-stationary (and thus A" -stationary by
Lemma 2.4) or belongs to B = ®¢(Z) C g,

Proof. Given C := L" + supy,|h(p)| - Vol(M) + 1, let A and A§ be defined as in
Lemma 2.7. Set B := ®¢(Z) and Ag = AOC U B. For any X € X(M), we choose

X = (Sgecdg™ (X)) /4G,
which satisfies (Lemma 2.4)

SA% o (X) = 84}, o (X)) forevery (V.Q) € VET=(M).
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Then, combining with the constructions in [48, Section 2.2, Steps 1, 2], we obtain a con-
tinuous map X9: A€ — X% (M) (under the C!-topology on XY (M)) so that XG4y = 0
and X9 (A€ \ Ay) is continuous under the smooth topology on ¥ (M). Additionally, by
[48, Section 2.2, Step 3], we also have two continuous functions 7, £: (0, 00) — (0, 00) with
T(x), £(x) — 0as x — 0 so that, for each (V, Q) € A€ with y = .Z((V, ), Ao), the homo-
topy map H: I x A€ — A€ defined by

(@, (V. 2) = (Viy i) = Po T4V, Q)
is continuous in the .% -metric satisfying
s H(t,(V,Q)) = (V,Q)if (V,Q) € A§ U B,
« AMVLQ1) = ANV.Q) = —L(y),
where {CDVQ(Z )}es0 C lefG (M) is the flow associated with X G (V, Q).
Without loss of generality, we may assume that ®*(x) € A€ foralli e N and x € X.
Let XG(x) XG(<I>*(x)) for x € X, which is continuous under the C '-topology on X% (M)
with XGLZ = 0. For each i € N, define H;: X — ssG(M) by Hi(x) = H(-,®}(x)). By
smoothlng out X G to some X G. X — %G (M), which is continuous under the smooth topol-
ogy with XG(x) = Oforanyx € Z and ||XG XG||C1 <1/i,wedefine H;: X — J%G(M)

using X G rather than X; G Denoting ®; (x) = H; (1, 7 (x)), we obtain ®; € IT and the same
estimate [48, (2.9)], i.e.

AP(®;(x)) — AM(DF () < —L(F(DF (x), Ap)) + —

where C > 0 is a universal constant.
Given a min-max sequence {®;; (x;)}, by the above estimate and the fact that {®7} is
a minimizing sequence, we know that {CD;."J_ (x;)} is also a min-max sequence and

55(@:-’; (xj), Ao) > 0 as j — oo.

Hence

lim Z(®] (x;), ®;;(x;)) =0 and C({P;}) C CHP;}).

Jj—>00 ’
Since 7 (®;; (x;), Ag) — 0 as j — oo, each element in C({®;}) is either (G, AM)-stationary
or belongs to B = ®(Z) C 66 m|

3.3. Almost minimizing. We now adapt the almost minimizing property to the (G, A")-
functional using G-equivariant embedded surfaces.

Definition 3.4. Givene,§ > 0, a G-invariantopen set U C M, and (X, Q) € g, we
say that (X, Q) is G-equivariantly (A", €, 8)-almost minimizing in U if there does not exist
any isotopy ¥ € 350 (U) such that

« AU, 2, Q) < A, Q) + S forall 1 € [0, 1];
« AP (1,3,Q) < AMNZ. Q) -

Definition 3.5 ((G, Ah)—almost minimizing pairs). Given a G-invariant open subset
UCM, apair (V,Q) € 'VfGi(M), and a sequence {(X;,2;)}jen C G4, we say that
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(V, Q) is (G, AM)-almost minimizing with respect to {(X;,R;)} in U if there exist €, — 0
and §; — 0 such that
* (X;,Q)) — (V.Q) in the .# -metric as j — 00;
* (X¥,,82))is G-equivariantly (A", €;,6;)-almost minimizing in U.
Sometimes, we also say that (V, Q) is (G, A")-almost minimizing in U without referring to
{(Z;.2))}
Moreover, we say that (Vo, Qo) is (G, AM)-almost minimizing in small G-annuli with

respect to {(X;,K2;)} if, for any p € M, there exists 7,m(G - p) > 0 such that (Vp, Qo) is
(G, A™)-almost minimizing with respect to {(X;,L/)} in every Ag, (p) CC Agr (G_p)(p).

The lemma below emerges as a consequence of being (G, AM)-almost minimizing. The
proof imitates the argument in [48, Lemma 3.3], which is skipped here.

Lemma 3.6. Let (V,Q2) € vel+ (M) be (G, AM)-almost minimizing in a G-invariant
open set U C M ; then
Q) (V. Q) is (G, AM)-stationary in U;
(i) (V, Q) is (G, AM)-stable in U.

In particular, if U is appropriately small, then (V, Q) is A"-stationary and A" -stable in U by
Lemma 2.4 and Remark 2.5.

We also need the following G-equivariant notions generalized from [13,48].

Definition 3.7. Given L € N and p € M, let

¢S ={A% , (p).....AS . (p)}

be a collection of G-annuli centered at G - p. We say that €C is L-admissible if 2rj+1 <§j
forall j =1,...,L —1,and BrG1 (p) is appropriately small.

In addition, a pair (V, Q) € yes+ (M) is said to be (G, AM)-almost minimizing in €°
with respect to a sequence {(X;,2;)} C &g if there exist ; — 0 and §; — 0 so that

* (2;,2;) = (V,Q) in the .# -metric as j — 00;

* for each j, (X;,2;) is G-equivariantly (A" € 7,8;)-almost minimizing in at least one
G-annulus in €°.

Comparing with [48, Definition 3.9], our L-admissible collection %9 of G-annuli re-
quires rq is less than the injectivity radius of G - p so that every AnC € ¢ is appropriately
small.

Now, our goal is to find a (G, A")-min-max-pair (V, Q) which is (G, 4")-almost mini-
mizing in small G-annuli. Consider the setup in Section 3.1 where the nontriviality condition
(3.1) is met. If {®;};en C II is a pull-tight minimizing sequence obtained by Theorem 3.3,
then every (V, Q) € C({®;}) is A"-stationary.

Theorem 3.8 (Existence of (G, #4")-almost minimizing pairs). Let IT be an (X, Z)-
homotopy class generated by some continuous ®o: X — &g, relative to ®g|z so that (3.1)



192 Li, Wang and Yao, Minimal surfaces with low genus in lens spaces

holds. Then there exists a min-max subsequence {(X;,2;) = ®;; (x;)}jeN C &G4 converging
1o an A" -stationary pair (Vy, Qo) € C{D;}) so that (Vy, Qo) is (G, AM)-almost minimizing
in every L-admissible collection of G-annuli with respect to {(X;,2;)}, where L = L(m) is
an integer depending only on m := dim(X).

In addition, up to a subsequence of {(X;,2;)}, (Vo,R0) is (G, AP)-almost minimizing
in small G -annuli with respect to {(Z;, 2;)}.

Proof. The proof is essentially the same as that of [13, Appendix] (for the area func-
tional) and [48, Section 3.3] (for the Ah-functional). Namely, if there is no such min-max
sequence, then one can apply a combinatorial argument of Almgren—Pitts [39] to find several
isotopies supported in many disjoint annuli so that the AP -functional of a certain sweepout
will be pulled down to strictly below L"(TT) via these isotopies, which contradicts the defini-
tion of L (IT). Since the proof is combinatorial, the argument would also carry over with our
G-equivariant objects. O

An immediate consequence of Lemma 3.6 and Theorem 3.8 is the following.

Corollary 3.9. The limit A"-stationary pair (Vy, Q) € C({®;}) satisfies

(R) for every L(m)-admissible collection ¢° of G-annuli,
Vo, R0) is A _stable in at least one G-annulus in €© .

3.4. Regularity of min-max pairs: Part I. In this subsection, we will introduce the
notions concerning (G 4+, Ah)—replacements, and show the regularity for the pairs

(V,Q) € VEC+H(M)

with a certain (G, A")-replacement chain property.

Definition 3.10. Given an open G-subset U C M and (V,Q) € Ves+ (M), a pair
(V*, Q%) € Ve9+ (M) is said to be a (G, A")-replacement of (V, ) in U if
1) (V*,Q*) = (V,Q)in M \ Clos(U);
(i) AM(V*, Q%) = A"V, Q);
(iii) (V*,2*) is a strongly #4”-stationary and stable C ! (G, h)-boundary in U.

Definition 3.11. As above, (V, Q) is said to have (weak) good (G, A")-replacement
property in U if, for any p € U, there exists rg., > 0 such that (V, ) has an (G4, AM)-re-
placement (V*, 2*) in any open G-annulus An® ccC Ag,rc‘p (p).

Proposition 3.12 (Classification of tangent cones). Let (V, Q) € Ves+ (M) be A"-
stationary in an open G-set U and have (weak) good (G, A")-replacement property in U.
Then V is integer rectifiable in U, and for any p € spt(||V'||) N U, every tangent varifold of V
at p is an integer multiple of a plane in Ty M .

Proof. The proof can be taken almost verbatim from [12, Lemma 6.4] and [40, Lem-
ma 20.2]. D



Li, Wang and Yao, Minimal surfaces with low genus in lens spaces 193

Definition 3.13 (G, A")-replacement chain property). Let (V, Q) € veoE (M) and
let U C M be an open G-set. Then (V, Q) is said to have the (G4, AM)-replacement chain
property in U if the following statement holds. For any sequence BC | .. ., BkG CC U of open
G -subsets, there exist a sequence

(V. Q) = (Vo, Q0), V1, Q1)...., (Vi, Q) C VETE(M)

satisfying that
i) (V;,RQ5)isan (G4, AM)-replacement of (Vi—1,Rj-1) in BJ.G forj=1,....k;
(ii) (V. R;) is A"-stationary and stable in U;

(iii) for another sequence
BY,....BS.BZ. ,.....Bf ccU

of open G-subsets, the sequence of (G, A")-replacements (I7j, Q ) can be chosen so
that (V;,Q;) = (V;, Q) for j =1,... k.

Note that the (G, 4")-replacement chain property of (V, Q) € veoE(m ) implies that
(V, Q) is A"-stationary and stable in U, and has the (weak) good (G, A")-replacement prop-
erty in U, which further indicates the rectifiability of V' by Proposition 3.12. Additionally,
if (V*,Q*)is a (G, A")-replacement of (V,Q) in B¢ C U, then (V*,Q*) not only is
an Ah—replacement of (V,2) in BY C U in the sense of [48, Definition 3.4] but also has
certain symmetries, i.e. (V*, Q%) € Ves+ (M) C 'VE(M). Hence the above definitions con-
cerning (G4, Ah)—replacements are stronger than [48, Definitions 3.4, 3.5, 3.6]. We then have
the following regularity theorem by [48, Theorem 4.4].

Theorem 3.14 (First regularity). Let (V,Q2) € el (M) satisfy the (G, AM)-replace-
ment chain property in a given open G-set U C M. Then (V, Q) is induced by a strongly
Al -stationary and stable C*' (G4, h)-boundary in U.

Proof. By the above definitions, (V, 2) € Vel (M) also has the replacement chain
property in U in the sense of [48, Definition 3.6]. Hence the desired regularity result follows
from [48, Theorem 4.4] and the fact that (V, Q) € ves+ (M). |

3.5. Regularity of min-max pairs: Part II. In this subsection, we prove the regularity
of the (G, A")-almost minimizing pairs (V, Q) € ves+ (M) in an appropriately small open
G-set U by constructing (G, A")-replacement chains. Throughout this subsection, we always
assume that

U C M is an appropriately small (cf. Definition 2.2) open G-set

with connected components {U; }fgl.

To begin with, consider a constrained Ah—minimizing problem. For any G-equivariant
G +-separating embedded surface (X, 2) € 6, and § > 0, take
Is§MU) =Y € 350 U) | AP (1. (2. 9)) < A, Q) + 5},
35U = (Y € 35(Un) | A (Y (1.(2,9)) < A2, Q) +5).
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Then a sequence {(Xy, Q%) }ken C 66 is said to be minimizing in problem (X, 2, i?gsG’h )
if there exists a sequence {Vx }ren C SggG’h(U) with (2, Q) = ¥ (1, (2, 2)) so that
AN(S, Q) > AM(Sy, Q) — m§ = inflA" (Y (1, (2, Q) | ¥ € 3T (U)} ask — oo
Similarly, if {x }ren C Ss1(U;) with (2, Q) = Y (1, (2, Q) so that
AN, Q) > AP Sy, Qp) = ms == inf{A" (P (1, (2, Q) | ¥ € Ik (Ui} ask — oo,

then we say that {(flk, Qk)}keN is minimizing in problem (2, 2, Ssg(Ui)).

Using the arguments in Lemma 2.18, we also have the following result indicating the
equivalence between minimizing in problem (X, 2,3 gSG’h (U)) and minimizing in problem
(2.Q.35] 146 (U).

Lemma 3.15. Given
ief{l,... . #G}, {Yrlken C 355" (U) and (Sp, ) = vi(1, (2, Q)),
define

(Zk, Q) inU,

~ lﬂk in U;, S A 7 —

id inM\U;,
Then (Xy, 2k) is minimizing in problem (X, Q,Sgg’h(U)) if and only if (/X\Jk, Qk) is mini-
mizing in problem (X, 2, 392’/#G(Ui)).
Proof. By (2.6) and the above definitions, we have
(3.2) A (Yr (1, (2, Q) = 4G - A (Y (1, (E N U, QN 1))
#G
+—/ It ANE\U.Q\ 1)
2 Jy,
= #G - A (Y (1, (2, Q))) + Co,
where Cop = Co(U, X, 2, h, #G) is a constant (independent of V). In particular,

4G
Ah(E,Q)=#G-Ah(ZﬂUi,QOU,~)+7/ h+ AN\ U.Q\U)

l

= #G - AN (2, Q) + Co.

Thus {Izk} C Sgg/#G(Ui), and every qg € 35?/#6 (U;) can be recovered to ¢ € Sgg’h(U) by
taking
o LU; = gopog ! forU; = g - U;.

Moreover, the above formulae also imply that msG = #G - mg/ug + Co. Therefore,
ANE. Q) = A (Zg, Q) — mf

if and only if A" (Z, Q) > Ah(flk, Q k) —> mg/4c by the above equalities again. m]

In the following lemma, we show that any isotopy in a small enough open G-set which
does not increase 4" (g, k) can also be replaced by an isotopy in 3 ssBG’h 0).
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Lemma 3.16. Let {(Xy, Q) }ken be minimizing in problem (%, 2, Isg h(U)) Given
any G-subset U' CC U, there exist pg > 0, kg > 1 so that, for any k > ko and B (x) cu’
with p < po, if p € ng(Bg(x)) with

A (p(1, (S Q1)) < A" (k. Q).
then there is ® € SSG(BZCZ()C)) with
O(1,-) = ¢(1,-) and A(O(, (Zg, Q))) < AN (Sh, Q) + 8 forallt € [0,1].

Moreover, po depends on H?*(2), ||h||rec, U’, M, 8, but does not depend on {(Zx, L) M ken-

Proof. Let {1//k} and {(Ek Qk)} be given as in Lemma 3.15 with respect to some
fixed i. Hence {(Ek, Q %)} is minimizing in problem (X, 2, Is; /#G(Ul)) so that [48, Lem-
ma 4.5] is applicable in U] ! := U’ N U;, which gives us the desired pg > 0 and ko > 1.

Indeed, take any ¢ € 3 5G(BG(x)) so that

A1, (Zr, Q1)) < A (S, Q).

where k > ko, p < po, and x € U; with BG p(x) C U'.Let ¢ = ¢ in By(x) =U; N BG(x)
and ¢ = id outside B,(x). Then ¢ € Js(Bp(x)) and Ah(w(l (Zr, Q) < Ah(Zk, Qk) by
(3.2). Thus, by [48, Lemma 4.5], we have an isotopy P e 3s(B2p(x)) with CI>(1 ) =¢(1,-)
and

AR (D(t, (g, Q1)) < A, Q) + 8/#G forallt € [0, 1],

After recovering Dtod e JSG(B (x)) by taking ®L.U; = g o do g lforU; = g- Ui, we
can use (3.2) again to show that ® is the desired isotopy. |

Combining Lemma 3.16, 2.18 and Proposition 2.17, we have the following regularity
result for the minimizers in problem (X, 2, 3 59 5 G.h 0)).

Proposition 3.17. Suppose (X,Q2) € &g, is G-equivariantly (A", €, 8)-almost mini-
mizing in an appropriately small open G-set U. Let {{r;.} C 3 sg’h (U) so that

{(Ck, Q2p) = v (1,(2,Q))}

is minimizing in problem (X, 2, Ry 5 Gh (U)). Then, up to a subsequence, (X, Q) converges
to some (V,Q) € VEC* (M) so that

() AM(D,Q) —e < ANV, Q) < A(S,Q);
(i1) (17, Q)I_U is a strongly A"-stationary and stable C'' (G4, h)-boundary in U.

Proof. Statement (i) follows directly from Definition 3.4. Similar to the proof of Lem-
ma 3.6 (cf. [48, Lemma 3.3]), one can show that (17 Q)LU is strongly (G AM)-stationary and
G-stable in U because {(Zg, Qr)} is mmlmlzmg in problem (2,Q2,3s; h(U )). Then, since
U is appropriately small, we have (V Q)LU is strongly Al -stationary and stable in U by
Lemma 2.4 and Remark 2.5

Next, for any p € U, take ro € (0, min{ry, po}), where r; = distys (p,0U)/4 and pg is
given by Lemma 3.15 for U’ = BrGl (p). We claim that (17, Q) has the (G4, e>4bh)—replacement
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chain property in B,% (p), which indicates the regularity of (V, Q)LU by Theorem 3.14 and
the arbitrariness of p € U. Indeed, since U is appropriately small, the proof of [48, Propo-
sition 4.6] would carry over with our G-equivariant objects by using Theorem 2.19, Propo-
sition 2.17 and Lemma 3.16 in place of [48, Theorem 1.25, Proposition 1.24, Lemma 4.5]
respectively. O

Now, we can show the regularity for (G, A")-almost minimizing pairs.

Theorem 3.18 (Regularity of (G, AM)-almost minimizing pairs). Given any appropri-
ately small open G-set U C M, let (V,Q2) € Ves+ (M) be (G+, AM)-almost minimizing with
respectto {(X;,2;)}jeN C éGy inU. Then (V, Q) U is induced by a strongly Al -stationary
and stable CV! (G, h)-boundary.

Proof. Since U is appropriately small, it follows from Lemma 3.6 that (V, Q)_U is
strongly A" -stationary and stable.

Fix any open G-subsets

BS cc U’ ccU.

Note that (X;, ©2;) is G-equivariantly (A", €;,6;)-almost minimizing in U for some €; — 0
and §; — 0 as j — oo. Hence it follows that, for each j € N, we can take a minimizing
sequence {(Z}',l’ Q}J)}IGN for problem (X;, 2/, Ssg’h(Bf)), and apply Proposition 3.17 to
see

Jim (51,91 = (v}, 2)) € ves )

(up to a subsequence) so that
(1) AN, Q) —¢f < ANV QY < AN(S;, Q));
@) (V@) =(2;.Q;)in M\ Clos(Bf);
3) (le, le) is a strongly #4”-stationary stable C 1! (G, h)-boundary in BlG .
Up to a subsequence, (V}l, QJI-) converges to (V1, Q1) e veo+ (M). Combining Proposi-

tion 2.17 with (1)—(3), we see (V!, Q1) isa (G, Ah)—replacement of (V,Q)in BIG. Moreover,

(E} I QJI ;) is also G-equivariantly (A € 7,8;)-almost minimizing in U since

(2}, 25 = v/ (1,(5;,9;)) forsome y; € 35" (BY)

and Ah(E}l,Q}l) < AMZ;, Q).

Next, for another open G-set 82G CC U/, the above arguments can be applied in Bg
to a diagonal sequence {(Ejl',l(j)’ le',l(j))} jeN that converges to (V1, Q). Then we obtain
a (G4, AM)-replacement

(V2.Q%) = lim(S5, ;). ;)
of (V1, Q1) in BY so that each (2/2. 1G): szj. 1(;y) 15 G-equivariantly (A", €, 8;)-almost mini-
mizing in U. Hence (V, 2) has (G:é, ;Ah)—réplacement chain property in U’ by repeating this
procedure, which indicates the regularity of (V, €2) by Theorem 3.14. m]

3.6. Proof of Theorem 3.2. By Theorem 3.8, there exists an #4”-stationary pair

(Vo.£20) € C{®P;})
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that is (G, #4")-almost minimizing in small G-annuli with respect to a min-max subsequence
{(2;,)) = ®j;(xj)}jen C Gy Let {Bg(p,-)}f“:1 be a finite set of appropriately small
open G-sets covering M with radius

L. .
ri = 5 min{ran(G - pi).inj(G - pi)}.

where ryn(G - pi) is given by Definition 3.5. After applying Theorem 3.18 to (Vj, 2¢) in
any open G-set U CC AO r (pi), we see (Vo,R20) = (29, Qo) is a strongly Ah-StaUOl’laI'y
CY! (G4, h)-boundaryin M \ {G - p1,....G - pw}, also AP-stable in any U CC A0 - (i)
Finally, using Propositions 2.17, 3.12 in place of [48, Propositions 1.24, 4.1], the arguments
in [48, Section 4.4] can be taken almost verbatim to show the regularity of (Vjp, 2¢) extends
across each G - p;.

4. Compactness for min-max (G, h)-boundaries

4.1. Strong convergence and weighted genus bound. Given an h € CZ° (M ) and
a sequence of positive numbers €, — 0 as k — oo, we denote ASkh simply by Ak With
notation from Section 3.1, consider the equivariant min-max problem associated with IT for
each A, k € N. By assuming that the nontriviality condition (3.1) is met for all k, we apply
Theorem 3.8 to the AX-functional for each k. This yields a (G, 4 )-min-max pair

(Vi k) € VETE(M)

and an associated min-max sequence {(XZg ;.2 ;)}jeN C &G4 such that (Vi, Q) is AK-
stationary and (G, AF)-almost minimizing in small G-annuli with respect to HO RO EIR
By Theorem 3.2, (V, Q) is a strongly ef%k—stationary, CU1 (G4, exh)-boundary (Zg, Q)
with AKX (S, Q) = L (I1).

In this part, our goal is to show the smooth regularity of a subsequential varifold limit
Voo of {2} and upgrade the convergence to Ckl)’cl. Moreover, for specially chosen /&, we prove
the weighted genus bound (see (4.1)).

To begin with, by Corollary 3.9, we note that Vs, satisfies

(R) for every L (m)-admissible collection €9 of G-annuli,
Vo 1s stable (for area) in at least one G-annulus in ©C.

Arguing similarly to the proof of [48, Proposition 5.1], we have the following proposition,
which is crucial for the removable singularity step.

Proposition 4.1. There exists a subsequence of {(Zy., Q) treN such that

(S) given any p € M, there exists rg., > 0 such that,
for each Agr(p) with) <s <r <rg.p,
(2, Qp) is AK -stable in ASGJ (p) for all sufficiently large k.

Theorem 4.2. spt||Voo|| is a closed embedded G -invariant minimal surface % 0. More-
over, there exlsts a finite set of points ¥ C M such that, up to a subsequence, {X}keN

converges in Cloc to Yoo in any compact subset of M \ Y.
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Proof. The theorem is readily verified by combining Proposition 2.17, property (S), and
the standard removable singularity theorem (see [41]). O

Although V., may not be G-equivariantly #°-almost minimizing in small G-annuli, we
may choose a special h € C g‘; (M) so that the limit minimal surface still has the total genus
less than go, the genus of elements in &g .

Theorem 4.3 (Genus bound). Let (M, gpr) be a closed orientable 3-dimensional Rie-
mannian manifold and let G be a finite group acting freely and effectively as isometries on M
so that G admits an index 2 subgroup Gy with coset G_ = G \ G4. Consider Vo, as above.
Suppose that there are finitely many pairwise disjoint appropriately small open G -balls

BS,....BScMm

such that
(1) 7(spt]| Vol N BjG) is an embedded disk for j = 1,...,a;
(2) h = 0in a small neighborhood of spt|| Vol \ Uj BJ-G.

Assume that Vo = le\]:l m;[T;], where {T'; }lN: | is a pairwise disjoint collection of connected,
closed, embedded, minimal surfaces. Denote by 1o C {1,..., N} (resp. Iy) the collection of
i such that U; is orientable (resp. non-orientable). Then we have

1
(4.1) 2 mi g+ ) mi () = 1) < go.

ielp iely

where go and g(I';) are the genus of %o and I'; respectively.

Proof. Let {y; }{'c=1 be a collection of simple closed curves contained in UlN:1 I';. By
assumption (1), we can perturb {y; }5‘21 in the same isotopy class so that (_J; y; does not inter-
sect |_J ;B jG. Hence, by assumption (2), €44 = 0 in a neighborhood of ( J; y;. Additionally, one
notices that [48, Proposition 5.3] can be easily generalized to our G-equivariant setting. Hence,
by possibly perturbing {y;} and shrinking rg., > 0, we can assume that (Zx ;). Qk, jk)) 1S
G-equivariantly (A, e, 8 )-almost minimizing in BrGG.p (p) for any p € | J; yi. To prove the
curve lifting lemma, we follow the strategy in [24, Proposition 2.2] (see also [14]). For simplic-
ity, we only consider the setting of two appropriately small open G-balls B lG and BZG intersect-
ing along a curve y. Suppose further that the G-equivariantly #4°-almost minimizing property
holds in BIG U BzG, By taking successive (G, A°)-replacements of (Zk,jtky» Rk, j(k)) on
BIG and B2G , we obtain a new G-invariant surface Wy (arising topologically from Xy ;)
after finitely many G-equivariant surgeries), which has the same limit as Xy ;). Combining
Schoen’s estimates, a no-folding property, and an integrated Gauss—Bonnet argument, we show
the graphical smooth convergence of W), away from finitely many points. Hence we can lift y
with the correct multiplicity by perturbing it slightly to avoid those singularities. O

4.2. Existence of supersolution. For a sequence of strongly Aekh—stationary CUlerh-
boundaries {(Xj, )} converging as varifolds to a closed 2-sided minimal surface X, Wang—
Zhou [48] proved in the non-equivariant setting that ¥ admits a nonnegative weak supersolution
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to a variant of the Jacobi equation provided that 4.3 changes sign and the convergence is Ckl)’c1
away from a finite set ¥ with multiplicity m > 2. Noting G is finite and & € Cél (M) must
change sign unless 2 = 0, we immediately have the following generalization.

Proposition 4.4. Let {(X, Qx)\ken be a sequence of strongly A" -stationary C -1
(G4, € h)-boundaries with limy_,o, €x = 0 so that Xy converges as varifolds to a closed
embedded 2-sided minimal G-surface % with multiplicity m > 2. Suppose the convergence
is also Ckl);l away from a finite G-set Y. Then ¥ admits a nonnegative G-invariant function

¢ € WL2(X) satisfying lellLzzy = 1 and

(4.2) /Zmp,Vf) — (Ric(v,v) + [AZ[*)pf d #>
z/ 2chf d#H? forall f € CH(Z)and f >0,
)

where ¢ > 0 is a constant so that ¢ = 0 if m > 3 is odd.

Proof. As we explained before, [48, Proposition 6.4] can be applied directly to get
a nonnegative function ¢ € W 1-2(X) satisfying (4.2). To show ¢ is G-invariant, we recall the
constructions in [48, Section 6]. Take any open G-set U CC X \ ¥ and a unit normal v of X.
Then, for sufficiently large k, X; admits a decomposition by ordered m-sheets F,i <--<T
inside a thickened G-neighborhood Us = U x (-4, §), and each sheet F,‘c (1<i1<m)is
a normal graph of some function uj € CL1(U) such that u}C <--<uy, and up — 0 in
CL1(U) as k — oo. Although a single sheet F,i may not be G-invariant, we notice I'" U I’]i
is G-invariant, and thus |gg| = ¢ = u}’ — u}c is G-invariant. Since ¢ U is the C 1* limit of
@k / 19kl L2 (u)> we know that ¢ is G-invariant. ]

5. Multiplicity one for generalized Simon-Smith min-max theory

In this section, we will generalize two multiplicity one theorems in [48] to the equivariant
setting, namely the relative min-max in the space of oriented G-equivariant G 4 -separating
surfaces in Section 5.1 and the classical min-max in the space of unoriented G-equivariant
G 1 -separating surfaces in Section 5.2.

5.1. Multiplicity one for relative equivariant min-max. To start with, we have the
following compactness theorem, which admits a proof similar to [48].

Theorem 5.1. Let L € N and let C > 0 be a constant. Consider {Xy} a sequence
of closed embedded G-invariant minimal surfaces satisfying supy #2(Xy) < C and prop-
erty (R'). Then Xy converges subsequentially as varifolds to a closed embedded G -invariant
minimal surface X possibly with integer multiplicities. Moreover, ¥ is degenerate if Yj # X
for infinitely many k.

Recall that the space . of G-equivariant G-separating surfaces of genus g is defined
in Section 3. By choosing an appropriate prescribing function i € Cg°_ (M), we obtain the first
multiplicity one type result as follows.
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Theorem 5.2. Let (M, gpr) be a closed connected orientable 3-dimensional Riemann-
ian manifold, and let G be a finite group acting freely and effectively as isometries on M
so that G admits an index 2 subgroup G4 with coset G_ = G \ G4. Suppose that X is
a finite-dimensional cubical complex with Z C X a subcomplex. Consider ®o: X — g,
a continuous map and I1 the (X, Z)-homotopy class of ®g. Assume that

L(II) > max HZ(Dg(x)).

Then there exists a closed embedded G -invariant minimal surface I" with connected compo-
nents {I'; }le and integer multiplicities {m }].J=1 so that

(1) if T'j is unstable and 2-sided, then m; = 1;
(i1) if T'j is 1-sided, then its connected double cover is stable.

Moreover, the weighted total genus of I" (4.1) is bounded by g.

Proof. 1t is sufficient to verify the theorem when g,s is G-bumpy, i.e. any finite cover
of a closed embedded G -invariant minimal hypersurface in (M, gps) is non-degenerate. Given
aconstant C > 0 (e.g. C := L(II) + 1), set M(C) the space of all closed embedded G-invari-
ant minimal surfaces I' satisfying #2(I") < C and property (R’). By Theorem 5.1, it follows
that M(C) = {S1...., Sy} is a finite set. Take py,..., pe in M so that p; € S; if and only if
j =1i.Letr > 0 be small enough such that

* B9(p1),.... B9 (py) are pairwise disjoint appropriately small open G-balls;
. B,G (pi) intersects S; if and only if j =i;
. JT(BrG(pl-) N S;) is an embedded disk foralli = 1,...,a.

Now, choose h € Cgi (M) with h(M) C [—1, 1] satisfying that, foralli = 1,...,«a,

(1) h = 0 outside | J; BS (p);
(2) h > 0in some component of BrG/Z(Pi) (then 2 < 0 in another component of B gz(Pi)ﬁ

(3) if S; is 2-sided, then f s; he; d H 2 = (0, where ¢; is the first eigenfunction of the Jacobi
operator on S;;

(4) if S; is 1-sided, then [ 5 ho; d 3% = 0, where ¢; is the first eigenfunction of the Jacobi
operator on S; and S; is the connected double cover of S;.

Choose €, — 0 so that the nontriviality condition (3.1) with & replaced by €/ is met for
sufficiently large k. By combining Theorem 3.2, Theorem 4.2 and arguing similarly to [48],
we obtain a closed embedded G-invariant minimal surface ' = UjJ=1 I';, where each I'; is
G-invariant and belongs to M(C). Assuming I'; = §;; fori; € {1,...,a}, the sign of 7 must
change on each I'; . If I'; is 2-sided with m; > 2, it follows from Proposition 4.4 (nonnegativity
and nontriviality of ¢), the positivity of ¢;, and our choice of / that the first eigenvalue satisfies
A1(I'j) = 0. Hence any connected component I'; is stable if I'; is 2-sided with m; > 2, which
shows the first item. The same argument applied to the double cover of 1-sided G-invariant
[V C ' proves the second item.

By the choice of &, we have i = 0 outside BrG (pi)- Since Jr(BrG (pi) NTj)is adisk, it

follows from Theorem 4.3 that I" admits the genus bound. O
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5.2. Multiplicity one for classical equivariant min-max. In this part, we show an
equivariant version of a multiplicity one type result in analogy to [48, Theorem 7.3]. This relies
on a version of Simon—Smith min-max theory for unoriented G-equivariant G-separating
surfaces.

Consider (M, gpr) and G as in Theorem 5.2. Fix ¥ a G-connected closed surface of
genus go. We equip

264 (X0) :=1{¢(Z0) | ¢: X9 — M is a G-equivariant G-separating embedding}

with the unoriented smooth topology. Let X be a finite-dimensional cubical complex. Given
a fixed continuous map ®g: X — 2., we denote by II the collection of all continuous
®: X — Zi, which is homotopic to ®¢. Such a @ is called a sweepout by X, or simply
a sweepout. Define

L(IT) := inf sup H2?(®(x)).
dell xeX

In our setting, the space &g, defined in Section 3 double covers £, . Let re HY (2 A
be the generator dual to the nontrivial element of 71 (£, ) corresponding to the projection

n: 66 — £G4 Note that aloop ¢ in 2, forms a sweepout in the sense of Almgren—Pitts
if and only if A[¢p] # O.

Theorem 5.3. Consider the above setup and let T1 be a homotopy class of sweepouts by
3o with L(IT) > 0. Then there exists a closed embedded G -invariant minimal surface I with
G-connected components {I'; }]J —, and integer multiplicities {m; }jJ=1 so that

L(I) = #*(T) = imﬁ’fz(n)
ji=1
and
() if I'j is unstable and 2-sided, then m; = 1;
(i1) if T'j is 1-sided, then its connected double cover is stable.

Moreover, the genus bound (4.1) holds for I with go = g(2o).

Proof.  We follow the proof of [48, Theorem 7.3] (also see [54, Theorem 5.2]) with some
alterations. Similar to before, we only need to check the theorem for G-bumpy metric gps. The
existence of a closed embedded G-invariant minimal surface ¥ satisfying #2(X) = L(IT) and
property (R’) is guaranteed by Theorem 3.3, Theorem 3.8 and Theorem 3.2.

Let & be the collection of all stationary 2-varifolds with mass lying in

[L(IT) — 1, L(IT) + 1],

whose support is a closed embedded G -invariant minimal surface satisfying (R’). Note that §
is a finite set by bumpiness. Given a small € > 0, set

Zi ={x e X |F(®;(x),8) =€} and Y; =X\ Z;.

Since each Y; is topologically trivial, by adapting a continuous version of Pitts’ combi-
natorial argument to {®;}, we can find another minimizing sequence, still denoted by {®; },
such that L({®; |z, }) < L(II) for sufficiently large i. Lifting the maps ®;:Y; — 2 to their
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double covers E),-: Y; — &6, we have, for i large enough,

sup JH2(D;(x)) < sup H2(P;(x)) < L(I).
x€aY; xeZ;

Denote I1; the (Y;,dY;)-homotopy class associated with ®; ly; in &G, . By employing
a contradiction argument as in [54, Lemma 5.8], we obtain

L(I1;) > L(IT) > sup H*(d;(x)).

x€0Y;
Then the proof is completed by applying Theorem 5.2 to I1; and letting i — oo. O
Proposition 5.4. In the above theorem, there exists a subset 4 C {1,...,J} so that

IV =jeq I'j is a Gx-separating G-surface.

Proof. Extracting a diagonal subsequence, one easily obtains a sequence Qj € €6+ (M)
with 0Q2; € Zg, so that [0Qy| = Ve = Z]Ll m;|Tj| € VO (M) as k — oo in the vari-
folds sense, where Vo is the min-max varifold. It also follows from the compactness theorem
that Q4 converges (up to a subsequence) to some Qoo € €F=(M). Hence [|0Q00 < || Vol
and 0 is a G-invariant integral current supported in UJ_1 I';. As an elementary fact,
0o 18 also a G-invariant integral n-cycle in U =1L (cf. [53, Appendix 8]), which implies
0o = Z i=1k;[[I'j]] for some k; € {0, 1} by the constancy theorem [42, Theorem 26.27].
Since Vol(Q20) = Vol(M)/2, we see that @ # I'" := U{T; | k; = 1} is the smooth boundary
of Qoo € €G% (M), which is G-separating. O

6. Minimal RP? in RP3

In this section, let M := S3 C R* be the unit 3-sphere, and G := Z, acts on M by the
identity map G4+ = {[0]} and the antipodal map G_ = {[1]}. Consider the space

2oy =1{¢(S 2) | ¢: S? — S* a G-equivariant Gt-separating smooth embedding}

endowed with the unoriented smooth topology, where G = Z, is given as above.

6.1. Sweepouts formed by real projective planes. We now describe three classes of
sweepouts that detect three nontrivial cohomology classes in H¥ (ZGy:Z2), k € {1,2,3}.
To begin with, use (a1, as,as,aq) and a1, as, as, aq] with Z?:l al.2 = 1 to denote the
points in S and RIP3 respectively. Define then
9((a1.az.a3.a4)) = 0({a1x1 + azxs + azxs + agxs < 0} N'S?),
9 ([a1, a2, a3,a4]) := {a1x1 + arxz + a3x3 + asxs = 0} N S,

where x1, ..., x4 are the coordinate functions in R*. Note that ?(83) =~ S3 is the space of
oriented great spheres and is a double cover of §(RIP3) 2 RIP3, the space of unoriented great
spheres. Since §(RP?) C ZG.., we can define our three maps

®1:RP! > 25, a1, a2] — % (la1.a2.0.0]),
®,:RP? — 2G4, l[ai,az,a3] = §([a1,a»,as,0]),

®3:RP? — 26.. la1,az,a3,a4] — (a1, a2, a3, as)).
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One notices that, for any k € {1,2,3}, @, is a k-sweepout of M = S3 in the sense of Almgren—
Pitts. Indeed, consider the closed curve

y: St =1[0,27]/{0 ~ 27} — dmn(®) = RP*

given by y(e'?) = [cos(6/2), sin(6/2), 0, 0], which is a generator of 7, (]R{IP’k ). Then the curve
bi := g o y in §(RP3) can be lifted to the curve

dx: 0 € [0,27] = G ((cos(8/2), sin(6/2),0,0))

in the double cover 5(83) satisfying that q;k (0) is ak (27) with the opposite orientation. Hence
¢r is a sweepout in the sense of Almgren—Pitts. Combining with the fact that the generator
S HI(R]P’k; 7Z») satisfies A(y) = 1 and A¥ # 0, we conclude ®; is a k-sweepout in the
sense of Almgren—Pitts (cf. [34, Definition 4.1]).

Next, denote by 1: G, — Z2(S3; Z5) the natural inclusion map into the space of mod-2
integral 2-cycles, and by A the generator of H'(Z»(S3:Z5): Z>). Then the above result indi-
cates (1 o @y )* (1) #0¢€ Hk(RIP’k; Z) (cf. [34, Definition 4.1]). In particular, we have

o :=1*A) € HY (Z6.:7»)

satisfies ok # 0 € H¥(2..: Z,) foreach k € {1,2,3}.
Finally, define %7, k € {1, 2, 3}, to be the collection of continuous maps ® from any
cubical complex X to 2. that detects o* € H¥(26.;Z>), i.e.

P = {®: X - X, | D*(¥) #0e HF(X:Z,)).
Clearly, &, € &7 forall k = 1,2, 3. Recall that
L(Z) = inf  sup HZ(D(x)).

PEFk xedmn(P)

6.2. Proof of Theorem 1.2. We have the following direct corollary by applying Theo-
rem 5.3 and Proposition 5.4 to any homotopy class in .

Corollary 6.1. Suppose T1 C P, k € {1,2,3}, is a homotopy class of sweepouts in
ZG. Then L(IT) > 0 and the G-connected min-max minimal G-surfaces {I; }jJ | associated

to 11 given by Theorem 5.3 satisfy that

(i) thereis one G-component, I'1, that is a G +-separating minimal 2-sphere, i.e. I'1 € ZG . ;

(i1) every other G-component I'j, j > 2, is a G-invariant disjoint union of two minimal
2-spheres.

Proof. Firstly, L(IT) > 0 since Il C &7, are k-sweepouts in the sense of Almgren—
Pitts. By Theorem 5.3, {I'; }jJ:1 satisfies the genus bound (4.1), which implies each I'; is
either a G4-separating minimal sphere in 2, or a G-invariant disjoint union of two min-
imal spheres. Combining Proposition 5.4 with the fact that every two elements in 2 G, have
nonempty intersections, there is exactly one element of {I'; } jJ _, thatisin 2, . ]

Fix any Riemannian metric ggp3 on RP3. By [6, Proposition 2.3], there exists an embed-
ded area minimizing RP? denoted as X, i.e.

H2(Zo) = inf{H?*(2) | T is an embedded RP?> C RP3}.
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Let M = S3 with the pull-back metric gy, G = Z2, and Z, be defined as above with
respect to (RP3, grp3)- Then X is an embedded minimal projective plane in (RP3, ggrp3) if and
only if 771(X) € 2, is a minimal 2-sphere in (M, gar).

Theorem 6.2. Using the above notation, suppose 2. contains only finitely many
elements that are minimal in (M = S3, gpr). Then

0< 2M0 < L(@l) < L(@z) < L(<@3),
where Mo := #?*(Ty).

Proof. The fact that 0 < L(Z) < L(P,41) for k = 1,2 follows from the standard
Lusternik—Schnirelmann theory (see [48, Lemma 8.3] or [34, Theorem 6.1]). Indeed, one can
take & to be the collection of G-invariant integral varifolds with mass bounded by L(Zk 1)
whose support is an element in 2. Then, using @ € H'(25,:Z>) and 2. in place of
A€ HY(Z,(53:72);Z5>) and Z5(S3; Z,), the proof of [34, Theorem 6.1] would carry over,
leading to a contradiction to Corollary 6.1 (i). Our goal is now to prove 2My < L(Z;).

Suppose by contradiction that 2My = L(4?1). By the finiteness assumption, the union

8= J{I" e 26, | HP(T) = 2Mo)

is a closed set. Fix a Zj-invariant open ball B CC S3 \ B, (8). We have the following claim.
Claim 1. For any § > 0, there is ®5 € 71 50 that SUP, ¢ gmn(dy) H2(Pg(x) N B) < 6.

Proof of Claim 1. Suppose by contradiction that, for some &9 > 0, every ® € &1 has
x € dmn(®) with #2(P(x) N B) > 8. Let {®;} be a minimizing sequence in Z1, i.e.

lim  sup H3(P;(x)) = L(F)) = 2M,.

I—=00 y cdmn(®;)

For each i, we may pick some x; € dmn(®;) so that #2(®; (x;) N B) > o by assumptions.
Based on the fact that

2My < H2(D;(x;)) < sup  HZ(D;(x)) = 2My asi — oo,
xedmn(P;)

we have ®; (x;)/Z, C RP3 converges (up to a subsequence) as varifolds to an area minimizing
projective plane (cf. [6, Proposition 2.3]), and thus the varifolds limit Vo, of ®;(x;) satisfies
spt|| Vool C &. This forces

lim H2(®;(x;) N B) =0,

1—>00

which contradicts the choice of x;. O

Let B-(¢) C B be a small ball with 0 < r < rg and § € (0, aor?), where ag, ro > 0 are
given by [34, Proposition 8.2] with respect to Z,(S3; Z,). Consider ®g in Claim 1 with respect
to this given §. Then, by definitions, t o ®5:dmn(ds) — Z,(S>;Z>) is a 1-sweepout in the
sense of Almgren—Pitts. However, since M(t o ®5(x)LB,(q)) < M(1 o ®5(x)_B) < § < agr?
for all x € dmn(®g), we obtain a contradiction to [34, Proposition 8.2]. ]
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At the end of this section, we prove Theorem 1.2.

Proof of Theorem 1.2.  Firstly, we have a minimizing RP? embedded in (RP3, grp3)
denoted as X (cf. [6, Proposition 2.3]).

Case I: gpp3 is a metric with positive Ricci curvature. In this case, gy is a Zp-invariant
metric on M = S3 with positive Ricci curvature. Hence

(6.1) every Zy-connected minimal 2-sphere in (M, gar) is (Z,)+-separating,

i.e. there is no minimal 2-sphere in (RP3, grp3)- Otherwise, there will be a pair of mini-
mal S2 C M, denoted as I' = {I','_}, such that [1] - '+ = I'r and I'y N T_ = @, where
[1] € Z5 acting on M = S3 by the antipodal map. This violates the embedded Frankel prop-
erty [15].

Next, without loss of generality, we assume

(6.2) (M = S3, gar) contains finitely many minimal 2-spheres in 22y 4
whose quotients in RP3 are minimal projective planes. By Theorem 6.2 and (6.2), we have
(63) 0<2My < L(:@]) < L(@z) < L(e@:;)

Additionally, although each &, k € {1, 2, 3}, may contain many different homotopy classes,
it follows from the finiteness assumptions (6.2) and Corollary 6.1 that the min-max values of
the homotopy classes in &7, must be stabilized to L.(Z?;). Moreover, for each k € {1, 2, 3},
L(Z) is realized by the area of an embedded connected minimal 2-sphere I'y € 2, with
integer multiplicity my € Z 4, i.e. L(Z) = mp H2(Ty).

Since manifolds with positive Ricci curvature contain no 2-sided stable minimal hyper-
surface, we see I; must be unstable, and thus m; = 1 by Theorem 5.3. We can then con-
clude that X¢, 7 (T"y), 7 (I'2), w(['3) are distinct embedded minimal real projective planes in
(RP3, gpp3).

Case 1I: gpps is a bumpy metric. In this case, every embedded Zj-invariant minimal
surface in (M = S3, gpr) is non-degenerate. Without loss of generality, we also assume that

(6.4) (M = S3, gar) contains finitely many Z,-invariant minimal 2-spheres,

i.e. (RP3, gpp3) has finitely many embedded minimal RP? and finitely many embedded mini-
mal S2. In particular, (6.3) is still valid by Theorem 6.2.

For each k € {1, 2, 3}, it follows from (6.4) and Theorem 5.3 that the min-max values of
homotopy classes in &, must be stabilized to L(Z?), and there are disjoint embedded Z,-
invariant Z-connected minimal 2-spheres {I' ; }jji , and integer multiplicities {n ; }jji 1 SO
that

Ji
(6.5) L(Z) =Y my ;3T ).
j=1
Also, by Corollary 6.1, we can assume I'y; € Zg., and 'y ; with j > 2 is a Z-invari-
ant disjoint union of two minimal 2-spheres. By Theorem 5.2, Iy ; is either unstable with
multiplicity one or stable.
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Sub-case 11 (a): I'y ; is unstable with multiplicity one for all k € {1,2,3}. Suppose
Theorem 1.2 (i) fails, i.e. the number of distinct minimal embedded real projective planes
in (RP3, grp3) 1s strictly less than 4. Clearly, this assumption and (6.3), (6.5) indicate there
must be some ko € {1,2,3} with Ji, > 2. Thus I'y 5 is a Z3-invariant union of two minimal
spheres I'x with [1] - '+ = I's and I't. lies in the different components of M \ T’ ;.

If 'y is stable, and thus strictly stable due to the bumpiness of the metric, then by
[48, Proposition 8.8] (using Song’s strategy [43]), we can find another two minimal spheres
in (M, gpr) lying in a fundamental domain of RP? (i.e. in a component of M \ [k,,1 contain-
ing I'}). Together, we obtain three minimal 2-spheres and one area minimizing real projective
plane Z¢ in (RP3, gp3).

If "4 is unstable, then since I',, ; is also assumed to be unstable, there exists an (isotopic
area minimizing) stable minimal sphere I, lying between I'y. and I', ;. Using [48, Proposi-
tion 8.8], we obtain at least one more minimal sphere in a fundamental domain of RP3 (i.e. in
the component of M \ f+ containing ') which is different from ', f‘+. Therefore, we
still have one area minimizing minimal real projective plane ¥ and three minimal spheres
in (RP?, ggp3).

Sub-case 1L (b): T'y y is stable for some k € {1,2,3}. Since I'; ; is stable (and thus
strictly stable due to the bumpiness) for some k € {1,2, 3}, we can apply [48, Proposition 8.8]
again to find another two distinct minimal spheres in the fundamental domain of (RP3, grp3)
(i.e. in a component of M \ I'x ;). In conclusion, we can find one area minimizing real projec-
tive plane ¥ and two distinct minimal spheres in (RP3, grp3)- m|

7. Minimal Klein bottles in L(4m,2m £ 1)

Consider the unit 3-sphere S3 = {(z,w) € C? | |z|?> + |w|? = 1}. For any two coprime
integers p > 1 and g € [1, p), we have the following cyclic Zj,-action on S3 generated by §pg:

(7.1) ]-(,w) = Sp,q(z, w) = (827”'/,0 .z, 0274i/p . w).

Then the lens space L(p, q) is defined to be S3/Z,.
By [8, Corollary 6.4], the Klein bottle embeds into L(4m,2m + 1) only. Hence, in this
section, we always set

(712) M:=S> G:=Zp=(5q) Gt+=2Zpp:=1(5,), G—:=G\Gy,
where p = 4m,q = 2m £ 1 and m > 1. In addition, consider the space
26 =49(T*) | ¢:T? - S 3 a G-equivariant G -separating smooth embedding},

endowed with the smooth unoriented topology. One can verify that, for any G-surface ¥ C M,
> /G is aKlein bottle in L(4m,2m £ 1) ifandonly it ¥ € 25, .

7.1. Sweepouts formed by Klein bottles. We now describe the sweepouts that detect
the nontrivial cohomology classes of H k(%gi; Z5), where k =3 form =1, and k = 1 for
m > 1. Firstly, we mention the following results given by Ketover [25, Proposition 4.2].
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Proposition 7.1 ([25]). Let L(p,q) denote the lens space endowed with the round
metric, p > 2. Then L(p,q) admits an embedded Klein bottle if and only if p = 4m and
g=2m=%1form=>1.Ifm > 1, then L(4m,2m % 1) admits an S'-family of minimal Klein
bottles. If m = 1, then L(4, 1) admits an S' x RP2-family of minimal Klein bottles.

For the sake of completeness, we provide a relatively detailed explanation following the
constructions in [25, Section 4] (see also [45]). Firstly, one can identify S3 and S? with the
group of unit quaternions and pure unit quaternions (without real part) respectively, i.e.

S :={a+bi +cj+dk|la*+p>+|c*+|d)> =1}, S?:={bi+cj+dkeS>).

Note that any orientation preserving isometry f € Isomy(S3) = SO(4) can be represented
by f(q) = 91995 ! for some ¢1,¢> € S3. Hence an oriented 2-plane in R* spanned by two
orthonormal vectors u, v € S3 can be written as (1, v) = (¢1,92) - (1,i) := (q195 L. q1ig5 ")
for some ¢1,q2 € S3. Denote by Gz(R“) the Grassmannian manifold consisting of all ori-
ented 2-dimensional subspaces of R*. Then the space of oriented geodesics in round S?3 is
homeomorphic to G» (R%) 2 S? x S?, where the homeomorphism is specified by the map

P:G,(R*) — S* xS, P((q1.q2) - (1.i)) = (q1iq7 . q2iq5").

Note that (a, b), (—a, —b) € S? x S? correspond to the same geodesic with opposite orienta-
tions.
Next, fora € S?2, B C S2, denote

t(a,B):={xeS?|xe P Y a, b)nS3 beB).

This is known to be a Clifford torus if « € S? and B is a great circle of S? (cf. [25, (4.16)]).
Given b € S?, denote by

E(b) := 0({x € S? | bix| + baxp 4 b3xz < 0}) C S?

an oriented equator. Since t(a, E(b)) = t(—a, E(=b)) is t(a, E(—=b)) = t(—a, E(b)) with
the opposite orientation, we see the space of unoriented Clifford tori is homeomorphic to
RP? x RP2. In addition, by [45, Section 5.1], we know that £p,q can be represented by
Epg(x) = eim@+D/p . x . p=im(@=1)/P yging quaternions. Moreover, given a € S? and a great
circle E C SZ?,

(7.3) Epa(t(a, B)) = (i 4(a), My 4 (E)),

where ﬁll,,q, ﬁlz,’q is the rotation (in the {j, k}-plane) on S? by the angle of 2(qg + 1)/p and
2w (g — 1)/ p respectively with fixed points {=£i}.

Case A: p =4 and g =1 (or ¢ =3). In this case, one verifies that &4 ; is orien-
tation preserving, and &4 1(z(cos(8)j + sin(0)k, E(b))) = t(—cos(8)j — sin(0)k, E(D)) is
t(cos(6)j + sin(0)k, E(b)) with the opposite orientation for any 0 € [0,2x], b € S2, which
implies the support of t(cos(f); + sin(6)k, E(b)) is an element in 2, . Hence we have
a family of Klein bottles in L (4, 1) = L(4, 3) parameterized by §: RP! x RP? — 264,

5([a1,a2], [bl,bz,b3]) = spt(r(alj + ask, E(bli + bz] + b3k)))
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We can now define three maps into 2 as follows:

o1 RP' - 25, [b1,D2] = G ([1,0], [b1, D2, 0]),
QZZRP2—> %Gi’ [b11b2,b3] Hg([l,o]’[b19b2’b3])’
®3:RP' x RP? — 2G,. (la1.az), [b1. b2, b3]) = §(la1,az), [b1, b2, b3]).
One notices that &, k € {1,2, 3}, is a k-sweepout in the sense of Almgren—Pittsi (cf. [34, Defi-
nition 4.11). Indeed, denote by «; the generator of H ! (RIP’I; Z2),1 € {1,2}, by A the generator
of H1 (Z2(M;Z>); Z>) and by 1: ZG, — Z2(M;Z>) the natural inclusion. Then the closed
curves y1(e'?) = ([cos(8/2),sin(8/2)],[1,0,0]) and y»(e'?) = ([1,0], [cos(8/2), sin(6/2),0])
in RP! x RIP? satisfy that

* 109G oyr: St - Zo(M;7Z23), 108 o ys: St Z>(M;7Z,) are sweepouts in the sense
of Almgren-Pitts, since t(—1j, E(1j)) and (1], E(—1j)) respectively are t(1j, E(1}))
with the opposite orientation;

ca; ®ax(y1) = a1 ®aa(y2) = 1, a1 ®aa(yr + y2) =0,
where 0 #£ o1 ®ap € H 1 (]RIP’1 x RP2: Z7). Combining the first bullet with the fact that
a? # 0 € H*(RP?%; Z,),

we conclude @ and ®, are 1-sweepout and 2-sweepout in the sense of Almgren—Pitts respec-
tively. Moreover, we also have *1* (1) = o) ® a» € H!'(RP! x RPP?; Z5) by the above two
bullets. Together with (o7 ® 2)? # 0 € H3(RP! x RP?;Z5), we conclude that ®5 is a 3-
sweepout in the sense of Almgren—Pitts.

Furthermore, since 0 # (o1 @ @2)? = §*1*(A3) € H3(RP! x RP?;Z,), we know that

o= 1*Q) € H (264 L2)

satisfies % #£ 0 € Hk(%gi;Zz) forevery k € {1,2,3}. Thus we can define &, k € {1,2,3},
to be the collection of continuous maps ® from any cubical complex X to 2, that detects
ok e HK(26.:72,). ie.

(7.4) Py = {0: X — 26, | D*(F) #0 e H¥(X:Zy)}.
Clearly, the above & € & forallk = 1,2, 3.
Case B: p =4mand g = 2m £ 1 withm > 2. In this case, one verifies that
£p.q(t(cos(0) ] + sin(O)k. E(1))))

is 7(cos(0)j + sin(0)k, E(1j)) with the opposite orientation for any 8 € [0,27x]. Hence we
have a family of Klein bottles in L(4m,2m + 1) (m > 2) parameterized by §: RP! — ZGys

(a1, az]) := spt(r(alj + asrk, E(lj))).

We can define the map
o, = :RP' - 25..

which is a sweepout in the sense of Almgren-Pitts since 7(—1/, E(1))) is ©(1/, E(1j)) with
the opposite orientation. Hence §*1*(1) # 0 € H'(RP!; Z,),

a:=10*A) #0e HY(264:2>).
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and we can similarly define
(71.5) P i={P:X - 2y | (@) #0e€ H'(X;Z,))
with ®; € £;.

7.2. Proof of Theorem 1.5. Using Theorem 5.3 and Proposition 5.4, we have the fol-
lowing corollary, which gives the existence of min-max and minimizing minimal Klein bottles.

Corollary 7.2. Suppose & is given by (1.4) or (1.5), and I1 C PPy, is a homotopy class
of sweepouts in ZG,. Then L(IT) > 0, and the G-connected min-max minimal G-surfaces
{r} j!=1 with integer multiplicities {m }JJ —1 given by Theorem 5.3 satisfy that

(i) there is exactly one G-component, say I'1, that is a G1-separating minimal torus with
multiplicity one, i.e. I'1 € Zg, andmy = 1;

(ii) any other G-component I'j, j > 2, is a G-invariant disjoint union of #G = 4m minimal
2-spheres in M.

Moreover, suppose {Zy }keN C ZG is an area minimizing sequence in X, satisfying
lim #2(Zg) = inf{H*(T) | T € 26, );
k—o00

then, up to a subsequence, X converges as varifolds to an area minimizing minimal torus
Yo € Zg, with multiplicity one.

Proof. Firstly, L(IT) > 0 since T1 C &) are k-sweepouts in the sense of Almgren—
Pitts. By Theorem 5.3, {T’; }J!=1 satisfies the genus bound (4.1), which implies each I'; is either

(a) a G-separating minimal torus in 2, with multiplicity one, i.e. w(I';) is a minimal
Klein bottle in L(4m,2m + 1); or

(b) aconnected G-invariant minimal torus not in 2, with multiplicity one, i.e. 7(I'j) is a
minimal torus in L(4m,2m £ 1); or

(c) a G-invariant disjoint union of minimal spheres, i.e. 7(I';) is a minimal sphere in lens
spaces L(4m,2m £ 1). (Note that there is no embedded RP? in L(4m,2m + 1); see
Geiges—Thies [16].)

Combining Proposition 5.4 with the fact that every two elements in 2, have nonempty
intersections, we know that there is exactly one element of {I’; }Jle that is in 2, , which
gives (i). Then, by (4.1), every other G-component I';, j > 2, is in case (c). Note that there is
no embedded RP? in L(4m,2m =+ 1), and the only nontrivial finite effective free action on §?2
is Z, with the quotient homeomorphic to RP?. Hence I'j, j = 2, has #G = 4m components
with G permuting them.

Suppose {Zg}reny C ZG. is an area minimizing sequence in 2, . It then follows
from the G-invariance of ¥j and [37, Theorem 1] that X; converges (up to a subsequence)
as varifolds to a disjoint union of embedded G-connected minimal G-surfaces {I'; }jJ=1 with
integer multiplicities {m; }]!=1 so that the genus bound (4.1) is also valid. Next, combining
the proof of Proposition 5.4 and the above arguments, we know that there is exactly one G-
component, say I'1, satisfying I'y € 2, and m; = 1. Finally, we notice J = 1 since

inf{H23(T) | T € 2.} < H*([1) < lim H*(Zp). o
k—>o0
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Next, we can use the Lusternik—Schnirelmann theory to show the following result.

Theorem 7.3. Given any Riemannian metric g7, on L(4m,2m + 1) with m > 1, let
M, G, G+ be given by (7.2), and let gpr be the G-invariant pull-back metric on M. Suppose
Z G contains only finitely many elements that are minimal in (M, gpr). Then

0<d4My <L(P) <L(P) <L(P3)ifm=1, and 0<4dmMy<L(Z1)ifm > 2,

where 4m Mgy = inf{H?(T) | T € X}, and Py, is defined in (1.4), (1.5).

Proof.  Using Corollary 7.2 in place of Corollary 6.1 and [6, Proposition 2.3], the proof
in Theorem 6.2 can be taken almost verbatim to show the desired results. O

At the end of this subsection, we prove Theorem 1.5.

Proof of Theorem 1.5. Firstly, given any Riemannian metric gz on L(4m,2m + 1), we
have an embedded area minimizing Klein bottle denoted as X by the second part of Corol-
lary 7.2. Let M = S3, G = Z4y,, and G4 C G be defined as in (7.2). Endow M with the
pull-back metric gps so that (M, gar) is locally isometric to (L(4m,2m £+ 1), g1.).

Case 1: g1, is a metric with positive Ricci curvature. In this case, gps is a G-invari-
ant Riemannian metric on M = S3 with positive Ricci curvature. Hence, similar to (6.1), the
embedded Frankel property indicates there is no embedded G-invariant union of minimal 2-
spheres in (M, gar), i.e. there is no minimal 2-sphere in (L(4m,2m £ 1), g1).

Without loss of generality, we assume that (L(4m,2m + 1), g7) contains only finitely
many distinct minimal embedded Klein bottles, i.e.

(7.6) (M, gpr) contains finitely many minimal tori in Zg . .
Sub-case 1(A): m = 1. Combining (7.6) with Theorem 7.3, {7 },3€=1 in (7.4) satisfies
(1.7) 0 < 4H2(Zg) < L(Z1) < L(P,) < L(25).

For each k € {1, 2, 3}, although &7, may contain many different homotopy classes, we see
from (7.6) and Corollary 7.2 (i)—(ii) that the min-max values of the homotopy classes in &
must be stabilized to L(Z), and moreover, (%) is realized by the area of an embedded
G-connected minimal torus [y, € 2., with multiplicity one, i.e. L(Z) = #?(Tx).
Therefore, we have found four distinct embedded minimal Klein bottles in (L (4, 1), g1.).

Sub-case 1(B): m > 2. The proof in Sub-case I (A) would carry over for Xo and & in
(7.5) to find two distinct embedded minimal Klein bottles in (L(4m,2m + 1), g1.).

Case 11: g1, is a bumpy metric. In this case, every embedded G-invariant minimal sur-
face in (M, gpr) is non-degenerate. Without loss of generality, we also assume that (M, gar)
contains finitely many G-invariant minimal tori in 2, and finitely many G-invariant union
of minimal 2-spheres.

Sub-case 11 (A): m = 1. Combining the constructions of {'@k}]:i:l in (7.4) and the
above finiteness assumptions with Theorem 7.3, we know that (7.7) is still valid here. In addi-
tion, for each k € {1, 2, 3}, using the arguments in Sub-case I(A) and Corollary 7.2 (i)—(ii),



Li, Wang and Yao, Minimal surfaces with low genus in lens spaces 211

there are disjoint embedded G-connected minimal G-surfaces {I'x ; }jJi ; and integer multi-
plicities {my; }JJQ , so that

Jx
L(Z) = Y mpj I (T ).
j=1

where I'y | € 2, has multiplicity my ; = 1, and Iy ; with j € {2,..., Ji} is a G-invariant
disjoint union of 4m minimal 2-spheres.

Suppose Theorem 1.5 (i) fails, i.e. the number of distinct embedded minimal Klein bottles
in (L(4,1), g1) is strictly less than 4. Clearly, this assumption and (7.7) indicate the existence
of ko € {1,2,3} with Ji, > 2. Hence we have a minimal Klein bottle K = 7(I', ;) and
a minimal 2-sphere S = 7(I'x,2) in (L(4,1),gr) with K N S =~®.

By cutting L.(4, 1) along K, we obtain a compact manifold L with a connected boundary
oL diffeomorphic to the oriented double cover K of K. Then, by isotopic area minimizing S
within the region in L enclosed between 0L = K and S, we have a stable (and thus strictly
stable) minimal 2-sphere So C L \ L so that L \ So has a component N with N N 9L = 0.
After applying [48, Proposition 8.8] (using Song’s strategy [43]) to N, we can find either

* at least one more minimal sphere in N that is different from S if S # Sp; or
* at least two more minimal spheres in N if S = Sp.

Thus we obtain three minimal 2-spheres and an area minimizing Klein bottle in (L (4, 1), g1.).

Sub-case I1(B): m > 2. The proof in Sub-case II (A) would carry over for o and &;
in (7.5) to find either two distinct embedded minimal Klein bottles or one area minimizing
Klein bottle together with three embedded minimal spheres in (L(4m,2m + 1), g1.). m]

8. Minimal torus in lens spaces

Note that Theorem 1.6 (ii) has been proven by Ketover in [25, Theorem 4.8]. Hence, in
this section, we only consider minimal tori in L(2,1) = RP3 and L(p,q) withq ¢ {1, p — 1}.
In particular, we always set

M:=S8> G:=ZLp,=q). Gy=2Lpp:=(,). G_:=G\Gy,

where &, , is given by (7.1), and either (p,q) = (2,1) or g ¢ {1, p — 1}. In addition, we
consider the following spaces:

o« X :={¢(T?) | ¢:T?> — M/G a separating embedding},

o % :={n(S') | S!is a G-invariant equator (great circle) in S3},

« 2 =2 U,

which are endowed with the smooth unoriented topology. Note that ¢(7?) is separating if
(M/G) \ ¢(T?) has two connected components Uy, U,. Moreover, denote by

02X = Zo(M)G:Zy)

the natural inclusion, and by A the generator of H'(Z,(M/G;Z5); 7).
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8.1. Sweepouts formed by tori. To begin with, we have a family of 72 in 2" by
Ketover’s construction [25, Proposition 4.2].

Proposition 8.1 (Ketover [25]). Let L(p,q) denote the lens space endowed with the
round metric, p > 2. Then we have

(1) RP3 admits a family of Clifford tori parameterized by RP? x RIP2;
(2) L(p,q) withq ¢ {1, p — 1} admits exactly one Clifford torus.
For the sake of completeness, we adopt the notation as in Section 7 and explain the
constructions of sweepouts formed by tori in RP> or L(p, q) with g ¢ {1, p — 1}.

Firstly, for any a, b € S?, recall that E(b) = 0{x € S? | x - b < 0} is an oriented equator
and t(a, E(b)) is an oriented Clifford torus in S3. Then, for any ¢ € [—1, 1], we define

E;(b):=0{x € s? | X b :=x1b1 4+ x2by + x3b3 < t}

to be an oriented circle parallel to E(b) with E1(b) = {b} and E_1(b) = {—b}. It is known
that t(a, E,(b)) is an oriented flat torus in S3 parallel to the Clifford torus t(a, Eo(b)) (cf. [25,
page 22]), which degenerates to an oriented great circle in S at 1 = +1.

Case A: (p.q) = (2,1) and L(p,q) = RP3. Using the notation in Section 7 and (7.3),
&1 is orientation preserving and the oriented (possibly degenerated) torus &> 1(t(a, E;(b)))
in S3 is the same as t(a, E; (b)) for all a,b € S2, t € [—1, 1], which implies the quotient of
spt(t(a, E;(b))) is an element in .2". Therefore, we have a continuous family of oriented tori
in RP3 parameterized by §:[—1, 1] x S2 x S2 — 2 (with oriented smooth topology),

€(t.a,b) = (t(a, E/(b)))/G forall (t,a,b) € [-1,1] x S? x S2.
Note that the oriented torus ?(t, a,b) = 5(1, —a, —b) is the oriented torus
€(—t,—a,b) = §(—t,a,—b)

with the opposite orientation for ¢ € (—1, 1). Hence € induces a continuous map into (27, %)
with unoriented smooth topology,

9:(X.Y) > (Z.%). §(t.a,b]) = spt(&(t.a, b)),
where [t,a,b] € X,
X = (-1,1]xS?xS8?)/Z, ®Z,, Y:=0X, X:=X\Y,
and Z» @ Z, acts on [—1, 1] x S? x S% by (0,0) = id,

(1,0) - (t,a,b) = (—t,—a, b),
(8.1) 0,1)-(t,a,b) = (—t,a, —b),
(1,1)-(t,a,b) = (t,—a, —b).

In addition, one notices that the parameter space X retracts onto

X4 :={[0,a,b] € X | a,b € S?} = RP? x RP?,
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the parameter space of Clifford tori. Then, by Poincaré—Lefschetz duality,
(8.2) H'(X,Y:Z2) = Hy(X: L2) = Ha(X4:L2) = Lo

has a generator A € H(X, Y;Z5), and for any fixed a, b € S?, the curve y(¢) := [t,a,b] € X
satisfies that
togoy:([=1,1].{£1}) — (Z22(M:Z2).{0})

is a sweepout in the sense of Almgren—Pitts, which implies €**(1) = A € H' (X, Y; Z»).
Lemma82. A*=8**(*) #£0e H*X,¥Y:;Z,) and \*> = 0.

The proof of Lemma 8.2 is left to Appendix A. Now, we know that
108:(X,Y) = (Z2(M/G; Z5),{0})
is a 4-sweepout in the sense of Almgren—Pitts as A4 = (1 0 §)*(14) # 0. In particular,
a=1"A) e H(Z, % 7,)
satisfies a* # 0 € H*(2 ,%; 7). Hence we can define the collection of continuous maps
(8.3) D ={D:(X.Z) > (Z,%) | d*(a¥) £ 0 € H* (X, Z: Z»)),
where k € {1,2,3,4} and Z C X are any two cubical complexes.

Case B: ¢ ¢ {1, p —1}. In this case, we fix ag = bg = (1,0,0) € S>. Similarly, by
(7.3), the oriented (and possibly degenerated) torus £, 4(t(ao, E;(bo))) in S? is the same as
t(ag, E¢(bo)) forallt € [—1, 1], which implies the quotient of spt(z(ag, E¢(bg))) is an element
in 2. Therefore, we have a continuous family of unoriented tori in RP3 parameterized by

G: (-1, 1],{£1}) > (2. %), (1) = spt(r(ao, E+(b9))/G) foralls € [—1,1].
Note that ¢ 0 g is a sweepout in the sense of Almgren—Pitts. Hence
a:=1*QA) £0e HY(Z, % Z,),
and we can define the collection of continuous maps
(8.4) P ={P:(X,.Z) > (Z,.%) | d*(a) #0 e H (X, Z:Z»)},

where Z C X are any two cubical complexes.

8.2. Proof of Theorem 1.6. Since T2 is orientable, we can apply [48, Theorem B] to
obtain the following corollary.

Corollary 8.3. Let g1, be a Riemannian metric on L(p, q) with positive Ricci curvature,
where (p.q) = (2,1) orq ¢ {1, p — 1}. Suppose Py is given by (8.3) or (8.4), and I1 C Py
is a homotopy class of sweepouts in Z . Then

L(IT) = #%(T') > 0

for a smooth connected embedded minimal torus I in (L(p,q), gL)-
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Proof. Firstly, we know that L.(IT) > 0 since IT is a family of sweepouts in the sense of
Almgren—Pitts. Then, combining [48, Theorem B] with the embedded Frankel property, there
exists a connected smooth embedded minimal surface I" in (L(p, ¢), g1) so that

L(IT) = m#*(") for some integer m € Z 4,
and (by the genus bound) I is either a minimal
(a) torus with multiplicity one, or
(b) 2-sphere, or
(c) real projective plane with a stable connected double cover (only if L(p, g) = RP?), or
(d) Klein bottle with a stable connected double cover (only if (p,q) = (4m,2m + 1)).

Note that the pull-back metric gpy = 7*g; on M = S3 also has positive Ricci curvature.
Hence (c), (d) cannot happen. Additionally, if I" is in case (b), then 7 () isa#G = p union
of minimal spheres in S3, since 2-spheres only have trivial finite covers. This contradicts the
embedded Frankel property in (M, gpr). Therefore, I" has to be in case (a). O

Recall that L(Z%) := infee s, SUPxecqmn(®) FH2(D(x)).

Theorem 8.4. Let g1 be a Riemannian metric on L(p, q) with positive Ricci curvature,
where (p,q) = (2, 1) org ¢ {1, p — 1}. Suppose X" contains only finitely many elements that
are minimal in (L(p,q), g1.). Then

0 <L(%1) <L(%) <L(H3) <L(H,)
when (p,q) = (2,1), and 0 < L(Z?1) when q ¢ {1, p — 1}.

Proof. This result follows from the Lusternik—Schnirelmann theory. One can easily use
Corollary 8.3 and [20, Lemma 5.3] to extend the proof of [34, Theorem 6.1] and [20, Theo-
rem 5.2]. O

We mention that, for a general Riemannian metric gz on L(p, ¢), the above result is still
valid if (L(p, q), gr) contains only finitely many minimal 2-spheres, minimal real projective
planes, minimal Klein bottles and minimal tori.

Finally, we prove Theorem 1.6.

Proof of Theorem 1.6. By combining Corollary 8.3 and Theorem 8.4, we find four em-
bedded minimal tori in L(2,1) = RP? and one embedded minimal torus in L(p,q) with
q # {1, p — 1}. It remains to show the second part of (i), namely to find one more embedded
minimal torus in RP under the additional assumption of bumpiness.

To begin with, we recall the setup of White’s manifold structure theorem [51]. Let M, N
be compact smooth Riemannian manifolds such that dim N < dim M. Given an open subset I"
of C? Riemannian metrics on M, consider the space M of ordered pairs (y, [N]), where y € T’
and [N ] denotes the diffeomorphism classes of minimal embeddings of a Riemannian manifold
N into M with respect to y. It was shown that M is a separable C? Banach manifold and the
projection map

nmmM—-rT, y[N)—y

is smooth Fredholm with Fredholm index 0.
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Now, let N be an unoriented torus, M = RP3, and let T be the set of all C* Riemannian
metrics on RP3 with positive Ricci curvature. Since I' is connected [19] and IT: M — T is
proper [11], we can calculate the mapping degree d of I1 using [51, Theorem 5.1]. Denote
by Yo the round metric on RP3. By Proposition 8.1 (1), the set of all Clifford tori in (RP3, o)
is diffeomorphic to RP? x RIP2. As a direct corollary of Lawson’s conjecture [9, 10], every
embedded minimal torus in (RP3, yp) is congruent to the Clifford torus. Hence ¥ = IT~!(yy)
is diffeomorphic to RP? x RP? with y(X) = 1. Together with the fact that every Clifford
torus in (RP3, yo) has nullity 4 and Morse index 1, we see d = (—1)"4(Z) y(2) = —1. For
generic metrics y of positive Ricci curvature on RP3, we further have

Z (_l)index(S) —d =1,

Sell~1(y)

which implies that the number of elements in IT~!(y) is odd. Given that we already found four
embedded minimal tori in RP3, there must be at least a fifth one. This completes the proof. o

A. Proof of Lemma 8.2

Proof of Lemma 8.2. Using the notation in Section 8.1, Case A, for any k-dimensional
closed submanifold N in X, we denote by [N] € Hy(X;Z,) the images of the fundamental
classes of N under the inclusion into X, and denote by [N]* € H> % (X, ¥: Z,) its Poincaré—
Lefschetz dual. It then follows from the Poincaré-Lefschetz duality (8.2) that the generator
A e HY (X, Y;Z,) coincides with [X4]*, where X4 := {[0,a,b] € X} = RP? x RP? is the
parameter space of Clifford tori. We now use the transversal intersection product to visualize
the cup product Ak k =2.3,4,5.

Firstly, after regarding a = (a1,a»,as3), b = (b1, bs,b3) € S? as vectors in R3, we can
define o

X4 :={la-b,a,bl€ X |a,beS?},
X3 :=X4N Xy =1{0,a,b] € X |a,beS?witha-b =0},

where a - b = Z;Ll a;b; is the inner product in R3. Since {(a -b,a,b) | a,b € S?} is a 4-
submanifold of [—1,1] x S? x S? invariant under the (Z, @ Z»)-action in (8.1), we know
X} is a closed 4-submanifold of X and is homotopic to X4 through (s, [, a, b]) — [st,a,b],
s € [0, 1]. In addition, for any [0, a, b] € X3 = X4 N X, we have a L b, and thus there exists
a curve o C S? with 6(0) = a and 0’(0) = b. Hence G(s) = [o(s) - b,o(s),b] is a curve in
X} so that 6(0) has a component (o - b)’(0) - % = E)_at’ which implies X is transversal to X4
along their intersection X3. Therefore, by [17, Theorem 3.6] (see also [7, VI, Theorem 11.9]),
we have A2 = [X4]* — [X,]* = [Xa N X,)* = [X3]* € H2(X, Y; Z»).

Next, seteq := (1,0,0), e, := (0,1,0),e3 := (0,0,1). Foranya, b € S> witha - b = 0,
we can take the cross product vector v = (v, v2,v3) :=a x b in R3, i.e.

vi(a,b) :=a1bs —aszby, va(a,b):=aszby —ai1bs, v3(a,b) =aiby—azb;.

Then {a, b, v} forms an orthonormal basis of R3. Define then

X% :={[vi(a,b),a,bl € X | a,b € S* witha -b = 0},
X7 = X4 X5 =1{[0,a,b] € X|a,beS?*witha-b =0, vi(a,b) =0}.
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Since {(vi(a,b),a,b) | a,b € S?, a-b = 0} is a closed 3-submanifold of [—1, 1] x S? x S?
invariant under the (Z @ Z5)-action in (8.1), it is clear that X} is a closed 3-submanifold of
X and is homotopic to X'3. Additionally, for any a,b € S? with a - b = 0 and vy (a,b) = 0,
we can rotate a, b and v = a x b together around the (v X ej)-axis to obtain curves a(6), b(6),
v(0) = a(f) x b() C S? so that

a(0) =a, bO)=b>b, v0)=v, and v1(0) =v1(a(0),b(0)) = sin(H).

Hence it follows that 5 (0) = [v1(6).a(8), b(6)]is a curve in X} so that 5’ (0) has a component
v1(0) - (% = a%’ which implies X} is transversal to X4 along their intersection X,. Therefore,
we have
A3 = [Xal* — [X5]" = [Xa N X5]* = [X]* € H(X.Y: Zy).
Moreover, define
X5 = {[va(a,b),a,b] € X | a,b € S* witha -b = 0, v{(a,b) = 0},
X1 :=X4N X, =1{0,a,b) € X |a.beS*witha-b =0, vi(a,b) = va(a.b) = 0}.

Similarly, one notices that X} is a closed 2-submanifold of X and is homotopic to X,. Given
any a,b € S? with a-b = 0 and v{(a,b) = va(a,b) = 0, one can use the rotation around
the ej-axis (e; = v X e3) to show that Xé is transversal to X4 along their intersection X.
Hence A4 = [X4]* — [X5]* = [Xa N X" = [X1]* € H*(X.,Y:Z,).

Finally, we notice that X; is a nontrivial closed curve in X4 C X given by

0 +— [0, (cos(8/2),sin(6/2),0), (—sin(8/2),cos(6/2),0)] forall 8 € [0, 2x].

Hence [X1] # 0 € H1(X4:Z2) = H1(X;Z5), and thus A* = [X1]* # 0 in H*(X,Y;Z,).
Moreover, one verifies that X := {[a1b1,a,b] | [0,a,b] € X1} is homotopic to X and trans-
versal to X4, and X N X4 has two points, which implies

A =[X]NX4)* =0e H>(X,Y;Z,). o
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