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The integrality conjecture and
the cohomology of preprojective stacks

By Ben Davison at Edinburgh

Abstract. We study the Borel-Moore homology of stacks of representations of pre-
projective algebras ITg, via the study of the DT theory of the undeformed 3-Calabi—Yau
completion ITp[x]. Via a result on the supports of the BPS sheaves for ITg[x]-mod, we
prove purity of the BPS cohomology for the stack of IT¢[x]-modules and define BPS sheaves
for stacks of ITg-modules. These are mixed Hodge modules on the coarse moduli space of
ITp-modules that control the Borel-Moore homology and geometric representation theory
associated to these stacks. We show that the hypercohomology of these objects is pure and
thus that the Borel-Moore homology of stacks of ITg-modules is also pure. We transport the
cohomological wall-crossing and integrality theorems from DT theory to the category of ITgp-
modules. We use our results to prove positivity of a number of “restricted” Kac polynomials,
determine the critical cohomology of Hilb, (A3), and the Borel-Moore homology of genus
one character stacks, as well as providing various applications to the cohomological Hall alge-
bras associated to Borel-Moore homology of stacks of modules over preprojective algebras,
including the PBW theorem, and torsion-freeness.

1. Introduction

1.1. Background. This paper concerns the Borel-Moore homology of stacks of rep-
resentations of preprojective algebras ITg, which play a prominent role in many branches
of mathematics, and which we study through the prism of cohomological Donaldson—-Thomas
(DT) theory and BPS cohomology. The Borel-Moore homology of stacks of finite-dimensional
ITp-modules occurs as the underlying vector space of the cohomological Hall algebra con-
taining all raising operators for the cohomology of Nakajima quiver varieties [33, 34], which
themselves can be presented as certain stacks of semistable representations of preprojective
algebras. More generally, stacks of representations of preprojective algebras model the local
geometry of complex 2-Calabi—Yau categories possessing good moduli spaces [9], for example
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coherent sheaves on K3 and abelian surfaces, Higgs bundles on smooth projective curves, local
systems on Riemann surfaces, and moduli of semistable objects in Kuznetsov components.

Via dimensional reduction, we study the Borel-Moore homology of the stack of ITp-
modules by relating it to the BPS sheaves for the stack of objects in the 3-Calabi—Yau comple-
tion 411, (as defined by Keller [25]) of the category of ITg-modules. This paper is devoted
to understanding the BPS sheaves (as defined in [10]) of the 3CY categories %HQ formed this
way. By studying these BPS sheaves and the associated BPS cohomology, we prove a number
of theorems regarding the Borel-Moore homology of stacks of IT g -representations, Nakajima
quiver varieties, stacks of coherent sheaves on surfaces, as well as vanishing cycle cohomology
of Hilb, (A?), and vanishing cycle cohomology of stacks of objects in ¢ 0"

1.2. Purity. In DT theory, as well as many of the other subjects this paper touches on,
we are typically interested in motivic invariants. See e.g. [22,27] and references therein for
extensive background on motivic DT theory. This means that we are interested in invariants
¥ of objects in a triangulated category & that factor through the Grothendieck group of Z; if
V' — V — V" is a distinguished triangle in 2, then we require that ¥ (V) = y(V') + y(V").
Alternatively, by “motivic”, people mean invariants of varieties X such thatif U C X is open,
with complement Z, then the cut and paste relation ¥(X) = ¥(U) + x(Z) holds. The link
between the two meanings is provided by the distinguished triangle

He(U, Q) — He(X, Q) — He(Z,Q)

so that a motivic invariant in the first sense induces one in the second sense.

A very basic example of a motivic invariant is the Euler characteristic of a complex of
vector spaces x(V) = > ez (=1)" dim(V?). A basic example of a non-motivic invariant is the
Poincaré polynomial P(V.q) = ) iy dim(V?)q'; since the connecting morphisms in a long
exact sequence of vector spaces may be nonzero, the Poincaré polynomial may not satisfy the
cut and paste relation.

Recall that a mixed Hodge structure on a rational vector space V is the data of an
ascending weight filtration W, V', along with a descending Hodge filtration F*V¢ of the com-
plexification, such that the Hodge filtration induces a weight n Hodge structure on the nth piece
Gr,I:V (V) of the associated graded object with respect to the weight filtration. Given £, a coho-
mologically graded mixed Hodge structure, one defines its Hodge series, E series, and weight
series, respectively, by

n(L.x.y.2) = Y dim(Gr(Gry, (H*(£))x"y 2%,
a,b,ceZ

E(£,x,y) =h(&£, x,y,—1),
xwi(£.qY?) = E(£,q"2,4"?).

Since both the E series and weight series involve an alternating sum over cohomological
degrees, they are motivic invariants.

We say that a cohomologically graded mixed Hodge structure &£ is pure if its ath coho-
mologically graded piece is pure of weight a, i.e. if GrZV H%(£) = 0 for b # a. Our interest in
pure mixed Hodge structures comes from the fact that if &£ is pure, then P(£, q) = ywi(£, q).
Moreover, when the Borel-Moore homology of a stack is pure, we have a much better chance
of being able to calculate it, as we will demonstrate in this paper.
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1.3. The purity theorem. Let Q be a quiver with set of vertices Q¢ and arrows Q7.
The quiver Q, which is the double of Q, is obtained by adding an arrow a* for every arrow
of a, with the reverse orientation. Then the preprojective algebra is defined as the quotient of
the free path algebra of Q,

(1.1) Mo = CO/( Y la.a"])
acQ

We define N := Zsg. Let d € N20 be a dimension vector for Q. Define
X(@)d — l_[ Hom((c dsource(a) , (Cdlargel(u)).

a an arrow of Q'

This space is symplectic, via the natural isomorphism X(Q)q = T*(X(Q)q). This symplectic
manifold carries an action of the gauge group GL4 := ]—[iEQ o, GL4; (C), with moment map

noaX(0)a—alg:= [] alg,(©), o ) [p(a), pa®).

i€Qo acQ;

We identify gly, (C) with the dual vector space glg. (C)Y via the trace pairing. The stack
M (I p)a of ITg-representations with dimension vector d is isomorphic to the stack-theoretic
quotient /Lél,d (0)/GLgq. Our first main result is the following.

Theorem A ([7, Conjecture 3.1]). Fix a quiver Q and a dimension vector d € N@o,
Then the mixed Hodge structure on HBM(Em(HQ)d, Q) :=H: (M1 g)a. Q)Y is pure, of Tate

type.

We prove a more general version of Theorem A, concerning Borel-Moore homology of
stacks of semistable ITp-modules: see Section 6 and Theorem 6.4.

In Theorem A, the symbol Vv denotes the dual in the category of cohomologically graded
mixed Hodge structures. Purity means that Deligne’s mixed Hodge structure on each cohomo-
logically graded piece H ((ITp)a. Q) is pure of weight 7, and the statement that a cohomo-
logically graded mixed Hodge structure £ is of Tate type is the statement that we can write
£ = @m’nez (L™ [n])®4m.n_ for some set of numbers @, » € N, with L := H.(A!, Q) given
the usual weight 2 pure Hodge structure, concentrated in cohomological degree 2. Purity is the
further statement that a,, , = 0 forn # 0.

Theorem A concerns compactly supported cohomology. Since p,él’d(O) is a cone, and
hence homotopic to a point, there is an isomorphism H(M(I1gp )q, Q) = H(BGL4q, Q) in usual
singular cohomology, and it is known this cohomology is pure [11]. On the other hand, com-
pactly supported cohomology is not preserved by homotopy equivalence, and the highly singu-
lar nature of “ad (0)/GL4 means that its compactly supported cohomology is a great deal more
complicated than its cohomology. In fact, purity requires an essentially new type of argument,
requiring the full force of cohomological DT theory. In particular, outside of finite type Q,
there is no way known (to date) of proving this purity statement without invoking the cohomo-
logical integrality theorem for the DT theory of quivers with potential, along with dimensional
reduction.

1.3.1. Okounkov’s conjecture. Theorem A is a singular stack-theoretic cousin of the
result that the cohomology of Nakajima quiver varieties is pure, with Hodge polynomial ex-
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pressible as a polynomial in xyz? (this can be obtained by combining the proof of [18, Theo-
rem 1] with [20, Theorem 6.1.2 (3)]). In fact, we recover this result (Corollary 6.8). The purity
of Nakajima quiver varieties provides one of the main motivations for the purity statement in
Theorem A.

In a little more detail, it is conjectured that the cohomological Hall algebra #ry,, obtained
by taking the direct sum of HBM(E]J?(HQ)d, Q) across all dimension vectors d is isomorphic
to the positive half of the Yangian ¥yg, ¢ constructed by Maulik and Okounkov in [29]. This in
turn would imply that the graded dimensions of gyg, ¢ are given by Kac polynomials, as conjec-
tured by Okounkov. Since the algebra Yy ¢ is defined as a subalgebra of the endomorphism
algebra of the cohomology of Nakajima quiver varieties, the purity of ¥Yyg o follows from
purity for these quiver varieties. Our purity theorem provides evidence towards the conjecture
that Am, = Yy -

1.4. From DT theory to symplectic geometry. Consider the following general setup,
of which our situation with X(Q)q being acted on by GLgq is a special case. Let X be a complex
symplectic manifold, with the affine algebraic group G acting on it via a Hamiltonian action,
with (G -equivariant) moment map p: X — g*. Then define the function

(1.2) g Xxg—>C, (x.0) = pu(x)(.

This function is G-invariant and so defines a function g: (X x g)/G — C on the stack-the-
oretic quotient. Via dimensional reduction [5, Theorem A.1], there is a natural isomorphism
in compactly supported cohomology H(u~1(0)/G, Q) ® L4m(®) ~ H.((X x q)/G, 9:Q),
where ¢, Q is the mixed Hodge module complex of vanishing cycles for g. This explains the
appearance of vanishing cycles in what follows.

Note that ¢, Q is supported on the critical locus of g. A guiding principle for DT theory
(e.g. as expressed in [45]) is that a given moduli stack 9t of coherent sheaves on a Calabi—
Yau 3-fold can be locally expressed as the critical locus of a function g on some smooth
ambient stack Jt. DT invariants are then defined by taking invariants, factoring through the
Grothendieck group of mixed Hodge structures, of

He (M, ¢ Q) = He(crit(g). ¢ Q) = He (N, 95 Q).

The link between DT theory and symplectic geometry is completed by the observation of
[14, Section 4. 2] (see also [32]) that, associated to any quiver Q, there is a tripled quiver
with potential (Q W) such that (X (Q)d x glq)/GLyq is identified with the smooth stack of
d-dimensional representations of C Q and the critical locus of the function ?r(W) (which is
the function g from (1.2)) is exactly the substack of representations belonging to the category
of representations of the Jacobi algebra! Jac(Q~ , W) associated to the pair (Q ).

Putting all of this together, the cohomological DT theory of J ac(é , W) gives us a tool for
understanding the compactly supported cohomology of Nt(I1p), i.e. there is an isomorphism
of cohomologically graded mixed Hodge structures

He(M(ITp)q, Q) ® LUIMECLa) ~ H (MJac(0, W))a, p=r(7) Q).

We use cohomological DT theory to prove powerful theorems regarding the right-hand side,
and deduce results regarding the left-hand side.

" The definition of Jac(g , W) is recalled in Section 2.1.
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1.5. BPS sheaves and their supports. We prove Theorem A via an analysis of BPS
sheaves. These were introduced in [10], in the course of the proof of the relative cohomo-
logical integrality/PBW theorem for the critical cohomological Hall algebras introduced by
Kontsevich and Soibelman [28]. This theorem states that, for a symmetric quiver Q’ with poten-
tial W’ and stability condition ¢, the direct image of the mixed Hodge module of vanishing
cycles for the function Tr(W’) along the morphism JH from the moduli stack of ¢-semistable
C Q’-modules to the coarse moduli space is obtained by taking the free symmetric algebra
generated by an explicitly defined mixed Hodge module JS’J’SE LW called the BPS sheaf,
tensored with a half Tate twist of H(BC*, Q). The BPS cohomology BPS® o'W is defined to be
the hypercohomology of this sheaf.

Although the direct image of the mixed Hodge module of vanishing cycles along JH is
concentrated in infinitely many cohomological degrees, this BPS sheaf is a genuine mixed
Hodge module, i.e. its underlying complex of constructible sheaves is a perverse sheaf. It
follows that, for every d € N€0, the BPS cohomology BPS§Q/ W'.a lives in bounded degrees.

Unless the pair Q’, W' is quite special, it is difficult to actually determine BPS EQ/ w-In
this paper, we show that, for the quiver Q with potential w appearing in the previous section,
the situation is much better. A key role is played by a support lemma, Lemma 4.1, which
imposes strong restrictions on the support of the BPS sheaves for J ac(Q , W) for O any quiver.

Lemma 1.1 (Lemma4.1). Let x be a point in M (Q)C 5 corresponding to a C Q module
p, and let x lie in the support of BPS 8% 0, a- Let A be the set of generalised eigenvalues of the
operators p(w;), with i the vertices of Q Then A contains only one element.

This is a crucial lemma on the way to proving purity of BPS cohomology for J ac(Q , W)
In combination with this purity result, the lemma also enables us to provide some of the first
nontrivial calculations of BPS sheaves; see in particular Section 5, lifting the work of Behrend,
Bryan and Szendr6i on motivic degree zero invariants to the level of BPS sheaves. This lemma
is also one of the crucial ingredients in proving the purity of the BPS sheaves 85§ %,W them-
selves, and the definition of the “less perverse filtration”: see [8, 9] for developments in this
direction.

1.6. 2d BPS sheaves. Aside from purity of BPS cohomology, one of the main appli-
cations of the support lemma is that it enables us to define 2d BPS sheaves.

Theorem B. Let m: A' x M(I1 0)d " J\/{(Q)d * be the morphism extending a T o-
module to a C Q module by letting each of the extra loops w; act via scalar multzplzcatlon
by z € AL, Then there is a Verdier self-dual mixed Hodge module JBJPSHQ’d on M(I1 )d *,
which we call the 2d BPS sheaf, such that

BPSG .a = me(JCA1(Q) R BPSY ).

The pure intersection complex d€ 41(Q) is defined in Section 3.1. The 2d BPS sheaves
enjoy a number of properties.

(i) They categorify the Kac polynomials; we elaborate upon this in Section 8.

(i) They are Verdier self-dual (see Section 4.2), which we expect to have a role in producing
geometric doubles of BPS Lie algebras.
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(iii) Their hypercohomology carries a Lie algebra structure, the BPS Lie algebra gri,, -

(iv) They are pure as mixed Hodge modules, enabling us to relate generators of gy, to
intersection cohomology.

These last two properties are explained and explored in the paper [8], which is devoted to the
further study of 2d BPS sheaves.

1.7. Serre subcategories. A Serre subcategory § C CQ-mod is a full subcategory
such that, for every short exact sequence 0 — M’ — M — M" — 0 of C Q-modules, M is
in 8 if and only if M’ and M" are. Note that a module M is in & if and only if all of the
subquotients in its Jordan—Holder filtration are in &, or equivalently if its semisimplification is
in 8. So restricting attention to 9 (C Q)% which is defined to be the substack of C Q-modules
belonging to &, is the same as restricting to the preimage of a particular subspace under the
semisimplification map from the stack of C Q-modules to the coarse moduli space M(Q).

Because many of our results can be stated in the category of mixed Hodge modules®
on M(Q), we can prove results on the Borel-Moore homology of EIJE(HQ)5 via restriction
functors and base change. Working with the BPS sheaf 85811, , as opposed to its hypercoho-
mology, enables us to calculate the compactly supported cohomology of substacks of M(ITg)
corresponding to Serre subcategories, leading to e.g. applications for character stacks.

1.8. Structural results. We prove two general structural results (Theorems C and D)
regarding the compactly supported cohomology of stacks M (T1 Q)8 for arbitrary finite quiver
Q and Serre subcategory §. The first is a kind of cohomological wall-crossing isomorphism.

Theorem C. Let Q be a quiver, let § C C Q-mod be a Serre subcategory, let { € Hgo
be a stability condition, and let ¢ be the slope function defined with respect to . Then there is
an isomorphism of N 20-graded mixed Hodge structures

P H.mTe) Q) @ L@
deN<Qo ~ ® ( @ HC(EHE(HQ)E?,;-SS’Q)®]L(d,d))’

fe(—oo, d=0 or
(—00,0) 4eNQ0 =

where
(d/: d”) = Z d; d;/ - Z d;ource(a)d:;rget(a)’

i avertex of Q a an arrow of Q

and EUE(HQ):‘;’;‘SS is the stack of d-dimensional {-semistable I1g-modules in §.

Taking the Hodge series of both sides of this isomorphism yields the equality
(13) > h(HM(I)F. Q). x.y.z)(xyz?)dDsd

deN <o
= T (1+ X B4 Q). x,y.2)(ryz) @)
fe(—o0,00) o(d)=6
regardless of whether the compactly supported cohomology of ED}(HQ)(){’E'SS is pure. We ex-
plain how a specialisation of a special case of equation (1.3) yields Hausel’s formula for the
Betti polynomials of Nakajima quiver varieties [18] in Section 7.3.

2 In cohomological DT theory, this is what is meant by the “relative” in the relative integrality conjecture.
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1.8.1. PBW/integrality isomorphism. Fix a quiver Q, a stability condition ¢ € HQO,
a slope 0 € (—oo, 00), and a Serre subcategory § of the category of C Q-modules. We write

Alo= @ BHMOIFT Q) e LT,

0o |d=0 or
N0 o@)=0

This graded mixed Hodge module carries a Hall algebra structure; see Section 9.1 for details.

Theorem D. Let o be the slope function defined with respect to a stability condition
(e Hgo, let 0 € (—o0, 00) be a slope. Define the 2d BPS sheaf B?S%Q g as in Theorem B
and the BPS cohomology to be the mixed Hodge structure

BPSES yi= @D HM(Q)F4 828, 0
0#£deN <0
o(a)=0

Then there is an isomorphism

(1.4) JHg’!( DB Qumrig), ® ]L(d’d)) ~ Symg,, (B8} o @ HBC*,Q)Y).
deA(‘;

Moreover, there is a PBW isomorphism
(1.5) Sym(BPSﬁ’é ¢ ®H(BC*,Q)) — Aﬁ’é o

Since BPS % 4 1s Verdier self-dual by Theorem B, BPS%’E 4 1s the hypercohomology
Q; 0,
of the !-restriction of the BPS sheaf on the coarse moduli space of {-semistable d-dimensional
C Q-modules to the subspace of points representing modules in §.

1.9. Positivity of restricted Kac polynomials. For an arbitrary quiver Q, it was proven
by Kac in [23] that, for each dimension vector d € N€0_ there is a polynomial ag.,a(q) € Z[q]
which is equal to the number of absolutely indecomposable d-dimensional representations of
O over the field of order ¢, whenever ¢ is equal to a prime power.

In the case of the degenerate stability condition, for which a/l modules are semistable of
the same slope, and so the superscript ¢ and the subscript € can be dropped, (1.5) gives

(1.6) P BMOMN(M0)F. Q) & L~ = Sym(BPS , ® HBC*,Q)).
deN<o
Taking weight series of both sides of (1.6) yields
> raEMEOR(T)F, Q). ¢'2)g @ = Exp( Y af 4aVD (1 — ) 1e),
deN <o d#0
where az d(ql/ 2) = th(BPSﬁQ a q'/?) is by definition the “$-restricted Kac polynomial”.
We have used the plethystic exponential
Bxp: Z((q"/?)Il | € Qoll+ — Z (¢ )l | i € Qoll.
Z bi,dqi/ztd s l_[ (1 - qi/ztd)_b"~d,
i€Z,deN<o i€Z,deN<Qo

where the + subscript means that b; 9 = 0 foralli € Z.
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The mere existence of isomorphism (1.6) can tell us something highly nontrivial about

8 (ql/ 2) without knowing how to calculate it. Namely, if the left-hand side of (1.6) is pure,

then the BPS cohomology BPS 0.4 Must also be pure, and so as (¢'/?) has positive coef-

ficients (expressed as a polynomlal in ql/ 2). In particular, for the case § = C Q-mod, the

&-restricted Kac polynomial is the same as Kac’s original polynomial, and our purity theorem

(Theorem A) implies Kac’s positivity conjecture, originally proved by Hausel, Letellier and
Rodriguez-Villegas [19].

In [3,43], Bozec, Schiffmann and Vasserot define the subcategory of nilpotent, *-semi-
nilpotent and *-strongly semi-nilpotent C Q-representations by demanding nilpotence of cer-
tain paths in C Q; see Section 7.1 for definitions. By the above method, in Section 8, we prove
positivity of all of the resulting polynomials.

Theorem E (Theorem 8.2, Remark 8.4). Let Q be an arbitrary finite quiver, and let
d € N9 be a dimension vector. Setting 8 to be any out of the full subcategory of nilpo-
tent, *-semi-nilpotent, or *-strongly semi-nilpotent C Q -representations, the §-restricted Kac
polynomial aég)’ a(q) has positive coefficients.

1.10. Conventions. For G a complex algebraic group, we set Hg := H(BG, Q). All
functors are assumed to be derived unless explicitly stated otherwise. All quivers are assumed
to be finite. For X a complex variety, or global quotient stack, we continue to denote

HPM(X, Q) := He(X, Q).

We continue to write N = Zxg.

Wherever an object appears with a subscript that is a bold Roman letter, that letter refers
to a dimension vector, and eq is the subobject corresponding to that dimension vector. If any
such object appears with a Greek letter such as 6 as a subscript, then 6 will refer to a slope,
and ey will refer to the subobject corresponding to dimension vectors of slope 6. Finally, if an
expected subscript is missing altogether, then the entire object is intended.

For & a triangulated category equipped with a t structure, we define the total cohomology
functor H# (e) := P,y ' (e)[—i]. We generally use capital Roman letters to refer to spaces
of representations before taking any kind of quotient, calligraphic letters to refer to GIT moduli
spaces, and Fraktur letters to refer to moduli stacks. Where a space or object is defined with
respect to a stability condition ¢, that stability condition will appear as a superscript. In the
event that the superscript is missing, we assume that ¢ is the degenerate King stability condition
@i,....0) € HJQFO. With respect to this stability condition, all representations have the same
slope and are semistable, semisimple representations are the polystable representations, and
the stable representations are exactly the simple ones.

2. Quiver representations

2.1. Quivers and potentials. Throughout the paper, Q will be used to denote a finite
quiver, i.e. a pair of finite sets Q¢ and Q1 (the vertices and arrows, respectively), and a pair of
maps s, t: 01 — Qo (taking an arrow to its source and target, respectively). We denote by C Q
the path algebra of Q, i.e. the algebra over C having as a basis the paths in Q, with structure
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constants for the multiplication given by concatenation of paths. For each vertex i € Qg, we
denote by e¢; € CQ the “lazy” path of length O starting and ending at ;.

A potential on a quiver Q is an element W € CQ/[CQ, C Q]yect, Where the vect sub-
script means that we take the quotient by the linear span of the set of commutators. A potential
is given by a linear combination of cyclic words in Q, where two cyclic words are considered
to be the same if one can be cyclically permuted to the other. If W is a single cyclic word and
a € Q1, we define

oW /da = > e,
W=cac
¢ and ¢’ pathsin Q

and we extend this definition linearly to general W. We define the Jacobi algebra
Jac(Q, W) :=CQ/(0W/oa | a € Q1)

associated to the quiver with potential (Q, W). We will often abbreviate “quiver with potential”
to just “QP”.

Given a quiver Q, we denote by O the quiver obtained by doubling Q. This is defined
by setting Q := Qo and Q; = {a,a* | a € Q1}, and extending s and ¢ to maps 0, — Q,
by setting s(a*) = t(a) and t(a*) = s(a). We denote by ITo the preprojective algebra of Q,
defined as in (1.1).

We denote by Q the quiver obtained from Q by setting

Qo:=Qo, 01:=0,][{wi|i € Qo},

where each w; is an arrow satisfying s(w;) = t(w;) = i. If a quiver Q is fixed, we define the
potential W as in [14, Section 4.2] and [32] by setting W = Zate la,a* Zzer w;. If A is
an algebra, we denote by A-mod the category of finite-dimensional A-modules.

Proposition 2.1.  Define €ry, to be the category whose objects are pairs (M, f), where
M is a finite-dimensional T1 g-module and f € Endry,-mod(M ), and define

Homey,,, (M. f). (M, )

1o be the subspace of morphisms g € Hompy , mod (M, M) such that f'g = gf. Then there is
an isomorphism of categories

Cr, = Jac(Q~, W)—mod.

Proof. From the relations oW /0w;, for i € Q¢p, we deduce that the natural inclusion
CQ c CQ induces an inclusion Mo C Jac(Q, W). Therefore, a Jac(Q, W)-module is given
by a [Tg-module M, along with linear maps M (w;) € Endc (e; - M) satisfying
M@©@W /0a) = M(a*)M (@5(a+) — M(; (@) M(@*) =0,
M(OW [0a™) = M(w@a))M(a) — M(a)M(w5q)) = 0.

These are precisely the conditions for the elements {M(w;)}ico, to define an endomorphism
of M, considered as a ITg-module. O
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2.2. Moduli spaces. Given an algebra A, presented as a quotient A = CQ /I of a free
path algebra by a two-sided ideal / C C Q> generated by paths of length at least one, and
a dimension vector d € N20, we denote by 9t(4)q the stack of d-dimensional complex repre-
sentations of A. This is a finite type Artin stack. In the case A = C Q, we abbreviate JJt(C Q)q
to N¥(Q)q. This stack is naturally isomorphic to the quotient stack X (Q)q/GLg, where

X(Q)a:= [[ Hom(C%@ C%@) GLq:= [] GLq,(C)
acQ i€Qo
and the action is by simultaneous conjugation. We define gl4 = ]_[iGQ , 8lg; (C) and define
1oa:X(Qa—gly, pr Y [p(a), pla®)),
acQ,

As substacks of 9(Q)q, there is an equality p@l’d(O) /GL4q = IN(I1g)q. As in the introduc-
tion, we define the function

Te(W)a: X(Q)a > €. o> Te( Y [p(@). p@)] Y pler))
acQ i€Qo
and denote by ?r(W)d: sm(Q)d — C the induced function. As substacks of Sﬁ(é)d, there
are equalities

@.1) crit(Tr(W)q)/GLa = MUJac(Q, W))a = crit(Tr(W)a).

We define MM(Q )fi‘""“p C M(Q)q to be the reduced stack defined by the vanishing of the func-
tions Tr(p(w;)™) for i € Q¢ and 1 <m < d;. The geometric points of ED?(Q)&”'“HP over
a field extension K O C correspond to d-dimensional K Q representations p such that, for
each i € Qy, the endomorphism p(w;) is a nilpotent K-linear endomorphism.

A stability condition for Q is defined to be an element of Hgo, where

Hy :={rexp(ing) e C|r>0,0<¢ <1}.
For a fixed stability condition ¢ € HQO, we define the central charge
Z:N2\ {0} > Hy, d—d-¢.

We define the slope of a dimension vector d € N 20 \ {0} by setting

d) = —Ne(Z(d))/Sm(Z(d)) if Im(Z(d)) # O,
¢ T oo otherwise.

If p is a representation of Q, we define o(p) := o(dim(p)). A representation p is called ¢-
semistable if, for all proper subrepresentations p’ C p, we have o(p’) < o(p), and p is called
{-stable if the inequality is strict. We will always assume that our stability conditions are King
stability conditions, meaning that, for each 1; € N0 in the natural generating set,

Sm(Z(1;)) =1 and NRe(Z(1;)) € Q.

If ¢ is a King stability condition, then for each d € N20, there is a geometric invariant
theory (GIT) coarse moduli space of {-semistable Q-representations of dimension d, con-
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structed in [26], which we denote M(Q)fl‘ss = X(Q)fl‘ss//x(g)GLd. Here X(Q)g‘Ss C X(Q)a
is the open subscheme whose geometric points correspond to {-semistable Q-representations.
We denote by

2.2) THY 4 M(Q)F™ — M(Q)F™

the morphism from the stack to the coarse moduli space. At the level of points, this map takes
a semistable representation p to the direct sum of the subquotients appearing in the Jordan—
Holder filtration of p, considered as an object in the category of {-semistable representations
of slope o(d). If there is no ambiguity, we omit the subscript Q from the definition of JH.

We denote by qEQ, 4 M(Q)g'ss — M(Q)a the morphism from the GIT quotient to the
affinisation. This morphism is proper, as can be seen from the construction of the domain via
GIT. At the level of points, qéQ’ 4 takes a {-semistable module to its semisimplification.

We define two pairings on Z <0,

de)g =Y die,— Y dyaerq (d.€)g:=(d eg—(ed)p.
i€Qo acQ;

Again, we will drop the subscript Q when the choice of quiver is obvious from the context.
For 6 € (—o00, 00) a slope, we denote by Aé C N90 the subrnon01d of dimension vectors d
such that d = 0 or o(d) = 6. A stability COIldlthIl (€ e 70 is O-generic if, for all d, e € AS PR
(d,e) = 0, and we say that { is generic if it is 6-generic for all 6. A quiver Q is a symmet-
ric if, for any two vertices i, j € Q¢, the number of arrows a with s(a) =i and t(a) = j
is equal to the number of arrows with s(a) = j and #(a) = i. For Q a quiver, we define the
degenerate stability condition { = (i,...,i) € ]H[_%’. If Q is symmetric, then all stability con-
ditions ¢ € Hgo are generic. The degenerate stability condition is generic if and only if Q is
symmetric. In particular, for all quivers Q, the degenerate stability condition is generic for Q
and Q .

We denote by dim?: M (0)% — N 20 the map taking a polystable quiver representation
to its dimension vector, and define Dim? := dim® oJH 0 where JH 0 is as in (2.2).

If & is a Serre subcategory of the category of C Q-mod, we denote by

VT M(Q)FE > M(Q)g™

the inclusion of the polystable C QO modules that are objects of §. We only consider choices of
& for which this is a morphism of varieties. We set

M(Q)F™ = MDFH™ xum)e MQ)g™
and denote the inclusion ¢: EIJE(Q)E?’Z'SS > Em(Q)g'SS.

3. Cohomological DT theory

3.1. Vanishing cycles and mixed Hodge modules. Let X be a smooth complex vari-
ety, and let f be a regular function on it. Set Xo = £ ~1(0) and X< = 1 (R<p). We define
the nearby cycle functor as the following composition of (derived) functors:

Vs = (Xo = X)«(Xo = X)*(X<0 > X)s(X<o = X)*,



116 Davison, Integrality conjecture and preprojective stacks

and we define the functor
$7 = cone(Xo — X)u(Xo = X)* — yp)[-1].
Alternatively, define X<o = f 1 (R<o), and define the (underived) functor I'x_, by setting
Ix_oF(U) =ker(F(U) - F(U \ X<o)).

Then we can define ¢}’37 = (RTx_, ¥ )x,. We define w}" = yr[-1].

If X is a quasiprojective complex variety, and so there is a closed embedding X C Y
inside a smooth complex variety, and f extends to a function f on Y, we define ¢p = i*¢ iy,
where i: X — Y is the embedding. For a complex variety X, we define as in [38 39]fthe
category MHM(X) of mixed Hodge modules on X. See [37] for an overview of the theory.
There is an exact functor rat: D (MHM(X)) — D (Perv(X)) which takes a complex of mixed
Hodge modules # to its underlying complex of perverse sheaves, and commutes with fi, f,
£*, f', Dy and tensor product. In addition, the functors ¢>}3 and W}) lift to exact functors for
the category of mixed Hodge modules. We denote by ¢ the lift of qb}a.

Remark 3.1. If f is a regular function on the smooth variety X, then
supp(¢;Qx) = supp(¢y Qx) = crit(f).

We define HD?(MHM(X)) to be the bounded derived category of mixed Hodge modules
on X.If X is connected, we define D=(MHM(X)) to be the inverse limit of the diagram of
categories

e DP(MHM(X)) — s D (MHM(X)) o D (MHM(X)) —> -+ .

Explicitly, an object of D= (MHM(X)) is given by a Z-tuple of objects F; in D= (MHM(X)),
along with isomorphisms t=""1%, =~ %,_1. For ¥ an object in D= (MHM(X)), we write
T="F = Fpand H"(F) = H"(F,). For an object F of D=(MHM(X)), the cohomological
amplitude of the objects ¥, are universally bounded below.

Similarly, we define H=(MHM(X)) to be the inverse limit of the diagram

c—— DPMHM(X)) ELIEN Db (MHM(X)) = DPMHM(X)) — ---

For general X, we define D=(MHM(X)) := [[x/ez,(x) JD>(MHM(X’)) and D=(MHM(X))
similarly. A mixed Hodge module ¥ comes with a filtration --- C W; & C W; 1 F C ---, the
weight filtration, which is equal to the usual weight filtration if F is a genuine mixed Hodge
module. We say that ¥ € MHM(X)), with © = b, <, >, we say that ¥ is pure of weight n if
J' (F) is pure of weight i + n for all i, or we just call F “pure” if each H'(F) is pure of
weight i.

We define L := H.(A!, Q), considered as a cohomologically graded mixed Hodge struc-
ture, i.e. as a pure cohomologically graded mixed Hodge structure concentrated in cohomolog-

ical degree two. We formally add a tensor square root L. 172 of L to this category.

Remark 3.2. This may be achieved either purely formally, or by embedding MHM(X)
inside the category of monodromic mixed Hodge structures; both approaches are explained
in [28]. Since we will only consider cohomology of vanishing cycle complexes that may be
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dimensionally reduced as in Theorem 3.4, the natural monodromy operators on the resulting
mixed Hodge structures will be trivial so that (apart from this square root) we stay essentially
within the category of mixed Hodge modules and will refrain from elaborating upon the theory
of monodromic mixed Hodge here (see [10, §2.1] for a thorough introduction in the context of
DT theory).

Convention 3.3. Let X be a complex variety such that each connected component
contains a connected dense smooth locus. In this paper, we will shift the definition of the
intersection complex mixed Hodge module for X so that it is pure of weight zero, while its
underlying element in D? (Perv(X)) is a perverse sheaf. This we achieve by setting

Jex(@Q) = Y  1Cz, (Q) ®L™MmA/2
Zeny(X)

If X is a smooth connected variety, we set H(¢)(X, Q)vir := H(¢) (X, JCx (Q)). Since the
smooth stack BC* has complex dimension —1, we extend this notation in the natural way by
setting HBC*, Q)yir := HBC*, Q) ® L/2 and H.(BC*, Q)yir := HBC*,Q)¥ @ L~1/2,

3.2. Pushforwards from stacks. Assume that X is a complex variety, acted on by an
algebraic group G, following [10, Section 2] how to define p«¢rQx,/g € Ob(D=(MHM(Y))).
We recall the definition for the case in which X is connected — the general definition is obtained
by taking the direct sum over connected components. The definition is a minor modification of
Totaro’s well-known construction [46].

Let Vo C V; C ---be an ascending chain of G-representations, and let Uy C Uy C --- be
an ascending sequence of closed inclusions of G-equivariant varieties, with each U; C X x V;
an open dense subvariety. We assume that lim; oo (codimy xy; (X x V;) \ U;)) = oo, that G
acts freely on U; for all 7, and that the principal bundle U; — U; /G exists in the category
of complex varieties. We define X; := U; /G and denote by p;: X; — Y and f;: X; — C the
induced maps. We define

r=" (pedp ICx/G(Q)) = lim =" (pi uihy, Qx;) @ LM —ImN/2,
o (pipy IEx6(Q)) = lim t=" (pi 1y, Qx, ® L™ HMOD) @ LUMO=amCEN/2,
where the limit is constructed, and exists, as in [10, §2.2]. Similarly, we define
e (pedCx/6(Q) = lim 75" (p;Qx,) ® L @m(G)—dim(X))/2,

= (pd€x/6(Q)) := lim 2" (p; | Qy, ® L~ 9mU)) g [, (im(G)=dm(X))/2
I1—=>00

This can be seen as a special case of the previous construction, with f = 0.

Let Z C X be a subvariety, preserved by the G-action, and denote by 1: Z/G — X/G
the inclusion of stacks. We obtain inclusions ¢;: Z; := (U; N (Z x V;))/ G — X; and we define
the restricted pushforward of vanishing cycle cohomology

= (patat' @ d€x/6(Q)) = lim T="(pi sti i Qx,;) @ LUMG) ~dm(X))/2
I1=>00

o= (pud* g 4Cx/6(Q)) = lim v (py i i by, Qx, ® L™
® [, [@m(G)—dim(X))/2
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As a particular case, setting Y to be a point, we obtain

H’Z(Z/G,¢fJ€X/G(Q)) = lgrgo HZ(Zi, L;<¢ﬁ Qx, ® ]L—dim(Ui)) ® 1, (dim(G)—dim(X))/2

3.3. Dimensional reduction. Given a decomposition X = X’ x A” of varieties, let C*
act on X via the product of the trivial action on X', and the scaling action on A”. Assume that
f € I'(X) has weight one. Denote by 7: X — X' the natural projection. Then we can write
f = 1<j<p ¥ fi - x;, where f; are functions on X', and x; are coordinates for A”. Define
Z' = Z(fi..... f») to be the shared vanishing locus of all the functions fi,..., fy, and
denote Z = 7w~ 1(Z’). Note that Z C X := f~1(0), so we can postcompose the canonical
natural transformation vs: ¢r — (Xo — X)«(Xo — X)* with the restriction map

(Xo = X)u(Xo = X)* - (Z - X)u(Z - X)*
to obtain a natural transformation v: ¢y — (Z — X)«(Z — X)*.

Theorem 3.4 ([5, Theorem A.1]). mun™ is a natural isomorphism.

This is a cohomological analogue of the dimensional reduction theorem of [1]. It implies
(see [5, Corollary A.7]) that if X is the total space of a G-equivariant affine fibration 7: X — X’
for G an algebraic group, and S C X’ is a G-invariant subspace of the base, there is a natural
isomorphism in compactly supported cohomology

He(r1(S)/G.¢sQx/6) 2 Hc (SN Z)/G,Q) ® [ dim()

3.4. Integrality and PBW isomorphisms. Let Q be a finite quiver. We consider N €0-
graded mixed Hodge structures as mixed Hodge modules on the space N0 in the obvious
way: a mixed Hodge module on a point is just a polarisable mixed Hodge structure, and N 20
is a union of points d € N20, and so a mixed Hodge module on N9 is given by a formal
direct sum 4o £La of mixed Hodge structures.

The GIT quotient M(Q)%™ is a monoid with monoid morphism @ taking a pair of
points representing polystable representations p, p’ to the point representing their direct sum
p @ p’. This morphism is finite [31, Lemma 2.1]. A unit for the monoid morphism is pro-
vided by the inclusion ,M(Q)O_SS < M ()%, which at the level of complex points, corre-
sponds to the inclusion of the zero module. The morphism dim?: M(0)%™ — N2, taking
a representation to its dimension vector, is a morphism of monoids, where the morphism
+:NQ0 x NQ0 — N0 js the usual addition map. If W is a potential for Q, there is an
induced function 7r(W)%: M(Q)5™ — C satisfying Tr(W)¢ o JHS = Tr(W)?.

If X is a commutative monoid in the category of locally finite type complex schemes,
with finite type monoid morphism 7: X x X — X, then by [30, Theorem 1.9], the categories
carry symmetric monoidal structures defined by ¥ X; § := 14(F X §). In particular, the cat-
egories D= (MHM(M(Q)5)) and D=(MHM(M(Q)%)) carry symmetric monoidal struc-
tures defined by ¥ Mg § := @« (F X G).

The following theorem allows for the definition of BPS sheaves and BPS cohomology. It
is a cohomological lift of the property known in DT theory as integrality.
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Theorem 3.5 ([10, Theorem A]Y). Fix a QP (Q, W) such that
crit(Te(W)) C Tr(W)~1(0),

a slope 0 € (—00,00), and a 0-generic stability condition {. For nonzero d € Ac, where
Ag C NQ0 js as in Section 2.2, define the mixed Hodge module on M(Q)g'ss,

PrranEIC M ()5 (Q)  if M(Q)§™ # 0.

0 otherwise,

4 —
BPSy wa = {

and define . .
BPSy wo = D BPSHwa
deAg

Then there are isomorphisms of objects in D= (MHM(eM(Q)g_SS)), D= (MHM(,M(Q)g'SS)),
respectively,

B JH drewyi ICm(0)5*(Q) = Symgy (BPSY, o ® HBC, Q)vi).
(3.2) JHg,!rﬁm(W)gJf’sm(g)e‘“(Q) ~ Sym%(ﬁfggg,wﬂ ® He(BC*, Q)yir).

Since Verdier duality naturally commutes with the vanishing cycles functor, and since
JC pm(0)5+(Q) is Verdier self-dual, the BPS sheaf is Verdier self-dual: there is an isomorphism

¢ ¢
BPSY 1o = DBPEY .

3.4.1. (3d) BPS cohomology. Let § be a Serre subcategory of the category of C Q-
modules. Recall that we denote by (' M(0)545 < M(Q)% the inclusion of objects in §.
We define the BPS cohomology

83 . -SS .
BPS Yy o o= H(M(Q)§ 5. " BPSY 1y o)
= Ho(M(Q)5 5% " BP8Y 3 ).

where the isomorphism follows from Verdier self-duality of the BPS sheaf.
The cohomologically graded mixed Hodge structure

carries a Hall algebra multiplication, defined in [5,28], via pullback and pushforward of vanish-
ing cycle sheaves; see Section 9.1 for a generalisation of the construction. Applying the natural
transformation t=! — id to (3.1), we obtain the morphism

(3.3) BPSY, o ® LY = JH der(w) SEm(0)5(Q).

) Technically, the result quoted from [10] is in fact stated for J# (e) of the LHS of (3.1). That there is an
isomorphism # (LHS) =~ LHS is a consequence of approximation by projective morphisms and the decomposition
theorem; see [10]. In addition, for general Q, W, the result makes use of the symmetric monoidal structure on the
category of monodromic mixed Hodge modules, which we ignore, following Remark 3.2.
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Applying H¢.."* to (3.3), we obtain the embedding BPSZJW p ®LY2 AZ’EW p- Since He
acts on the target, this extends to a morphism

8, 8,
g:BPSQfVV,O X H(B(C*’ Q)vir —> ‘AQ};’V,G'

Theorem 3.6 (PBW theorem [10, Theorem C]). The morphism

s, 3,
Sym(BPSy 5y, o ® HBC*, Q)vir) — A5y

extending g via the Hall algebra multiplication on the target is an isomorphism.

3.5. Framed moduli spaces. Let Q be a quiver. For the moment, we do not assume
that Q is symmetric. Let d, f € N0 Following [10, Section 3.3], we extend Q to QO via

(1o := Qo U{oc}, (Qp1:=Q1U{Bim|i € Qo. 1 =m=f;}
and
s(Bim) =00, t(Bim) =1.
Given a King stability condition ¢ for Q, and a slope 6 € (—o0, 00), we extend ¢ to a stability
condition £ for Oy by fixing the slope
—Ne(68)/3m @) = 0 + e

for sufficiently small positive €. Letd € Ag. Then a (1, d)-dimensional representation p of Q¢
is (@ _semistable if and only if it is ¢ -stable, and this holds if and only if the underlying
Q-representation of p is {-semistable, and for all proper Qg-subrepresentations p’ C p, if
dim(p')oo = 1, then the underlying Q-representation of p’ is nonzero and has slope strictly
less than 6. o

We denote by M (Q)E =X (Qf)fl’ diss /GLgq the fine moduli space of f-framed ¢-semi-
stable representations of Q of dimension d, or in other words, the fine moduli space of ¢ ®).
stable (1, d)-dimensional representations of Q. We denote by JTE 4 M(Q)E a— ,M(Q)d'SS
the induced map from the quotient. The following is the version of the integrality theorem
(Theorem 3.5) for moduli spaces of stable framed modules; the proof follows the proof of
[10, Theorem 4.10], to which we refer for more details.

Proposition 3.7. Let ¢ be a 0-generic stability condition, and assume that
crit(Tr(W)) € Tr(W)~1(0).
There is an isomorphism in the category @S(MHM(M(Q))Z;'SS)),
¢ d,d)o/2
”Q,f,e,!( @ b7r w8, Qum(0)f, ® L@do/ )
deAg

~ Symg@< P 895 4 ®HCPH Q)Y ® L—1/2).
deAg

4. Purity and supports

In this section, we prove Theorem A. A crucial role in the proof is played by the support
lemma (Lemma 4.1), which also enables us to prove Theorem B.
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4.1. Proof of Theorem A. Fix a quiver Q. We define (Q, W) as in Section 2.1. Define
BPsVQW = dimy BPSE 5 7 = He(M(Q), BPE5.).
BPSQQ);I%IIP’V = dimy(BPE G, W | m(O)«niv)

the compactly supported cohomology and the restricted compactly supported cohomology,
respectively, of the BPS sheaf from Theorem 3.5. Recall that dim: M(Q~) — N0 is the map
taking a semisimple representation to its dimension vector. As explained at the beginning of
Section 3.4, we may consider both of the above objects equivalently as mixed Hodge module
complexes on the discrete space N 20, or N 20-graded mixed Hodge structures. We will prove
Theorem A using the following three lemmas.

Lemma 4.1 (Support lemma). Let x € M Lé)d'ss lie in the support of BPS %S;f,d
corresponding to a d-dimensional semisimple CQ representation p. Then the union of the
multisets | J; ¢ 0otAi 1, .., Aig, } of generalised eigenvalues of p(w;) contains only one distinct
element A € C. The action of ZieQ , @i on p is by multiplication by the constant A.

Lemma 4.2. There are isomorphisms of N20-graded mixed Hodge structures

(4.1) P He(ng'a(0)/GLa. Q) ® LD
deN90 =~ Dimy ¢ ()4 Em(5)(Q)
4.2) = Symg, (BPSZ'" ® L ® He(BC™, Q)vi).
4.3) Dimy ((¢Tr(W)J€9]E(Q) (Q))'gm(é)w-mlp)
>~ Symy (BPS“QL"“%P’V ® He(BC™, Q)vir)-

Lemma 4.3 ([7, Theorem 3.4]). The N Qo-graded mixed Hodge structure

Dim, ((¢?r(W)J€§Jt(Q) (Q))lgm(é)w.nilp)
is pure, of Tate type.

Assuming Lemmas 4.1, 4.2 and 4.3, we argue as follows.

Proof of Theorem A. First, note that a graded mixed Hodge structure ¥ is pure, of Tate
type, if and only if Sym(¥) is. Lemma 4.3 and (4.3) thus imply that BPS g%}p’v is pure, of

Tate type. A tensor product of pure mixed Hodge modules is pure, and so BPS 8:%;1)’\/ ® L is

also pure, of Tate type. It follows from (4.1) and (4.2) that

Dimy ¢ vy JC€m(3)(Q) and P He(ngp'a(0)/GLa. Q)
deN <o

are pure, of Tate type, and the theorem follows. ]
Before coming to the proof of Lemmas 4.1, 4.2 and 4.3, we note the following.

Corollary 4.4. Foralld € N0, the BPS cohomology BPS 0,W ,a is pure, of Tate type.
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Proof. From Theorem (3.6), we deduce that there is an inclusion of mixed Hodge struc-
tures BPSG i .a ® L'/2 < H (M([p)a, Q)Y ® L=@D. By Theorem A, the target is pure,
of Tate type, and so BPSg w4 ® L1/2 is also pure, of Tate type. It follows that the Tate twist
BPS G, .a is pure, of Tate type. O

The proof of both Lemmas 4.2 and 4.3 will use the dimensional reduction theorem,
recalled as Theorem 3.4. Let Q" be obtained from Q by deleting all of the arrows a*, and
let Q°P be obtained from Q by deleting all the arrows a and all the loops w;. We decompose

X(0)a = X(QT)a x X(QP)a.

If we let C* act on X (Q~ )a Via the trivial action on X(Q™T)q and the weight one action
on X(Q)q4, then Tr(W)q is C*-equivariant in the manner required to apply Theorem 3.4.
In the notation of Theorem 3.4, we have that Z' C X(Q™)q is determined by the vanish-
ing of the matrix-valued functions, 0W/0a™ = awg() — w(q)a for a € Q1. Concretely, the
stack Z’/GLq is isomorphic to the stack of pairs (p, f), where p is a d-dimensional Q-
representation, and f: p — p is an endomorphism in the category of Q-representations.

We fix X (QJr)ﬁ"nilp C X(0Q™)q to be the subspace of representations such that each
p(w;) is nilpotent. We deduce from Theorem 3.4 that there is a natural isomorphism in com-
pactly supported cohomology

(4.4) Dimy ((pzr(w) 4 Em(3)a (@) am(d)2- )
~ Ho((Z' N X(Q )4 /GL4, Q).
Lemma 4.3 is proved in [7] by analysing the right-hand side of (4.4). Note that there is no
overall Tate twist in (4.4) — the Tate twist in the definition of the left-hand side is cancelled by
the Tate twist appearing in Theorem 3.4.

The first isomorphism in Lemma 4.2 is obtained in similar fashion. Let L C Q be the
quiver obtained by deleting all of the arrows a and a*, for a € Q1. Then we can decompose

X(0)a = X(Q)a x X(L)a,

and let C* acton X (Q)d via the trivial action on X(Q)q and the scaling action on X(L)q. This
time the role of Z’ in Theorem 3.4 is played by ,uad (0) C X(Q)a, and we deduce that

“5) Dimy ¢+(7)ad €m(5)a(Q) = He(151a(0)/GLa, Q) @ LY.

Proof of Lemma 4.2.  Since the map dim: M(Q ) — N 20 js a morphism of commutative
monoids, with proper monoid maps & and 4+, respectively, by [30, Section 1.12], there is
a natural equivalence of functors dimy Symg = Symg_ dim;. We denote by

: M(Q)SMP s M(Q)a

the inclusion. Taking the direct sum over all d € N0, applying base change, and using the
relative cohomological integrality theorem (Theorem 3.5),

Dimy ((¢2 ()4 € (0) (@) lgp(Gye-nin)

=~ dimy " JHyp2 ()4 Cm(5) (Q)
= dimy /" Symg (BPS G, ® He(BC*, Q)vir)
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= dim) Symg (BPS 5, | m(8)» ® He(BC™, Q)vir)
= Symgy_, (dim) BPE 5, [m(3)>» ® He(BC™, Q)yir)
= Symg+(dim| :{3(7)8 Q’W|M(Q)w'"ﬂp ® Hc(BC*, Q)Vir),

giving isomorphism (4.3). Taking the direct sum of isomorphisms (4.5) over d € N0 gives
isomorphism (4.1). Applying dimy to (3.2), we have the isomorphisms

dimy JH1¢z+(7)4 Cn(0)(Q) = dim; Symg  (BPE 5w ® He(BC™, Q)vir)
= Sym, dim/(BPS 5w Q He (BC*, Q)vir)
g Symg+ (BPSQ,W ® HC‘(BC*’ Q)Vil‘)'

To prove the existence of isomorphism (4.2), then it is sufficient to prove that
o~ -nil
BPSg w = BPSS%‘J ® L.
Fix a dimension vector d. We let A! act on M(é)d as follows:

p(a) + zidg;xq; if a = w; for some i,

pla) otherwise.

Z'p(a)={

Then Tr(W)q is invariant with respect to the Al-action and it follows that the underlying
perverse sheaf of BP8 G i a4 can be obtained from an A!-equivariant MHM via the forgetful
map. Let BPS b,W,d be the restriction of BPE G .4 to the locus M C M (Q)d, where the
union of the sets of generalised eigenvalues of all of the w; has only one element, and let

m: Al x M(0)2MIP S

be the restriction of the action map. This is an isomorphism since, for a module represented by
a point in M, there exists a z € C such that, adding z - Idg, xq; to the action of each of the w;,
they all become nilpotent. We have

BPEG .4 = mx(Qa K 3?88:"};1))_

By the support lemma (Lemma 4.1), we have BP8 G 7.0 = BPS5 O, - and so we deduce
that

BPSG 7.4 2 BPSE P, @ (A" — piQar = BPSEEP L,

as required. O
We complete the proof of Theorem A by proving the support lemma.

Proof of Lemma 4.1.  To ease the notation, we prove the lemma under the assumption
that ¢ is the degenerate stability condition: the proof for the general case is unchanged. Since the
support of 8P G 7 is the same as the support of the underlying perverse sheaf, and all com-
plexes that we encounter in the following proof are quasi-isomorphic to their total cohomology,
throughout the proof we work in the category of cohomologically graded perverse sheaves.

Let x € M(Q)d be a point corresponding to a semisimple C Q -module p, and assume
that there are at least two distinct eigenvalues €1, €5 for the set of operators {p(w;) | i € Qo}.
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Assume, for a contradiction, that x € supp(B58 G ) so that, in particular,

X € supp(JH*¢%r(W)J?fgm(é)(@)),

and so, by (2.1) and Remark 3.1, there exists a Jac(é , W) module with semisimplification
given by p, and so p is a semisimple J ac(é, W)—module.

Under our assumptions, there are disjoint (analytic) open sets Uy, U, C C with €1 € U;
and €, € U,, and with all of the generalised eigenvalues of p contained in U; U U,. Given
an (analytic) open set U C C, we denote by MU(Q)d cM (Q)d the subspace consisting of
those p such that all of the generalised eigenvalues of {p(a),) | i € Qo} belong to U, and we
define MY (0) similarly. Given a point x € IRV1VV2 (Jac(Q, W)), the associated Jac(Q, W)-
module M admits a canonical direct sum decomposition M = My & M, for which all of
the eigenvalues of all of the w;, restricted to M;, belong to U; D In particular, there is an
isomorphism of complex analytic stacks

(4.6) MY Jac(Q, W)) = MY Jac(D, W)) x MY2(Jac(Q, W)).
By Lemma 4.5, proved below, there is an isomorphism
4.7) JHe R (i) | U102 (9) = THa@R 7y I €MD) lmV1 (8)
Mo JHid% iy Cm(D) lmV2(5).-

Applying (3.1) to the right-hand side of (4.7), we have isomorphisms

(4.8) JH*¢«gr(W)|SJaU1UU2(Q)
=~ Symg, ((BL8 5,7 ® HBC*, Q)uir) wv1 ()
Mg Symg, ((BPS 5,7 ® HBC*. Q)i |uv>(5))
= Symgg, (BP85,w | uv1 (9) ® BPE G, W|mV2(5))
® HBC*, Q)yir).

On the other hand, restricting the isomorphism of (3.1) to the left-hand side of (4.7) yields
(49)  JH PR i) lmv1ov2(G) = Symg (BPS G, | mv1002(G) © HBC*, Q)vir).
Comparing (4.8) and (4.9), we deduce that
BPEGWImU1002(0) = BPEG W mU1(0) @ BPSEGWImMV2(9).
We deduce that

supp(BPE 5w | mU10V2(3)) = supp(BPE 5w |mU1(3) ® BPEG W ImV2(0))
= supp(BPE 5, |.mV1(F)) U supp(BPE 3. | mV2(5))
c MY Q) u MP2(Q).

and so, since x € MUIYU2(0)\ (MY1(Q) U MY2(Q)), the restriction of BPS 0,w to x is
zero, which is the required contradiction.

4 Note that this is not true of a general point in~9R~U1 vz (Q); the crucial fact is that the operation
Zier p(w;) - defines a module homomorphism for a Jac(Q, W)-module p as Zier w; is central in Jac(Q, W).



Davison, Integrality conjecture and preprojective stacks 125

For the final statement of the lemma, it suffices to prove that if p is a simple Jac(é , W)-
module, then ZieQ , P(wi) acts via scalar multiplication. In the decomposition of p into gen-
eralised eigenspaces for the action of the operator ) _; €00 p(w;) -, we have already shown that
there is only one generalised eigenvalue, which we denote A. Then p is filtered by the nilpo-
tence degree of the nilpotent operator W := ) . 0, P(wi) - —A1dp, and so since p is simple,
W = 0 and we are done. |

4.2. Proof of Theorem B. Firstly, by Lemma 4.1, the support of BP8% 0, W .,a lies in
the image of the morphism A! x M(Q)5™ — CM(Q)E % defined as in the staternent of Theo-
rem B. The support of B8 §Q i .a also lies within the locus of polystable J ac(Q, W)-modules,
so by Proposition 2.1, the support of BPS §~ j .a lies within the image of

m: Al x M(Tg)g™ < M(0Q)5™.

We have seen in the proof of Lemma 4.2 that BPS §~ W.a s Al-equivariant, where the Al-
action on the subspace A! x M(HQ) 4 s via translatlon in the first factor. It follows that we
can write

(4.10) BP8YG .4 = ICAN(Q R BPSE 4.

Finally, BP85 0. .a = Prw)d Cu(@)i is Verdier self-dual [10], as is J€41(Q). So from
(4.10), we deduce

JEA1(Q) B BPSE 4 = JCA Q) RDBPSE

and Verdier self-duality of B8PS %Q 4 follows.
We finish this section with the technical lemma appearing in the proof of Lemma 4.1. Fix
a decomposition d = d’ + d”. Then, via (4.6), there is an open and closed inclusion

i: MY Jac(Q, W))ar x MY2(Jac(Q, W))ar — MYTYY2(Jac(0, W))q.

Lemma 4.5. Let Uy, U, be disjoint analytic open subspaces of A'. There is a natural
isomorphism of perverse sheaves

PR (i I EMU102(5)55 (Q) = P (7 I CmU1 (9)5(Q) B P iy I EmU2(8)5 (Q).

This isomorphism does not follow directly from the Thom—Sebastiani isomorphism since
we need to compare the vanishing cycle sheaf of the function Tr(W) B Tr(W) on

MY (Q)a x MY2(0)ar

with the vanishing cycle sheaf for the function ‘1‘1’(1717) on %UlUUZ(Q)d, and these ambient
smooth stacks are different.

Proof of Lemma 4.5.  Again, it is sufficient to prove the lemma for the degenerate stabil-
ity condition (the general case then follows by restriction to the {-semistable locus). Writing

Y = XUY%(L)g x X(0)a. B =XY"(0)a x XP2(0Q)ar,
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where L is the quiver with vertices Q¢ and arrows w; fori € Qg, we have
MUYY2(0)g = Y/GLarxar. MY (Q)ar x MY (Q)ar = B/GLarxar-
The space Y is the total space of the GLg/xq-equivariant vector bundle V' @ V'~ on B, where

Vvt = l_[ Hom(Cd;(a)’(Cd;/(a))’ V. = 1_[ Hom(cd/z(a)’(cd{s/(m),
a€§1 ae@l

Note that rank(V ) = rank(V ™). Denote by z: B — Y the inclusion of the zero section. Writ-
ing f, g for the functions on Y, B induced by Tr(W), it is sufficient to show that there is an
isomorphism of GLg xg”-equivariant perverse sheaves ¢}JJ‘€Y (Q) = z4¢F JCB(Q).

Let C* acton V' and V'~ with weights 1 and —1, respectively; then f is C*-invariant.
It follows that g|py+) = f om™, where 7:Tot(V' ) — B is the projection. So there is
a natural isomorphism

4.11) $FQp = 7,7 ) Qo +[2 rank(V ).
We claim that the natural morphism

4.12) 1$7 (Qy — iy Qroqr+))
is an isomorphism, where we denote by i *: Tot(V' ") — Y the inclusion. This can be checked
locally on the base B. Pick b € B, and let x1,..., Xy, V1, .- ., YB-Z1,--.,Zzpg be aset of ele-

ments of the local ring Ox(gH),», providing a basis for my/ mi, where x; all have weight
zero, y; have weight 1, and z; have weight —1 for the C*-action. The weight —1 partial
derivatives of f are provided by 0g/0y;, and so, since the critical locus of g (restricted
to a neighbourhood of b) lies on the zero section B, it follows that we can change coordi-
nates and pick z; = dg/0y;. Then we have g = h + k in Ox(H),p, with h € C[x1,...,xq]
and k = Zlgi <p Yizi. By the Thom-Sebastiani theorem, after restricting to a neighbour-
hood U 2 b, we find ¢§QUX1/ >~ ¢2QU X ¢;§QV and the claim reduces to the claim that
ﬂ!¢’€ (Qy = (VT <= V),Qy+) is an isomorphism, which is a simple calculation, or a trivial
application of the dimensional reduction theorem.

Combining (4.11) and (4.12) yields the isomorphism ¢§Q B = qupry[codimY (B)].
Since ¢pry is supported on B, we obtain the required isomorphism by applying zx to this
isomorphism and shifting cohomological degree by dim B. O

4.3. Calculating H, (IR(I1 9)a, Q). We use Theorem A and existing results on the £
series of M(ITp)q to determine the compactly supported cohomology of M(I1p )q, along with
its mixed Hodge structure. The E series (see Section 1.2) of He (MN(ITp)a, Q) was calculated
in [32].

Recall the plethystic exponential defined in Section 1.9. We define the ring

Z((X1, ..., Xp)[[Y1, ... Yall
of formal Laurent power series
g X1, s Xm, Y1,..., Yn)
such that, for each (ai,...,a,) € N”, the Yla1 < Y coefficient of

g(Xl,...,Xm,Yl,...,Yn)Xfl"'le,lm
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isin Z[[X1, ..., Xm]] for sufficiently large c1, . .., ¢ This is isomorphic to the Grothendieck
ring of the category D (Vectzmgzn), which we define to be the subcategory of the unbounded
derived category of Z @ Z"-graded vector spaces V' such that

(i) foreach (e,d) € Z™ @ Z", the total cohomology H(V ) q is finite-dimensional,
(ii) H(Ve,a) # Oonly ifd € N”,
(iii) foreachd € N”, there exists e € Z" such that we have H(V)e g = 0 if e;. < ¢; for some
i=1,....,m.
This isomorphism is induced by the character function

Ve Y > (=) dimH (V)ea) XY

i€Z (e, d)eZM DL

We define i)°(Vect'£m ozn) C D?(Vectzmgzn) to be the full subcategory satisfying the extra
condition that the total cohomology H(V),0) is zero for all e € Z™. Then y induces an
isomorphism

1 Ko(D° (Veethgza)) = WZ(X1..... Xm)[[Y1..... Vo],

where 1 is the maximal ideal generated by Y7, ..., Y;. We may define plethystic exponentia-
tion via the formula Exp(x([V])) = x[Sym(V)] for V € @°(Vect‘Z"m @zn)- Then the E series
for H. (MM (I1p)a. Q) is given by (see [32])

(4.13) > E(H.(M(Ig)a. Q). x, ) (xy)@Prd
deN20 =Exp( Z aQ,d(xy)(l_x—ly—l)—ltd).
0#£deN <o

Here x~! and y~! are the invertible commuting variables, and {#; } ieQ, are the other commut-

ing variables. Each of the (xy) terms arises from the E polynomial E(IL, x, y) = xy. Given
a polynomial b(g) = ) ;- biq' € N[g] and an object ¥ in a tensor category ¢, we define
b(¥)=B;en (F ®1)®bi | By Theorem A, the mixed Hodge structure on He (IR (I1gp)q. Q) is
entirely determined by its E series, and we deduce from (4.13) the following result.

Theorem 4.6. There is an isomorphism of cohomologically graded, N 2°-graded mixed
Hodge structures

P H M) Q) BLOe =sym( P agall) @ HBC™.Q)Y).

deNg, deN<o0\{0}

5. Degree zero DT theory

5.1. Degree zero BPS sheaves. For n € N, we define Q™ to be a quiver with one
vertex, denoted 0, and n loops. We will be particularly interested in the quiver Qjor 1= oW:
the Jordan quiver. We identify Q) = 0).,. We denote by x, y, z the three arrows of Q).
Then W = X[y, z]. The ideas in the proof of Theorem A allow us to prove rather more for the
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QP (Ojor. W), essentially because this QP is invariant (up to sign) under permutation of the
loops so that we can apply the support lemma (Lemma 4.1) three times.

Let d € N with d > 1. The support of JHG,, 1¢v+(W),d Cm(@Qm), (Q) is given by the
coarse moduli space of d-dimensional representations of the Jacobi algebra C[x, y, z], i.e.
the space of semisimple representations of C|x, y, z]. This space is in turn isomorphic to
Symd (A3) since any simple representation p of C[x, y, z] is one-dimensional and determined
up to isomorphism by the three complex numbers p(x), p(¥), p(2).

Theorem 5.1. Forall d > 1, there is an isomorphism of MHMs
BPECr W.d = Ap3,4,+ICA3(Q).

Proof. By the same argument as for Lemma 4.1, the support of BPSG . w4 is con-
tained in the image of the morphism
Aps g AP > M(Oior)a.  (z1.22.23) = (21 - Idgxg. 22 - 1dgxg. 23 - 1dgxa).
By the argument in the proof of Lemma 4.2, BPEQ, w4 is constant on its support, so

BPEG W.d = Aa3,a4,+dCA3(Q) ® £, for some mixed Hodge structure &£ ;. It follows that

\% ~ PV 3/2

On the other hand, by [1, Proposition 1.1], there is an equality

[BPSY— - ]=[L%?

QJor’Wad

in the Grothendieck ring of mixed Hodge structures. The mixed Hodge structure BPSG - w 4
is pure by Corollary 4.4. We deduce that

BPSYQV . L3/2,
Jors s

and so, from (5.1), there is an isomorphism £4 ® L3/2 2~ 1.3/2, and we finally deduce that
£4 = Q, with the standard pure weight zero mixed Hodge structure, as required. O

For any constructible inclusion U < C3, there is an inclusion of triples of diagonal
matrices with entries in U which we denote (7 4: Symd (U) — M(Qjor)a as well as an inclu-
sion Ay 4:U — Syrnd (U) = M(Qjor)a of the small diagonal. Taking disjoint unions of all
these inclusions, we define the inclusions

w:SymU) = M(Qir).  Av: [ [ U = M(Dser).
d>1

We denote by 9t (Clx, y, z])g the preimage of (g7 4 (Symd (U)) under the map
JHQ .- E)ZR(Q\J:)/r)d - M(/Q\J;r)d .

We set CohV (A%) = (I 145, M(Clx. y,zDY) LI M(Ojor)o- Then define the N-graded, coho-
mologically graded mixed Hodge structure

Acont (a3) := H(CohY (A%), pr(1) I €MD) -

Combining Theorems 3.5, 3.6 and 5.1 gives the following.
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Corollary 5.2. There is an isomorphism in D=(MHM(M(Ojor))),
(JHG,, 10 2(7) I Cm(Q10) (@) |sym()
= Symg, (Ay+Q,., v ® L7 @ H.(BC*,Q)),
and a PBW isomorphism of N-graded mixed Hodge structures

(5.2) Sym( P HMU.Q) ® H(BC*,Q) ® Lz) = Acoht (4%
dezzl

Proof. We construct the first isomorphism as a special case of (3.2); via the same
argument, we then realise (5.2) as a special case of Theorem 3.6. In fact, it is sufficient to
construct the isomorphism in the case U = C?3 since then the general case is given by restric-
tion to ¢y (Sym(U)). In this case, since supp(JHG,. 190 +(W)d Cm(0m) (Q)) = Sym(A3), the
proposed isomorphism becomes

JHG,., 192 x (W) 4 Cm(Qrn) (Q) = Symg, (As3 I €1, , 43(Q) ® He(BC, Q)vir),
which follows from (3.2) and Theorem 5.1. O

5.2. Applications to surfaces and character stacks. Let j: 1 < A? be the inclusion
of a constructible subset, and write U = V' x A! C A3. We consider the commutative diagram

M(Oor) ——> M(Qrox)
lJHQ}; lJHﬁ
M(Qsor) —7=> M(Qyor),

where the horizontal morphisms are the forgetful morphisms. We denote by €; = €, /GL4(C)
the stack of commuting pairs of matrices, and set € = [ [ ;cpy €4. We define the inclusions

ty:Sym(V) < M(Qjor), Ay ]_[ V — Sym(V)
d>1

as in the previous section. We denote by U: Sym(V') x Sym(V') — Sym(}') the morphism tak-
ing a pair of multisets of points to their union (so that ¢y is a morphism of monoids in the
category of schemes). We define ¥ X § := U4 (F X §). We denote by i: € < IN(Ojo,) the
inclusion. By Theorem 3.4, there is an isomorphism of complexes of mixed Hodge modules

(5.3) M) CM(@r) (Q) = 1 Q.

We denote by Coh" (A?) the reduced substack of coherent sheaves on A2 set-theoretically sup-
ported on V with zero-dimensional support, and by p: Coh" (A2) — Sym(}V') the morphism
taking such a sheaf to its support, counted with multiplicity, so that p restricts to a morphism

pa:Coh (A%) — sym‘ (V)
from the stack of coherent sheaves of length d. We define

ACon" (A2) = @HBM(@OhZ(AZ),Q)-
d>0
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Corollary 5.3. Let j:V < A? be the inclusion of a constructible subset. Then there is
an isomorphism of complexes of mixed Hodge modules

PQeon” (a2) = Symy(Ay«Q1,., v ® H.(BC*, Q))

and a PBW isomorphism of N-graded mixed Hodge structures

sym(EDHM(V.Q) ® L ® HBC*, Q) = Acont 4.
d>1

Proof. We denote by ty: Sym(V) — M(Qjor) the inclusion. Then compose the isomor-
phisms

P1Qeon” (42) = 13, JHg,,,1 Q¢

(5.4) >~ ), JHG,, 1 () d (D) (Q)
>~ 1, 1 JHG, 10 (7) d Em(Trg) (Q)
(5.5) = 1}, @ Symg, (Aa3 I €1, A3(Q) ® He(BC™, Q)yir)

= Sym&@ (L;W!AA3,*J\€ [y=1 A3 (Q) ® He(BC™*, Q)yir)
= Symigg (m1AUAQ],., v © L~ @ He(BC*, Q)
~ Symg, (AvaQll,., v ® He(BC*, Q)),

where (5.4) comes from (5.3) and isomorphism (5.5) comes from Corollary 5.2. This gives the
first isomorphism; the PBW isomorphism follows by the same argument, and (5.2). O

For an application to nonabelian Hodge theory, we set VV = (C*)? in Corollary 5.2. Set
A = C(x*!, y*1). There are identifications

IM(A) = Coheper((C*)?) = M(7r1(Z1))

of substacks of 9t(Qjor), where the final stack is the stack of finite-dimensional representations
of the fundamental group of a genus 1 closed Riemann surface. From Corollary 5.3, we deduce
the following result.

Corollary 5.4. There is a PBW isomorphism of N-graded mixed Hodge structures

P HM (1 (21))a. Q) = sym( @ HM(C)?.Q) @ L 9 HBC.Q)).

deN deZ>

The CoHA structure on the left-hand side of this isomorphism is introduced and studied
in [4]. Given g,d € Z>1, consider the stack-theoretic quotient

Repy' (Zg) := {(Al, ...,Ag,B1,...,Bg) € GL4(C)*?¢
g
1_[ (Ay, Bn) = exp(2ri/d) 'Iddxd}/GLd(C),

n=1

where the action is the simultaneous conjugation action. The action of GL,;(C) on the variety
in brackets is not free, but it factors through the conjugation action by PGL;(C), which is
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scheme-theoretically free by [20, Corollary 2.2.7], and the quotient

Rep, () := {(Al,...,Ag,Bl,...,Bg) € GL4(C)*?¢
g
[T (A Ba) = exp(@ri/d) - o |/ POLa(©)

n=1

is a smooth quasiprojective variety. It follows that there is an isomorphism

H(Rep}' (Z,), Q) = H(Rep, (S¢, Q) ® HBC*, Q).

For g = 1, we have by [20, Theorem 2.2.17] that R_epzv(El) >~ (C*)2.In general, we have the
following conjecture.

Conjecture 5.5 ([4, Conjecture 1.1]). There is an isomorphism of N-graded cohomo-
logically graded mixed Hodge structures

D He (M1 ()4 Q) @ LE-

T = sym(ED He(Rep; (). Q) ® He(BCT, Q) @ LU,
d>1

From Corollary 5.4, we deduce the g = 1 part of the following; the g = 0 case follows
from [28, Section 1].

Theorem 5.6. Conjecture 5.5 is true for g < 1.

6. Generalisations of the purity theorem

6.1. The wall-crossing isomorphism in DT theory. The wall-crossing isomorphism
in cohomological DT theory (e.g. [10, Theorem B]) provides a powerful way to deduce purity
of Borel-Moore homology of moduli spaces of semistable quiver representations, for some sta-
bility condition ¢, from purity of Borel-Moore homology for some other stability condition ¢’
(see e.g. [6] for an application of this principle for quantum cluster algebras). We will use this
idea to prove a generalisation of Theorem A incorporating stability conditions.

Fix a quiver Q and a stability condition ¢ € HJQFO. Let p be a finite-dimensional C Q-
module; then p admits a unique Harder—Narasimhan filtration 0 = p® C --- C p* = p such
that each p’/p’~! is ¢-semistable and the slopes o(p!/p%),....0(0°/p*"!) are strictly de-
scending. Given a dimension vector d € N 20, we denote by

HNg = {(@',....a") € (N2)*\ {0} | (@) > (@) > -+ > o(@"), Y/ = d}
J<s
the set of Harder—Narasimhan types for C Q-modules of dimension d. For

o= (d',...,d*%) € HNq,

we denote d/ by o/, and write s(e) = 5. For each @ € HNy, there is a locally closed quasipro-
jective subvariety X(Q)[o] C X(Q) for which the closed points correspond exactly to those
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C Q-modules p of Harder—Narasimhan type «. For « € HNg, define by X(Q)y C X(Q)q the
subspace of linear maps preserving the Qg-graded flag 0 C ce' cce'te’ c...cCdand
such that each subquotient is ¢-semistable, and denote by Py, C GLg the subgroup preserv-
ing this same flag. Then the natural map X(Q)q /Py — X(Q)[o]/GLq is an isomorphism. We
set M(Q)y := X(Q)q /Py and denote by iy: M(Q)q — M(Q)q the locally closed inclusion
of substacks. By [35, Proposition 3.4], there is a decomposition into locally closed substacks

M(Q)a = [lpenn, PHQ)a-

Theorem 6.1. For Q a quiver, W € CQ/[CQ, CQ] a potential, and stability condi-
tion ¢, there is an isomorphism in D=(MHM(M (Q))),

(6.1) JHi¢prw)d Can(0)(Q)

X1 ads I8 i premss Jt?sm(g)i—f(@)) @ L/@®/2

deNQo &.1=/=s(x)
a€HNg

where f((d',....d%) =Y o, _jnes(d/ . d/") and qd M(Q)§™ — M(Q)a is the affini-

sation morphtsm Taking the direct image to NQO there is an isomorphism
(6.2)  Dimy ¢pzrw)d Con(0)(Q)

X Dims s drrmys, SEm0)s (@) @ L@/

deNQo 1=j=s(a)
a€HNg

12

Il

in D= (MHM(N €0)).
If Q is symmetric, the function f in the above proposition is identically zero.

Corollary 6.2. For any stability condition { € Hgo, the cohomologically graded mixed
Hodge structure

He(M(0)g ™, v 4 Cm( )5 (Q)) € D=(MHS)
is pure, of Tate type.

Proof. Foreachd € N QO, the Harder—Narasimhan type (d) contributes the summand

(6.3) He(M(0) ™. per(i)i dC€m(§): (Q))

to the right-hand side of (6.2), and so we deduce that, as a sub-mixed Hodge module of
a mixed Hodge module that is both an ordinary mixed Hodge module and pure, of Tate type by
Lemma 4.2 and Theorem A, the mixed Hodge module (6.3) is a pure element of D=(MHS),
of Tate type. O

6.2. Purity for stacks of semistable IT g-modules. Fix a quiver Q and a dimension
vector d. There is a natural projection

70.a:M(0)a — M(0)a

induced by forgettlng p(w;) foralli € Qg.Let € HQO be a stability condition. The inclusion
13 d(Sm(Q)d ™) C E]Jl(Q)fi ** is strict in general. We nonetheless have the following useful
lemma, which enables us to prove purity for stacks of semistable ITp-modules.
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Lemma 6.3. For Q an arbitrary finite quiver, { € H_%) a stability condition, d € N 20
a dimension vector, and Tt q: M(Q)a — M(Q)a the natural projection, the inclusion

(6.4) (tga(M(0)S™) Nerit(Te(W)))) = (M(D)§™ Nerit(Tr(W)}))

is the identity.

Proof. Letpbeal ac(é, I/T/)—representation represented by a closed point of the com-
plement of inclusion (6.4). Then, via Proposition 2.1, p corresponds to a pair (M, f), where
M is a I1g-module and f* € Endry,, (M). By assumption, the Harder—Narasimhan filtration of
M , considered as a ITp-module, is nontrivial, i.e. it takes the form

O=MyCM,C---CM;=M,

where s > 2. Since each u(M;/M;_1) for j > 2 has slope strictly less than p(M7), each
Homry,-mod(M1, Mj/Mj—1) = 0, and so the restriction f'|ps,: M1 — M factors through the
inclusion My C M. So the pair (M1, f|pm,) is a proper subobject of the pair (M, f) in the
category €r1,, of Proposition 2.1. But then, by Proposition 2.1, p is not a {-semistable Q—
representation, a contradiction. |

Theorem 6.4. Let Q be a finite quiver, let { € Hgo be a stability condition, and let
d € N9 pe a dimension vector. There is a natural isomorphism in D=(MHS),

He (M(0)g™ . ¢ o) Qand)s™) = He ((1p'a(0) N X(0)§™)/GLa. Q) ® L4,

and so, by Theorem 6.5, taking duals, the mixed Hodge structure H®M (EUE(HQ)E'SS, Q) is pure,
of Tate type.

Proof. Write V = ré}d (ﬁﬁ@)ﬁ‘“‘). By Theorem 3.4, there is an isomorphism
(6.5) He ((115'4(0) N X(0)§*)/GLa. Q) ® L4 = He (V. g e ()5 Qv ).

There are equalities

supp(prr(1)E Q) = (V Nerit(Te(W)Y))
= (MO Nerit(Tr(W)Y))  (Lemma 6.3)
= supp(¢z (W) Qam(5)5*)-

Thus the natural map He (V, ¢+ (#); Qv) — He (W(Q)d_ss, Pz r ()5 Qam()§) is an isomor-
phism. Combining (6.5) and this isomorphism with Corollary 6.2, we deduce the result. ]

6.3. Framed quivers. For Q’ a quiver, f,d € N0, and ¢ € H?_O a stability condi-
tion, recall from Section 3.5 the construction of the moduli space M(Q’ )E g of f-framed ¢-
semistable d-dimensional Q’-representations. We consider this construction for Q’ = Q, the
tripled quiver associated to a quiver Q. We define

75 o MDfa = MO)G™
to be the map forgetting the framing and remembering the associated graded object of the
Jordan—Holder filtration (in the category of {-semistable Q-representations) of the underlying
Q-representation.
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Theorem 6.5. Fix a finite quiver Q, dimension vectors d,f € N2°, and a King stabil-
ity condition { € ]H[QO Then the N20_graded mixed Hodge structure on the vanishing cycle
cohomology He (M(Q)f @ DTN dEM (D)t (Q)) on the fine moduli space of ¢-semistable
f-framed C Q -modules is pure, of Tate type.

Proof.  Applying dimg  to the isomorphism of Proposition 3.7, we obtain

(66) (dlme O7TQ- £, 9)| @ ¢Tr(W)fdQM(Q)t ® L(d d)Q/2
deA}

;;wm&(QBBm%ﬁﬂ®HmﬁFU@v®L*ﬂ)
deA(‘;
On the other hand, from Corollary 4.4, each of the complexes BPS%’W’d is pure. The purity of

the right-hand side of (6.6) follows, and so does the theorem. O

6.4. Critical cohomology of Hilb(A3). We consider again the special case in which
O = Qjor, and so Q is a quiver with one vertex and three loops, which we label x, y, z, and
W = x|y, z]. Setting f = 1, there is a natural isomorphism of schemes (see [1])

(6.7) M(D)1 0 Nerit(Tr(W),) = Hilb, (A3),
where the right-hand side of (6.7) is the usual Hilbert scheme parameterising codimension n

ideals I C C[x, y, z]. The following is then a corollary of Theorem 6.5.

Corollary 6.6. The mixed Hodge structure H¢ (Hilb, (A3), ¢7+7),, Qum (), ) 1S pure,
of Tate type for all n.

It follows from our purity result that the Hodge polynomial

h(He (Hilba (A%). 77 (7), Qut(@)1.): X. . 2)
is equal to the weight polynomial

xwi(He (Hilb, (A%), ¢7r(7),)- q)

after the substitution g2 = xyz2. We deduce from [1, Theorem 2.7] the following generating
function equation:

. 02
Zh(Hc(Hllbn(A3),¢7r(W)nQ=M(Q')1!n),x,y,Z)(xyZZ) nonTyn

n>0 oo n—1

= [T [T0 -y =

Indeed, we can determine the critical cohomology of Hilb,, (A3) itself.

Corollary 6.7. There is an isomorphism of N-graded, cohomologically graded mixed
Hodge structures,

@ Hc(Hilbn(A3),¢7‘r(ﬁ/)”QeM(é)l‘H) ® L Sym(@ @ ]Ll_k).

neN n>10<k<n-—1
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Proof. By Corollary 6.6, the left-hand side of the expression in the corollary is pure,
of Tate type, as is the right-hand side (by definition). A cohomologically graded mixed Hodge
structure that is pure, of Tate type, is determined by its weight polynomial. The required equal-
ity of weight polynomials follows from the main result of [1], following on from the earlier
paper [12], where an in-depth analysis of the case n = 4 was undertaken. |

6.5. Nakajima quiver varieties. Let Q be an arbitrary quiver, and let { € ]H[_%’ be
a stability condition. Let f € N0 be a framing vector. Throughout this section, we assume
that f # 0. Consider the quiver /Q;', where the tilde covers the f as well as the Q; this is the
quiver obtained by framing the quiver Q to form Qp, then doubling, and then adding a loop w;
at every vertex (including the vertex 0o).

Fix a slope 6 € (—00, 00). We define the stability condition ¢® as in Section 3.5. Assume
that d € AE C N€0, Then a (1, d)-dimensional Qf representation p is ¢ -stable if and only
if the underlylng Q representation is -semistable, and for every proper subrepresentation
©’ C p such that dim(p’)ee = 1, the underlymg Q -representation of p’ has slope strictly less
than 6. In addition, ¢ -stability for Qf -representations of dimension (1, d) is equivalent to
¢ _semistability.

For each of the vertices i € Qo, the condition (1 4)(0) = 0 imposes the conditions

©.8) Ti= Y plap@*)— > pla*)pa)
Hay=i s(a)=i
+ 5 pBiap(By) =0
i€Qo 1<n<f;

which are the usual Nakajima quiver variety relations [33, 34], while at the vertex oo, the
relation imposed is

(6.9) Too ==Y > p(Bi)p(Bin) =0.

i€eQo 1=<n<f;

By cyclic invariance of the trace, Zie(gf)o Tr(7;) = 0, and so Too = Tr(To) = 0 follows
already from relations (6.8), and (6.9) is redundant. It follows that

-1 7 3§ -ss
(VVQf,(Ld) 0N X(Qf)(l,d) )/GLa

is the usual Nakajima quiver variety, which we will denote M? (d, f). There is an isomorphism

_ — £(0) g

(6.10) He (125} (1.0)(0) N X(Qp)¢; ¢™)/CLir.a). Q)

~ H.(M?(d, ), Q) ® H.(BC*, Q).

Each M¢ (d, f) is smooth, and so we have
He(M*(.1), Q) = HOM! (d. 0. Q)" @ LI @D,

and we recover the following corollary.

Corollary 6.8. For an arbitrary quiver Q, nonzero dimension vectors f,d € N0, and
a King stability condition { € Hgo, H(Mg (d,f), Q) is pure, of Tate type.
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7. The PBW and wall-crossing isomorphisms

7.1. Serre subcategories. Let § C CQ-mod be a Serre subcategory of the category
of finite-dimensional C Q-modules, i.e. we choose a property P of C Q-modules such that,
for every short exact sequence 0 — M’ — M — M" — 0 inside C Q-mod, M’ and M" have
property P if and only if M does. Then & C C Q-mod is the full subcategory of modules hav-
ing property P. We assume that there is an inclusion of algebraic stacks ¢: I (Q)® < M(Q)
which induces the inclusion of the objects of § into the objects of C Q-mod after passing to
C-points.

The standard construction for P is as follows. For a quiver O, let C(Q) denote the set of
equivalence classes of cycles in Q, i.e. the set of cyclic paths, where if /1’ and I’] are both cyclic
paths, they are considered to be equivalent. For every cycle ¢ € C(Q), we pick a constructible
subset U, C C, and we say that a C O-module p has property P if and only if the generalised
eigenvalues of p(c) belong to U,, for each ¢ a representative of ¢ € C(U).

Example 7.1. Setting all U, = {0}, § C C Q-mod is the subcategory of nilpotent mod-
ules, i.e. those modules M for which there exists some n € N such that (C@Zn M =0.

Example 7.2. Setting

T {0} otherwise,

{C ifc € C(0),

we obtain the condition for the Lusztig nilpotent variety if O has no loops. In general, the Serre
subcategory § C C Q-mod determined by this choice of U, is the subcategory of modules
M for which there exists a filtration by Qg-graded vector spaces 0 C L! C --- C L" of the
underlying Q¢-graded vector space of M such thata - L® C L* forall s, and a* - LS C L5~
This second property is obviously of Serre type. It is introduced under the name of *-semi-
nilpotency in [3].

Example 7.3 ([2]). Set U, = C if ¢ is composed entirely of loops in @, and 0 other-
wise. A C Q-module is called *-strongly semi-nilpotent if it possesses a filtration as in Exam-
ple 7.2, for which each subquotient L° /L~ is supported at a single vertex. These are exactly
the modules in the Serre subcategory corresponding to the above choices of U,.

7.2. Proof of Theorems C and D. Applying the functor dim;* to the isomorphism
constructed in the next theorem yields Theorem C.

Theorem 7.4. Pick a stability condition ¢ € Hgo. There is an isomorphism

D .4 Qg ® LY
deN<€o

~ ¢ ¢ - dd
= ) X @(qu,!JHgd,!anQ)g ® L¢ ))
®,0€(—00,00) deAg

in D=(MHM(M(Q))).

3) In fact, this is the modified terminology of [3].
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Proof of Theorem 7.4.  'We consider the commutative diagram

MO L= v 25 M)

¢ 9
\l/JHQ a 1/JH§,d

M(D)§™ M(0)™
|95 |54
M(D)a fou M(Q)a

with V' defined as in the proof of Theorem 6.4. By Theorem 3.4, there are isomorphisms

(7.1) JHZ;Qd,Qm(nQ)g s @ LY JH;d'TQ,d,!¢Tr(W)gQV»
JHQ,4,1Qm10)5> ® L4 ~ TQ,d,gJHQ‘,d,!¢?r(W)dQ9J?(Q)d-

By Lemma 6.3, the support of P (W) ng(Q')g-ss is contained in the image of the natural
inclusion j, and so from (7.1) and the above commutative diagram, we obtain the isomorphism

¢

¢ ¢
95 ., vJHQ d, Qanag)ss = TQ 4195, dl Q d!

der(W)§Qam(9)5-

Thus, applying r/Q ; to isomorphism (6.1) applied to the QP (Q , W) yields the required iso-
morphism. O

Proof of Theorem D.  Let m: A" x M(T1g)5™ — M(Q)5™ be the morphism extend-
ing a I1p-module to a Jac(Q, W)-module by letting all of the loops w; act by multiplication
by a fixed scalar in A'. Then, by Theorem B, there is an isomorphism

(7.2) BPSG . a = me(JCA1(Q) K BPSY ),

where BPSE %Q is a mixed Hodge module on M (I1 Q)g'ss. Consider the commutative diagram

MJac(Q, W)§* —s M(IT)§™

lfﬁﬁ lﬁg
7

M(Jac(Q. W)FS —s M(TT)5™.
Arguing as in the proof of Theorem 7.4, there are isomorphisms

D ﬁg’!(@mng)g“ ®LY = ﬁg,!fe,@"sr(ﬁ/)gJt’zm(é)é-ss @)
deA} e - "
TOleHG,'qs%T(W)HJe}D}(Q)B s5 (Q)
>~ Té/),! S}’mlz€B (533)8% 70 ® Ho(BC*, Q)vir)

lle

~ Symge;(ré,!i)’ﬁ’é’;g 7 o @ He(BC*, Q)uir)
~ Sym%(ﬂfps;@@ ® H(BC*,Q)V),

giving isomorphism (1.4).
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The construction of the PBW isomorphism is similar; via dimensional reduction and
Lemma 6.3, there is an isomorphism
8¢ o 481
Atig. = A 7.6
where § is the Serre subcategory of C Q—modules for which the underlying C Q-module is
in &, defining a Hall algebra structure on Aﬁ’é’g. Then the required PBW isomorphism is
constructed from Theorem 3.6 and the isomorphisms
5. _ ~\8,¢-ss ool Vo S, E-ss ool v —-1/2
BPSQ,W,Q =He(M(Q)g” ", B SQ’W’O) = He(M(Q)p° ™, BJ /SHQ,O) QL ,
following from isomorphism (7.2). O

7.3. Applications for Nakajima quiver varieties. We explain the special case of Theo-
rem C which gives rise to Hausel’s original formula for the Poincaré polynomials of Naka-
jima quiver varieties. In brief, we choose I1gp, to be the preprojective algebra for a framed
quiver Qt, pick ¢ to be the usual stability condition defining the Nakajima quiver variety, set
& = C Q¢-mod and specialise the Hodge series to the Poincaré series, to derive Hausel’s result.
For this set of choices, an analogue of equation (1.3) was demonstrated by Dimitri Wyss [47],
working in the naive Grothendieck ring of exponential motives. We describe in a little more
detail how our derivation runs.

Let Q be a quiver, and let § C C Q-mod be a Serre subcategory. Let f € N20 be a fram-
ing vector, assumed nonzero, and let §; C I1g,-mod be the Serre subcategory consisting of
those modules for which the underlying C O-module is in 8. We let { = (i,...,i) be the
degenerate stability condition on Q and define ¢ (0) a5 in Section 3.5. If X is an Artin stack, we
define its Poincaré series via P(X,¢q) = h(H. (X, Q), 1, 1, ¢). Equating coefficients in (1.3) for
which doo = 1, and specialising, we obtain, from (6.10),

S _f.
> PER(Ig) ) g)g> GO 7FH D

deNQ ( Z P(w(ng)g’q)qz(d,d)xd>
deN<0
) ( Z PM(f, )5, q)g2(@O—Fd+1) d( 2 1)—1>’
deN<0
where M(f, d)? is the subvariety of the Nakajima quiver variety for the dimension vector d and
framing vector f corresponding to those points for which the underlying Q-representation is in
8. Putting 8 = C Q-mod (or, equivalently, removing § from the above formulae) and using
Hua’s formula [21] to rewrite both sides as rational functions in ¢ defined in terms of Kac
polynomials, we recover [17, Theorem 5]. The advance that Theorem C gives us is an upgrade
from an equality of generating series to an isomorphism in cohomology, i.e. it tells us that the
above identity is induced by a graded isomorphism of (pure) Hodge structures

8 —f
P HM(Tg)Y 4 Q) @ LIGD-FHD

deN2o ~ ( @ H, (EIR(HQ)g, Q) ® ]L(d,d))
deN<0
®( P HMEDT Q@ LEDTHD g i (BC*, Q)
deN<0
by taking Poincaré series of the two sides of the isomorphism.
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8. Restricted Kac polynomials

8.1. Definition. Next we explain how Theorem D enables one to define and categorify
the Kac polynomial ag,d(ql/ 2) associated to a quiver Q, a Serre subcategory § C CQ, and
a dimension vector d. Furthermore, we explain a general mechanism for deducing positivity of
such Kac polynomials from purity, and we prove Theorem E.

Defining BPS%Q as BPS%’é, for the degenerate stability condition ¢ = (7,. .., i) (equiv-
alently, without any stability condition), the dual of isomorphism (1.5) yields

(8.1) P H.M(Mp)f, Q) @ LY =~ SymBPSEY ® L ® Ho(BC*,Q)).
deN<2o

Isomorphlsm (8.1) can be restated as saying that BPS’S v categonﬁes the restricted Kac polyno-
mials a® 0.4 1/2) defined by the plethystic logarlthm (the inverse to the plethystic exponential)

a@=07" Y af @/ =Log( Y rw(HeM(TT)F. ©).q"2)q ).
deN<o deN <o

Isomorphism (8.1) and the definition of Exp (see Section 4.3) imply

2 a(@"?) = xwBPSF, 4,477,

This is indeed a polynomial: despite its high-tech definition, BPS‘ISIQ 4 18, after all, the hyper-
cohomology of a bounded complex of mixed Hodge modules on an algebraic variety.

8.2. Positivity of Kac polynomials A corollary of the existence of isomorphism (8.1)
is that if @deN Hc (EJJE(HQ)d ,Q) is pure, then so is BPS"IE’I , and as a result, a8 (ql/z)
has only positive coefﬁ01ents when expressed as a polynomial in ql/ 2. This brmgs us to the
special case of Theorem D that, along with Theorem A, implies the Kac positivity conjecture,
first proved by Hausel, Letellier and Villegas in [19] via arithmetic Fourier analysis for smooth
Nakajima quiver varieties. Namely, we set § = C Q-mod, and we set { = (i,...,i) to be the
degenerate stability condition. Then Theorem D states that there is an isomorphism

P H.M(Tp)a, Q) ® L@Y = Sym(BPSY;, ® H(BC*, Q)Y),
deN<o

while Theorem 3.4 states that there is an isomorphism

P HM(Mp)a. Q) LY = P H(M(Q)a. p2r(7)d Can()a (Q)).

deN<2o deN 2o

On the other hand, by [32, Theorem 5.1], there is an equality

> xw(He(M(D)a. prr () I €MD) (Q)). /7)1
deN <o — Exp( Z aQ,d(q)(l _ q—l)—ltd)’

deN<2o0\{0}

where ag q(q) is Kac’s original polynomial, from which we deduce that

Xwt(BPSm,.4.9"%) = agalg™).
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From Corollary 4.4, we deduce that each
BPSm,.a = BPS§ 7.4 ® L2

is pure, and so th(BPSHQ,d,ql/ 2) is a polynomial in —ql/ 2 with positive coefficients. In
particular, since ag q(¢) is a polynomial in g, we have reproved the following theorem.

Theorem 8.1 ([19]). For a finite quiver Q and a dimension vector d € N0, the Kac
polynomial ag q(q) has positive coefficients.

8.3. Positivity of restricted Kac polynomials. For new positivity results, we turn to the
examples of Serre subcategories appearing in the work of Bozec, Schiffmann and Vasserot —
see Examples 7.1, 7.2 and 7.3 for the definitions. Setting N, 8N, 88N C CQ-mod to be
the full subcategory of nilpotent, *-semi-nilpotent and *-strongly semi-nilpotent C Q-modules,
respectively, we define

2y 4(@"?) = o (He(M(Q)a. 1§ * BPS114.0).4"?)

forff = N, 8N, 88N, where /*: M(@)(ﬁ1 < M(Q)q is the inclusion. In this way we obtain
a new description of the nilpotent, semi nilpotent and strongly semi-nilpotent Kac polyno-
mials of [3]. By [3], the polynomials aQ V(¢) and a&;"v (g) have an enumerative definition
when ¢ is a prime power: the former counts absolutely 1ndecomp0sable d-dimensional I, Q-
modules such that each loop acts via a nilpotent operator, while the latter counts absolutely
indecomposable d-dimensional nilpotent F; Q-modules.

Theorem 8.2. For a finite quiver Q, the Kac polynomials ag'ﬁ (g) and a’sg'N(q) have
positive coefficients.

Proof. The proof proceeds exactly as in the above reproof of Theorem 8.1, using the
results and proofs of [3,43] to deduce purity of H, (EDE(HQ)&N, Q) and He (90 (T1 Q)‘%'N, Q).
For example, one may extract this purity result as follows. Let {f be either of the conditions § N
or 88N . By [43, Theorem 3.2.d], the Serre spectral sequence

EP? =HE(pt. Q) ® H o (1g" (0%, Q)Y = HL.(pt. Q) ® H,(M(ITp)*. Q)"

converging to Hc,GdeT(lLE 0)*, Q) degenerates at the second sheet (here 7" is an extra
complex torus acting on all relevant varieties, and is a special case of one of the tori 77 that
we consider in Section 9.1). In particular, purity of H (sm(nQ)ﬁ, Q)Y follows from purity of
He GLax7 (147 (0)%, Q)V, which is [43, Theorem 3.2.b]. o

8.4. Verdier duality and nilpotent Kac polynomials. We finish our discussion of
restricted Kac polynomials with a result relating ag q(q) with a‘g ’ 4(9), providing a cohomo-
logical refinement of a Kac polynomial identity [3, Theorem 1.4], which in turn extended the
main result of [41] from the case of a quiver without loops.

Proposition 8.3. For a quiver Q and a dimension vector d € N0, there is an iso-
morphism He(M(Q), BPE,,a) = He (M(O)V, BPSM,,a)" providing a cohomological
refinement of the identity a'g’d(q) = aQ,d(q_l).
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Proof. The torus T = (C*)? acts on M(é) via the rescaling action

le(b) ifb e Ql»
(z1.22) - p(b) = { 22p(b) ith* € 01,
(z122) " 'p(b) if there exists i € Qg such that b = w;.
This action preserves Tr(W) so that BPS 0.w .a lifts to a T-equivariant mixed Hodge module

on M(Q)d, and so BPE 1, q lifts to a T-equivariant MHM on M(Q)q. By Theorem B, the
MHM BPS8 11,4 is Verdier self-dual so that there is an isomorphism

He(M(Q)a. BPE11,,0) = HM(Q)a. BPS115.a)" -
Since T contracts M (Q)q to the point ,M(@)d"v , there are isomorphisms
H(M(Q)a, BPS1,.0) = HM(Q)y . BPS11p,a) = He(M(Q)7, BPS1,.0).

Combining these isomorphisms gives the isomorphism in the proposition. The identity in the
proposition then follows from the definitions. |

Remark 8.4. Combining Theorems 8.1 and 8.2 with Proposition 8.3, we conclude that

all of the Kac polynomials ap 4(q), a‘g ’ a(@)s aé"’t; (g) and aé’:gd"v (¢) have positive coefficients.

9. Deformations of Hall algebras

9.1. Kontsevich—-Soibelman CoHAs. In [28], a method was given for associating a
cohomological Hall algebra (CoHA for short) to the data of an arbitrary QP (Q, W). The
construction provides a mathematically rigorous approach to defining algebras of BPS states —
see [16] for the physical motivation. We will work with a slight generalisation of the original
definition, denoted + o, w, incorporating extra parameters depending on a weight function 7.

Definition 9.1. If (Q,W) is a QP, then a W-invariant grading for Q is a function
7: Q1 — Z° such that every cyclic word appearing in W is homogeneous of weight zero.

Example 9.2. For s = 0, the function T = 0: Q1 — Z° gives a W-invariant grading
for any potential W, and we will recover below the original definition of Kontsevich and
Soibelman, by considering this grading.

Example 9.3. For a quiver Q and s = 2, the weight function
7(a) = (1,0), t(a*)=(0,1) foralla € Oy,
t(wi) = (—1,-1) foralli € Qg

is a W -invariant grading for the tripled quiver Q

From now on, we will only consider the case in which our quiver with potential is (Q , W)
for some quiver Q. Given a grading 7: Q1 — Z°, define T* := Hom(Z?*, C*). Given a dimen-
sion vector d € N20, we form the extended gauge group GL§ := GLq x T*. The group GL§
acts on X(Q)q via (({gi}icy, V) - p)(a) = v(r(a))g,(a)p(a)gs_(;) extending the action of
GLg on X(Q)q. Similarly, if d’,d” € N0, we define GLfl,’d,, := GLg g7 x T7, the parabolic
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gauge group, acting on X(Q)q/,a~ via the same formula, and GL§,, 4 := GLg x GLg» x T,
acting on X(Q)g X X(Q)q~ via

(({g/}ico {8/ Vicos: V) - (' P)(@) = V(T(@)) (&} (D &5y &1iaP” (@ E5iay)-
For fixed v € T'7, the action of v on the category of C Q-modules is functorial and preserves
dimension vectors. It follows that if { € HJQFO is a stability condition, the spaces X (Q)g'ss and
X(Q)g'St are preserved by GLg. We define the stack rEm(Q)g'SS = X(Q)g'SS/GLfl.

For the remaining part of the section, we will only consider the degenerate stability condi-
tion{ = (i,...,i), and so we drop ¢ from our notation. We denote by Dim?: ’Em(é) — N2
the map taking a Q -representation to its dimension vector.

Assume that the grading t: O — Z* is W -invariant. The function Tr(W) induces a func-
tion Tr(W) on “IM(Q). Let 8 be a Serre subcategory of the category of C O-modules, which
we assume to be invariant under the action of 7'%, with induced morphism

:TIR(0)S = TIM(D).
We define
A, = DimZ (g7 d Crgn(0)(Q) @ L™IMT/2 ¢ p=(MHM(N20)),

the underlying cohomologically graded mixed Hodge module or, equivalently, N 20-graded
mixed Hodge structure, of A 5,1 . We endow . 5 % with the structure of an algebra object
in the category of complexes of mixed Hodge modules on N €0, In order to achieve this, as in
Section 3.2, a little care has to be taken to approximate morphisms of stacks by morphisms of
varieties so that we can apply Saito’s theory of mixed Hodge modules to these morphisms. We
spell this out in detail.

We define
Van = (@D Hom(@", %)), Ve = (@D Hom(C",C%)) & Hom(CV, t7).
i€Qo i€Qo

We let GL(’l act on V¢ q y via the product of the natural action of GL4 on the first component,
and the action of 77 on t* given by the embedding (C*)S C C* = t*, and componentwise
multiplication. We define Uy g v C V7 g,n to be the subset consisting of those

(gitieoo. f) € Vian

such that each g; is surjective, and f is too. Then GL] acts freely on U g n.

We break the multiplication into two parts. Fix a pair of dimension vectors d’, d” and set
d=4d +d”. We write GLg'xq” := GLq X GLq~. We embed GLg'xq” and GLg g7 into GLg
as a Qp-indexed product of Levi or parabolic subgroups, respectively. We define GLJ, GLS,,dN
and GLfl/X 4~ as the product of 7" with GLg, GLg',q7 and GLg'xq~, respectively.

For G an algebraic group with a fixed embedding G C GLJ, we define a functor on
G-equivariant varieties X by Ay (X,G) := X xg Urgn.If f: X — Y is a G-invariant mor-
phism, we denote by fy: Ay(X) — Y the induced morphism. For ¢: Y < X a G-invariant
subvariety, then, as discussed in Section 3.2, for fixed i, the mixed Hodge structure

H((Y/G — p)«i'drQx /)
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is defined as _
H (AN (Y, G) = p)xAn (1, G) ' ory Qay (x.6)):

for N > 0 depending on i. Consider the commutative diagram

AN (X(Q)ar.a7» GLE )

e

©-D AN(X(Q)ar x X(Q)ar. GLY 1) AN (X(Q)ar.a7. GLY 4)
(Dim? x Dim?) Nl Dimj\;"l
N©2o0 x NQo + NQo,

where ¢ and ¢ are the natural affine fibrations, inducing isomorphisms
aa,a7: ++(Dim” x DIm") (' g2 (1) RT (1) 4 € M(B)g 57 M(D)gr (Q))
— DIm}° ' e(7) dCrm(D)y o (Q) ® L™ @15/2,

Consider the composition of proper maps
~ T 'N A T SN ~ T
AN (X(Q)aa7, GLy gv) —> AN(X(Q)a, GLy 4v) —> AN (X(Q)a, GLy),

where 7y is induced by the inclusion X (Q)d/,d// — X (Q)d and sy is induced by the inclusion
GLg g» <> GLg. Since ry and sy are proper, there is a natural morphism

9.2) SNATN QA (X(D)yr 4 GLY 1) ® L™@96 — Quayx(@)a0L))-

Applying Dimf\,’* ¢1r(w) and letting N + oo, morphism (9.2) induces the morphism

Bt DIME® L e () € -0 D) o (Q) ® L4012
— Dim}, L!¢%r(ﬁ/)J€tm}(é)d(Q)-

Defining
mq a7 = (ﬁd/,d” ® L—dlm(Tf)/Z) ° ((xd’,d” ® ]L—dlm(TT)/Z) o TS,

where TS is the Thom—Sebastiani isomorphism [40], gives the multiplication
A8~ - 8 - 8 -
m.Ar,Q’W ®HT7 'A"[,Q,W — ‘A‘[,Q,W‘

We write A%ﬁ, for the special case in which 7" is the zero-dimensional torus (as in Ex-
ample 9.2). In this case, the above multiplication is exactly the multiplication defined by
Kontsevich and Soibelman in [28]. The proof that, for general 7%, the multiplication is asso-
ciative is standard, and is in particular unchanged from the proof given in [28, Section 7], to
which we refer for fuller details.

9.2. Degeneration. The extra equivariant parameters arising from the torus action on
EIR(Q) are not considered in the original paper [28], but were introduced, for the particular
cohomological Hall algebras we are considering, in [36,48,49]. In general, such extra parame-
ters are of most interest when they provide a geometric deformation of the original algebra, i.e.
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when they provide a flat family of algebras over Spec(H7 ), such that the specialisation at the
central fibre is our original algebra, which in this case is A, w.For T? the torus associated to
a W -invariant gradlng of Q this is precisely the result we prove in this section.

Let t: Q1 — 75 be a W-invariant grading, with associated torus 7. Let v: Z° — Z* be
a surjective morphism of groups, inducing the inclusion of tori 7/ < T, where T is the torus
associated to the W -invariant grading v/ = v o 7. Write s” = s — 5. Then picking a splitting
of v, i.e. an extension of v to an isomorphism Z* — Z* @& Z°", induces an isomorphism

(9.3) H7 =~ Hr @ Hrx,
where y: Ql — 7" is induced by the splitting. The splitting of v induces a splitting
txt' @ th
We define Yz g v := X (Q~ )a XGLE U:.a,n and consider the natural maps
van: Yran — Hom™(CN tX)/T* =: S, v
defined by the morphism
Hom*(CV, t) - Hom™¥(CV ,tX), f > mixo f.

The function Tr(W) induces functions Tr(W)T,d, N:Yran — C.

Lemma 9.4. The space Sy n is s" (N — 1)-dimensional and simply connected, and
H(Sy,~n, Q) is pure.

Proof. By choosing a splitting tX = C®" and considering the entries of a morphism
f € S, n one by one, we obtain a sequence of morphisms

l//l l//z 1 _
SXN—HS//—>HS// 1S—> —)H] PN 1,

where [, is an (AN \ A¢)/C*-fibration, with C* acting on AV via scaling. All the claims
follow from this description. O

Each of the maps vq,n is a fibre bundle with fibre Y/ g . Picking i: Y < §, y the
inclusion of a sufficiently small open ball (in the analytic topology) contained in the base, we
may write

Tr(W)rd N|v_1 r): T Xva, N Yr,d,N ~ 7T x Yr’,d,N - C

as Tr(W)I/,d,N o, where m: vd’N (T) — Yr q,n is the projection, and so we deduce that

the mixed Hodge modules #9(va, n,xP (W), q. v QY. 4 n) are locally trivial in the analytic

topology, with fibre given by H?(Yz/ N, @ 1e(W), 4 v QY 4 v )» and are furthermore globally

trivial by the rigidity theorem [44, Theorem 4.20], since the base of vq, y is simply connected.
The Leray spectral sequence E ;ZE, N converging to

H(Yea, N+ OTe( e 0y I C ¥ gy (Q) @ LEMTra.)=5)/2)
therefore satisfies

94) BN = (SN Q) ® B (Yo a N . 4T g n IE Y, (Q)
® ]L(dim(V-L—/,d,N)_s/)/z).



Davison, Integrality conjecture and preprojective stacks 145

Set

QO = (dim(U;) gn) —sON — (d.d")5)/2. & = (dim(U;0) gn) —sON)/2.

o0

. . . oo o
In similar fashion, we obtain spectral sequences E UNA e and £ UN.A'xd" e satisfying

Etlj),’:l]’,d”,N,Z = H? (SX,Na Q) & Hq(Yt/,d’,d”,N’ ¢TY(W)r’,d’.d”,N JBYr’,d’,d”.N (Q) ® ]Lo ),
EII)),’(?/Xd”,N,Z = H? (SX:N’ Q) ® Hq(Yt’,d’Xd”,N ’ ¢Tr(ﬁ/)r/.d’><d”,N JBY‘[’,d/xd”,N (Q) ® I[J‘ )

converging to
H(Yea,a/ N - ST ar 0 I CYs v v (Q) ®LO),

H(Yr,d’xd”,N s ¢Tr(W)r,d’><d”,N JEYr,d/Xd”,N (Q) ® L‘)s

respectively. As in the construction of +; G j, we obtain a commutative diagram of mor-
phisms of spectral sequences, with vertical morphisms provided by restriction morphisms in
cohomology,

o0 o0 o0
EU,d,N+1,O Ev,d’,d”,N+1,o EU,d/Xd”,N-f—l,.

| l 1

E.’. E.’.

.’.
v,d,N,e v,d’,d”,N,e v,d’xd”,N,e"

o0 (N} o0 .
Each of the spectral sequences EU’ d.N,e° Ev’d,,d,,’ No Ev, d'xd” N 152 first quadrant spectral

sequence, and each of the limits

‘ P - P : P
1\}}_1}100 Eyan 2 Nl}_r)noo Eyaar Ny and 1\}}_1}100 By axar N2

exists as in Section 3.2. We claim the following commutativity of limits:

ArOoa> lim lim E”?
‘EsQand Nl—)ooll—)oo 'U,d,N,l

~ lim lim E?? .
Ii>oo Nisoo VN

-~ SORET . pq

Az, 0W 00" = 1\71.1—I>noo zl.in;o Evaar N

(9.6) . . D.q

~ lim lim E®) ., » 5,
I>o0 Nisoo U0/ LN,

5 <~ o~ lim Lim EP4
Ar QW .o O Ac g o = lim M £ G g0y

~ 1 : p.q
= Jim i ELf

using the shorthand A 5. W .a/,a7 = A¢,0,W.a QHy Hr,0,W .07 @ L~@d95/2,

The argument for all three statements is the same: fixing p and ¢, the limit £ 5”1 N.co
depends only on a finite portion of Eff”g, N .s» Which therefore stabilises for sufficiently large
N = Np 4. The (p,q)-term of both the second and third expression of (9.6) are then given
by Eg,,:l],Np’q,oo'

We may define the cohomological Hall algebra multiplication on +; G # via the com-
mutative diagram obtained from (9.1) or as the morphism induced in the double limit by the

composition of the horizontal morphisms in (9.5). Via the morphism E;:(’L o2 > E g:;o’z to
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the degenerate spectral sequence concentrated on the first nontrivial column, and the analogous
morphisms for the spectral sequences EJg, 4 00,0 a0d E;z(’l, xd”,c0,¢» WE ODtain a commutative
diagram of double limits

: e.0 . e.0 : e.0
hml"’oo Evid,oo,l hml'—mo EUZd/,d”,OO,l hml"’oo Evzd’xd”,oo,l

| I !

AV G W4 ——— AL O Waa —— AUG W Oy A0 W
providing a lift of the natural morphism

9.7) A, 0,W ®ur Hr — Av, o.w

in cohomology to a morphism in the category of algebra objects in the category of complexes
of mixed Hodge structures.

Theorem 9.5. Let

/

Q . - 7S - 7,
be as above a specialisation of a W -invariant weighting of Q Then there is an isomorphism
of mixed Hodge structures A o w = v o, w ®qg Hrx with TX as in (9.3). Furthermore,
morphism (9.7) is an isomorphism, and both sides of this isomorphism are pure.

Proof. First we consider the special case s’ = 0, " = 0. Then, by Theorem A and
Lemma 9.4, the right-hand side of (9.4) is a pure Hodge structure, and so the spectral sequence
E;;IOO. degenerates at the second sheet, and the existence of the required isomorphism fol-
lows, along with the fact that (9.7) is an isomorphism. As a consequence, A¢ §, is pure for
all 7. So it follows that, for general v, the right-hand side of (9.4) is pure, and the general case
follows via the same argument as the special case. O

Let the torus 7 = (C*)" act on ﬁJk(Q)d via the weight function t: Q 1 — Z5. Then, for
each d € N0, jgnoring the overall Tate twist, via Theorem 3.4, there is an isomorphism in
Borel-Moore homology

Wr 0.4 HMCM(0)a. p1:(7) Q) = HPY 1 (115'4(0). Q) =: 110 a-

The domain of P 420 Wr,0,4 carries the Kontsevich-Soibelman cohomological Hall algebra
product recalled above, while the target carries the Schiffmann—Vasserot product [42, Sec-
tion 4]. By [36, Corollary 4.5] or [49], the modified morphism

. d;
(9.8) Loi= @ DZiceo D g 457 — Au,
deN<2o

is an isomorphism of algebras. Since W; g q is a morphism of Hz-modules, we deduce the
following corollary of Theorem 9.5.
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Corollary 9.6. Let w be the maximal homogeneous ideal in Hy. Then ¢ 11, is free as
an Hr-module, and the natural morphism of algebras

E: ke, ®np (Hr /m) > P HEY (11554(0). Q)
deN<2o

is an isomorphism.

10. Shuffle algebras, torsion-freeness and noncommutativity

10.1. Definition. Fix a weight function 7: 01 — Z%, and set T = T'* = Hom(Z*, C*).
We recall the shuffle algebra description of the cohomological Hall algebra

Ans = P HEM(0)a. Q) ® LEDS/2,
deN<0
Set k := Hr. Since X (Q)d is equivariantly contractible, there is an isomorphism in cohomol-
ogy _
HrxoL, (X(0)a. Q) = klxin [ € Qo. 1 <n < d;]®.

Here &4 = HieQ o ©4; is the product of symmetric groups, with &g, acting by permuting the
variables x; 1, ..., X; 4;. Ford’ +d” = d, we define Shq’ 4 C G4 to be the subset of permuta-
tions (07);e@, such that, for each i € Qg, we have inequalities 0; (1) < 0;(2) < --- < 0;(d})
and o; (d; + 1) <--- < o0;(d;). We fix generators 11, ...,ts of Hy, with #; corresponding to
the generator of the equivariant cohomology of Hom(Z;, C*), where Z; is the ith copy of Z
inside Z*. For a € Ql, define E4(z) =z + ) ; ., t(a);t;. We use * to denote the multiplica-
tion in the CoHA ¢ §. Then it is shown, as in [58, Section 1],

S, X)) * (X1, -5 8ray)

= Z U(f(xl,l’---’xr,d’,)g(xl,d’l+1’x1,d’1+2’---’xl,d1’x2,d’2+1»-"»xr,dr)
0 €Shy g7
-1
: l_[ ( l_[ Ea(xt(a),n_xs(a),m)> l_[( l_[ (xi,n_xi,m) ))
aeQ; lsm=d,, i€Qo 1<m=<d;

d <n=d¢(q) d; <n<d;

;f(a)

Letz: Z — X (Q)d =: X be the subvariety cut out by the matrix-valued equation
Z [a,a*] = 0.

acQ

Then, since Z C Tr(W)_l(O), there is a (dual) restriction map z4z'Qy — ¢ 1(w)Qx, induc-
ing the morphism « in the following diagram:

HT*6La(X(0)q. p1:(7) Q) ® LGP /2

[
a \\\\\\\

H G, (Z.Q) @ L @902 L JTxGla(x(0)g, @) @ L@V/2

I I

HPYoL, (10a(0). Q) @ L ~@De —T— HYN ) (X(0)a. Q) @ L~ Do,
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The morphisms «, € are isomorphisms because they are induced by affine fibrations, while « is
an isomorphism by Theorem 3.4. Then we define ®q = Ba~!. In particular, ®q is injective if
and only if y is.

Proposition 10.1. The morphism

o P H(X(D)a. p1e)Q) @ LD/
deN <o
- P HON(x(0)4, Q) ® L4/
deN<2o

is an algebra morphism, where the domain and target are given the KS cohomological Hall
algebra structure.

Proof. Fora € Q 1, we define

E (z) ifa # w; fori € Qy,

ES(2) =
—FE,(z) ifa=w; fori € Qy.

The shuffle algebra Atr‘j’é is defined to have the same underlying graded vector space as #A¢,§,
with shuffle multiplication defined as above, but with all instances of E, (e) replaced by EJ" (e).
Let
F: D Ha, (15140, Q) 9 L0 —~ As
deN<o
be the morphism defined by taking the sum of ¢!y over all d. By [42], F is an algebra
homomorphism. We define an isomorphism I: A;V’VQ — s § by setting
d;
Fd = (—1)Zi€Q0 (2) . ldeA’er

We define W] ; as in (9.8). Then it follows that ® = T" o FF o W7, is a composition of algebra
morphisms. O

10.2. Torsion-freeness. The algebra A 11,, is still not wholly understood, despite in-
tensive study. On the other hand, in their work on the AGT conjectures [42, Section 4.3],
Schiffmann and Vasserot conjectured that, for t as defined in Example 9.3, the morphism & (or
equivalently, the morphism F') is in fact an embedding of algebras, making the cohomological
Hall algebra 4~ 11, much more manageable. We prove this conjecture in the case of a general
quiver Q, for any sufficiently large 7.

Theorem 10.2. Let Q be a finite quiver, and let d € N20 be a dimension vector. Let
T Q | = Z be a W -invariant grading such that the grading of Example 9.3 is a specialisation
of ©. The Hr xgL,-module H};'}\;[GLd (uél,d(O), Q) is torsion-free, and the natural map F to the
shuffle algebra A?’VQ is an inclusion of algebras.

Proof. The passage from torsion-freeness to all of the other statements of the theorem
is as explained in [42], so we focus on torsion-freeness. The proof for this is a modification
of [43, Proposition 4.6]; the original statement of this result in [43], and its proof, require
modification, which we indicate.
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Firstly, by assumption, 7" contains two one-dimensional tori C} and C7, where C} acts
on arrows a,a™, w;, fora € Q1 and i € Q¢ with weights 1, —1, 0, respectively, and CJ acts
with weights 1,0, —1, respectively. Let k; = Hc+, let I; C Hrxgr, be the ideal of functions
vanishing on Lie(C*) C Lie(T x GLgq), and let IKZ- be the fraction field of k;. Considering
X(Q)q as a subvariety of Mél’d(O) via the extension by zero map, X(Q)q contains the fixed
locus of the C7-action on ué{d (0), and so the pushforward

(HrxaLo)n = Hyye, (X(Q)a, Q)1, = HYGr, (10%(0), Q)1

is an isomorphism by [15, Theorem 6.2]. It is thus enough to prove that H?I\QGLd (,ué{d (0),Q) is
S1-torsion-free for S1 = Hrxgr, \/1. The kz-module H];’whﬁGLd (ué{d(O), Q) is free by Theo-
rem 9.5, and so the morphism

(10.1) HN G (1514(0). Q) — HIN G (115'4(0). Q) ®k, K2

is an embedding. Therefore, it is sufficient to show that the right-hand side of (10.1) has no
S1-torsion. By two applications of dimensional reduction (see Theorem 3.4, and the discussion
before the proof of Lemma 4.3), we have the k,-linear isomorphisms (leaving out Tate twists/
shifts in cohomological degree)

HY 61, (10°4(0), Q) = H™M(CIM(Q)a, p1:(7) Q) = HFYgp, (Ca, Q),

where €g C X(QT)q is the subspace of QO *-modules such that the linear maps assigned to the
loops w; define a C Q-module endomorphism. We define Ng = €3 N X (Qﬂ‘é"nﬂp. Since the
torus CJ acts by scaling the loops w;, the natural map

HPN G, (V. Q) ®k, K2 — Hpvg (Ca. Q) ®x, K2

is an isomorphism. So it is sufficient to show that HI;})EGLd (Mg, Q) has no S;-torsion.

Set Q[t1] = Hcy and A = Hes xGLgs so.there is a natural isomorphism Hr xgr,, = A[t1].
Elements of Sy are written p(t1) + ) ;- ait{, where a; € Aand 0 # p(t1) € Q[t1]. We con-
sider the following stratification of the s_pace Mg by Jordan types: if 7 = (JT(i))iGQO is a tuple
of partitions, with each 7z ) a partition of d;, the stratum N C N is the space for which the
Jordan normal form of the operator assigned to w; has blocks with sizes given by 7). The
space N7 can be T x GLg-equivariantly contracted onto the subspace N for which all arrows
a € Q1 act via the zero matrix, and the 7" x GLg-action is transitive on this subspace. So if
p € N_ has stabiliser group H, which we may decompose H = C} x H’ since C7 acts triv-
ially, there are isomorphisms HI%M(N;, Q) = Hy (pt, Q) =~ Hy/(pt, Q)[t1]. This module has
no S;-torsion, and the claim that HBM(Ny, Q) has no S-torsion follows from the long exact
sequences in compactly supported cohomology induced by the stratification of Ng. |

The same proof works with /,Lél’d (0) replaced by /,Lél’d (0)% for ff any of SN, SSN, N.

Remark 10.3. It is possible for the strata Nz to have S»-torsion, so we cannot substitute
I> for I in the above proof, and merely insist on the inclusion C5 C T'. Indeed, we show
in Section 10.4 that this (stronger) version of the statement of Theorem 10.2 with (weaker)
assumptions is false.
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10.3. Noncommutativity. Theorem 10.2 enables explicit calculations inside Az 11, .
Furthermore, although (as we have seen in Remark 10.3, and will see further, with Proposi-
tion 10.7) it is important that we work equivariantly with respect to a sufficiently large torus 7'
in Theorem 10.2, we will demonstrate in this section how Theorem 10.2 enables us to perform
concrete calculations for trivial T, i.e. in the undeformed preprojective CoHA Ay, .

We use explicit calculations in the algebra +; 5, to show that A W = An Oror is
noncommutative®. Recall that, by Theorem 3.6, for an arbitrary (symmetric) quiver Q with
potential W, there is a PBW isomorphism

Sym(BPSg w ® H(BC™, Q)yir) = Ao w.
By Theorem 5.1, there is an isomorphism of cohomologically graded vector spaces

BPSG w.a = Q[3]

so that, for each d > 1 and e > 0, there is an element at(l,e), of cohomological degree 2e — 2,

well defined up to scalar, defined to be the image of 1 ® u¢ under the embedding
BPSG.w,a ® HBC*, Q)yir — AGw,W-

(1)
1

0) . . .
Lemma 10.4. The commutator [o ,ozg )] is nonzero, so Ally, is noncommutative.

Proof. Set Q = Qjor. Pick 7 as in Example 9.3, with associated torus 7 = C} x CJ in
the notation of the proof of Theorem 10.2. By Theorem 10.2, the morphism ¢: A 11, — 47,0
is an inclusion of algebras. Write A’ C ¢ § for the image of this inclusion. Then, by Corol-
lary 9.6, there is an isomorphism of algebras s, = A'/(t1.12) - A'. We write

Arllp,1 = A, @ Hr

and define &ge) = age) ® 1. Then L(&ge)) = x{ € Q[x1,t1,12].

First we calculate the commutator in /¢ J,

[x1,x9] = (x1 — x2)(x2 — x1 + 11)(x2 — X1 + 12)(x2 — X1 — 11 — 12) /(X2 — X1)
+ (x2 —x1)(x1 —x2 + 11)(X1 — X2 + 12) (X1 — X2 — 11 — 12) /(X1 — X2)
= 2t1t2(t1 + 12).

This element has cohomological degree —2. We claim that the unique nonzero element of
cohomological degree less than —2 in t(A') is x‘l) * x(l) (up to scalar). Firstly, x? * x? has coho-
mological degree —4 since x? has cohomological degree —2. Secondly, it is indeed nonzero, as
we calculate below. Finally, it follows from e.g. Corollary 5.3 that the stack €, 2= Coh (A?)
of pairs of commuting 2 x 2 matrices has a unique irreducible component of (complex) dimen-
sion greater than 1, and that component has dimension 2. Equivalently, #; 11,, is concentrated
in cohomological degrees at least —4, and in degree —4 is one-dimensional. Now we calculate

XY wx® = (xp — x1 + 1) (x2 — X1+ 12)(x2 — X1 — 11 —12)/(x2 — X1)

+ (x1 —x2 + 1) (x1 —x2 +12)(x1 — x2 — 11 — 12) /(X1 — X2)
= 2(X1 —xz)z — 2([12 + 11t + 122)

6 Equivalently, since the entire algebra lives in even cohomological degrees, we show that it is not
supercommutative.
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Thus
1. x0] ¢ (t1.12) - (X % x?) and  [x1.x0] & (11.12) - A

It follows that [aio), ail)] £ 0. i
Corollary 10.5. There exists a nonzero scalar A € Q such that [agl), ago)] = )\ago).

Proof. In [10], it is shown that, for a general (symmetric) QP (Q’, W’), the CoHA
A QW is a filtered algebra, for the perverse filtration defined by setting

Pn,A)Q/’W/ = H(M(Q/), ‘L’SnJHi(]SQ—r(W/)JEmQ(Q/)(Q)),

and the associated graded algebra is supercommutative. In particular, [agl), ago)] € P3AQ‘ W
since oz((l,’) e p% HAQ‘ W here we have used commutativity of the associated graded object,
along with the calculation3 4+ 1 —1 = 3.

Via (3.1), for general (symmetric) quiver Q” with potential W’, P3AQ/,W/ is spanned by

(BPSg/ ,w/[—1]) » (BPSg/ w/[-1]), BPSg/ w/[-1] and BPSg/ w/[-3].
So P3A’Q‘J;ﬁ/,2 is spanned by ago) * ago)’ océo), aél), which have cohomological degrees
—4, =2, 0, respectively. The cohomological degree of [agl),ago)] is —2. By Lemma 10.4,
agl), ozgo)] = 0, and the result follows. i

A version of the following result is to be found in [24]. Using ideas from the proof of
Corollary 10.5, we give an alternative proof.
)
1

Proposition 10.6. The Q-vector space § C A oy, Spanned by the elements ;" is

closed under the commutator Lie bracket, and there is an isomorphism U(g) =~ A Ot

Proof.  Set O = Qjo;. The final statement follows from the first statement and the PBW
theorem (Theorem D) for sy, . For the first statement, we consider the perverse filtration from
the proof of Corollary 10.5. Then P! @G, w has a basis given by monomials & = ozl.(lnl) e oel.(:”)
with Y2 _, (1 4 2n4) < I. On the other hand, the cohomological degree of such an element is
given by [a| =Y 7 _1(2ng —2). Set p = [al(e), oej(.f)]. As in the proof of Corollary 10.5, we
have

Be P2t T pan . |Bl =2e+2f 4.

So B can be written as a linear combination of elements & with

)
Bl =&l and > (1+2ng) <2e+2f +1.

a=1

But then > ) _;(2nq —2) = 2e + 2f — 4 since |o| = |B], and so 3s < 5. So we find s = 1,
as required. |

The same proof(s) demonstrate that Aﬁ"v is a universal enveloping algebra for some

Q or
a3V satisfying g%V =~ §[—2] (as graded Vectorjspaces).
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10.4. Torsion. We show that torsion-freeness of /¢ 11, can fail if we relax the condi-
tions on 7 in Theorem 10.2.

Proposition 10.7. Let T = C* be any one of the tori C§, C3, C5 acting with weights
(1,—1,0) or (1,0,—1) or (0,1,—1) on the three arrows a,a*,® of QOyo. Let § be one of
B, N,8N,88N, chosen so that the pushforward morphism ®: Aﬁ,n%,l — A,,HQMJ is
injective. Then the Hr xg1, (c)-module

—1
A1, 2 = HiG, ) (H o2 (0F. Q)

is not torsion-free. The natural map ®: Aﬁt’n o Az, 050 from the cohomological Hall alge-
bra to the shuffle algebra is not injective.

Forff =0, N,8N,88N, we have that ,M(Q\J;r)ﬁ = Al fori = 3,1,2,2, respectively,
and the condition on @ is just that the equivariant Euler class E of the normal bundle of the
inclusion A’ < A3 = M(Ojor)1 is nonzero.

Proof of Proposition 10.7.  Set Q = Qjo. Torsion-freeness is equivalent to the state-
ment that the morphism

HN 6, ) (o2 (0F. Q) - HIN G ) (X(0)2.Q)

is injective. We start with the ff = @ case. The commutator map

[' , ] 'A‘E,HQ,l ® 'A’t,HQ,l - CA‘C,HQ,Z

is nonzero since, by Lemma 10.4, it is nonzero after tensoring with (Hr / H%z). Writing
Ao = H(A®.Q) @ H(BC™. Q) ® H(BT.Q) = Q ® Q[u] ® Q[1].

we have seen that [1,u] # 0. For T = (Cl* with [ = 1,2, 3, the shuffle algebra A § is com-
mutative; e.g. for the CJ case, from the equalities Eq«(z) = z and E4(z) = —E,(—z) fora
the unique arrow in Q, it follows that /4 ¢ is commutative. So ®>(Im([-,-])) = 0 and P, is
not injective, proving both parts of the proposition.

Now let f # @ and E # 0. Then the image of the algebra homomorphism

#
AT,HQJN - eAl"”l-IQJOI’ ’

restricted to Ag,n PIRE contains the elements £, Eu. Then (in /A, 11 01,,,2) We have
[E, Eu]l = E[1,u] #0

since A,,HQJ(’r,z is free as a Q[¢]-module. In particular, [ -, - ]: Aﬁ,,HQ a1® AQ,HQ,I — AQ,HQ,Z
is nonzero, and the proof continues as in the ff = ¥ case. O
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