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Abstract: We can construct a real line bundle arising from the locally conformal Kähler (LCK) structure over
an LCK manifold. We study the properties of this line bundle over an LCK solvmanifold whose complex
structure is left-invariant. Mainly, we prove that this line bundle L over an LCK solvmanifold GΓ\ with left-
invariant complex structure is flat and G has a global closed 2-form, which induces an Hermitian structure on
the holomorphic tangent bundle twisted by the line bundle �� = ⊗L L if the Lee form is cohomologous to a
left-invariant 1-form on G.
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1 Introduction

An Hermitian manifold ( )M J g, , is called a locally conformal Kähler (LCK) manifold if g can be made Kähler
locally by a conformal change. Some well-known complex manifolds admit no Kählerian metric, but admit an
LCKmetric. The main non-Kähler examples of LCKmanifolds are complex Hopf manifolds, Inoue surfaces, and
the Kodaira-Thurston manifold [3]. Inoue surfaces and the Kodaira-Thurston manifold have a structure of
solvmanifold GΓ\ with a complex structure, which is induced from a left-invariant complex structure on a
solvable Lie group G, where Γ is a lattice in G [4].

In this study, we consider the line bundle arising from an LCK structure over a solvmanifold GΓ\ , where a
solvmanifold means a quotient space of a simply connected solvable Lie group G by a lattice Γ in G. A complex
structure J on GΓ\ is called left-invariant if it is induced by a left-invariant complex structure on G. We will
prove the following theorem (for the definition of Lee form, see Section 1).

Theorem 1.1. Let ( )G g JΓ\ , , be an LCK solvmanifold such that J is left-invariant and α the Lee form. Assume that
there exists a left-invariant closed 1-form α0 such that [ ] [ ]=α α0 in ( )H GΓ\dR

1 . Let f be a function on G that satisfies
=α df0 and ( ) =f e 0. Then, the real line bundle L arising from the LCK structure over GΓ\ satisfies the following

properties:
(1) L is a flat line bundle, which is trivial as a ∞C -line bundle.
(2) The LCK structure induces a global closed 2-form Ω̃ on G, which satisfies the following conditions:

(a) ( )= −L e*Ω̃ Ω̃g
f g , where Lg is the left translation by ∈g G.

(b) Ω̃ induces an Hermitian structure on the complex vector bundle �( ) ⊗+T G LΓ\ , where ( )+T GΓ\ is the
holomorphic tangent bundle of GΓ\ .
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(3) The global 1-form = −∂ω f is the connection form of the canonical connection on �L with Hermitian structure

= −h e f with respect to a frame = −s e f
1

2 . In particular, ω satisfies + = −ω ω α¯ 2 .

We also prove a converse of this construction of a flat line bundle from an LCK solvmanifold in Section 3.

2 Preliminaries

Let E be a ∞C complex vector bundle over a complex manifold M . An Hermitian structure on E is a ∞C field of
Hermitian inner products on the fibers of E .

Let ( )M J g, , be a compact Hermitian manifold. Let Ω be the fundamental 2-form on ( )M J g, , , i.e., the 2-
form defined by ( ) ( )=X Y g JX YΩ , , . Then, ( )M J g, , is an LCK manifold if there exists an open cover { }Ui and a
family { }f

i
of ∞C functions �⟶f U:

i i so that each metric

( ) ∣= −g f gexp
i i Ui

is Kählerian [3]. Then, we have the fundamental closed 2-formΩi onUi. From {( )}U f,i i
, we can define a mapping

�∩ ⟶ +ρ U U:
ij i j by ( )= −ρ e

ij

f f
i j

1

2 . Thus, we can consider the line bundle L whose family of transition func-
tions is { }ρ

ij
. Let �L be the complexification of L. Because =− −e ρ ef

ij

f
i j

1

2

1

2 , which means that = −s e f
i

1

2 on Ui is a
global ∞C -section, this line bundle is trivial as a ∞C -line bundle. It is well-known that an Hermitian manifold
( )M J g, , is LCK if and only if there exists a globally defined closed 1-form α such that = ∧d αΩ Ω, the closed 1-
form α is called the Lee form. Indeed, if ( )M J g, , is an LCK manifold, then =α df

i
on Ui is a global 1-form.

Because ∣ ∣ =− −e ρ ef

ij

f2
i j, we can define an Hermitian structure h on �L by

( ) ∣ ∣( )= −h ζ ζ e ζ, ,x i i
f x

i
2

i

where ∈ ⊂x U Mi , � �∈ ≅ζ T Li x . Assume that �L is a holomorphic line bundle. Then, we can consider the
canonical connection on �( )L h, . Thus, the connection form ω of the canonical connection on �( )L h, with
respect to this frame −e f

i

1

2 is

= − ∂ = −∂−ω h h f U, on .
i i

1

The curvature form R is = ∂ = −∂∂R ω f¯ ¯
i
. Note that { }⊗g h

i i is an Hermitian structure on �⊗+T M L . In the next
section, we will show that, roughly speaking, if an LCK solvmanifold ( )G g JΓ\ , , satisfies some conditions, then
{ }⊗g h

i i induces a closed 2-form on G.
Next, let M be a real manifold. Given a representation

�( ) ( )⟶ρ π M GL r: , ,1

we can construct a vector bundle E by setting

�= ×E M̃ ,ρ
r

where M̃ is the universal covering of M and �×M̃ ρ
r denotes the quotient of �×M̃ r induced by the action of

( )π M1 given by

� �( ) ( ( ) ( ) ) ( )∈ × ⟼ ∈ × ∈γ x v M γ x ρ γ v M γ π M: , ˜ , ˜ ,r r
1

(We are considering ( )π M1 as the covering transformation group acting on M̃ ). The vector bundle defined by
above is said to be flat ([6, page 4]).
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3 Construction of the flat line bundle

In this section, we prove that the complex line bundle arising from the LCK structure over an LCK solvmanifold
is flat.

Let ( )G g JΓ\ , , be an LCK solvmanifold such that J is left-invariant, and α the Lee form. We now assume
that there exists a left-invariant closed 1-form α0 such that [ ] [ ]=α α0 in ( )H GΓ\dR

1 . We use the same notation α0

for the 1-form on GΓ\ induced by this left G-invariant 1-form α0 on G. This assumption holds for completely
solvable solvmanifolds according to Hattori’s theorem [5].

From the assumption [ ] [ ]=α α0 in ( )H GΓ\dR

1 , we have

− =α α dϕ,0

where ( )∈ ∞ϕ C GΓ\ . Let π be the natural map from G to GΓ\ . Then,

− =π α α dπ ϕ* * .0

It is known that a simply connected solvable Lie group is homeomorphic to some Euclidean space ([2, page
668]). Therefore, for π α* , α0, there exist ( )∈ ∞F f C G, such that

= =π α dF α df* , .0

We may assume that ( ) =f e 0 without the loss of generality. Therefore, we have a relation

− = +F f π ϕ c* ,

where c is the constant. Because α0 is left-invariant, we have

( )− = − =L α α d L f f* * 0.g g0 0

Thus, we have
( )− =L f f φ g* ,g

which means that ( ) ( ) ( )− =f gh f h φ g for ∈g h G, . Let =h e. Then, we have ( ) ( )=φ g f g . Hence, we have

( ) ( ) ( )= +f gh f g f h ,

for ∈g h G, . Put

( ) ( )= ⎛
⎝

⎞
⎠ρ g f gexp

1

2
.

Then, �⟶ +ρ G: is a homomorphism. Thus, we define an action of Γ on �×G by

( ) ( ( ) )⋅ = ⋅γ g v γ g ρ γ v, , .

Hence, we have a real flat line bundle

�( )= × ⟶L G GΓ\ Γ\ .

Note that −e π g*
F is a Kähler metric on G. Indeed,

( ) = − ∧ + ∧ =− − −d e π e dF π e π α π*Ω *Ω * *Ω 0.F F F

Because ⟶π G G: Γ\ is the universal covering, we can consider that −e π g*
F is a Kähler metric on ( ) ≅π U U ,

whereU is an open set ofG, which is mapped homeomorphically onto ( )π U . Therefore, the line bundle arising
from this LCK structure is �= ×L G~\CK , where

( ) ( ) ( ( ) ( ))⇔ = ⋅ = ⋅ − ∈g v h w h γ g w F γ g F g v γ, ~ , , exp
1

2
, Γ.

Indeed, assume that U and V are the open sets of G that are homeomorphic to ( )π U and ( )π V , respectively.
Assume that ( ) ( ) ( )∈ ∩π g π U π V and ∈g U . Then, there exists a unique ∈γ Γ such that ⋅ ∈γ g V . Moreover,

−e gF and −e gL F*
γ induce Kähler metrics on ( )π U and ( ) ⊂π V GΓ\ , respectively. Because
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( ( ) ( )) (( ( ) ( ) ) ( ( ) ( ) ))

( ( ) ( )) ( )

⋅ − = ⋅ + ⋅ + − + +

= ⋅ − = ⎛
⎝

⎞
⎠

F γ g F g f γ g π ϕ γ g c f g π ϕ g c

f γ g f g f γ

exp
1

2
exp

1

2
* *

exp
1

2
exp

1

2
,

this line bundle L coincides with LCK . Note that L is trivial as a ∞C -line bundle, because ∣ρ Γ can be extended to
�⟶ +ρ G: . Because L is a real flat line bundle, �L is a holomorphic flat line bundle.

4 Properties of the flat line bundle

In this section, we consider the properties of the line bundle arising from the LCK structure over an LCK
solvmanifold.

Let ( )G g JΓ\ , , be an LCK solvmanifold such that J is left-invariant, and α the Lee form such that there
exists a left-invariant closed 1-form α0 such that [ ] [ ]=α α0 in ( )H GΓ\dR

1 . Because α and α0 are cohomologous,
there exists a functionϕ on GΓ\ such that − =α α dϕ0 . Hence, we define an inner product ⟨ ⟩, on the Lie algebra
g of G by

⟨ ⟩ ( )( )∫= −X Y e g X Y dμ, , ,ϕ

for g∈X Y, , where dμ is the volume element induced by a bi-invariant volume element on G. Let Ω be the
fundamental 2-form of ( ⟨ ⟩)G JΓ\ , , , . Belgun [1, Proof of Theorem 7] proved that ( ⟨ ⟩)G JΓ\ , , , is also an LCK
solvmanifold. Therefore, from now on, we assume that the LCK structure Ω is left-invariant.

Let ( ) ( )= ⎛
⎝

⎞
⎠ρ g f gexp

1

2
, where = =α π α df*0 as in Section 2. Put

( ) ( )= =− −ρ g eΩ̃ Ω Ω .g g
f g

g
2

It is obvious that this 2-form Ω̃ is a closed 2-form on G, which induces an Hermitian structure on the vector
bundle �( ) ⊗+T G LΓ\ by the definition of LCK structure. Indeed, let g g�⊂+ be the −1 eigenspace of the
complex structure. Let us consider the following ∞C -section �( ( ) )∈ ⊗∞

++s G T G LΓ ,Z over G defined by

( ) ( )⟼ ⋅ ++s g ρ g Z: ,Z g

for g∈+ +Z . Note that +
Zg and ⋅

+
Zγ g are identified on ( )( )

+
T GΓ\π g . Because

( ) ( ) ( ) ( ) ( )⋅ ⟼ ⋅ ⋅ = ⋅ ⋅+
⋅

+
⋅+s γ g ρ γ g Z ρ γ ρ g Z: ,Z γ g γ g

each +sZ induces a ∞C -section of �( ) ⊗+T G LΓ\ over GΓ\ . Then,

( ( ) ( ) )

( )

( )

( ( ) ( ) )

( ) ( )

( ) ( )

⋅ ⋅ = ⎛
⎝

⎞
⎠

=

=

=

⋅ ⋅
+

⋅
+

⋅
⋅

⋅
+ ⋅

⋅
+

+ +

+ +

+ +

ρ γ g Z Jρ γ g W e Z Je W

Z JW

e Z Je W

ρ g Z Jρ g W

Ω̃ , Ω̃ ,

Ω ,

Ω̃ ,

Ω̃ , ,

γ g γ g γ g γ g
f γ g

γ g
f γ g

γ g

g g g

g
f g

g
f g

g

g g g

1

2

1

2

1

2

1

2

for g∈+ + +Z W, . Thus, Ω̃ induces an Hermitian structure on the complex vector bundle �( ) ⊗+T G LΓ\ .
Meanwhile,

( )= = ∧ + =− − −d d e de e dΩ̃ Ω Ω Ω 0,f f f

on G. This proves Theorem 1.1.
From the aforementioned argument, we consider the following concept.
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Definition 4.1. Let ( )G J, be a simply connected solvable Lie group such that J is left-invariant and Γ a lattice in
G. Let �⟶ +ρ : Γ be a homomorphism. Let �( )= × ⟶L G GΓ\ Γ\ be the line bundle defined by the action

( ) ( ( ) )⋅ = ⋅γ g v γ g ρ γ v, , . We say that �( ) ⊗+T G LΓ\ has a closed twisted Hermitian form, which is induced by a
closed ( )1, 1 -form Ω̃ on G if a closed ( )1, 1 -form Ω̃ on G induces an Hermitian structure h on �( ) ⊗+T G LΓ\ by
defining

�( ) ( ) ( ( ) )( ) ( )= ∈ ⊗+ + +h v w Z JW v w T G L, Ω̃ , ¯ for , Γ\ ,π g g g g π g

where g∈+ + +Z W, satisfy ( ) ( )= =+ +π Z v π W w
*

,
*

g g .

Conversely, we have the following proposition.

Proposition 4.2. Let ( )G J, be a simply connected solvable Lie group such that J is left-invariant and Γ a lattice in
G. Let �⟶ +ρ : Γ be a homomorphism. Let �( )= × ⟶L G GΓ\ Γ\ be the line bundle defined by the action

( ) ( ( ) )⋅ = ⋅γ g v γ g ρ γ v, , . If
(1) ρ can be extended to a homomorphism �⟶ +ρ G˜ :

(2) �( ) ⊗+T G LΓ\ has a closed twisted Hermitian form, which is induced by a closed ( )1, 1 -form Ω̃ on G,

then ( )G JΓ\ , has an LCK structure.

Proof. Let = ρΩ ˜ Ω̃2 . Using the equations ( ) ( ) ( )⋅ = ⋅ρ γ g ρ γ ρ g˜ ˜ and

( ( ) ( ) ) ( ( ) ( ) )⋅ ⋅ =⋅ ⋅
+

⋅
+ + +

ρ γ g Z Jρ γ g W ρ g Z Jρ g WΩ̃ ˜ , ˜ Ω̃ ˜ , ˜ ,γ g γ g γ g g g g

for g∈+ + +Z W, , we have

( ) ( )=⋅ ⋅
+

⋅
+ + +

Z JW Z JWΩ , Ω , .γ g γ g γ g g g g

Because =dΩ̃ 0, = ∧−d ρ dρΩ 2 ˜ ˜ Ω1 . □

Example 4.3. (Kodaira-Thurston manifold) Let us consider the following nilpotent Lie group and its lattice:

� �[ ]
⎪

⎪

⎪

⎪
=

⎧
⎨
⎩

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ ∈

⎫
⎬
⎭

=
⎧
⎨
⎪

⎩⎪

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

∈ −
⎫
⎬
⎪

⎭⎪
G

z w

z z w

μ ν

μ μ ν

1 ¯

0 1

0 0 1

; , , Γ

1 ¯

0 1

0 0 1

; , 1 .

The manifold GΓ\ is called the Kodaira-Thurston manifold. We consider the global complex coordinate system
on G defined by

( )

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ ⟼

z w

z z w

1 ¯

0 1

0 0 1

, .

Thus, �≅G 4 as a ∞C manifold. Then,

=
∂
∂

+
∂

∂
=

∂
∂

Z
z

z
w

W
w

¯ , and

are left G-invariant vector fields on G. Put

= = −ω dz ω dw zdz, ¯ .z w

Because ωz and ωw are left G-invariant ( )1, 0 -forms,

( )= − ∧ + ∧ω ω ω ωΩ 1 ¯ ¯z z w w

induces an Hermitian metric on GΓ\ . Consider the function defined by
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( ) ∣ ∣= + −f z w w w z, ¯ .2

Then,

(( ) ( )) ∣ ∣ ( ∣ ∣ )⋅ = + − + + −f a b z w w w z b b a, , ¯ ¯ .2 2

Thus, we have =L df df*
g . We also have

( )= + ∧ = ∧d ω ω dfΩ ¯ Ω Ω.w w

Hence, Ω is an LCK structure on GΓ\ . Put

( ) ( )=ρ z w e, .f z w,
1

2

Then, we can easily see that �⟶ +ρ G: is a homomorphism, because ( ) =f 0, 0 0. Thus, we have a real flat line
bundle

�( )= × ⟶L G GΓ\ Γ\ .

We also see that a closed 2-form

(∣ ∣ )( )( )= = − − − ∧ + ∧−e z w w ω ω ω ωΩ̃ Ω 1 exp ¯ ¯ ¯
f z w

z z w w
, 2

on G induces an Hermitian structure on �( ) ⊗+T G LΓ\ . The connection form of the canonical connection on �L

is −ωw.

Remark 4.4. The line bundle arising from the LCK structure over a Hopf surface has the same properties as
LCK solvmanifolds, even though they are not homeomorphic to solvmanifolds.

Let �{ ∣ }= ∈kΓ 2k . Consider the action of Γ on � { }= −D 02 defined by ( ) ( )↦z z z z2 : , 2 , 2k k k
1 2 1 2 . The

quotient space � { }− ∕0 Γ2 is called a Hopf surface. A Hopf surface has an LCK structure induced by

∣ ∣ ∣ ∣
( )

−
+

∧ + ∧
z z

dz dz dz dz
1

¯ ¯ .

1
2

2
2 1 1 2 2

The Lee form α is

∣ ∣ ∣ ∣
( ) (∣ ∣ ∣ ∣ )=

−
+

+ + + = − +α
z z

z dz z dz z dz z dz d z z
1

¯ ¯ ¯ ¯ log .

1
2

2
2 1 1 1 1 2 2 2 2 1

2
2

2

Thus, the line bundle �L arising from this LCK structure is a flat line bundle such that the connection form is
(∣ ∣ ∣ ∣ )= ∂ +ω z zlog 1

2
2

2 . Indeed, put

( ) (∣ ∣ ∣ ∣ )= +f z z z z, log .1 2 1
2

2
2

Because ( ( )) ( )− = −f z z f z z2 , , 2 log2k k
1 2 1 2 ,

( ( )) ( )
⎛
⎝ − ⎞

⎠ = −f z z f z zexp
1

2
2 , , 2 .k k

1 2 1 2

Therefore, we consider the action ( ) = −ρ 2 2k k of Γ on � . Then,

�� = ×L DΓ\ ,

where Γ acts �×D by ( ) ( ( ) )⋅ = ⋅z v z ρ v2 , 2 , 2 .k k k
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