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Abstract: Recently, Dinew and Popovici introduced and studied an energy functional F acting on the metrics
in the Aeppli cohomology class of a Hermitian-symplectic metric and showed that in dimension 3 its critical
points (if any) are Kdhler. In this article we further investigate the critical points of this functional in higher
dimensions and under holomorphic deformations. We first prove that being a critical point for F is a closed
property under holomorphic deformations. We then show that the existence of a Kahler metric w in the Aeppli
cohomology class is an open property under holomorphic deformations. Furthermore, we consider the case
when the (2, 0)-torsion form p% © of w is d-exact and prove that this property is closed under holomorphic
deformations. Finally, we give an explicit formula for the differential of F when the (2, 0)-torsion form p2; °
is 0-exact.
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1 Introduction

Let X be a compact complex manifold with dimcX = n and w a Hermitian metric on X. This means that
w € CT 1(X,C)and w > 0. Let us recall the following standard definitions.

Definition 1.1. (i) w is called Kdhler if dw = 0. We say that X is a Kdhler manifold if there exists a Kdhler
metric w on X.
(ii) w is called Hermitian-symplectic (H-s) if there exists p>© € C3 o(X, C) such that

d(pz’ b w+ po’ =0, (1.1)

where p® 2 := p2:0. We denote Q = p*>° + w + p* ? the corresponding completion of w. We say that X is
a Hermitian-symplectic manifold if there exists a Hermitian-symplectic metric w on X.

(iii) w is called SKT (pluriclosed) if 9w = 0. We say that X is a SKT manifold if there exists a SKT metric w on
X.

(iv) wis called balancedif dw™! = 0. We say that X is a balanced manifold if there exists a balanced metric w.

By a holomorphic family of compact complex manifolds we mean a proper holomorphic submersion 7 : X —
B between complex manifolds X and B. This means that for every t € B, X; = n () is a compact complex
submanifold of X. From now on we denote (X;);cp as a holomorphic family of compact complex manifolds
instead of referring to 7 : X — B. If B is simply connected then by Ehresmann’s theorem (see [7]) all fibers X;
are diffeomorphic. So X can be considered as a C** manifold X equipped with a holomorphic family (J¢);cp
of complex structures (X, (J¢)¢cp)).- From now on B is an open ball containing the origin in C™.
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One of the key theorems in deformation theory is the following statement by Kodaira and Spencer. The state-
ment of the theorem is as follows.

Theorem 1.2. ([14], Theorem 15) Suppose (X):cp is a holomorphic family of compact complex manifolds. If X,
is a Kdhler manifold, then any X; for all t close enough to 0 is again a Kdhler manifold.

Two important and commonly used concepts in deformation theory are openness and closedness proper-
ties. The following terminology was introduced in [16]. Suppose (X¢);cp is @ holomorphic family of compact
complex manifolds.

(i) A given property (P) of a compact complex manifold is said to be open under holomorphic deformations
if
Xo has property (P) = X; has property (P), for t € B sufficiently close to 0.
(i) Agiven property (P) of acompact complex manifold is said to be closed under holomorphic deformations
if
X; has property (P) for t € B\ {0} sufficiently close to 0 = X, has property (P).

So by Theorem 1.2, the property of being a Kdhler manifold is open under holomorphic deformations.
However it is proved by H. Hironaka in [9] and [10] that the K&hler property is not closed under holomorphic
deformations.

The class of Kdhler metrics is not the only class that is open under holomorphic deformations. In
[18], Popovici showed that the strongly Gauduchon property is open under holomorphic deformations
as well, but it is not a closed property by Proposition 3.4 in [23]. The notion of a strongly Gauduchon
manifold was introduced by Popovici in [17]. Recall that w is called strongly Gauduchon if ow™! is 0-exact
and, we say that X is said to be strongly Gauduchon manifold if there exists a strongly Gauduchon metric on X.

However, the openness property for an arbitrary class of metrics does not always hold. As a famous
example, consider a holomorphic family of compact complex manifolds (X;);cp, and suppose wy is a
balanced metric on X.

In [1], it is shown that the balanced property is not open under holomorphic deformations. Alessandrini and
Bassanelli pointed out the counter-example of the Iwasawa manifold endowed with the holomorphically
parallelizable complex structure.

The closedness property for balanced metrics does not hold either. In [3], M. Ceballos, A. Otal, L. Ugarte
and R. Villacampa constructed a holomorphic family of compact complex manifolds (X;);cp such that for
t € B\ {0}, X, is a balanced manifold, but the central fiber X, does not admit any strongly Gauduchon metric
(so it doest not admit any balanced metric).

Another example is that of class SKT manifolds. The behavior of this class of manifolds under holo-
morphic deformations is the same as the class of balanced manifolds. This means the SKT property is
neither closed nor open under holomorphic deformations. See for example Proposition 3.1 for openness and
Proposition 3.4 for closedness in [23] (see also [8] for closedness).

Another class of manifolds that has drawn a lot of attention is the one of 09-manifolds because they
satisfy the Hodge decomposition and the Hodge symmetry. Recall that X is called a 09-manifold if and only
if for every d-closed pure-type form u on X the following exactness properties are equivalent (the conclusion
of 39-lemma):

u is d-exact & u is 0-exact < u is d-exact < u is do-exact.

In [24] C.C. Wu proved that the d0-property is open under holomorphic deformations.
In fact, if one considers a holomorphic family of compact complex manifolds (X¢);cp and supposes that
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the central fiber X, is a 00-manifold then both the SKT and the balanced properties become open under
holomorphic deformations.

In a more general setting, we do not consider our manifolds to be d9-manifolds. The main class of met-
rics that we discuss in this article is that of Hermitian-symplectic metrics. In dimension 2 any Hermitian-
symplectic manifold is Kihler (see [21]) but in higher dimensions, the following question is still open.

Question 1.3. ([21], Question 1.7]) Do there exist non-Kdhler Hermitian-symplectic complex manifolds X with
dim(cX > 3?

In [25], S. Yang proved that the property of having a Hermitian-symplectic metric is open under holomorphic
deformations (see also [2]). But it is not a closed property under holomorphic deformations by Theorem 3.8
of [23].

In Definition 1.1 (i) Q is not of type (1, 1) and p?' ° is not unique. One can find a unique (2, 0)-form such that
has the minimal Ltz,,-norm among such all forms, which we call the (2, 0)-torsion form of w and it is denoted

by pg; °.

The main discussion of this article is based on [6], where Dinew and Popovici introduced the Dinew-
Popovici energy functional. Let wo be a fixed Hermitian-symplectic metric on X. They define 8, as fol-
lows

S{we} = {Wo + iy + Ouo | ug € CT, (X, C) such that wo + dilp + oup > 0}.

The definition of Dinew-Popovici energy functional F is given by

FiStuy = [0, v00),  F)= [ 195 dVa = o3Il 1.2
X

where w € 8y, and p2; % is the (2, 0)-torsion form of w, while | |, is the pointwise norm and || ||, is the L?
norm induced by w.

When the dimension of X is 3, the critical points for F are exactly the Kahler metrics in the Aeppli cohomol-
ogy class of wg. In Theorem 1.4 we show that this property is open under holomorphic deformations in any
dimension. In other words, we prove the following

Theorem 1.4. Suppose B is an open ball in C™ containing the origin and (X¢);cp is a holomorphic family of
compact complex manifolds of complex dimension n satisfying the following conditions:

1) forevery t € B, X, is equipped with a Hermitian-symplectic metric w; and the family (w¢)¢cp is a C>-family
of (1, 1)-forms,
2) fort =0, wg is a Kdhler metric on X.

Then after possibly shrinking B about 0, there exists a family of (1, 1)-forms (@¢);cp such that

a) @¢ € {w¢}a, where {w;}, is the Aeppli cohomology class of wy,
b) @ is a Kdhler metric on X; for every t € B,

c) o = wo,

d) (@¢)tep is a C* family of metrics.

By Theorem 1.2, the open property for Kdhler metrics is known. But the way that we constructed the C* family
of Kdhler metrics (@;)¢p is different. The new result of Theorem 1.4 is that we have constructed a Kdhler metric
in a specific Aeppli cohomology class.

In higher dimension, dimcX > 3 the following question is still open

Question 1.5. When dimcX > 3, are the critical points of the Dinew-Popovici energy functional F : S,y —
[0, +o0) exactly the Kdhler metrics in the Aeppli cohomology class of wq?
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We give a partial answer to this question in Proposition 1.6 and Corollary 1.7. Precisely we show that

Proposition 1.6. Suppose that (X, w) is a compact complex Hermitian-symplectic manifold of dimension n.
Fixan w € Syypy- If p2 0 = 0¢&, for some (1, 0)-form &, _then tlze differential at w of the Dinew-Popovici energy
functional F defined in equation (1.2) evaluated on v = 0& + 0é is

dwF(y) = 2||p5°|% + zRe/F).f APE° A PZ O A wys. (1.3)
X

From this we get the following
Corollary 1.7. Under the assumptions of Proposition 1.6 if

(i) wis a critical point for F, and
(ii) the (2, 0)-torsion form p%° = 0¢ such that 0¢ is weakly semi-positive,

then w is a Kdhler metric on X.

Moreover, in Proposition 1.8, we prove that the property of being a critical point for F is closed under holo-
morphic deformations. Precisely, we prove the following proposition.

Proposition 1.8. Suppose (X;):cp is a holomorphic family of compact complex manifolds, (w¢);cp is a C* fam-
ily of Hermitian-symplectic metrics on (X¢)¢cp and (Fy):cp is the associated family of Dinew-Popovici energy
functionals F¢ : 8,3 — [0, o) (see section 2.3). If after possibly shrinking B about 0,

(1) foreveryt e B\ {0}, w; is a critical point in Fy,
(2) foreveryt € B, hgc, ¢ = hpc, o, where hgc, ; is the dimension ong’Cz(Xt, ),

Then wy is a critical point for F.

In the above statement, Hg’cz (X¢, C)is the Bott-Chern cohomology group of bidegree (0, 2) of X; (see Defini-
tion 2.7). In section 2 we first give the definitions and tools to state the main results and in section 3 we state
our new results and prove them.

2 Preliminaries

In this section, we recall the required definitions, lemmas, and propositions that will be frequently used in
section 3.

Throughout this section, X is a compact complex manifold of dimension n equipped with a Hermitian metric
w. This means that w is a C* positive definite (1, 1)-form on X.

2.1 General background on complex geometry

This subsection contains some standard and well-known definitions and results in complex geometry. The
reader is referred to [4], [11], and [22] for further details.

First, we recall four different notions of positivity for differential forms. Let V be a complex vector space
of dimension n and (zq,...,zn) be a coordinate on V. We denote the corresponding basis of V by
(0/0z1,...,0/0zyn) and its dual basis in V" by (dz1, . .., dzn). Consider the exterior algebra

AVe =P APV, APV = APV @ ATV,
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Since V is a complex vector space, it has a canonical orientation, given by the (n, n)-form
1(2) =idzy AdZ1 A -+ ANidzn AdZn = 2"dx1 Adyi A -+ Adxn A dyn,
where z; = x; + iy;. In fact, if (w1, ..., wy) are other coordinates, we find
dwy A -+ Ndwn = det(ow;/0z)dzy A -+ A dzn,
T(W) = |det(aw]-/azk)|zr(z).

So one can define the notion of positivity as independent of local coordinates.

Definition 2.1. (1) A (q, q)-formv € A%9V" is said to be strongly semi-positive (resp. strongly strictly pos-
itive) if v is a convex combination

V= Zysias,l A SR WARERWA l'(Xs,q A Qs,q

where aj s € V" and s 2 0 (resp.ys > 0).
(2) A (p,p)formu e APPV" is said to be weakly semi-positive (resp. weakly strictly positive) if for all
ajeV',1<j<q=n-p,then

UNi@y A&y A+ Niag ANdg 20 (resp. u Aiay Ay A-++ ANiag Adg >0, Va;-0)
Remark 2.2. Locally, any Hermitian metric w is a strongly strictly positive (1, 1)-form. This means that at any
point x € X, we can choose a local holomorphic coordinate (z1, ..., zn) and an open set x € U C X, such that

w has the following representation
w = ZidZi A dz;.

Fortunately, the concepts of weakly semi-positive (resp. weakly strictly positive) and strongly semi-positive
(resp. strongly strictly positive) coincide in bidegree (1, 1) and (n - 1, n - 1).

Proposition 2.3. ([4], Chapter III, Proposition 1.11) If u,, ..., us are strongly semi-positive (resp. strongly
strictly positive) forms, then uy A - - - A us is strongly semi-positive (resp. strongly strictly positive) form.

For simplicity we recall the following notation.

Notation 2.4. Forany k € N,

It is obvious that dwy = dw A wy_; and dwy = dw A wj_;. Also, it is a well-known fact that for a Hermitian
metric w we have
oWk = Wnr,  Vke{l, ..., n}, 1)

where *, is the Hodge star operator induced by w. The following proposition plays an important role in our
discussion later.
Proposition 2.5. ([22], Proposition 6.29) If u € Cy’ 4(X, C) is primitive then

w+q)+prg
3

*u = (—1) ip_qa)n—q—p AU. (2.2)

Recall that a (p, g)-form u is primitive if L;,(u) = 0, where L}, is the adjoint of the Lefschetz operator Ly (u) =
w A U.
Now we mention four equations which one can easily check from equation (1.1).

Observation 2.6. If w is a Hermitian-symplectic metric then
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(i) dw =-0p%° and dw = -9p2; 2.
(i) 9p%° =0 and 0p%? = 0.
(i) w is Kdhler if and only if p% ° = 0.
(iv) 90w = 0.

Note that (i) and (ii) imply that if w is a Hermitian-symplectic metric then dw and ow are d-closed.
In order to define suitable cohomology groups for Hermitian-symplectic and SKT metrics, we recall the defi-
nitions of the Bott-Chern cohomology and the Aeppli cohomology groups.

Definition 2.7. Forevery p,q € {1, ... n} one defines:

(i) the Bott-Chern cohomology group of bidegree (or type) (p, q) of X as

ker 0 N ker 0

HZA(X, C) = —
s % O Im(09)
(ii) the Aeppli cohomology group of bidegree (or type) (p, q) of X as

ker(90)

H2 (X, C) = — =,
" ) Imo+Imo

where all the kernels and images are considered as C-vector subspaces of Cy, (X, C) according to the case.

From definitions 1.1 and 2.7 one can see if w is a Hermitian-symplectic (resp. SKT) metric then the Aeppli

(resp. Bott-Chern) cohomology class of w (resp. ow), which will be denoted by {w} 4 (respectively {dw}gc),
is well-defined.

In the following definition, we recall formal definitions of two elliptic self-adjoint operators and mention the
Hodge decompositions for Cy’ 4(X, C) of these operators.

Definition 2.8. Fixp, g € {1, ... n} then

(i) The Bott-Chern Laplacian operator A’E;Cq : Cp ¢(X, C) — Cp 4(X, C)is defined as follows
A9 :=0"0+ 079 +(0)"(99) + (99)(99)" +(379)"(979) + (979)(979)",

(ii) The Dolbeault Laplacian operator Ag’ 1:Cy (X, C) — Cy: 4(X, C) is defined as follows

A2 7:=99" +970.

SRS

It is worth mentioning that by the definition of the Bott-Chern Laplacian operators, it is a real self-adjoint
operator but the Dolbeault operator is not.

For each of the above operators, we have the following L2 two-space orthogonal decomposition for
Cp (X, ©)
@
Cp. (X, C) = kerAB.7 @ ImARY,
(i)
Cp, ¢(X, C) = ker A2 ¢ Im A% 9.

2.2 Background on deformation of complex structures

This subsection is a summary of some basic definitions and results on deformation of complex structures of
compact complex manifolds. Our main references for this part are [12], [13] and [14]. Also there are series of
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papers published by D. Popovici [6], [15], [19], [16], [17] and [20] which play a crucial role in this article, so we
recall some lemmas and propositions from them.

We recall the green operator of a self-adjoint elliptic operator. For every fixed p, q € {1, ..., n} suppose
E is a self-adjoint elliptic operator on Cy; 4(X, C), since X is a compact manifold ker E is a finite-dimensional
complex vector space. We denote by Pg : Cp’ 4(X, C) — ker E the L2 orthogonal projection. One can define
the Green operator of E, E™! : Cp, ¢(X, C) — ImE, such that

E'E(y) =EE' (7)) =v-Pp(y), v € CpqX, O).

If we restrict E to ImE then E is a bijection and so E™! : ImE — ImE is the inverse of this restriction. In
particular one can define, Pgc, P3, Agt, and Asl.

Thanks to [6] we have all tools to give the explicit formula for the (2, 0)-torsion form p2 © for any Hermitian-
symplectic metric w. Recall that, pﬁ; 9 is the unique (2, 0)-form such that has the minimal L2-norm among
such all forms that satisfy equation (1.1).

Lemma 2.9. ([6], Lemma and Definition 3.1) Suppose w is a Hermitian-symplectic metric on X and p2; °© is the
(2, 0)-torsion form of w. Then
050 = -Azt[0" 0w + 0700 dw]. (2.3)

Notice that in (2.3) by A,}lc we mean (A,zs’co -1, ;fO(X , C) — Im Apc. Also since Ap is a real operator (so
At s also real) we thus have

o2 = —Agt[0"dw + 0700 dw].
The following theorem gives us a criteria to determine whether these families are C* family of linear opera-
tors. This is the main key to proving Theorem 1.4.

Theorem 2.10. ([14]) Kodaira-Spencer fundamental theorem.
Suppose that (X¢)¢cp is a holomorphic family of compact complex manifolds.

(i) If the dim ker Apc ¢ : Cy, 4(X¢, C) — Cp, 4(X¢, C) (resp. dim kerA5’ ¢ ) is independent of t € B, then the
family (Ppc, ¢)tcp (resp. (P5 )iep) is a C™ family of linear operators.

(ii) If the dim ker Agc,; : Cp, ¢(X¢, C) — Cp 4(X¢, C) (resp. dim ker4; , ) is independent of t € B, then the
family (Age, )ees (vesp. (43" )ep) is a C*° family of linear operators.

2.3 Background on the Dinew-Popovici energy functional

This subsection is devoted to some definitions and results based on [6]. Throughout this section wq is a
Hermitian-symplectic metric on X which we consider as our background metric. The main goal of this sub-
section is to find the explicit formula for differential of Dinew-Popovici energy functional F in equation (1.2)
at w, where w € 8y, is a fixed Hermitian-symplectic metric.

Proposition 2.11. ([6], Proposition 3.5) The differential at w for F is given by the formula:
(dwF)(v) = -2 Re ((u, 0" w))w + 2 Re /u Aps P ApZ 0 Adwns (2.4)
X

for every (1, 1)-form v = ou + o1

In dimension 3, the term 2Re [ uApg ° ApZ ° Adw,-3 vanishes and we have (dwF)(7) = ~2Re (1, 0" w))o. If
X

w is a critical point for F and u = 0" w then one can see that 0" w = 0. This means that w is a balanced metric,
on the other hand w is SKT. So we conclude that w is Kdhler. Therefore in dimension 3 the critical points of F
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are exactly Kdhler metrics in the Aeppli cohomology class of wg.

Now consider a holomorphic family of compact complex manifolds (X¢)¢cp and (w¢)¢cp is a C* family of
Hermitian-symplectic metrics on (X¢);cp. This means that for every t € B, w is a Hermitian-symplectic metric
on X;. Therefore like (1.2) one can define a family of Dinew-Popovici energy functionals (F¢)¢cp, Ft : 8 {0} —
[0, =), as follows

Fr:84y — [0, +00),  Fi(@)) = / 15,13 AVa, = 1105, |15
Xt

where like the Equation (1.2) @ € 8 {w,) and pﬁ;{o is the (2, 0)-torsion form of @;, while | |g, is the pointwise
norm and || ||, is the L? norm induced by @;.

Henceforth if we fix any Hermitian symplectic @, € S, then for every ¢ € B one can define the differential
at w; of F; exactly like Proposition 2.11.

3 Results

This section is devoted to our new results based on [6]. We give a proof for Theorem 1.4. This theorem shows
thatif a compact complex manifold X admits a Hermitian-symplectic metric wq, then the existence of a Kahler
metric @q in the Aeplli cohomology class of wq is an open property under holomorphic deformations. Before
we present the proof of Theorem 1.4, we mention three theorems which play a crucial role in our proof.

Theorem 3.1. ([15], Theorem 4.1) Fix a compact Hermitian manifold (X, w). For any C* (p, q)-form v ¢
Im(90), the (unique) minimal L2-norm solution of the equation
oou =v

is given by the formula

u =(00) Agtv,

where AL is the Green operator of the Bott-Chern Laplacian A induced by w.

Theorem 3.2. ([24], Theorem 5.12) Let (X¢)¢cp be a holomorphic family of compact complex manifolds of com-
plex dimension n. If the central fiber X, is a 09-manifold, then after possibly shrinking B about 0, X; is a 09-
manifold for all t € B.

Theorem 3.3. (/5], Section 6) Every compact Kéihler manifold is a 00-manifold.

Proof of Theorem 1.4. Since w, is a Kdhler metric on X, by Theorem 3.3, X; is a d0-manifold, therefore by
Theorem 3.2 after possibly shrinking B about 0 one can assume that X; is a 00-manifold for every t € B. Let
us fixat € B, w; is a Hermitian-symplectic metric on X; then by Observation 2.6 in Section 2.1 one implies
that 0w is d-closed and 0;-exact. Since X; is a 09-manifold, o;w; is 9:0¢-exact. So the following equation

—atétut = ata)t. (31)

has at least one solution, u, for t € B. By Theorem 3.1 we are able to choose the minimal L2-norm solution
with respect to w; among all such u;. The minimal Lﬁ,t-norm solution of equation (3.1) is given by

upt" = —(atét)*ﬂélc,t(atwt), (3.2)

where A,}lc’t is the Green operator of the Bott-Chern Laplacian Ap, ; induced by w;, mentioned in Section 2.2.
Now we define,

@t = we + UM + opuf™",
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forall t € B.
By the construction of @;, one can see that

a[étd)t = atét(a}[ + atu{""” + 5tu;"i") = a[é[w[ =0.

Therefore {@¢} 4 is well-defined and by the definition of the Aeppli cohomology group, adding o,u™" and
5tu}”i” to w; does not change the Aeppli cohomology class of w¢. Hence @; € {w;}4, this proves (a).
Also for every t € B, @; is d-closed because

d(:)( = d(wt + atu?“'" + 5tuf”i”) = ata)[ + 5[0)( + 5tatu;"i" + a[(_)[ll{nin. (3.3)
Equation (3.2) implies that aétuTi" = -0:w;, put this in the equation (3.3) one can see that @; is d-closed.

On the other hand, the strict positivity of w, implies strict positivity of @, for all ¢ € B sufficiently close to 0,
henceforth @ is a strictly positive d-closed (1, 1)-form on X, this proves (b).

So we have a family of Kdhler metrics (&¢)¢cp on (X¢);ep. At t = 0, there are two Kahler metrics on Xg. One
of them is wg, which is given by assumption (2) and the other one is @ by our construction. Since wy is a
K&hler metric on X, dgwg = 0. Hence

ug™ = -(9090) " Ape,0(dowo) = 0.

So,

@o = Wo + U™ + doul™ = wo.

This means that these two metrics coincide on X, which proves (c).

For every t € B we denote by hgc, ((X;) the dimension of ker Agc,  (Agc, ¢ : C5 1(X¢, C) — €5 1(X;, ©)). Since
(X¢)ep, after possibly shrinking B about 0, is a holomorphic family of compact complex d9-manifolds, by
Theorem 5.12 in [24], hpc, (X¢) = hpc, 0(Xo) for every t € B. By Theorem 2.10 (ii) the family of linear operators
(A;}C, Jtep acting on (2, 1)-forms is a C* family of linear operators, therefore the family (u{"i”)te pisaC™
family of (1, 0)-forms, and since (w¢);cp is a C*° family of metrics one can say (@;) is a C** family of metrics,
this proves (d). O
We saw that in dimension 3, Kdhler metrics are the critical points for the Dinew-Popovici energy functional
F. So as a consequence of Theorem 1.4 one can get the following corollary.

Corollary 3.4. Suppose (X¢);cp is a holomorphic family of compact complex manifolds of dimension 3, (w¢)¢cp
is a C* family of Hermitian-symplectic metrics on (X¢);cp, and (Fy);cp is a family of Dinew-Popovici energy
functionals mentioned in section 2.3. If for t = 0, wq is a critical point of F, then after possibly shrinking B
about 0 there exists a C*= family of Kdhler metrics (@¢);cp such that for every t € B, @ € 8 {wy and @¢ is a
critical point of Fy and @q = wo.

Proof. The existence of a C* family of Kahler metrics (&);cp such that for every t € B each @; € 8 {we) and
@o = wo come directly from Theorem 1.4 and since the dimension of each X; is 3, @ being a Kahler for each
t € Bimplies that @, is a critical point of F; . O

By Corollary 4.2 of [6], in dimension 3 if w is a Hermitian-symplectic metric and the given Aeppli class
{w} 4 contains a Kahler metric wy, then its (0, 2)-torsion form p; 2 is d-exact. Therefore by Theorem 1.4 if the
given Aeppli class {w}, contains a Kdhler metric wy, then the d-exactness for pJ; 2 is an open property under
holomorphic deformations.

So it is natural to investigate the openness and the closedness properties of the (0, 2)-torsion form p% 2 in
higher dimensions.

In the following proposition we show that for a Hermitian-symplectic metric w, the d-exactness for the (0, 2)-
torsion form p?; 2 is a closed property under small holomorphic deformations in any dimension.

First, we fix some notations for next proposition. For every t € B let hgc,; = dimker 292

pe,eand hy o =

dim ker A éo,tz
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Proposition 3.5. Suppose that (X¢);cp is a holomorphic family of compact complex manifolds, (w¢);cp is a C*
family of Hermitian-symplectic metrics on (X¢);cp. If

(1) foreveryt € B sufficiently close to O, hgc, ¢ = hpc, o,
(2) forevery t € B sufficiently close to 0, hs = h3 o
(3) foreveryt € B\ {0} and sufficiently close to 0, the (0, 2)-torsion form pg’;f is 0;-exact.

Then

(a) the family (p,?;f),eB is a C* family of (0, 2)-forms,
(b) fort=0,the (0, 2)-torsion form pg,’oz is 0g-exact.

Before giving the proof of Proposition 3.5, we recall the following lemma which will be used in the proof.

Lemma3.6. ([19], p 11-12) Let (X, w) be an n-dimensional compact Hermitian manifold. For every p ¢
5(C3f2(X , C), the minimal L*-norm solution of the equation

0P =p

is given by the following Neumann formula
@ =0"(45"p, (3.4)

where (A 5)‘1 is the Green operator of the d-Laplacian A 5 induced by w.

Proof of Proposition 3.5. From equation (2.3) one sees that the p3; ° has the following form
2,0 _ -1 13* S* N 3
Pw, =—Apc, ¢[0: 0tw¢ + 0: 0401 Orwy],
for all t € B. By conjugating the above equation one can see that
pg,’tz = —Aélc, t[afétwt + a:étéiétwt], (3.5

for all ¢ € B. Note that in (3.5) we used the fact that Agc = Apc. Since hpc ¢ = hpc, o for ¢ sufficiently close
to the origin, by Theorem 2.10.(ii), the family (Aglc, Jtep of linear operators, acting on (0, 2)-form, is a C*°
family of linear operators. This means that the family (0%, ?);cp is a C** family of (0, 2)-forms. In particular
pg’f — pg’f, when t — 0. This proves (a).
By assumption (3) for every t € B\{0}, p,(,’;[z is 0;-exact. So after possibly shrinking B about the origin the
following equation

pa” = OBt (3.6)

has at least one solution f; in Cg’; (X¢, C) forevery t € B\{0}. By Lemma 3.6, we are able to choose the unique
solution among such B; with the minimal L?-norm induced by w;. Hence by equation (3.4), the minimal L>-
norm solution of equation (3.6) has the following form

. — % _ 1 _1<*
Pin = 51,0 0% L 45 10002, G7)

Where (I) is implied as follows

0"A5=0"(00" +070)=0"00" =0700" +00"0" = (00" +070)d" = 450".
By assumption (2) after possibly shrinking B about the origin, h 5.t = hy o forevery ¢t € B. Therefore by
Theorem 2.10 (ii) the family (Ag1 t)fE g is a C* family of linear operators acting on (0, 1)-forms. On the other
hand from (a) one can imply that the family (]og,’[z)t€ g is a C* family of (0, 2)-forms. Hence there exists a
Bo = (AB,O)‘léapS;OZ € €3 1(Xo, C) such that the family (B™),cp is a C* family of (0, 1)-forms. In other
words

lim BRI = B, (3.8)
t—0
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From equations (3.7) and (3.8) we get
3 EYRT) min (I=) .3 pmin (2) s N A, V1,.0,2 (IL_I) . 0,2
90Bo = 9o lim B¢ lim 0. lim 0t0t (45, ) P, lim py;, .

In the above equation, (I) comes from the fact that the family (0;) ;c is a C> family of smooth linear operators
so it commutes with lim, (I) comes from the definition of S™™ in equation (3.7) and finally, we have (III)
because

P’ =45, Ay 0% = (010 +0:01)(A; )0l
= 5t5:(ﬂa, D+ 5:(_%(1\5’ D%, (3.9)
first note that
0"0A35=0"0(0"0+00")=0"00"0=0"00"0+00"0"0=(0"0+00)0
s0 (43, ,)"' commutes with 0”9, hence in equation (3.9) one gets
5:5t(l\5, Dl = (45, 107032
and since 0¢pQ;, = 0, ;. 107 0:p3;? vanishes, so
5té;(A[)’ )P+ é;ét(Aé, Dl = 5t5:(A[), D%z
From (a) one can see that the family (p?;tz)te g is a C* family of (0, 2)-forms. Which means that
lim p;* = pu;”.

This proves (b). O
In Proposition 3.5, not only did we prove that the 0-exactness for the family pS;f is a closed property under
holomorphic deformations but also we showed that the family (8™");c5 of minimal L2, solutions is a C*
family of (1, 0)-forms and the existence of a minimal L, solution is closed property under holomorphic
deformations.

From now on we focus on the Dinew-Popovici energy functional F defined in section 1 and its critical
points. In the following we give a proof for Proposition 1.8. We show that for a fix Hermitian-symplectic met-
ric w being a critical point for Dinew-Popovici energy functional F is a closed property under holomorphic
deformations.

Proof of Proposition 1.8. From Proposition 2.11 for every t € B and for every (1, 1)-form ~; = J¢uys + Oy, ONE
gets

. -5 = w3
(dw, FO)(y) = =2 Re ({ur, 37 we))w, + 2 Re / ueApG° A PGS A Ot

Xe

Since w; is a critical point of F; for t € B\{0}, (dw,Ft)(y¢) = O for every 4 € CT*;(X;, C). Also by assumption
(2) and Proposition 3.5 the family (03, %), g is a C** family of (0, 2)-forms. It is obvious that the smooth J;-(1, 0)
forms u; on X; determine d, F¢. Define for every t € B,

T;: CT (X, C) — R Tt(ut) = Ge(ue) + He(uy),
where
Ge(ug) = -2 Re ((ur, O¢ wy))w,
and n-3
_ 2,0, 72,0 , 5 Wi
Ht(ut)—ZRe/ut/\pwt NPy, /\atm-

Xi
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In order to prove that wy is a critical point for Fy, it is sufficient to show that the family (T;);cp is a C*° family
of linear operators. Therefore it is sufficient to consider a C*° family of (1, 0)-forms (u;);cp and show that
T[(ut) =0forall t € B.
Now suppose that the C*° family of (1, 0)-forms (u¢);cp is given and B is sufficiently shrunk about the origin.
For every t € B,

o : CT1(Xt, C) — CT o(Xs, ©),

is a smooth linear operator and the family (0;)cp is a C> family of linear operators. Also for every t € B, the
map
(s w)w : CT1(Xe, C©) — C, ((» wola) = (@, wr))w,

is a smooth linear map and the family ({{ , w¢))w,)tep is @ C family of linear operators. So for every t € B,
G is a smooth linear operator and the family (G¢);cp is a C* family of linear operators. In other words

lim Ge(ur) = Go(uo) = =2 Re ((ug, dowo))w- (3.10)

We show that the family (H;);cp is a C* family of linear operators. First it is obvious that for every t € B, the
map
0t : Cpi3, n-3(Xt, C) — Cilz, na(Xs, ©),

is a smooth linear operator and the family (0¢);cp is a C** family of linear operators. On the other hand, the
5, ,n-3
family (w¢);ep is a C* family of metrics, henceforth the family (%)te gisa C* family of (n-3, n-2)-forms.

Also, assumption (2) allows us to employ Proposition 3.5 and say that both families (p?,’tz)te g and (pg’tz)tE B
are C* family of (2, 0)-forms and (0, 2)-forms respectively. Therefore for every t € B the map H; is a smooth
real-valued linear map and the family (H;);cp is a C*° family of linear operators. In other words,

. 2,0 : _ wn—3
lim Hiu) = Holuo) = Re / o 1 PE N PE A B0 0 31)
Xo
The smoothness of T; for every t € B is implied by the smoothness of G; and H;, and by equations (3.10) and
(3.11) one can get

To(ug) = lim T¢(u;) = lim G¢(uy) + lim H(u¢) = 0.
teB teB teB

Which means that wy is a critical point of Fy. O
In section 2.3 we saw that in dimension 3 the explicit formula for differential of the Dinew-Popovici energy
functional F a w is simpler than in higher dimensions. In the next result of this article we give a proof to
Proposition 1.6, where we compute the differential of F at w, when w is a fixed Hermitian-symplectic metric
on compact complex manifold X of dimension n and the (2, 0)-torsion form p2° is 0-exact.

Proof of Proposition 1.6. First note that since w € 8, it is a Hermitian-symplectic metric on X so the
(2, 0)-torsion form pZ; © satisfies, dw = —9pZ% © and dw = —9p2 ° and d0p2 ° = 0. On the other hand, since X
is a compact complex manifold it has no boundary so for every (n — 1, n)-form a and every (n, n - 1)-form

/aa=0 and /éﬁ=0
X X

by the Stokes’ theorem. From (2.4), one can observe that when ~ = 5{ + a;f the differential at w of F evaluated
on~is

(dwF)(7) = ~2Re (£, 3" w))w + 2Re / EAPEOADPLO A dwys.
X

First we compute ((¢, 0" w))y. By the definition of the L2 inner product (u A *¥ = (u, v)w»dVy), we have

(£, 0 w))w = / (£, 0" w)wdVy = / EA*w. (B.12)
b X

X
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By standard computation for the Hodge star operator — * * = id on odd-degree forms and by equation (2.1),

one gets
. - -
*Ow=-**0*w=0Wn_1,

hence by equations (3.12) and (3.13),

(6 3o = [ §730ns.
X
Now equation (3.14) allows us to compute ((£, 0" w))y. We get
(£, 3'w) w-/sAawn 1—/£Aawwnz— /-wpw A na.

By the Stokes’ theorem O = f 0 APEO A wny), s0

/a'{/\pw /\wnz_/‘f/\apw /\wnz—/f/\P N OWn-3.
Therefore,

/wpw Awnz—/mp Aawnz—/ampw A Wnoa.

X X

By assumption p,%;o = 0¢ so,

/aé’/\pw /\a)nz—/pw /\pw A Wp-2.

Since p2;° is a primitive form of bidegree (2, 0), we can apply (2.2) and we get:

/ P50 Np% 0 A = / P50 A %08 = (0%, 03N = 103°1-

Hence

/gAapw /\wnZ—/S/\p(u AawnZ_Hp HZ)

Now, the goal is to compute f 3 /\p /\awn » in equation (3.16). We get:
/é’/\p /\awnz—/{/\p ANOW A Wy-3 = - /{/\p ANOp%° A wns.

Again, by the Stokes’ theorem, f (& A p,,J O A p%° A wy_3) = 0and because op2 ° = 0, we have

/a‘f/\pw /\pa) N Wn- 3—/-{/\P /\apw /\wnB_/{/\p /\pw O A Own_3.

Therefore, from (3.18) and (3.17) one can deduce the following equation

/é’/\p AOWn-2 = - /af/\Pw /\pw N Wn- 3"'/‘{/\Pw /\pw O A dwns.
X X

By putting equations (3.15), (3.16) and (3.19) together we see that

-2 Re((¢, 0 w>>w_2Re/af/\pw /\pw N Wp- 3_2Re/£/\pw /\p(u /\éwn—3+2|‘ptzu’0”czu-

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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By adding 2Re [ & A 0% %A p2° A dwy_3 to equation (3.20) and by using (2.4) with u = ¢ we get the formula
b'e

(1.3). This proves the proposition. a

In formula (1.3), 2Re [ 0& A p3° A pg © A wn_3 is signless in general. However, if it supposes to be non-
X

negative one sees immediately that w is a Kdhler metric whenever it is a critical point for F. In the following
proof, we show that if d¢ is a weakly semi-positive (1, 1)-form then 2Re [ 0& A p5° A p3 ° A wp_3 is non-
X

negative.
Proof of Corollary 1.7. Since positivity is a pointwise property, one can fix a point x € X and local
coordinates (z1, ..., zn) centered at x such that w has the following shape

a)=Zidzi/\d2i at x

In particular, w is a strongly strictly positive (1, 1)-form. By Definition 2.1 (1) and Proposition 2.3, w,_3 is a

strongly strictly positive (n - 3, n - 3)-form. On the other hand by Example 1.2 of [4], forevery p € {1,...,n}
P

and any (p, 0)-form B, the (p, p)-form i’ B A B is weakly strictly positive. Hence the (2, 2)-form

4 2,0, 20 _ 20, 20

1Py APy =Puw NPy
is weakly strictly positive.
Since 55 is weakly semi-positive (1, 1)-form, there exist real non negative functions cq, ..., cn and (1, 0)-
forms a4, ..., an such that

éf = chiak A Q.

Therefore
OENPE APZO Nwns = cdag Ay A ps° ApE° A wns
=Y aps® A P50 Adag A @y A s
Note that by Definition 2.1 a; A & is strongly strictly positive (1, 1)-form forall k € {1, ..., n}. By Definition

212, cip° ApZ° Ay A &y A wy_3 is a weakly semi-positive (n, n)-form. Hence

2Re/z ckplz,,’0 /\pﬁ;o ANlag A Qg A Wp-3 = Z 2Re/ckp£,’0 /\pﬁ;o ANag AN ag N wnp-3 =0
X X

This proves the Corollary. O
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