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Abstract: Recently, Dinew and Popovici introduced and studied an energy functional F acting on the metrics
in the Aeppli cohomology class of a Hermitian-symplectic metric and showed that in dimension 3 its critical
points (if any) are Kähler. In this article we further investigate the critical points of this functional in higher
dimensions and under holomorphic deformations. We first prove that being a critical point for F is a closed
property under holomorphic deformations.We then show that the existence of a Kählermetricω in theAeppli
cohomology class is an open property under holomorphic deformations. Furthermore, we consider the case
when the (2, 0)-torsion form ρ2, 0

ω of ω is ∂-exact and prove that this property is closed under holomorphic
deformations. Finally, we give an explicit formula for the differential of F when the (2, 0)-torsion form ρ2, 0

ω
is ∂-exact.
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1 Introduction
Let X be a compact complex manifold with dimCX = n and ω a Hermitian metric on X. This means that
ω ∈ C∞1, 1(X,C) and ω > 0. Let us recall the following standard definitions.

Definition 1.1. (i) ω is called Kähler if dω = 0. We say that X is a Kähler manifold if there exists a Kähler
metric ω on X.

(ii) ω is called Hermitian-symplectic (H-s) if there exists ρ2, 0 ∈ C∞2, 0(X, C) such that

d(ρ2, 0 + ω + ρ0, 2) = 0, (1.1)

where ρ0, 2 := ρ2, 0. We denote Ω = ρ2, 0 + ω + ρ0, 2 the corresponding completion of ω. We say that X is
a Hermitian-symplectic manifold if there exists a Hermitian-symplectic metric ω on X.

(iii) ω is called SKT (pluriclosed) if ∂∂̄ω = 0. We say that X is a SKT manifold if there exists a SKT metric ω on
X.

(iv) ω is called balanced if dωn−1 = 0. We say that X is a balanced manifold if there exists a balancedmetric ω.

By a holomorphic family of compact complexmanifolds wemean a proper holomorphic submersion π : X →
B between complex manifolds X and B. This means that for every t ∈ B, Xt = π−1(t) is a compact complex
submanifold of X. From now on we denote (Xt)t∈B as a holomorphic family of compact complex manifolds
instead of referring to π : X → B. If B is simply connected then by Ehresmann’s theorem (see [7]) all fibers Xt
are diffeomorphic. So X can be considered as a C∞ manifold X equipped with a holomorphic family (Jt)t∈B
of complex structures ((X, (Jt)t∈B)). From now on B is an open ball containing the origin in Cm.
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One of the key theorems in deformation theory is the following statement by Kodaira and Spencer. The state-
ment of the theorem is as follows.

Theorem 1.2. ([14], Theorem 15) Suppose (Xt)t∈B is a holomorphic family of compact complex manifolds. If X0
is a Kähler manifold, then any Xt for all t close enough to 0 is again a Kähler manifold.

Two important and commonly used concepts in deformation theory are openness and closedness proper-
ties. The following terminology was introduced in [16]. Suppose (Xt)t∈B is a holomorphic family of compact
complex manifolds.

(i) A given property (P) of a compact complex manifold is said to be open under holomorphic deformations
if

X0 has property (P) ⇒ Xt has property (P), for t ∈ B sufficiently close to 0.

(i) A givenproperty (P) of a compact complexmanifold is said to be closedunder holomorphic deformations
if

Xt has property (P) for t ∈ B \ {0} sufficiently close to 0 ⇒ X0 has property (P).

So by Theorem 1.2, the property of being a Kähler manifold is open under holomorphic deformations.
However it is proved by H. Hironaka in [9] and [10] that the Kähler property is not closed under holomorphic
deformations.

The class of Kähler metrics is not the only class that is open under holomorphic deformations. In
[18], Popovici showed that the strongly Gauduchon property is open under holomorphic deformations
as well, but it is not a closed property by Proposition 3.4 in [23]. The notion of a strongly Gauduchon
manifold was introduced by Popovici in [17]. Recall that ω is called strongly Gauduchon if ∂ωn−1 is ∂̄-exact
and,we say that X is said to be stronglyGauduchonmanifold if there exists a stronglyGauduchonmetric on X.

However, the openness property for an arbitrary class of metrics does not always hold. As a famous
example, consider a holomorphic family of compact complex manifolds (Xt)t∈B, and suppose ω0 is a
balanced metric on X0.
In [1], it is shown that the balanced property is not open under holomorphic deformations. Alessandrini and
Bassanelli pointed out the counter-example of the Iwasawa manifold endowed with the holomorphically
parallelizable complex structure.

The closedness property for balanced metrics does not hold either. In [3], M. Ceballos, A. Otal, L. Ugarte
and R. Villacampa constructed a holomorphic family of compact complex manifolds (Xt)t∈B such that for
t ∈ B \{0}, Xt is a balancedmanifold, but the central fiber X0 does not admit any strongly Gauduchonmetric
(so it doest not admit any balanced metric).

Another example is that of class SKT manifolds. The behavior of this class of manifolds under holo-
morphic deformations is the same as the class of balanced manifolds. This means the SKT property is
neither closed nor open under holomorphic deformations. See for example Proposition 3.1 for openness and
Proposition 3.4 for closedness in [23] (see also [8] for closedness).

Another class of manifolds that has drawn a lot of attention is the one of ∂∂̄-manifolds because they
satisfy the Hodge decomposition and the Hodge symmetry. Recall that X is called a ∂∂̄-manifold if and only
if for every d-closed pure-type form u on X the following exactness properties are equivalent (the conclusion
of ∂∂̄-lemma):

u is d-exact ⇔ u is ∂-exact ⇔ u is ∂̄-exact ⇔ u is ∂∂̄-exact.

In [24] C.C. Wu proved that the ∂∂̄-property is open under holomorphic deformations.
In fact, if one considers a holomorphic family of compact complex manifolds (Xt)t∈B and supposes that
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the central fiber X0 is a ∂∂̄-manifold then both the SKT and the balanced properties become open under
holomorphic deformations.

In a more general setting, we do not consider our manifolds to be ∂∂̄-manifolds. The main class of met-
rics that we discuss in this article is that of Hermitian-symplectic metrics. In dimension 2 any Hermitian-
symplectic manifold is Kähler (see [21]) but in higher dimensions, the following question is still open.

Question 1.3. ([21], Question 1.7]) Do there exist non-Kähler Hermitian-symplectic complex manifolds X with
dimCX ⩾ 3?

In [25], S. Yang proved that the property of having a Hermitian-symplectic metric is open under holomorphic
deformations (see also [2]). But it is not a closed property under holomorphic deformations by Theorem 3.8
of [23].
In Definition 1.1 (ii) Ω is not of type (1, 1) and ρ2, 0 is not unique. One can find a unique (2, 0)-form such that
has the minimal L2

ω-norm among such all forms, which we call the (2, 0)-torsion form of ω and it is denoted
by ρ2, 0

ω .

The main discussion of this article is based on [6], where Dinew and Popovici introduced the Dinew-
Popovici energy functional. Let ω0 be a fixed Hermitian-symplectic metric on X. They define S{ω0} as fol-
lows

S{ω0} := {ω0 + ∂ū0 + ∂̄u0 | u0 ∈ C∞1, 0(X, C) such that ω0 + ∂u0 + ∂̄u0 > 0}.
The definition of Dinew-Popovici energy functional F is given by

F : S{ω0} → [0, +∞), F(ω) =
∫
X

|ρ2, 0
ω |2ω dVω = ||ρ2, 0

ω ||2ω , (1.2)

where ω ∈ S{ω0} and ρ
2, 0
ω is the (2, 0)-torsion form of ω, while | |ω is the pointwise norm and || ||ω is the L2

norm induced by ω.
When the dimension of X is 3, the critical points for F are exactly the Kähler metrics in the Aeppli cohomol-
ogy class of ω0. In Theorem 1.4 we show that this property is open under holomorphic deformations in any
dimension. In other words, we prove the following

Theorem 1.4. Suppose B is an open ball in Cm containing the origin and (Xt)t∈B is a holomorphic family of
compact complex manifolds of complex dimension n satisfying the following conditions:

1) for every t ∈ B, Xt is equipped with a Hermitian-symplectic metric ωt and the family (ωt)t∈B is a C∞-family
of (1, 1)-forms,

2) for t = 0, ω0 is a Kähler metric on X0.

Then after possibly shrinking B about 0, there exists a family of (1, 1)-forms (ω̃t)t∈B such that

a) ω̃t ∈ {ωt}A, where {ωt}A is the Aeppli cohomology class of ωt,
b) ω̃t is a Kähler metric on Xt for every t ∈ B,
c) ω̃0 = ω0,
d) (ω̃t)t∈B is a C∞ family of metrics.

By Theorem 1.2, the open property for Kählermetrics is known. But theway that we constructed the C∞ family
of Kählermetrics (ω̃t)t∈B is different. Thenew result of Theorem1.4 is thatwehave constructed aKählermetric
in a specific Aeppli cohomology class.
In higher dimension, dimCX > 3 the following question is still open

Question 1.5. When dimCX > 3, are the critical points of the Dinew-Popovici energy functional F : S{ω0} →
[0, +∞) exactly the Kähler metrics in the Aeppli cohomology class of ω0?
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We give a partial answer to this question in Proposition 1.6 and Corollary 1.7. Precisely we show that

Proposition 1.6. Suppose that (X, ω0) is a compact complex Hermitian-symplectic manifold of dimension n.
Fix an ω ∈ S{ω0}. If ρ

2, 0
ω = ∂ξ, for some (1, 0)-form ξ, then the differential at ω of the Dinew-Popovici energy

functional F defined in equation (1.2) evaluated on γ = ∂̄ξ + ∂ξ̄ is

dωF(γ) = 2∥ρ2,0
ω ∥2 + 2Re

∫
X

∂̄ξ ∧ ρ2,0
ω ∧ ρ2, 0

ω ∧ ωn−3. (1.3)

From this we get the following

Corollary 1.7. Under the assumptions of Proposition 1.6 if

(i) ω is a critical point for F, and
(ii) the (2, 0)-torsion form ρ2, 0

ω = ∂ξ such that ∂̄ξ is weakly semi-positive,

then ω is a Kähler metric on X.

Moreover, in Proposition 1.8, we prove that the property of being a critical point for F is closed under holo-
morphic deformations. Precisely, we prove the following proposition.

Proposition 1.8. Suppose (Xt)t∈B is a holomorphic family of compact complex manifolds, (ωt)t∈B is a C∞ fam-
ily of Hermitian-symplectic metrics on (Xt)t∈B and (Ft)t∈B is the associated family of Dinew-Popovici energy
functionals Ft : S{ωt} → [0, ∞) (see section 2.3). If after possibly shrinking B about 0,

(1) for every t ∈ B \ {0}, ωt is a critical point in Ft,
(2) for every t ∈ B, hBC, t = hBC, 0, where hBC, t is the dimension of H0, 2

BC (Xt , C),

Then ω0 is a critical point for F0.

In the above statement, H0, 2
BC (Xt , C) is the Bott-Chern cohomology group of bidegree (0, 2) of Xt (see Defini-

tion 2.7). In section 2 we first give the definitions and tools to state the main results and in section 3 we state
our new results and prove them.

2 Preliminaries
In this section, we recall the required definitions, lemmas, and propositions that will be frequently used in
section 3.
Throughout this section, X is a compact complex manifold of dimension n equipped with a Hermitian metric
ω. This means that ω is a C∞ positive definite (1, 1)-form on X.

2.1 General background on complex geometry

This subsection contains some standard and well-known definitions and results in complex geometry. The
reader is referred to [4], [11], and [22] for further details.
First, we recall four different notions of positivity for differential forms. Let V be a complex vector space
of dimension n and (z1, . . . , zn) be a coordinate on V. We denote the corresponding basis of V by
(∂/∂z1, . . . , ∂/∂zn) and its dual basis in V* by (dz1, . . . , dzn). Consider the exterior algebra

ΛV*
C =

⊕
Λp,qV*, Λp,qV* = ΛpV* ⊗ ΛqV*.
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Since V is a complex vector space, it has a canonical orientation, given by the (n, n)-form

τ(z) = idz1 ∧ dz̄1 ∧ · · · ∧ idzn ∧ dz̄n = 2ndx1 ∧ dy1 ∧ · · · ∧ dxn ∧ dyn ,

where zj = xj + iyj. In fact, if (w1, . . . , wn) are other coordinates, we find

dw1 ∧ · · · ∧ dwn = det(∂wj/∂zk)dz1 ∧ · · · ∧ dzn ,

τ(w) = |det(∂wj/∂zk)|2τ(z).

So one can define the notion of positivity as independent of local coordinates.

Definition 2.1. (1) A (q, q)-form v ∈ Λq,qV* is said to be strongly semi-positive (resp. strongly strictly pos-
itive) if v is a convex combination

v =
∑

γs iαs,1 ∧ ᾱs,1 ∧ · · · ∧ iαs,q ∧ ᾱs,q

where αj,s ∈ V* and γs ≥ 0 (resp. γs > 0 ).
(2) A (p, p)-form u ∈ Λp,pV* is said to be weakly semi-positive (resp. weakly strictly positive) if for all

αj ∈ V*, 1 ≤ j ≤ q = n − p, then

u ∧ iα1 ∧ ᾱ1 ∧ · · · ∧ iαq ∧ ᾱq ≥ 0 (resp. u ∧ iα1 ∧ ᾱ1 ∧ · · · ∧ iαq ∧ ᾱq > 0, ∀aj¬0)

Remark 2.2. Locally, any Hermitian metric ω is a strongly strictly positive (1, 1)-form. This means that at any
point x ∈ X, we can choose a local holomorphic coordinate (z1, . . . , zn) and an open set x ∈ U ⊂ X, such that
ω has the following representation

ω =
∑

idzi ∧ dz̄i .

Fortunately, the concepts of weakly semi-positive (resp. weakly strictly positive) and strongly semi-positive
(resp. strongly strictly positive) coincide in bidegree (1, 1) and (n − 1, n − 1).

Proposition 2.3. ([4], Chapter III, Proposition 1.11) If u1, . . . , us are strongly semi-positive (resp. strongly
strictly positive) forms, then u1 ∧ · · · ∧ us is strongly semi-positive (resp. strongly strictly positive) form.

For simplicity we recall the following notation.

Notation 2.4. For any k ∈ N,

ωk = ωk

k! .

It is obvious that ∂ωk = ∂ω ∧ ωk−1 and ∂̄ωk = ∂̄ω ∧ ωk−1. Also, it is a well-known fact that for a Hermitian
metric ω we have

*ωωk = ωn−k , ∀ k ∈ {1, . . . , n}, (2.1)

where *ω is the Hodge star operator induced by ω. The following proposition plays an important role in our
discussion later.

Proposition 2.5. ([22], Proposition 6.29) If u ∈ C∞p, q(X, C) is primitive then

*u = (−1)
(p+q)2+p+q

2 ip−qωn−q−p ∧ u. (2.2)

Recall that a (p, q)-form u is primitive if L*ω(u) = 0, where L*ω is the adjoint of the Lefschetz operator Lω(u) =
ω ∧ u.
Now we mention four equations which one can easily check from equation (1.1).

Observation 2.6. If ω is a Hermitian-symplectic metric then
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(i) ∂ω = −∂̄ρ2, 0
ω and ∂̄ω = −∂ρ0, 2

ω .
(ii) ∂ρ2, 0

ω = 0 and ∂̄ρ0, 2
ω = 0.

(iii) ω is Kähler if and only if ρ2, 0
ω = 0.

(iv) ∂∂̄ω = 0.

Note that (i) and (ii) imply that if ω is a Hermitian-symplectic metric then ∂ω and ∂̄ω are d-closed.
In order to define suitable cohomology groups for Hermitian-symplectic and SKT metrics, we recall the defi-
nitions of the Bott-Chern cohomology and the Aeppli cohomology groups.

Definition 2.7. For every p, q ∈ {1, . . . n} one defines:

(i) the Bott-Chern cohomology group of bidegree (or type) (p, q) of X as

Hp, q
BC (X, C) = ker ∂ ∩ ker ∂̄

Im(∂∂̄)
,

(ii) the Aeppli cohomology group of bidegree (or type) (p, q) of X as

Hp, q
A (X, C) = ker(∂∂̄)

Im ∂ + Im ∂̄
,

where all the kernels and images are considered as C-vector subspaces of C∞p, q(X, C) according to the case.

From definitions 1.1 and 2.7 one can see if ω is a Hermitian-symplectic (resp. SKT) metric then the Aeppli
(resp. Bott-Chern) cohomology class of ω (resp. ∂ω), which will be denoted by {ω}A (respectively {∂ω}BC),
is well-defined.
In the following definition, we recall formal definitions of two elliptic self-adjoint operators and mention the
Hodge decompositions for C∞p, q(X, C) of these operators.

Definition 2.8. Fix p, q ∈ {1, . . . n} then

(i) The Bott-Chern Laplacian operator ∆p, qBC : C∞p, q(X, C) → C∞p, q(X, C) is defined as follows

∆p, qBC := ∂*∂ + ∂̄* ∂̄ + (∂∂̄)*(∂∂̄) + (∂∂̄)(∂∂̄)* + (∂* ∂̄)*(∂* ∂̄) + (∂* ∂̄)(∂* ∂̄)* ,

(ii) The Dolbeault Laplacian operator ∆p, q∂̄ : C∞p, q(X, C) → C∞p, q(X, C) is defined as follows

∆p, q∂̄ := ∂̄∂̄* + ∂̄* ∂̄.

It is worth mentioning that by the definition of the Bott-Chern Laplacian operators, it is a real self-adjoint
operator but the Dolbeault operator is not.
For each of the above operators, we have the following L2

ω two-space orthogonal decomposition for
C∞p, q(X, C)

(i)
C∞p, q(X, C) = ker ∆p, qBC ⊕ Im ∆p, qBC ,

(ii)
C∞p, q(X, C) = ker ∆p, q∂̄ ⊕ Im ∆p, q∂̄ .

2.2 Background on deformation of complex structures

This subsection is a summary of some basic definitions and results on deformation of complex structures of
compact complex manifolds. Our main references for this part are [12], [13] and [14]. Also there are series of
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papers published by D. Popovici [6], [15], [19], [16], [17] and [20] which play a crucial role in this article, so we
recall some lemmas and propositions from them.

We recall the green operator of a self-adjoint elliptic operator. For every fixed p, q ∈ {1, . . . , n} suppose
E is a self-adjoint elliptic operator on C∞p, q(X, C), since X is a compact manifold ker E is a finite-dimensional
complex vector space. We denote by PE : C∞p, q(X, C) → ker E the L2

ω orthogonal projection. One can define
the Green operator of E, E−1 : C∞p, q(X, C) −→ Im E, such that

E−1E(γ) = EE−1(γ) = γ − PE(γ), γ ∈ C∞p, q(X, C).

If we restrict E to Im E then E is a bijection and so E−1 : Im E → Im E is the inverse of this restriction. In
particular one can define, PBC, P∂̄, ∆

−1
BC, and ∆−1

∂̄ .
Thanks to [6] we have all tools to give the explicit formula for the (2, 0)-torsion form ρ2, 0

ω for any Hermitian-
symplectic metric ω. Recall that, ρ2, 0

ω is the unique (2, 0)-form such that has the minimal L2
ω-norm among

such all forms that satisfy equation (1.1).

Lemma 2.9. ([6], Lemma and Definition 3.1) Suppose ω is a Hermitian-symplectic metric on X and ρ2, 0
ω is the

(2, 0)-torsion form of ω. Then
ρ2, 0
ω = −∆−1

BC[∂̄*∂ω + ∂̄*∂∂*∂ω]. (2.3)

Notice that in (2.3) by ∆−1
BC we mean (∆2, 0

BC )−1 : C∞2, 0(X, C) −→ Im ∆BC. Also since ∆BC is a real operator (so
∆−1
BC s also real) we thus have

ρ0, 2
ω = −∆−1

BC[∂* ∂̄ω + ∂* ∂̄∂̄* ∂̄ω].

The following theorem gives us a criteria to determine whether these families are C∞ family of linear opera-
tors. This is the main key to proving Theorem 1.4.

Theorem 2.10. ([14]) Kodaira-Spencer fundamental theorem.
Suppose that (Xt)t∈B is a holomorphic family of compact complex manifolds.

(i) If the dim ker ∆BC, t : C∞p, q(Xt , C) → C∞p, q(Xt , C) (resp. dim ker ∆∂̄, t ) is independent of t ∈ B, then the
family (PBC, t)t∈B (resp. (P∂̄, t)t∈B) is a C

∞ family of linear operators.
(ii) If the dim ker ∆BC, t : C∞p, q(Xt , C) → C∞p, q(Xt , C) (resp. dim ker ∆∂̄, t ) is independent of t ∈ B, then the

family (∆−1
BC, t)t∈B (resp. (∆−1

∂̄, t)t∈B) is a C
∞ family of linear operators.

2.3 Background on the Dinew-Popovici energy functional

This subsection is devoted to some definitions and results based on [6]. Throughout this section ω0 is a
Hermitian-symplectic metric on X which we consider as our background metric. The main goal of this sub-
section is to find the explicit formula for differential of Dinew-Popovici energy functional F in equation (1.2)
at ω, where ω ∈ S{ω0} is a fixed Hermitian-symplectic metric.

Proposition 2.11. ([6], Proposition 3.5) The differential at ω for F is given by the formula:

(dωF)(γ) = −2Re ⟨⟨u, ∂̄*ω⟩⟩ω + 2Re
∫
X

u ∧ ρ2, 0
ω ∧ ρ2, 0

ω ∧ ∂̄ωn−3 (2.4)

for every (1, 1)-form γ = ∂̄u + ∂ū.

In dimension 3, the term2Re
∫
X
u∧ρ2, 0

ω ∧ρ2, 0
ω ∧ ∂̄ωn−3 vanishes andwe have (dωF)(γ) = −2Re ⟨⟨u, ∂̄*ω⟩⟩ω. If

ω is a critical point for F and u = ∂̄*ω then one can see that ∂̄*ω = 0. This means that ω is a balanced metric,
on the other hand ω is SKT. So we conclude that ω is Kähler. Therefore in dimension 3 the critical points of F
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are exactly Kähler metrics in the Aeppli cohomology class of ω0.
Now consider a holomorphic family of compact complex manifolds (Xt)t∈B and (ωt)t∈B is a C∞ family of
Hermitian-symplecticmetrics on (Xt)t∈B. Thismeans that for every t ∈ B,ωt is a Hermitian-symplecticmetric
on Xt. Therefore like (1.2) one can define a family of Dinew-Popovici energy functionals (Ft)t∈B, Ft : S{ωt} →
[0, ∞), as follows

Ft : S{ωt} → [0, +∞), Ft(ω̄t) =
∫
Xt

|ρ2, 0
ω̄t

|2ω̄t dVω̄t = ||ρ2, 0
ω̄t

||2ω̄t ,

where like the Equation (1.2) ω̄t ∈ S{ωt} and ρ
2, 0
ω̄t

is the (2, 0)-torsion form of ω̄t, while | |ω̄t is the pointwise
norm and || ||ω̄t is the L2 norm induced by ω̄t.
Henceforth if we fix any Hermitian symplectic ω̄t ∈ S{ωt} then for every t ∈ B one can define the differential
at ω̄t of Ft exactly like Proposition 2.11.

3 Results
This section is devoted to our new results based on [6]. We give a proof for Theorem 1.4. This theorem shows
that if a compact complexmanifold X admits aHermitian-symplecticmetricω0, then the existence of a Kähler
metric ω̃0 in the Aeplli cohomology class of ω0 is an open property under holomorphic deformations. Before
we present the proof of Theorem 1.4, we mention three theorems which play a crucial role in our proof.

Theorem 3.1. ([15], Theorem 4.1) Fix a compact Hermitian manifold (X, ω). For any C∞ (p, q)-form v ∈
Im (∂∂̄), the (unique) minimal L2-norm solution of the equation

∂∂̄u = v

is given by the formula

u = (∂∂̄)*∆−1
BCv,

where ∆−1
BC is the Green operator of the Bott-Chern Laplacian ∆BC induced by ω.

Theorem 3.2. ([24], Theorem 5.12) Let (Xt)t∈B be a holomorphic family of compact complex manifolds of com-
plex dimension n. If the central fiber X0 is a ∂∂̄-manifold, then after possibly shrinking B about 0, Xt is a ∂∂̄-
manifold for all t ∈ B.

Theorem 3.3. ([5], Section 6) Every compact Kähler manifold is a ∂∂̄-manifold.

Proof of Theorem 1.4. Since ω0 is a Kähler metric on X0 by Theorem 3.3, X0 is a ∂∂̄-manifold, therefore by
Theorem 3.2 after possibly shrinking B about 0 one can assume that Xt is a ∂∂̄-manifold for every t ∈ B. Let
us fix a t ∈ B, ωt is a Hermitian-symplectic metric on Xt then by Observation 2.6 in Section 2.1 one implies
that ∂tωt is d-closed and ∂t-exact. Since Xt is a ∂∂̄-manifold, ∂tωt is ∂t ∂̄t-exact. So the following equation

−∂t ∂̄tut = ∂tωt . (3.1)

has at least one solution, ut, for t ∈ B. By Theorem 3.1 we are able to choose the minimal L2-norm solution
with respect to ωt among all such ut. The minimal L2

ωt -norm solution of equation (3.1) is given by

umin
t = −(∂t ∂̄t)*∆−1

BC,t(∂tωt), (3.2)

where ∆−1
BC,t is the Green operator of the Bott-Chern Laplacian ∆BC, t induced by ωt, mentioned in Section 2.2.

Now we define,
ω̃t = ωt + ∂tumin

t + ∂̄tumin
t ,
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for all t ∈ B.
By the construction of ω̃t, one can see that

∂t ∂̄tω̃t = ∂t ∂̄t(ωt + ∂tumin
t + ∂̄tumin

t ) = ∂t ∂̄tωt = 0.

Therefore {ω̃t}A is well-defined and by the definition of the Aeppli cohomology group, adding ∂tumin
t and

∂̄tumin
t to ωt does not change the Aeppli cohomology class of ωt. Hence ω̃t ∈ {ωt}A, this proves (a).

Also for every t ∈ B, ω̃t is d-closed because

dω̃t = d(ωt + ∂tumin
t + ∂̄tumin

t ) = ∂tωt + ∂̄tωt + ∂̄t∂tumin
t + ∂t ∂̄tumin

t . (3.3)

Equation (3.2) implies that ∂∂̄tumin
t = −∂tωt, put this in the equation (3.3) one can see that ω̃t is d-closed.

On the other hand, the strict positivity of ω0 implies strict positivity of ω̃t for all t ∈ B sufficiently close to 0,
henceforth ω̃t is a strictly positive d-closed (1, 1)-form on Xt, this proves (b).
So we have a family of Kähler metrics (ω̃t)t∈B on (Xt)t∈B. At t = 0, there are two Kähler metrics on X0. One
of them is ω0, which is given by assumption (2) and the other one is ω̃0 by our construction. Since ω0 is a
Kähler metric on X0, ∂0ω0 = 0. Hence

umin
0 = −(∂0 ∂̄0)*∆−1

BC,0(∂0ω0) = 0.

So,
ω̃0 = ω0 + ∂0umin

0 + ∂̄0umin
0 = ω0.

This means that these two metrics coincide on X0 which proves (c).
For every t ∈ B we denote by hBC, t(Xt) the dimension of ker ∆BC, t (∆BC, t : C∞2, 1(Xt , C) → C∞2, 1(Xt , C)). Since
(Xt)t∈B, after possibly shrinking B about 0, is a holomorphic family of compact complex ∂∂̄-manifolds, by
Theorem 5.12 in [24], hBC, t(Xt) = hBC, 0(X0) for every t ∈ B. By Theorem 2.10 (ii) the family of linear operators
(∆−1

BC, t)t∈B acting on (2, 1)-forms is a C∞ family of linear operators, therefore the family (umin
t )t∈B is a C∞

family of (1, 0)-forms, and since (ωt)t∈B is a C∞ family of metrics one can say (ω̃t) is a C∞ family of metrics,
this proves (d). □
We saw that in dimension 3, Kähler metrics are the critical points for the Dinew-Popovici energy functional
F. So as a consequence of Theorem 1.4 one can get the following corollary.

Corollary 3.4. Suppose (Xt)t∈B is a holomorphic family of compact complex manifolds of dimension 3, (ωt)t∈B
is a C∞ family of Hermitian-symplectic metrics on (Xt)t∈B, and (Ft)t∈B is a family of Dinew-Popovici energy
functionals mentioned in section 2.3. If for t = 0, ω0 is a critical point of F0, then after possibly shrinking B
about 0 there exists a C∞ family of Kähler metrics (ω̃t)t∈B such that for every t ∈ B, ω̃t ∈ S{ωt} and ω̃t is a
critical point of Ft and ω̃0 = ω0.

Proof. The existence of a C∞ family of Kähler metrics (ω̃t)t∈B such that for every t ∈ B each ω̃t ∈ S{ωt} and
ω̃0 = ω0 come directly from Theorem 1.4 and since the dimension of each Xt is 3, ω̃t being a Kähler for each
t ∈ B implies that ω̃t is a critical point of Ft . □

By Corollary 4.2 of [6], in dimension 3 if ω is a Hermitian-symplectic metric and the given Aeppli class
{ω}A contains a Kähler metric ωk, then its (0, 2)-torsion form ρ0, 2

ω is ∂̄-exact. Therefore by Theorem 1.4 if the
given Aeppli class {ω}A contains a Kähler metric ωk, then the ∂̄-exactness for ρ0, 2

ω is an open property under
holomorphic deformations.
So it is natural to investigate the openness and the closedness properties of the (0, 2)-torsion form ρ0, 2

ω in
higher dimensions.
In the following propositionwe show that for a Hermitian-symplecticmetricω, the ∂̄-exactness for the (0, 2)-
torsion form ρ0, 2

ω is a closed property under small holomorphic deformations in any dimension.
First, we fix some notations for next proposition. For every t ∈ B let hBC, t = dimker ∆0,2

BC, t and h∂̄, t =
dimker ∆ 0,2

∂̄, t
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Proposition 3.5. Suppose that (Xt)t∈B is a holomorphic family of compact complex manifolds, (ωt)t∈B is a C∞

family of Hermitian-symplectic metrics on (Xt)t∈B. If

(1) for every t ∈ B sufficiently close to 0, hBC, t = hBC, 0,
(2) for every t ∈ B sufficiently close to 0, h∂̄, t = h∂̄, 0,
(3) for every t ∈ B \ {0} and sufficiently close to 0, the (0, 2)-torsion form ρ0, 2

ωt is ∂̄t-exact.

Then

(a) the family (ρ0, 2
ωt )t∈B is a C∞ family of (0, 2)-forms,

(b) for t = 0, the (0, 2)-torsion form ρ0, 2
ω0 is ∂̄0-exact.

Before giving the proof of Proposition 3.5, we recall the following lemma which will be used in the proof.

Lemma 3.6. ([19], p 11-12) Let (X, ω) be an n-dimensional compact Hermitian manifold. For every ρ ∈
∂̄(C∞0,2(X,C), the minimal L2-norm solution of the equation

∂̄φ = ρ

is given by the following Neumann formula
φ = ∂̄*(∆∂̄)−1ρ, (3.4)

where (∆∂̄)−1 is the Green operator of the ∂̄-Laplacian ∆∂̄ induced by ω.

Proof of Proposition 3.5. From equation (2.3) one sees that the ρ2, 0
ωt has the following form

ρ2, 0
ωt = −∆−1

BC, t[∂̄*t ∂tωt + ∂̄*t ∂t∂*t ∂tωt],

for all t ∈ B. By conjugating the above equation one can see that

ρ0, 2
ωt = −∆−1

BC, t[∂*t ∂̄tωt + ∂*t ∂̄t ∂̄*t ∂̄tωt], (3.5)

for all t ∈ B. Note that in (3.5) we used the fact that ∆BC = ∆BC. Since hBC, t = hBC, 0 for t sufficiently close
to the origin, by Theorem 2.10.(ii), the family (∆−1

BC, t)t∈B of linear operators, acting on (0, 2)-form, is a C∞

family of linear operators. This means that the family (ρ0, 2
ωt )t∈B is a C∞ family of (0, 2)-forms. In particular

ρ0,2
ωt → ρ0,2

ω0 , when t −→ 0. This proves (a).
By assumption (3) for every t ∈ B\{0}, ρ0, 2

ωt is ∂̄t-exact. So after possibly shrinking B about the origin the
following equation

ρ0, 2
ωt = ∂̄tβt (3.6)

has at least one solution βt in C∞0,1(Xt ,C) for every t ∈ B\{0}. By Lemma 3.6, we are able to choose the unique
solution among such βt with the minimal L2-norm induced by ωt. Hence by equation (3.4), the minimal L2-
norm solution of equation (3.6) has the following form

βmin
t = ∂̄*t (∆∂̄, t)

−1ρ0, 2
ωt

(I)= (∆∂̄, t)
−1 ∂̄*t ρ0, 2

ωt . (3.7)

Where (I) is implied as follows

∂̄*∆∂̄ = ∂̄*(∂̄∂̄* + ∂̄* ∂̄) = ∂̄* ∂̄∂̄* = ∂̄* ∂̄∂̄* + ∂̄∂̄* ∂̄* = (∂̄∂̄* + ∂̄* ∂̄)∂̄* = ∆∂̄ ∂̄
* .

By assumption (2) after possibly shrinking B about the origin, h∂̄, t = h∂̄, 0 for every t ∈ B. Therefore by
Theorem 2.10 (ii) the family (∆−1

∂̄, t)t∈B is a C
∞ family of linear operators acting on (0, 1)-forms. On the other

hand from (a) one can imply that the family (ρ0, 2
ωt )t∈B is a C∞ family of (0, 2)-forms. Hence there exists a

β0 = (∆∂̄, 0)−1 ∂̄*0ρ0, 2
ω0 ∈ C∞0, 1(X0,C) such that the family (βmin

t )t∈B is a C∞ family of (0, 1)-forms. In other
words

lim
t→0

βmin
t = β0. (3.8)
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From equations (3.7) and (3.8) we get

∂̄0β0 = ∂̄0 lim
t→0

βmin
t

(I)= lim
t→0

∂̄tβmin
t

(II)= lim
t→0

∂̄t ∂̄*t (∆∂̄, t)
−1ρ0, 2

ωt
(III)= lim

t→0
ρ0, 2
ωt .

In the above equation, (I) comes from the fact that the family (∂̄t) t∈B is a C∞ family of smooth linear operators
so it commutes with lim, (II) comes from the definition of βmin

t in equation (3.7) and finally, we have (III)
because

ρ0, 2
ωt = ∆∂̄, t(∆∂̄, t)

−1ρ0, 2
ωt = (∂̄*t ∂̄t + ∂̄t ∂̄*t )(∆∂̄, t)

−1ρ0, 2
ωt

= ∂̄t ∂̄*t (∆∂̄, t)
−1ρ0, 2

ωt + ∂̄*t ∂̄t(∆∂̄, t)
−1ρ0, 2

ωt , (3.9)

first note that

∂̄* ∂̄∆∂̄ = ∂̄* ∂̄(∂̄* ∂̄ + ∂̄∂̄*) = ∂̄* ∂̄∂̄* ∂̄ = ∂̄* ∂̄∂̄* ∂̄ + ∂̄∂̄* ∂̄* ∂̄ = (∂̄* ∂̄ + ∂̄∂̄*)∂̄* ∂̄ = ∆∂̄ ∂̄
* ∂̄,

so (∆∂̄, t)
−1 commutes with ∂̄* ∂̄, hence in equation (3.9) one gets

∂̄*t ∂̄t(∆∂̄, t)
−1ρ0, 2

ωt = (∆∂̄, t)
−1 ∂̄*t ∂̄tρ0, 2

ωt

and since ∂̄tρ0, 2
ωt = 0, (∆∂̄, t)

−1 ∂̄*t ∂̄tρ0, 2
ωt vanishes, so

∂̄t ∂̄*t (∆∂̄, t)
−1ρ0, 2

ωt + ∂̄*t ∂̄t(∆∂̄, t)
−1ρ0, 2

ωt = ∂̄t ∂̄*t (∆∂̄, t)
−1ρ0, 2

ωt .

From (a) one can see that the family (ρ0, 2
ωt )t∈B is a C∞ family of (0, 2)-forms. Which means that

lim
t→0

ρ0, 2
ωt = ρ0, 2

ω0 .

This proves (b). □
In Proposition 3.5, not only did we prove that the ∂̄-exactness for the family ρ0, 2

ωt is a closed property under
holomorphic deformations but also we showed that the family (βmin

t )t∈B of minimal L2
ωt solutions is a C∞

family of (1, 0)-forms and the existence of a minimal L2
ωt solution is closed property under holomorphic

deformations.

From now on we focus on the Dinew-Popovici energy functional F defined in section 1 and its critical
points. In the following we give a proof for Proposition 1.8. We show that for a fix Hermitian-symplectic met-
ric ω being a critical point for Dinew-Popovici energy functional F is a closed property under holomorphic
deformations.
Proof of Proposition 1.8. From Proposition 2.11 for every t ∈ B and for every (1, 1)-form γt = ∂̄tut + ∂t ūt, one
gets

(dωtFt)(γt) = −2Re ⟨⟨ut , ∂̄*tωt⟩⟩ωt + 2Re
∫
Xt

ut ∧ ρ2, 0
ωt ∧ ρ2, 0

ωt ∧ ∂̄t
ωn−3
t

(n − 3)! .

Since ωt is a critical point of Ft for t ∈ B\{0}, (dωtFt)(γt) = 0 for every γt ∈ C∞1, 1(Xt ,C). Also by assumption
(2) andProposition 3.5 the family (ρ0, 2

ωt )t∈B is a C∞ family of (0, 2)-forms. It is obvious that the smooth Jt-(1, 0)
forms ut on Xt determine dωtFt. Define for every t ∈ B,

Tt : C∞1, 0(Xt ,C) −→ R Tt(ut) = Gt(ut) + Ht(ut),

where
Gt(ut) = −2Re ⟨⟨ut , ∂̄*tωt⟩⟩ωt

and
Ht(ut) = 2Re

∫
Xt

ut ∧ ρ2, 0
ωt ∧ ρ2, 0

ωt ∧ ∂̄t
ωn−3
t

(n − 3)! .
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In order to prove that ω0 is a critical point for F0, it is sufficient to show that the family (Tt)t∈B is a C∞ family
of linear operators. Therefore it is sufficient to consider a C∞ family of (1, 0)-forms (ut)t∈B and show that
Tt(ut) = 0 for all t ∈ B.
Now suppose that the C∞ family of (1, 0)-forms (ut)t∈B is given and B is sufficiently shrunk about the origin.
For every t ∈ B,

∂̄*t : C∞1, 1(Xt , C) −→ C∞1, 0(Xt , C),

is a smooth linear operator and the family (∂̄*t )t∈B is a C∞ family of linear operators. Also for every t ∈ B, the
map

⟨⟨ , ωt⟩⟩ωt : C∞1, 1(Xt , C) −→ C, ⟨⟨ , ωt⟩⟩ωt (α) = ⟨⟨α , ωt⟩⟩ωt

is a smooth linear map and the family (⟨⟨ , ωt⟩⟩ωt )t∈B is a C∞ family of linear operators. So for every t ∈ B,
Gt is a smooth linear operator and the family (Gt)t∈B is a C∞ family of linear operators. In other words

lim
t→0

Gt(ut) = G0(u0) = −2Re ⟨⟨u0, ∂̄*0ω0⟩⟩ω0 . (3.10)

We show that the family (Ht)t∈B is a C∞ family of linear operators. First it is obvious that for every t ∈ B, the
map

∂̄t : C∞n−3, n−3(Xt , C) −→ C∞n−3, n−2(Xt , C),

is a smooth linear operator and the family (∂̄t)t∈B is a C∞ family of linear operators. On the other hand, the
family (ωt)t∈B is a C∞ family of metrics, henceforth the family ( ∂̄ω

n−3
t

(n−3)! )t∈B is a C∞ family of (n−3, n−2)-forms.

Also, assumption (2) allows us to employ Proposition 3.5 and say that both families (ρ0, 2
ωt )t∈B and (ρ0, 2

ωt )t∈B
are C∞ family of (2, 0)-forms and (0, 2)-forms respectively. Therefore for every t ∈ B the map Ht is a smooth
real-valued linear map and the family (Ht)t∈B is a C∞ family of linear operators. In other words,

lim
t→0

Ht(ut) = H0(u0) = Re
∫
X0

u0 ∧ ρ2, 0
ω0 ∧ ρ2, 0

ω0 ∧ ∂̄0
ωn−3

0
(n − 3)! . (3.11)

The smoothness of Tt for every t ∈ B is implied by the smoothness of Gt and Ht, and by equations (3.10) and
(3.11) one can get

T0(u0) = lim
t∈B

Tt(ut) = lim
t∈B

Gt(ut) + lim
t∈B

Ht(ut) = 0.

Which means that ω0 is a critical point of F0. □
In section 2.3 we saw that in dimension 3 the explicit formula for differential of the Dinew-Popovici energy
functional F a ω is simpler than in higher dimensions. In the next result of this article we give a proof to
Proposition 1.6, where we compute the differential of F at ω, when ω is a fixed Hermitian-symplectic metric
on compact complex manifold X of dimension n and the (2, 0)-torsion form ρ2,0

ω is ∂-exact.
Proof of Proposition 1.6. First note that since ω ∈ S{ω0}, it is a Hermitian-symplectic metric on X so the

(2, 0)-torsion form ρ2, 0
ω satisfies, ∂̄ω = −∂ρ2, 0

ω and ∂ω = −∂̄ρ2, 0
ω and ∂̄ρ2, 0

ω = 0. On the other hand, since X
is a compact complex manifold it has no boundary so for every (n − 1, n)-form α and every (n, n − 1)-form β∫

X

∂α = 0 and
∫
X

∂̄β = 0

by the Stokes’ theorem. From (2.4), one can observe that when γ = ∂̄ξ + ∂ξ̄ the differential at ω of F evaluated
on γ is

(dωF)(γ) = −2Re ⟨⟨ξ , ∂̄*ω⟩⟩ω + 2Re
∫
X

ξ ∧ ρ2, 0
ω ∧ ρ2, 0

ω ∧ ∂̄ωn−3.

First we compute ⟨⟨ξ , ∂̄*ω⟩⟩ω. By the definition of the L2
ω inner product (u ∧ *v̄ = ⟨u, v⟩ωdVω), we have

⟨⟨ξ , ∂̄*ω⟩⟩ω =
∫
X

⟨ξ , ∂̄*ω⟩ωdVω =
∫
X

ξ ∧ *∂*ω. (3.12)
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By standard computation for the Hodge star operator − * * = id on odd-degree forms and by equation (2.1),
one gets

*∂*ω = − * *∂̄ * ω = ∂̄ωn−1, (3.13)

hence by equations (3.12) and (3.13),

⟨⟨ξ , ∂̄*ω⟩⟩ω =
∫
X

ξ ∧ ∂̄ωn−1. (3.14)

Now equation (3.14) allows us to compute ⟨⟨ξ , ∂̄*ω⟩⟩ω. We get

⟨⟨ξ , ∂̄*ω⟩⟩ω =
∫
X

ξ ∧ ∂̄ωn−1 =
∫
X

ξ ∧ ∂̄ω ∧ ωn−2 = −
∫
X

ξ ∧ ∂ρ2, 0
ω ∧ ωn−2. (3.15)

By the Stokes’ theorem 0 =
∫
X
∂(ξ ∧ ρ2, 0

ω ∧ ωn−2), so

0 =
∫
X

∂ξ ∧ ρ2, 0
ω ∧ ωn−2 −

∫
X

ξ ∧ ∂ρ2, 0
ω ∧ ωn−2 −

∫
X

ξ ∧ ρ2, 0
ω ∧ ∂ωn−2.

Therefore,
−
∫
X

ξ ∧ ∂ρ2, 0
ω ∧ ωn−2 =

∫
X

ξ ∧ ρ2, 0
ω ∧ ∂ωn−2 −

∫
X

∂ξ ∧ ρ2, 0
ω ∧ ωn−2.

By assumption ρ2,0
ω = ∂ξ so, ∫

X

∂ξ ∧ ρ2, 0
ω ∧ ωn−2 =

∫
X

ρ2, 0
ω ∧ ρ2, 0

ω ∧ ωn−2.

Since ρ2,0
ω is a primitive form of bidegree (2, 0), we can apply (2.2) and we get:∫

X

ρ2, 0
ω ∧ ρ2, 0

ω ∧ ωn−2 =
∫
X

ρ2, 0
ω ∧ *ρ2, 0

ω = ⟨⟨ρ2, 0
ω , ρ2, 0

ω ⟩⟩ω = ∥ρ2,0
ω ∥2

ω .

Hence
−
∫
X

ξ ∧ ∂ρ2, 0
ω ∧ ωn−2 =

∫
X

ξ ∧ ρ2, 0
ω ∧ ∂ωn−2 − ∥ρ2,0

ω ∥2
ω . (3.16)

Now, the goal is to compute
∫
X
ξ ∧ ρ2, 0

ω ∧ ∂ωn−2 in equation (3.16). We get:

∫
X

ξ ∧ ρ2, 0
ω ∧ ∂ωn−2 =

∫
X

ξ ∧ ρ2, 0
ω ∧ ∂ω ∧ ωn−3 = −

∫
X

ξ ∧ ρ2, 0
ω ∧ ∂̄ρ2, 0

ω ∧ ωn−3. (3.17)

Again, by the Stokes’ theorem,
∫
X
∂̄(ξ ∧ ρ2, 0

ω ∧ ρ2, 0
ω ∧ ωn−3) = 0 and because ∂̄ρ2, 0

ω = 0, we have

0 =
∫
X

∂̄ξ ∧ ρ2, 0
ω ∧ ρ2, 0

ω ∧ ωn−3 −
∫
X

ξ ∧ ρ2, 0
ω ∧ ∂̄ρ2, 0

ω ∧ ωn−3 −
∫
X

ξ ∧ ρ2, 0
ω ∧ ρ2, 0

ω ∧ ∂̄ωn−3. (3.18)

Therefore, from (3.18) and (3.17) one can deduce the following equation∫
X

ξ ∧ ρ2, 0
ω ∧ ∂ωn−2 = −

∫
X

∂̄ξ ∧ ρ2, 0
ω ∧ ρ2, 0

ω ∧ ωn−3 +
∫
X

ξ ∧ ρ2, 0
ω ∧ ρ2, 0

ω ∧ ∂̄ωn−3. (3.19)

By putting equations (3.15), (3.16) and (3.19) together we see that

−2Re⟨⟨ξ , ∂̄*ω⟩⟩ω = 2Re
∫
X

∂̄ξ ∧ ρ2, 0
ω ∧ ρ2, 0

ω ∧ ωn−3 − 2Re
∫
X

ξ ∧ ρ2, 0
ω ∧ ρ2, 0

ω ∧ ∂̄ωn−3 + 2∥ρ2,0
ω ∥2

ω . (3.20)
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By adding 2Re
∫
X
ξ ∧ ρ2, 0

ω ∧ ρ2, 0
ω ∧ ∂̄ωn−3 to equation (3.20) and by using (2.4) with u = ξ we get the formula

(1.3). This proves the proposition. □

In formula (1.3), 2Re
∫
X
∂̄ξ ∧ ρ2,0

ω ∧ ρ2, 0
ω ∧ ωn−3 is signless in general. However, if it supposes to be non-

negative one sees immediately that ω is a Kähler metric whenever it is a critical point for F. In the following
proof, we show that if ∂̄ξ is a weakly semi-positive (1, 1)-form then 2Re

∫
X
∂̄ξ ∧ ρ2,0

ω ∧ ρ2, 0
ω ∧ ωn−3 is non-

negative.
Proof of Corollary 1.7. Since positivity is a pointwise property, one can fix a point x ∈ X and local

coordinates (z1, . . . , zn) centered at x such that ω has the following shape

ω =
∑

idzi ∧ dz̄i at x

In particular, ω is a strongly strictly positive (1, 1)-form. By Definition 2.1 (1) and Proposition 2.3, ωn−3 is a
strongly strictly positive (n −3, n −3)-form. On the other hand by Example 1.2 of [4], for every p ∈ {1, . . . , n}
and any (p, 0)-form β, the (p, p)-form ip

2
β ∧ β̄ is weakly strictly positive. Hence the (2, 2)-form

i4ρ2,0
ω ∧ ρ2,0

ω = ρ2,0
ω ∧ ρ2,0

ω

is weakly strictly positive.
Since ∂̄ξ is weakly semi-positive (1, 1)-form, there exist real non negative functions c1, . . . , cn and (1, 0)-
forms α1, . . . , αn such that

∂̄ξ =
∑

ck iαk ∧ ᾱk .

Therefore

∂̄ξ ∧ ρ2,0
ω ∧ ρ2, 0

ω ∧ ωn−3 =
∑

ck iαk ∧ ᾱk ∧ ρ2,0
ω ∧ ρ2, 0

ω ∧ ωn−3

=
∑

ckρ2,0
ω ∧ ρ2, 0

ω ∧ iαk ∧ ᾱk ∧ ωn−3.

Note that by Definition 2.1 αk ∧ ᾱk is strongly strictly positive (1, 1)-form for all k ∈ {1, . . . , n}. By Definition
2.1 (2), ckρ2,0

ω ∧ ρ2, 0
ω ∧ iαk ∧ ᾱk ∧ ωn−3 is a weakly semi-positive (n, n)-form. Hence

2Re
∫
X

∑
ckρ2,0

ω ∧ ρ2, 0
ω ∧ iαk ∧ ᾱk ∧ ωn−3 =

∑
2Re

∫
X

ckρ2,0
ω ∧ ρ2, 0

ω ∧ iαk ∧ ᾱk ∧ ωn−3 ⩾ 0

This proves the Corollary. □
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