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Abstract: We propose a new method to construct degenerate 3-(α, δ)-Sasakian manifolds as fiber products
of Boothby-Wang bundles over hyperkähler manifolds. Subsequently, we study homogeneous degenerate 3-
(α, δ)-Sasakianmanifolds andprove that nonon-trivial compact examples exist aswell as that there is exactly
one family of nilpotent Lie groups with this geometry, the quaternionic Heisenberg groups.
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1 Introduction
Almost (3-)contact metric structures and special cases thereof are among the most well-studied types of ge-
ometries in odd dimensions. Arguably the most famous examples are (3-)Sasakian manifolds. Agricola and
Dileo have proposed 3-(α, δ)-Sasakian structures as a generalization of the latterwhich retain favorable prop-
erties like hypernormality or the existence of a connection with skew torsion adapted to the geometry [1].
These classes of manifolds depend on two real parameters α, δ ∈ R, α ≠ 0, and can be grouped into degener-
ate and nondegenerate type according to whether δ = 0 or δ ≠ 0.

In this article, we focus on the degenerate case where the three contact metric structures are more inde-
pendent of eachother in the sense that their Reeb vector fields commute. Aswill be explained in Section 3, this
allows us to construct examples of such manifolds via fiber products of Boothby-Wang bundles over hyper-
kähler manifolds. This can be viewed as a counterpart to obtaining 3-Sasakian manifolds from the classical
Konishi bundle over positive quaternionic Kähler spaces.

Agricola, Dileo and Stecker have shown that all 3-(α, δ)-Sasakian manifolds locally submerge onto
a quaternionic Kähler space whose curvature depends on the sign of αδ [2, Theorem 2.2.1]. This result mo-
tivated them to construct plentiful examples of homogeneous non-degenerate 3-(α, δ)-Sasakian manifolds
over quaternionic Kähler spaces of non-vanishing curvature [2, Section 3]. To some extent, this property
also explains why it could be expected that there are rather few homogeneous degenerate 3-(α, δ)-Sasakian
manifolds. This is because, ideally, such spaces would submerge onto homogeneous hyperkähler manifolds
which are known to be completely flat, i.e. products of tori and Euclidean spaces [5]. Compared to the non-
degenerate case, however, it is less clear if the corresponding hyperkähler space will actually be a manifold
globally. We identify two such scenarios where the base space is indeed a manifold. However, we show that
there are restrictions beyond those imposed by [5] on the base.

Unlike in the non-degenerate case, the Reeb vector fields are now elements of the automorphism algebra
of a homogeneous degenerate 3-(α, δ)-Sasakian manifold because they commute with one another. In Sec-
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tion 4, we show that they comprise the center of the automorphism algebra and conclude that they generate
a closed subgroup of the automorphism group. Combining this with classical results due to Alekseevskii [4]
as well as Conner and Raymond [9], we prove that the only connected compact homogeneous degenerate
3-(α, δ)-Sasakian manifold is the trivial example of the 3-torus T3 (Section 5). Finally, we study simply con-
nected nilpotent Lie groups with a left-invariant degenerate 3-(α, δ)-Sasakian structure in Section 6. Again
using traditional results by Wilson [18] as well as Milnor [16], we show there is exactly one family of such
spaces, the quaternionic Heisenberg groups. This parallels a result about nilpotent Sasakian Lie groups by
Andrada, Fino and Vezzoni [6, Theorem 3.9].

To sum up, our findings paint the somewhat curious picture that there are no non-trivial compact homo-
geneous examples in the degenerate 3-(α, δ)-Sasakian category, despite there being both interesting non-
compact homogeneous (quaternionic Heisenberg group) and compact inhomogeneous cases (3-Boothby-
Wang bundles over compact inhomogeneous hyperkähler manifolds, see Section 3). Qualitatively, this ge-
ometry is in stark contrast to the classical 3-Sasakian one where homogeneous examples are automatically
compact and there exist as many as compact simple Lie groups ([8, Theorem C], see also [14]).

2 Preliminaries
Let (M2n+1, g) be a Riemannian manifold of odd dimension. An almost contact metric structure (ξ , η, φ) is
defined by a unit length vector field ξ ∈ X(M), its metric dual η ∈ Ω1(M) and an almost Hermitian structure
φ ∈ End(TM) on ker η satisfying

φ ξ = 0, φ2 = −id + ξ ⊗ η, g(φX, φY) = g(X, Y) − η(X)η(Y) , X, Y ∈ TM .

For an almost contact metric manifold (M, g, ξ , η, φ), we letΦ ∈ Ω2(M) denote the fundamental 2-form given
by Φ(X, Y) = g(X, φY).

Now suppose that (M4n+3, g) is equipped with three almost contact metric structures (ξi , ηi , φi)i=1,2,3
which are compatible in the sense that

φi ξj = ξk , ηi ◦ φj = ηk , φi ◦ φj = φk + ξi ⊗ ηj

for any even permutation (i j k) of (1 2 3). Then, we call (M, g, ξi , ηi , φi)i=1,2,3 an almost 3-contact metric
manifold. By construction, the Reeb vector fields ξi are orthogonal and form a 3-dimensional distribution
V = ⟨ξ1, ξ2, ξ3⟩. We call this distribution vertical and its orthogonal complementH =

⋂
i ker ηi horizontal.

Definition 2.1. ([1, Definition 2.2.1]). A 3-(α, δ)-Sasakian manifold, α, δ ∈ R, α ≠ 0, is an almost 3-contact
metric manifold satisfying

dηi = 2αΦi + 2(α − δ)ηj ∧ ηk (2.1)

for any even permutation (i j k) of (1 2 3).

In case α = δ = 1, the differential condition is just dηi = 2Φi, which corresponds to standard 3-Sasakian
manifolds.Wewill recall only those results about 3-(α, δ)-Sasakianmanifoldswhichweneedhere. For amore
complete survey we refer to the introductory article [1] as well as the third author’s thesis [17].

Among 3-(α, δ)-Sasakian manifolds we differentiate two subclasses due to the behavior of their Reeb
vector fields.

Proposition 2.2. ([1, Corollary 2.3.1].) The Reeb vector fields are Killing and for any even permutation (i j k)
of (1 23) they satisfy the commutator relations

[ξi , ξj] = 2δξk .

In particular, the vertical distribution is integrable.
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If δ ≠ 0, then the Reeb vector fields span a Lie algebra isomorphic to su(2). For δ = 0 on the other hand, the
vertical Lie algebra is Abelian.

Definition 2.3. A 3-(α, δ)-Sasakian manifold is called degenerate if δ = 0 and non-degenerate otherwise.

WewriteΦH
i := Φi◦(πH⊗πH), where πH : TM → H denotes the orthogonal projection. Then for degenerate

3-(α, δ)-Sasakian manifolds (2.1) assumes the simpler form

dηi = 2αΦH
i . (2.2)

In particular, we have ker dηi = V.

3 A Constructive Result
Whereas plentiful examples of non-degenerate 3-(α, δ)-Sasakian structures are known on Konishi bundles
over quaternionic Kähler orbifolds of non-vanishing scalar curvature [2, Section 3], the only known examples
of degenerate 3-(α, δ)-Sasakianmanifolds are the quaternionic Heisenberg groups and derived examples ([3,
Subsection 2.2], [1, Example 2.3.2], see also Example 6.1). The following construction starting with a hyper-
kähler manifold is an excerpt from the third author’s thesis [17].

Let (N, gN , I1, I2, I3) be a hyperkähler manifold. Suppose that the fundamental two-forms are integer
classes [ωi] ∈ H2(N,Z). Then we obtain a Boothby-Wang bundle S1 → Pi

πi−−→ N for each Kähler structure
[7, Theorem 3]. In particular, these bundles have Chern class [ωi] and the total spaces Pi are equipped with
Sasaki structures (gi , φ̃i , ηi , ξi) such that ξi generates the fiber.

Now consider the product bundle

T3 −→ P1 × P2 × P3
Π=(π1 ,π2 ,π3)−−−−−−−−−→ N3.

Let M := Π−1(∆N) denote the restriction of the product bundle P1 × P2 × P3 to the diagonal
∆(N) = {(x, x, x) ∈ N3} and consider M as a fiber bundle M π−−→ N, where π is the composition

P1 × P2 × P3 ⊃ M Π−−→ ∆(N)
∼=−−→ N, (p1, p2, p3) 7→ (x, x, x) 7→ x.

If we denote the fiber of Pi over x ∈ N by (Pi)x := π−1i ({x}) ∼= S1, then the bundle M π−→ N can be seen as the
fiber bundle with fiber (P1)x × (P2)x × (P3)x over any given point x ∈ N. For p = (p1, p2, p3) ∈ M we have

TpM ∼= TxN ⊕ ⟨ξ1, ξ2, ξ3⟩

as ξi generates the fiber of Pi. The construction as a fiber product bundle ensures that the Reeb vector fields
ξi are linearly independent and [ξi , ξj] = 0, as it ought to be for degenerate 3-(α, δ)-Sasakian manifolds.

Extend ηi trivially, i.e. ker ηi = TN ⊕ ⟨ξj , ξk⟩, with j, k ≠ i, and ηi(ξi) = 1. Set the metric g := π*gN + η21 +
η22 + η23, then π : (M, g) → (N, gN) becomes a Riemannian submersion.

Theorem 3.1. Let (N, gN , I1, I2, I3) be a hyperkähler manifold with integer fundamental forms. Construct
(M, g, ηi , ξi) as above and set φi = φ̃i + ηj ⊗ ξk − ηk ⊗ ξj for any cyclic permutation (i j k) of (1 2 3).
Then (M, g, ξi , ηi , φi)i=1,2,3 is a degenerate 3-(α, δ)-Sasakian manifold with α = 1, δ = 0.

Remark 3.2. The T3-bundleM also appears in Fowdar’s paper [13] in his construction of quaternionic Kähler
metrics on R ×M albeit without the geometric structure, see also [10, Lemma 2.1].

In [11] Foreman obtains a so-called complex contact manifold by constructing a T2-bundle over N in
similar fashion. His construction imposes a less restrictive assumption than hyperkähler on N. However, in
this special case the complex T2-bundle he considers can be obtained from our construction as the quotient
by one of the Reeb vector fields. This should be considered as the analogue of the twistor space over a positive
quaternionic Kähler manifold and the 3-Sasakian space above (cmp. [12]).
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Proof. Observe that (g, ηi , ξi , φi) extends the almost contact metric structure on TpiPi ∼= TxN ⊕ ⟨ξi⟩ to
TpM ∼= TxN ⊕ ⟨ξi , ξj , ξk⟩. The three almost contact metric structures are compatible on the vertical subspace
by definition of φi. On the horizontal distribution φi projects to Ii, thus φi ◦ φj|H = φk|H.

The last identity to check is the differential condition (2.2). As (ξi , ηi , φ̃i) defines a Sasakian structure on
Pi we have 2gi(X, φ̃iY) = dηi(X, Y) for vertical vectors X, Y ∈ TpiPi. This remains true for X, Y ∈ H ⊂ TpM
as φi is just φ̃i onH. If either vector of X, Y lies in V, the left hand side of (2.2) has to vanish. We have

ξj dηi = Lξjηi − d(ξj ηi) = 0

as ηi is defined on the factor Pi of the product P. In particular, it is invariant under ξj for j ≠ i. Finally,
ξi dηi = 0 from the Sasakian condition on Pi.

We call this bundle the 3-Boothby-Wang bundle over N. As shown in [2, Theorem 2.2.1], locally any degenerate
3-(α, δ)-Sasakianmanifoldmaps onto a hyperkähler space via the so-called canonical submersion. The above
construction describes the converse starting from a hyperkähler manifold. By construction, the Reeb vector
fields span the fiber of the bundle T3 → M π−→ N. Therefore the canonical submersion agrees globally with π
mapping onto a hyperkähler manifold, namely the initial manifold N. Observe that starting with a compact
hyperkähler manifold in this way one obtains a compact degenerate 3-(α, δ)-Sasakian manifold.

Remark 3.3. In [10] Cortés shows that non-flat compact hyperkähler manifolds of arbitrary dimension with
integral Kähler forms exist. This implies that there are compact degenerate 3-(α, δ)-Sasaki manifolds that are
not quotients of a quaternionic Heisenberg group.

Example 3.4. As a toy example, we could consider N to be a single point, meaning that M is just T3. It turns
out that this is the only connected compact degenerate 3-(α, δ)-Sasakianmanifold in dimension three, which
can be seen as follows: If (M3, g, ξi , ηi , φi)i=1,2,3 is a compact connected degenerate 3-(α, δ)-Sasakian 3-
manifold, then the Reeb vector fields generate an R3-action on M. The isotropy groups of this action are
discrete (since the Reeb vector field vanish nowhere), so any orbit is three-dimensional and thus, by connect-
edness, equal to all ofM. Hence,M = G/H is a connected compact Abelian Lie group (H is a normal subgroup,
since G is Abelian), i.e. a torus. The structure tensors (g, ξi , ηi , φi)i=1,2,3 are completely determined by the
definition of almost contact 3-structures.

4 Homogeneous Spaces
Fromnow on, let (M4n+3, g, ξi , ηi , φi)i=1,2,3 be a connected degenerate 3-(α, δ)-Sasakianmanifold. A 3-(α, δ)-
Sasakian automorphism of M is an isometry ϕ : M → M which satisfies any of the equivalent conditions
ϕ*ξi = ξi, ϕ*ηi = ηi or ϕ* ◦φi = φi ◦ϕ*, i = 1, 2, 3. Let us now assume thatM is homogeneous, i.e. the identity
component G := Aut0(M) of its group Aut(M) of 3-(α, δ)-Sasakian automorphisms acts transitively. The Lie
algebra g is (anti-)isomorphic to the space aut(M) of all complete Killing vector fields on M which commute
with the Reeb vector fields ξ1, ξ2, ξ3 via the map g → aut(M), X 7→ X, where X denotes the fundamental
vector field of the left G-action.

Since the automorphism group acts transitively, the Reeb vector fields are complete. Unlike in the 3-
Sasakian andmore generally the non-degenerate 3-(α, δ)-Sasakian case, the Reeb vector fields commutewith
each other, so we have ξ1, ξ2, ξ3 ∈ aut(M). In fact, the corresponding elements X1, X2, X3 ∈ g (i.e. Xi = ξi)
clearly even lie in the center Z(g) of g.Wewill show that g contains no other central elements using techniques
very similar to those in [14, Section 6].

Lemma 4.1.
dηi(X, Y) = ηi([X, Y]) i = 1, 2, 3, X, Y ∈ g .

Proof. Evaluating the exterior derivative gives

dηi(X, Y) = X
(
ηi(Y)

)
− Y

(
ηi(X)

)
− ηi([X, Y]) .
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and the Leibniz rule for the Lie derivative implies

X
(
ηi(Y)

)
= LX

(
ηi(Y)

)
=
(
LXηi

)
(Y) + ηi

(
LXY

)
= ηi([X, Y]) ,

where LXηi = 0 because G acts by 3-(α, δ)-Sasakian automorphisms.

Lemma 4.2. A vector field of the form
∑3

i=1 fi ξi, where f1, f2, f3 ∈ C∞(M), lies in aut(M) if and only if f1, f2, f3
are constant functions.

Proof. If V =
∑3

i=1 fi ξi ∈ aut(M), then for j = 1, 2, 3 andW ∈ X(M), we have:

0 =
(
LVηj

)
(W) =

3∑
i=1

(
fi (Lξiηj)︸ ︷︷ ︸

=0

(W) +W(fi) ηj(ξi)︸ ︷︷ ︸
=δij

)
= W(fj) .

Since M is connected, f1, f2, f3 have to be constant.

Proposition 4.3. Z(g) = k := ⟨X1, X2, X3⟩.

Proof. Let X ∈ Z(g) and choose some p ∈ M and Y ∈ g such that Yp = φ1Xp (which is possible, since G acts
transitively). Then, by virtue of Lemma 4.1:

0 = η1([X, Y]p) = −dη1(Xp , φ1Xp) = 2α
∥∥(Xp)H∥∥2 ,

where vH denotes the horizontal component of a tangent vector v ∈ TM. Since α ≠ 0 and p ∈ M was ar-
bitrary, the vector field X has to be completely vertical and therefore of the form described in Lemma 4.2.
Consequently, X =

∑3
i=1 aiξi for some a1, a2, a3 ∈ R and X =

∑3
i=1 aiXi ∈ k.

Corollary 4.4. The connected subgroup K ⊂ G with Lie algebra k is closed.

Proof. Since G is connected, the Lie algebra of Z(G) is given by Z(g). Thus, Proposition 4.3 implies that K =
Z0(G), the identity component of the center. Since Z(G) is closed in G and Z0(G) is closed in Z(G), it follows
that K is closed in G.

5 Compact Homogeneous Spaces
Let us now additionally assume that M is compact. Then its isometry group Isom(M) as well as the closed
subgroups Aut(M) and Aut0(M) = G are also compact, as is K by Corollary 4.4. Thus, the space M/K of K-
orbits is at least an orbifold. However, since M is G-homogeneous, the K-action on M only has one isotropy
type. Hence, the orbit space M/K is a compact smooth manifold, in fact:

Proposition 5.1. M/K is a torus.

Proof. Agricola, Dileo and Stecker have shown that the space of leaves of the characteristic foliation of
a degenerate 3-(α, δ)-Sasakian manifold (i.e. the foliation generated by the Reeb vector fields) locally admits
a hyperkähler structure [2, Theorem 2.2.1]. Concretely, the hyperkähler forms are induced by dηi which are
basic by (2.2). Since X1, X2, X3 are the infinitesimal generators of both K and the characteristic foliation,
the leaf space is given by the orbit space M/K. By construction, the hyperkähler structure on M/K is also
G-homogeneous. A result by Alekseevskii then concludes that M/K has to be a torus [4, Theorem 1 b)].
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Theorem 5.2. The only connected compact homogeneous degenerate 3-(α, δ)-Sasakian manifold is T3.

Proof. Let L be the kernel of the G-action on the hyperkähler quotient space M/K. Then, G/L is a connected
compact Lie group which acts effectively on a closed aspherical manifold (i.e. a manifold whose universal
cover is contractible). It follows from the work of Conner and Raymond that G/L is also a torus [9, Theorem
5.6].
Since L is a normal subgroup of G, its Lie algebra l is an ideal in g. Because G is compact, we may choose
an Ad(G)-invariant (and thus also ad(g)-invariant) inner product on g and consider the complementary ideal
m := l⊥. Again by compactness of G, we have g = [g, g]⊕ k and [g, g] = k⊥ (independently of the choice of the
inner product). Since K ⊂ L, it follows thatm is an ideal inside the semisimple algebra [g, g] and is therefore
itself semisimple. But on the other hand, m is isomorphic to the Lie algebra g/l of G/L, which is Abelian.
Consequently,m = {0}.
It follows that G/L has to be the trivial torus, meaning that G acts trivially on M/K. Since this action is also
transitive, M/K is a singleton and M is 3-dimensional. By virtue of Example 3.4, M is isomorphic to T3.

6 Nilpotent Lie Groups

In this section, we want to investigate simply connected nilpotent Lie groups with a left-invariant degenerate
3-(α, δ)-Sasakian structure. Let us first recall the specific example of the quaternionicHeisenberg group, which
was first described as a naturally reductive space in [3] and later identified as a homogeneous degenerate 3-
(α, δ)-Sasakian manifold in [1].

Example 6.1. The quaternionic Heisenberg group of dimension 4n + 3 is the simply connected Lie group H
determined by the following Lie algebra h: As a set, h = Z ⊕Hn, where Z is the span of the imaginary quater-
nions i, j, k, which we will denote by ξ1, ξ2, ξ3. We define an inner product g on h by requiring that ξ1, ξ2, ξ3
are orthonormal, g|Hn×Hn is the standard Euclidean inner product onHn and g|Z×Hn = 0. Let ηi be the g-dual
1-form of ξi and φi be the endomorphism of h such that φi ξj = ξk for any even permutation (i j k) of (1 2 3)
and φi|Hn is quaternionic multiplication from the left by ξi. Finally, the Lie bracket on h is determined by the
conditions Z(h) = Z, [Hn ,Hn] ⊂ Z (implying that h is 2-step nilpotent) and

g([X, Y], ξi) = g(φiX, Y) ∀ X, Y ∈ Hn .

As shown in [3, Subsection 2.2] and [1, Example 2.3.2], the corresponding left-invariant tensor fields
(g, ξi , ηi , φi)i=1,2,3 constitute a homogeneous degenerate 3-(α, δ)-Sasakian structure on H with α = 1/2. As
always, one canmodify this structure (and in particular the value of α) by applying anH-homothetic deforma-
tion [1, Definition 2.3.1]. In fact, the presentation of the quaternionic Heisenberg group in [3] and [1] already
incorporates anH-homothetic deformation with parameters a = 1, b = λ2 − 1 and c = λ, where λ > 0.

From now on, let N4n+3 denote a simply connected nilpotent Lie group with a left-invariant degenerate 3-
(α, δ)-Sasakian structure (g, ξi , ηi , φi)i=1,2,3. The Lie algebra n = H ⊕ V decomposes both as vector spaces
and as left-invariant distributions inside the tangent bundle.

Lemma 6.2. Z(n) ⊂ V.
Proof. The derivative of the left-invariant 1-form η1 is given by dη1(X, Y) = −η1([X, Y]) for all X, Y ∈ n. Thus
if X ∈ Z(n), then Condition (2.2) implies that for Y := φ1X:

0 = η1([X, Y]) = −dη1(X, Y) = 2α∥XH∥2 .

Proposition 6.3. Z(n) = V and n is 2-step nilpotent.
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Proof. Let V denote the connected subgroup of N with Lie algebra V. Since N is simply connected and nilpo-
tent, the (Lie group) exponentialmap ofN is a global diffeomorphism [15, Theorem 1.127]. Hence, V is a closed
subgroup and N/V is (globally) a smooth manifold. Now, N/V is also the space of leaves of the characteristic
foliation of N, which admits a hyperkähler structure ([2, Corollary 2.2.1]) that is homogeneous as argued in
the proof of Proposition 5.1.
Let W denote the kernel of the N-action on N/V. Then W is known as the normal core of V and it is the
largest subgroup of V which is normal in N. The connected nilpotent quotient group N/W acts effectively and
transitively by isometries on N/V, so N/V is isometric to N/W by virtue of a classical result due to Wilson
[18, Theorem 2]. Consequently, dimV = dimW, so V = Lie(W) is an ideal in n. But ηj([X, ξi]) = dηj(ξi , X) = 0
for all X ∈ n, so V = Z(n). Moreover, N/V is nilpotent and Ricci-flat, so a result by Milnor implies that its Lie
algebra n/V = n/Z(n) is Abelian [16, Theorem 2.4]. Consequently, [n, n] ⊂ Z(n), so n is 2-step nilpotent.

Theorem 6.4. Theonly simply connectednilpotent Lie groupswith a left-invariant degenerate 3-(α, δ)-Sasakian
structure are the quaternionic Heisenberg groups, endowed with the structure described in Example 6.1.

Proof. Since N is simply connected, it suffices to construct a Lie algebra isomorphism ψ : n → h which
preserves the structure tensors. First, let ψ map the Reeb vector fields of n to those of h. Both H ⊂ n and
Hn ⊂ h are left quaternionic vector spaces with compatible inner products, so they admit orthonormal bases
of the form (e1, φ1e1, φ2e1, φ3e1, . . . , en , φ1en , φ2en , φ3en). Letψmapsuchabasis ofH to a corresponding
basis ofHn.

From these definitions, it is clear thatψ is a linear isomorphismwhich respects the structure tensors, so it
only remains to check thatψ preserves the Lie bracket. To this end, first note that by the previous proposition:
ψ(Z(n)) = ψ(V) = Z = Z(h). Likewise, [ψ(H), ψ(H)] = [Hn ,Hn] ⊂ Z and ψ[H,H] ⊂ ψ(V) = Z. Finally, for all
X, Y ∈ H, we have (potentially after a suitableH-homothetic deformation to match the values of α):

ηhi ([ψX, ψY]) = dη
h
i (ψY , ψX) = 2αgh(φh

i ψX, ψY) = 2αgh(ψφn
i X, ψY)

= 2αgn(φn
i X, Y) = dηni (Y , X) = ηni ([X, Y]) = ηhi (ψ[X, Y]) .

Remark 6.5. This theorem is very analogous to a result byAndrada, Fino andVezzoni: They showed that the
only simply connected nilpotent Lie groups with a left-invariant Sasakian structure are the odd-dimensional
Heisenberg groups [6, Theorem 3.9]. Finally, however, we would like to warn the reader about the somewhat
counterintuitive fact that, at least in the Sasakian realm, there exist (non-nilpotent) Lie groups with a left-
invariant structure where the Reeb vector field does not lie in the center of the Lie algebra.
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