
Open Access. © 2022 Fabrizio Catanese, published by De Gruyter. This work is licensed under the Creative Commons Attribu-
tion 4.0 License.

Complex Manifolds 2022; 9:192–195

Research Article Open Access

Fabrizio Catanese*

Pluricanonical Maps and the Fujita Conjecture
https://doi.org/10.1515/coma-2021-0136
Received June 11, 2022; accepted June 26, 2022

Abstract:We describe examples showing the sharpness of Fujita’s conjecture on adjoint bundles also in the
general type case, and use these examples to formulate related bold conjectures on pluricanonical maps of
varieties of general type.
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Introduction and history of the problem.
The celebrated Fujita’s conjecture on adjoint bundles [13] predicts that, if H is an ample divisor on a smooth
projective variety X of dimension n, then D := KX + (n + 1)H is spanned (that is,OX(D) is generated by global
sections), and KX +(n+2)H is very ample. Fujita observed that, if X is projective space Pn, and H is the divisor
of a hyperplane, then KX = −(n + 1)H hence his conjecture is sharp.

I describe here some series of examples that I discovered some 20 years ago, ¹ which show the sharpness of
the celebrated Fujita’s conjecture on adjoint bundles also in the case where X is a variety of general type with
ample canonical divisor KX (here we take H := KX).

Themotivation for this short note came from reading the review of the paper [5], which shows the birationaliy
of the pentacanonical map for threefolds of general type with a Gorenstein minimal model.
Our examples are constructed just as an extension to higher dimensions of some surfaces classi�ed by En-
riques in Chapter VIII of his book [11], and which, by work of Bombieri [4], are characterized exactly as the
surfaces of general type with the worst possible behaviour of the pluricanonical maps.
These examples show the sharpness of some bold question-conjectures which we propose here, which are
easily seen to be some sort of generalization of the Fujita conjecture [13] on adjoint bundles in the general
type case (part b) below is due to Meng Chen).

Conjecture 1. Let X be a variety of general type, which is minimal, of dimension n and with at worst Q-
factorial terminal singularities and such that the canonical divisor KX is a Cartier divisor: then
a) the pluricanonical map associated to |mKX| is birational onto its image as soon as m ≥ n + 3,
a’) the m-th pluricanonical map yields an embedding of the canonical model as soon as m ≥ n + 3
b) if KnX = Vol(X) ≥ 2, then the pluricanonical map associated to |mKX| is birational onto its image as soon as
m ≥ n + 2.
b’) if KnX = Vol(X) ≥ 2, then them-th pluricanonical map yields an embedding of the canonical model as soon
as m ≥ n + 2.
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Remark 2. (I) Assume that X is smooth of dimension n and that KX is an ample divisor.
Then the above conjecture is implied by the Fujita conjecture on adjoint bundles: if H is an ample divisor,
then KX + (n + 2)H is very ample.
(II) Alternatively, one may formulate the conjecture with the assumption that X is the canonical model of a
variety of general type, and that KX is a Cartier divisor.

Recall that Hacon and McKernan [14] proved that for each dimension n there is a constant c(n) such that for
each variety X of general type of dimension n the pluricanonical map associated to |mKX| is birational onto
its image as soon as m ≥ c(n).
Moreover, we know from [3] that the canonical ring

R(X) = ⊕mH0(X,OX(mKX))

of a variety of general type is �nitely generated, hence there exists the canonical model Y := Proj(R(X)),
which has canonical singularities, and the volume Vol(X) is also equal to KnY (Y is Q-Gorenstein). We also
know from ibidem that X admits a minimal model, that is, a model with terminal singularities, in particular
Q-Gorenstein.
In general, see [15] page 359 for examples in dimension 3, the question to determine c(n) is complicated by
the fact that the volume need not be an integer: for this reason one should �rst of all restrict oneself to the
case where Vol(X) is an integer.
This is not enough, as observed by Chen Jiang, who gave the following example.

Example 1. (Chen Jiang)
Take X to be the Reid-Fletcher hypersurface X46 ⊂ P(4, 5, 6, 7, 23), which has volume Vol(X) = 1

420 and
canonical stability index 27.
Take further a smooth curve C of genus 421.
Let Y := X × C. Then Y is a minimal 4-fold of general type with canonical volume Vol(Y) = 8, an integer.
However 7KY does not yield a birationalmap.More high dimensional examples can be produced by the same
procedure.

Our �rst series of examples are varieties of general typewhich show that both conjectures are sharp: questions
a) a’) and the Fujita conjecture (for the latter, we have mentioned that it is sharp for projective space, but it is
useful to produce other examples, of general type, where it is sharp).
Indeed, for even dimension n, we get smooth varieties X for which KX is ample and KX + (n +1)H = (n +2)KX
is not birational onto its image.
For odd dimension instead (n + 2)KX is not birational onto its image, but here X is canonical with terminal
singularities which are not Gorenstein, they are only 2-Gorenstein.
In particular, we get threefolds of general type with volume equal to 1, such that the 5-canonical map is not
birational. The main result of [5] is that the 5-canonical map is birational if X is Gorenstein.
The result shows the subtlety of the higher dimensional geometry, whereminimalmodels need not be Goren-
stein: as observed by Meng Chen, under the Gorenstein assumption, the volumemust be even because of the
Riemann-Roch theorem, hence Vol(X) ≥ 2 and the result con�rms part b) of the conjecture.
Our ‘conjecture’ is a theorem obviously for dimension n = 1, here the smooth curves of genus 2 show that the
bicanonical map need not be birational, while the tricanonical map is always an embedding.
For surfaces, as already mentioned, the conjecture is again a theorem, due to Bombieri [4], and the surfaces
which show that the 4-canonical map need not be a birational embedding are exactly the double covers of
a quadric cone branched on the section with a degree 5 surface (these examples are to be found in section
14 of Chapter VIII, pages 303-305 of [11]) while the other surfaces for which the 3-canonical map need not be
a birational embedding are the double covers of the plane branched on a curve of degree 8 ( see section 17,
Chapter VIII, pages 311-312 of [11]).
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Our second series of examples are smooth varieties of general type X with KX ample, and show that conjec-
tures b), b’) are sharp. They also show that for Fujita’s conjecture one may also ask whether KX + (n + 1)H is
very ample once we know that Hn ≥ 2.
In higher dimension, the general case of varieties of general type is quite complicated: already for threefolds
of general type whose minimal model is not Gorenstein the situation is intricate: improving on [7], [8] proves
birationality for m ≥ 57, else one needs some other hypotheses, for instance the hypothesis of positive irreg-
ularity [6] [9].
Also concerning the Fujita conjecture there are until now no counterexamples, and the best result was ob-
tained by Angehrn and Siu [1], showing that KX + mH is very ample for m ≥ 1

2 (n
2 + n + 2).

1 A series of hypersurfaces in weighted projective space
For simplicity we stick to algebraic varieties de�ned overC, since the above conjectures are meant for geom-
etry over the complex numbers: but the examples make perfect sense over any algebraically closed �eld k of
char(k) ≠ 2 (char(k) = 2 requires some minor modi�cation).

Example 2. For each n, consider the weighted projective space P(1n , 2, n + 3), with coordinates

(x, y, z) := (x1, . . . , xn , y, z),

and choose X to be a general hypersurface of degree 2(n + 3),

X := {(x, y, z)|z2 = F(x, y)}.

1. X is a double cover of P(1n , 2), which is the projective cone over the quadratic Veronese embedding of
Pn−1, which therefore is smooth, except at the point x = 0, where we have the ‘Kummer’ singularity
Cn/ ± 1. The singularity is Gorenstein if and only if n is even; it is terminal for n ≥ 2, since the minimal
resolution is the quotient of the blow up of Cn at the origin, hence it carries an exceptional divisor E ∼=
Pn−1 with normal bundle = OPn−1 (−2). Therefore the canonical divisor of the resolution is the pull back of
the canonical divisor of X plus −12 (n − 2)E.

2. The double covering is branched on the hypersurface F(x, y) = 0, which for general choice of F is smooth
and does not contain the singular point ofP(1n , 2). Hence X is smooth except possibly for the points lying
above the point x = 0.

3. X is generally smooth for n even, but it has two Kummer singularities if n is odd. In fact, over the point
x = 0, we get the points de�ned by z2 = λyn+3, where λ is the coe�cient of yn+3 in F; there seems to be
two distinct solutions for λ ≠ 0, y = 1, z = ±1, but, for n even, n + 3 is odd, hence the diagonal action
of −1 sends y 7→ y, z 7→ −z. Hence, we get two Kummer singularities if n is odd, but for n even we get a
double covering rami�ed exactly at the singular point, hence we get a smooth point.

4. Adjunction (see [10]) shows that ωX = OX(1), hence for X even we have smooth variety with KX ample;
for n odd we have that X is terminal and 2-Gorenstein, as seen above.

5. H0(OX(m)) yields a birational map if and only if m ≥ n + 3, which is indeed an embedding.

The next series extends to higher dimension the other surfaces considered by Enriques, which requirem ≥ 4:

Example 3. For each n, consider the weighted projective space P(1n+1, n + 2), with coordinates

(x, z) := (x1, . . . , xn , xn+1, z),

and choose X to be a general hypersurface of degree 2(n + 2),

X := {(x, z)|z2 = F(x)}.

1. X is a double cover of Pn, branched on a hypersurface of degree 2n + 4, hence X is generally smooth.
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2. Adjunction (see [10]) shows that ωX = OX(1), hence we have smooth variety with KX ample;
3. H0(OX(m)) yields a birational map if and only if m ≥ n + 2, which is indeed an embedding.

2 Post Scriptum
The Fujita conjecture is true for reduced curves, but not for non-reduced curves which are not numerically
connected: take an elliptic curve E in a smooth algebraic surface S with sel�ntersection E2 = −d, d ≥ 3, set
C := 2D, and take a divisor H with H · E = 1 (S may just be the blow up of E × P1).
Then on C we have 3H + KC = 3H + KS + C = 3H + KS + 2E and its intersection with E equals 3 + E2 = 3 − d,
hence this linear system is not even ample as soon as d ≥ 3.

Added in proof: Burt Totaro mentioned to me that similar examples are to be found in Theorem 3 of [2],
which contains also other examples where the minimal model does not have a Cartier canonical divisor KX.
Under the condition that the minimal models have a canonical divisor KX which is not Cartier, then there are
recent more extreme and striking examples by Esser, Wang, and Totaro; these examples are such that there
are about 22

n/2
vanishing plurigenera in dimension n, see Theorem 1.1 of [12] and ensuing discussion.
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