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Abstract: This paper is an introduction to cosymplectic topology. Through it, we study the structures of the
group of cosymplectic diffeomorphisms and the group of almost cosymplectic diffeomorphisms of a cosym-
plectic manifold (M, w, n) : (i)- we define and present the features of the space of almost cosymplectic vector
fields (resp. cosymplectic vector fields); (ii)— we prove by a direct method that the identity component in the
group of all cosymplectic diffeomorphisms is C°~closed in the group Diff**(M) (a rigidity result), while in the
almost cosymplectic case, we prove that the Reeb vector field determines the almost cosymplectic nature of
the C°-limit ¢ of a sequence of almost cosymplectic diffeomorphisms (a rigidity result). A sufficient condition
based on Reeb’s vector field which guarantees that ¢ is a cosymplectic diffeomorphism is given (a flexibility
condition), the cosymplectic analogues of the usual symplectic capacity-inequality theorem are derived and
the cosymplectic analogue of a result that was proved by Hofer-Zehnder follows.

Keywords: Rigidity results, Convergence in general topology (sequences, filters, limits, convergence spaces,
nets, etc.), Dynamical systems involving smooth mappings and diffeomorphisms, Dynamics in general topo-
logical spaces
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1 Introduction

In most of the numerous formulations of time-dependent mechanics, cosymplectic manifolds play a major
role: either in the classical descriptions of regular Lagrangian systems (see [11]) and of Hamiltonian systems
[6, 11], or in more detailed descriptions of Lagrangian submanifolds (see [9, 12]). These manifolds have been
at the center of interest of several other authors starting from the works of Liberman [14] to those of Li [13]. An
interesting result due to Li [13] shows how moving from a cosymplectic structure, one can always generate a
symplectic structure, and vice-versa.

On the other hand, a common aspect to both symplectic geometry and cosymplectic geometry is that the
symplectic (resp. the cosymplectic) structure induces an isomorphism between the space of vector fields and
the space of 1-forms of the underlined manifold : this is a fundamental aspect. In the context of symplectic
geometry, the corresponding isomorphism is used to describe some structures of the group of symplectomor-
phisms from the space of closed 1-forms of the symplectic manifold.

As far as we know, almost nothing is known about the structure of the group of cosymplectic diffeomor-
phisms of a cosymplectic manifold (one doesn’t know how to fragment an arbitrary co-Hamiltonian vector
field of a cosymplectic manifold with respect to an open cover of the manifold; how to describe accurately
the dynamics of a cosymplectic manifold from its group of cosymplectic diffeomorphisms; how to quantify
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the energy needed by a cosymplectic diffeomorphism in order to displace a given open subset; how rigid is
the cosymplectic structure with respect to the C°~limit and so on.)

The goal of the present paper is to adapt some methods from symplectic topology to characterize, and
then to study several subgroups of diffeomophisms of a cosymplectic manifold.

We organize this paper as follows. In Section 2, we recall the definition of cosymplectic vector space,
cosymplectic linear group, and cosymplectic manifolds. Section 3 deals with vector fields of a cosymplectic
manifold. Mainly, in Subsection 3.1, we define and study cosymplectic vector fields and in Subsection 3.2, we
introduce and study the algebra of almost cosymplectic vector fields. Section 4 deals with the study of almost
cosymplectic diffeomorphisms, cosymplectic diffeomorphisms, almost cosymplectic isotopies, and cosym-
plectic isotopies. Lemma 4.1 shows how the Reeb vector field of a cosymplectic manifold transforms under
the push forward by a cosymplectic diffeomorphism (resp. by an almost cosymplectic diffeomorphism), while
Lemma 4.2 is a slight generalization of Lemma 4.1 between two arbitrary cosympletic manifolds, and Propo-
sition 4.1 characterizes the Lie algebras of some cosympletic and almost cosymplectic subspaces. In Subsec-
tion 4.1 we show how cosymplectic (resp. almost cosymplectic) geometry varies under the composition and
inversion of cosymplectic (resp. almost cosymplectic) isotopies. In Subsection 4.2, we compare cosymplectic
isotopies with symplectic isotopies, and characterize periodic orbits in weakly Hamiltonian dynamical sys-
tems. In Subsection 4.3, we compare almost cosymplectic isotopies with symplectic isotopies (Propositions
4.2, 4.3, 4.4, and 4.5) prove a theorem showing that the Reeb vector field determines the almost cosymplectic
nature of a uniform limit of a sequence of almost cosymplectic diffeomorphisms (Theorem 4.1), and we char-
acterize periodic orbits in almost co-Hamiltonian dynamical systems. In Section 5, we define and study the
cosymplectic setting of Hofer and Hofer-like geometries with respect to the group of all cosymplectic diffeo-
morphisms isotopic to the identity map. Here, we first start from a comparison of the uniform sup norm of a
closed 1-form and that of its pull-back with respect to a projection map, next we study the co-Hofer norms,
co-Hofer-like norms, we establish the cosymplectic setting of the energy-capacity-inequality from symplectic
geometry, discuss on displacement energies in the fibers of a certain Cartesian product, and prove that the
group of all cosympletic diffeomorphisms isotopic to the identity map is C°~closed inside the group of all
smooth diffeomorphisms (Theorems 5.1, 5.2, 5.4, and 5.5).

2 Preliminaries

2.1 Cosymplectic vector spaces

A bilinear form on a vector space Visamap b : Vx V — R which is linear in each variable. When a bilinear
map b satisfies b(u, v) = —-b(v, u), for all u, v € V, then b is called antisymmetric (or skew symmetric).

Theorem 2.1. (Standard form for antisymmetric bilinear maps)
Consider a skew-symmetric bilinear map b on V. Then there is a basis (uq, -+ , Uy, €1, s €n, f1,°** » fn)
of V such that

1. b(u;,v) =0, foralliand forallv ;
2. b(ej, e)) =0 = b(fy, fj), forall i, j ;
3. bley, f;) = 63, for all i, j.

Given any non-trivial linear map ¢ : V — R, together with a bilinearmap b : V x V — R, one defines a
linear map

Iypy: V. — V
Y — Il/),b(Y) :=lyb+lp(Y)l/)

so that I, ,(Y)(X) = b(Y, X) + P(Y)P(X), forall X, Y € V.
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Definition 2.1.

1. A pair (b, ¥) consisting of an antisymmetric bilinear map b : V x V — R and a non-trivial linear map
Y : V. — Ris called a cosymplectic structure if the map Tw, p is a bijection.

2. A cosymplectic vector space is a triple (V, b, 1) where V is a vector space and (b, ) is a cosymplectic
structure on V.

Proposition 2.1. Let (V, b, ) be a cosymplectic vector space. Then, dim(V) = 2n + 1.

Proof. By Theorem 2.1, we have dim(V) = 2n + k. So, it is enough to show that k = 1. Let
(U1, ,ug, €1, ,en, f1, -, fn) be abasis of V as in Theorem 2.1. Since, b(u;,v) = 0, forall 1 < i < k,
and for all v, we derive that Iy, » ;) = Y(u)y, for each i. This implies that

ui = Iy () =PIyl ) =: pw)é, @1
foreach i, where & := Tl}fb(lp)- Since (uy, -+ , U, €1, ,en, f1,** , fn) is a basis of V, then (2.1) implies that
k = 1. This completes the proof. O

Proposition 2.2. Let (V, b, ) be a cosymplectic vector space. Then, there exists a unique vector & € V called
the Reeb vector such that:

1' I/)(g) = 1’
2. b(&,v)=0, forallve V.

Proof. From the proof of Proposition 2.1, take & := ﬁ, and verify that (&) = 2% - 1 and b(¢,v) =

P(u1)
mb(ul, v) =0, for all v € V. This completes the proof. O
Remark 2.2. Let (V, b, i) be a cosymplectic vector space of dimension (2n+1). Then, the (2n+ 1)-multilinear
map B, defined by B :=  Ab A -+ - A b, is non-trivial. Indeed, by Proposition 2.1,1et (¢, e1, -+ , en, f1, -+ , fn)

n-factors
be a basis of V asin Theorem 2.1 and set vy = &, vj;1 = ej, and vy = f;, 1 <1< n.Wehave

Bvi, 5 Vi, Vet oo s Vane1) = (@ ADA---AD)V1, -, Vane1)
= > sign(@Pem)b A AB)Vo)s ** Voansn)
Ues(2n+l)

= Z sign(o)(b A -+ A B)(Ve(2)s ** * Vo(ans1)

0ESaner0(1)=1
g.l.Z...(n_l).n (2.2)

with € € {-1, 1}, where S, 1) stands for the set of all permutations of (2n + 1) elements.

2.2 Cosymplectic Manifolds

Hereafter, we recall the definition of cosymplectic manifold and its link with a symplectic manifold.

Definition 2.2. 1. A cosymplectic structure on a smooth manifold M is a pair (w, ) consisting of closed
2—form w and closed 1-form 5 such that for each x € M, the triple (TxM, wx, Nx) is a cosymplectic vector
space. Equivalently w and 7 are closed forms such that n A w™ is nowhere vanishing top form on M.

2. A cosymplectic manifold is a triple (M, w, n) where M is a smooth manifold and (w, 1) is a cosymplectic
structure on M

For further details, we refer to [13, 14] and references therein.
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In particular, Remark 2.2 tells us that any cosymplectic manifold (M, w, n) is oriented with respect to the
volume form n A w", while by Proposition 2.2, any cosymplectic manifold (M, w, ) admits a vector field &
called the Reeb vector field such that n(§) = 1 and 1;w = 0.

Remark 2.3. Not all odd dimensional manifolds admits a cosymplectic structure. In fact, let M@FD pe any
closed manifold with k # 0 such that H*(M(Zk”), R) denotes its *~th de Rham group with real coefficients.
If HY(MZD R) = 0, or HX(MZ**V R) = 0, then M>** has no cosymplectic structure. In particular, since
HY(S@D R) = 0, then the unit spheres S?**1 have no cosymplectic structures, for any integer k: this is a
consequence of the usual Stoke’s theorem.

In order to well describe in more details some features of cosymplectic manifolds we shall need the following
result due to Li [13].

Lemma 2.1. ([13])

Let M be a manifold and 1, w be two differential forms on M with degrees 1 and 2 respectively. Consider
M=MxR equipped with the 2—form @ := p"(w) + p" (1) A m,(du) where u is the coordinate function on R,
p: M—M ,and i : M— R, are canonical projections. Then, (M, w, 1) is a cosymplectic manifold if and
only if (M, @) is a symplectic manifold.

2.3 The C°-topology

Hereafter is a brief description of the C°~topology on the group of homeomophisms and on the set of paths
of homeomorphisms starting from identity. Let Homeo(M) denotes the group of all homeomorphisms of M
equipped with the C°- compact-open topology. This is the metric topology induced by the following distance

do(f, h) = max (deo(f, h), deo (T, BTY)), 2.3)

where
deo(f, h) = suﬁ d(h(x), f(x)). (2.4)
Xxe

On the space of all continuous paths A : [0,1] — Homeo(M) such that A(0) = idy;, we consider the
C°-topology as the metric topology induced by the following metric

d(A, p) = max_do(A(t), u(t)). 2.5)
telo,1]

3 Vector fields and (almost) cosymplectic structure

Let Q1(M) (resp. X(M) ) be the space of all 1-forms (resp. smooth vector fields) of a cosymplectic manifold
(M, w, n). The cosymplectic structure induces an isomorphism of C>*(M, R)-modules

Inw: X(M) — Q' (M)
X —  IpeX) =130+ nX)n.

The vector field & := 7,‘,,1(,,(11) is called the Reeb vector field of (M, w, ) and is characterized by : n(¢) = 1 and
l{w =0.

Proposition 3.1 ((w, 7)-decomposition)).
Let (M, w, n) be a cosymplectic manifold. Then, any vector field X on M decomposes in a unique way as :
X = Xo + Xy, where Xy = I, (ixw) and Xy = I, (n(X)n).
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3.1 Cosymplectic vector fields

In this subsection we study vector fields X of a cosymplectic manifold (M, w, ) whose generating flows pre-
serve the forms n and w.

Definition 3.1. Let (M, w, 1) be a cosymplectic manifold. A vector field X is said to be cosymplecticif Lxn = 0
and Lxw = 0.

We will denote by X5, (M) the space of all cosymplectic vector fields of (M, w, n).
Corollary 3.1. Let (M, w, 1) be a cosymplectic manifold. For any X € Xy,»(M), the 1-form Tn,w(X) is closed.
We have the following fact.

Lemma3.1. Let (M, w, n) be a cosymplectzc manifold. Consider the symplectic manifold M=MxR equlpped
with the symplectzc form Q := p*(w) + p"(n) A m5(du) where u is the coordinate functionon R, p : M — M,
and m, : M — R are projection maps. Let a be any closed 1-form on M, and set X4 := Q L(p”(a)), where
Q is the isomorphism induced by the symplectic form Q defined from the space of all vector fields on M onto
the space of all 1-forms on M. Then, the vector field Yy := p+(X4) is a cosymplectic vector field, if and only fif,
d((du((nz)*(Xa)))(l)) = a(&)n, where ¢ is the Reeb vector field of (M, w, 17).

Proof. Consider the symplectic manifold M = M x R equipped with the symplectic form
Q:=p'(w)+p () A 15(du)

where u is the coordinate functionon R, p : M— Mandm, : M — R, are projection maps. Let a be any
closed 1-form on M and put X := Q" (p"(a)). Since by definition we have 15, Q = p*(a), by computing

15,2 =0 (.t @) + P (1.t ) T2(dW) = (Au((m)+(Xa))) © m2p” (1),

we derive that P (1. @) + P (1px ) M (du) - ((du((ma)« (Xa))) o) p'(n) = p*(a). We apply the vec-
tor ﬁeld to both sides of the above equality to obtain: 0 + p* (1 p.(xoN) — 0 = 0 since p*(%) = 0, and
(112)+( au) = u : this gives n(Y4) = 0. Besides, let S; be the corresponding section of the projection p and fix
[ € R. Composing the equality

P (p.x@) + P (p.xon) m2(du) = (du((712)+(Xa))) 0 map" () = p’ (@),
in both sides by Sj, yields:
1y, w — (du((m2)+(Xa))) (Dn = a. (3.1)

Therefore, it follows from (3.1) that (du((m)«(Xa)) () = a(¢), and so, 0 = d(iyw) =
d (((du((m)+(Xa))D)) n + ) , whenever d( (du((m2)«(Xa))) ()) = a(&)n which implies that Ly, w = 0,
and Ly,n = 0. Conversely, if Y, is cosymplectic, then from (3.1) we derive that d( (du((m2)«(Xa)) (Dn) = O
which implies that d(du((nz)*(Xa))(l)) = a(é)n. O

However, we do not know whether for any a € Z!(M), the vector field X := I w(a) is a cosymplectic vector
field or not. Therefore, let us consider the set C3*(M) consisting of all constant function on M, and put

Z¢(M) = {B € 21 (M) ; B(&) € C*'(M)} (2)

where ¢ is the Reeb vector field. The set Z,}(M) is non-empty, since n(¢) = 1. Also, for any vector field X on M
such that d(ixw) = 0, we have (ixw)(&) = 0, i.e., ixw € Z;(M).

Proposition 3.2. Let (M, w, 1) be a compact cosymplectic manifold. Let a € Z%(M) and let X := T;l}a,(a). If
{i¢}¢ is the flow generated by X then for each t we have : Y;(w) = w and Y;(n) = n
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Proof. Since dfn,w(X) =da =0, then Lx(w) = -Lx(n) An.But, ixw +n(X)n = a,and a Z,}(M) imply that
n(X) = a(é) = cte. So, d(n(X)) = d(a(¢)) = 0 which infers that Lx(1) = d(n(X)) = 0and Lx(w) = -Lx(m) A7 =
0. O

Remark 3.1. The map

ﬁn,aﬂ %rz,w(M) — Z%(A@
X — ﬁr[,a}(X) 5=Ir1,(u(X)

is a linear isomorphism. Furthermore, for each closed 1-form a, the vector field Z, := Y4 — a(é)¢ satisfies
Inw(Za) = a, Lz,n = d (1Y) — a($)1(é)n) = 0and Lz, w = d (a(é)) A n, where Y, is as in Lemma 3.1.

The following result is a consequence of the (w, 1)—decomposition of vector fields on a cosymplectic mani-
fold.

Proposition 3.3. Let X be a cosymplectic vector field with (w, n)-decomposition X = X, + Xy. Then,

the vector fields X, and Xy are cosymplectic,

[Xw, Xn] =0,

forany Y € Xp,w(M), we have [X, Y] € Xy,o(M)

when it exists, the flow @ = {¢pl,}¢ (resp. @y = {¢§1 }t) generated by the vector field X (resp. Xn) preserves
the cosymplectic structure,

@5 0 by = @l o P, foreachs, t,

6. the flow @ generated by X decomposes as: @ = @y o Py = Py o Dy,

NN~

o

Proof. For (1), let X € Xp,w(M). Since Lxw = 0 and X = Xy + Xy, then Ly, w = —Lx,w. We claim that

Lx,w = 0.In fact, since Tn,w(Xa,) =15, w, and Tn,w(X,l) = 1(X)n, then we compose in both sides with respect

to the Reeb vector field & to obtain (Xe) = 0, and n(Xy) = n(X). Thus, it follows that Lx, w = 0, Lx 1 = O,

Lx,w =0,and Ly, n = 0. For (2), by the means of the formula UX,, X,] = Lx, ox, - ix, © £x,, We compute:
l[Xw,Xﬂ]w = wa (anLU)—IX,I (LXWLU) =0—0,

and

U, x )1 = Lx, (x,1) —1x, (£x,1) = Lx, (0) —1x, (un) =0 -0,

and then, we derive that I, ([Xy, Xo]) = Ux, x,1¥ ~ (U[x,.x,]7)1 = 0 - 0. The non-degeneracy of I, implies
that [Xy, Xo] = 0.For (3),1et X, Y € X;,(M). From the formulas 1y yj = Lxoty-1yoLx,and doLx = Lxod, we
derive that £y yjw = d(ijx,yjw) = 0 and Lx yjn = d(1x, yjn) = 0. Hence, [X, Y] € Xp,«(M). For (4), we derive
from the first item that when it exists, the 1-parameter family of diffeomorphisms @, = {¢,};, preserves the
cosymplectic structure. From the formula

St =W (£, (W07) @) - L (ex)

we derive that when it exists, the 1-parameter family of diffeomorphisms ¥y, also preserves that cosymplectic
structure. The last items easily follow. O

Definition 3.2. Let (M, w, n) be a cosymplectic manifold. An element Y € Xy, (M) is called

e an n-vector field if the 1-form 1yw = 0,
¢ an w-vector field if the function n(Y) is trivial.

Example 3.1. Let Y be any cosymplectic vector field. Then in the decomposition, Y = Y; + Y, we have that
Yy is an w-vector field while Yy, is an n—vector field.
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Definition 3.3. Let (M, w, n7) be a cosymplectic manifold. An element Y € X;,»(M) is called a weak Hamilto-
nian vector field if the 1-form I;,,(Y) is exact.

We shall denote by hamy,» (M) the space of all weak Hamiltonian vector fields of (M, w, 1).

Proposition 3.4. [3] Let (M, w, 1) be a cosymplectic manifold. For any X,Y € X, (M), we have [X,Y] €
hamy,(M).

Definition 3.4. Let (M, w, n) be a cosymplectic manifold. An element Y € Xy,»(M)is called a co-Hamiltonian
vector field if the 1-form 1yw is exact and n(Y) = 0.

We shall denote by hamg,w(M ) the space of all co-Hamiltonian vector fields of (M, w, n). Observe that
hamg,w(M) C hamy,o(M).

Example 3.2. Let (M, w) be a symplectic manifold. Consider the Cartesian product M := MxR equipped with
the 2—form @ := p*(w) and the 1-form 7] := 775 (du) where u is the coordinate functionon R, p : M — M,
and 71, : M — R are the canonical projections on each factor of M respectively. Let [ be fixed in R, take S; to
be a smooth section of the projection p, and let X be any Hamiltonian vector field of (M, w) with generating
function H. The vector field X := (SP«(X) of M satisfies IXCT) = p"(1;xw) = d(H o p) since p o S; = idy. Also,
we have ﬁ()?) = du((m; o §;)«(X)) = 0 because 71, o S; is a constant map. Thus, we have that Xe ham%,a(ﬁ[).
Besides, let Y be a vector field on R such that the function du(Y) is non-trivial, let x € M be fixed, and let Sy
be a smooth section of the projection 77,. The vector field Y := (Sx)«(Y) of M satisfies l;E) = p*(1o@) = O since
7T o S is the constant map.

Also, we have ﬁ(lN/) = du(Y) # O because m, o Sx = idg. Thus, we have that ¥ ¢

(hamﬁ’a(f/l) ~ ham%@(I\N/I)).

Proposition 3.5. Let (M, w, 1) be a cosymplectic manifold. For any X,Y € hamg,w(M), we have [X,Y] €
hamy) ,,(M).

3.2 Almost cosymplectic vector fields

In this subsection, we define and study those vector fields X of a cosymplectic manifold (M, w, ) whose
generating flows preserve the differential forms 7, and w up to a multiplicative smooth function.

Definition 3.5. Let (M, w, n) be a cosymplectic manifold. A vector field X is said to be almost cosymplectic
if Lxw = 0, and there is a smooth function px on M, non-identically trivial such that Lxn = uxn.

We shall denote by AXy,»(M) the space of all almost cosymplectic vector fields of (M, w, n).

Proposition 3.6. Let (M, w, n) be a cosymplectic manifold. For any X,Y € AXy (M), we have [X,Y] €
A%y, 0(M).

Proof. LetX,Y € AXp,o(M), from the formulas 1y y) = Lx o1y —1y o Ly, and d o Ly = Ly o d, we derive that
Lix y)w = dijx yjw = 0 and
Ly = diygyn = d(uyn@) - uxn(Y)) = nX)dpy + pydnX) - n(Y)dpx - pxdn(Y)
= (duy)Xn + pypxn - (dpx)(Y)n - pxpyn, (3.3)
since d(n(X)) = Lxn = uxn and d(n(Y)) = Lyn = pyn. Hence,
Lix,yiw = (duy)XOn - (dux)(Y)n = fx,yn,
with fxy := ((duy)(X) - (dux)(Y)) € C=(M), i.e., [X, Y] € AXy,o(M). O



DE GRUYTER On Cosymplectic Dynamics | = 121

Definition 3.6. Let (M, w, n) be a cosymplectic manifold. An element Y € AX;, (M) is called an almost
co-Hamiltonian vector field if the 1-form 1yw is exact.

We shall denote by Ahamy,»(M) the space of all almost co-Hamiltonian vector fields of (M, w, 17).

Proposition 3.7. Let (M, w, n) be a cosymplectic manifold. For any X,Y € AXyo(M), we have [X, Y] €
Ahamy,»(M).

Proof. Since [X, Y] € AXp,o(M), we derive that 1y yjw = Lx o 1yw = d(zw(X, Y)). O
Corollary 3.2. Let (M, w, 1) be a cosymplectic manifold. For any X € AXy,o(M), the 1-form Tn,w(X) is closed.

Proof. For each X € AXy (M), since Lx = 1x o d + d o 1x, we derive from the equalities Lx(w) = 0 and
Lx(n) = uxn that d(ixw) = 0 and d(n(X)) = uxn. Thus,

d(Iy,0(X)) = dagw) + dn(X)n) = daxw) + d(X)) An =0 + 0.

Here is a consequence of the (w, )-decomposition of vector fields on a cosymplectic manifold.

Proposition 3.8. Let Y be an almost cosymplectic vector field such that Ly(n) = un with (w, n)-decomposition
Y =Yy + Yy. Then,

1. the vector field Y, (resp. Yy) is cosymplectic (resp. almost cosymplectic),

2. the flow o = {,} (resp. ¥y = {lpg}t) generated by the vector field Y., (resp. Yy) is cosymplectic (resp.
almost cosymplectic with LM n = un) when it exists,

3. [Yu, Yyl =0,

4. Y5 o ply = L, o 3, for each s, t, and

5. the flow V¥ generated by Y decomposes as ¥ = Wy o ¥y = ¥y 0o V.

Proof. Let Y be an almost cosymplectic vector field such that Ly(n) = un with (w, n)-decomposition Y =
Yo + Yy. For (1), we derive from Tn,w(Yw) = 1yw, by composing with respect to the Reeb vector field that,
n(Yy) = 0, and so we also have ly,w = tyw, which show that Y, is a cosymplectic vector field. Similarly, from
Tn,w(Y,,) = n(Y)n, we derive that n(Yy) = n(Y), and so we also have ty,w = 0. This implies that Ly, w = 0, and
Ly,n = un. To prove (2), we derive from the first item that when the isotopy generated by Y, exists, then the
latter is a cosymplectic isotopy. From the formula

S = W' (ayn (wort) (n)) - L) (L),

we derive that ¥y, is an almost cosymplectic isotopy when it exists. By the means of the formula y, v | =
Ly, oty, -1y, o Ly,, we compute:
y, @ = Ly, (v, @) -1y, (Ly,w) =0-0,
and
iy, v, = Ly, (tv,n) ~ 1y, (Cy,n) = Ly, (0) ~ 1y, (un),= 0 -0,

and then, we derive that I, ([Yy, Yo]) = Uy,,v,1¢ = (1fy,,v,11)1 = 0 - 0. The non-degeneracy of I,«, implies
that [le, Y(u] = 0. D

4 Diffeomorphisms of a cosymplectic manifold

Definition 4.1. Let (M, w, 17) be a cosymplectic manifold.
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1. A diffeomorphism ¢ : M — M is called an almost cosymplectic diffeomorphism (or almost cosymplec-
tomorphism) diffeomorphism if: ¢"(w) = w and there exists a smooth function f € C=(M) such that
¢"(n) = .

2. A diffeomorphism ¢ : M — M is called a cosymplectic diffeomorphism (or cosymplectomorphism)
diffeomorphism if: ¢"(w) = w and ¢* (1) = 7.

We shall denote by ACosymp,, »(M) the space of all almost cosymplectomorphisms of (M, w, ,) and by
Cosymp,, ,(M) the space of all cosymplectomorphisms of (M, w, n).

Definition 4.2. Let (M, w,n) be a cosymplectic manifold. An isotopy @ = {¢;}; is called an almost
cosymplectic (resp. cosymplectic) isotopy if for each time ¢, we have ¢; < ACosymp,,, o M) (resp. ¢; €
Cosymp, ,(M)).

We shall denote by AIsoy,» (M) (resp. Isoy,»(M)) the space of all almost cosymplectic (resp. the space of all
cosymplectic) isotopies of (M, w, ).
We then define the following important subgroups:

AGn,w(M) =evy (AISOn,w(M)) and Grl,a)(M) =evy (ISO}'I’(U(M)) N

where ev is a time 1-map (namely the map that associates to an isotopy { ¢’ Yot the map o). We equip
both groups AGy,«(M) and Gy,»(M) with the C*°-compact-open topology [7].

Lemma 4.1. Let (M, w, 1) be a cosymplectic manifold and let ¢ be its Reeb vector field. We have the following
properties.

1. If¢ S Grl,w(M), then ¢*(‘{) = n{.
2. Ifth € AGy,o(M) with (1) = e/, then h«(&) = /Y £.

Proof. Since for all diffeomorphism ¢ € Diff(M), we have I, (p+(£)) = (™) (@™ (W) + (@71 ™ (M),
then we derive that:

. If ¢ € Gp,w(M), then for ¢ = ¢, we have

Ino($+(&) (@) (" (@) + (7)) (e I = (971 (zw) + (971 (em)n

n o= Inw@). (4.

Thus, 7,1,(,,(@')*({)) = Tn,w(‘f ) which implies that ¢«(&) = £, since Tn,w is non-degenerate.
. If € AGp,o(M) with () = 1, then

Tno@e(@) = @0 @)+ @ " 0 = @ ew) + @ e
0+ = Tpw@¥ ). (4.2)

Thus, Tn,w(l/)*(.{)) = Tn,w(efo“'fl &) from which we derive +(&) = efov” &, since 7,1,(,, is non-degenerate.
O

The following result generalizes Lemma 4.1 and its proof follows immediately from the one of Lemma 4.1.

Lemma 4.2. Let (M;, w;, i), i = 1, 2 be two cosymplectic manifolds and let ¢;, 1 = 1, 2 be their Reeb vector
fields respectively. We have the following properties.

1. If ¢ € Diff(My, M) such that ¢*(w,) = w1, and ¢”(2) = 11, then p«(&1) = &. 1
2. Ify € Diff{(My, M,) such that " (w,) = w1, and ¥’ (173) = e'n1, then P« (&1) = eV &,.
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Definition 4.3. Let (M, w, 1) be a cosymplectic manifold. An isotopy ¥ := {1} is called an almost co-
Hamiltonian isotopy, if for each ¢, the vector field ), is an almost co-Hamiltonian vector field, i.e., {; €
Ahamy,»(M), for each t.

We shall denote by AHjy,» (M) the space of all almost co-Hamiltonian isotopies of (M, w, 1), and put
.AHamrl’w(M) =evy (AH[Z,“)(M)) . (4.3)
The elements of the set AHj, (M) are called almost co-Hamiltonian diffeomorphisms of (M, w, 17).

Definition 4.4. Let (M, w, n) be a cosymplectic manifold. An isotopy ¥ := {;}; is called a weakly Hamilto-
nian isotopy, if for each ¢, the vector field 1), is a weakly Hamiltonian vector field, i.e., ¢ € hamy,,(M), for
each t.

We shall denote by Hy,«(M) the space of all weakly Hamiltonian isotopies of (M, w, ), and put
Hamrl,w(M) =evy (Hr[,(u(M)) . (44)
The elements of the set Hamy, (M) are called weakly Hamiltonian diffeomorphisms of (M, w, 17).

Definition 4.5. Let (M, w, n7) be a cosymplectic manifold. An isotopy ¥ := {);}; is called a co-Hamiltonian
isotopy, if for each t, the vector field l])t is a co-Hamiltonian vector field, i.e., 1,b t € ham?l,a,(M), for each t.

We shall denote by H, g,w(M) the space of all co-Hamiltonian isotopies of (M, w, 1), and put

Ham) (M) := ev (HY o(M)) (4.5)
The elements of the set Hamg,w(M ) are called co-Hamiltonian diffeomorphisms of (M, w, 1).
Proposition 4.1. Let (M, w, 1) be a cosymplectic manifold. The following properties hold.

The set AHamy,»(M) is a Lie group whose Lie algebra is the space Ahamy,»(M).
The set AHamy,»(M) is a normal subgroup in the group AGy,(M).

The set Hamy,»(M) is a Lie group whose Lie algebra is the space hamy,»(M).
The set Hamy,»(M) is a normal subgroup in the group Gn,»(M).

The set Hamy) ,,(M) is a Lie group whose Lie algebra is the space ham$) ,,(M).
The set Ham?lyw(M) is a normal subgroup in the group Hamy,»(M).

The group Hamy,»(M) is not simple provided Ham?l,w(M) # {idy}.

NS R N

4.1 Cosymplectic and almost cosymplectic flows

In this subsection, we give some relations for the cosymplectic and almost cosymplectic flows. To this end,
we shall need the following fact: to any smooth isotopy @ = {¢,}+ with ¢¢ = idy, is attached a smooth family
of smooth vector fields {¢;}:, defined by

br := Xpo it (4.6)
where
Xi(x) := d4;tt(x) R foreach tand VvV x € M. (4.7)
Furthermore, if @ = {¢;} is cosymplectic then we have for each ¢
¢t (Inw(@0) = ¢; (X)) (4.8)

Hereafter are these relations (items 1 — 10)
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1. Let {¢+} € Hy,w(M) such that Tn,w(dn) = dF;, for each t and smooth function F;. Then, from the relation
¢t = —(¢prY)«(¢py), for each t and Uiy @ = -¢; (0p:1)) for all p~form a, we derive that

Tnw(§-0 = -$1(4,0) - GO = ~¢i(Tn.u(p)) = d-Fop) V. (4.9)

Hence, {¢;'} € Hy,w(M) and I,w(¢-¢) = d(~F; o ¢;), where ¢;* =: ¢_,, for each t.

2. If @p = {¢¢}+ is a weakly Hamiltonian isotopy such that Tn,w(cﬁt) = dF;, forall ¢, then forall p € Gy,w(M),
the isotopy ¥ = {1} with 1, := p! o ¢¢ o p is also weakly Hamiltonian : in fact, from y; = pz*(¢;), we
derive that

Ino@e) = p"(In.o(@0) = d(Fr o p), foreacht.

3. Similarly, if {1} and {¢} are two elements of Hy (M) such that Iy »(¢) = dF; and I, () = dKq,
for each t, then we have

~ —_— 1
Inw(peope) = d(Fr + Ke o r ), for each ¢. (4.10)
4. Let {¢¢}+ € Ison,w(M). Then, for each t, we have Yn,w(g‘b_t) = —¢f(7,1,w(d)t)).
5. If {i¢}+ and {¢;} are two elements of Isoy,«(M), then for each ¢, we have
~ e . ANk .
Inw(@t o r) = Inw(e) + (P ) In,w(Why)).
6. Let {¢:}+ € Alsoy,w(M) such that Ly = uen, (or ¢;(n) = €f'n), for each t and smooth function f;.

Compute,
con = 0 (G (@) ) -0 (g (7)) (410
= ¢ (n% (e—ffocb;l)) = (ﬁ:?) o¢t)n, (4.12)
—

ie, Ly n =9, forallt, with 9 := (fi o oY) o e
7. If {y+}+ and {¢;}; are two elements of AIsoy,» (M) such that Ld»” = uen, (or ¢;(n) = eftn), and Ld}[n =
usn, (or y(n) = eln), for each t, then we have

c (@eopd™ (g5 (@cowon) ) = @eow ™y (5 (¢/¥en) )

.
$eo Py

—~—
= <ft o+ i]t) o(peope)tn, foreacht. (4.13)

. —— . =
Thus, L ____ n =0, withgs := | froe+ gt | o (prohy)™, forall t.

$eo i
8. If @ = {¢¢}; is an almost co-Hamiltonian isotopy such that 15,0 = dFy, for all t, and Ld)(n = u¢n, (or

¢1(n) = efin), for each t, then for all p € AGy,o(M) such that p™(17) = e/ n, the isotopy ¥ = {1}, with
Y := p~! o ¢¢ o p is almost co-Hamiltonian: in fact, from P, = pi'(¢;), we derive that 1w = p*(ld)tw) =
d(F¢ o p), for each t. Besides, we have

St = -0 (G (07 piop )

(llifl)*% (e"fp"p_lo""o”effo”efpn) , for all t. (4.14)

Hence, £ ;1 = H¢(p)n, with
Hi(p) := e_fp°p_1°¢‘°pef‘°pefp% (e‘prp_lo‘p‘Opef‘Opefpﬂ) olptoprop)t,

= (—dfp((P_l)*((i)t)) +ft) o(plogiop)t foreacht. (4.15)
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9. For any isotopy @ = {¢;}+, we will denote by Cfp,n the smooth function x — q(g'bt)(¢t(x)). If D= {¢:}:
and ¥ = {y;} are two elements of Isoy,»(M) such that L4 = pen, (or ¢;(n) = €tn), for each t, then we
have

rl(({bt + ((I)t)*(',bt)) o(pprothe) = Cfp,,, o+ i’l(((l)t)*(',bt)) o(¢pro )
= Copote+ (@) (@ n@) o (prope) = Copyotpe+eVCy,,  foreacht

¢
Coow,y

namely
Clooy.y = Cloy 0 e + &¥iCYy . forallt. (4.16)

10. So, from (4.16), we derive that if @ = {¢;} is an almost cosymplectic isotopy such that ¢;(n) = e/t, for
each t, then, we have
Cory = -/ Ch 0 pt, forallt.

4.2 Cosymplectic geometry and Symplectic geometry

The following facts give some relationships between symplectic and cosymplectic geometries.
From Lemma 2.1 we have :

Fact 1: For any cosymplectic isotopy @ = {¢;}+, one defines an isotopy D = {(Aﬁt}t of the symplectic manifold
(M, w) as follows: For each ¢,

$r: MxR — MxR
Gu) — (D), Ry (@(x, 1)),
t
where R, @)(x, u) := u - / Cfp,n(x)ds mod 271. Furthermore, if we consider the canonical projection

0
p : M — M, then for each t, we have the following commutative diagram

Mo
pl ip
M % M,

namely p o ;ﬁ; = ¢ o p. The isotopy D= {a)t}t is in fact symplectic: since we have

b @) = o w+®od)nAde (Th(dw) = (beop) w+ (e op)n Ams(du)
= po+pnrm(du) = w. (4.17)

Fact 2: For any cosymplectic isotopy @ = {¢};, one defines an isotopy D = {(Al;t}t as in Fact 1, we can easily
compute, at = g'bt - p*(CfD’n)%, for each t, which implies that

t W= p*(zd)tw) + p*(Cép,,l)n;(du) +p*(Cfp’,1n), for each t. (4.18)
t

4.3 Almost cosymplectic structure and Symplectic structure

Proposition 4.2. Let (M, w, ) be a cosymplectic maNnifold. If ¥ = {¢¢}:+ is any almost cosymplectic isotopy
such that ;(n) = e/t for all t, then the isotopy ¥ = {1} defined by

17)t : MxR — MxR
xu) — (Pex), ue‘f‘("))

is a symplectic isotopy of the symplectic manifold M, ).
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Proof. Assume ¥ = {!,bt}t is any almost cosymplectlc isotopy such that ll)t(n) = efiy for all t, and consider
the projection maps p : M — M, and 71, : M — R. For each t, we have po z[)t Y o p, and also

V@) = Pi@ (W) +p ) AT(d0) = (o) w+ (o) A (ns o) du
= (Wrop)w+@eop)nAelPridu=p () w)+p (Y)'n) A e Prsdu
= p(w)+ ef'OPp*(n) A e TP (du)
= w.
Thus, ¥ = {{¢} := {W¢op, nze‘ff"p)t}t is a symplectic isotopy of (M, @). O

Proposition 4.3. Let (M, w, 1) be a cosymplectic manifold. If ¥ = {1y} is any almost cosymplectic isotopy
such that ;(n) = e’y for all t, then we have

d (nzn(llit) op) = (n(t/it) op) 5 (du) + (ft ope‘f“’pnz) p'(n), foreacht.

Proof. Assume ¥ = {!/)t}t is any almost cosymplectlc isotopy such that (1)) = e/t for all ¢, and consider
the projection maps p : M — M, and 7, : M — R. From the previous Proposition 4.2, the isotopy ¥,

{(¢ o p, mye°P),} is a symplectic isotopy of (M, @) ; namely, the 1-form l$ w is closed for each t. We also
t

have, P, = i, - (ft ope’ff"pﬂz) 2, which implies that

5 W= p*(ldhw) +n(y) o ps(du) + (ft ope’f“)pnz) » (), for each t. (4.19)

Therefore, differentiating (4.19) gives:
dl{i)[&) =d (p*(ld,ta))) +d (q(xﬁt) o pry(du) + (ft ope_f‘°pn2> p*(n)> ,
ie,0=0+d (n(lﬁt) o pry(du) + (ft o pe‘f‘C’pnz) p*(n)> , for each t. That is,
d (rl(l/}t) op) Am5(d6) = -d (ft ope"f‘°pn2) Ap“(n), foreach t.

Taking the interior derivative in the above equality with respect to the vector ﬁeld > yields —d (n(z/z t)o p)
- <ft ope ~feop ) p (11), for each t. Finally, we compute for each t

d (ﬂzﬂ(l/}t) OP) = (U('ﬁt) 0P> my(du) +d (U('l;t) 0p> My = ('I(ll;t) Op) 5 (du) + (ft Ope_f‘Opm) p ().
O

The following is a consequence of Proposition 4.3.

Proposition 4.4. Let (M, w, n) be a cosymplectic manifold. If ¥ = {y¢}; is any almost cosymplectic isotopy
such that ;(n) = eftn (or Lyn= uen) for all t, then we have

Ut = f{e'f | or equivalently fro Y = f{ef t, foreach t. (4.20)

Proof. Assume ¥ = {1} to be any almost cosymplectic isotopy such that 1 (1) = e/t (or Lyn=n ¢n) for all

t. From the proof of Proposition 4.3, we derive that d (11(1/}0 o p) = (ft o pefeop ) p" (1), and composing the

latter equality with any smooth section of the projection p, yields d (n(l/)t)) = <f['e‘ff) n, for each t. On the

other hand, from d (ﬂ(lﬁt)) =Ly 1= Hetls for all ¢, we derive that (fge’ff) n = usn, for each t. Applying the
t

Reeb vector field in both sides of the latter equality implies y; = f,e”/:, for each t. From f; = / Us o YPsds, it

follows that f; o Y, = f;et, for each t. O
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Proposition 4.5. Let (M, w, 1) be a cosymplectic manifold. If ¥ = {lptb is any almost co-Hamiltonian isotopy
such that ;(n) = e/tn for all t, and 1;,w = dHy, then the isotopy ¥ = {Y¢}¢ defined by

@t : MxR — M xR
u) — (P, ue‘f‘("))

is a Hamiltonian isotopy of the symplectic manifold (M, @) such that for each t.
- @=d (Ht op + man(y) op) . (4.21)
b,

The following theorem shows that the Reeb vector field determines the almost cosymplectic nature of a uni-
form limit of a sequence of almost cosymplectic diffeomorphisms.

Theorem 4.1. Let (M, w, n) be a compact cosymplectic manifold with Reeb vector field &. Let {;}; be any se-
quence of almost co-symplectic diffeomorphisms that uniformly converges to a diffeomorphism i, and suppose
that ’(n) = e/in. The following assertions hold.

1. The smooth function " (1)(¢), is non-negative.

2. If the smooth function *(n)(&), is positive, then the sequence {f;}; uniformly converges to F i =
In (" (7)(£)).

3. Ifthe smooth function " (n)(&) is equal to the constant function 1, then  is a cosymplectic diffeomorphism:
a flexibility result.

4. If the smooth function " (n)(¢) is positive and different from the constant function 1, then ) is an almost

N £
cosymplectic diffeomorphism with " (n) = efv n: a rigidity result.
To prove the above theorem, we need the following lemma and its corollary.

Lemma 4.3. Let (M, w, ) be a compact cosymplectic manifold. If {1;}; is a sequence of almost cosymplectic
diffeomorphisms that uniformly converges to a diffeomorphism , with gb;(n) = efi n, then for each fixed x € M,
the sequence of positive real numbers {ef*' ) }l. converges to (Y (n)(&))(x), where ¢ is the Reeb vector field.

Corollary 4.1. Let (M, w, n) be a compact cosymplectic manifold. If {1;}, is a sequence of almost co-symplectic
diffeomorphisms that uniformly converges to a diffeomorphism , with ; (n) = efi n, then for any smooth curve

v C M, we have lim /ef"rl =/l/J*(72).
1——o0
Bt bY

Proof. Assume M to be equipped with a Riemannian metric g, with injectivity radius r(g). Let v be any smooth

0
curve in M. Since ; LI Y, then for i sufficiently large we may assume that d o (;, ) < @, and derive that,
for each t € [0, 1], the point ;(+(¢)) can be connected to the point ((t)) through a minimizing geodesic X!.
This means that the curves X2, X}, 1; 0, and 1 o  form the boundary of a smooth 2—chain &(v, 1;, ) C M.

1

Since dn = 0, we obtain, by using Stockes’ theorem that / dn=0,i.e., / n- / n= /rl - / n, for
® 0,0 1) pioy Yoy X X
i sufficiently large. Furthermore, from ¥} (n) - ¥"(n) = efin — " (n), we derive that for all i sufficiently large,

[(@n-ww)| - | (view-we)|-| [n- [n] < 2modo i),

’ v P
(4.22)

where | - |o stands for the uniform sup norm on the space of 1-forms of a compact manifold [16]. The top right
hand side of the above estimates tends to zero as i goes to infinity. O
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Proof of Lemma 4.3. Let {¢}: be the cosymplectic flow generated by the Reeb vector field &. For each fixed
t €]0, 1[, and each x € M, consider the smooth curve 7, ; : s — ¢s¢(x), and derlve from Corollary 4.1 that

i—>o0 i—oo
’S/X,[ 'Wx,l 0
each fixed t €]0, 1].

lim (ef'q) = / (1), for each fixed t €]0, 1, i.e., lim (ef"(‘i’u("))du) = /(l,b*(n)(f))@u(x))du, for
0

S

Therefore, considering the sequence of smooth functions U, : s / e/ gy By definition

Up(to) == lim Ui(s) - Uy(to)

) -~ , 0, for all ty €]0, 1[, and for all x € M, we have
0 —to

kgnm Uylto) := IE)‘ML“‘IO Uk(Sz : gk(fo) _ lem,o (k@w Uk(sz : tUOk(tO)) ,
s to
= lirnt [s _lt (/(l,b*(n)({))@u(x))du - /(l,b*(n)({))@u(x))du)] = (" (D) (¢, (X)).
Ss—>lp 0
0 0

This implies that lim efi® = (l,b*(n)({ ))(x), for each x € M. O
1—>o0

Proof. of Theorem 4.1. By Lemma 4.3, the smooth function x — (" (17)(¢))(x), is the uniform limit of a

sequence of positive functions, hence the latter is non-negative. Assume that the smooth function x

W (M) (x), is positive. Therefore, as in Proposition 4.2, we define a sequence of symplectic isotopies of
~ ~ 0

the symplectic manifold (M, w) by y; := (; o p, 1> e fi°P), for each i. Since by assumption, ; <, Y, and

* ~ 0 P
by Lemma 4.3 we have lim efior — o=@ NP then it follows that Y; <, W o p, me te°P), with
1—>o0

= In((¥" (n)(&))). Since the map (Y o p, 11> et fop ) is a diffeomorphism, then it follows from the celebrated

rigidity theorem of Elishberg-Gromov that the diffeomorphism @, := (op, 7, et fop ), is a symplectic diffeo-
=~ * o~ ~ . . . * * 'z

morphism of (M, w). Finally, the fact that (D,l,(a)) = w, obviously implies that " (w) = w, and Y (n) = el n,

provided the positive function x — (gb*(n)(sf ))(x) is different from the constant function 1: that is, i is an

almost cosymplectic diffeomorphism. Otherwise, we have ¢"(w) = w, and ¥"(7) = 1 meaning that 1 is a
cosymplectic diffeomorphism. O

4.3.1 Almost co-Hamiltonian dynamical systems

In this subsection, we derive a consequence of Arnold’s conjecture from symplectic geometry.

Proposition 4.6. Let (M, w, n) be a closed cosymplectic manifold. If ¥ = {¢:}+ is any almost co-Hamiltonian
isotopy such that y;(n) = el tn forallt, and 1@ = dH;, then for each t, the map Y has at least one fixed point

X satisfying f:(x;) = 0.

Proof If ¥ = {¢¢} is any almost co-Hamiltonian isotopy such that P;(n) = eftn for all ¢, then the isotopy

= {¢t}[ defined by gbt MxR — MxR,(x,u) — (Pex), ue i) is a Hamiltonian 1sotopy of the
symplectlc manifold (M, @) (Proposition 4.5). Thus, by Arnold’s conjecture, for each t, the map z,bt has at
least one fix point (x, u¢). That is, Y¢(x¢) = x¢, and use il =y, namely, P(x¢) = x¢, and f¢(x¢) = 0, for each
t. O

Proposition 4.7. Let (M, w, 1) be a closed cosymplectic manifold. Let ) be an almost co-Hamiltonian diffeo-
morphism such that ¥*(n7) = e/ n. If ¥ = {4} is any almost co-Hamiltonian isotopy with time-one map 1, then
1

any fix point of  is a critical point for the function x — (/ s (n(l])s)) ds) (x).
0
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Proof. From the formula

en-n = Ym-n-d ( /1 v (ns)) ds) , (4.23)
we derive that, for each x € Fix(1)), we have 0
O -my = (n-n) -d ( /1 v (nhs)) ds) : (4.24)
0
1 :
ie.,0=d ( / s (n(r,bs)) ds) , since by Proposition 4.6, we have f(y) = 0, whenever y € Fix(}). O
0

5 Geometry of cosymplectic diffeomorphisms

5.1 Comparison of norms

Let (M, g™) and (N, g") be two smooth compact Riemannian manifolds, and consider M := M x N. Let p:
M — Mand q : M — N be the projection maps and denote by g the corresponding induced product metric
on M. We recall in this section some norms on the set of closed 1-forms (see. [16]).

5.1.1 Comparison of the norms |p"(a)|o and |a|o with a € Q1(M)

Consider a 1- form a on M and let us recall the definition of the supremum norm (i.e., the uniform sup norm)
of a: for each x € M, we know that a induces a linear map ax : TxM — R, whose norm is given by

M
lax||® :=sup {\ax(X)| 2 X € TxM, || X||gn = 1}, (5.1)

where || - [|oi is the norm induced on each tangent space TxM (at the point x) by the Riemannian metric gM.
Therefore, the uniform sup norm of a, say | - |o, is defined as

M
|l := sup ||ax||® =sup sup |ax(X)|. (5.2)
xeM XEM Xe(S1TM),

Moreover, since p*a isa 1-form on M , then for each (x, y) € M , we have

1P @epl® = sup {\ax(p*<Y)>| Y € T )M, | Yl = 1}

sup {\ax(Y1)| s (Y1 +Y) e kM@ TyN and [|Y1[gu + [|Y2l|gn = 1}

/N

sup{\ax(Y1)| 2 Y1 € TeM, [|Yy|lgn < 1},

where || - [|gu (resp. || - [|gv) is the norm induced on each tangent space TxM (resp. TyN) by the Riemannian
metric gV (resp. gV). Therefore, we have ||p*(a)|(x,y)||§ < [lax||8", for each (x,y) € M, which implies that
Ip"(@lo < |alo-
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5.1.2 Splitting of closed 1-forms and the uniform sup norm

Let H (M, R) (resp. H'(M, R)) denote the first de Rham cohomology group (with real coefficients) of M (resp.
M) and let Z1(M) (resp. Z1(M)) denote the space of all closed 1-forms on M (resp. M). Consider the map

S : H'(M,R) — Z'(M), (5.3)
to be a fixed linear section of the natural projection
my 2 21 (M) — HY(M, R). (5.4)

Each a € 21(M) splits as:
a = 8(my(a)) + (a - S(my(a))). (5.5)

We shall call the 1-form (a - 8(71);())) the exact part of a and throughout the paper, for simplicity, when this
will be necessary, the latter 1-form will be denoted df, s to mean that it is the differential of a certain function
that depends on a and $; while we shall call the 1-form $(rry;(a)) the S—form of a. Let H' (M, 8) denote the
space of all S—forms and define the set B'(M) := (2'(M) \ H(M, 8)) U {0}.

We then have the following direct sum: Z'(M) = H'(M,S) & B'(M), with dim(H'(M,S)) =
dim(H(M, R)) < oo, for each linear section $ (see [16]).

Denote by PH'(M, S) the space of all smooth mappings H : [0,1] — H'(M, 8). Since both spaces
H'(M, 8) and H(M, R) are isomorphic and H'(M, R) is a finite dimensional vector space whose dimension
is the first Betti number b; (M), then H(M, 8) is of finite dimension [15]. Thus, there exists a positive constants
K1(g) and k;(g) which depend on the Riemannian metric g on M such that

ki@llalr> < lalo < k2(8)]|all 12, (5.6)
for all @ € H'(M, 8). On the other hand, consider the projection p : M — M, and let
my 2N (M) — H'(M, R), (5.7)

be the canonical projection, where Zl(A7I) is the set of all closed 1-forms on M: we have the commutative
diagram

2o 2 2ian
Ty Ly

H'WM,R) 2 H(M,R),

namely p” oy = Ty 0 p’. The following composition of linear mappings

H'(M,8) ™. HYM,R) N HY(M,R)
a —  ayl@ — p (),

is continuous, then there is a constant kg such that Hnﬂ(p*(a))n 12 = " (mu(@)|| 2 < Kolalo, since from the
commutation of the previous diagram we have p* o 71y, = 7y, o p”. Let S: H'(M,R) — 21(M) be any fixed
linear section of 775;, then there exists a positive constant v such that

SGT(Olo < voll Oz, V6 €M) (58)
Summarizing the above inequalities gives for all a € Z'(M) :

‘g(ﬂﬂ(p*(s(nm(a)))))(o < wollmg (P S(p(@)) 12 < voxo [S(y(@)], - (59)
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5.2 Co-Hofer-like geometries

For any X € ¥;,»(M), the closed 1-forms 1xw and n(X)n split as follows:
1xw = Hy + dUy, and nXn = Xy + dVy. (5.10)

Hence, the closed 1-form, Tn,w(X) splits as T,l,w(X) = (Ky + Hw) + d (Uy + Vy), from which, one defines a
norm | - ||2 on Xy, (M) as follows :

I1X]|2 := 1Ky + Hallp2 +VEAUs + Vi) + [n(X)], VX € Xy,0(M) (5.11)

where || - |2 is the L2~Hodge norm and v? is any norm on B!(M) which we assume to be equivalent to the
oscillation norm (see [16])

osc(f) = m?xf(x) - mxinf(x), v f e CT(M).

Theorem 5.1. Let (M, w, n) be a compact cosymplectic manifold, let 8§ and T be two linear sections of the
projection it : Z1(M) — H'(M, R). Then, the two norms || - ||§ and || - ||? are equivalent.

Proof. Let X be a strict cosymplectic vector field such that I, ¢ (X) = (S{ﬁ + J{f,) +d (U;;S, + V,?) , with respect

to the §—decomposition, and I, (X) = (x,f{ + ﬂ{g) +d (Ug +Vy ) , with respect to the T—-decomposition. It
is enough to show that there exists C; > 0, and C, > 0 such that

T 8 T
GiliXlc < lIXllc < G2l Xllc-

Since dim(H'(M, 8)) = dim(H'(M,R)) = dim(H'(M, 7)) < oo, then all the norms on each of the spaces
HY(M, 8) and H'(M, 7) are equivalent. We shall equip H'(M, 8) with a basis B (resp. H*(M, T) with a basis
B) and denote by || - ||g (resp. || - ||g) the corresponding norm. So, we only have to show that

Cr0B@EUY + VD) + (|5 + H g + nXO) < VB@US + V) + (|5 + I ||s + [nOD,  (5.12)
and
VB + V) + |55 + H5 |l + [nCOD < OB + Vi) + K5+ Hollg + [nGO)D. (5.13)

The inequalities (5.12) and (5.13) follow from similar arguments to those used in Banyaga [1] for Hodge’s
decomposition. But, here the uniqueness of the harmonic part in Hodge’s decomposition is replaced by the
fact that H(M, 8) N B1(M) = {0} (resp. H' (M, T) N B1(M) = {0}). O

Base on Theorem 5.1, we shall denote the norm || - ||2, simply by | - ||c no matter the choice of the linear section
8.

5.2.1 Co-Hofer-like lengths

Let @ = {¢¢} € Ison,w(M), for each ¢, we have ||| ¢ := |G + FE|| > + osc(UL, + Vi) + |C,,|- Therefore, we
define the L) —version of the co-Hofer-like length of @ := {¢} as:

1
1) := / Ibellcdt, (5:14)
(0]

and, L*°-version of the co-Hofer-like length of @ as:

15(®) == max ||llc. (5.15)
telo,1]
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Using the relation Yn,w(d’t) = (JCZ +H,) +d (Uf,J +V}), for each t, we have Yn,w(d)_[) = —¢y; (K + ) -
d (UZ) o ¢t + V;l o ¢[) , i.e., In,w((‘ﬁ_[) = - (:K:g + g{z)) -d (U([;J o ¢t + V;l o ¢)l’ + At(j{rl + j{w, (D)) , with
t

Ai(a, D) := / at(d)s) o ¢sds. Hence, we see that in general, we may have
0

L=@) # LP(@7Y)  or  I5(@) £ 5@, (5.16)

The restriction of the above lengths to the group Hy,»(M) will be called co-Hofer lengths, and denoted I,
and l(CleI”). Indeed, if @ = {¢;}; is a weakly Hamiltonian isotopy such that I, n,w(¢t) = dF;, for all ¢, then

1
(7@p) = [ (osclF)+[Ch ) dt 5:17)
0
and
ICy(DF) = max (osc(Ft) + \Cipmo . (5.18)

Observe that the lengths I, and l(cll’{“) are symmetric.

5.2.2 Displacement energy of fibers

Assume that @ = {¢;} and @ = {(?)t} are as defined in Subsection 4.2 with ¢, # idy; let ly; denote the
Hofer-like length and by Eg, we denote the symplectic displacement energy defined on the closed symplectic
manifold (M, @) [1, 16]. Since ¢1 # idy, then ¢; # idy;, i.e., there exists a compact subset By C M such
that (?51(B0) N By = (. We may assume that By is of the form B x C, with B a compact subset of M and C a
compact subset of R. Thus, for each fixed 6 € C, the compact fiber Bx {6} is also completely displaced by <7)1.
Therefore, we have

0<EsBx{0}) < ly(®), V6 cC. (5.19)

Since the map 6 — Eg(B x {6}) is bounded and positive on C, we derive that

0< % / Eg(B x {6))d6 < Ly (®). (5.20)
C

On the other hand, from (4.18), if I, (®) = HE, + X5y + d(Uy, + U), for all t, then we derive that

15 = p*(zd)lw) +p*(CfD,,7)d6 +p*(Cfp,ni1) =p (H + Ky + d(C 2 + Uy + Up), (5.21)

for each t. Thus,

I3, (@)

max (|7 (p" (3l + K|z + 05¢(Ch,ym2 + Uy + Uy) )

N

max (Hnﬁ[(p*(ﬂ-fﬁ, + X))l + osc(Uy + UZ,)) + 27 max (|C£p’n‘) . (5.22)

By (5.9), we have |75 (p" (H(, + X))l 12 < Ko|HE, +K}|o, whereas by (5.6), we have |, + K} |o < ka(g)||FH, +
Khllz2- So, it follows that
I7.(D) < 2max{(1 + koka(g)), 2} I, (D). (5.23)

Thus, (5.19) and (5.23) imply that

1
0< 4rmax{(1 + xoka(g)), 2}

/ Es(B x {61)d0 < [=,(®), (5.24)
(o}

In the rest of the paper, we refer to (5.24) as the Co-energy-inequality.
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5.2.3 Gromov area of fibers

Assume that @ = {¢;} is a weakly Hamiltonian isotopy such that 7,1 w(¢¢) = dFy, for all t, and Op = {abt}
is defined via @ as in the Subsection 4.2 with ¢; # idyy, let Cyy(B) represents the Gromov area of a ball B
on the closed symplectic manifold (M w) [10]. Since ¢ # idy, then ¢1 # ld , i.e., there exists a compact
subset By C M such that ¢1 (Bo)NBg = 0. We may assume that By is of the form B xC, with B a compact subset
of M, and C a compact subset of R. Thus, for each fixed 6 € C, the compact fiber B x {6} is also completely
displaced by a)l. Therefore,

< orp / Cw(Bx {0))d6 < I5(Pr). (5.25)
In the rest of this paper, we shall refer to (5.25) as the co-capacity-inequality.
Here is the cosymplectic analogues of Theorem 6-[8].

Theorem 5.2. Let (M, n, w) be a closed cosymplectic manifold. Let @ = {¢!} be a sequence of cosymplectic
isotopies, ¥ = {{'}; be another cosymplectic isotopy, and ¢ : M —s M be a map such that

* (¢}) converges uniformly to ¢, and
e IP(Plo{pl}) — 0,1 — oo.

Then we must have ¢ = .

Proof. Letusassume that ¢ # i, i.e., there exists a compact subset By C M which is completely displaced by

(Y1) o ¢, and since the convergence ¢} — ¢, is uniform, then we may assume that () o}, completely

displace By, for all i sufficiently large. Fix iy to be a sufficiently large natural number. We have a sequence of

cosymplectic isotopies {¥ ! o {(;b} }}j>i, with time-one map (') o (;bjl, forallj > io. Then, we derive from

the Co-energy-inequality that

< 1
4rmax{(1 + kok(g)), 27}

Co

Es(Bo x {-Dd0 < I5,(¥" o {¢'}), (5.26)

for some non-trivial compact subset Cy of R, and for all j > iy. Since the right-hand side in (5.24) tends to zero
as j tend to infinity, then (5.24) yields a contradiction. O

The following result is an immediate consequence of Theorem 5.2. It can support the existence of a

C%—counterpart of cosymplectic geometry (see [2]).

Corollary 5.1. Let @; = ({¢p!}¢); be asequence of symplecticisotopies, ¥ = {}+ be another symplectic isotopy,
and = : t — Z¢ be a family of maps =¢ : M — M, such that the sequence @; converges uniformly to = and
PP lod;) — 0,i — oo.Then= = V.

Proof. Assume the contrary, i.e., that ¥ # =. This is equivalent to say that there exists t €]0, 1] such that
Zt # . Therefore, the sequence of symplectic paths @ ; : s — ¢ft contradicts Theorem 5.2. O

5.2.4 Co-Hofer norm
For any weakly Hamiltonian diffeomorphism 1, we define the L(\*?)—version of its co-Hofer norm and the
L*-version of its co-Hofer norm respectively as follows:

1l = inf(Z (#)  and |G = inf(G(P)), (5.27)

where each infimum is taken over the set of all weakly Hamiltonian isotopies ¥ with time-one maps equal to

.
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Theorem 5.3. Let (M, w, n) be a compact cosymplectic manifold. Then, each of the rules || - H(Clljf") and || - ||cy

induces a bi-invariant norm on Hamy,»(M).

5.2.5 Co-Hofer-like energies

For ¢ € Gy,w(M), we define its L) _energy and its L=°—energy as follows:

elL=)(¢) := inf(IL=) (), (5.28)
and
eco(P) := inf(I7, (D)), (5.29)

where each infimum is taken over the set of all cosymplectic isotopies @ with time-one maps equal to ¢.

5.2.6 Co-Hofer-like norms

The L>°)—version and the L=~version of the co-Hofer-like norms of ¢ € Gy,w(M) are respectively defined
by,

IB1E™ = 2 =) + es™ (@), (530)
and )
115 = 2 (5(@®) + 5@ ™). (531
(1,0)

Theorem 5.4. Let (M, w, n) be a compact cosymplectic manifold. Then, each of the rules || - ||;,° and || - ||,
induces a right-invariant norm on Gy,»(M).

Proof. Since checking the other properties of a norm are straight calculations, we shall just prove the non-
degeneracy of the norm || - |&, if ¢ € Gy,o(M) such that |||/, = O, then from the definition of the norm
I |G, We derive that there exists a sequence of cosymplectic isotopies {@;}, each of which has time-one map

¢ such that [T, (D;) < %, for each positive integer i. That is,

lim(®;(1)) = ¢ and

®({Id} o ®;) — 0,asi — oo,

where Id is the constant path identity. Hence, by Theorem 5.2, we must have ¢ = id},. O

Here is a direct proof of the cosymplectic analogue of the C°-rigidity result of Eliashberg-Gromov [5]. This
proof follows as a direct consequence of Theorem 5.2, and here we adapt the proof of a similar result proved
by Buhosky [4].

Theorem 5.5. The group Gy, (M) is C°—closed inside the group Diff">(M).
We need the following rigidity lemma.

Lemma 5.1. Let (M, w, n) be a compact connected cosymplectic manifold, and let Xy be a weak Hamiltonian
vector field such that I, (Xy) = dH. Let {th;} C Gy, (M) such that <, Y. IfY € Diff°(M), then

1. Y«(&)(H) = £(H), and
2. n(«(&) =1,

where & stands for the Reeb vector field of (M, w, 1).
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Proof. For (2), assume M to be equipped with a Riemannian metric g, with injectivity radius r(g). Pick any

smooth curve v € M. Using the uniform convergence y; i Y, we derive that for i sufficiently large we may
assume that dco(P;, P) < ’T(g), and derive that, for each t € [0, 1], the points 1;(y(t)) to P (+(t)) can be con-
nected through a minimizing geodesic X!. This implies that the curves X?, X}, ¥; o , and ¥ o ~ form the
boundary of a smooth 2—chain &(y, ¥;, ) C M. Using the equation dn = 0, we derive from Stockes’ theorem

that / dn=0,i.e, / n- / n= /n—/rl,forisufﬁcientlylarge. That is,
LICHIR)) pioy Yoy x} x0

/ n- / n| < 2Injodco (i, P), for i sufficiently large because the length of any minimizing geodesic

07 Yoy

is bounded from above by the distance between its endpoints, i.e., lim / n| = / n. On the other
1—>o0 .
Wpioy Yoy
hand, let {¢} be the cosymplectic flow generated by the Reeb vector field &. For each fixed t €]0, 1],
and each x € M, consider the smooth curve 75t : s — ¢s(x), and derive from the previous limit that

i—o0 .
lpi('g’x,t) 1/’(’7)(,0
t €]0, 1[ because by Lemma 4.1 we have (y;)«(&) = &, for all i. Therefore, taking the derivative of the previous

equality with respect to t gives: 1 = (l,b*(n)({))(@(x)), for each fixed t €]0, 1[, for all x € M, which implies

n(«(&)) = 1. For (1), since y; C—0> Y, and H is continuous, we derive that lim (H(l/)i("yx,t(l))) - H(l/)i(X))> =
1—>o0

(H(zp(ﬁx,t(l))) - H(zp(x))) , for each fixed t €]0, 1], for all x € M. We also have

t t
lim / n= / n, for each fixed t €]0, 1[, i.e., t = ignmo/(du) = 0/(‘10*(’1)(5))((]5)“()())61“’ for each fixed

t
im (HOP G )~ HOp0) = tim | [ | = [ aH(@)-) o 5ur(s)ds,
0

PioYx e

ie.,

t t
im (HOP G (1) = HO00) = [ dH@)-E)i(hs000ds = [ dHEi(s00)ds,
0 0

which implies that lim (H(;(3x,:(1))) - H;(x))) = t&(H), for each fixed t €]0, 1[, for all x € M because
l—>o0

the function y — &(H)(y) is constant. Thus, we have just proved that

(1) = lim_(HOPGieo (1) - HOp (1) = (HO D) - HOp) = [,
Yot

t
for each fixed t €]0, 1[, for all x € M, i.e., t{(H) = / (Y«(&)(H)) (Y(ps(x))ds, for each fixed t €]0, 1[, for all

0
X € M. Thus, taking the derivative in the latter equality with respect to t, gives &(H) = +(&)(H)(¥(¢¢(x)), for
each fixed t €]0, 1], for all x € M. O

Remark 5.6. Let (M, w, 1) be a compact connected cosymplectic manifold, and let Xy be a co-Hamiltonian
vector field such that Tn,w(X g) = dH. For each smooth diffeomorphism i of M, as in Remark 3.1, define a
vector field Xgoy = Yyoy - &(H o )¢, which satisfies Yn,w(XHow) = d(H o ), Lxyoy = 0, and LXyoy @ =
d (£(H o)) A n, where Yy, is the vector field constructed for the closed 1-form d(H o ) as in Lemma 3.1.

If in addition, we have the information that there exists a sequence {{;}; C Gy,(M) such that ; Q
Y, then with the help of Lemma 5.1, we can derive that ¥«(§)(H) = &(H). This combined together with
Y (dH)(¢) = (dH (P«(& ))) o1, implies that " (dH)(¢) = £(H)o. Since the smooth function £ (H) is constant by
assumption, then we have ¢(H) = d(H o )(&) = ¢(H o). Thus, Ly, =d (E(Ho)) An=d(EH) AR =0.
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Therefore, X Hoy 1S @ weak Hamiltonian vector field such that Tn,w(X HO¢) = d(H o ), whenever 1 is the
C°-limit of a sequence of cosymplectic diffeomorphisms.

Poof of Theorem 5.5. We shall adapt the proof given by Buhosky [4] for similar result in symplectic geometry.
Assume that M is equipped with a Riemannian metric g with injectivity radius r(g). Let {¢;} C Gy,o(M)

be a sequence of cosymplectic diffeomorphisms such that ¢; C—O> Y ¢ Diff”(M). Assume that y is not a
cosymplectic diffeomorphism. Then, for any weak Hamiltonian vector field Xy such that Tq,w(X ) = dH, we
have ¢+(Xy) # Xpo, (this is supported by Remark 5.6). This implies that, if ¥y is the cosymplectic flow
generated by Xy, then we must have

Po¥hog " # Wyop, (532)

where ¥, -1 is the cosymplectic flow generated by
Vieps = I (d(Hoo™)).

The sequence of weakly Hamiltonian isotopies ¢; o ¥ o ¢;' converges uniformly to ¢ o ¥y o ¢!, and we
have

IE(¥ihpr o {@io Yo @it} =osc(Hopi' ~Hop™) + ’rz(Xwal) ~N(Xpgopr1)

>

for each i. On the other hand, for each fixed x € M, consider the orbits C, ; := ((p,- oW¥ygo (pi‘l) (x), and

Cx := (¢ o Wy o 971) (x). From the convergence ¢; o ¥y o ¢;* <, @ o ¥y o @1, then for i sufficiently large
we may assume that d(@; o Wy o ;1,0 0 Wgo p™1) < ’T(g), and derive as in the proof of Lemma 5.1, that
there exist two minimal geodesics ~; (with endpoints x and ((p,~ o¥ho (pi’l) (x)) and ~ (with endpoints x and
((p ° ‘P}I o (p‘l) (x)) such that Cy ;, Cx, v;, and v delimit a 2-chain in Be, e,y C M. Since dn = 0, it follows

from Stoke’s theorem that / dn =0,i.e., / n- / n= / n- / n, for all i sufficiently large. That is,

He, ;.cxir Cyi Cx Vi v
for each x € M, we have
‘U(XHO(p-l)(X) - rl(XHO(pi_l)(X)‘ = / n- / n| = /'1 — / n (533)
Cui Cx Vi ¥

< 2[nlod(@io Puo it 9o Puog™),
for all i sufficiently large. Hence

— 0,1 — oo,

IF (Phopr o {Pio Wropi'}) =osc(Hop;i' ~Hop ™) + ”T(XHoqu) ~N(Xgop:1)

Similarly, one proves that: if we consider the reparametrized isotopies ¥y : s — ‘I’ff, and ¥ gop1 1S >
‘I’Isfo(p,l, for each fixed ¢, then I (‘I’t"}loq),l o{@ioW¥ o (pi‘l}) — 0,1 — oo, for each fixed t. Finally, we
have proved that for each fixed ¢, we have

0
@i 0¥ o it Spo ¥ woo !, and
15 (¥ Hog © {Pio Who9i'}) — 0,1 — co.

Thus, by Theorem 5.2 we must have, ¢ o ¥}, 0 ¢~ = W, o-1» for all ¢: This contradicts (5.32). O
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