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Abstract: This paper is an introduction to cosymplectic topology. Through it, we study the structures of the
group of cosymplectic di�eomorphisms and the group of almost cosymplectic di�eomorphisms of a cosym-
plectic manifold (M, ω, η) : (i)− we de�ne and present the features of the space of almost cosymplectic vector
�elds (resp. cosymplectic vector �elds); (ii)− we prove by a direct method that the identity component in the
group of all cosymplectic di�eomorphisms is C0−closed in the group Di�∞(M) (a rigidity result), while in the
almost cosymplectic case, we prove that the Reeb vector �eld determines the almost cosymplectic nature of
the C0−limitϕ of a sequence of almost cosymplectic di�eomorphisms (a rigidity result). A su�cient condition
based on Reeb’s vector �eld which guarantees that ϕ is a cosymplectic di�eomorphism is given (a �exibility
condition), the cosymplectic analogues of the usual symplectic capacity-inequality theorem are derived and
the cosymplectic analogue of a result that was proved by Hofer-Zehnder follows.

Keywords: Rigidity results, Convergence in general topology (sequences, �lters, limits, convergence spaces,
nets, etc.), Dynamical systems involving smooth mappings and di�eomorphisms, Dynamics in general topo-
logical spaces
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1 Introduction
In most of the numerous formulations of time-dependent mechanics, cosymplectic manifolds play a major
role: either in the classical descriptions of regular Lagrangian systems (see [11]) and of Hamiltonian systems
[6, 11], or in more detailed descriptions of Lagrangian submanifolds (see [9, 12]). These manifolds have been
at the center of interest of several other authors starting from the works of Liberman [14] to those of Li [13]. An
interesting result due to Li [13] shows how moving from a cosymplectic structure, one can always generate a
symplectic structure, and vice-versa.

On the other hand, a common aspect to both symplectic geometry and cosymplectic geometry is that the
symplectic (resp. the cosymplectic) structure induces an isomorphism between the space of vector �elds and
the space of 1−forms of the underlined manifold : this is a fundamental aspect. In the context of symplectic
geometry, the corresponding isomorphism is used to describe some structures of the group of symplectomor-
phisms from the space of closed 1−forms of the symplectic manifold.

As far as we know, almost nothing is known about the structure of the group of cosymplectic di�eomor-
phisms of a cosymplectic manifold (one doesn’t know how to fragment an arbitrary co-Hamiltonian vector
�eld of a cosymplectic manifold with respect to an open cover of the manifold; how to describe accurately
the dynamics of a cosymplectic manifold from its group of cosymplectic di�eomorphisms; how to quantify
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the energy needed by a cosymplectic di�eomorphism in order to displace a given open subset; how rigid is
the cosymplectic structure with respect to the C0−limit and so on.)

The goal of the present paper is to adapt some methods from symplectic topology to characterize, and
then to study several subgroups of di�eomophisms of a cosymplectic manifold.

We organize this paper as follows. In Section 2, we recall the de�nition of cosymplectic vector space,
cosymplectic linear group, and cosymplectic manifolds. Section 3 deals with vector �elds of a cosymplectic
manifold. Mainly, in Subsection 3.1, we de�ne and study cosymplectic vector �elds and in Subsection 3.2, we
introduce and study the algebra of almost cosymplectic vector �elds. Section 4 deals with the study of almost
cosymplectic di�eomorphisms, cosymplectic di�eomorphisms, almost cosymplectic isotopies, and cosym-
plectic isotopies. Lemma 4.1 shows how the Reeb vector �eld of a cosymplectic manifold transforms under
the push forward by a cosymplectic di�eomorphism (resp. by an almost cosymplectic di�eomorphism),while
Lemma 4.2 is a slight generalization of Lemma 4.1 between two arbitrary cosympletic manifolds, and Propo-
sition 4.1 characterizes the Lie algebras of some cosympletic and almost cosymplectic subspaces. In Subsec-
tion 4.1 we show how cosymplectic (resp. almost cosymplectic) geometry varies under the composition and
inversion of cosymplectic (resp. almost cosymplectic) isotopies. In Subsection 4.2, we compare cosymplectic
isotopies with symplectic isotopies, and characterize periodic orbits in weakly Hamiltonian dynamical sys-
tems. In Subsection 4.3, we compare almost cosymplectic isotopies with symplectic isotopies (Propositions
4.2, 4.3, 4.4, and 4.5) prove a theorem showing that the Reeb vector �eld determines the almost cosymplectic
nature of a uniform limit of a sequence of almost cosymplectic di�eomorphisms (Theorem 4.1), and we char-
acterize periodic orbits in almost co-Hamiltonian dynamical systems. In Section 5, we de�ne and study the
cosymplectic setting of Hofer and Hofer-like geometries with respect to the group of all cosymplectic di�eo-
morphisms isotopic to the identity map. Here, we �rst start from a comparison of the uniform sup norm of a
closed 1−form and that of its pull-back with respect to a projection map, next we study the co-Hofer norms,
co-Hofer-like norms, we establish the cosymplectic setting of the energy-capacity-inequality from symplectic
geometry, discuss on displacement energies in the �bers of a certain Cartesian product, and prove that the
group of all cosympletic di�eomorphisms isotopic to the identity map is C0−closed inside the group of all
smooth di�eomorphisms (Theorems 5.1, 5.2, 5.4, and 5.5).

2 Preliminaries

2.1 Cosymplectic vector spaces

A bilinear form on a vector space V is a map b : V ×V −→ Rwhich is linear in each variable. When a bilinear
map b satis�es b(u, v) = −b(v, u), for all u, v ∈ V, then b is called antisymmetric (or skew symmetric).

Theorem 2.1. (Standard form for antisymmetric bilinear maps)
Consider a skew-symmetric bilinear map b on V. Then there is a basis (u1, · · · , uk , e1, · · · , en , f1, · · · , fn)

of V such that

1. b(ui , v) = 0, for all i and for all v ;
2. b(ei , ej) = 0 = b(fi , fj), for all i, j ;
3. b(ei , fj) = δij, for all i, j.

Given any non-trivial linear map ψ : V −→ R, together with a bilinear map b : V × V −→ R, one de�nes a
linear map

Ĩψ,b : V −→ V*
Y 7−→ Ĩψ,b(Y) := ıYb + ψ(Y)ψ

so that Ĩψ,b(Y)(X) = b(Y , X) + ψ(Y)ψ(X), for all X, Y ∈ V.
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De�nition 2.1.

1. A pair (b, ψ) consisting of an antisymmetric bilinear map b : V × V −→ R and a non-trivial linear map
ψ : V −→ R is called a cosymplectic structure if the map Ĩψ,b is a bijection.

2. A cosymplectic vector space is a triple (V , b, ψ) where V is a vector space and (b, ψ) is a cosymplectic
structure on V.

Proposition 2.1. Let (V , b, ψ) be a cosymplectic vector space. Then, dim(V) = 2n + 1.

Proof. By Theorem 2.1, we have dim(V) = 2n + k. So, it is enough to show that k = 1. Let
(u1, · · · , uk , e1, · · · , en , f1, · · · , fn) be a basis of V as in Theorem 2.1. Since, b(ui , v) = 0, for all 1 6 i 6 k,
and for all v, we derive that Ĩψ,b(ui) = ψ(ui)ψ, for each i. This implies that

ui = Ĩ−1
ψ,b(ψ(ui)ψ) = ψ(ui )̃I−1

ψ,b(ψ) =: ψ(ui)ξ , (2.1)

for each i, where ξ := Ĩ−1
ψ,b(ψ). Since (u1, · · · , uk , e1, · · · , en , f1, · · · , fn) is a basis of V, then (2.1) implies that

k = 1. This completes the proof.

Proposition 2.2. Let (V , b, ψ) be a cosymplectic vector space. Then, there exists a unique vector ξ ∈ V called
the Reeb vector such that:

1. ψ(ξ ) = 1,
2. b(ξ , v) = 0, for all v ∈ V.

Proof. From the proof of Proposition 2.1, take ξ := u1
ψ(u1) , and verify that ψ(ξ ) = ψ(u1)

ψ(u1) = 1 and b(ξ , v) =
1

ψ(u1)b(u1, v) = 0, for all v ∈ V. This completes the proof.

Remark 2.2. Let (V , b, ψ) be a cosymplectic vector space of dimension (2n+1). Then, the (2n+1)−multilinear
map B, de�ned by B := ψ∧b ∧ · · · ∧ b︸ ︷︷ ︸

n-factors

, is non-trivial. Indeed, by Proposition 2.1, let (ξ , e1, · · · , en , f1, · · · , fn)

be a basis of V as in Theorem 2.1 and set v1 = ξ , vi+1 = ei, and vn+i+1 = fi, 1 6 i 6 n. We have

B(v1, · · · , vn , vn+1, · · · , v2n+1) = (ψ ∧ b ∧ · · · ∧ b)(v1, · · · , v2n+1)
=

∑
σ∈S(2n+1)

sign(σ)ψ(vσ(1))(b ∧ · · · ∧ b)(vσ(2), · · · vσ(2n+1))

=
∑

σ∈S(2n+1) ,σ(1)=1
sign(σ)(b ∧ · · · ∧ b)(vσ(2), · · · vσ(2n+1))

= ε · 1 · 2 · · · (n − 1) · n (2.2)

with ε ∈ {−1, 1}, where S(2n+1) stands for the set of all permutations of (2n + 1) elements.

2.2 Cosymplectic Manifolds

Hereafter, we recall the de�nition of cosymplectic manifold and its link with a symplectic manifold.

De�nition 2.2. 1. A cosymplectic structure on a smooth manifold M is a pair (ω, η) consisting of closed
2−form ω and closed 1−form η such that for each x ∈ M, the triple (TxM, ωx , ηx) is a cosymplectic vector
space. Equivalently ω and η are closed forms such that η ∧ ωn is nowhere vanishing top form on M.

2. A cosymplectic manifold is a triple (M, ω, η) where M is a smooth manifold and (ω, η) is a cosymplectic
structure on M

For further details, we refer to [13, 14] and references therein.
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In particular, Remark 2.2 tells us that any cosymplectic manifold (M, ω, η) is oriented with respect to the
volume form η ∧ ωn, while by Proposition 2.2, any cosymplectic manifold (M, ω, η) admits a vector �eld ξ
called the Reeb vector �eld such that η(ξ ) = 1 and ıξω = 0.

Remark 2.3. Not all odd dimensional manifolds admits a cosymplectic structure. In fact, let M(2k+1) be any
closed manifold with k ≠ 0 such that H*(M(2k+1),R) denotes its *−th de Rham group with real coe�cients.
If H1(M(2k+1),R) = 0, or H2(M(2k+1),R) = 0, then M(2k+1) has no cosymplectic structure. In particular, since
H1(S(2k+1),R) = 0, then the unit spheres S(2k+1) have no cosymplectic structures, for any integer k: this is a
consequence of the usual Stoke’s theorem.

In order to well describe inmore details some features of cosymplectic manifolds we shall need the following
result due to Li [13].

Lemma 2.1. ([13])
Let M be a manifold and η, ω be two di�erential forms on M with degrees 1 and 2 respectively. Consider

M̃ = M × R equipped with the 2−form ω̃ := p*(ω) + p*(η) ∧ π*2(du) where u is the coordinate function on R,
p : M̃ −→ M, and π2 : M̃ −→ R, are canonical projections. Then, (M, ω, η) is a cosymplectic manifold if and
only if (M̃, ω̃) is a symplectic manifold.

2.3 The C0−topology

Hereafter is a brief description of the C0−topology on the group of homeomophisms and on the set of paths
of homeomorphisms starting from identity. Let Homeo(M) denotes the group of all homeomorphisms of M
equipped with the C0− compact-open topology. This is themetric topology induced by the following distance

d0(f , h) = max
(
dC0 (f , h), dC0 (f −1, h−1)

)
, (2.3)

where
dC0 (f , h) = sup

x∈M
d(h(x), f (x)). (2.4)

On the space of all continuous paths λ : [0, 1] −→ Homeo(M) such that λ(0) = idM, we consider the
C0−topology as the metric topology induced by the following metric

d̄(λ, µ) = max
t∈[0,1]

d0(λ(t), µ(t)). (2.5)

3 Vector �elds and (almost) cosymplectic structure
Let Ω1(M) (resp. X(M) ) be the space of all 1−forms (resp. smooth vector �elds) of a cosymplectic manifold
(M, ω, η). The cosymplectic structure induces an isomorphism of C∞(M,R)−modules

Ĩη,ω : X(M) −→ Ω1(M)
X 7−→ Ĩη,ω(X) = ıXω + η(X)η.

The vector �eld ξ := Ĩ−1
η,ω(η) is called the Reeb vector �eld of (M, ω, η) and is characterized by : η(ξ ) = 1 and

ıξω = 0.

Proposition 3.1 ((ω, η)−decomposition)).
Let (M, ω, η) be a cosymplectic manifold. Then, any vector �eld X on M decomposes in a unique way as :

X = Xω + Xη , where Xω := Ĩ−1
η,ω(ıXω) and Xη := Ĩ−1

η,ω(η(X)η).
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3.1 Cosymplectic vector �elds

In this subsection we study vector �elds X of a cosymplectic manifold (M, ω, η) whose generating �ows pre-
serve the forms η and ω.

De�nition 3.1. Let (M, ω, η) be a cosymplecticmanifold. A vector �eld X is said to be cosymplectic ifLXη = 0
and LXω = 0.

We will denote by Xη,ω(M) the space of all cosymplectic vector �elds of (M, ω, η).

Corollary 3.1. Let (M, ω, η) be a cosymplectic manifold. For any X ∈ Xη,ω(M), the 1−form Ĩη,ω(X) is closed.

We have the following fact.

Lemma 3.1. Let (M, ω, η) be a cosymplectic manifold. Consider the symplectic manifold M̃ = M × R equipped
with the symplectic form Ω := p*(ω) + p*(η) ∧ π*2(du) where u is the coordinate function on R, p : M̃ −→ M,
and π2 : M̃ −→ R are projection maps. Let α be any closed 1−form on M, and set Xα := Ω̃−1(p*(α)), where
Ω̃ is the isomorphism induced by the symplectic form Ω de�ned from the space of all vector �elds on M̃ onto
the space of all 1−forms on M̃. Then, the vector �eld Yα := p*(Xα) is a cosymplectic vector �eld, if and only if,
d
((
du((π2)*(Xα))

)
(1)
)

= α(ξ )η, where ξ is the Reeb vector �eld of (M, ω, η).

Proof. Consider the symplectic manifold M̃ = M ×R equipped with the symplectic form

Ω := p*(ω) + p*(η) ∧ π*2(du)

where u is the coordinate function on R, p : M̃ −→ M and π2 : M̃ −→ R, are projection maps. Let α be any
closed 1−form on M and put Xα := Ω̃−1(p*(α)). Since by de�nition we have ıXαΩ = p*(α), by computing

ıXαΩ = p*
(
ıp*(Xα)ω

)
+ p*

(
ıp*(Xα)η

)
π*2(du) −

(
du((π2)*(Xα))

)
◦ π2p*(η),

we derive that p*
(
ıp*(Xα)ω

)
+ p*

(
ıp*(Xα)η

)
π*2(du) −

((
du((π2)*(Xα))

)
◦ π2

)
p*(η) = p*(α). We apply the vec-

tor �eld ∂
∂u to both sides of the above equality to obtain: 0 + p*

(
ıp*(Xα)η

)
− 0 = 0 since p*( ∂∂u ) = 0, and

(π2)*( ∂∂u ) = ∂
∂u : this gives η(Yα) = 0. Besides, let Sl be the corresponding section of the projection p and �x

l ∈ R. Composing the equality

p*
(
ıp*(Xα)ω

)
+ p*

(
ıp*(Xα)η

)
π*2(du) −

(
du((π2)*(Xα))

)
◦ π2p*(η) = p*(α),

in both sides by S*l , yields:
ıYαω −

(
du((π2)*(Xα))

)
(l)η = α. (3.1)

Therefore, it follows from (3.1) that
(
du((π2)*(Xα)

)
(l) = α(ξ ), and so, 0 = d

(
ıYαω

)
=

d
(((

du((π2)*(Xα))(l)
))
η + α

)
, whenever d

( (
du((π2)*(Xα))

)
(l)
)

= α(ξ )η which implies that LYαω = 0,
and LYαη = 0. Conversely, if Yα is cosymplectic, then from (3.1) we derive that d

( (
du((π2)*(Xα)

)
(l)η
)

= 0,
which implies that d

(
du((π2)*(Xα))(l)

)
= α(ξ )η.

However, we do not know whether for any α ∈ Z1(M), the vector �eld X := Ĩ−1
η,ω(α) is a cosymplectic vector

�eld or not. Therefore, let us consider the set Cste(M) consisting of all constant function on M, and put

Z1
ξ (M) :=

{
β ∈ Z1(M) ; β(ξ ) ∈ Cste(M)

}
(3.2)

where ξ is the Reeb vector �eld. The set Z1
ξ (M) is non-empty, since η(ξ ) = 1. Also, for any vector �eld X onM

such that d(ıXω) = 0, we have (ıXω)(ξ ) = 0, i.e., ıXω ∈ Z1
ξ (M).

Proposition 3.2. Let (M, ω, η) be a compact cosymplectic manifold. Let α ∈ Z1
ξ (M) and let X := Ĩ−1

η,ω(α). If
{ψt}t is the �ow generated by X then for each t we have : ψ*t (ω) = ω and ψ*t (η) = η.
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Proof. Since dĨη,ω(X) = dα = 0, then LX(ω) = −LX(η) ∧ η. But, ıXω + η(X)η = α, and α ∈ Z1
ξ (M) imply that

η(X) = α(ξ ) = cte. So, d(η(X)) = d(α(ξ )) = 0 which infers that LX(η) = d(η(X)) = 0 and LX(ω) = −LX(η)∧ η =
0.

Remark 3.1. The map

]η,ω : Xη,ω(M) −→ Z1
ξ (M)

X 7−→ ]η,ω(X) := Ĩη,ω(X)

is a linear isomorphism. Furthermore, for each closed 1−form α, the vector �eld Zα := Yα − α(ξ )ξ satis�es
Ĩη,ω(Zα) = α, LZαη = d

(
ı(Yα)η − α(ξ )ı(ξ )η

)
= 0 and LZαω = d

(
α(ξ )

)
∧ η, where Yα is as in Lemma 3.1.

The following result is a consequence of the (ω, η)−decomposition of vector �elds on a cosymplectic mani-
fold.

Proposition 3.3. Let X be a cosymplectic vector �eld with (ω, η)−decomposition X = Xω + Xη. Then,

1. the vector �elds Xω and Xη are cosymplectic,
2. [Xω , Xη] = 0,
3. for any Y ∈ Xη,ω(M), we have [X, Y] ∈ Xη,ω(M)
4. when it exists, the �ow Φω = {ϕtω}t (resp. Φη = {ϕtη}t) generated by the vector �eld Xω (resp. Xη) preserves

the cosymplectic structure,
5. ϕsη ◦ ϕtω = ϕtω ◦ ϕsη, for each s, t,
6. the �ow Φ generated by X decomposes as: Φ = Φω ◦ Φη = Φη ◦ Φω.

Proof. For (1), let X ∈ Xη,ω(M). Since LXω = 0 and X = Xω + Xη, then LXηω = −LXωω. We claim that
LXηω = 0. In fact, since Ĩη,ω(Xω) = ıXωω, and Ĩη,ω(Xη) = η(X)η, then we compose in both sides with respect
to the Reeb vector �eld ξ to obtain η(Xω) = 0, and η(Xη) = η(X). Thus, it follows that LXωω = 0, LXωη = 0,
LXηω = 0, and LXηη = 0. For (2), by the means of the formula ı[Xω ,Xη ] = LXω ◦ ıXη − ıXη ◦ LXω , we compute:

ı[Xω ,Xη ]ω = LXω
(
ıXηω

)
− ıXη

(
LXωω

)
= 0 − 0,

and

ı[Xη ,Xω ]η = LXη
(
ıXωη

)
− ıXω

(
LXηη

)
= LXω (0) − ıXω (µη) = 0 − 0,

and then, we derive that Ĩη,ω([Xη , Xω]) = ı[Xω ,Xη ]ω −
(
ı[Xη ,Xω ]η

)
η = 0 − 0. The non-degeneracy of Ĩη,ω, implies

that [Xη , Xω] = 0. For (3), let X, Y ∈ Xη,ω(M). From the formulas ı[X,Y] = LX◦ıY−ıY◦LX, and d◦LX = LX◦d, we
derive that L[X,Y]ω = d(ı[X,Y]ω) = 0 and L[X,Y]η = d(ı[X,Y]η) = 0. Hence, [X, Y] ∈ Xη,ω(M). For (4), we derive
from the �rst item that when it exists, the 1−parameter family of di�eomorphismsΦω = {ϕtω}t, preserves the
cosymplectic structure. From the formula

L(ψtω)−1
* (Xη)η = (ψtω)*

(
LXη

(
(ψtω)−1

)*
(η)
)

= (ψtω)*
(
LXηη

)
,

wederive thatwhen it exists, the1−parameter family of di�eomorphismsΨη, alsopreserves that cosymplectic
structure. The last items easily follow.

De�nition 3.2. Let (M, ω, η) be a cosymplectic manifold. An element Y ∈ Xη,ω(M) is called

• an η−vector �eld if the 1−form ıYω = 0,
• an ω−vector �eld if the function η(Y) is trivial.

Example 3.1. Let Y be any cosymplectic vector �eld. Then in the decomposition, Y = Yη + Yω , we have that
Yη is an ω−vector �eld while Yω is an η−vector �eld.
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De�nition 3.3. Let (M, ω, η) be a cosymplectic manifold. An element Y ∈ Xη,ω(M) is called aweak Hamilto-
nian vector �eld if the 1−form Ĩη,ω(Y) is exact.

We shall denote by hamη,ω(M) the space of all weak Hamiltonian vector �elds of (M, ω, η).

Proposition 3.4. [3] Let (M, ω, η) be a cosymplectic manifold. For any X, Y ∈ Xη,ω(M), we have [X, Y] ∈
hamη,ω(M).

De�nition 3.4. Let (M, ω, η) be a cosymplecticmanifold. An element Y ∈ Xη,ω(M) is called a co-Hamiltonian
vector �eld if the 1−form ıYω is exact and η(Y) = 0.

We shall denote by ham0
η,ω(M) the space of all co-Hamiltonian vector �elds of (M, ω, η). Observe that

ham0
η,ω(M) ⊂ hamη,ω(M).

Example 3.2. Let (M, ω) be a symplecticmanifold. Consider the Cartesian product M̃ := M×R equippedwith
the 2−form ω̃ := p*(ω) and the 1−form η̃ := π*2(du) where u is the coordinate function on R, p : M̃ −→ M,
and π2 : M̃ −→ R are the canonical projections on each factor of M̃ respectively. Let l be �xed inR, take Sl to
be a smooth section of the projection p, and let X be any Hamiltonian vector �eld of (M, ω) with generating
function H. The vector �eld X̃ := (Sl)*(X) of M̃ satis�es ıX̃ ω̃ = p*(ıX ω̃) = d(H ◦ p) since p ◦ Sl = idM. Also,
we have η̃(X̃) = du((π2 ◦ Sl)*(X)) = 0 because π2 ◦ Sl is a constant map. Thus, we have that X̃ ∈ ham0

η̃,ω̃(M̃).
Besides, let Y be a vector �eld on R such that the function du(Y) is non-trivial, let x ∈ M be �xed, and let Sx
be a smooth section of the projection π2. The vector �eld Ỹ := (Sx)*(Y) of M̃ satis�es ıỸ ω̃ = p*(ı0ω̃) = 0 since
π ◦ Sx is the constant map.

Also, we have η̃(Ỹ) = du(Y) ≠ 0 because π2 ◦ Sx = idR. Thus, we have that Ỹ ∈(
hamη̃,ω̃(M̃) r ham0

η̃,ω̃(M̃)
)
.

Proposition 3.5. Let (M, ω, η) be a cosymplectic manifold. For any X, Y ∈ ham0
η,ω(M), we have [X, Y] ∈

ham0
η,ω(M).

3.2 Almost cosymplectic vector �elds

In this subsection, we de�ne and study those vector �elds X of a cosymplectic manifold (M, ω, η) whose
generating �ows preserve the di�erential forms η, and ω up to a multiplicative smooth function.

De�nition 3.5. Let (M, ω, η) be a cosymplectic manifold. A vector �eld X is said to be almost cosymplectic
if LXω = 0, and there is a smooth function µX on M, non-identically trivial such that LXη = µXη.

We shall denote byAXη,ω(M) the space of all almost cosymplectic vector �elds of (M, ω, η).

Proposition 3.6. Let (M, ω, η) be a cosymplectic manifold. For any X, Y ∈ AXη,ω(M), we have [X, Y] ∈
AXη,ω(M).

Proof. Let X, Y ∈ AXη,ω(M), from the formulas ı[X,Y] = LX ◦ ıY − ıY ◦LX, and d ◦LX = LX ◦ d, we derive that
L[X,Y]ω = dı[X,Y]ω = 0 and

L[X,Y]η = dı[X,Y]η = d
(
µYη(X) − µXη(Y)

)
= η(X)dµY + µYdη(X) − η(Y)dµX − µXdη(Y)

= (dµY )(X)η + µYµXη − (dµX)(Y)η − µXµYη, (3.3)

since d(η(X)) = LXη = µXη and d(η(Y)) = LYη = µYη. Hence,

L[X,Y]ω = (dµY )(X)η − (dµX)(Y)η = fX,Yη,

with fX,Y :=
(

(dµY )(X) − (dµX)(Y)
)
∈ C∞(M), i.e., [X, Y] ∈ AXη,ω(M).
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De�nition 3.6. Let (M, ω, η) be a cosymplectic manifold. An element Y ∈ AXη,ω(M) is called an almost
co-Hamiltonian vector �eld if the 1−form ıYω is exact.

We shall denote byAhamη,ω(M) the space of all almost co-Hamiltonian vector �elds of (M, ω, η).

Proposition 3.7. Let (M, ω, η) be a cosymplectic manifold. For any X, Y ∈ AXη,ω(M), we have [X, Y] ∈
Ahamη,ω(M).

Proof. Since [X, Y] ∈ AXη,ω(M), we derive that ı[X,Y]ω = LX ◦ ıYω = d(±ω(X, Y)).

Corollary 3.2. Let (M, ω, η) be a cosymplectic manifold. For any X ∈ AXη,ω(M), the 1−form Ĩη,ω(X) is closed.

Proof. For each X ∈ AXη,ω(M), since LX = ıX ◦ d + d ◦ ıX, we derive from the equalities LX(ω) = 0 and
LX(η) = µXη that d(ıXω) = 0 and d(η(X)) = µXη. Thus,

d(̃Iη,ω(X)) = d(ıXω) + d(η(X)η) = d(ıXω) + d(η(X)) ∧ η = 0 + 0.

Here is a consequence of the (ω, η)−decomposition of vector �elds on a cosymplectic manifold.

Proposition 3.8. Let Y be an almost cosymplectic vector �eld such thatLY (η) = µη with (ω, η)−decomposition
Y = Yω + Yη. Then,

1. the vector �eld Yω (resp. Yη) is cosymplectic (resp. almost cosymplectic),
2. the �ow Ψω = {ψtω} (resp. Ψη = {ψtη}t) generated by the vector �eld Yω (resp. Yη) is cosymplectic (resp.

almost cosymplectic with Lψ̇tη
η = µη) when it exists,

3. [Yω , Yη] = 0,
4. ψsη ◦ ψtω = ψtω ◦ ψsη, for each s, t, and
5. the �ow Ψ generated by Y decomposes as Ψ = Ψω ◦ Ψη = Ψη ◦ Ψω.

Proof. Let Y be an almost cosymplectic vector �eld such that LY (η) = µη with (ω, η)−decomposition Y =
Yω + Yη. For (1), we derive from Ĩη,ω(Yω) = ıYω, by composing with respect to the Reeb vector �eld that,
η(Yω) = 0, and so we also have ıYωω = ıYω, which show that Yω is a cosymplectic vector �eld. Similarly, from
Ĩη,ω(Yη) = η(Y)η, we derive that η(Yη) = η(Y), and so we also have ıYηω = 0. This implies thatLYηω = 0, and
LYηη = µη. To prove (2), we derive from the �rst item that when the isotopy generated by Yω exists, then the
latter is a cosymplectic isotopy. From the formula

L(ψtω)−1
* (Yη)η = (ψtω)*

(
LYη

(
(ψtω)−1

)*
(η)
)

= (ψtω)*
(
LYηη

)
,

we derive that Ψη, is an almost cosymplectic isotopy when it exists. By the means of the formula ı[Yω ,Yη ] =
LYω ◦ ıYη − ıYη ◦ LYω , we compute:

ı[Yω ,Yη ]ω = LYω
(
ıYηω

)
− ıYη

(
LYωω

)
= 0 − 0,

and

ı[Yω ,Yη ]η = LYη
(
ıYωη

)
− ıYω

(
LYηη

)
= LYω (0) − ıYω (µη) , = 0 − 0,

and then, we derive that Ĩη,ω([Yη , Yω]) = ı[Yω ,Yη ]ω −
(
ı[Yη ,Yω ]η

)
η = 0 − 0. The non-degeneracy of Ĩη,ω, implies

that [Yη , Yω] = 0.

4 Di�eomorphisms of a cosymplectic manifold
De�nition 4.1. Let (M, ω, η) be a cosymplectic manifold.



122 | Stephane Tchuiaga, Franck Houenou, and Pierre Bikorimana

1. A di�eomorphism ϕ : M −→ M is called an almost cosymplectic di�eomorphism (or almost cosymplec-
tomorphism) di�eomorphism if: ϕ*(ω) = ω and there exists a smooth function f ∈ C∞(M) such that
ϕ*(η) = ef η.

2. A di�eomorphism ϕ : M −→ M is called a cosymplectic di�eomorphism (or cosymplectomorphism)
di�eomorphism if: ϕ*(ω) = ω and ϕ*(η) = η.

We shall denote by ACosympη,ω(M) the space of all almost cosymplectomorphisms of (M, ω, η, ) and by
Cosympω,η(M) the space of all cosymplectomorphisms of (M, ω, η).

De�nition 4.2. Let (M, ω, η) be a cosymplectic manifold. An isotopy Φ = {ϕt}t is called an almost
cosymplectic (resp. cosymplectic) isotopy if for each time t, we have ϕt ∈ ACosympη,ω(M) (resp. ϕt ∈
Cosympη,ω(M)).

We shall denote by AIsoη,ω(M) (resp. Isoη,ω(M)) the space of all almost cosymplectic (resp. the space of all
cosymplectic) isotopies of (M, ω, η).

We then de�ne the following important subgroups:

AGη,ω(M) := ev1
(
AIsoη,ω(M)

)
and Gη,ω(M) := ev1

(
Isoη,ω(M)

)
,

where ev1 is a time 1−map (namely the map that associates to an isotopy {ϕt}06t61 the map ϕ1). We equip
both groupsAGη,ω(M) and Gη,ω(M) with the C∞−compact-open topology [7].

Lemma 4.1. Let (M, ω, η) be a cosymplectic manifold and let ξ be its Reeb vector �eld. We have the following
properties.

1. If ϕ ∈ Gη,ω(M), then ϕ*(ξ ) = ξ .
2. If ψ ∈ AGη,ω(M) with ψ*(η) = ef η, then ψ*(ξ ) = ef◦ψ−1 ξ .

Proof. Since for all di�eomorphism φ ∈ Di�(M), we have Ĩη,ω(φ*(ξ )) = (φ−1)*(ıξφ*(ω)) + (φ−1)*(ıξφ*(η))η,
then we derive that:

1. If ϕ ∈ Gη,ω(M), then for φ = ϕ, we have

Ĩη,ω(ϕ*(ξ )) = (ϕ−1)*(ıξϕ*(ω)) + (ϕ−1)*(ıξϕ*(η))η = (ϕ−1)*(ıξω) + (ϕ−1)*(ıξη)η
= η = Ĩη,ω(ξ ). (4.1)

Thus, Ĩη,ω(ϕ*(ξ )) = Ĩη,ω(ξ ) which implies that ϕ*(ξ ) = ξ , since Ĩη,ω is non-degenerate.
2. If ψ ∈ AGη,ω(M) with ψ*(η) = ef η, then

Ĩη,ω(ψ*(ξ )) = (ψ−1)*(ıξψ*(ω)) + (ψ−1)*(ıξψ*(η))η = (ψ−1)*(ıξω) + (ψ−1)*(ef ıξη)η

= 0 + ef◦ψ
−1
η = Ĩη,ω(ef◦ψ

−1
ξ ). (4.2)

Thus, Ĩη,ω(ψ*(ξ )) = Ĩη,ω(ef◦ψ−1 ξ ) from which we derive ψ*(ξ ) = ef◦ψ−1 ξ , since Ĩη,ω is non-degenerate.

The following result generalizes Lemma 4.1 and its proof follows immediately from the one of Lemma 4.1.

Lemma 4.2. Let (Mi , ωi , ηi), i = 1, 2 be two cosymplectic manifolds and let ξi, i = 1, 2 be their Reeb vector
�elds respectively. We have the following properties.

1. If ϕ ∈ Di�(M1,M2) such that ϕ*(ω2) = ω1, and ϕ*(η2) = η1, then ϕ*(ξ1) = ξ2.
2. If ψ ∈ Di�(M1,M2) such that ψ*(ω2) = ω1, and ψ*(η2) = ehη1, then ψ*(ξ1) = eh◦ψ−1 ξ2.
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De�nition 4.3. Let (M, ω, η) be a cosymplectic manifold. An isotopy Ψ := {ψt}t is called an almost co-
Hamiltonian isotopy, if for each t, the vector �eld ψ̇t is an almost co-Hamiltonian vector �eld, i.e., ψ̇t ∈
Ahamη,ω(M), for each t.

We shall denote byAHη,ω(M) the space of all almost co-Hamiltonian isotopies of (M, ω, η), and put

AHamη,ω(M) := ev1
(
AHη,ω(M)

)
. (4.3)

The elements of the setAHη,ω(M) are called almost co-Hamiltonian di�eomorphisms of (M, ω, η).

De�nition 4.4. Let (M, ω, η) be a cosymplectic manifold. An isotopy Ψ := {ψt}t is called a weakly Hamilto-
nian isotopy, if for each t, the vector �eld ψ̇t is a weakly Hamiltonian vector �eld, i.e., ψ̇t ∈ hamη,ω(M), for
each t.

We shall denote by Hη,ω(M) the space of all weakly Hamiltonian isotopies of (M, ω, η), and put

Hamη,ω(M) := ev1
(
Hη,ω(M)

)
. (4.4)

The elements of the set Hamη,ω(M) are called weakly Hamiltonian di�eomorphisms of (M, ω, η).

De�nition 4.5. Let (M, ω, η) be a cosymplectic manifold. An isotopy Ψ := {ψt}t is called a co-Hamiltonian
isotopy, if for each t, the vector �eld ψ̇t is a co-Hamiltonian vector �eld, i.e., ψ̇t ∈ ham0

η,ω(M), for each t.

We shall denote by H0
η,ω(M) the space of all co-Hamiltonian isotopies of (M, ω, η), and put

Ham0
η,ω(M) := ev1

(
H0
η,ω(M)

)
. (4.5)

The elements of the set Ham0
η,ω(M) are called co-Hamiltonian di�eomorphisms of (M, ω, η).

Proposition 4.1. Let (M, ω, η) be a cosymplectic manifold. The following properties hold.

1. The setAHamη,ω(M) is a Lie group whose Lie algebra is the spaceAhamη,ω(M).
2. The setAHamη,ω(M) is a normal subgroup in the groupAGη,ω(M).
3. The set Hamη,ω(M) is a Lie group whose Lie algebra is the space hamη,ω(M).
4. The set Hamη,ω(M) is a normal subgroup in the group Gη,ω(M).
5. The set Ham0

η,ω(M) is a Lie group whose Lie algebra is the space ham0
η,ω(M).

6. The set Ham0
η,ω(M) is a normal subgroup in the group Hamη,ω(M).

7. The group Hamη,ω(M) is not simple provided Ham0
η,ω(M) ≠ {idM}.

4.1 Cosymplectic and almost cosymplectic flows

In this subsection, we give some relations for the cosymplectic and almost cosymplectic �ows. To this end,
we shall need the following fact: to any smooth isotopyΦ = {ϕt}t with ϕ0 = idM, is attached a smooth family
of smooth vector �elds {ϕ̇t}t, de�ned by

ϕ̇t := Xt ◦ ϕ−1
t (4.6)

where
Xt(x) := dϕt(x)

dt , for each t and ∀ x ∈ M. (4.7)

Furthermore, if Φ = {ϕt} is cosymplectic then we have for each t

ϕ*t
(
Ĩη,ω(ϕ̇t)

)
= ϕ*t

(
Ĩη,ω(Xt)

)
. (4.8)

Hereafter are these relations (items 1 − 10)
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1. Let {ϕt} ∈ Hη,ω(M) such that Ĩη,ω(ϕ̇t) = dFt, for each t and smooth function Ft. Then, from the relation
ϕ̇−t = −(ϕ−1

t )*(ϕ̇t), for each t and ı(ϕ−1
t )*ϕ̇tα = −ϕ*t

(
ı(ϕ̇t◦ϕ−1

t )α
)
, for all p−form α, we derive that

Ĩη,ω(ϕ̇−t) = −ϕ*t (ıϕ̇tω) − ϕ*t (η(ϕ̇t))η = −ϕ*t (̃Iη,ω(ϕ̇t)) = d(−Ft ◦ ϕt) ∀ t. (4.9)

Hence, {ϕ−1
t } ∈ Hη,ω(M) and Ĩη,ω(ϕ̇−t) = d(−Ft ◦ ϕt), where ϕ−1

t =: ϕ−t, for each t.
2. IfΦF = {ϕt}t is a weakly Hamiltonian isotopy such that Ĩη,ω(ϕ̇t) = dFt, for all t, then for all ρ ∈ Gη,ω(M),

the isotopy Ψ = {ψt}t with ψt := ρ−1 ◦ ϕt ◦ ρ is also weakly Hamiltonian : in fact, from ψ̇t = ρ−1
* (ϕ̇t), we

derive that
Ĩη,ω(ψ̇t) = ρ* (̃Iη,ω(ϕ̇t)) = d(Ft ◦ ρ), for each t.

3. Similarly, if {ψt}t and {ϕt}t are two elements of Hη,ω(M) such that Ĩη,ω(ϕ̇t) = dFt and Ĩη,ω(ψ̇t) = dKt,
for each t, then we have

Ĩη,ω(
˙︷ ︸︸ ︷

ϕt ◦ ψt) = d(Ft + Kt ◦ ϕ−1
t ), for each t. (4.10)

4. Let {ϕt}t ∈ Isoη,ω(M). Then, for each t, we have Ĩη,ω(ϕ̇−t) = −ϕ*t (̃Iη,ω(ϕ̇t)).
5. If {ψt}t and {ϕt}t are two elements of Isoη,ω(M), then for each t, we have

Ĩη,ω(
˙︷ ︸︸ ︷

ϕt ◦ ψt) = Ĩη,ω(ϕ̇t) + (ϕ−1
t )* (̃Iη,ω(ψ̇t)).

6. Let {ϕt}t ∈ AIsoη,ω(M) such that Lϕ̇tη = µtη, (or ϕ*t (η) = eftη), for each t and smooth function ft.
Compute,

Lϕ̇−tη = ϕ*t
(
d
dt
(

(ϕ−1
t )*(η)

))
= ϕ*t

(
d
dt
(
e−ft◦ϕ

−1
t η
))

(4.11)

= ϕ*t
(
η ddt

(
e−ft◦ϕ

−1
t
))

=
(
− (

˙︷ ︸︸ ︷
ft ◦ ϕ−1

t ) ◦ ϕt
)
η, (4.12)

i.e., Lϕ̇−tη = ϑtη, for all t, with ϑt := −(
˙︷ ︸︸ ︷

ft ◦ ϕ−1
t ) ◦ ϕt .

7. If {ψt}t and {ϕt}t are two elements of AIsoη,ω(M) such that Lϕ̇tη = µtη, (or ϕ*t (η) = eftη), and Lψ̇tη =
µ′tη, (or ψ*t (η) = eqtη), for each t, then we have

L ˙︷ ︸︸ ︷
ϕt ◦ ψt

η = ((ϕt ◦ ψt)−1)*
(
d
dt
(

(ϕt ◦ ψt)*η
))

= ((ϕt ◦ ψt)−1)*
(
d
dt
(
eft◦ψt eqtη

))

=
( ˙︷ ︸︸ ︷
ft ◦ ψt + q̇t

)
◦ (ϕt ◦ ψt)−1η, for each t. (4.13)

Thus, L ˙︷ ︸︸ ︷
ϕt ◦ ψt

η = ϱtη, with ϱt :=
( ˙︷ ︸︸ ︷
ft ◦ ψt + q̇t

)
◦ (ϕt ◦ ψt)−1, for all t.

8. If Φ = {ϕt}t is an almost co-Hamiltonian isotopy such that ıϕ̇tω = dFt, for all t, and Lϕ̇tη = µtη, (or
ϕ*t (η) = eftη), for each t, then for all ρ ∈ AGη,ω(M) such that ρ*(η) = ef ρη, the isotopy Ψ = {ψt}t with
ψt := ρ−1 ◦ ϕt ◦ ρ is almost co-Hamiltonian: in fact, from ψ̇t = ρ−1

* (ϕ̇t), we derive that ıψ̇tω = ρ*(ıϕ̇tω) =
d(Ft ◦ ρ), for each t. Besides, we have

Lρ−1
* (ϕ̇t)η = Lψ̇tη = (ψ−1

t )*
(
d
dt
(

(ρ−1 ◦ ϕt ◦ ρ)*(η)
))

= (ψ−1
t )* ddt

(
e−f

ρ◦ρ−1◦ϕt◦ρeft◦ρef
ρ
η
)
, for all t. (4.14)

Hence, Lρ−1
* (ϕ̇t)η = Ht(ρ)η, with

Ht(ρ) := e−f
ρ◦ρ−1◦ϕt◦ρeft◦ρef

ρ d
dt
(
e−f

ρ◦ρ−1◦ϕt◦ρeft◦ρef
ρ
η
)
◦ (ρ−1 ◦ ϕt ◦ ρ)−1,

=
(
−df ρ((ρ−1)*(ϕ̇t)) + ḟt

)
◦ (ρ−1 ◦ ϕt ◦ ρ)−1 for each t. (4.15)
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9. For any isotopy Φ = {ϕt}t, we will denote by CtΦ,η the smooth function x 7−→ η(ϕ̇t)(ϕt(x)). If Φ = {ϕt}t
and Ψ = {ψt}t are two elements of Isoη,ω(M) such thatLϕ̇tη = µtη, (or ϕ*t (η) = eftη), for each t, then we
have

CtΦ◦Ψ ,η = η(ϕ̇t + (ϕt)*(ψ̇t)) ◦ (ϕt ◦ ψt) = CtΦ,η ◦ ψt + η((ϕt)*(ψ̇t)) ◦ (ϕt ◦ ψt)
= CtΦ,η ◦ ψt +

(
(ϕ−1

t )*(eftη(ψ̇t))
)
◦ (ϕt ◦ ψt) = CtΦ,η ◦ ψt + eft◦ψtCtΨ ,η , for each t

namely
CtΦ◦Ψ ,η = CtΦ,η ◦ ψt + eft◦ψtCtΨ ,η , for all t. (4.16)

10. So, from (4.16), we derive that if Φ = {ϕt}t is an almost cosymplectic isotopy such that ϕ*t (η) = eftη, for
each t, then, we have

CtΦ−1 ,η = −eftCtΦ,η ◦ ϕ−1
t , for all t.

4.2 Cosymplectic geometry and Symplectic geometry

The following facts give some relationships between symplectic and cosymplectic geometries.
From Lemma 2.1 we have :

Fact 1: For any cosymplectic isotopy Φ = {ϕt}t, one de�nes an isotopy Φ̃ = {ϕ̃t}t of the symplectic manifold
(M̃, ω̃) as follows: For each t,

ϕ̃t : M ×R −→ M ×R
(x, u) 7−→

(
ϕt(x),RΛt(Φ)(x, u)

)
,

where RΛt(Φ)(x, u) := u −
t∫

0

CsΦ,η(x)ds mod 2π. Furthermore, if we consider the canonical projection

p : M̃ −→ M, then for each t, we have the following commutative diagram

M̃ ϕ̃t−→ M̃
p ↓ ↓ p

M ϕt−→ M,

namely p ◦ ϕ̃t = ϕt ◦ p. The isotopy Φ̃ = {ϕ̃t}t is in fact symplectic: since we have

ϕ̃t
*
(ω̃) = (p ◦ ϕ̃t)*ω + (p ◦ ϕ̃t)*η ∧ ϕ̃t

*
(π*2(du)) = (ϕt ◦ p)*ω + (ϕt ◦ p)*η ∧ π*2(du)

= p*ω + p*η ∧ π*2(du) = ω̃. (4.17)

Fact 2: For any cosymplectic isotopy Φ = {ϕt}t, one de�nes an isotopy Φ̃ = {ϕ̃t}t as in Fact 1, we can easily
compute, ˙̃ϕt = ϕ̇t − p*(CtΦ,η) ∂∂u , for each t, which implies that

ı ˙̃ϕt
ω̃ = p*(ıϕ̇tω) + p*(CtΦ,η)π*2(du) + p*(CtΦ,ηη), for each t. (4.18)

4.3 Almost cosymplectic structure and Symplectic structure

Proposition 4.2. Let (M, ω, η) be a cosymplectic manifold. If Ψ = {ϕt}t is any almost cosymplectic isotopy
such that ψ*t (η) = eftη for all t, then the isotopy Ψ̃ = {ψ̃t}t de�ned by

ψ̃t : M ×R −→ M ×R
(x, u) 7−→

(
ψt(x), ue−ft(x))

is a symplectic isotopy of the symplectic manifold (M̃, ω̃).
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Proof. Assume Ψ = {ψt}t is any almost cosymplectic isotopy such that ψ*t (η) = eftη for all t, and consider
the projection maps p : M̃ −→ M, and π2 : M̃ −→ R. For each t, we have p ◦ ψ̃t = ψt ◦ p, and also

ψ̃*t (ω̃) = ψ̃*t (p*(ω) + p*(η) ∧ π*2(dθ)) = (p ◦ ψ̃t)*ω + (p ◦ ψ̃t)*η ∧ (π2 ◦ ψ̃t)*du
= (ψt ◦ p)*ω + (ψt ◦ p)*η ∧ e−ft◦pπ*2du = p*((ψt)*ω) + p*((ψt)*η) ∧ e−ft◦pπ*2du
= p*(ω) + eft◦pp*(η) ∧ e−ft◦pπ*2(du)
= ω̃.

Thus, Ψ̃ = {ψ̃t}t :=
{

(ψt ◦ p, π2e−ft◦p)t
}
t is a symplectic isotopy of (M̃, ω̃).

Proposition 4.3. Let (M, ω, η) be a cosymplectic manifold. If Ψ = {ψt}t is any almost cosymplectic isotopy
such that ψ*t (η) = eftη for all t, then we have

d
(
π2η(ψ̇t) ◦ p

)
=
(
η(ψ̇t) ◦ p

)
π*2(du) +

(
ḟt ◦ pe−ft◦pπ2

)
p*(η), for each t.

Proof. Assume Ψ = {ψt}t is any almost cosymplectic isotopy such that ψ*t (η) = eftη for all t, and consider
the projection maps p : M̃ −→ M, and π2 : M̃ −→ R. From the previous Proposition 4.2, the isotopy Ψ̃ :=
{(ψt ◦ p, π2e−ft◦p)t}t is a symplectic isotopy of (M̃, ω̃) ; namely, the 1−form ı ˙̃ψt

ω̃ is closed for each t. We also

have, ˙̃ψt = ψ̇t −
(
ḟt ◦ pe−ft◦pπ2

)
∂
∂u , which implies that

ı ˙̃ψt
ω̃ = p*(ıψ̇tω) + η(ψ̇t) ◦ pπ*2(du) +

(
ḟt ◦ pe−ft◦pπ2

)
p*(η), for each t. (4.19)

Therefore, di�erentiating (4.19) gives:

dı ˙̃ψt
ω̃ = d

(
p*(ıψ̇tω)

)
+ d
(
η(ψ̇t) ◦ pπ*2(du) +

(
ḟt ◦ pe−ft◦pπ2

)
p*(η)

)
,

i.e., 0 = 0 + d
(
η(ψ̇t) ◦ pπ*2(du) +

(
ḟt ◦ pe−ft◦pπ2

)
p*(η)

)
, for each t. That is,

d
(
η(ψ̇t) ◦ p

)
∧ π*2(dθ) = −d

(
ḟt ◦ pe−ft◦pπ2

)
∧ p*(η), for each t.

Taking the interior derivative in the above equality with respect to the vector �eld ∂
∂u , yields −d

(
η(ψ̇t) ◦ p

)
=

−
(
ḟt ◦ pe−ft◦p

)
p*(η), for each t. Finally, we compute for each t

d
(
π2η(ψ̇t) ◦ p

)
=

(
η(ψ̇t) ◦ p

)
π*2(du) + d

(
η(ψ̇t) ◦ p

)
π2 =

(
η(ψ̇t) ◦ p

)
π*2(du) +

(
ḟt ◦ pe−ft◦pπ2

)
p*(η).

The following is a consequence of Proposition 4.3.

Proposition 4.4. Let (M, ω, η) be a cosymplectic manifold. If Ψ = {ψt}t is any almost cosymplectic isotopy
such that ψ*t (η) = eftη ( or Lψ̇tη = µtη) for all t, then we have

µt = f ′te−ft , or equivalently f ′t ◦ ψt = f ′teft , for each t. (4.20)

Proof. Assume Ψ = {ψt} to be any almost cosymplectic isotopy such that ψ*t (η) = eftη ( orLψ̇tη = µtη) for all
t. From the proof of Proposition 4.3, we derive that d

(
η(ψ̇t) ◦ p

)
=
(
f ′t ◦ pe−ft◦p

)
p*(η), and composing the

latter equality with any smooth section of the projection p, yields d
(
η(ψ̇t)

)
=
(
f ′te−ft

)
η, for each t. On the

other hand, from d
(
η(ψ̇t)

)
= Lψ̇tη = µtη, for all t, we derive that

(
f ′te−ft

)
η = µtη, for each t. Applying the

Reeb vector �eld in both sides of the latter equality implies µt = f ′te−ft , for each t. From ft =
t∫

0

µs ◦ ψsds, it

follows that f ′t ◦ ψt = f ′teft , for each t.
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Proposition 4.5. Let (M, ω, η) be a cosymplectic manifold. If Ψ = {ψt}t is any almost co-Hamiltonian isotopy
such that ψ*t (η) = eftη for all t, and ıψ̇tω = dHt, then the isotopy Ψ̃ = {ψ̃t}t de�ned by

ψ̃t : M ×R −→ M ×R
(x, u) 7−→

(
ψt(x), ue−ft(x))

is a Hamiltonian isotopy of the symplectic manifold (M̃, ω̃) such that for each t.

ı ˙̃ψt
ω̃ = d

(
Ht ◦ p + π2η(ψ̇t) ◦ p

)
. (4.21)

The following theorem shows that the Reeb vector �eld determines the almost cosymplectic nature of a uni-
form limit of a sequence of almost cosymplectic di�eomorphisms.

Theorem 4.1. Let (M, ω, η) be a compact cosymplectic manifold with Reeb vector �eld ξ . Let {ψi}i be any se-
quence of almost co-symplectic di�eomorphisms that uniformly converges to a di�eomorphism ψ, and suppose
that ψ*i (η) = efiη. The following assertions hold.

1. The smooth function ψ*(η)(ξ ), is non-negative.
2. If the smooth function ψ*(η)(ξ ), is positive, then the sequence {fi}i uniformly converges to Fξψ :=

ln
(
ψ*(η)(ξ )

)
.

3. If the smooth function ψ*(η)(ξ ) is equal to the constant function 1, then ψ is a cosymplectic di�eomorphism:
a �exibility result.

4. If the smooth function ψ*(η)(ξ ) is positive and di�erent from the constant function 1, then ψ is an almost
cosymplectic di�eomorphism with ψ*(η) = eF

ξ
ψη: a rigidity result.

To prove the above theorem, we need the following lemma and its corollary.

Lemma 4.3. Let (M, ω, η) be a compact cosymplectic manifold. If {ψi}i is a sequence of almost cosymplectic
di�eomorphisms that uniformly converges to a di�eomorphism ψ, with ψ*i (η) = efiη, then for each �xed x ∈ M,
the sequence of positive real numbers

{
efi(x)}

i converges to (ψ*(η)(ξ ))(x), where ξ is the Reeb vector �eld.

Corollary 4.1. Let (M, ω, η)bea compact cosymplecticmanifold. If {ψi}i is a sequence of almost co-symplectic
di�eomorphisms that uniformly converges to a di�eomorphism ψ, with ψ*i (η) = efiη, then for any smooth curve
γ ⊂ M, we have lim

i−→∞

∫
γ

efiη =
∫
γ

ψ*(η).

Proof. AssumeM to be equippedwith a Riemannianmetric g, with injectivity radius r(g). Let γ be any smooth
curve inM. Sinceψi

C0
−→ ψ, then for i su�ciently largewemay assume that dC0 (ψi , ψ) 6 r(g)

2 , and derive that,
for each t ∈ [0, 1], the point ψi(γ(t)) can be connected to the point ψ(γ(t)) through aminimizing geodesicXti .
This means that the curvesX0

i ,X1
i , ψi ◦γ, and ψ ◦γ form the boundary of a smooth 2−chain♣(γ, ψi , ψ) ⊂ M.

Since dη = 0, we obtain, by using Stockes’ theorem that
∫

♣(γ,ψi ,ψ)

dη = 0, i.e.,
∫

ψi◦γ

η −
∫
ψ◦γ

η =
∫
X1
i

η −
∫
X0
i

η, for

i su�ciently large. Furthermore, from ψ*i (η) − ψ*(η) = efiη − ψ*(η), we derive that for all i su�ciently large,∣∣∣∣∣∣
∫
γ

(
efiη − ψ*(η)

)∣∣∣∣∣∣ =

∣∣∣∣∣∣
∫
γ

(
ψ*i (η) − ψ*(η)

)∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
∫
X1
i

η −
∫
X0
i

η

∣∣∣∣∣∣∣ 6 2|η|0dC0 (ψi , ψ),

(4.22)

where | · |0 stands for the uniform sup norm on the space of 1−forms of a compact manifold [16]. The top right
hand side of the above estimates tends to zero as i goes to in�nity.
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Proof of Lemma 4.3. Let {ϕt}t be the cosymplectic �ow generated by the Reeb vector �eld ξ . For each �xed
t ∈]0, 1[, and each x ∈ M, consider the smooth curve γx,t : s 7−→ ϕst(x), and derive from Corollary 4.1 that

lim
i−→∞

∫
γ̄x,t

(
efiη

)
=
∫
γ̄x,t

ψ*(η), for each �xed t ∈]0, 1[, i.e., lim
i−→∞

t∫
0

(
efi(ϕu(x))du

)
=

t∫
0

(ψ*(η)(ξ ))(ϕu(x))du, for

each �xed t ∈ ]0, 1[.

Therefore, considering the sequence of smooth functions Uk : s 7−→
s∫

0

efk(ϕu(x))du. By de�nition

U ′k(t0) := lim
s−→t0

Uk(s) − Uk(t0)
s − t0

, so, for all t0 ∈]0, 1[, and for all x ∈ M, we have

lim
k−→∞

U ′k(t0) := lim
k−→∞

lim
s−→t0

Uk(s) − Uk(t0)
s − t0

= lim
s−→t0

(
lim
k−→∞

Uk(s) − Uk(t0)
s − t0

)
,

= lim
s−→t0

 1
s − t0

 s∫
0

(ψ*(η)(ξ ))(ϕu(x))du −
t0∫

0

(ψ*(η)(ξ ))(ϕu(x))du

 = (ψ*(η)(ξ ))(ϕt0 (x)).

This implies that lim
i−→∞

efi(x) = (ψ*(η)(ξ ))(x), for each x ∈ M.

Proof. of Theorem 4.1. By Lemma 4.3, the smooth function x 7−→ (ψ*(η)(ξ ))(x), is the uniform limit of a
sequence of positive functions, hence the latter is non-negative. Assume that the smooth function x 7−→
(ψ*(η)(ξ ))(x), is positive. Therefore, as in Proposition 4.2, we de�ne a sequence of symplectic isotopies of
the symplectic manifold (M̃, ω̃) by ψ̃i := (ψi ◦ p, π2e−fi◦p), for each i. Since by assumption, ψi

C0
−→ ψ, and

by Lemma 4.3 we have lim
i−→∞

e−fi◦p = e− ln((ψ*(η)(ξ )))◦p , then, it follows that ψ̃i
C0
−→ (ψ ◦ p, π2e−F

ψ
ξ ◦p), with

Fψξ := ln((ψ*(η)(ξ ))). Since the map (ψ ◦ p, π2e−F
ψ
ξ ◦p) is a di�eomorphism, then it follows from the celebrated

rigidity theorem of Elishberg-Gromov that the di�eomorphismΦψ := (ψ◦p, π2e−F
ψ
ξ ◦p), is a symplectic di�eo-

morphism of (M̃, ω̃). Finally, the fact that Φ*ψ(ω̃) = ω̃, obviously implies that ψ*(ω) = ω, and ψ*(η) = eF
ψ
ξ η,

provided the positive function x 7−→ (ψ*(η)(ξ ))(x) is di�erent from the constant function 1: that is, ψ is an
almost cosymplectic di�eomorphism. Otherwise, we have ψ*(ω) = ω, and ψ*(η) = η meaning that ψ is a
cosymplectic di�eomorphism.

4.3.1 Almost co-Hamiltonian dynamical systems

In this subsection, we derive a consequence of Arnold’s conjecture from symplectic geometry.

Proposition 4.6. Let (M, ω, η) be a closed cosymplectic manifold. If Ψ = {ϕt}t is any almost co-Hamiltonian
isotopy such that ψ*t (η) = eftη for all t, and ıψ̇tω = dHt, then for each t, the map ψt has at least one �xed point
xt satisfying ft(xt) = 0.

Proof. If Ψ = {ϕt}t is any almost co-Hamiltonian isotopy such that ψ*t (η) = eftη for all t, then the isotopy
Ψ̃ = {ψ̃t}t de�ned by ψ̃t : M × R −→ M × R, (x, u) 7−→ (ψt(x), ue−ft(x)), is a Hamiltonian isotopy of the
symplectic manifold (M̃, ω̃) (Proposition 4.5). Thus, by Arnold’s conjecture, for each t, the map ψ̃t has at
least one �x point (xt , ut). That is, ψt(xt) = xt, and ute−ft(xt) = ut, namely, ψt(xt) = xt, and ft(xt) = 0, for each
t.

Proposition 4.7. Let (M, ω, η) be a closed cosymplectic manifold. Let ψ be an almost co-Hamiltonian di�eo-
morphism such that ψ*(η) = ef η. If Ψ = {ψt}t is any almost co-Hamiltonian isotopy with time-one map ψ, then

any �x point of ψ is a critical point for the function x 7−→

 1∫
0

ψ*s
(
η(ψ̇s)

)
ds

 (x).



On Cosymplectic Dynamics I | 129

Proof. From the formula

ef η − η = ψ*(η) − η = d

 1∫
0

ψ*s
(
η(ψ̇s)

)
ds

 , (4.23)

we derive that, for each x ∈ Fix(ψ), we have

ef (x)η|x − η|x =
(
ef η − η

)
|x

= d

 1∫
0

ψ*s
(
η(ψ̇s)

)
ds

∣∣∣∣
x

, (4.24)

i.e., 0 = d

 1∫
0

ψ*s
(
η(ψ̇s)

)
ds

∣∣∣∣
x

, since by Proposition 4.6, we have f (y) = 0, whenever y ∈ Fix(ψ).

5 Geometry of cosymplectic di�eomorphisms

5.1 Comparison of norms

Let (M, gM) and (N, gN) be two smooth compact Riemannian manifolds, and consider M̃ := M × N. Let p :
M̃ −→ M and q : M̃ −→ N be the projectionmaps and denote by g̃ the corresponding induced product metric
on M̃. We recall in this section some norms on the set of closed 1−forms (see. [16]).

5.1.1 Comparison of the norms |p*(α)|0 and |α|0 with α ∈ Ω1(M)

Consider a 1− form α onM and let us recall the de�nition of the supremum norm (i.e., the uniform sup norm)
of α: for each x ∈ M, we know that α induces a linear map αx : TxM −→ R, whose norm is given by

‖αx‖g
M

:= sup
{
|αx(X)| : X ∈ TxM, ‖X‖gM = 1

}
, (5.1)

where ‖ · ‖gM is the norm induced on each tangent space TxM (at the point x) by the Riemannian metric gM.
Therefore, the uniform sup norm of α, say | · |0, is de�ned as

|α|0 := sup
x∈M
‖αx‖g

M
= sup
x∈M

sup
X∈(S1TM)x

|αx(X)|. (5.2)

Moreover, since p*α is a 1−form on M̃, then for each (x, y) ∈ M̃, we have

‖p*(α)|(x,y)‖
g̃ = sup

{
|αx(p*(Y))| : Y ∈ T(x,y)M̃, ‖Y‖g̃ = 1

}
= sup

{
|αx(Y1)| : (Y1 + Y2) ∈ TxM ⊕ TyN and ‖Y1‖gM + ‖Y2‖gN = 1

}
6 sup

{
|αx(Y1)| : Y1 ∈ TxM, ‖Y1‖gM 6 1

}
,

where ‖ · ‖gM (resp. ‖ · ‖gN ) is the norm induced on each tangent space TxM (resp. TyN) by the Riemannian
metric gM (resp. gN). Therefore, we have ‖p*(α)|(x,y)‖

g̃ 6 ‖αx‖g
M , for each (x, y) ∈ M̃, which implies that

|p*(α)|0 6 |α|0.
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5.1.2 Splitting of closed 1-forms and the uniform sup norm

Let H1(M,R) (resp. H1(M̃,R)) denote the �rst de Rham cohomology group (with real coe�cients) ofM (resp.
M̃) and let Z1(M) (resp. Z1(M̃)) denote the space of all closed 1−forms on M (resp. M̃). Consider the map

S : H1(M,R) −→ Z1(M), (5.3)

to be a �xed linear section of the natural projection

πM : Z1(M) −→ H1(M,R). (5.4)

Each α ∈ Z1(M) splits as:
α = S(πM(α)) + (α − S(πM(α))). (5.5)

We shall call the 1−form (α−S(πM(α))) the exact part of α and throughout the paper, for simplicity, when this
will be necessary, the latter 1−formwill be denoted dfα,S tomean that it is the di�erential of a certain function
that depends on α and S; while we shall call the 1−form S(πM(α)) the S−form of α. Let H1(M, S) denote the
space of all S−forms and de�ne the set B1(M) :=

(
Z1(M) rH1(M, S)

)
∪ {0}.

We then have the following direct sum: Z1(M) = H1(M, S) ⊕ B1(M), with dim(H1(M, S)) =
dim(H1(M,R)) < ∞, for each linear section S (see [16]).

Denote by PH1(M, S) the space of all smooth mappings H : [0, 1] −→ H1(M, S). Since both spaces
H1(M, S) and H1(M,R) are isomorphic and H1(M,R) is a �nite dimensional vector space whose dimension
is the �rst Betti number b1(M), thenH1(M, S) is of �nite dimension [15]. Thus, there exists a positive constants
K1(g) and k2(g) which depend on the Riemannian metric g on M such that

k1(g)‖α‖L2 6 |α|0 6 k2(g)‖α‖L2 , (5.6)

for all α ∈ H1(M, S). On the other hand, consider the projection p : M̃ −→ M, and let

πM̃ : Z1(M̃) −→ H1(M̃,R), (5.7)

be the canonical projection, where Z1(M̃) is the set of all closed 1−forms on M̃: we have the commutative
diagram

Z1(M) p*−→ Z1(M̃)
πM ↓ ↓ πM̃

H1(M,R) p*−→ H1(M̃,R),

namely p* ◦ πM = πM̃ ◦ p
*. The following composition of linear mappings

H1(M, S) πM−−−→ H1(M,R) p*−−→ H1(M̃,R)
α 7−→ πM(α) 7−→ p*(πM(α)),

is continuous, then there is a constant κ0 such that ‖πM̃(p*(α))‖L2 = ‖p*(πM(α))‖L2 6 κ0|α|0, since from the
commutation of the previous diagram we have p* ◦ πM = πM̃ ◦ p

*. Let S̃ : H1(M̃,R) −→ Z1(M̃) be any �xed
linear section of πM̃, then there exists a positive constant υ0 such that

|S̃(πM̃(θ))|0 6 υ0‖πM̃(θ)‖L2 , ∀ θ ∈ Z1(M̃). (5.8)

Summarizing the above inequalities gives for all α ∈ Z1(M) :∣∣∣S̃(πM̃(p*(S(πM(α))))
)∣∣∣

0
6 υ0‖πM̃

(
p*(S(πM(α)))

)
‖L2 6 υ0κ0

∣∣S(πM(α))
∣∣

0 . (5.9)
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5.2 Co-Hofer-like geometries

For any X ∈ Xη,ω(M), the closed 1−forms ıXω and η(X)η split as follows:

ıXω = Hω + dUω , and η(X)η = Kη + dVη . (5.10)

Hence, the closed 1−form, Ĩη,ω(X) splits as Ĩη,ω(X) = (Kη + Hω) + d (Uω + Vη), from which, one de�nes a
norm ‖ · ‖SC on Xη,ω(M) as follows :

‖X‖SC := ‖Kη + Hω‖L2 + νB(d(Uω + Vη)) + |η(X)|, ∀ X ∈ Xη,ω(M) (5.11)

where ‖ · ‖L2 is the L2−Hodge norm and νB is any norm on B1(M) which we assume to be equivalent to the
oscillation norm (see [16])

osc(f ) = max
x
f (x) − min

x
f (x), ∀ f ∈ C∞(M).

Theorem 5.1. Let (M, ω, η) be a compact cosymplectic manifold, let S and T be two linear sections of the
projection π : Z1(M) −→ H1(M,R). Then, the two norms ‖ · ‖SC and ‖ · ‖TC are equivalent.

Proof. Let X be a strict cosymplectic vector �eld such that Ĩη,ω(X) =
(
KS
η + HS

ω
)

+d
(
US
ω + VS

η
)
, with respect

to the S−decomposition, and Ĩη,ω(X) =
(
KT
η + HT

ω
)

+ d
(
UT
ω + VT

η
)
, with respect to the T−decomposition. It

is enough to show that there exists C1 > 0, and C2 > 0 such that

C1‖X‖TC 6 ‖X‖SC 6 C2‖X‖TC .

Since dim(H1(M, S)) = dim(H1(M,R)) = dim(H1(M, T)) < ∞, then all the norms on each of the spaces
H1(M, S) and H1(M, T) are equivalent. We shall equip H1(M, S) with a basis B (resp. H1(M, T) with a basis
B′) and denote by ‖ · ‖B (resp. ‖ · ‖B′ ) the corresponding norm. So, we only have to show that

C1(νB(d(UT
ω + VT

η )) + ‖KT
η + HT

ω‖B′ + |η(X)|) 6 (νB(d(US
ω + VS

η )) + ‖KS
η + HS

ω‖B + |η(X)|), (5.12)

and

(νB(d(US
ω + VS

η )) + ‖KS
η + HS

ω‖B + |η(X)|) 6 C2(νB(d(UT
ω + VT

η )) + ‖KT
η + HT

ω‖B′ + |η(X)|). (5.13)

The inequalities (5.12) and (5.13) follow from similar arguments to those used in Banyaga [1] for Hodge’s
decomposition. But, here the uniqueness of the harmonic part in Hodge’s decomposition is replaced by the
fact thatH1(M, S) ∩ B1(M) = {0} (resp.H1(M, T) ∩ B1(M) = {0}).

Base on Theorem 5.1, we shall denote the norm ‖ ·‖SC , simply by ‖ ·‖C nomatter the choice of the linear section
S.

5.2.1 Co-Hofer-like lengths

Let Φ = {ϕt} ∈ Isoη,ω(M), for each t, we have ‖ϕ̇t‖C := ‖Kt
η + Ht

ω‖L2 + osc(U tω + V tη) + |CtΦ,η|. Therefore, we
de�ne the L(1,∞)−version of the co-Hofer-like length of Φ := {ϕt} as:

l(1,∞)
Co (Φ) :=

1∫
0

‖ϕ̇t‖Cdt, (5.14)

and, L∞−version of the co-Hofer-like length of Φ as:

l∞Co(Φ) := max
t∈[0,1]

‖ϕ̇t‖C . (5.15)
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Using the relation Ĩη,ω(ϕ̇t) =
(
Kt
η + Ht

ω
)

+ d
(
U tω + V tη

)
, for each t, we have Ĩη,ω(ϕ̇−t) = −ϕ*t

(
Kt
η + Ht

ω
)
−

d
(
U tω ◦ ϕt + V tη ◦ ϕt

)
, i.e., Ĩη,ω(ϕ̇−t) = −

(
Kt
η + Ht

ω
)
− d

(
U tω ◦ ϕt + V tη ◦ ϕt + ∆t(Kη + Hω ,Φ)

)
, with

∆t(α,Φ) :=
t∫

0

αt(ϕ̇s) ◦ ϕsds. Hence, we see that in general, we may have

l(1,∞)
Co (Φ) ≠ l(1,∞)

Co (Φ−1) or l∞Co(Φ) ≠ l∞Co(Φ−1). (5.16)

The restriction of the above lengths to the group Hη,ω(M) will be called co-Hofer lengths, and denoted l∞CH ,
and l(1,∞)

CH . Indeed, if ΦF = {ϕt}t is a weakly Hamiltonian isotopy such that Ĩη,ω(ϕ̇t) = dFt, for all t, then

l(1,∞)
CH (ΦF) =

1∫
0

(
osc(Ft) + |CtΦF ,η|

)
dt, (5.17)

and
l∞CH(ΦF) = max

t

(
osc(Ft) + |CtΦF ,η|

)
. (5.18)

Observe that the lengths l∞CH , and l(1,∞)
CH are symmetric.

5.2.2 Displacement energy of �bers

Assume that Φ = {ϕt} and Φ̃ = {ϕ̃t} are as de�ned in Subsection 4.2 with ϕ1 ≠ idM; let lHL denote the
Hofer-like length and by ES, we denote the symplectic displacement energy de�ned on the closed symplectic
manifold (M̃, ω̃) [1, 16]. Since ϕ1 ≠ idM, then ϕ̃1 ≠ idM̃, i.e., there exists a compact subset B0 ⊂ M̃ such
that ϕ̃1(B0) ∩ B0 = ∅. We may assume that B0 is of the form B × C, with B a compact subset of M and C a
compact subset ofR. Thus, for each �xed θ ∈ C, the compact �ber B×{θ} is also completely displaced by ϕ̃1.
Therefore, we have

0 < ES(B × {θ}) 6 lHL(Φ̃), ∀ θ ∈ C. (5.19)

Since the map θ 7−→ ES(B × {θ}) is bounded and positive on C, we derive that

0 < 1
2π

∫
C

ES(B × {θ})dθ 6 lHL(Φ̃). (5.20)

On the other hand, from (4.18), if Ĩη,ω(Φ̇t) = Ht
ω + Kt

η + d(U tη + U tω), for all t, then we derive that

ı ˙̃Φt
ω̃ = p*(ıϕ̇tω) + p*(CtΦ,η)dθ + p*(CtΦ,ηη) = p*(Ht

ω + Kt
η) + d(CtΦ,ηπ2 + U tη + U tω), (5.21)

for each t. Thus,

l∞HL(Φ̃) = max
t

(
‖πM̃(p*(Ht

ω + Kt
η))‖L2 + osc(CtΦ,ηπ2 + U tη + U tω)

)
6 max

t

(
‖πM̃(p*(Ht

ω + Kt
η))‖L2 + osc(U tη + U tω)

)
+ 2πmax

t

(
|CtΦ,η|

)
. (5.22)

By (5.9), we have ‖πM̃(p*(Ht
ω +Kt

η))‖L2 6 κ0|Ht
ω +Kt

η|0, whereas by (5.6), we have |Ht
ω +Kt

η|0 6 k2(g)‖Ht
ω +

Kt
η‖L2 . So, it follows that

l∞HL(Φ̃) 6 2 max{(1 + κ0k2(g)), 2π}l∞Co(Φ). (5.23)

Thus, (5.19) and (5.23) imply that

0 < 1
4πmax{(1 + κ0k2(g)), 2π}

∫
C

ES(B × {θ})dθ 6 l∞Co(Φ), (5.24)

In the rest of the paper, we refer to (5.24) as the Co-energy-inequality.
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5.2.3 Gromov area of �bers

Assume that ΦF = {ϕt}t is a weakly Hamiltonian isotopy such that Ĩη,ω(ϕ̇t) = dFt, for all t, and Φ̃F = {ϕ̃t}
is de�ned via ΦF as in the Subsection 4.2 with ϕ1 ≠ idM, let CW (B) represents the Gromov area of a ball B
on the closed symplectic manifold (M̃, ω̃) [10]. Since ϕ1 ≠ idM, then ϕ̃1 ≠ idM̃, i.e., there exists a compact
subsetB0 ⊂ M̃ such that ϕ̃1(B0)∩B0 = ∅. Wemay assume thatB0 is of the formB×C, withB a compact subset
of M, and C a compact subset of R. Thus, for each �xed θ ∈ C, the compact �ber B × {θ} is also completely
displaced by ϕ̃1. Therefore,

0 < 1
(2π)2

∫
C

CW (B × {θ})dθ 6 l∞CH(ΦF). (5.25)

In the rest of this paper, we shall refer to (5.25) as the co-capacity-inequality.
Here is the cosymplectic analogues of Theorem 6−[8].

Theorem 5.2. Let (M, η, ω) be a closed cosymplectic manifold. Let Φ = {ϕti} be a sequence of cosymplectic
isotopies, Ψ = {ψt}t be another cosymplectic isotopy, and ϕ : M −→ M be a map such that

• (ϕ1
i ) converges uniformly to ϕ, and

• l∞C (Ψ−1 ◦ {ϕti}) −→ 0, i −→∞.

Then we must have ϕ = ψ1.

Proof. Let us assume thatϕ ≠ ψ1, i.e., there exists a compact subsetB0 ⊆ Mwhich is completely displacedby
(ψ1)−1◦ϕ, and since the convergence ϕ1

i −→ ϕ, is uniform, thenwemay assume that (ψ1)−1◦ϕ1
i , completely

displace B0, for all i su�ciently large. Fix i0 to be a su�ciently large natural number. We have a sequence of
cosymplectic isotopies {Ψ−1 ◦ {ϕtj}}j>i0 with time-one map (ψ1)−1 ◦ ϕ1

j , for all j > i0. Then, we derive from
the Co-energy-inequality that

0 < 1
4πmax{(1 + κ0k2(g)), 2π}

∫
C0

ES(B0 × {·})dθ 6 l∞Co(Ψ−1 ◦ {ϕtj}), (5.26)

for some non-trivial compact subset C0 ofR, and for all j > i0. Since the right-hand side in (5.24) tends to zero
as j tend to in�nity, then (5.24) yields a contradiction.

The following result is an immediate consequence of Theorem 5.2. It can support the existence of a
C0−counterpart of cosymplectic geometry (see [2]).

Corollary 5.1. Let Φi = ({ϕti}t)i bea sequence of symplectic isotopies, Ψ = {ψt}t beanother symplectic isotopy,
and Ξ : t 7−→ Ξt be a family of maps Ξt : M −→ M, such that the sequence Φi converges uniformly to Ξ and
l∞C (Ψ−1 ◦ Φi) −→ 0, i −→∞. Then Ξ = Ψ .

Proof. Assume the contrary, i.e., that Ψ ≠ Ξ. This is equivalent to say that there exists t ∈]0, 1] such that
Ξt ≠ ψt . Therefore, the sequence of symplectic paths Φt,i : s 7−→ ϕsti contradicts Theorem 5.2.

5.2.4 Co-Hofer norm

For any weakly Hamiltonian di�eomorphism ψ, we de�ne the L(1,∞)−version of its co-Hofer norm and the
L∞−version of its co-Hofer norm respectively as follows:

‖ψ‖(1,∞)
CH := inf(l(1,∞)

CH (Ψ)) and ‖ψ‖∞CH := inf(l∞CH(Ψ)), (5.27)

where each in�mum is taken over the set of all weakly Hamiltonian isotopies Ψ with time-one maps equal to
ψ.
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Theorem 5.3. Let (M, ω, η) be a compact cosymplectic manifold. Then, each of the rules ‖ · ‖(1,∞)
CH and ‖ · ‖∞CH

induces a bi-invariant norm on Hamη,ω(M).

5.2.5 Co-Hofer-like energies

For ϕ ∈ Gη,ω(M), we de�ne its L(1,∞)−energy and its L∞−energy as follows:

e(1,∞)
Co (ϕ) := inf(l(1,∞)

Co (Φ)), (5.28)

and
e∞Co(ϕ) := inf(l∞Co(Φ)), (5.29)

where each in�mum is taken over the set of all cosymplectic isotopies Φ with time-one maps equal to ϕ.

5.2.6 Co-Hofer-like norms

The L(1,∞)−version and the L∞−version of the co-Hofer-like norms of ϕ ∈ Gη,ω(M) are respectively de�ned
by,

‖ϕ‖(1,∞)
Co := 1

2 (e(1,∞)
Co (ϕ) + e(1,∞)

Co (ϕ−1)), (5.30)

and
‖ϕ‖∞Co := 1

2 (e∞Co(ϕ) + e∞Co(ϕ−1)). (5.31)

Theorem 5.4. Let (M, ω, η) be a compact cosymplectic manifold. Then, each of the rules ‖ · ‖(1,∞)
Co and ‖ · ‖∞Co

induces a right-invariant norm on Gη,ω(M).

Proof. Since checking the other properties of a norm are straight calculations, we shall just prove the non-
degeneracy of the norm ‖ · ‖∞Co if ϕ ∈ Gη,ω(M) such that ‖ϕ‖∞Co = 0, then from the de�nition of the norm
‖ ·‖∞Co, we derive that there exists a sequence of cosymplectic isotopies {Φi}, each of which has time-onemap
ϕ such that l∞Co(Φi) <

1
i , for each positive integer i. That is,

• lim
C0

(Φi(1)) = ϕ and
• l∞Co({Id}−1 ◦ Φi) −→ 0, as i −→∞,

where Id is the constant path identity. Hence, by Theorem 5.2, we must have ϕ = idM.

Here is a direct proof of the cosymplectic analogue of the C0−rigidity result of Eliashberg-Gromov [5]. This
proof follows as a direct consequence of Theorem 5.2, and here we adapt the proof of a similar result proved
by Buhosky [4].

Theorem 5.5. The group Gη,ω(M) is C0−closed inside the group Di�∞(M).

We need the following rigidity lemma.

Lemma 5.1. Let (M, ω, η) be a compact connected cosymplectic manifold, and let XH be a weak Hamiltonian
vector �eld such that Ĩη,ω(XH) = dH. Let {ψi} ⊂ Gη,ω(M) such that ψi

C0
−→ ψ. If ψ ∈ Di�∞(M), then

1. ψ*(ξ )(H) = ξ (H), and
2. η(ψ*(ξ )) = 1,

where ξ stands for the Reeb vector �eld of (M, ω, η).
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Proof. For (2), assume M to be equipped with a Riemannian metric g, with injectivity radius r(g). Pick any
smooth curve γ ∈ M. Using the uniform convergence ψi

C0
−→ ψ, we derive that for i su�ciently large we may

assume that dC0 (ψi , ψ) 6 r(g)
2 , and derive that, for each t ∈ [0, 1], the points ψi(γ(t)) to ψ(γ(t)) can be con-

nected through a minimizing geodesic Xti . This implies that the curves X0
i , X1

i , ψi ◦ γ, and ψ ◦ γ form the
boundary of a smooth 2−chain♠(γ, ψi , ψ) ⊂ M. Using the equation dη = 0, we derive from Stockes’ theorem
that

∫
♠(γ,ψi ,ψ)

dη = 0, i.e.,
∫

ψi◦γ

η −
∫
ψ◦γ

η =
∫
X1
i

η −
∫
X0
i

η, for i su�ciently large. That is,

∣∣∣∣∣∣∣
∫

ψi◦γ

η −
∫
ψ◦γ

η

∣∣∣∣∣∣∣ 6 2|η|0dC0 (ψi , ψ), for i su�ciently large because the length of any minimizing geodesic

is bounded from above by the distance between its endpoints, i.e., lim
i−→∞

 ∫
ψi◦γ

η

 =
∫
ψ◦γ

η. On the other

hand, let {ϕt} be the cosymplectic �ow generated by the Reeb vector �eld ξ . For each �xed t ∈]0, 1[,
and each x ∈ M, consider the smooth curve γ̄x,t : s 7−→ ϕst(x), and derive from the previous limit that

lim
i−→∞

∫
ψi(γ̄x,t)

η =
∫

ψ(γ̄x,t)

η, for each �xed t ∈]0, 1[, i.e., t = lim
i−→∞

t∫
0

(du) =
t∫

0

(ψ*(η)(ξ ))(ϕu(x))du, for each �xed

t ∈]0, 1[ because by Lemma 4.1 we have (ψi)*(ξ ) = ξ , for all i. Therefore, taking the derivative of the previous
equality with respect to t gives: 1 = (ψ*(η)(ξ ))(ϕt(x)), for each �xed t ∈]0, 1[, for all x ∈ M, which implies
η(ψ*(ξ )) = 1. For (1), since ψi

C0
−→ ψ, and H is continuous, we derive that lim

i−→∞

(
H(ψi(γ̄x,t(1))) − H(ψi(x))

)
=(

H(ψ(γ̄x,t(1))) − H(ψ(x))
)
, for each �xed t ∈]0, 1[, for all x ∈ M. We also have

lim
i−→∞

(
H(ψi(γ̄x,t(1))) − H(ψi(x))

)
= lim
i−→∞

 ∫
ψi◦γ̄x,t

dH

 =
t∫

0

dH((ψi)*(ξ )) ◦ γ̄x,t(s)ds,

i,e.,

lim
i−→∞

(
H(ψi(γ̄x,t(1))) − H(ψi(x))

)
=

t∫
0

dH((ψi)*(ξ ))(ψi(ϕs(x))ds =
t∫

0

dH(ξ )((ψi(ϕs(x)))ds,

which implies that lim
i−→∞

(
H(ψi(γ̄x,t(1))) − H(ψi(x))

)
= tξ (H), for each �xed t ∈]0, 1[, for all x ∈ M because

the function y 7−→ ξ (H)(y) is constant. Thus, we have just proved that

tξ (H) = lim
i−→∞

(
H(ψi(γ̄x,t(1))) − H(ψi(x))

)
=
(
H(ψ(γ̄x,t(1))) − H(ψ(x))

)
=
∫

ψ◦γ̄x,t

dH,

for each �xed t ∈]0, 1[, for all x ∈ M, i.e., tξ (H) =
t∫

0

(
ψ*(ξ )(H)

)
(ψ(ϕs(x))ds, for each �xed t ∈]0, 1[, for all

x ∈ M. Thus, taking the derivative in the latter equality with respect to t, gives ξ (H) = ψ*(ξ )(H)(ψ(ϕt(x)), for
each �xed t ∈]0, 1[, for all x ∈ M.

Remark 5.6. Let (M, ω, η) be a compact connected cosymplectic manifold, and let XH be a co-Hamiltonian
vector �eld such that Ĩη,ω(XH) = dH. For each smooth di�eomorphism ψ of M, as in Remark 3.1, de�ne a
vector �eld XH◦ψ := YH◦ψ − ξ (H ◦ ψ)ξ , which satis�es Ĩη,ω(XH◦ψ) = d(H ◦ ψ), LXH◦ψη = 0, and LXH◦ψω =
d
(
ξ (H ◦ ψ)

)
∧ η, where YH◦ψ is the vector �eld constructed for the closed 1−form d(H ◦ ψ) as in Lemma 3.1.

If in addition, we have the information that there exists a sequence {ψi}i ⊂ Gη,ω(M) such that ψi
C0
−→

ψ, then with the help of Lemma 5.1, we can derive that ψ*(ξ )(H) = ξ (H). This combined together with
ψ*(dH)(ξ ) =

(
dH(ψ*(ξ ))

)
◦ψ, implies thatψ*(dH)(ξ ) = ξ (H)◦ψ. Since the smooth function ξ (H) is constant by

assumption, then we have ξ (H) = d(H ◦ψ)(ξ ) = ξ (H ◦ψ). Thus,LXH◦ψω = d
(
ξ (H ◦ ψ)

)
∧ η = d(ξ (H))∧ η = 0.
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Therefore, XH◦ψ is a weak Hamiltonian vector �eld such that Ĩη,ω(XH◦ψ) = d(H ◦ ψ), whenever ψ is the
C0−limit of a sequence of cosymplectic di�eomorphisms.

Poof of Theorem 5.5. We shall adapt the proof given by Buhosky [4] for similar result in symplectic geometry.
Assume that M is equipped with a Riemannian metric g with injectivity radius r(g). Let {φi} ⊆ Gη,ω(M)
be a sequence of cosymplectic di�eomorphisms such that φi

C0
−→ ψ ∈ Di�∞(M). Assume that ψ is not a

cosymplectic di�eomorphism. Then, for any weak Hamiltonian vector �eld XH such that Ĩη,ω(XH) = dH, we
have φ*(XH) ≠ XH◦φ−1 (this is supported by Remark 5.6). This implies that, if ΨH is the cosymplectic �ow
generated by XH , then we must have

φ ◦ ΨH ◦ φ−1 ≠ ΨH◦φ−1 , (5.32)

where ΨH◦φ−1 is the cosymplectic �ow generated by

YH◦φ−1 := Ĩ−1
η,ω
(
d
(
H ◦ φ−1)) .

The sequence of weakly Hamiltonian isotopies φi ◦ ΨH ◦ φ−1
i converges uniformly to φ ◦ ΨH ◦ φ−1, and we

have
l∞C (Ψ−1

H◦φ−1 ◦ {φi ◦ ΨH ◦ φ−1
i }) = osc(H ◦ φ−1

i − H ◦ φ−1) +
∣∣∣η(XH◦φ−1 ) − η(XH◦φ−1

i
)
∣∣∣ ,

for each i. On the other hand, for each �xed x ∈ M, consider the orbits Cx,i :=
(
φi ◦ ΨH ◦ φ−1

i
)

(x), and
Cx :=

(
φ ◦ ΨH ◦ φ−1) (x). From the convergence φi ◦ ΨH ◦ φ−1

i
C0
−→ φ ◦ ΨH ◦ φ−1, then for i su�ciently large

we may assume that d̄(φi ◦ ΨH ◦ φ−1
i , φ ◦ ΨH ◦ φ−1) 6 r(g)

2 , and derive as in the proof of Lemma 5.1, that
there exist two minimal geodesics γi (with endpoints x and

(
φi ◦ Ψ1

H ◦ φ−1
i
)

(x)) and γ (with endpoints x and(
φ ◦ Ψ1

H ◦ φ−1) (x)) such that Cx,i , Cx , γi, and γ delimit a 2−chain in�Cx,i ,Cx ,γi ,γ ⊂ M. Since dη = 0, it follows
from Stoke’s theorem that

∫
�Cx,i ,Cx ,γi ,γ

dη = 0, i.e.,
∫
Cx,i

η −
∫
Cx

η =
∫
γi

η −
∫
γ

η, for all i su�ciently large. That is,

for each x ∈ M, we have

∣∣∣η(XH◦φ−1 )(x) − η(XH◦φ−1
i

)(x)
∣∣∣ =

∣∣∣∣∣∣∣
∫
Cx,i

η −
∫
Cx

η

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣
∫
γi

η −
∫
γ

η

∣∣∣∣∣∣ (5.33)

6 2|η|0d̄(φi ◦ ΨH ◦ φ−1
i , φ ◦ ΨH ◦ φ−1),

for all i su�ciently large. Hence

l∞C
(
Ψ−1
H◦φ−1 ◦ {φi ◦ ΨH ◦ φ−1

i }
)

= osc(H ◦ φ−1
i − H ◦ φ−1) +

∣∣∣η(XH◦φ−1
)
− η
(
XH◦φ−1

i

)∣∣∣ −→ 0, i −→∞.

Similarly, one proves that: if we consider the reparametrized isotopies Ψt,H : s 7−→ Ψ ts
H , and Ψt,H◦φ−1 : s 7−→

Ψ st
H◦φ−1 , for each �xed t, then l∞C

(
Ψ−1
t,H◦φ−1 ◦ {φi ◦ Ψt,H ◦ φ−1

i }
)
−→ 0, i −→ ∞, for each �xed t. Finally, we

have proved that for each �xed t, we have

• φi ◦ Ψt,H ◦ φ−1
i

C0
−→ φ ◦ Ψt,H ◦ φ−1, and

• l∞C (Ψ−1
t,H◦φ−1 ◦ {φi ◦ Ψ t

H ◦ φ−1
i }) −→ 0, i −→∞.

Thus, by Theorem 5.2 we must have, φ ◦ Ψ t
H ◦ φ−1 = Ψ t

H◦φ−1 , for all t: This contradicts (5.32).
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