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Abstract: Using a quasi-linear version of Hodge theory, holomorphic vector bundles in a neighbourhood of
a given polystable bundle on a compact Kédhler manifold are shown to be (poly)stable if and only if their
corresponding classes are (poly)stable in the sense of geometric invariant theory with respect to the linear
action of the automorphism group of the bundle on its space of infinitesimal deformations.
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Introduction

The aim of this paper is to shed light on the relationship between the notion of polystability for holomorphic
vector bundles on a compact Kdhler manifold and the classical GIT notion of polystability for points in a
representation space of a reductive Lie group. More specifically, we study the action of the automorphism
group of a polystable bundle on its space of infinitesimal deformations and relate this to an action on the
parameter space of a semi-universal deformation. In so doing, it is shown that the relationship between the
infinite-dimensional bundle-theoretic notion and the finite-dimensional representation-theoretic notion is
more than just analogy.

In the sense of Kuranishi’s approach to deformation theory, Miyajima [28] constructed a semi-universal
deformation of a holomorphic vector bundle E, on a compact (Kdhler) manifold from infinitesimal deforma-
tions, i.e., from elements of H' (X, End Ep). A parameter space S is given as the zero-set of a holomorphic map
¥ : N — H?*(X, End E,), where N C H'(X, End E,) is a certain neighbourhood of the origin.

Deformations of non-stable holomorphic vector bundles can be realised as pull-backs of semi-universal
deformations by means of base change maps, but these need not be not uniquely determined and therefore
an action of the automorphism group on a semi-universal deformation cannot be expected in general. Nev-
ertheless, a holomorphic map ¥ with the following property exists:

Theorem 1. Let Ey be a polystable holomorphic vector bundle on a compact Kéhler manifold (X, w). Then
there is a holomorphic map ¥ defined on an open neighbourhood N of zero in H'(X, End Eo) with values in
H?(X, End E,) that is equivariant with respect to the action of Aut Eq. The space S = ¥~1(0) is the parameter
space of a semi-universal deformation of Eq, and the action of Aut(E,) on H'(X, End Eo) induces a holomorphic
action on the germ of (S, 0). Points of S correspond to isomorphic bundles if and only if they lie in the same orbit
of Aut Eq acting on the ambient space H*(X, End Ey).
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The action of Aut Eq on H4(X, End Ey) is by conjugation, and ¥ is equivariant with respect to this action in
the sense that ¥(yavy 1) = v¥(a)y ! if both a and vay~! liein N.

Theorem 2. With the same objects as in Theorem 1 and restricting N if necessary, every holomorphic bundle E
corresponding to a point of ¥~1(0) is semistable, and any destabilising subsheaf of E is a subbundle.

Polystable bundles are direct sums of stable bundles, and the existence of an irreducible Hermite-Einstein
connection on a stable holomorphic bundle was established by Uhlenbeck and Yau [35], generalising the
result of Donaldson [11] when (X, w) is algebraic of dimension two. The Hitchin-Kobayashi correspondence
is the statement that a holomorphic bundle admits an irreducible Hermite-Einstein connection if and only if
it is stable, for which the “only if” part was established earlier by Kobayashi [22] and Liibke [26].

As explained in the last section of [11], the Hitchin-Kobayashi correspondence can be viewed as an
infinite-dimensional analogue of a theorem of Kempf and Ness [19] from classical geometric invariant theory,
in which the central component of the curvature corresponds to the moment map and the Mumford-Takemoto
definition of stability [33] corresponds to a numerical condition for stability derived from the Hilbert-Mumford
criterion. In this context, the following result embodies the central idea of this paper, showing that this ana-
logue goes further:

Theorem 3. A class « € ¥1(0) C HY(X, EndE,) is (poly)stable with respect to the action of AutEqy on
HY(X, End Ey) if and only if the corresponding bundle E, is (poly)stable with respect to w.

In [7], Theorem 3 is used to construct a classifying space for polystable bundles on X, a reduced analytic space
for which the weak normalisation is shown in [8] to satisfy the axioms for a coarse moduli space taken in the
category of weakly normal analytic spaces. The local models for the space are local analytic GIT quotients.
The construction involves methods of local analytic geometry, as well as an analytic version of Luna’s slice
theorem [27].

In the context of moduli spaces of Higgs bundles on compact Riemann surfaces, analogous results have
also been obtained recently by Fan [13], reducing infinite-dimensional quotients to finite-dimensional ones
to which classical GIT applies. The analysis in that reference makes use of the Yang-Mills(-Higgs) flow, unlike
the analysis used here.

The application of classical GIT to problems in infinite-dimensional analysis has been developed by Don-
aldson and his students, amongst others. In particular, in the context of constant scalar curvature Kdhler met-
rics, Székelyhidi [32] shows that under the assumption of K-polystability, small deformations of cscK metrics
are again of this type; see also [3]. Another example of such methods appears in [16], studying the coupled
Kahler-Yang-Mills equations. Székelyhidi’s proof relates K-polystability to polystability of points in a finite-
dimensional representation space for a reductive group, for which the statement and proof of Theorem 3 given
here are in many respects parallel. A notable difference in approaches results from the need to have uniform
estimates for moving reference points, which occupies all of the eighth section here.

Strictly speaking, the (reductive) group with respect to which stability and its concomitant notions are
applied (to elements of H' (X, End Ey)) is the quotient of Aut E, by the subgroup C”-1 of non-zero scalar mul-
tiples of the identity since that subgroup acts trivially. In general, the ineffectivity kernel of the representation
of Aut Ey may be larger, although in this case no small deformation of Ej, is stable; see the first of the Remarks
at the end of §3.

For bundles near E; that are semistable but not polystable, the following analogue of the standard GIT
result holds:

Theorem 4. If & is a polystable point in the closure of the orbit of a € ¥~(0) under the action of Aut Eo, the
polystable bundle Ej is isomorphic to the graded object Gr(Ey) associated to a Seshadri filtration of Eq.
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The manuscript is organised as follows. In the next section notation is fixed, based largely on [23]. The second
section contains a construction for a slice of the complexified gauge group G acting on the space of hermitian
connections on a given bundle, leading to the construction of the function ¥ of Theorem 1.

In the third and fourth sections semistability and polystability are taken into consideration respectively,
including the estimates required for the subsequent solving of the Hermite-Einstein equations. The fifth sec-
tion includes proofs of Theorem 2 and of the “if” part of Theorem 3, as well as proving the equivariance of ¥
and the last statement of Theorem 1. In the sixth section, using ellipticity of the equations and by restricting
to slices, the action of G on the space of integrable semi-connections is reduced to an action of Aut Eq on
H'(X, End E,), this making critical use of the existence of a Hermite-Einstein connection on Eq. The process
of comparing the two notions of polystability is commenced in the seventh section, and this is continued over
the course of the eighth section, concluding with the completion of the proof of Theorem 3 in §8.

In §9, consideration is given to those bundles that are semistable but not polystable, particularly those
for which the closure of their orbit under G is the polystable bundle Ej, with the conclusions summarised by
Theorem 4. The eleventh and final section presents several general remarks and observations concerning the
methods and results in the paper.

1 Preliminaries

Following Kobayashi [23], a semi-connection on a complex vector bundle E is a C-linear map 0 on differen-
tiable local sections of E taking values in A%! @ E and satisfying the 0-Leibniz rule; here A?-? is the space of
(p, q)-forms on X. A semi-connection has natural prolongations A%9 @ E — A%9*! @ E, and it is by definition
integrableif 0o 0 = 0. A semi-connection on a bundle induces semi-connections on associated bundles in the
usual ways, these being integrable if the original semi-connection is integrable. The set of semi-connections
on E is an affine space.

Let 0o be an integrable semi-connection on E. Then every semi-connection o on the bundle can be written
0= 0o +da forsome unique (0, 1)-form a” with coefficients in End E, and the integrability condition for 0 is
doa +a’ Aa’ = 0. The notation, which will be used throughout, is derived from the often-used convention
to denote by a’ and a” respectively the (1, 0)- and (0, 1)-components of a 1-form a, where that 1-form may
take values in some vector bundle.

The group § of (differentiable) complex automorphisms of E acts on the affine space of semi-connections
as a “complex gauge group”. This action, which preserves the integrability condition, is denoted by g - 0 :=
g0 0 o g . A holomorphic structure is defined by an integrable semi-connection, and two such structures
are isomorphic if and only if they lie in the same orbit of G. By virtue of the Newlander-Nirenberg theorem,
this view of holomorphic structures is equivalent to the more usual one of holomorphic vector bundles being
described by systems of holomorphic transition functions.

Denote by AP-9(E) the global smooth (p, g)-forms with coefficients in E. For an integrable semi-connection
0o defining a holomorphic structure E, the Dolbeault cohomology groups

H? (X,E) = (ker 0p : A™(E) » A*T(B))/(im 9o : A*I™(E) — A™I(E))

are denoted by HY(X, E), these being finite-dimensional spaces with H'(X, End E,) being by definition the
space of infinitesimal deformations of Ej.

Analysis of the small deformations of Ey is achieved with the introduction of metrics on both the bundle
E and the manifold X. A hermitian metric h is fixed once and for all on the bundle E, which is henceforth de-
noted E;,. The group G is the complexification of the group U of unitary gauge transformations. The hermitian
structure on E;, gives a one-to-one correspondence between semi-connections o and hermitian connections
d =0+ 0onkEy, andifd = dy + a for some skew-adjoint a € AY(EndE;,), thend = dp +a and 0 = g +a’
where a = @’ + a” and a’ = —(a”)”. Henceforth, all connections are taken to be hermitian.

The action of G on the space of semi-connections extends to an action on the space of connections via
g-d:=g" lodog +godog ! =d+g " log"- 0gg!. The curvature F(d) = dod € A?(End E;,) of a connection
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is a skew-adjoint 2-form with coefficients in End Ej,, and the connection (i.e., the associated semi-connection)
is integrable if and only if F(d) is of type (1, 1). Since F(do + a) = F(do) + doa + a A a, for g € G it follows that

Fig-d)=gF>*(d)g' +g ' F(d) g’ (1)
+(F(d) + o(g""0g") - 0(0gg™) + (8" 0g") A (0gg™) + (g8 A (g1 0g) -

Now fix a positive (1, 1)-form w on X. If dim X = n, the associated volume form is dV = w", where the
convention is adopted throughout that w? := (1/g!) wA- - -Aw (g times). If d is an integrable connection on Ey,
standard Hodge theory on compact manifolds gives a unique o-harmonic representative in each Dolbeault
cohomology class, where T € A%4(E,)) is 0-harmonic if 07 = 0 = 3 7ford =—*o*, the formal adjoint of 9.
So 7 is 9-harmonic if and only if it lies in the kernel of the d-Laplacian A" = 39 + 9 9. In general, there is
an L?-orthogonal decomposition

A%9(E,) = (ker 0)* & (ker 5*)l ®H" =im 3 @im o @ HY

where H%4 = H%4(9) is the space of 0-harmonic (0, q)-forms. Here, notation has been abused in that A%4(E;,)
is no longer denoting the space of smooth sections of E;,, but rather the space of global sections of A%? ® E;,
that are square integrable, and the closures on the right are the closures in L2 of the images under d and &
of the spaces of smooth global sections. Standard elliptic regularity implies that the 0-harmonic sections are
smooth, at least if the connections are.

This abuse of notation will be employed throughout, so that A%*4(E;,) will always denote a space of global
sections of A%9®Ey, but with the degree of differentiability and/or integrability to be specified in the respective
context. Sobolev spaces of functions are denoted by L?, meaning all weak derivatives up to and including
those of order k lie in LP. Having fixed a base connection on E;, once and for all, the spaces of Li elements of
A%4(E}) acquire norms that make them Banach spaces.

Henceforth, a number p > 2n (for n = dim X) will be fixed, so by the Sobolev embedding theorem there
are compact embeddings L¥ C €% and b cc 1, By standard elliptic theory on compact manifolds, for an
integrable connection d = 0 + 0 there is a constant C > 0 (depending upon d) such that

|7l < C(lloTler + 19" Tl + 11*97]|2)  for T € A(Ey) 1.2)

where I1%7 is the L2-orthogonal projection of T € A%9(E;,) in H>4(9). Connections on E;, will be permitted
to have coefficients in Lﬁ’ , and the fact that an integrable L'{ connection defines a holomorphic structure in
the usual way follows from Lemma 8 of [5]. When not indicated by a subscript on the norm symbol, ||7|| will
always mean ||7]|2.

If d is an integrable semi-connection and g € G, the Dolbeault cohomology groups defined by o and by
g+ 0 are isomorphic, the isomorphism induced by mapping a o-closed (0, g)-form 7 € A%4(E,) to the (g - 0)-
closed (0, g)-form g 7. This isomorphism does not preserve harmonic representatives in general, unless g € U
in which case it also preserves L? norms.

Subsequently in this paper it will be useful to consider connections that are not integrable, in which
case the Dolbeault cohomology groups are not defined. However, one can still define the spaces H*9(9) of
0-harmonic (0, q)-forms as null spaces of the appropriate Laplacians, these still being finite-dimensional
spaces consisting only of smooth forms (if 9 is itself smooth).

If dw = 0, the formal adjoints 0" and 3 have alternative expressions in terms of the Kdhler identities:
3" =i(Ad-04), 3 =-i(Ad-0A),

where A : AP*14*1 _; AP-4 is the adjoint of wA, so Aw = n. For an integrable connection d on E;, with curva-
ture F = F(d), the Bianchi and Kihler identities imply that the Yang-Mills equations d"F = 0 are equivalent to
the equation dF = 0, where F := AF, the central component of the curvature. Under these circumstances, the
bundle and connection split into eigenspaces of the covariantly constant self-adjoint endomorphism iF, and
when restricted to any such eigenspace, the curvature of the restricted connection has central component
that is a constant multiple of the identity. That is, it is a Hermite-Einstein connection [21].
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2 Aneighbourhood of a holomorphic bundle

As in the previous section, let X be a compact complex manifold and let E be a holomorphic vector bundle
on X. A construction of a semi-universal deformation has been given by Forster and Knorr [14] using power
series methods. More in the spirit of Kuranishi’s construction [24] is Miyajima’s construction [28] (cf. also
[15]). Either way, there is a holomorphic function ¥ defined in a neighbourhood of 0 € H!(X, End E,) such
that ¥~1(0) is a complete family of small deformations of Ey. In this section, the construction of a particular
such function ¥ will be presented in a manner to suit the purposes of the remainder of the paper. The entire
discussion is essentially an n-dimensional version of the 2-dimensional case presented in §6.4 of [12].

Fix a positive (1, 1)-form w on X, which at this stage is not assumed to be d-closed. Let E;, be the complex
bundle underlying Eq equipped with a fixed hermitian structure, and let dy be a connection on E;, inducing
the holomorphic structure Eg.

Proposition 2.1. There is a number € > 0 depending on d, with the property that for any integrable hermitian
connection da = do + a with |lal;» < € the L? orthogonal projection H*9(d4) > T — %91 ¢ H%9(0y) is
injective.

Proof. Writea =a +a’ fora” € A%'(EndE}). Suppose T € A%9(E,) satisfies
doT+d AT = 0 = doT—iA(d AT),

soT € H"9(04). 1f1%97 = 0 € H*Y(d,), thent = dou+ dov for some u € A%9°1(E,)andsomev € A%9*1(E,),
with p and v respectively orthogonal to the kernels of 0 and 9. Then

—d AT = 30T = 9o0gv and iA(d AT) = dgT = 5350;1,
so on taking inner products with v and u respectively it follows that
—% 2 ” —_ 2 ’
[0ovl® < lIvlllla At|| and [[doul” < |lulllla ATl

where || - || is the L? norm. Since p > 2n, the Sobolev embedding theorem gives sup |a| < C||a| I for some
constant C independent of a and d,, so after adding the last two inequalities it follows that

1711 = 1 0opl* + [ dovII* < Cllallpe Il (IIull + IVI]) -
Since p and v are orthogonal to ker 0o and 5(*) respectively, ellipticity of A, implies that ||u|| < C; || dou| and

|v|| < C3 || 9ov|| for some constants Cy, C,,so ||| < C3||a||L€ || 7||* for some new constant C3 = C3(do), giving
the stated result. O

This proposition clearly implies the well-known and standard semi-continuity of cohomology. It also has the
following useful consequence, resulting from equality of dimensions of cohomology groups:

Corollary 2.2. Under the hypotheses of Proposition 2.1, suppose in addition that dy and dq lie in the same
G-orbit. Then the map H*9(94) — H%9(0,) induced by orthogonal projection is an isomorphism. O

Regardless of the integrability or otherwise of 04 = 0¢ + a , if ||a”|| 1» s sufficiently small, the Sobolev em-
bedding theorem combined with (1.2) gives the following perturbed version of that estimate:

Lemma 2.3. Thereexists € > 0 and C > 0 depending on do, with the properties thatifa” € A% (End E,,) satisfies
Ha”HL,lJ < €, then

Tl < C(I100Tlle + 11007 +a” AT|po + [T ), TeA®(E), @1

where IT>9 : A%9(End E,) — H%9(0o) is L? orthogonal projection. O
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Replacing Ej, by End E},, do by the induced connection dg on End E;,, taking g = 1 and 7 = a” gives:

Corollary 2.4. There exists € > 0 and C > O with the properties that each a’ € A% (End Ey,) with ||a”|| e
satisfies
la"lp = (1100 |l1o +[100a” +a" Aa o + 1T a||12) 2.2)

where IT>! : A%Y(End E,) — H%'(0o) is L? orthogonal projection. O
Ifa" € A%} (EndE,)and g € G, theng- (0p+a’) = 0o — 0ogg ' +ga g . The map
G x A% (EndEp) 5 (g, a") - do(-dogg ' +ga’g™") € A°(End Ep)

maps into the subspace of A%°(End Ej,) orthogonal to the kernel of 0, and its linearisation at (1, 0) in the G-
direction is A>°(End Ey,) > v — —Ag 7. This is an isomorphism from the space of L sections in A%°(End E},)
orthogonal to ker 99 = H®? to the space of L? sections in A%°(End E},) orthogonal to ker 0. The implicit
function theorem for Banach spaces now implies:

Lemma 2.5. There exist €, C > O with the property that for each a’ € A%(End Ey) with ||a”|| < ethereisa
unique ¢ € A%°(EndE}) N (ker 0o)* with el < Cll d0d” ||y such that do(-dog g™ +ga’ g t) = 0, where
g = exp(g). O

This is a complex analogue of fixing a unitary gauge for hermitian connections near a given such connection,
corresponding to the linear operation of projecting a (0, 1)-form orthogonal to the range of 0. If 9o + a” is
an integrable semi-connection with ||a”|| I sufficiently small as dictated by this lemma, after applying an ap-

propriate complex gauge transformation so that the new semi-connection d¢ + & satisfies 5;&" = 0, Corol-
lary 2.4 gives an estimate of the form ||&@”| wsC |[1%'a@"|,,. Consequently, the well-known result that if

HY(X, End E,) = 0 then every small deformation of E is isomorphic to E follows immediately. A simple but
pertinent example is given by that of a trivial bundle on P;.

It follows from Corollary 2.4 that for integrable semi-connections in the “good” complex gauge lying in a
sufficiently small neighbourhood of 9q in L‘l’, the projection onto the do-harmonic component is a homeo-
morphism onto a closed subset of an open neighbourhood of 0 in H%!, where H% denotes H>%(0, End Ey,)
in this section. This closed subset is the zero-set of the holomorphic function ¥ mentioned in the introduc-
tion, as will now be discussed.

Ifa” € A>Y(EndE,)is 0o-closed, the semi-connection dy + a” is not integrable in general, sincea’ A a’
need not be zero. But one might attempt to perturb a” in such a way that the corresponding perturbed semi-
connection is integrable.

The derivative of the map

(A%' xA®?)(EndE,) — A%*(EndE,)
w w 2.3)
@,B) — dola +3oB)+(a +doB)A(a + dop)
in the A%2-direction at (0, 0) is A%>?(EndE;) 5 b — 0o 5; b € A%%(EndE,)), which is an isomorphism from
the closed subspace of the L) sections in A%?(End Ey,) that are orthogonal in L? to the kernel of 9, onto
the closed subspace of the L? sections in A%?(End E;,) orthogonal in L? to the kernel of d,. The non-linear

mapping (2.3) does not map into the latter closed subspace in general, but if I is the L? orthogonal projection
of A%2(End E;,) onto the closed subspace ker 0o and IT, = 1 - II, the map (2.3) can be replaced by

(@', B) I, [do(a” + 3oB) + (" + 3oB) A (@ + 3P|

to obtain a map with the same linearisation in the A%2_direction at (0, 0).
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Given 0p-closed a” € A%!(EndEy) in L¥ and B € A%?(End Ey,) in L3, the form
T:= do(a’ + df) +(a’ + doP) A (a + dop)
is an L? section in A%?(End E;,). Since
I,7=200(a +d0f)+1I, ((a" + o) A(a + 5;[3))

and 5;((a" + E;B) Ala” + EBB)) lies in LP (again using p > 2n and the Sobolev embedding theorem), it
follows that IT | 7 lies in L, and that the composition (a”, B) — II 7 is continuous with respect to the L’l’ x L’z’
topology on the domain and the L? topology on the codomain.

By ellipticity of Ag on A%2(End Ey), there is a constant K such that supy |e| < K for any e ¢ H*? with
lellz = 1.If dpa” = 0, then do(a” A a”) = 0, which implies that

HL(EOa" +a nad)=I,(a rna)= Hi’z(a" na,

and hence that the L? norm of IT| (doa” + a” A ") is uniformly bounded by a constant multiple of the L?
norm of a” A a” in this case. Another application of the implicit function theorem now yields:

Proposition 2.6. There existe > 0 and C > 0 \:vith the properties that for any do-closed a’ € A%'(EndE})
satisfying ||| » < € there s a unique B € (ker do)*" C A%*(End Ey) satisfying [|B|,» < C|@” A a”||1» such that

dola” + 5;[3) +(d + 5;[3) A"+ 5;[3) is weakly do-closed. O

Remarks.
1. If B is as in this lemma, then [|a” + dof)| 1 is uniformly bounded by a constant multiple of ||a”|| ». In fact,

” ” = = ~ ~ .
ifda :=a + 0pB,thent:=00d +a Aa satisfies
= "z " =*
OgT+a ANT-TAG =0=0qT

weakly, so by elliptic regularity it follows that 7 in fact lies in L¥. Hence by Lemma 2.3, if la”| 1 (and hence
H&”HL?) is sufficiently small, there is a constant C = C(do) such that ||7||» < C 1127 2.

2. Proposition 2.6 remains valid even if d, is not integrable—all that is required is a uniform C° bound
on F%2(d,). The proof as given only needs minor modification by noting that JoT involves an extra term
F%2(do) Aa” - a” A F*2(dy), this lying in L? if |[F(dy)| is bounded in C°.

3. If v is a complex automorphism of E, satisfying dy~ = 0, then by the uniqueness statement of the lemma,
B(ya"y™1) = B(a")y 7, atleast if || ya 41| 14 is sufficiently small.

From (1.2) there is a constant ¢ > 0 depending only on dy such that any a € A%! with dga = 0 = 58(1
satisfies \|a||L117 < c||a||. Thus there is a number § > 0 depending only on dy such that ||a|\L,17 <eif Ja]] < 6,

and for such a there is a unique g € A%?(End E;,) orthogonal to ker 3o with IBlls < C'||a||? for which the

form 7 = doa” +a’ A a” is dp-closed, where a” := a + dof. Moreover, I7ll» < C|IT%?7|| for some constant
C = C(do).

Define the function ¥ on the set of do-harmonic forms a € A%!(End E;,) with ||a| < & that takes values
in H2(9o, End E}) by

Y(a):=11"%@" na") fora” =a+ 5(*)[3 with 8 = B(a) as in Proposition 2.6. (2.4)

Then the zero set of ¥ parameterises precisely the integrable connections in the good complex gauge in this
Li’ neighbourhood of dy, in the sense of defining a semi-universal deformation. By fixing orthonormal bases
for each of H*! and H%? and working in these bases, it is immediate that ¥ is holomorphic. As will be shown
later (Corollary 4.3), in the special case that dy is Hermite-Einstein, ¥ is equivariant with respect to the action
of Aut(Ey) on these spaces, a consequence of the third remark above.
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3 Aneighbourhood of a semistable bundle

With the same notation and conventions as in the previous section, we assume from now on that (X, w) is
Kéhler. The results in this section on bounds of slopes of subsheaves, (which can be seen as analogues of the
standard fact that Hermite-Einstein implies semistable), may be of independent interest.

Lemma 3.1. Let E be a holomorphic bundle defined by an integrable semi-connection 0 on Ey, andletd = 0+ 0
be the associated hermitian connection. Then there is a constant C depending only on w such that

deg(4) = C|[F(@||;: and [lc1(A)] = C (IIF(d)]|1s +| deg(A))])

for any coherent analytic sheaf A C E with torsion-free quotient. Here ||c1(A)| denotes the L? norm of the
harmonic (1, 1)-form representing the image of c1(A) in H35(X).

Proof. Suppose first that A C E is a holomorphic sub-bundle of E and let B := E/A be the quotient bundle. In
a unitary frame for E;, = A}, ® By, the connection d =: dg has the form

_|da B
o

where d4 and djp are the induced hermitian connections on A and B, and € A% (Hom(B, A)) is a 0-closed
(0, 1)-form representing the extension 0 —+ A — E — B — 0. The curvature Fg = F(dg) has the form

Foo Fa-BAB dpaP
g ~dagB” Fe-BpAB|’

where dp, here is the connection on Hom(B, A) induced by d4 and dp. So if II, is pointwise-orthogonal
projection E — A, it follows that Fy = I FgII4 + B A B*. Since B is a (0, 1)-form, itr § A /3* is a non-positive
(1, 1)-form and therefore i tr F < tr (I, iFg I1,). Applying w™ ! A and integrating over X, it follows that c; (4)-
[w""'] is bounded above by a fixed multiple of || Fg||:.

Now if A is only a subsheaf of E of rank a > 0 with torsion-free quotient B, replace E with A“E, A by the
maximal normal extension of A?A in A?E (which is a line bundle) and then after blowing up the zero set of the
induced section of Hom(det A, A°E) and resolving singularities, there is again an upper bound on the degree
of the desingularised subsheaf in terms of the L norm of Fy on the blowup. This upper bound depends on
the metric used on the blowup, but as in §§2, 3 of [5], there is a family w¢ of such metrics converging to the
pullback of w, and the resulting limit then gives the same bound: deg(A) is bounded above by a fixed multiple
of ||F(d)||: for any subsheaf A C E with torsion-free quotient.

To obtain uniform bounds on ||c1(4)||, suppose again initially that A is a subbundle of E. For notational
simplicity, let f := itr Fy and g := i tr (II4 FgIl), so from the preceding arguments, g-f > 0 as hermitian forms
on TX. The space H 1]15 (X) of real harmonic (1, 1)-forms is finite dimensional, so by picking an orthonormal
basis, it is apparent that there is a constant C > 0 depending on w such that -Cw < ¢ < Cw for any ¢ €
HY(X) with || @|| = 1; equivalently, Cw * ¢ > 0. Therefore (Cw + ¢) A (g - f) = 0, implying that

topANf<(Cwt)Ng-CwNf

as real (2, 2)-forms pointwise on X. Applying w™ 2 A and integrating over X, it follows that

i/w"’z/\go/\fs/w"’z/\(Cwiq))/\g—C/wn’l/\f,
X X

X

and by allowing ¢ to vary over the harmonic (1, 1)-forms of norm 1, it follows that

le1(A)l2 < € (||F(dg)||: + | deg(A)))
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for some new constant C’ independent of dg. This implies the second statement of the lemma when 4 is a
sub-bundle.

In the case that A is only a subsheaf rather than a subbundle, the same method as earlier can be used
to reduce to the case of a line subbundle on a blowup of X. It need only be checked that for metrics of the
kind we mentioned earlier, lim¢ ¢ [|c1(L)|2(,,) = O for any line bundle L on the blowup that is trivial off the
exceptional divisor, which is straight-forward to verify. O

Lemma 3.1 implies the following result, showing that semistability is an open condition.

Proposition 3.2. Let Eq be a semistable bundle on a compact Kéhler manifold (X, w), defined by an integrable
connection dgy. Then there exists € > 0 such that any integrable connection dy + a with ||a|| 2+ llal|zs < € defines
a semistable holomorphic structure.

Proof. If not, there is a sequence (a;) € A*(End Ey,) with || ajl| 2 +lajllzs — O and d; := do + a; integrable such
that the holomorphic bundle E; defined by d; is not semistable, so there is a subsheaf A; C E; with torsion-free
quotient that strictly destabilises E;. Passing to a subsequence, it can be assumed that the ranks of the sheaves
Aj are constant, a say. The hypotheses on a; imply that ||F(d;)||;. is uniformly bounded and therefore so too
is ||F(d;)||;1, and consequently Lemma 3.1 yields a uniform upper bound on deg(4;). Since deg(4;) is also
uniformly bounded below, these bounds together with the bounds on ||F(d})||;. then give uniform bounds on
the L? norms of the harmonic representatives of the forms representing c; (Aj) inH 5 r(X), and hence thereisa
convergent subsequence. Since the image of H2(X, Z) in H ;‘; g (X) is discrete, this convergent subsequence must
be eventually constant, so after passing to another subsequence, it can be assumed that c; (A j) is constant, ¢
say. Since X is Kdhler, Pic¢(X) is a compact torus, so after passing to another subsequence, it can be supposed
that det A; converges to a holomorphic line bundle L on X. Since (det A j)* ® AE;j has a non-zero holomorphic
section for each j, so too does L” ® A%Ey, and therefore A%Ej is strictly destabilised by L. But by Theorem 2
of [17], semistability of Eq implies that of A?Ej, giving the desired contradiction. O

Remark.

It is worth noting that this result is rather delicate in that the Kdhler class must be fixed. For example, every
non-split extension of the form 0 — O(-1, 1) —+ E — O(1, 0) — 0 on P; x I, is strictly stable with respect to
w; := M wo + t Tywo for t > 2, is semistable but not polystable for ¢ = 2, and is strictly unstable if 0 < ¢ < 2.
The result also fails in the non-Kédhlerian case, at least when the degree fails to be topological. For example, if
L is a non-trivial holomorphic line bundle on an Inoue surface with L ® L trivial, the direct sum of L with the
trivial line bundle 1 is polystable with respect to every Gauduchon metric, every small deformation is again
a direct sum, and of these, the generic one is strictly unstable with respect to every Gauduchon metric. In
particular, semistability is not a Zariski-open condition in this setting. In this case, the automorphism group
of Eg = L ® 1 acts trivially on H (X, End Ey), so each of its orbits is closed.

4 A neighbourhood of a polystable bundle

Families of holomorphic bundles near a polystable but not stable fibre differ considerably from families near
a stable fibre. Fibres near to a stable fibre are always stable, but the analogous fact does not hold (in general)
in the polystable case: the implicit function theorem fails.

A holomorphic bundle E that is a non-split extension 0 -+ A — E — B — 0 by semistable bundles
A, B of the same slope is semistable but not polystable, and cannot be separated from the direct sum A ¢
B in the quotient topology on the space of integrable semi-connections modulo the complex gauge group.
The corresponding holomorphic one-parameter family of extensions yields a family of holomorphic vector
bundles being mutually isomorphic except for the direct sum. Consequently a coarse moduli space cannot
exist. Given this, it makes sense to focus on polystable structures in a neighbourhood of a given polystable
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bundle, in which case a great deal more can be said than in the previous section. The same objects and
definitions as in the last section are used here, but now Ej is assumed to be a polystable holomorphic bundle.

The following is a minor generalisation of a well-known result essentially due to Kobayashi [21]. Although
its proof is elementary, it is presented here for the reason that in some respects, it is the pivotal result used in
the paper.

Lemma 4.1. Let d be a connection on a bundle E with F(d) = 0. If s € A%°(Ey) satisfies 9s = 0, then ds = 0.

Proof. The equation ds = O implies d(s, s) = (s, ds), using the convention that (-, -) is conjugate-linear in
the first variable. Therefore 00(s, s) = (ds/ 9s) + (s, F©*}(d)s). Applying iA, it follows A”|s|? + [9s]? = 0, so
integration over X gives | 0s||? = 0. O

Note that it is not assumed that d should be integrable.

For a connection dy on E;, whose central curvature F (do) is a constant multiple of the identity, the central
curvature of the connection induced by dy on End E;, is identically zero, so Lemma 4.1 implies:

Corollary 4.2. Suppose dg is a connection on Ey, with iF(do) = A1 for some scalar A. If ¢ € A®°(End En)
satisfies 000 = 0, then doo = 0. O

This corollary yields the equivariance property of the function ¥ asserted at the end of §2:

Corollary 4.3. Under the hypotheses of Corollary 4.2, there is a constant € = €(dy) > O with the property
that for any 0o-harmonic a« € A%(EndE,) and 0¢-closed v € § satisfying ||a||;2 + |yay ||z < €, the form
B = B(a) € A%2(End E,,) of Proposition 2.6 satisfies f(vay 1) = yB(a)y L.

Proof. Given 0o-closed a” € A%(End E,) with ||a”|| 1» sufficiently small, Proposition 2.6 guarantees the ex-
istence of a unique § = f(a”) € A%2(EndE}) orthogonal to ker 3, and with ||| 1 < Clla” A a”||» such that
a =a+ 5;[3 satisfies 5;(5051" +d And")=0.Ify € Gis dp-closed, then Corollary 4.2 implies that 9~y = O
and therefore conjugation by v commutes with both 3¢ and 9. Thus if B is orthogonal to ker 35 0 100 is
~B~ ! and also 5;(50@&"7‘1) +4(@ A &)Y = 0.Since 4@yt = va'y L + do(vBy7Y), it follows from the
uniqueness statement of Proposition 2.6 that f(ya'vy™!) = vB(a”)y! if both a” and va"y~! are sufficiently

small in L. If a’ = ais dp-harmonic, then so too is yay~?!, and the L? norms of these forms are uniformly
bounded by a fixed multiple of their L? norms. O

The proof of Proposition 3.2 combined with Lemma 4.1 have the following useful consequence, which simpli-
fies a number of subsequent arguments:

Proposition 4.4. Suppose d is an integrable connection with iF (do) = A1 defining a polystable holomorphic
structure E,. There exists € > 0 such that any integrable semi-connection 0 = 0¢ + a_ with ||a’ || 1 < € defines
a semistable holomorphic bundle E with the property that any subsheaf A C E with u(A) = u(E) and with E/A
torsion-free is a sub-bundle of E.

Proof. If not, then from the proof of Proposition 3.2, there is a sequence of integrable semi-connections 5,~ =
9o +a; with ||a| 1» — Osuch that the corresponding holomorphic bundle E; has a subsheaf A; with tk 4; = a
independent of j, u(4;) = u(E;) = u(Eo) for all j, and with Ej/A; torsion-free but not locally free. Hence A%A;
is arank 1 subsheaf of A“E}, and the bundle (det A j)* ® A“Ej has a holomorphic section that has a zero. After
passing to a subsequence, the Hermite-Einstein connections on the line bundles (det A ]-)* can be assumed to
converge to define a holomorphic line bundle L on X, and compactness of the embedding of ¥ in C° implies
that a subsequence of the integrable connections defining (det A ]-)* ® AEj converges uniformly in C° to an
Hermite-Einstein connection on L ® Eq. After scaling the sections of (det A j)* ® A“Ej so as to have L?norm 1,
the convergence of the connections implies that a subsequence of the rescaled sections converges weakly in
L? (say) and strongly in L? to a holomorphic section of L ® A*E, of norm 1. From the Cauchy integral formula
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integrated over a poly-annulus P, a sequence of holomorphic functions converging in L! on P is converging
uniformly on compact subsets inside P, so if each term in the sequence has a zero there, then so too does the
limit. But the limiting section is a holomorphic section of a bundle of degree zero that admits a connection
with F = 0, so it is either identically zero or nowhere zero. O

The conclusion of Lemma 4.1 can be strengthened to give a perturbed version; integrability of dy is again not
required.

Proposition 4.5. Suppose dg is a connection on Ey with IAT(do) = 0. There is a constant € = e(dy) > O such
that any connection dq = do + awitha = a +a’, dpa’ = 0 and lallzy < € has the property that any section
s € A%O(Ey) with s + a”’s = 0 must in fact satisfy dos =0 =a’s.

Proof. Suppose dos + a’s = 0 for some section s € A%(E), and write s = so + s; where dgso = 0 and s1 is
orthogonal in L? to the kernel of do. By Lemma 4.1, doso = 0. Then

dosi+a si+asg =0,
so after applying 5; = —-i A9y it follows that
0=2gs1+iA(@ Adost) = Doy + do(a’s1) .
Using the L? inner product, this implies that
100511* = (9051, a"s1) < supla’| || dosa| |su] .

and therefore || 0gs1|| < sup|a’|||s1]|. Since p > 2n, there is a constant C such that sup|a’| < CHa"HL{, and

since s, is orthogonal to ker 9, there is a constant ¢ = c(dy) > 0 independent of s such that c [|s1 ]| < || 0051
Soif C Ha"”L’l’ < ¢, then s; must be 0, giving s = 5o € ker 9o, With 0 = dps+a s = 99So +a So = a So. O

For notational convenience, the group Aut E consisting of the d¢-closed elements of § will be denoted by
I henceforth. An equivalence relation ~ is definedon S = ¥~1(0) by s’ ~ s” ifs" = v - s forsome~ € I'.In
this sense there exists a (pointwise) quotient w-1(0)/I without assuming a genuine group actionI'x S — S,
which does not exist in general (because of points being pushed outside the domain of ¥ by some elements
of I).

Corollary 4.6. Let dy be a Hermite-Einstein connection defining a holomorphic structure Eq, and let ¥ be the
function of (2.4), defined in a neighbourhood of zero in H*! = H%1(E,,, o) with valuesin H*?. Let J := {do+a |
F%2(dy + a) = 0}, equipped with the LII’ topology. If W is restricted to a sufficiently small neighbourhood of zero,
then with respect to the quotient topologies, the natural map ¥~*(0)/I — /G is a homeomorphism onto a
neighbourhood of [do].

Proof. The continuity of the map is clear. If ag € H%!, ellipticity of the do-Laplacian implies that |ao|| <
C||agl|z2 for some constant C = C(dyp). Hence if ||ag]|;- is sufficiently small, Proposition 2.6 yields a unique
Bo € A%?(EndE,) orthogonal to ker 0o with IBollz < Cl|laol|Z; such that ag := a + dofo satisfies do(doag +
g Aag) =0.1fa=a +a" issuch that ||ao - al|;» is so small that Lemma 2.5 applies to do + a, then there is a
unique g € G of the form g = exp(¢p) with ¢ € (ker do)* and H‘PHLI; < C| 5(*311"|\Lp suchthatdp+a; := g-(do+a)
satisfies 58a'1' = 0. Since p > 2n, the Sobolev embedding theorem gives uniform C! estimates on g and g™},
implying that
lla = aill < Cllooa |l» = Clldola — ao)llLr

for some new constant C = C(dp). So if a is sufficiently close to ag in L’f , Proposition 2.6 now gives a uniquely
determined a; € H>' and B, € (ker 90)* C A%?(End Ep,) such that aj = a1 + dof1, with 0o (doaj +ajAay) =
0 and with [|B1]|» < Cllay ||2. Thus for some new constant C = C(do),

a1 —aollz2 < llay —aollr2 < llar —a [|p» + @ - aoll» < Clla - aol|r -
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In summary, given ay € H%! sufficiently close to 0, for each a € A%'(End E;) sufficiently close to aq in
L” there exists g € Gand a; € H*! such that do + a is of the form do + a = g1 - (do + a;) for aj = a; + 5;/31
with ||a; - ol|,> uniformly bounded by a multiple of ||a - o||;». If A denotes A%'(End Ep) equipped with the
L¥ norm, this implies that the natural map [a] — [a + 5;[3] from a neighbourhood of [0] € H*'/TI'to A/S is
an open mapping, and therefore so too is the natural map ¥~1(0)/I" — /8.

To see that the mapping is 1-1, suppose that dg + ag, doy + a; are (integrable) connections with 53a6 =
0 = 5;a'1' that define isomorphic holomorphic structures; that is, there exists g € G withdy +a; = g -
(do + ag). If ||ao]| ©w+ lla1]] <€ with € as in Proposition 4.5, apply that proposition to the connection on
End E;, = Hom(Ey, Ey,) defined by dy + ag on one side and dy + a; on the other, with s being the section
g € Hom(E,, Ey). It follows from that result that dog = 0 (so g € I') and that a1 g = gao. Writing a;-' =qj+ Eaﬁj
with B; determined by Proposition 2.6, orthogonality of the decomposition implies that a1 g = gao; that is,
ag, a; € H>! represent the same point in the quotient H>!/T. O

Note that again, the integrability of the connections do + a; is not critical; the essential ingredient is the
“quasi-integrability” condition implicit in the statement of Proposition 2.6.

The main application of Proposition 4.5 will be to the connections on End E;, induced by connections dg
on E;, with f?(do) a scalar multiple of the identity, as in following theorem. Here [x, y] = xy — yx is the usual
Lie bracket on endomorphisms, and the reader is alerted to the fact that the hypotheses on o differ slightly in
1. and 2., although the conclusions are essentially the same.

Theorem 4.7. Let dy be a connection on E;, with il?(do) = A1, and let dy + a be a connectionwitha =a +a’,
wherea = -(a"),a" = a+ 5(*)[3 for some a € A%(End E}) satisfying dpa = 0 = dodt and p € A®?(End Ey).
There is a constant € > 0 depending only on d, with the property that if ||a|| <€ then the following hold for
any endomorphism o € A%°(End Ey):

1. Ifdg0+[a”, 0] =0thendyo =0 and[a, 0] =0 = [5;/3, o]. Furthermore, [B, 0] = 0 if B € (ker 30)*.

2. If 000 + (@, 0] = 0 and B € (ker do)t and do(dpa” +a’ A a’) = 0 then doo = 0 and [a, 0] = O = (8, ol.

3. Ifogo +[a’, 0]l =0and iA(a A a” + & A ) is orthogonal to ker 9 then dyo = 0 and [a, 0], [56/3, o] and
la, 0"] all vanish. Furthermore, [B, 0] = 0 if B € (ker do0)-.

4 If 300 +[a’, 0] = 0and dy(dpa” +a’ Ad’) = 0andiA(a r ' +a* A @) € (ker dp)* and B € (ker d0) -
then dyo = 0 and [a, o, [B, 0], [a, ¢"] and [B, ¢”] all vanish.

Proof. 1. The central curvature of the connection on End E;, induced by d, vanishes, so from Corollary 4.2
and Proposition 4.5, .

doo=0=1[a",d] = [a, o] + [30B, 0] = [a, 0] + do[B, o] .
Applying 0 gives 0g 56 [8, 0] = 0, from which it follows that 5;[[3, o] = 0 = [a, o]. If B is orthogonal to
ker do, S0 too is [B, o] by virtue of identity (i, [, o]) = ([, 0", B), and if 1 € ker 9, then so too is [, o’]
since doo” = 0.

2. Ift:= 9pa +a’ Aa’, then
T= 5058B+a/\ 5;ﬁ+58ﬁ/\a+a/\a+ 5(*)BA 5;/3.

Setting B = 0 in 1. it follows from that case that dgo = O = [a, d]. Since 0 commutes with a, it also commutes
with a A a, implying that

[0, 7] = 30 d0l0, Bl + & A dola, Bl + oo, Bl A &+ dolo, Bl A doB + doB A dolo, Bl . (4.1)

As in the proof of 1., because f is orthogonal to ker 58, so too is [0, B]. On the other hand, since 5:)1 =0,
so too is dg[0, 7] = 0. Thus [0, ] is orthogonal to [o, 7]. Taking the inner product on both sides of (4.1) with
[0, B, rearranging terms and estimating, it follows that

|30lo, B1||” < C(sup|al + sup | 30Bl) || dola, 81| ||lo, B1]| -
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Since [o, f] is orthogonal to ker 3o, there is a constant ¢ > 0 depending only on dy such that | dolo, Bl Hz >
c H ?.Sinceais 0o-harmonic, sup |a| is bounded by a constant multiple of || ||, and from Proposition 2.6
it can be assumed that sup || is bounded by a constant multiple of ||a||2. It follows that there is a new constant
€, depending only on d, for which, if ||&|| < €1, then necessarily [, 8] = 0

3. Byl,dyo = Oand [a,0] =0 = [58[3, o]. Since g0 = 0 it follows that doo” = 0. Using the fact that ¢
commutes with a, a short calculation gives

tr ((U*a —ao) Ao a- ao*)) =tr ((0*0 —oo))a Aa+an a*)) .

After applying w" ! A to both sides and integrating over X, the fact that (6" o - 0¢”) lies in ker 0, together with
the fact that A(a” A a + a A @) is orthogonal to ker do imply that || [0”, a] Hiz =0.

4. The vanishing of dyo, [, o] and [B, o] follows from 1. Then from 3. it follows that [a, ¢"] = 0, so applying
2.to 0" gives [B,07] = 0. O

Remark.
Given a’ € A%(End Ey) with ||a”|| 1» small, Lemma 2.5 yields a uniquely determined g € § near 1 such

that do(g - @”) = 0, where g - a" = ga ‘g1 -~ 9pgg L. Also, Proposition 2.6 yields a uniquely determined
B € A%2(EndE,) for which 7 := a” + aoﬁ satlsﬁes doT + T A T € Ker 3y. The two operations do not commute
in general, but if aj, € A®!(End E},) satisfies doaj, = 0 and ao(aoa +ay Adg) = 0, then for B € A%?(End Ey)
and g in § with both  and g - 1 sufficiently close to zero in Lé’ , the element a'{ of A%1(End E;)) obtained by
applying the operation of Lemma 2.5to g+ a, + 58[3 followed by the operation of Proposition 2.6 to the result of
that has the form a; = yayy~! for some automorphism ~ € I' near 1, where I' here and subsequently denotes
the 0o-closed elements of G. All of this follows using the analysis of Theorem 4.7.

The content of Theorem 4.7 implies and is implied by a corresponding result for connections on bun-
dles of degree zero. For the purposes of transparency of the proof, the theorem was presented in terms of
endomorphisms, but the alternative result is the following:

Corollary 4, 8 Let do be a connection on E;, with F (do) = 0, and let dg + a be a connection witha = a’ +a’,
aoa =0,a =a+ aoﬁfor some a € A% (EndE,) satisfying dpa = 0 = aoa and some B € A%?(EndEy).
There is a constant € > 0 depending only on dy with the property that if ||a|| <€ then the following hold for
any section s in A%°(Eyp):

1. Ifdgs+a’s=0thendys =0and as =0 = (58[3)5. Furthermore Bs = 0 if B € (ker do)t.

2. If 9os + as = 0 and B € (ker do)L and do(dpa” +a’ A a’) =0 thendys =0 and as = 0 = Bs;

3. Ifdos+da's=0andiA(ana” +a" Aa) € (ker dg)* then dos = 0 and as, (58B)s and «s are all zero.
Furthermore, s = 0 if B € (ker do)t.

4. Ifdgs+a’s = 0and 3o(doa’ +a’ Ad’) = 0andiA(a A a’ +a" A @) € (ker o)™ and B € (ker d0)- then
dos = 0 and as, s, a”s and B’s are all zero. Hence dos = 0 = dgs.

Proof. Let 1 be the trivial line bundle equipped with its standard flat connection. Now apply Theorem 4.7 to

. 0 . . . .
the endomorphism ¢ = {O g} of E;, @ 1 using the direct sum connections on this bundle. O

Remarks.

1. When the connection dy + a of Theorem 4.7 is integrable, the second statement of the theorem implies
that if the holomorphic structure E defined by dg + a is not simple then the isotropy subgroup of I" at @ has
dimension greater than 1; (since I is acting by conjugation, the constant multiples of the identity are always
in the isotropy subgroup). The converse of this follows from the third statement of that theorem. It follows that
if the (ineffectivity) kernel I of the representation of I' = Aut Eq on H'(X, End E;) has dimension greater than
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1 then no holomorphic structure defined by an integrable connection near dy can be stable. In this case,
by writing Ey as a direct sum of stable factors, it is easily seen that there are non-zero polystable bundles
Ao and By of the same slope with Eq = Ao @ By such that every small deformation of Eq is given by small
deformations of Ag and By; the space of small deformations of Eq splits as a product. (Of course, it can still
be the case that E, has no stable deformations even if I = C” -1, for example if Ay and By are stable and
HY(X, Hom(Aq, Bo)) = 0 # H (X, Hom(Bo, Ao)).)

2. Aswill be discussed in the next section, the condition that iA(a’Aa+aAa”) should be orthogonal to ker 9
implies that the form a is an element of H*! that is polystable with respect to the action of I in the sense of
geometric invariant theory, and in that context, the last statement of the theorem can also be interpreted as a
holomorphic condition on E determined by an algebraic condition on a. This is a manifestation of one half of
the “local” Hitchin-Kobayashi correspondence that is at the heart of this paper, made precise in Theorem 5.4
below. The other half, or “converse” of this is the focus of attention in §6, §7 and §8.

The proof of the last statement of Theorem 1 can now be completed:
Corollary 4.9. For a, a € ¥10), Eq ~ E, if and only if a and « lie in the same orbit under I'.

Proof. The “only if” part of the statement has been proved in the last paragraph of the proof of Corollary 4.6.
For the converse, given v € I' such that &' = va~~!, take the connection on Hom(E;,, E;,) induced by do +a—a”
and do + a' - @ and apply 2. of Corollary 4.8, substituting ~ for s (and Hom(E,,, E},) for Ey). O

5 I'-stability and w-stability.

For the convenience of the reader this section commences with a summary of notions and facts from geometric
invariant theory as far as these will be used here. The primary references include [29], [31], [20] and [34].

Recall that when a reductive Lie group G acts linearly on a finite-dimensional complex vector space V, a
point v € V\{0} is unstable for the action if 0 € G v, is semistable if 0 ¢ G - v, is polystable if v is semistable
and G - v is closed, and is stable if v is polystable and the isotropy subgroup of v is finite.

Fixing a positive hermitian form on V, in the closure of each orbit there is a point of smallest norm, unique
up to the action of the compact subgroup of G preserving the hermitian form. For each v € V, the derivative
at1 € G of the function G > g — ||g - v||? gives a function u : V — g", the moment map, and its zeros on the
set of semistable points are precisely the points of smallest norm in the closed orbits.

The Hilbert-Mumford criterion states that a point v € V is stable if and only if it is stable for every 1-
parameter subgroup in G. A 1-parameter subgroup is given by a homomorphism y : C* — G, giving a
representation of C* on V. The irreducible representations of C* are all 1-dimensional, so V splits as a direct
sum of 1-dimensional subspaces V; on each of which C” acts with a given weight wj € Z: C" x Vi (t,v) —
x(6) - v = t¥i v. If v has 1-dimensional orbit under y;, it is clear that this orbit is closed if and only if C* > ¢
x(t) - v € Vis proper, which in turn is equivalent to the condition that the maximum weight w? and minimum
weight w” of y on the non-zero components of v in its decomposition into irreducibles should differ in sign.
Since t — x(t™!) is another 1-parameter subgroup of G for which the maximum and minimum such weights
are respectively —-w’ and -w?, the criterion reduces to the condition that v is a stable point for the action of
G if and only if w” is negative for every 1-parameter subgroup of G. In practice, this is the condition that
}EI}) (log [[x(t) - v||/log|t|) < O for every 1-parameter subgroup y of G, which is an analogue of the numerical

condition in the definition of stability for a holomorphic vector bundle on a compact Kdhler manifold.

Consider now the situation discussed in the previous section: (X, w) is a compact Kahler n-manifold and
E;, is a complex vector bundle over X equipped with a fixed hermitian structure. The group G of complex
automorphisms of E;, acts on the affine space A of hermitian connections on Ej,, preserving the subspace of
integrable such connections. The group § is the complexification of the group U of unitary gauge transfor-
mations.
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A connection dg € A thatisintegrable and has curvature F(d,) satisfying iF (do) = A 1is aminimum of the
Yang-Mills functional. By Lemma 4.1, the group I C § of complex gauge transformations fixing 0 is the same
group as the group that fixes d; these are the holomorphic automorphisms of the holomorphic structure Eg
defined by do. The group I' = Aut(E) acts on the space H!(X, End E;) of infinitesimal deformations of Eq by
conjugation, and since each element of I' is covariantly constant with respect to dy, this action preserves the
harmonic subspaces H>? = H*9(0y, End E;). From Corollary 4.3 the function ¥ of (2.4) is equivariant with
respect to the action of I on H%! (at least, near 0), from which it follows that ¥~1(0) C H%! is invariant under
I'. The linearisation of the action of I'on H%? at 1 € TI'is given by the Lie bracket, H>°xH%4 5 (¢, 1) ~ [1, ¢0].
The group I is the complexification of the subgroup U(I') of do-closed unitary automorphisms of E;,, so is a
reductive Lie group.

Lemma5.1. A form a € H%! is of minimal norm in its orbit under I' if and only if iA(@ A &" + a" A a) €
A%C(End Ey) is orthogonal to ker 9.

Proof. Given self-adjoint § € H%?, let ~; := e'? for t € R. Then with a; := yca~;?, differentiation with respect
to t gives a; = [8, a;] = e[, ale™*®, using the fact that § commutes with e’®. Consequently

%Hatuz =2Re{a, [6, a]) = 2Re <e2t5ae’m, (6, al)

SO
2 0
Jp e = 4Re (6, al, [6, al]) = 0.

Thus any critical point of ¢ ~ ||a¢||* is a minimum, and since Re (a¢, [8, a;]) = —(8, iA(a, A a; + a; A a,))
(using self-adjointness of §), the result follows. O

The assignment
H! 5 a— m(a) := 1°° iA(an a +a’ A a) € H%O (5.1)

maps elements of the hermitian vector space H%'! into the space of trace-free self-adjoint elements in H%°,
the latter being i times the Lie algebra of the group SU(I') of dy-closed unitary automorphisms of E;, with unit
determinant, which is canonically identified with its real dual. In view of this lemma, it is natural to presume
that m is a moment map for the action of SU(I') on H*!, where the latter is equipped with the symplectic
form

H*' xH*' 5 (@, B) > w(a, B) == i((B, a) - (&, B)) € R
= /trA(a*/\ﬁ—B*/\a) av,

X

(with the complex structure J(a) = i «). Using the definition in [31], to prove that this is the case, it must be
shown that m is equivariant with respect to the action of SU(I') on H%! and that dmg(&) = i w(Xs, &) for each
skew-adjoint § € H*? and each & € H%!, where X; is the vector field on H%! determined by 6, this having
the value [8, a] at @ € H*'. (The factor of i in front of w comes from (5.1), included to make m(a) self-adjoint.)

Lemma5.2. Suppose that [, w" = 1. Then for any u € H* and v € A®°(EndE) in L?, tr (u"11%%) =
Jytr@v)av.

Proof. If ¢, € H%? are arhitrary, they are both covariantly constant and therefore so too is ¢ 1. Hence the
trace of this endomorphism is constant, which implies that tr (") = |, tr (@ ) dV = (@, ). Consequently,
ifey,..., emisan L%-orthonormal basis for H>?, the endomorphisms ey, ..., en are pointwise orthonormal.
Writing u = 3", (ej, u) ejand 1% v = 3, (e, v) ey, it follows that

tr (u I1%%v) = Z(u, ej) (ej,v) = Z(u, ej) /tr(e;v) dv

] ) X
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= /Ztr(u*ej)tr(e;v)dV= /tr(u*v)dV.
x J X

O

It follows from this lemma that if v € A%°(EndE;) is in L? and u € SU(I'), then IT®°(uvu) = u(Ir®°v)ut,
which implies that the map m of (5.1) is indeed equivariant with respect to the action of SU(I'). Furthermore,
thinking of a as depending differentiably on a parameter t € R and differentiating at t = O, for & := da/dt|¢-0
it follows

d . . * o * . .
—m(a)} =% (doNa" +andg+ao Aa+a Ado) .
dt t=0

Hence for 6 € H*?, using Lemma 5.2 it follows that

%tr (m(a)6) ‘t:O = /tr (fiA@@na +and +& Aa+a Ad))
X
= <[a7 5*]7 aO) + <d0’ [a, 5]>
=iw(ao, [6,a]) ifé6=-6".

Thus:

Corollary 5.3. The assignment H>' 5 a — m(a) = I®%iA(a Aa” +a” A a) € H*C is the moment map for the
action of SU(I') on H>1, O

Combining Lemma 5.1 with the results of the previous sections gives some of the main results of this article:

Theorem 5.4. Let dy be anintegrable connection on Ey, with i?(do) = A1, and let ¥ be the holomorphic function
(2.4) defined in a neighbourhood of zero in H** with values in H*. Let « € ¥~1(0) be a non-zero form, and let
Eq be the corresponding holomorphic structure. Then a is polystable with respect to the action of I' = ker 09 C G
if Eq is polystable. Moreover, when Eq is polystable, a is stable with respect to the action of T if and only if E4 is
stable.

Proof. The proof is by induction on the rank r of E, the case r = 1 being elementary.

Suppose first that E, is stable but a is not I'-polystable. Then the orbit of a under I' is not closed, and
indeed, the infimum of || - a||? over € I'is not attained in that orbit. Let ay € H%! be a point of smallest
norm in the closure of the orbit of @ under I', unique up to conjugation by unitary elements of I'. So there is a
sequence ~y; € I' with det~; = 1 for all j such that ||; - a||? is decreasing to ||ag||® but [l is not bounded. Let
B € A%2(End Eyp,) be the form orthogonal to ker 58 determined by Proposition 2.6 such that do + a + ESB isan
integrable semi-connection defining the holomorphic structure E, that is L} -near to Eo, and let a’ =a+ 5;[3.
If @; := ;- a then ||a;|| is decreasing. From Proposition 2.6 it follows that || 5;|| I is uniformly bounded, where
Bj == ;- B.Ifaj = a; + 58[3]- = 7 - @, it follows that ||aj|| 12 is uniformly bounded, so after passing to a
subsequence if necessary, the forms a}' converge weakly in L} and strongly in C° to a limit ay. The limiting
connection do +ao is integrable, defining a holomorphic structure Eq, on Ey,. After rescaling v; to 4; with ||| =
1, a subsequence of the automorphisms 7; converges to a non-zero limit 5o with ||50|| = 1 and det 5o = 0, this
defining a holomorphic map from the holomorphic structure E, defined by dy+a to the holomorphic structure
defined by dj + ao. Since the latter can be assumed to be semistable (by Proposition 3.2), there is a non-zero
holomorphic map from E4 to a semistable bundle of the same degree and rank that is not an isomorphism,
and this contradicts the assumption that E, is stable. Therefore a is I'-polystable. If a is polystable but not
stable with respect to the action of I', the isotropy subgroup I'n C I of @ has dimension greater than one.
Then it follows from 2. of Theorem 4.7 that E is polystable but not stable, a contradiction.

Suppose now that E, is polystable but not stable. Then E, splits into a direct sum of stable subbundles,
each of the same slope. In terms of connections, the bundle-with-connection (Ey,, dp+a) has a unitary splitting
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into a direct sum of irreducible unitary bundles-with-connection. Orthogonal projection onto any of these
subbundles (followed by inclusion) is a holomorphic endomorphism of Eq, and by Theorem 4.7, such an
endomorphism is in fact covariantly constant with respect to dy and also commutes with a« and f. Thus the
bundle-with-connection (E;,, do) has a unitary splitting into a direct sum of subbundles-with-connection,
each of which defines a polystable subbundle of E, of the same slope. If (Ey, do) = @j(Bj, do ;) is this last
splitting, then il?(do,]-) = A1 and for some skew-adjoint a; AY(End B;j), (Ep, do + a) = @j(B,-, doj + aj)
corresponds to the splitting of E, into stable components. The compatibility of the splittings implies that each
a; is of the form a; = a;- + aj with a}' =aj+ 58,,-[3]- where a; is a 9 ;-harmonic (0, 1)-form with coefficients in
End B;. By the inductive hypothesis, each q; is stable with respect to the action of I';, the group of 9 j-closed
automorphisms of B;. Hence there exists such an automorphism p; such that p;-a; =: &; isa zero of the moment
map, which means that H](.”OiA(&]- A& + & A &) = 0, where H]Q’O is the orthogonal projection onto ker 9 ;.

”

But this implies that there is an automorphism ¢ € I' such that & := o - a satisfies IT%iA(@a A&" +&" A &) = 0.
Therefore a is polystable.
The last statement of the proposition follows immediately from Theorem 4.7. O

Remark.

If a € H*! satisfies T%%iA(a A a" + a" A @) = 0 and if Ty C T is the isotropy subgroup of a, then it follows
from 2. of Theorem 4.7 that v commutes with S(ta) for ¢ sufficiently small, where B(-) is the function defined
implicitly in Proposition 2.6. Then by 3. of Theorem 4.7 it follows that 4" also commutes with &, and indeed,
it also commutes with B(ta). It then follows from Proposition 1.56 of [18] that I is itself a complex reductive
group.

The group I'y acts fibrewise on E;,, splitting each fibre into a direct sum of irreducible I'y-invariant sub-
spaces. These subspaces together form subbundles, namely the intersections of the eigen-bundles asso-
ciated with the elements of I'y. The fact that I'q is closed under adjoints implies that the splitting of Ey
into I'e-irreducible subbundles is a unitary splitting. For |¢| sufficiently small and |s| < 1, the connections
dis = do + ags given by a't:s = ta + ség(ta) preserve these splittings, and restrict to irreducible unitary
connections on each of the I'y-irreducible subbundles.

As mentioned in the second of the Remarks towards the end of §4, Theorem 5.4 is one half of a local
version of the Hitchin-Kobayashi correspondence: w-(poly)stability of E, implies I'-(poly)stability of &, where
the latter term means polystable with respect to the action of I in the sense of geometric invariant theory. The
more difficult task is to establish the other half; that is, the converse, and this effectively involves solving
differential equations. This will be the subject of the next three sections.

6 Connections with constant central curvature

As in previous sections, let (X, w) be a compact Kdhler n-manifold and let E;, be a fixed complex r-bundle
equipped with a fixed hermitian metric; all conventions and notations from previous sections are also re-
tained. In this section, the study of §2 into an L’l’ neighbourhood of a given (hermitian) connection will be
continued but the focus is now is on the central component F = AF of the curvature F rather than the (0, 2)-
component. As previously, § is the group of complex automorphisms of E;;, with U c G the subgroup pre-
serving the given hermitian metric. Let A denote the space of hermitian connections d =  + 0 on E,, so the
action of G on A is given by

GxA>(g,d) — g-di=g 'odog +gooog !t =d+g g -oggt € A. (6.1)

Unless otherwise stated, elements of G are assumed to lie in L’z’ and elements of A to lie in L’l’ . Projection to
the central component of the curvature defines a function @ on G x A with values in the space of self-adjoint
endomorphisms of E;, lying in L? given by

@: GxA — A% (EndE,), (g, d):=iAF(g-d), 6.2)
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and it is the properties of this function and its derivatives with respect to each of its arguments on which the
analysis concentrates in this section.

Let dy = 0 + 0 be a connection on E;,, and let a = a’ + a” be an element of A}(End E;,) with a' = —(a”)".
If dq = dg + a, the curvature of this connection is

F(dg) = F(dg) +doa+a na. (6.3)
It follows that if a = a(t) depends differentiably on the real parameter t, then
%[F(da)]=d0c'1+('1/\a+a/\a=daa, (6.4)

where - denotes differentiation with respect to t.
The action of G on A has the explicit form

g-da=do+ (g 'ag +g 008 )+ (ga'g - dogg"), g€9. (6.5)

If g = g(t) also depends differentiably on t, then by direct calculation from (6.5), it follows that

d 4=
;8 da] = (8778 +05q,(8778)) + (848 - 0g.4,(887)) - (6.6)

Hence, from (6.4) and (6.6), it follows that
d *_1 ./ * S *_1 o % X o« -
;[ Fg-da)] =dgq, (808 +8a°g " +054,(878) - 0g.4,(887)) - (6.7)

Applying iA to both sides and recalling that 0" = iA 9 and o =-iAdon 1-forms,

iF(g-da)] =iA0g.q,(8 d'g") +iAdgq,(80"8™") +1A0g.0,0g.a,(8 &) ~iAdg.4,04.4,(887)

d
il

054,81 8) - 0g.a, (84" 8 + 05.0,04.4,8 '8") + 0g.d, 050, (887") . (6.8)

Since A(90 + 00) = F, writing 0 := gg~! and decomposing into self-adjoint and skew-adjoint components
gives the following conclusion, which will be used frequently in this section:

Lemma 6.1. Let a = a(t) € A(End Ey) be a differentiable 1-real parameter family of skew-adjoint forms, and
let g = g(t) be a differentiable 1-real parameter family of complex automorphisms of Ey,. If dy = 0o + 0 is a
connection on Ey and dq = dy + a, then

d .~ * xo] . xy o TF L ~
i@ [iF(g - da)| = 0g.q,(g Ya'g) - 0ga,(8a g + Ng.g,04+ = [iF(dg.q,),0-], (6.9)

where 0 := gg ' and 0 := L(0 £ o). O

Taking a € A'(End Ep) to be independent of ¢, it follows from (6.9) that the linearisation of themap § > g —
iF(g-ds) = ©(g, ds) at a connection gg - d is

(D1@)(g, ,4,)(0) = Lgyq,0+ — [iF(go - da), 0-], 0 € A%°(EndEy) .

In particular, if go = 1 and a = 0, the linearisation at (1, dy) € G x .A of the action of G on the space of L’f
(hermitian) connections is an isomorphism from the space of L’; self-adjoint sections of End E;, that are or-
thogonal to the dy-closed sections to the space of self-adjoint L? sections of End E;, that are again orthogonal
to the kernel of dy.

From now on, let dy be a connection with iF (do) = A1, so by Corollary 4.2, ker dy = ker 0¢. In general,

themap GxAY(EndE,) > (g, a) — ®(g,dq) = i F (g-dq) takes values in the self-adjoint endomorphisms of Ey,
but it does not map into the space orthogonal to ker 0. However, if IT%° is the L? projection of A%°(End E;,)
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onto ker d¢ and IT Oio =1 - I1°0 is the projection onto the orthogonal complement, then for any skew-adjoint
L’l’ section a € A'(End Ep), the composition

A%°(EndE,) 3 ¢ — HOJ’_O il?(exp((p) (do+a)) € A°(End Eyp)

maps the Banach space of self-adjoint L‘*zj sections in A%°(End E;,) orthogonal to ker 9, into the Banach space
of such sections lying in L?, and when a = 0, this map has the same linearisation at O as the earlier map. The
implicit function theorem for Banach spaces then yields:

Proposition 6.2. There exists € > 0 depending only on d with the property that for each skew-adjoint section
a € AY(EndE,) satisfying | a|| 12 < € there is a unique self-adjoint ¢ € (ker 00)* c A%°(EndE,) for which

H(i’o iF ( exp(p) - (do + a)) = 0. Furthermore, there is a constant C depending only on d such that ¢ satisfies
ol < C||m%° Aldoa +a na)||,,. O

The power series expansion in ¢ at ¢ = O of iF (exp(¢) - da) is, to first order,

il?(exp(fp) - (do + a)) = il?(do) +iA(dga +a A a) - [i}?(do) +iA(doa + a A a), ¢-]
+ Do+ +2iA(a" A do@s + 0@+ Aa —a A o+ - Do+ Ad) +[doa, pq]
+iA(ld,pdna +a Ala,p)-d Ald,@d-1a", p: 1A d) +Ral), (6.10)
where the term R;(¢) involves products of ¢ and its first and second derivatives with respect to d, with at least
two such factors, but where the second-order derivatives appear linearly and the first-order derivatives appear
at most quadratically. Consequently, if a satisfies the hypotheses of Proposition 6.2 and if ¢ ¢ A%°(End Ey,)
satisfies the inequality in the statement of that proposition, then ||R, ()| z» < C||A(doa + a A a)|)?, for some
constant C = C(dp). .
If ¢ is self-adjoint and if éoa" = 0, the formula (6.10) simplifies somewhat. In this case, it is useful to
project both sides into ker 0o and (ker do)*, respectively giving
HO’Oil?( exp(p) - da) =A1+ iHO’OA(a, na +d A a') (a) (6.11)
+ iHO’OA([a', plnd +a nld,pl-1a",plnd -a Ald’, p]) + 11°°R,(p) ,
%% (exp(p) - da) = 11%°iA(d Aa" +ad" na) (b)
+ Do +2iA(a’ AN dop +dop Ad —d A dop - dop Ad)
+ HOLOiA([a/, plnd +d nla,pl-1a",plna -a Ald’, o) + I°%°R,(p) .
If ¢ = p(a) is the endomorphism of Proposition 6.2, the left-hand side of (6.11)(b) vanishes, giving the equa-
tion that effectively determines ¢(a). Since Adpa = 0 now, the uniform estimate on ¢ provided by that propo-
sition then implies ||@(a)|| r=C l|al|?.,, so the remainder term R,(¢) appearing in (6.11) is uniformly bounded
by a constant multiple of || aHi‘zp, something that is also true of the other terms on the second line of (6.11)(a).
Ifa" =a+ 56/3 for 0o-harmonic a € A% (EndE,) and 8 € (ker d0)- C A%2(End Ep), the (negative of the)
terms involving a’ A a” +a” A a’in (6.11) expand to
iA@' Aa+ana’)+iA(pB A 5;/3 + 5;[3 A doB)
FIA@ A DoB+ s Aa+andsf +dofAa’). (6.12)
If 0 € A>°(End Ey) is 0o-closed, then 90 = 0 by Corollary 4.2, and
(o,iA(a" A 58/3 +00f Aa+andpB + 5;,8 Aa')) ={[a,al, 5;[3} + <[56B, o)), a) . (6.13)

The first term on the right vanishes because [, o] = 0, and the second term vanishes because [58[3 ,0] =
00lB, 0l; consequently the projection of the term in the second line of (6.12) on ker 0y is zero. To summarise
the discussion so far:
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Lemma 6.3. Suppose that a = a + a” satisfies the hypotheses of Proposition 6.2 and a” = a + 5(*)[% where a is
0o-harmonic. If ¢ = ¢(a) is the endomorphism of that proposition, then

iF(exp(@)-(do + @) A1 = =M% A" Aa+ana’)-iT%° A8 A doB+ 0B A 3B
+ iHO’OA([a', plna +d nld,pl-la",olnd -d Ald’, ¢]) +R(a) (6.14)

where |[R(a)||1» < C||a|}., for some constant C = C(do). O

The term IT°°A(a” A a + a A @) is O(||a||?) in general, whereas if 8 is as in Proposition 2.6, all the other terms
on the right of (6.14) are O(||a||*). Butif IT°A(a” A a+a A a”) vanishes (as considered in §5) then the whole of
the right-hand side of (6.14) is O(||a||*) and the connection exp(¢(a)) - (do + a) is very close to having central
curvature equal to —i A 1. Given that ¢(a) is orthogonal to ker 0y, it can be hoped that a small perturbation
by an element of ker 9, will yield a connection with iF = A 1. For ver,

y-(do+a) =do+v-a:=do+y ay +ya'y",

so since exp(¢p + 6) is close to exp(¢p) exp(6) for small ¢ € (ker d0)* and small 8 € ker dy, an alternative is
to perturb a by conjugation with an element of I close to 1. Such an argument will involve an application of
the inverse function theorem in finite dimensions, for which purpose the variation in F as a is varied in this
way must be determined.

With ‘sk’ denoting skew-adjoint and ‘sa’ denoting self-adjoint, consider first the function G defined on
A%°(End Ep) x AL, (End Ep,) with values in A%’ (End E},) defined by

G, a) := il?(exp(z,b) - (dg + a)) (= D(exp(y), do + a) for @ as in (6.2)).

If Go := I1°°G and G; := II°;°G, the conclusion of Proposition 6.2 is that for a € A% (End E},) with lally <€,
G1(p(a), a) = 0, where a — ¢(a) is the function specified in that proposition, the existence of which is
guaranteed by the implicit function theorem.
If a moves in a differentiable 1-parameter family a(t), then it follows that
d . ,
0= ai [Gl((P(a(f)), a(t))} = ((D1G1)g(a),a) © (DP)a) (@) + (D2G1) (), 0)(@) »

where D, Gy, D, G, are respectively the partial derivatives of G; with respect to its first and second arguments
and a denotes the derivative with respect to t as before. The implicit function theorem implies that if (1, a)
is sufficiently close to (0, 0), then (D, Gl)(,py «) is an isomorphism from the space of self-adjoint elements of
A®°(End Ey) orthogonal to ker o lying in L5 to the space of self-adjoint elements of A®°(End Ej) orthogonal
to ker ¢ lying in LP, so

(D<p)a(i1) =- ((Dl Gl)(_(;(a),a) o (D, Gl)((p(a),a)) (@ .

The variation in G(¢(a), a) at a is therefore given by

% [6(0@, @) = ((D16)g(a),a) © (D9)a) (@) + (D26)(p0)0(@) (6.15)

= ~((D160)p(@.a) © P161)p(@,0 © (D261 (@) (@ + (D260 (a0 (@) -

The partial derivatives appearing here are determined by the formula (6.9): setting d}, := exp(¢(a))- (do +
a) and substituting g = e?@ into (6.9) gives

(D,G) (@) = 3} (e @ e?@) _ §, (9@ g e=0(@) (6.16)
(p(a),a) b

_ ecp(a)a; (e—zw(a)a'ezw(a))e—tp(a) _ e—go(a) 5(1 (e2<p(a)a"e—2<p(a))etp(a) ,

where a = @’ + a’, with the derivatives D, G, and D, G, obtained by projecting into ker d¢ and its orthogonal
complement respectively. Similarly, the partial derivative of G with respect to its first variable ¥ at (p(a), a) is
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obtained from (6.9) by substituting @ = 0O and o0 = (de¥/dt) e } — for a 1-parameter family y(¢) into that
formula, so .
(D1G)(,0)(0) = 0p0p0 + 0,0,0" = Ay 0+ - [iF(dy), 0-], (6.17)

again with the derivatives of Gy and G, obtained by taking L? projection into ker 9 and its orthogonal com-
plement. Note that ¢ is not self-adjoint in general, but satisfies 6 = e ?@ge?@. Thus the second term on
the right of (6.17) is not zero in general, unless iF(d,) = A 1.

Lemma 6.4. Under the hypotheses of Proposition 6.2, suppose in addition that dpa’ = 0. Then there is a
constant C = C(do) such that, for skew-adjoint a ¢ A*(End Ey,),

H ((DlGO)(tp(a),a) © (DlG1)(_¢}(a),a) © (DZGl)@p(a),a))(a)HLz < C”“”i’{ (HEOaHL" + ”a”L”) : (6.18)

Proof. The assumption that 5(*)61" = 0 implies that Adpa = O, so the bound of Proposition 6.2 implies
that ||| < Cla|| %2,, for some uniform constant C. By the Sobolev embedding theorem, there is a simi-

lar such bound on the C! norm of ¢, so (given that ||a|| rr is sufficiently small), an arbitrary endomorphism

i € A>°(End E;,) will satisfy a pointwise bound of the form |y - e®ye™®| < Cl|a||}., ||, which can be seen
by orthogonally diagonalising ¢ at the point in question. Since (dpe?)e™? is uniformly bounded in C° by a
multiple of ||al|?,,, it follows that b” = e?a’e™® - (dpe?)e ? also satisfies a pointwise bound of the form
|b” - a"| < C|la||?.,, and therefore (dqe?)e™® = a” - b satisfies this bound; similarly, e ? 0qe? also satisfies
such a bound. Consequently, for any y € A%(End Ep), there is a uniform pointwise bound of the form

| €34 (e xe )¢ - dax | = Cllalf (13ax] + IXI) »
and since d,x = doy — iA(@ Ax +x A ),
|e™? 3n (e*?xe*?)e? - 5::X| < C||a||i117 (|5gx| +x1) (6.19)
for some new uniform constant C. Taking y = a in (6.16), it follows that
|(D26)y,0)(@)] < C|\a|\f§,(|5géz| +|al) pointwise. (6.20)

It follows from this that the L? norm of (D, G)((p’ a)(c'z) is uniformly bounded above by a constant multiple of
lall?» (I doall2 + lally2 ), which implies the same such bound for its orthogonal projection onto ker do. Since
1

ker 0y is finite dimensional, the L? norm on this space is equivalent to any other, so it follows from (6.20) that
there is uniform bound of the form

|(D261)g.,0/@), < Cllals (I doallzs + l1llzs) - (621)

From the proof of Proposition 6.2 using the implicit function theorem, the operator (D4 Gl)((p’ a) 18 an iso-
morphism from the space of self-adjoint Lg sections of A%°(End E;,) orthogonal to ker 9, to the same such
space of L? sections, so

H(DlGl)(?/},a) ((DZ Gl)(tp,a))(a)) ”le’ < C”(D2 Gl)((p,a)(a)HLp (6.22)

for some new constant C = C(dp).
For a section o € A%°(End Ey), (6.17) gives

(D1Go)p,a)(0) = HO’O(EZ 0p0 +0,0,07 ),
where d,, is the connection dj, = e?@ - d,. Since
33,0 = 90050 — iA(D A 0,0+ 0,0 A D)
for which the first term is annihilated by 1190, estimation of the second term gives

|11°03;, 3501, < Const.|| 13, 3y0]|,, < C(Ibl12l0llzz + b1 0lly2) -
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The a priori L? bound on a and the estimate on ¢(a) from Proposition 6.2 implies that ||b||;2» is uniformly
bounded above by a multiple of [|a| 2, so ||[1%° 05 950]|,, < Cl|al|z2» |||, Taking adjoints, this same esti-
mate applies to [1°°9; 0,0 to give

|(D160)p(a),0) (0| 2 < Cllallz» o]l 2 -

Combining this with the estimates of (6.22) and (6.20) gives (6.18). O

In accordance with the strategy outlined following the statement of Lemma 6.3, Lemma 6.4 provides sufficient
information to analyse the variation of iF(e??.d,)as a” = a+ dof(a) is varied according to H>! 5 a s yay ™!
for y € I', at least when the connections d, are sufficiently near to dg.

7 I'-polystable locally implies w-polystable

Retaining all of the notation and definitions of the previous section, suppose now that v; € I is a family
depending differentiably on the real variable t, with yo = 1 and #¢|;-o = 6 € H>C. Suppose thata = a’ + a”
satisfies the hypotheses of Proposition 6.2 as well as doa” = 0, and let a¢ := v - a = v,a' 7!+~ "‘d ;.
Thenatt = 0, ag := ;|0 = —la’, 6], so 5(*)&8 = 0 and Lemma 6.4 gives an estimate of the contribution
of the first term on the right of (6.15) to the variation in iF in terms of | [a”, 8] ||,- But since & is do-closed,
its C° norm is bounded by a uniform multiple of its L? norm so |[[a’, 8]||» < C|/a||z»||8]| for C = C(do), and
therefore that contribution is uniformly bounded above by a constant multiple of || aHz‘p 16]], (the fourth power
coming from (6.18)). It follows that if ||a|| Y is sufficiently small, the dominant term iIll the variation (6.15) of
iF is that coming from (D, GO)((pO, ) ([a", 5]+), given by the projection of (6.16) onto ker 0, provided that this
is appropriately non-degenerate as a function of 6.
As in the proof of Lemma 6.4, (6.19) gives a bound

|e73a(e*[a”, 8le™2?)e? - d,la”, 61|, < Clali% ||l 81]| -
Noting that @” = -[a”, 6] and 046 = [a”, 8], it follows that

(8,77 34(e*1a", 8le2%)e?) > (8, 3ala’, 61) - Clall}, [[la”, 61]|||6]
= [|la", 81|]* - Cllal3» [[ta”, 8] ||8]

> 3la", 8- ¢

4 2
alfy [8]]" -

By taking adjoints and using @ = +[a’, §"], the same estimates apply to the other term in (6.16) with & replaced
by &". Then if § is taken to be self-adjoint, by combining these estimates with those of Lemma 6.4 the following
conclusion is reached:

Proposition 7.1. Under the hypotheses of Proposition 6.2, assume in addition that Ega" = 0. Let @ be the
function defined in a neighbourhood of 1 € I with values in H*° given by @(y) := iF(¢(y - a) - v - (do + a)),
where @(-) is the function of Proposition 6.2. Then there is a constant C = C(dg) > O such that

Ia", 81| = 2 (8, (DD)(@)) + Cllallf» |61
for any self-adjoint § € H*°. O
With a” and § as in this proposition, write @’ = a + dof8 where a € H*! and € A%2(EndEy,). Given that

dob6 =0, . .
[a", 8] = [a, 6] + [0, 6] = [a, 6] + d0lB, 6],
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and since this is an orthogonal decomposition, it follows that
e, 81| = |la, 81|* + || 318 81|

Assuming that f satisfies the uniform bound of Proposition 2.6, from Proposition 6.2 it follows that there is a
bound of the form ||al|;» < C||a| for some constant C = C(do). Hence for some new constant C = C(dp), the
bound of Lemma 6.4 implies a bound of the form

L, 81[|% + || 30lB, 81||” = 2 (8, (DB)(@)) + Cllal|*|]> for 6 = 8" € HOO. (71)

This estimate has been derived under the assumption that f satisfies the uniform bound given in Propo-
sition 2.6. In particular, it applies if § = Bo(a) where Bo(a) is the unique element of A%2(End Ey,) specified in
that result, but more generally, it also applies if 8 = s Bo(a@) where s € [0, 1]. This observation facilitates some
homotopy arguments to follow.

The leading term on the right of (6.14) is the negative of m(a) = IT°>%iA(ara”+a” Aq). Fixing a temporarily,
this gives amap I — H>C give by I' 5 v — m(ya~y 1), and the derivative of this map at ~ = 1 is given by

(D [m(va'y‘l)]ﬂv:l(&) = HO’OiA([S, alrnad +anla, 81+, 81 a+a A8, al), S¢ H* . (72

If mg : H®® — HOO is the R-linear function on the right of (72) and Ly : H%®° — H%! is the C-linear
function Lq(6) := [a, 6], it is clear that the kernel of L, is contained in that of mg. In fact, by direct calculation,
for 6 € H*® with 6 = 6, + 6_ and (6+)" = 6=,

Re (8, Ma(8)) = (8+, ma(8)) = ~2||[a, 6.1 + ([6-, 6.1, m(a)) . (7.3)

Thus when acting on the self-adjoint elements of H*°, m, and L, have the same kernel. Since my is itself
self-adjoint as an R-linear map H*° — H%Y, it follows that m, maps the space of self-adjoint elements of
HO that are orthogonal to ker L, isomorphically into the same space.

At this point, arguments are simplified if it is assumed that a is stable with respect to the action of I', not
just polystable. Given that a is I'-polystable, the assumption of stability is equivalent to the condition that
ker Ly = span {1}. For g € G, (1.1) implies

trif(g - (do + a)) = triF(do + a) + i 00 logdet(g’g) = rA + iAd tra + i A 99 log det(g’g)

s0if dpa” = O then
triF(g-(do+a))=rA+ N log det(g’g) .

If g = exp(p)y for self-adjoint ¢ € A%°(EndE,) orthogonal to ker 0¢ and v € T, logdet(g'g) = 2tro +
logdet(yy"), so tr (iF(g - (do + @) ~ A1) = Atr . Hence for do-closed a” and g = exp(p)y, by taking the
trace-free part of ¢ and rescaling ~ to have determinant 1, it can be assumed without loss of generality that
tr ilf"(do +a)=rA= trilf"(g- (do + a)), with detg = 1 = det~.

If V is a hermitian vector space, the real vector space End*?(V) of self-adjoint endomorphisms has a
canonically induced orientation. This can be seen by induction on dim V, given that the space of self-adjoint
endomorphisms of V @ C is canonically isomorphic to End*?(V) @& V @ R. So the space of self-adjoint auto-
morphisms of V, which is a real closed submanifold of Aut(V), is orientable. Similarly, the space of trace-free
self-adjoint endomorphisms of V & C is canonically isomorphic to End *?(V) & V, so the space of self-adjoint
automorphisms of determinant 1, which is a real closed submanifold of Aut(V), is orientable. The function
I' 5 v — m(yay™1) restricted to the space I'S” of self-adjoint elements of I' of determinant 1 maps I';? into the
space (H%)5 of trace-free self-adjoint elements of H*'%; that is, into its tangent space at 1 € I'}, and (given
that a is I'-stable) its derivative at 1 is an isomorphism between T; I3 and (H%?)3%.

Replacing a in (7.1) with ta for t > 0 sufficiently small (depending on a), it follows from that estimate
that once ¢ is sufficiently small, the kernel of the R-linear function (DD), acting on the trace-free self-adjoint
elements of H° is zero, and this holds for any such ¢ and any sf(ta) with |s| < 1 where f(a) € A%?(End E;,)
is the section specified by Proposition 2.6.
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Now view @ in Proposition 7.1 as a function of 4 € I' and dq-closed a” € A%'(End Ey), taking values
in the trace-free self-adjoint elements of H*°. When restricted to those a’ € A%!(End E}) of the form a” =
ta+s 58B0(ta) for0 < t<1andO < s < 1 and self-adjoint v near 1 of determinant 1, there is an induced map
I — (H%9)%4, for which, from (7.1), the derivative with respect to its first variable ~ at 1 is injective once t is
sufficiently small, where “sufficiently” depends upon a; more specifically, on the first non-zero eigenvalue of
LyLg.

Theorem 7.2. Suppose a ¢ H%! satisfies T>°A(ana”+a" Aa) = 0. Then for t > O sufficiently small (depending
ona)and s € [0, 1] there exists self-adjoint § € ker 0, and self-adjoint ¢ € (ker )" (both depending on s
and t) such that if(exp(tp) - exp(6) - (do + as,¢)) = A1, where ag, = ag; + dg, A5, = ta+ séSB(ta), and
B(-) € A%2(End Ey,) is determined by Proposition 2.6. Furthermore, there is a constant C = C(dy, a) such that
1811 < Ct* and |||l < Ct* for t > O sufficiently small (depending on a).

Proof. The assumption on a implies that it is polystable with respect to the action of I'. Assume initially that
a is stable with respect to this action.
If t > 0 is sufficiently small and s € [0, 1], (D1 <D)(1’ ) gives an isomorphism between the tangent space

toI'gt at 1 and (HO’O)(S)“. The manifold I'y? is orientable, and the degree of D(-, a; ;) at A1is independent of
s and sufficiently small ¢, and is therefore equal to the degree at A1 for such t and s = 0. If ¢; := ¢(ao,¢),
then by (6.14), Lemma 6.3 and the remarks following that lemma, for § ¢ H%9 near 0, there is a function
Ry, = Ry(t, 6) with ||R4(t, 6)||» < Ct* such that, for v5 := exp(5),

D(vs, ag,() = HO’OUE( exp(@ (s - @o,0)) * (do + 75 * @o,¢))
= A1+ Dog(ag,) - i PIOCA(a A’ + " A @) + t2 ma(8) + Ry(t, 6)
= A1+t ma(8) + Ry(t, 6) . (74)

Since both @ — 11 and mq take their values in the space of trace-free self-adjoint elements of H*°, so too
does R;. Since m, is an isomorphism on this space and R,(t, §)/t* is uniformly bounded as t — 0, it follows
that A 1 is in the range of D(-, ag,t) for t sufficiently small, and indeed that the degree of (-, ag,t) atAlis
precisely 1. Therefore, for s € [0, 1] and t > O sufficiently small (depending on a), there exists v € I' such
that

iF (exp(p(y - as,)) v+ (do +as,)) =A1.

The invertibility of m, on the space (H*°)3? of trace-free self-adjoint elements of H*:° implies that there
is a solution y = exp(6(t)) to i?(exp(y ~ast)) -y (do + as,t)) = A1 depending continuously on t, and from
(7.4), the section 6(t) satisfies a bound of the form ||§(t)|| < Ct?/cq Where cq is the lowest eigenvalue of Ly L,
acting on (Ho’o)f,“ and C = C(dyp, a). Then uniform bounds on exp(6(t)) give estimates on exp(6(t)) - a, and
together with the estimates of Proposition 6.2, a uniform L bound on ¢ of the form C t2/ c4 follows for some
new constant C depending on dj and a.

If now a is assumed to be polystable but not stable, then the isotropy subgroup I'x has dimension greater
than one. Hence there are non-zero trace-free elements of H-° commuting with a, and by 2. of Theorem 4.7,
so too do their adjoints, as they all do with S(ta) for any (small) ¢ > 0. Hence there are non-zero trace-free
self-adjoint elements of H*® commuting with a and B(ta) for any such t, and therefore there are non-zero
trace-free self-adjoint endomorphisms of E;, that are covariantly constant with respect to dg + as ¢ for all s, t.
Any such endomorphism gives a unitary splitting of the bundle and connections, and these splittings are all
compatible with one another, including the splitting of (E;,, do). With respect to such a splitting, the form «
splits into a collection of endomorphism-valued (0, 1)-forms on X, each of which is 0-harmonic with respect
to the induced connection. The “off-diagonal” components of a with respect to such a splitting are zero, since
a commutes with the trace-free endomorphisms determining the splitting. Since a is of minimal norm in its
orbit under ~, each of the “diagonal” components of @ must be of minimal norm under the action of the sub-
group of I' that is the automorphism group of the corresponding component of (E,, do). Hence each of these
components defines an element of the corresponding space that is polystable with respect to the action of the



102 — Nicholas Buchdahl and Georg Schumacher DE GRUYTER

corresponding automorphism group, so it follows by induction on the rank r that for ¢ sufficiently small, for
each of these new bundles with connection, once ¢t > 0 is sufficiently small there is a complex gauge trans-
formation that gives a new connection with iF a scalar multiple of 1, (the case r = 1 being elementary). Since
the splitting of (Ey,, do) is unitary and iF(do) = A1, the relevant scalar in all cases is A. For each summand,
the estimates on the corresponding endomorphisms § and ¢ imply an estimate of the required form on the
direct sum connection, verifying the last statement of the theorem. O

A direct proof of Theorem 7.2 that does not use induction on rank appears to be possible, but raises a number
of interesting representation-theoretic questions.

Corollary 7.3. Under the hypotheses of Theorem 7.2, if t > O is sufficiently small and dy + as ; is integrable, then
the corresponding holomorphic bundle is polystable, and is stable only if a is stable with respect to the action
of I.

Proof. By Theorem 7.2 and the results of Kobayashi and Liibke, the holomorphic bundle defined by d + as,;
is polystable. If it is not stable, then there exists a non-zero trace-free holomorphic endomorphism of this
bundle. By Theorem 4.7, this endomorphism is covariantly constant with respect to dy and commutes with
a, these facts contradicting the assumption that a is stable with respect to the action of I'. O

Remarks.

1. From the viewpoint of deformation theory, an unobstructed infinitesimal deformation is (poly)stable with
respect to the action of I' if and only if there is a 1-complex parameter family of (poly)stable holomorphic
structures whose tangent at E is the given infinitesimal deformation. Of course, in the case that the latter is
polystable but not stable, there may be families of bundles that are semistable but not polystable with that
tangent vector, which will often be the case if H>(X, End E,) vanishes. (Direct sums of non-isomorphic line
bundles of degree zero on a torus provide an example when this is not the case.)

2. A relatively straightforward application of the continuity method applied to the assignment t — g; € G
solving i/ﬁ(gt - (do + as,¢) = A 1 gives a more quantitative version of Theorem 7.2, namely that the dependence
of t on a stated in the theorem can be made explicit if the constant C there is replaced by by Co||a||?/ca where
Co is a constant depending only on dy and where c, is the first non-zero eigenvalue of L,L, : H*® — H%O,
In the interests of brevity, an explicit proof will not be given.

The following proposition is the companion uniqueness result to Theorem 7.2 (existence). The proof of the
first statement is based on the proof of Corollary 9 in [11]:

” =* ” ” . .
Proposition 7.4. Suppose a € H*',a" = a + 0of, a = —(a")" +a’, and lallp < € where e > 0is as in

Theorem 4.7. IfilA-"(gl ‘(do+a))=A1= il?(gz -(do+a)),theng, = ugyvforsomeu € Uand~ € I'y. Furthermore,
there exists go € G with ilA-"(go - (do + a)) = A1 satisfying the conditions that g, = g, is positive, det gy = 1, and
11°%(gpg,) € H* is orthogonal to the space of trace-free elements of ker Ly, with these conditions determining
8o uniquely up to conjugation by unitary elements of I'q.

Proof. Letdg := do + a and set dj, := g1 - dq, so for g := g,g7" it follows that g, - dq = g - d}, with il??(db) =
Al = il?(g - dp). After a unitary change of gauge applied to g, - dq, it can be supposed that g is positive self-
adjoint, with g = exp(v) for some self-adjoint v. If y € R and with dy := exp(y v) - d},, by (6.9) the function
Royw— (if’(exp(y v)-d,)-A1,v) € Rhas derivative (Ayv, v) = ||dyv||* = 0 and is therefore a non-decreasing
function on R. Since it attains the value 0 at both y = 0 and y = 1, it must be constant on [0, 1] with derivative
identically 0. Hence d,v = 0, which implies that d4(g7'g,) = 0. By 1. of Theorem 4.7, v := gilg, is do-
covariantly constant and commutes with a. Thus ug, = g1 for some u € U and ~y € I,.

To prove the second statement, note that I'" acts freely on G by right multiplication, as does the closed
subgroup Xy C I of elements in I'y of unit determinant. Given a fixed g € G there is a constant ¢ = c(g) such
that c|v||> < [|gv|* < ¢ Y|y, so there exists vo € X minimising ||gv||? over all 4 € Zq. The Euler-Lagrange
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equation for this functional on Xy is I1(gyg,) = 0, where IT is L?-orthogonal projection onto the space of
trace-free elements in ker Ly, the Lie algebra of X,.

Suppose now that g1, g, € G are as in the statement of the proposition, with g, = ug;~ forsome u € U
and some v € [,. Suppose in addition that both g; and g, have unit determinant, are both positive and
self-adjoint, and that HO’O(g;gj) is orthogonal to the trace-free elements of ker L, for j = 1, 2. Then for any
trace-free ¢ € ker Ly, and using the fact that the trace of a covariantly constant endomorphism is constant,

0=1(2:82,¢) = (7 81817 ®) = (8181, 7d7")

trygy” 1)
r

- lgalf 222

2 trygy”

= (2181, = llgallz: =

Therefore 4"+ is a multiple of 1, and this multiple must be 1 since 1 = detu det~. Thus v € U(I'x), the group
of unitary elements in I' commuting with a. Then since g; and g, are both self-adjoint, g5 = g5g, = 7'g1817 =
(v 'g17)?, and positivity implies g, = v 1g1~. From g, = ugi, it then follows that u = 1. O

Theorem 7.2 gives a condition under which a connection near d, has a connection with central component of
the curvature equal to a scalar multiple of the identity in its orbit under G, but the deficiency of the result is
that how near to dg the connection must be depends on the connection itself, dictated by the relative sizes of
the eigenvalues of Ly L,. This issue is addressed in the next section.

8 The local Hitchin-Kobayashi correspondence

As stated at the end of the previous section, the objective of this section is to remove the dependency of
Theorem 7.2 on a other than through ||«||. That is, retaining all of the notion of that section, the objective is to
prove the following result:

Theorem 8.1. Let dy be a connection on Ey, with iF(do) = A 1. Then there is a constant € = e(do) with the
following property: If « € H* is polystable with respect to the action of I and ||a|| < €, and if € A%?(End E},)
is as in Proposition 2.6, then there exists g € G with iF(g - (do + a)) = A1, wherea =a +d’ fora’ = a+ dop.

The approach to proving this result is to ensure that the analysis is performed in a sufficiently small neigh-
bourhood of dy where the connections are well-approximated by their linearisations, which has the effect of
reducing the problem to a finite-dimensional question that is naturally attacked using the methods of classi-
cal geometric invariant theory. Before commencing the proof of the theorem, there are several remarks and
observations that simplify matters considerably.

First, consider the case in which the rank r of the bundle E;, is 1. Then a is a harmonic (0, 1)-form on X,
B must be zero since @ A a = 0, and the connection d, = dg + (a - «”) has curvature F(do), which already
satisfies the condition iF = A. Thus g = 1 solves the equation. In the general case, if iF (g-(dg+a)) =271,
then on taking the trace of both sides it follows that iA (tr (F(do) + doa + a A a) + 0 0 log det(g’g)) = r A, which
implies that i/ 0 0 log det(g"g) = 0 and hence that det(g’g) is constant. After rescaling g by a constant, it can
therefore be assumed that |det g| = 1.

Second, given that a is polystable with respect to the action of I', it may be assumed without loss of
generality that a is of minimal norm in its orbit under I', and therefore iA(a A a" +a" A @) is orthogonal to
ker 09, by Lemma 5.1.

Third, as it was for the proof of Theorem 7.2, if a is polystable but not stable, precisely the same argument
using induction on r that was employed at the end of the proof of Theorem 7.2 reduces the problem to the case
when a is stable with respect to the action of I'. Given this, the uniqueness result Proposition 7.4 implies that
the only freedom in choice of g is that of replacing g by ug for u € U.

Hitherto, little use has been made of unitary gauge freedom U > u — u - d for a connection d, as this
is subsumed into the complex gauge freedom G > g ~ g - d. But since the equation iF(d) = A1 is invariant
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under unitary gauge transformations of the connection d, it is helpful to make use of the opportunity to place
connections in good (unitary) gauges:

Lemma 8.2. There are constants € > 0 and C depending only on d with the property that if dy + b is a connec-
tion with ||b| <€ then there is a unique skew-adjoint section i € A%°(End Ey,) orthogonal to ker dg for which

do(e? - (do +b) - do) = O, with ||| » < C||dob||z.

Proof. The linearisation of the function U 5 u — dg(ubu™ - douu™) atu = 1and b = 0is A>°(End Ey) >
0 — Ao, which is an isomorphism from the space of skew-adjoint elements of A%°(End E;,) orthogonal to
ker dy lying in L"ZJ to the same such space of elements lying in L?. Since the original function takes values in
the latter space, an application of the implicit function theorem implies that there is a number € > 0 such that
the equation d; (e¥be™¥ - (doe?)e™) = 0 has a unique skew-adjoint solution 1 € (ker do)* C A*°(End Ey,)
if |[b|l» < €, and moreover [ 1] p < C||dob||z» for some C = C(do). O

Turning now to the proof of Theorem 8.1 and retaining most of the notation of the previous section, suppose
that a € H>! is stable with respect to the action of I' and is of minimal norm in its orbit under this action,
with ||a|| = 1. For t > 0 sufficiently small that Proposition 2.6 is valid, let 8¢ := B(ta) and let a; = a; + a; for
ay :=ta+ 5;/%, with d; := dg + a;. Fix anumber €, € (0, 1], the precise value of which will be fixed later, but
for the moment should satisfy the condition that for any t € (0, €], a; satisfies the hypotheses of Lemma 2.5,
Proposition 2.6, Theorem 4.7, Corollary 4.8 and Lemma 8.2. Now let

S:= {to € (0, o] ‘ forevery t € (0, to] there exists g € G with ||(5tg)g’1|}yl, <t
for which g - d; =: do + by satisfies dyb, = 0 and iF(do + by) = A 1.}

By Theorem 7.2, for ¢ > 0 sufficiently small (depending on a) there exist trace-free self-adjoint 6 € ker 9o and
¢ € (ker 9o)* with ||6]| + el < Cqt? such that iF(g - di) = A1 for g = exp(¢) exp(6). Then (9,8)g™! =
(009)g™! + af — ga;g™! = (00e¥)e™? + [a;, glg™". The first term is bounded in L? by C4t?, and since g™
is uniformly bounded in C° whilst ||g - 1]z < Cat, the bound la;|| < Ct implies that ||(5tg)g‘1||L11: < Cqt?

for some new constant Cq. Since doa; = 0, it follows easily that I 5;( -(008)g" +gaig™")||,, < Cat’®, so by
Lemma 8.2, after a unitary gauge transformation u-g-d; = do+b; so that dyb; = 0, the complex automorphism
& = ue?e® c § satisfies the requirements for ¢ to lie in S once t > 0 is sufficiently small. Thus S is not empty.

The fact that S is open (if € is sufficiently small) will be shown shortly, this being a straightforward
consequence of the implicit function theorem. The proof that S is closed is more involved, involving a priori
estimates on solutions.

To see that S is open, suppose that ty € (0, €0) N S, and let go € § satisfy ||(3¢,80)85"||,» < to, dobo = O
1

for do + bo := go * di, and il?(dto) = A1. The linearisation of the function § > g — 1'1A~"(4gr - ds) at go €
is A>°(EndEy) > 0 — d), d, 0+ € A%°(EndEp). If 0 is in the kernel of this map, then 9,0+ = 0, so
(90 +ay,)(g5'0+8o) = 0. Given that ||ay, | 1z < Cto and to is sufficiently small, it follows from Theorem 4.7 that
the endomorphism g5l 0. g, is covariantly constant with respect to dy and commutes with a as well as with
B¢, Since a is I'-stable, this implies that g5 0. g, is a scalar multiple of the identity, and therefore so too is
0. Hence the kernel of Aj,, = d), d,, acting on the trace-free self-adjoint sections of A%°(End Ey) is zero, and
so an application of the implicit function theorem implies that there is a small neighbourhood of ¢, in (0, €g)
that lies in S, proving that S is open.

It remains to show that S is also closed. Suppose now that (0, tg) C S, and for each t € (0, tp), letgs € G
satisfy detg; = 1, iF(g; - d¢) = A1 and dyb, = O for g; - d; =: do + by, with ||(5tg[)g[1||L,i < t. Since

bi = -(008)g: " +grarg:' = —(0i80g:* + ar,

it follows that || b¢|| < Ct for some constant C = C(dp), and therefore the preparatory results Lemma 2.5,
Proposition 2.6, Theorem 4.7, and Lemma 8.2 apply to the connection dy + b, if € is sufficiently small.
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The equation iIA?(do +b)=A1= iF (do) implies that iA(dob¢ + by A b¢) = 0, which can be re-written as
doby - dob; = ~iA(by A b, + b A D).
Since 0 = djb; = db, + doby, it follows that 23ob; = iA(b; A b + b} A b}), implying that || dob|||r» < Ct? for
some C = C(do). Note that since doa; = 0, this is a bound on the L? norm of 9o ((9:8¢)g;"), and because of

the uniform bounds on a;, this can also be seen as a uniform bound on the L norm of 5: ((Et gt)ggl).
By Lemma 2.5, there is a unique self-adjoint ¢, € A%°(End E;,) orthogonal to ker 9, such that

—*

do(e ?dpe? +e ?bie?) =0 with |@| < Cllobs ||y < CE . (8.1)

If do + c; := exp(~¢) - (do + by) = (exp(-@1)g;) - (do + ay), then 586: =0 = éﬁ,a';, so by the first statement
of Corollary 4.8 (using the connection on End E;, = Hom(E;,, E;,) induced by dg + a; and d, + ¢, respectively),
e ?tg, =: » is do-covariantly constant and c;~¢ = va;. Note that since ¢, must be trace-free (being orthog-
onal to 1) and det g; = 1, it follows that det v, = 1. Since ~; is invertible, c; = ¢ y;ar;t +~, doferi L, but since
t < €, is sufficiently small, v, doBe77 ! = dof(tr;ar; ). Since do + ¢, = exp(~g¢) - (3o + b)) and Ipellyz < Ct?
whilst || b} || 1 < Ct, it follows that llcy ]| 1 < Ctand in particular, llc¢|lz2 < Ct. But since

17122 = 2[|year ]| + || doBtreari D] % 8.2)

it follows that a; := ~,ay; * is uniformly bounded in L? independently of ¢ and a, and since a is stable with
respect to the action of I', the assignment I' 5 v — |yay || is proper on the elements ~ € I' that have unit
determinant; therefore v¢ converges to some vy € I'as t — ty. Since t is sufficiently small that Proposition 2.6
applies, 787 = B(ty:av;!) converges in LY to B(tovoaygt) as t — to.

The uniform L% bounds on ¢, imply that these converge weakly in L% and by the Sobolev embedding the-
orem, strongly in C! to @y € (ker dp)™, so the corresponding automorphisms g; = exp(¢;)y have the same
convergence. By ellipticity of the dy-Laplacians on A%!(End E;) and A%2(End Ey,), the function f8 of Propo-
sition 2.6 depends smoothly on its argument, and therefore B(tv,av; ') converges smoothly to B(tov,av) as
t — to. Ellipticity of the equations o; (h;10,h,) = A1 - h;*F(d,)h, for h; := g;g, and smooth dependence of a;
on t then imply that the family (h;) depends smoothly on t, and the uniqueness of the unitary gauge stated
in Lemma 8.2 then gives smooth dependence of (g;) on ¢, so g; converges smoothly to some go € Gas t — to,
with dg + bo := go - (do + ay,) satisfying iF(do + bo) = A1, dyh, = 0, and |(0t,80)80" [l < to- The proof that
S is closed will be complete if it can be shown that this is a strict inequality, but ensurilng this is the critical
issue.

As above, a; := v - a = yav; Lis uniformly bounded in L? and hence in L’z’ independent of t € (0, €o]
and of a. Since ¢ = ta; + dpf(tay),

” 2 2
llce = tacllp2 < ClIB(tad)||pp < Clitae]|z> < Ct

for some uniform constant C, using here Proposition 2.6. Again using the LIZJ bounds on ¢, it then follows
that
EliA(aenar +ar A ae)| < ||iA(b'[ Abp+ by A bt)|| +ct=ct. (8.3)

Thus, if
m(o) := HO’OiA(a AG +0 A o) foroe H%!

is the moment map for the action of I' as in §5, then ||m(a)|| < Ct for some constant C that is independent of
a and t. In fact, it follows from (6.11)(a) that there is a better estimate, namely ||m(a;)|| < Ct? for some new
constant C independent of a and t, provided that €y is sufficiently small.

Note that the important relationship between ||o|| and ||m(0)|| for 0 € H®! (or more precisely, the be-
haviour of the projectively-invariant function ||m(0)||/|/c||?) has been studied earlier; cf. for example [31],
[20], [30].
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Lemma 8.3. For every € > O thereis a § > 0 such that ||yav 1||*> - 1 < € for every polystable a ¢ H%! with

m(a) = 0 and ||a|| = 1 for which |[m(va~y™Y)|| < .

Assuming for the moment that this “uniform continuity” result holds, the proof of Theorem 8.1 is easily com-
pleted. As before,

B a4 0 1 = _ " " o_q
0¢8:8¢ = 008:8¢ +ar —8targ; =(00e?)e ™ +a; - e yia;yi e,
so with the earlier estimates on ||¢¢|| 1 and on ||B]] e
S o o1 2 _ 2
19ege8i Il < tlae - alp + CE < C'tlla - a2 + Ct (84)

for some uniform constants C and C.

The unitary gauge transformations provided by Lemma 8.2 have been applied to the connections with
central curvature —iA 1, but as yet, none has been applied to the connections d;. This is now done by writing
~¢ = pru; for some uniquely determined positive self-adjoint p; € I' and some unitary u; € I'. The convergence
of ~¢ to o implies convergence of p; and u; to some positive py and up in I' respectively. Note that all the
estimates above apply equally with no change of constants when a is replaced by a; since they depended on
a only through ||a||. Since a; := u;au;! is of minimal norm in its orbit under I' (i.e., that of a), it follows that

e - at||* = llael|” - 2 Re (@r, @) + [|il|” = lell” =2 (py " - @i, by - ) + atl)” < el >~ 1
From (8.4), || 0:g:87 || 1» will be less than ¢/2 if both ¢ < ¢ and to is sufficiently small (depending only on do)
and ||a; — ;|| is also sufficiently small. The latter condition will hold if ||a||? is sufficiently close to 1, and
by Lemma 8.3, this in turn will hold if ||m(a;)|| is sufficiently small. From (8.3), that last condition will be
satisfied provided that t is sufficiently small, where “sufficiently small” is a condition that depends only on
dy, and not on a. Consequently, provided that €, is chosen to be sufficiently small, the set S will be closed as
well as open, and hence be equal to (0, €q], completing the proof of Theorem 8.1. O

It remains to prove Lemma 8.3, which will be a consequence of the following:

Lemma 8.4. Suppose a € H>'\{0} satisfies m(a) = 0. Then for any v € T,
for some constant C depending only on d,.

ey H|* -l < C|m(yay Y|

Proof. The polystable holomorphic bundle Ej splits as a direct sum @ﬁl E; of stable bundles all of the same
slope. With respect to this splitting of Ey, a form 7 € H%! corresponds to an m x m matrix [T]-i] of (0, 1)-forms,
with Tji being 0-harmonic with respect to the induced Hermite-Einstein connection on Hom(E i» E;). Then

m m
2 i2
172 =305 IR

i=1 j=1
Moreover, m(t) = II°%iA(t A T" + 7" A T) corresponds to an m x m matrix for which the i-th diagonal entry is
. m . . . .
m(7);' = V-1 ZH(:.’OA((T;)* At +T) A(T])),
j=1
where H(:.’O is L2?-orthogonal projection onto the (i, i)-component (of ker d¢). Since E; is stable for each i,
Aut(E;) = C” and so the projection HOI.’O here is simply given by integrating the trace over X. Thus

m

m@ = > (I717 - I7/17) -

j=1

(More precisely, m(T)ii is the number on the right multiplied by the identity endomorphism of E;, but this fact
only changes estimates by combinatorial factors bounded by a combinatorial function of r.)
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Suppose now that « € H%! satisfies m(a) = 0Oand v € I'. Using a Cartan decomposition of I'intoI' = U T U
where T is a maximal complex torus and U = U(I'), it follows from the left and right unitary invariance of the
norm and the unitary equivariance of m that v may be assumed to lie in T; that is, v = diag(ty, ..., tm) for
some ¢; € C".

Instead of working directly with a, it is more convenient to work with 7 := a1, so m(74) = 0 and it must
be shown that ||y7||? - ||77]|? < C||m(y7)|. This will follow if it can be shown that

m
S (G - 162t/ 1) = 0 fori=1,..., mimplies that (8.5)
j=1
m m . m m X .
SO TP P = 15120710%) < € 7Y (6Pl - 16P 1 1%) (8.6)
i=1 j=1 i=1 ' j=1

for some constant C, using here the fact that the ¢; and ¢, norms on H%° are equivalent in this representation.
Observe that

2 2 i|2 |2 2112 212 2.2 2.2
(161" = 1617 (07 = 17 07) = (61717 = 161 1)+ (6l el 17 = 1515050
and by (8.5), for each fixed i the second term on the right sums to zero on application of Zi' Similarly,
2 2 i|2 (12 202 20712 27112 2012
(1617 = 161°) (1= + 1T 217) = (6070 = 1170 /07) + (6017 = 1G1007507)

and again (8.5) implies that the second term on the right sums to zero on application of Zj. So (8.6) is equiv-

alent to . .
2 2 i)2 j (12 2 2 i)2 12
SO P -1 (12 - 1112y < € ST (6P - 1612 (1517 + 11e/12)
=1 j=1 i=1 ! j=1
After renumbering, it can be assumed that |t;| > |{;] if i < j. The summand on the left is symmetric under

interchange of i and j, so it can be written as 2 31, S°7_;.; (1t:I* - 1t;1%) (II7}']|* - |7/]12). Then the desired
inequality will certainly follow if it can be shown that

r

r r
S P =16 1P+ /1Py < € 3

i=1 j=i+1 i=1 | j=1

(Itl* = 1613 (1717 + 1T/11%)

That this is true is a consequence of the following:

Lemma 8.5. Let S = (s;;) be a skew-symmetric m x m matrix with s;; > 0 if i < j. Then

ZZSUSZ’" 12 z::s,]

i=1 j=i+1 i=1

Proof. 1t will be shown inductively that for k € {1,...,m},

SPILTEEDS

i=1 j=i+1 i=1

(8.7)

Zsu

For k = 1, the inequality clearly holds since s4; > O for every j. Suppose that the inequality has been shown to
hold fork=1,...,¢- 1. Then for k = ¢, the new term on the leftis L, := Zj":’éﬂ Syj, and on the right the new
termis Ry := | Z}Zl Sgj|-Let Ay := - Zf;ll s¢j 2 0and B, := Z;ﬁhl s¢j > 0,50 R; = |B;—A,| and by inspection,
Bg = L[.

By skew-symmetry of S,

j=1 i=1 i=1 j={ i=1 j=1
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using the inductive hypothesis. Now if B, - A, < 0, then L, = By < A, < 2/2 Zf;ll | Z].’Zl

DS T I B ITTING ) SNPRCS ZSU <2“Z

i=1 j=i+1 i=1 j=i+1 i=1 j=i+1 i=1

ZSU

On the other hand, if B, - A, = 0, then

m
Bg=(Bg—Ag)+Ag=’Bg—Ag}+AgS’Bg—Ag}+zl_zz ZSI']'
i=1 ' j=1

>

so by the inductive hypothesis again,

14 m -1 m m
DD si=Berd D sys[Be-Ad+27 313 sy

i=1 j=i+1 i=1 j=i+1 i=1 ' j=1

L

< t-1 Z
i=1

m

E Sij| -
j=1

This completes the proof of the lemma, and with it, the proof of Lemma 8.4 and hence of Lemma 8.3. O

Remark.

There is an alternative approach to Lemma 8.3 in terms of general theory. Namely, for ay € H%! one can
study the downwards gradient flow for the function I' 5 v +— |yaoy }||?, for which the relevant ODE is
Aevit = [m(ay), a] with v9 = 1, where a; := y.aq7; L. It is easily checked that the flow t — a is the same
as the downwards gradient flow for H>! 5 a — ||m(a)||>. Modulo reparameterisation, the latter covers the
downwards gradient flow for P(H*!) 5 [a] — [m(a)||?/|a||*, for which P(H*?!) > [a] — m(a)/||a|? is
the moment map for the action of I on P(H®') ([31]). An unpublished theorem of Duistermaat using the
Eojasiewicz inequality presented in [25] shows that this flow defines a (strong) deformation retract of the set
of I'-polystable points onto the zero set of the moment map (analogous to the result of Neeman [30] in the
algebraic setting), and Lemma 8.3 follows quite easily from this; see also §§3,4 of [9].

9 Non-stability

Theorem 8.1 is a version of the Hitchin-Kobayashi correspondence for bundles in an L‘l’ neighbourhood of
a polystable bundle, but it does not provide much detail in the case of connections and/or classes that are
not polystable. Whereas non-zero elements of H%! may be unstable with respect to the action of '—that is,
zero is in the closures of their orbits, Proposition 3.2 states that there are no strictly unstable bundles near
Ey, so the correspondence between the two different notions of stability is not perfect, (although this is more
a distinction between (semi)stability in the affine versus projective settings). However, it is nevertheless true
that the interrelation between the two notions goes further than just that described by Theorem 8.1, as will
be seen in this section. All notation from earlier sections continues to be retained.

In general, if € is an arbitrary torsion-free semistable sheaf that is not stable, there is a non-zero subsheaf
8§ c & with u(8) = u(€) and with torsion-free quotient Q = &/8 for which u(Q) = u(€). Both § and Q are
necessarily semistable, and if 8 is of maximal rank, then Q is stable. Iterating this process yields a filtration
of £,0=89 C 81 C 8, C -+ C § = & such that the successive quotients are all torsion-free and stable. Any
such filtration is known as a Seshaderi filtration or sometimes a Jordan-Hoélder filtration, and although it is not
unique, the graded object Gr(€) = @)’.‘:1(8]- /8;-1) is unique after passing to the double-dual.

In the current setting of holomorphic structures E near to Ey, Proposition 3.2 states that E is semistable
whilst Proposition 4.4 states that any destabilising subsheaf of E is a subbundle. In this case therefore, there
is a Seshaderi filtration of E defined by subbundles, so the graded object Gr(E) associated to E is a polystable
holomorphic structure on Ej,.
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Recall from the proof of Lemma 3.1 that if A is a holomorphic subbundle of E with quotient B, then in a
unitary frame for A and B, a hermitian connection dg on E and its curvature Fx have the form

dg =

dA B Fr = FA_ﬁ/\B’k dBAﬁ
B dg|’ E2l —duB Fs-BAB|’

where now f§ € A%Y(Hom(B, A)) is a 9-closed form representing the extension0 - A — F — B — 0 and
where d, and dp are the connections on A and B induced by the hermitian structure and dg. If tkA = a

. t’ o , , . .
and kB = b, and if t > 0O, let hy = {0 - a} so h; is covariantly constant with respect to the direct sum

connection dygp on A & B, deth; = 1, and h; - dg has the same form as dg with f replaced by t‘”bﬁ. So as
t — 0, h¢ - dgp — dagp. Proceeding inductively, it follows easily that there exist g; € G such that g¢ - (do + a)
converges in C* to a Hermite-Einstein connection on Gr(E). Note that if the homomorphic structure E is
defined by ds = dy + a, this argument shows that the holomorphic structure on Gr(E) is defined by some
connection d; = dy + @ where Hc‘zHL;ly < ||a||L117, so dg is close to do in LY if dg is.

By Proposition 4.5, every holomorphic endomorphism of Gr(E) is also do-closed, and is therefore covari-
antly constant with respect to dy, by Corollary 4.2. Thus the automorphisms g; € G can even be taken to lie
in I'. The following result gives something of a converse to this observation, albeit in a rather special case. In
its hypotheses, how small is “sufficiently small” is determined by the connection dy, so that Corollary 2.4 is
applicable.

Lemma 9.1. Let dy + a be an integrable connection on Ey, with ||a|| I sufficiently small, and suppose that a” =

a+ EBB for some a € H*! and B € A%2(End Ey). Then the following are equivalent:

1. Forany € > O there exists v € I such that ||[yay ™| < €;
2. Forany € > O there exists g € G such that ||g - (do + a) - dOHLI; <E.

Proof. The implication 1. = 2. follows immediately from Corollary 2.4. For the converse, assume € > O is
smaller than the number specified in Lemma 2.5 and let g € § be an automorphism such that ||g - (do +
a) - dol| © <€ Applying Lemma 2.5 to the semi-connection g - (3¢ + a”) yields a unique ¢ € A>°(EndE;)

orthogonal to ker d¢ such that do + & := exp(¢p) - g - (do + a) satisfies dod” = 0, with |@”|| bounded by a
fixed multiple of €. Applying Proposition 4.5 to the connection on Hom(Ey,, Ey,) induced by dg + @ and dg + a
and the section exp(¢p)g of this bundle, it follows that if € is sufficiently small then exp(¢)g =: v must be
do-closed with a’y = va". Thenifa” = & + 56/?, orthogonality of the decompositions gives v lay = &, and
|1&[| is bounded by a fixed multiple of € since [|@"|| s is. O

Consider now an integrable connection dy + a, with ||a|| I assumed to be appropriately small and with a” =

a+ 56/3 for some a € H>! and some € A%2(End E;,) orthogonal to the kernel of 58. Under the action of I
on H%!, there is a point & € H%! of smallest norm in the closure of the orbit of & unique up to conjugation
by unitary elements in I', and this is a I'-polystable point (if not zero). Since & is in the closure of the orbit of
a and each element near 0 in this orbit lies in the analytic set ¥~1(0), there is a unique section B € Ao’z(Eh)
such that 0g + @ := 0o + & + 5;[3 is integrable, so by Theorem 8.1 the corresponding holomorphic bundle E
is polystable. The following is the main result of this section, this being Theorem 4 of the introduction:

Theorem 9.2. With the preceding definitions, let E be the holomorphic structure defined by do + a. Then E ~
Gr(E).

The proof, which is principally by induction on the rank r of E;, (with the initial case r = 1 being self-evident)
proceeds in several stages, corresponding to three cases: 1. That a = 0; 2. That a is not zero and is not I'-
semistable; and 3. That a is I'-semistable. The first is the totally degenerate case for which a = 0:
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Proposition 9.3. Let d, + a be an integrable connection on E;, with Ega" = 0, and let E be the corresponding
holomorphic structure. If ||a||,» is sufficiently small then 1°'a” = 0ifand only if E ~ E,,.

Proof. IfI1%'a” = 0, then it follows from Corollary 2.4 that a” = 0, and therefore a = 0. Conversely, if E ~ Eo,
then there exists g € G such that g - dy = do + a, or equivalently, dog + a’ g = 0. Applying Proposition 4.5 to
the connection on Hom(Ey,, Ey,) induced by do and d, + a, it follows that dopg =0 =a’g,soa” = 0. O

Before moving on to the other two stages of the proof of Theorem 9.2, consider first some general features

applicable in all cases. Let do + a be as above with a” = a + dof. Choose a sequence (v;) in I with det~; = 1

for every j such that [y;av; !> — infr lyay~t||? asj — oo, so after passing to a subsequence if necessary, it
ye

can be assumed that a; := ~;a~; ' converges to some & € H*'.

If B := 7,‘/3%‘_1 and a;f =+ 58/3;, then do + a; = ;- (do + a) is an integrable connection defining
a holomorphic structure isomorphic to E, with 58a}' = 0. By Corollary 24, ||a; | 1 is uniformly bounded
independent of j, so after passing to another subsequence if necessary, the connections do+a; can be assumed
to converge weakly in L¥ and strongly in C° (say) to a limiting connection do+a, with a € L. Elliptic regularity
combined with integrability of the connection together with the equation 5;51" = 0 imply that a is in fact
smooth. Indeed, using the analysis of §1, the forms f; can be assumed to be converging in L'z’ to a limit in

A%2(End Ey) that is orthogonal to ker 5;, and by the uniqueness statement of Proposition 2.6, this limit must
be the form B mentioned earlier, with @” = & + dop.

Since det+; = 1 for every j, it follows that if ||;|| is uniformly bounded then a subsequence can be found
converging to some o € I', and then dg + @ = 7 - (do + a). This is the case considered in the previous section
when a € H>! is a I'-polystable point. So it may be supposed that |7l is not uniformly bounded, and after
replacing +; by +;/||v/, these may be assumed to converge to some o € H®O with ||yo]| = 1 and det o = O.
It may also be assumed without loss of generality that +; is self-adjoint and positive for each j, so v, is also
self-adjoint and non-negative.

The equation v; - (do + a) = do + a; is equivalent to Ejfyj = 0 where d; is the connection on Hom(Ey, Ey,)
induced by do + a and dy + aj, these connections converging to the connection on this bundle induced by
do+a and dg+a. So o defines a non-zero holomorphic map from E to E, this map having determinant 0. Since
~o must be of constant rank on X, its kernel K is a holomorphic subbundle of E, necessarily of the same slope
as that of E}, (because E and E are semistable of the same slope). Thus E may be expressed as an extension
by holomorphic semistable bundles 0 —+ K —+ E — Q — 0, where Q := E/K.

Consider now Case 2. of Theorem 9.2, namely when « is non-zero and is not I'-semistable. By definition,
zero is in the closure of the orbit of a under I', so & = 0 and therefore E = E by Proposition 9.3. For notational
convenience, set E; := K = kery and E, := Q = E/K. Since ~y is self-adjoint, E, can be identified with
E{ C Ej as a unitary bundle. The holomorphic structures on E; and E, are those induced from E as holo-
morphic sub- and quotient bundles. But since E; = ker vy and ~q is a dg-closed self-adjoint endomorphism
of the holomorphic bundle Eg, both E; and E;, have hermitian connections induced from d, with respect to
which the connections are Hermite-Einstein with the same Einstein constant as E,. These connections will
be denoted by dy,1, do,> respectively, so do = do,1 @ do, using self-evident notation.

The limit ~, of the (rescaled) automorphisms +; is do-closed and satisfies ypa = 0 = yo8 and also voa =0,
so in terms of the splitting E;, = E; & E,,

0 0 a;; a1 Bi1 P12 v |diy di,
= , a= s = , a = , 9.1
o {0 a] [ 0 o0 } B { 0 o0 0o 0 ©)

where ¥ = 5" has non-zero determinant. Since , is do-closed, the connection on E, induced by the connec-
tion dg + a (i.e., as a quotient of E) is the same as the connection on this bundle induced by dq (i.e., as a
subbundle of Ey), so the holomorphic bundle E, is isomorphic to a direct sum of stable summands of Eg.
The connection on E; induced by dy + a is identified with do ;1 + a11, with a;; = a31 + 58,1[311. By the
inductive hypothesis (of Theorem 9.2), under the action of I'y = Aut(E1(do,1)), there are connections in the
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orbit of dy 1 + a1, that are arbitrarily close in L’f to the Hermite-Einstein connection d; on Gr(E;). Then using
automorphisms of the form h; as described earlier, the off-diagonal term a'l'2 in (9.1) can be made arbitrarily
small whilst leaving the diagonal terms fixed, from which it follows that there exist g; € G for t > 0 such that
gt (do+a) — (dg ®ddop,)ast — 0.

Thus the two Hermite-Einstein connections do and dgq g, lie in the closure of the orbit of dg + a under G,
but up to unitary isomorphism, there is at most one such connection since the space of Yang-Mills connections
modulo unitary gauge is Hausdorff, by the reasoning of §6 of [1]. So Gr(E;) ® E; ~ Eo, which implies that
GT(E) ~ Eo.

It remains to complete the proof of Theorem 9.2 in Case 3., this being when a € H%! is I'-semistable but
not I'-polystable. With the same objects as earlier, this is the case that & # 0, so E is not isomorphic to Eq (by
Proposition 9.3), but E is polystable, by Theorem 8.1.

By Theorem 4.7, every endomorphism of Ej, that is holomorphic with respect to ¢ + @ is in fact covari-
antly constant with respect to dy and commutes with a, so I := Aut(E) is the subgroup of I' = Aut(Ey) com-
muting with a. The connection do +a defines an w-polystable point, and ;- (do+a) — dp+a.From Lemma 9.1,
once dy+a has been placed in the good complex gauge dy+a of Lemma 2.5 with respect to the Hermite-Einstein
connection d inducing E, there are automorphisms 4; that are d-closed such that i+ (do + @) — d. But now
Case 2. applies with E replacing E, for which the conclusion is that the bundle Gr(E) is isomorphic to E, as
desired. Consequently, the proof of Theorem 9.2 (i.e., Theorem 4 of the introduction) is complete. O

Conclusion

We end this paper with several concluding remarks.

1. The results presented here appear to be of some significance even in the case of compact Riemann
surfaces. When the degree and the rank of E;, are coprime, the moduli space of stable holomorphic structures
on E; is a smooth compact manifold, of considerable interest in its own right, not least because this space
carries a natural hyper-Kahler metric of Weil-Petersson type. When the rank and degree of E;, are not coprime,
the stable bundles are naturally compactified by adding the polystable bundles, and the results here provide
a description of neighborhoods of boundary points.

The case of compact Riemann surfaces is also helpful for obtaining a better understanding of several of
the results presented here. There are no integrability conditions to be considered, and the only singularities
occurring in moduli spaces result from quotient singularities which can be viewed in the light of isotropy for
the action of I on classes in H%1. The cases of genus 0, 1 and 2 for E, being the trivial bundle of rank 2, or
the direct sum of a non-trivial line bundle of degree 0 with the trivial line bundle all provide considerable
insight.

2. In the case n = 2, relatively explicit examples of moduli spaces can be computed, particularly when X
is a ruled surface and even more particularly when X = P; x P;. Using monads, moduli spaces of 2-bundles
have been computed explicitly in [4], including an explicit description of the space of deformations of the
bundle O(1, -1) © O(-1, 1), which again illustrates many of the results here; cf. the Remark following Propo-
sition 3.2. Monads also feature in Donaldson’s paper [10], which presents another illustration of the inter-
relation between the notions of stability in Kdhler geometry and geometric invariant theory, one that is not
independent of the results in this paper.

3. Because the results here focus on a neighbourhood of a fixed polystable bundle, it is reasonable to ex-
pect that they will hold mutatis mutandis on arbitrary compact complex manifolds equipped with Gauduchon
metrics. However, in light of the Remark following the proof of Proposition 3.2, there may be some unforeseen
subtleties. For the sake of brevity and simplicity, we have considered only the Kahler case.

4, 1t is evident from the analysis that the assumption of integrability for connections is not nearly as
important as might be expected, as the (0, 2) and (2, 0) components of the curvature are well-controlled by
Proposition 2.6, given that the calculations are local to dy. This highlights the interesting class of solutions d
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of the Yang-Mills equations on a compact Kdhler manifold for which 0F%2(d) = 0 = dF(d) (which includes
some self-dual solutions on compact surfaces), these bearing some formal similarities to solutions of the
Seiberg-Witten equations.

5. At its heart, the proof of Proposition 3.2 is a manifestation of a very coarse compactness property of
stable bundles, a desirable property used to great effect in gauge theory. Moduli spaces of stable holomor-
phic bundles on a Kdhler surface can fail to be compact in two ways, one reflecting the degeneration from
stable to polystable and the other in terms of the concentration of curvature of Hermite-Einstein connections.
The former is the subject of this paper, whereas the latter is considered in [6]. Although the failure of moduli
spaces of stable bundles on compact Kahler surfaces to be compact can be controlled to some extent as de-
scribed in that reference, in higher dimensions there is less control on the degeneration and one is forced to
consider compactifications in terms of sheaves ([2]). The Bogomolov inequality (c; - (r - 1)c3/2r) - @™t > 0
for semistable sheaves and bundles does not provide sufficient control on subbundles in dimensions greater
than 2.

6. As alluded to in the introduction, there are profound relationships between the theory of stable holo-
morphic vector bundles on compact Kahler manifolds and the theory of constant scalar curvature Kahler
metrics, these relationships mediated by geometric invariant theory. In that the former theory is a quasi-
linear analogue of the latter (in the sense of partial differential equations), it can be hoped that the results
here may provide useful directions for the further investigation of moduli of compact complex manifolds and
their geometries.

7. To conclude on an even more speculative note, in view of the critical importance of Yang-Mills theory
and of representation theory in contemporary physics, it might also be hoped that our results may provide
deeper insight into the nature of elementary particles and their interactions.
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