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Abstract: Let Ts,p,n be the canonical blow-up of the Grassmann manifold G(p, n) constructed by blowing up
the Plücker coordinate subspaces associated with the parameter s. We prove that the higher cohomology
groups of the tangent bundle of Ts,p,n vanish. As an application, Ts,p,n is locally rigid in the sense of Kodaira-
Spencer.
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1 Introduction
Sheaf cohomology of vector bundles is a fundamental object studied in complex geometry and algebraic
geometry. Based on such data, one may derive interesting geometric properties of the base varieties. For in-
stance, geometers exploit appropriate vanishing theorems of higher cohomology to construct global sections
of vector bundles, and extend sections of vector bundles from subvarieties to the ambient spaces. Kodaira-
Spencer theory relates the local deformation of the complex structure of a complex manifold X to the �rst
cohomology of its tangent bundle H1(X, TX). Kuranishi proved that an element θ ∈ H1(X, TX) represents a
local deformation if and only if its obstruction [θ, θ] ∈ H2(X, TX) vanishes, and thus parametrized the local
deformation of complex structures by the so called Kuranishi family.

The study of cohomology groups of equivariant vector bundles on homogeneous manifolds has a long
history dating back at least to the celebrated Borel-Weil-Bott theorem in 1950s, which gives explicit formu-
las in terms of the representations of the groups acting on the manifolds. Since then, various work has been
done in extending the Borel-Weil-Bott theorem under di�erent circumstances. An important direction of fur-
ther generalization is to compute the cohomology of vector bundles on a larger class of manifolds, that is, the
spherical varieties. Kato ([10]) and Tchoudjem ([13]) settled the line bundle case for certain special spherical
varieties (wonderful varieties in the sense of De Concini-Procesi [7]) in terms of theweights of the correspond-
ing lie algebras.

Our paper stems from a systematic study of the canonical blow-ups of Grassmannmanifolds ([8]). It is an
interesting family of spherical varieties, which generalizes the notion of wonderful varieties to homeward va-
rieties. Recall that, by a result of Bott ([3]), every smooth homogeneous algebraicmanifold X overChas trivial
higher cohomology groups of its tangent bundle. This implies that X is locally rigid, or equivalently, any de-
formation Xt parametrized by a complexmanifold T with X0 analytically isomorphic to X, is holomorphically
trivial. Another application in the theory ofD-modules is that every regular function on the cotangent bundle
of X is the symbol of a di�erential operator on X with regular coe�cients (see [1]). Bien-Brion (Proposition 4.2
in [1]) generalized Bott’s theorem to regular spherical Fano manifolds.
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Weare interested in the followingquestion,whichnaturally relates to the computationof the cohomology
groups of the tangent bundle of Ts,p,n.

Question 1.1. What is the Kuranishi family of Ts,p,n?

By a result of Sano ([12]), the local deformation of Ts,p,n is unobstructed, or equivalently, the Kuranishi family
of Ts,p,n is smooth. Unfortunately, Bien-Brion’s brilliant argument does not apply here directly, for in general
Ts,p,n is only weak Fano instead of Fano. More precisely, the di�culty comes from the fact that the restriction
of a big and numerical e�ective line bundle may fail to be big. An example illustrating this is to blow up a
point in CP2, and then restrict the pull-back line bundle of OCP2 (1) to the exceptional divisor.

We state our main result as follows.

Theorem 1.2. Let Ts,p,n be the canonical blow up of Grassmann manifolds. Then,

H i(Ts,p,n , TTs,p,n ) = 0 , i > 0. (1)

In particular, Ts,p,n is locally rigid.

Noticing that Tp,p,2p is isomorphic to Kausz’s ([9]) modular compacti�cations of general linear groups over
C, we have that

Corollary 1.3. Let KGLp be Kausz’s modular compacti�cation of the general linear group GL(p,C). The higher
cohomology of the tangent bundles of KGLp vanishes. In particular, KGLp is locally rigid.

We now brie�y describe the main idea of the proof. Notice that the argument in [1] used the ampleness of
the anticanonical bundle only when applying the Kodaira vanishing theorem. Hence, it is natural to expect a
�ner result if one can replace the Kodaira vanishing theorem by the Kawamata-Viehweg vanishing theorem.
To deal with the di�culty that the restriction of a big line bundle fails to be big, we use the Van der Waerden
representation (see [8]) to extract the very explicit geometry of Ts,p,n. The crucial step is Lemma 3.1, which
shows that the B-invariant divisors of the boundary divisors can be derived from the restriction of the B-
invariant divisors ofTs,p,n. Eventually, computation yields that in our case the restriction of the anticanonical
bundle of Ts,p,n to the components of the boundary divisors is indeed big and numerical e�ective, which is
su�cient to apply the Kawamata-Viehweg vanishing theorem.

The organization of the paper is as follows. In §2, we recall the construction of the canonical blow-ups of
Grassmannmanifolds and the basic properties following [8]. In §3.1, we study the cone of e�ective divisors of
the components of the boundary divisor of Ts,p,n. In §3.2, we �rst establish some numerical formulas of the
restriction for the anticanonical bundles (the proof for the case p = n − s or s is left to Appendices B.1 and
B.2); then prove that the restriction of the anticanonical bundle of Ts,p,n to the components of its boundary
divisor is big and numerical e�ective. Finally, we prove the main theorem in §3.3.

For the reader’s convenience,we recall in AppendixA the construction of the local coordinate charts used
in this paper (the Van der Waerden representation) as well as an example illustrating this. In Appendices B.1
andB.2,weprovide adetailedproof of thenumerical formulas for the restriction of the anticanonical bundles,
when p = n − s or s.

Acknowledgement. The �rst author would like to thank Xin Fu, Zhan Li, and Jie Liu for the insightful dis-
cussions. Both authors would like to thank the anonymous referee for the careful reading and the helpful
suggestions.
Availability of data and materials. The datasets supporting the conclusions of this article are included
within the article and its additional �les.
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2 Basic construction and properties
In this section, we will recall some notions and results in [8].

2.1 Construction of Ts,p,n

Let G(p, n), 0 < p < n, be the Grassmann manifold consisting of complex p-planes in the complex n-space.
Each point x ∈ G(p, n) one to one corresponds to an equivalence class of p × n non-degenerate matrices,
where the equivalence relation is induced by the matrix multiplication from the left by the elements of the
general linear group GL(p,C). A matrix representative x̃ of x is a matrix in the corresponding equivalence
class.

De�ne an index set Ip,n by

Ip,n :=
{

(i1, · · · , ip) ∈ Zp
∣∣1 ≤ ip < ip−1 < · · · < · · · < i1 ≤ n}. (2)

Denote by [· · · , zI , · · · ]I∈Ip,n the homogeneous coordinates for the complex projective space CPNp,n where
Np,n = n!

p!(n−p)! − 1. For each index I = (i1, · · · , ip) ∈ Ip,n and a matrix representative x̃ of x ∈ G(p, n), denote
by PI(x̃) the determinant of the submatrix of x̃ consisting of the ith1 , · · · , ithp columns. The Plücker embedding
of G(p, n) into CPNp,n can be given by

e : G(p, n) −→ CPNp,n

x 7→ [· · · , PI(x̃), · · · ]I∈Ip,n
. (3)

For 0 < s < n and 0 ≤ k ≤ p, de�ne index sets Iks,p,n by

Iks,p,n :=
{

(i1, · · · , ip) ∈ Zp
∣∣1 ≤ ip < · · · < ik+1 ≤ s ; s + 1 ≤ ik < ik−1 < · · · < i1 ≤ n}. (4)

For each 0 < s < n, there is a partition

Ip,n =
p⊔
k=0

Iks,p,n . (5)

Consider linear subspaces of CPNp,n as follows.

CPN
k
s,p,n :=

{
[· · · , zI , · · · ]I∈Ip,n ∈ CPNp,n

∣∣zI = 0 , ∀I ∉ Iks,p,n
}
, 0 ≤ k ≤ p , (6)

where Nks,p,n is the cardinal number of the set Iks,p,n minus 1; by a slight abuse of notation, we denote the cor-
responding homogeneous coordinates by [· · · , zI , · · · ]I∈Iks,p,n . Recall the following projection (rational) map
Fks by dropping the coordinates whose indices are not in Iks,p,n.

Fks : CPNp,n 99K CPN
k
s,p,n

[· · · , zI , · · · ]I∈Ip,n 799K [· · · , zI , · · · ]I∈Iks,p,n .
(7)

We make the convention that CPN
k
s,p,n is a point and Fks is the trivial map when Nks,p,n = 0, −1. We can thus

de�ne a rational mapKs,p,n : G(p, n) 99K CPNp,n ×CPN
0
s,p,n × · · · × CPN

p
s,p,n by

Ks,p,n := (e, F0
s ◦ e, · · · , Fps ◦ e) ; (8)

or equivalently,

Ks,p,n(x) =
(

[· · · , PI(x̃), · · · ]I∈Ip,n , [· · · , PI(x̃), · · · ]I∈I0
s,p,n

, · · · , [· · · , PI(x̃), · · · ]I∈Ips,p,n
)
. (9)

De�nition 2.1. Assume that 0 < p < n and 0 < s < n. Let Ts,p,n be the scheme-theoretic closure of the
birational image of G(p, n) underKs,p,n in CPNp,n ×CPN

0
s,p,n × · · · ×CPN

p
s,p,n . We call Ts,p,n the canonical blow-

up of G(p, n) with respect to the parameter s.
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Example 2.2 ([6]). Denote by [x1, · · · , xs , y1, · · · , yn−s] the homogeneous coordinates for the projective
space CPn−1. Then Ts,1,n is the blow-up of CPn−1 along the union of the disjoint linear subspaces CPs−1 and
CPn−s−1;Ks,1,n is given by

Ks,1,n([x1, · · · , xs , y1, · · · , yn−s]) = [x1, · · · , xs , y1, · · · , yn−s] × [x1, · · · , xs] × [y1, · · · , yn−s]. (10)

T1,1,3 is the Hirzebruch surface Σ1.

Example 2.3. Tp,p,2p is the modular compacti�cation of the reductive group GL(p,C) constructed by Kausz
([9]).

Take a subgroup GL(s,C) × GL(n − s,C) of GL(n,C) as follows.

GL(s,C) × GL(n − s,C) :=
{(

g1 0
0 g2

)∣∣∣∣∣ g1 ∈ GL(s,C), g2 ∈ GL(n − s,C)
}
. (11)

Let B be a Borel subgroup of GL(s,C) × GL(n − s,C) given by

B :=
{(

g1 0
0 g2

)∣∣∣∣∣ g1 ∈ GL(s,C) is a lower triangular matrix ;
g2 ∈ GL(n − s,C) is an upper triangular matrix

}
. (12)

De�nition 2.4. Let G be a connected reductive group. An irreducible normal G-variety X is called spherical
if a Borel subgroup of G has an open orbit on X.

Recall that

Proposition 2.5 (Propositions 1.3 and 1.12 in [8]). Ts,p,n is a smooth spherical GL(s,C) × GL(n − s,C)-variety.
The complement of the open GL(s,C)×GL(n− s,C)-orbit in Ts,p,n is a simple normal crossing divisor consisting
of 2r smooth, irreducible divisors as follows.

D−1, D−2, · · · , D−r , D+
1, D+

2, · · · , D+
r . (13)

Each GL(s,C)×GL(n− s,C)-orbit of Ts,p,n one to one corresponds to the quasi-projective variety X(I− ,I+) de�ned
by

X(I− ,I+) :=
( ⋂

i∈I−
D−i
⋂ ⋂

i∈I+

D+
i

)
\
 ⋃

1≤j≤r
j∈ ̸I−

D−j
⋃ ⋃

1≤j≤r
j∈ ̸I+

D+
j

 , (14)

where I−, I+ are subsets of {1, 2, · · · , r} such that

min(I−) + min(I+) ≥ r + 2. (15)

Here we make the convention that min(∅) = +∞. Moreover, the closure of each GL(s,C) × GL(n − s,C)-orbit in
Ts,p,n is smooth.

De�nition-Remark 2.6. One can show that

r = min{s, n − s, p, n − p}. (16)

We make the convention that r is always referred to the above quantity in this paper.

A line bundle L on aprojective variety X of dimension n is called big if its highest self-intersectionnumber (Ln)
is positive, and called numerical e�ective (or nef for short) if the intersection number (L · C) is non-negative
for any complete curve C on X.

We have that
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Proposition 2.7 (Theorem 1.22 in [8]). The anti-canonical bundle −KTs,p,n of Ts,p,n is big and numerical e�ec-
tive. −KTs,p,n is ample if and only if r ≤ 2.

According to De�nition-Lemmas 2.11 and 2.12 in [8], the following isomorphisms among the canonical blow-
ups of Grassmann manifolds hold.

DUAL : Ts,p,n → Ts,n−p,n and USD : Ts,p,n → Tn−s,p,n . (17)

Remark 2.8. Without loss of generality, in the remaining of this paper, we can thus assume that 2p ≤ n ≤ 2s.

2.2 G-invariant divisors of Ts,p,n

In this subsection, we will give a more detailed description of the divisors D−1, D−2, · · · , D−r , D+
1, D+

2, · · · , D+
r

appearing in Proposition 2.5. For convenience, we denote by G the group GL(s,C) × GL(n − s,C) in the fol-
lowing.

De�ne an algebraic C*-action ψs,p,n on G(p, n) by

ψs,p,n(λ) :=
(
Is×s 0
0 λ · I(n−s)×(n−s)

)
, λ ∈ C*. (18)

We have a unique lifting Ψs,p,n of ψs,p,n from G(p, n) to Ts,p,n (see Lemma 2.10 in [8]).
For 0 ≤ l ≤ r, de�ne subsets V(p−l,l), V+

(p−l,l) and V−(p−l,l) of G(p, n) in matrix representatives by

V(p−l,l) :=
{(

0 X
Y 0

)∣∣∣∣∣ X is an l × (n − s) matrix of rank l ;
Y is a (p − l) × s matrix of rank (p − l)

}
, (19)

and

V+
(p−l,l) :=

{(
0 X
Y W

)∣∣∣∣∣ X is an l × (n − s) matrix of rank l ;
Y is a (p − l) × s matrix of rank (p − l)

}
,

V−(p−l,l) :=
{(

Z X
Y 0

)∣∣∣∣∣ X is an l × (n − s) matrix of rank l ;
Y is a (p − l) × s matrix of rank (p − l)

}
.

(20)

We have the following explicit Białynicki-Birula decomposition (see [2]) for Ts,p,n.

Lemma 2.9 (Lemma 4.9 in [8]). There are r + 1 connected componentsD(p−l,l), 0 ≤ l ≤ r, of the set of the �xed
points of Ts,p,n under the C*-action Ψs,p,n, such that the following holds.

(a). Rs,p,n(D(p−l,l)) = V(p−l,l), 0 ≤ l ≤ r.
(b). For 0 ≤ l ≤ r, there is a �brationD+

(p−l,l) (resp.D
−
(p−l,l)) over D(p−l,l) such that

D+
(p−l,l) \D+

(p−l,l) =
r⊔

k=l+1
D+

(p−k,k)

(
resp. D−(p−l,l) \D−(p−l,l) =

l−1⊔
k=0

D−(p−k,k)

)
. (21)

Lemma 2.10 (see De�nition 4.10 and the proof of Proposition 1.12 in [8]). For 1 ≤ k ≤ r, D−k (resp. D+
k) is the

Zariski closure of the manifoldD−(p−k+1,k−1)

(
resp. D+

(p−r+k−1,r−k+1)

)
.

2.3 B-invariant divisors of Ts,p,n

To describe the cone of e�ective divisors of Ts,p,n, we need to �nd its B-invariant divisors. In this subsection,
we will recall some important properties of the B-invariant divisors of Ts,p,n.
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For 0 ≤ j ≤ r, de�ne irreducible divisors bj of G(p, n) by

bj :=
{
x ∈ G(p, n)

∣∣ PIj (x) = 0 , Ij = (s + j, s + j − 1, · · · , s − p + j + 1) ∈ Ijs,p,n
}
. (22)

Let Bj ⊂ Ts,p,n be the strict transformation of bj under the blow-up Rs,p,n : Ts,p,n → G(p, n). Notice that
when p = n − s, Br = D−r ; when p = s, B0 = D+

r .
Recall that

Lemma 2.11 (Lemma 6.7 in [8]). When 0 ≤ j ≤ r,

Bj = (Rs,p,n)*
(
OG(p,n)(1)

)
−

r−j∑
i=1

(r − j + 1 − i) · D+
i −

j∑
i=1

(j + 1 − i) · D−i . (23)

If p = s (resp. p = n − s) we should modify (23) for B0 (resp. Br) as follows. When p = s,

B0 = D+
r = (Rs,p,n)*

(
OG(p,n)(1)

)
−
r−1∑
i=1

(r + 1 − i) · D+
i ; (24)

when p = n − s,

Br = D−r = (Rs,p,n)*
(
OG(p,n)(1)

)
−
r−1∑
i=1

(r + 1 − i) · D−i . (25)

And

Lemma 2.12 (Lemma 3.3 in [8]). If Bj contains a non-empty G-orbit of Ts,p,n, then either p = n − s, j = r and
Bj = Br = D−r , or p = s, j = 0 and Bj = B0 = D+

r .

Immediately, we have that

Lemma 2.13. Ts,p,n is regular in the sense of [1]. Precisely, Ts,p,n is smooth and spherical without color (i.e.
every irreducible B-stable divisor containing a G-orbit is G-stable).

For a smooth projective manifold X over C, the group Zi(X) of i-dimensional cycles on X is the free abelian
group on the set of i-dimensional subvarieties of X; the group of i-cycles rationally equivalent to zero is the
subgroup of Zi(X) generated by the cycles (f ) for all (i + 1)-dimensional subvarietiesW of X and all nonzero
rational functions f on W; the Chow group Ai(X) of i-dimensional cycles on X is the quotient group of Zi(X)
by the subgroup of cycles rationally equivalent to zero.

Brion ([5]) proved that

Lemma 2.14. Let X be an irreducible, complete spherical variety of complex dimension n. The cone of e�ective
divisors in An−1(X)⊗ZQ is a polyhedral convex cone generated by the classes of irreducible B-invariant divisors.

We determine the cone of e�ective divisors of Ts,p,n by

Lemma 2.15 (Lemma 3.2 in [8]). LetD be an irreducible B-invariant divisor of Ts,p,n. Then

D ∈ {D−1, D−2, · · · , D−r , D+
1, D+

2, · · · , D+
r , B0, B1, · · · , Br} . (26)

Remark 2.16. Since bm is biholomorphic to the in�nity hyperplane section of G(p, n) which is the closure of
a complex Euclidean space, Bm is irreducible and B-invariant.

Proof of Lemma 2.15. For the readers’ convenience, we repeat here the proof given in [8].
Assume that D is B-invariant but D ∉

{
D−1, · · · , D−r , D+

1, · · · , D+
r , B0, · · · , Br

}
. Denote by d the image of D

underRs,p,n. It is clear that d is aB-invariant divisor ofG(p, n), for the exceptional divisor ofRs,p,n is contained



A vanishing theorem for the canonical blow-ups of Grassmann manifolds | 421

in the union of the G-stable divisors. Hence, for 0 ≤ j ≤ r, PIj ≢ 0 on d (see (22) for the de�nition). We can
verify that d contains a point a with a matrix representative ã de�ned by

ã :=
(

0p×(s−p) Ip×p Ip×p 0p×(n−s−p)

)
when r = p ≤ n − s, (27)

or

ã :=
(

0r×(s−p)
0(p−r)×(s−p)

Ir×r
0(p−r)×r

0r×(p−r)
I(p−r)×(p−r)

Ir×r
0(p−r)×r

)
when r = n − s ≤ p. (28)

Then a is in a dense open B-orbit of G(p, n), which is a contradiction.
We complete the proof of Lemma 2.15. .

3 Semi-positivity of the restriction of the anticanonical bundles
Throughout this section, we assume that r ≥ 3 and 2p ≤ n ≤ 2s.

3.1 Geometric structure of the cone of e�ective divisors of D±
j

For 1 ≤ j ≤ r and 0 ≤ m ≤ r, denote by B̌−jm (resp. B̌+j
m ) the restriction of the line bundle Bm to D−j (resp. D+

j ).
Notice that when Bm ≠ D−j (resp. Bm ≠ D+

j ), we can identify B̌−jm (resp. B̌+j
m ) with an e�ective divisor of D−j

(resp. D+
j ), that is the scheme-theoretic intersection of Bm and D−j (resp. D+

j ). For 1 ≤ i, j ≤ r, denote by D±j±i the
restriction of the line bundle D±i to D±j . Similarly, when D±i ≠ D±j , we can identify D±j±i with an e�ective divisor
of D±j , that is, the scheme-theoretic intersection of D±j and D±i . We make the convention that when the indices
are out of the above range, D±i±j and B̌

±j
m represent the trivial line bundles.

We prove the following crucial lemma similarly to Lemma 2.15.

Lemma 3.1. LetD be an irreducible divisor of D−j (resp. D+
j ), 1 ≤ j ≤ r. IfD is G-invariant, then

D ∈
{
D−j−1, D

−j
−2, · · · , D̂

−j
−j , · · · , D

−j
−r , D−j+(r+2−j), D

−j
+(r+3−j), · · · , D

−j
+r

}
(
resp. D ∈

{
D+j

+1, D
+j
+2, · · · , D̂

+j
+j , · · · , D

+j
+r , D+j

−(r+2−j), D
+j
−(r+3−j), · · · , D

+j
−r

})
.

(29)

IfD is B-invariant but not G-invariant, then for p ≠ n − s and p ≠ s,D is an irreducible component of one of the
following divisors, {

B̌−j0 , B̌−j1 , · · · , B̌−jr
} (

resp.
{
B̌+j

0 , B̌+j
1 , · · · , B̌+j

r

})
; (30)

for p = n − s < s,D is an irreducible component of one of the following divisors,{
B̌−j0 , B̌−j1 , · · · , B̌−jr−1

} (
resp.

{
B̌+j

0 , B̌+j
1 , · · · , B̌+j

r−1

})
; (31)

for p = n − s = s,D is an irreducible component of one of the following divisors,{
B̌−j1 , B̌−j2 , · · · , B̌−jr−1

} (
resp.

{
B̌+j

1 , B̌+j
2 , · · · , B̌+j

r−1

})
. (32)

Proof of Lemma 3.1. (29) follows from Proposition 2.5.
The remaining of the proof is similar to that of Lemma 2.15.

Firstly, assume that p ≠ n − s or s. Without loss of generality, we can consider divisors of D−j , 1 ≤ j ≤ r;
the case of D+

j is similar, and we omit it here for simplicity.
Recall that D−1, D−1

m and B̌−1
m are Ms,p,n, Ďm, and B̌m de�ned in [8], respectively. (30) is exactly Lemma

6.16 in [8].
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In what follows, we will assume 2 ≤ j ≤ r and proceed to prove (30) by contradiction. Suppose that D is
B-invariant but not G-invariant, andD ∈ ̸ {B̌−j0 , B̌−j1 , · · · , B̌−jr }. Let a be a generic point ofD; that is, a is not a

point of D−j−1, D
−j
−2, · · · , D̂

−j
−j , · · · , D

−j
−r , D−j+(r+2−j), D

−j
+(r+3−j), · · · , D

−j
+r , B̌−j0 , B̌−j1 , · · · , B̌−jr . Denote by ā the image of

a under Rs,p,n : Ts,p,n → G(p, n). Then ā has the following matrix representative,

˜̄a =
(
Z X
Y 0

)
, (33)

where X is an (j − 1) × (n − s) matrix of rank (j − 1) and Y is a (p − j + 1) × s matrix of rank (p − j + 1). Recall
(22) that

bj−1 =
{
x ∈ G(p, n)

∣∣ PIj−1 (x) = 0 , Ij−1 = (s + j − 1, s + j − 2, · · · , s − p + j)
}

; (34)

by (23), the preimage of bj−1 under themap Rs,p,n is the union of Bj−1, D−−1, D−−2, · · · , D−j−1, D+
1, D+

2, · · · , D+
r−j+1.

Therefore, ˜̄a ∉ bj−1, PIj−1 (˜̄a) ≠ 0, and we can conclude that ā has a matrix representative as follows.

˜̄a =
(

Z
Y︸︷︷︸

s−p+j−1 columns

0
I(p−j+1)×(p−j+1)

I(j−1)×(j−1)
0

X
0︸︷︷︸

(n−s−j+1) columns

)
, (35)

where

Z :=


z11 · · · z1(s−p+j−1)
...

. . .
...

zl1 · · · zl(s−p+j−1)

 , X :=


x1(s+j) · · · x1n

...
. . .

...
xl(s+j) · · · xln

 , Y :=


yj1 · · · yj(s−p+j−1)
...

. . .
...

yp1 · · · yp(s−p+j−1)

 . (36)

By the Van der Waerden representation presented in [8] (see Appendiex A as well), we can take a holo-
morphic coordinate chart

(
Aτ , (Jτj−1)−1

)
for τ ∈ Jj−1 (see (118) for the de�nition of Jj−1) around a in Ts,p,n,

such that the projection Rs,p,n in the local coordinates
(
X̃, Ỹ ,

−→
B 1, · · · ,

−→
B p
)
(see (119), (120) and (121)) takes

the following form.

Γτj−1

(
X̃, Ỹ ,

−→
B 1, · · · ,

−→
B p
)

:=
p∑

k=p−j+2

(
k∏

t=p−j+2
ait jt

)
· ΞTk · Ωk 0(j−1)×(p−j+1) I(j−1)×(j−1) X̃

Ỹ I(p−j+1)×(p−j+1) 0(p−j+1)×(j−1)
p−j+2∑
k=1

(
k∏
t=1
bit jt

)
· ΞTk · Ωk

 ,
(37)

where Ξk and Ωk are given by (123), (124), (125) and (126).
Claim.We can choose the index τ ∈ Jj−1 in the above as

τ =
(

j j + 1 · · · p j − 1 j − 2 · · · 1
s + j s + j + 1 · · · s + p s − p + j − 1 s − p + j − 2 · · · s − p + 1

)
. (38)

Proof of Claim. Following [8], we de�ne special indices Ik , I*k , I
k
µν , Ik*µν ∈ Iks,p,n as follows. For 0 ≤ k ≤ p, de�ne

Ik := (s + k, s + k − 1, · · · , s − p + k + 1) ; (39)

for 1 ≤ k ≤ p − 1, de�ne

I*k := (s + k + 1, s + k − 1, s + k − 2, · · · , s − p + k + 3, s − p + k + 2, s − p + k) ; (40)

for 0 ≤ k ≤ p, s − p + k + 1 ≤ µ ≤ s, and 1 ≤ ν ≤ s − p + k de�ne

Ikµν := (s + k, s + k − 1, · · · , , µ̂, · · · , ν) ; (41)

for 0 ≤ k ≤ p, s + 1 ≤ µ ≤ s + k, and s + k + 1 ≤ ν ≤ n de�ne

Ik*µν := (ν, s + k, s + k − 1, · · · , µ̂, · · · , s − p + k + 1) . (42)



A vanishing theorem for the canonical blow-ups of Grassmann manifolds | 423

It is clear that the coordinate bi1 j1 vanishes onD. Recalling the proof of Lemma 3.11 in [8], by (23) we can
compute the de�ning equation ρm for B̌−jm in the local coordinate chart

(
Aτ , (Jτj−1)−1

)
as follows.

ρm =
PIm

(
Γτj−1

(
X̃, Ỹ ,

−→
B 1, · · · ,

−→
B p
))

m−j+1∏
t=1

bm−j+2−t
it jt

, j ≤ m ≤ r ;

ρj−1 ≡ 1 ;

ρm =
PIm

(
Γτj−1

(
X̃, Ỹ ,

−→
B 1, · · · ,

−→
B p
))

p−m∏
t=p−j+2

ap−m−t+1
it jt

, 0 ≤ m ≤ j − 2 .

(43)

In particular, we have that
ρm(a) ≠ 0 , 0 ≤ m ≤ r . (44)

Therefore, by Claims II in the proof of Lemma 3.11 in [8], we have that
Property I. For each I ∈ Ims,p,n, 0 ≤ m ≤ p, the following rational function is nonzero at the point a,

PI
(
Γτj−1

(
X̃, Ỹ ,

−→
B 1, · · · ,

−→
B p
))

PIm
(
Γτj−1

(
X̃, Ỹ ,

−→
B 1, · · · ,

−→
B p
)) . (45)

Denote by τ0 the index(
j j + 1 · · · p j − 1 j − 2 · · · 1

s + j s + j + 1 · · · s + p s − p + j − 1 s − p + j − 2 · · · s − p + 1

)
. (46)

Denote the local coordinates of the holomorphic coordinate chart
(
Aτ0 , (Jτ0

j−1)−1
)
as follows (see Appendix A

as well).

X̃0 :=


x0,1(s+j) · · · x0,1n

...
. . .

...
x0,l(s+j) · · · x0,ln

 and Ỹ :=


y0,j1 · · · y0,j(s−p+j−1)
...

. . .
...

y0,p1 · · · y0,p(s−p+j−1)

 ; (47)

−→
B 1

0 :=
(
b0,j(s+j), ξ

(1)
0,j(s+j+1), ξ

(1)
0,j(s+j+2), · · · , ξ

(1)
0,jn , ξ

(1)
0,(j+1)(s+j), ξ

(1)
0,(j+2)(s+j), · · · , ξ

(1)
0,p(s+j)

)
,

−→
B 2

0 :=
(
b0,(j+1)(s+j+1), ξ

(2)
0,(j+1)(s+j+2), ξ

(2)
0,(j+1)(s+j+3), · · · , ξ

(2)
0,(j+1)n ,

ξ (2)
0,(j+2)(s+j+1), ξ

(2)
0,(j+3)(s+j+1), · · · , ξ

(2)
0,p(s+j+1)

)
,

...
−→
B p−j+1

0 :=
(
b0,p(s+p), ξ

(p−j+1)
0,p(s+p+1), ξ

(p−j+1)
0,p(s+p+2), · · · , ξ

(p−j+1)
0,pn

)
;

(48)

−→
B p−j+2

0 :=
(
a0,(j−1)(s−p+j−1), ξ

(p−j+2)
0,(j−1)1, ξ

(p−j+2)
0,(j−1)2, · · · , ξ

(p−j+2)
0,(j−1)(s−p+j−2),

ξ (p−j+2)
0,1(s−p+j−1), ξ

(p−j+2)
0,2(s−p+j−1), · · · , ξ

(p−j+2)
0,(j−2)(s−p+j−1)

)
,

−→
B p−j+3

0 :=
(
a0,(j−2)(s−p+j−2), ξ

(p−j+3)
0,(j−2)1, ξ

(p−j+3)
0,(j−2)2, · · · , ξ

(p−j+3)
0,(j−2)(s−p+j−2),

ξ (p−j+3)
0,1(s−p+j−2), ξ

(p−j+3)
0,2(s−p+j−2), · · · , ξ

(p−j+3)
0,(j−3)(s−p+j−2)

)
,

...
−→
B p0 :=

(
a0,1(s−p+1), ξ

(p)
0,11, ξ

(p)
0,12, · · · , ξ

(p)
0,1(s−p)

)
.

(49)
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Based on Claims III, III′, III′′, III′′′, and III′′′′ in the proof of Lemma 3.11 in [8], we can make the change of
coordinates between

(
X̃0, Ỹ0,

−→
B 1

0, · · · ,
−→
B p0
)
and

(
X̃, Ỹ ,

−→
B 1, · · · ,

−→
B p
)
as follows.

b0,j(s+j) =
PIj
(
Γτj−1

(
X̃, Ỹ ,

−→
B 1 , · · · ,

−→
B p
))

PIj−1

(
Γτj−1

(
X̃, Ỹ ,

−→
B 1 , · · · ,

−→
B p
)) ;

b0,m(s+m) =
PIm

(
Γτj−1

(
X̃, Ỹ ,

−→
B 1 , · · · ,

−→
B p
))
· PIm−2

(
Γτj−1

(
X̃, Ỹ ,

−→
B 1 , · · · ,

−→
B p
))

(
PIm−1

(
Γτj−1

(
X̃, Ỹ ,

−→
B 1 , · · · ,

−→
B p
)))2 , j + 1 ≤ m ≤ r = p ;

a0,(j−1)(s−p+j−1) =
PIj−2

(
Γτj−1

(
X̃, Ỹ ,

−→
B 1 , · · · ,

−→
B p
))

PIj−1

(
Γτj−1

(
X̃, Ỹ ,

−→
B 1 , · · · ,

−→
B p
)) ;

a0,l(s−p+l) =
PIl+1

(
Γτj−1

(
X̃, Ỹ ,

−→
B 1 , · · · ,

−→
B p
))
· PIl−1

(
Γτj−1

(
X̃, Ỹ ,

−→
B 1 , · · · ,

−→
B p
))

(
PIl
(
Γτj−1

(
X̃, Ỹ ,

−→
B 1 , · · · ,

−→
B p
)))2 , 1 ≤ l ≤ j − 2 .

(50)

For 1 ≤ m ≤ p − j, s − p + j + m ≤ µ ≤ s, and ν = s − p + k,

ξ (m)
0,(µ−s+p)(s+j−1+m) =

PI(j−1+m)
µν

(
Γτj−1

(
X̃, Ỹ , · · · ,

−→
B p
))

(−1)(j−1+m)(p−j+1−m)+µ−s+p−j+1−m · PIm
(
Γτj−1

(
X̃, Ỹ ,

−→
B 1, · · · ,

−→
B p
)) ; (51)

for 1 ≤ m ≤ p − j + 1, µ = s + j − 1 + m, and s + j + m ≤ ν ≤ n,

ξ (m)
0,(j−1+m)ν =

PI(j−1+m)*
µν

(
Γτj−1

(
X̃, Ỹ , · · · ,

−→
B p
))

(−1)(j−1+m)(p−j+1−m) · PIm
(
Γτj−1

(
X̃, Ỹ ,

−→
B 1, · · · ,

−→
B p
)) . (52)

For p − j + 2 ≤ m ≤ p − 1, s + 1 ≤ µ ≤ s + p − m, and ν = s + p − m + 1,

ξ (m)
0,(µ−s)(s−m+1) =

PI(p−m)*
µν

(
Γτj−1

(
X̃, Ỹ , · · · ,

−→
B p
))

(−1)m(p−m)+s+p−m+1−µ · PIm
(
Γτj−1

(
X̃, Ỹ ,

−→
B 1, · · · ,

−→
B p
)) ; (53)

for p − j + 2 ≤ m ≤ p, µ = s − m + 1, and 1 ≤ ν ≤ s − m,

ξ (m)
0,(p−m+1)ν =

PI(p−m)
µν

(
Γτj−1

(
X̃, Ỹ , · · · ,

−→
B p
))

(−1)m(p−m) · PIm
(
Γτj−1

(
X̃, Ỹ ,

−→
B 1, · · · ,

−→
B p
)) . (54)

For s − p + j ≤ µ ≤ s and 1 ≤ ν ≤ s − p + j − 1,

y0,(µ−s+p)ν = (−1)k(p−k)+µ−s+p−l · PI(j−1)
µν

(
Γτj−1

(
X̃, Ỹ , · · · ,

−→
B p
))

; (55)

for s + 1 ≤ µ ≤ s + j − 1, and s + j ≤ ν ≤ n,

x0,(µ−s)ν = (−1)(j−1)(p−j+1)+µ−s−j+1 · PI(j−1)*
µν

(
Γτj−1

(
X̃, Ỹ , · · · ,

−→
B p
))

. (56)

Then by (44), it is easy to verify that the point a has well-de�ned local coordinates in the holomorphic
coordinate chart

(
Aτ0 , (Jτ0

j−1)−1
)
.

We complete the proof of Claim.
According to Claim, it is easy to verify that the action of the Borel group B on a has a dense orbit in D−j .

This is a contradiction. Hence,D is an irreducible component of one of the divisors in {B̌−j0 , B̌−j1 , · · · , B̌−jr }.
By a similar argument, we can prove (31) and (32) when p = n − s < s and p = n − s = s, respectively.
We complete the proof of Lemma 3.1.

Remark 3.2. B̌−1
m (resp. B̌+1

m ) is irreducible if it is a proper subvariety of D−1 (resp. D+1). When 2 ≤ j ≤ r, B̌−jm
(resp. B̌+j

m ) consists of two components.
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Proposition 3.3. The interior points of the cone in An−1(D−j )⊗Z Q (resp. An−1(D+
j )⊗Z Q) generated by{

D−j−1 , D
−j
−2 , · · · , D̂

−j
−j , · · · , D

−j
−r , D

−j
+(r+2−j) , D

−j
+(r+3−j) , · · · , D

−j
+r , B̌

−j
0 , B̌−j1 , · · · , B̌−jr

}
(
resp.

{
D+j

+1 , D
+j
+2 , · · · , D̂

+j
+j , · · · , D

+j
+r , D

+j
−(r+2−j) , D

+j
−(r+3−j) , · · · , D

+j
−r , B̌

+j
0 , B̌+j

1 , · · · , B̌+j
r

}) (57)

are the interior points of the cone of e�ective divisors of D−j (resp. D+
j ).

Proof of Proposition 3.3.Without loss of generality, we only consider the case D−j in the following. Take the
irreducible decomposition of B̌−jm as follows.

B̌−jm =
n−jm∑
α=1

β−jm,α · Γ−jm,α , 0 ≤ m ≤ r, (58)

where n−jm and β−jm,α are positive integers if B̌−jm is nonempty. By Lemma 2.14, the cone of e�ective divisors of
D−j is generated by {

D−j−1, D
−j
−2, · · · , D̂

−j
−j , · · · , D

−j
−r , D−j+(r+2−j), D

−j
+(r+3−j), · · · , D

−j
+r ,

Γ−j0,1, · · · , Γ
−j
0,n−j0

, Γ−j1,1, · · · , Γ
−j
1,n−j1

, · · · , Γ−jr,1, · · · , Γ
−j
r,n−jr

,
}
.

(59)

Then, Proposition 3.3 follows.

3.2 Bigness of the restriction of the anticanonical bundle

Recall the following result.

Lemma 3.4 (Lemma 6.7 in [8]). When p < n − s ≤ s,

KTs,p,n = −(s − p + 1) · B0 − 2
p−1∑
j=1

Bj − (n − s − p + 1) · Bp −
p∑
i=1

D−i −
p∑
i=1

D+
i ; (60)

when n − s = p < s,

KTs,p,n = −(s − p + 1) · B0 − 2
p−1∑
j=1

Bj −
p∑
i=1

D−i −
p∑
i=1

D+
i ; (61)

when n − s < p < s (r = n − s),

KTs,p,n = −(s − p + 1) · B0 − 2
r−1∑
j=1

Bj − (p − r + 1) · Br −
r∑
i=1

D−i −
r∑
i=1

D+
i ; (62)

when n − s = p = s,

KTs,p,n = −2
p−1∑
j=1

Bj −
p∑
i=1

D−i −
p∑
i=1

D+
i . (63)

Computation yields that

Lemma 3.5. Let 1 ≤ j ≤ r. When r = p < n − s ≤ s, we have that

− KTs,p,n |D−j = (s − p + 1) · B̌−j0 + 2
r−1∑
m=1

B̌−jm + (n − s − p + 1) · B̌−jr + B̌−jj − B̌
−j
j+1

+
r∑

i=j+2
D−j−i +

r∑
i=r+2−j

D−j+i ,
(64)
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j−1∑
i=1

D−j−i = B̌−jj−2 − B̌
−j
j−1 + D−j+(r+2−j) , 2 ≤ j ≤ r, (65)

D−j−(j+1) = −B̌−jj−1 + 2B̌−jj − B̌
−j
j+1 , 1 ≤ j ≤ r − 1. (66)

And

−KTs,p,n |D+
j

=(s − p + 1) · B̌+j
0 + 2

r−1∑
m=1

B̌+j
m + (n − s − p + 1) · B̌+j

r + B̌+j
r−j − B̌

+j
r−j−1 ,

+
r∑

i=j+2
D+j

+i +
r∑

i=r+2−j
D+j
−i

(67)

j−1∑
i=1

D+j
+i = B̌+j

r+2−j − B̌
+j
r+1−j + D+j

−(r+2−j) , 2 ≤ j ≤ r, (68)

D+j
+(j+1) = −B̌+j

r+1−j + 2B̌+j
r−j − B̌

+j
r−1−j , 1 ≤ j ≤ r − 1. (69)

Notice that here we use the convention that B̌−rr+1 and B̌+r
−1 are trivial.

Proof of Lemma 3.5. Since D+
1, D+

2, · · · , D+
r+1−j have empty intersection with D−j , by Lemma 2.11 we can con-

clude the following formulas for line bundles.

B̌−j0 = (Rs,p,n)*
(
OG(p,n)(1)

)
|D−j −

r∑
i=r+2−j

(r + 1 − i) · D−j+i ,

B̌−j1 = (Rs,p,n)*
(
OG(p,n)(1)

)
|D−j −

r−1∑
i=r+2−j

(r − i) · D−j+i − D
−j
−1 ,

B̌−j2 = (Rs,p,n)*
(
OG(p,n)(1)

)
|D−j −

r−2∑
i=r+2−j

(r − 1 − i) · D−j+i − 2D−j−1 − D
−j
−2 ,

...

(70)

B̌−jj−2 = (Rs,p,n)*
(
OG(p,n)(1)

)
|D−j − D

−j
+(r+2−j) − (j − 2)D−j−1 − (j − 3)D−j−2 − · · · − D

−j
−(j−2) , (71)

B̌−jj−1 = (Rs,p,n)*
(
OG(p,n)(1)

)
|D−j − (j − 1)D−j−1 − (j − 2)D−j−2 − · · · − D

−j
−(j−1) , (72)

B̌−jj = (Rs,p,n)*
(
OG(p,n)(1)

)
|D−j − jD

−j
−1 − (j − 1)D−j−2 − · · · − 2D−j−(j−1) − D

−j
−j , (73)

B̌−jj+1 = (Rs,p,n)*
(
OG(p,n)(1)

)
|D−j − (j + 1)D−j−1 − jD

−j
−2 − · · · − 2D−j−j − D

−j
−(j+1) , (74)

...

B̌−jr = (Rs,p,n)*
(
OG(p,n)(1)

)
|D−j − rD

−j
−1 − · · · − (r + 1 − j)D−j−j − · · · − D

−j
−r .

(75)
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Then (65) and (66) follow from (71), (72), (73), and (74) directly.
Subtracting (74) from (73), we derive that

D−j−1 + D−j−2 + · · · + D−j−(j−1) + D−j−j + D−j−(j+1) = B̌−jj − B̌
−j
j+1. (76)

Restricting (60) to D−j and plugging in (76), we have that

−KTs,p,n |D−j =(s − p + 1) · B̌−j0 + 2
r−1∑
m=1

B̌−jm + (n − s − p + 1) · B̌−jr

+
j+1∑
i=1

D−j−i +
r∑

i=j+2
D−j−i +

r∑
i=r+2−j

D−j+i

=(s − p + 1) · B̌−j0 + 2
r−1∑
m=1

B̌−jm + (n − s − p + 1) · B̌−jr + B̌−jj − B̌
−j
j+1

+
r∑

i=j+2
D−j−i +

r∑
i=r+2−j

D−j+i .

(77)

Similarly, by Lemma 2.11 and the fact that D−1, D−2, · · · , D−r+1−j have empty intersection with D+
j , we can

conclude that

B̌+j
0 = (Rs,p,n)*

(
OG(p,n)(1)

)
|D+

j
−

r∑
i=1

(r + 1 − i) · D+j
+i ,

B̌+j
1 = (Rs,p,n)*

(
OG(p,n)(1)

)
|D+

j
−
r−1∑
i=1

(r − i) · D+j
+i ,

...

(78)

B̌+j
r−1−j = (Rs,p,n)*

(
OG(p,n)(1)

)
|D+

j
−
j+1∑
i=1

(j + 2 − i) · D+j
+i , (79)

B̌+j
r−j = (Rs,p,n)*

(
OG(p,n)(1)

)
|D+

j
−

j∑
i=1

(j + 1 − i) · D+j
+i , (80)

B̌+j
r+1−j = (Rs,p,n)*

(
OG(p,n)(1)

)
|D+

j
−
j−1∑
i=1

(j − i) · D+j
+i , (81)

B̌+j
r+2−j = (Rs,p,n)*

(
OG(p,n)(1)

)
|D+

j
−
j−2∑
i=1

(j − 1 − i) · D+j
+i − D

+j
−(r+2−j) , (82)

...

B̌+j
r = (Rs,p,n)*

(
OG(p,n)(1)

)
|D+

j
−

r∑
i=r+2−j

(r + 1 − i) · D+j
−i .

(83)

Then (68) and (69) follow from (79), (80), (81), and (82) directly.
Subtracting (79) from (80), we derive that

D+j
+1 + D+j

+2 + · · · + D+j
+(j−1) + D+j

+j + D+j
+(j+1) = B̌+j

r−j − B̌
+j
r−1−j . (84)
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Restricting (60) to D+
j and plugging in (84), we have that

−KTs,p,n |D+
j

=(s − p + 1) · B̌+j
0 + 2

r−1∑
m=1

B̌+j
m + (n − s − p + 1) · B̌+j

r

+
j+1∑
i=1

D+j
+i +

r∑
i=j+2

D+j
+i +

r∑
i=r+2−j

D+j
−i ,

=(s − p + 1) · B̌+j
0 + 2

r−1∑
m=1

B̌+j
m + (n − s − p + 1) · B̌+j

r + B̌+j
r−j − B̌

+j
r−1−j

+
r∑

i=j+2
D+j

+i +
r∑

i=r+2−j
D+j
−i .

(85)

We complete the proof of Lemma 3.5.

Lemma 3.6. Let 1 ≤ j ≤ r. When r = n − s < p < s, we have that

− KTs,p,n |D−j = (s − p + 1) · B̌−j0 + 2
r−1∑
m=1

B̌−jm + (p − r + 1) · B̌−jr + B̌−jj − B̌
−j
j+1

+
r∑

i=j+2
D−j−i +

r∑
i=r+2−j

D−j+i ,
(86)

j−1∑
i=1

D−j−i = B̌−jj−2 − B̌
−j
j−1 + D−j+(r+2−j) , 2 ≤ j ≤ r, (87)

D−j−(j+1) = −B̌−jj−1 + 2B̌−jj − B̌
−j
j+1 , 1 ≤ j ≤ r − 1. (88)

And

−KTs,p,n |D+
j

=(s − p + 1) · B̌+j
0 + 2

r−1∑
m=1

B̌+j
m + (p − r + 1) · B̌+j

r + B̌+j
r−j − B̌

+j
r−j−1

+
r∑

i=j+2
D+j

+i +
r∑

i=r+2−j
D+j
−i ,

(89)

j−1∑
i=1

D+j
+i = B̌+j

r+2−j − B̌
+j
r+1−j + D+j

−(r+2−j) , 2 ≤ j ≤ r, (90)

D+j
+(j+1) = −B̌+j

r+1−j + 2B̌+j
r−j − B̌

+j
r−1−j , 1 ≤ j ≤ r − 1. (91)

Notice that by convention B̌−rr+1 and B̌+r
−1 are trivial.

Proof of Lemma 3.6. The proof is exactly the same as that of Lemma 3.6 by setting r = n − s instead of r = p.
For simplicity, we omit it here.

Lemma 3.7. Let r = n − s = p < s. we have the following identities. When 1 ≤ j ≤ r − 2,

− KTs,p,n |D−j = (s − p + 1) · B̌−j0 + 2
r−1∑
m=1

B̌−jm + B̌−jj − B̌
−j
j+1 +

r∑
i=j+2

D−j−i +
r∑

i=r+2−j
D−j+i ; (92)

when j = r − 1 or r,

− KTs,p,n |D−j = (s − p + 1) · B̌−j0 + 2
r−1∑
m=1

B̌−jm + B̌−jr−1 +
r∑

i=j+2
D−j−i +

r∑
i=r+2−j

D−j+i . (93)
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j−1∑
i=1

D−j−i = B̌−jj−2 − B̌
−j
j−1 + D−j+(r+2−j) , 2 ≤ j ≤ r ; (94)

D−j−(j+1) =
{
−B̌−jj−1 + 2B̌−jj − B̌

−j
j+1 , 1 ≤ j ≤ r − 2

−B̌−jj−1 + 2B̌−jj , j = r − 1
. (95)

Similarly, when 1 ≤ j ≤ r − 1,

−KTs,p,n |D+
j

=(s − p + 1) · B̌+j
0 + 2

r−1∑
m=1

B̌+j
m + B̌+j

r−j − B̌
+j
r−1−j +

r∑
i=j+2

D+j
+i +

r∑
i=r+2−j

D+j
−i ; (96)

when j = r,

−KTs,p,n |D+
j

=(s − p + 1) · B̌+j
0 + 2

r−1∑
m=1

B̌+j
m + B̌+j

1 − B̌
+j
0 +

r∑
i=j+2

D+j
+i +

r∑
i=r+2−j

D+j
−i . (97)

j−1∑
i=1

D+j
+i =

{
B̌+j
r+2−j − B̌

+j
r+1−j + D+j

−(r+2−j) , 3 ≤ j ≤ r
−B̌+j

r+1−j + D+j
−(r+2−j) , j = 2

; (98)

D+j
+(j+1) =

{
−B̌+j

r+1−j + 2B̌+j
r−j − B̌

+j
r−1−j , 2 ≤ j ≤ r − 1

−D+j
−r + 2B̌+j

r−j − B̌
+j
r−1−j , j = 1

. (99)

Notice that by convention B̌−rr+1 and B̌+r
−1 are trivial line bundles.

Proof of Lemma 3.7. See Appendix B.1.

Lemma 3.8. Let r = n − s = p = s. When 1 ≤ j ≤ r − 2,

−KTs,p,n |D−j =2
r−1∑
m=1

B̌−jm + B̌−jj − B̌
−j
j+1 +

r∑
i=j+2

D−j−i +
r∑

i=r+2−j
D−j+i ; (100)

when j = r − 1 or r,

−KTs,p,n |D−j =2
r−1∑
m=1

B̌−jm + B̌−jr−1 +
r∑

i=j+2
D−j−i +

r∑
i=r+2−j

D−j+i . (101)

j−1∑
i=1

D−j−i =
{
B̌−jj−2 − B̌

−j
j−1 + D−j+(r+2−j) , 3 ≤ j ≤ r

−B̌−jj−1 + D−j+(r+2−j) , j = 2
. (102)

D−j−(j+1) =


−D−j+r + 2B̌−jj − B̌

−j
j+1 , j = 1

−B̌−jj−1 + 2B̌−jj − B̌
−j
j+1 , 2 ≤ j ≤ r − 2

−B̌−jj−1 + 2B̌−jj , j = r − 1
(103)

Similarly, when 1 ≤ j ≤ r − 2,

−KTs,p,n |D+
j

= 2
r−1∑
m=1

B̌+j
m + B̌+j

r−j − B̌
+j
r−j−1 +

r∑
i=j+2

D+j
+i +

r∑
i=r+2−j

D+j
−i; (104)

when j = r − 1 or r,

−KTs,p,n |D+
j

= 2
r−1∑
m=1

B̌+j
m + B̌+j

1 +
r∑

i=j+2
D+j

+i +
r∑

i=r+2−j
D+j
−i . (105)

j−1∑
i=1

D+j
+i =

{
B̌+j
r+2−j − B̌

+j
r+1−j + D+j

−(r+2−j) , 3 ≤ j ≤ r
−B̌+j

r+1−j + D−j+(r+2−j) , j = 2
; (106)
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D+j
+(j+1) =


−B̌+j

r−j−1 + 2B̌+j
r−j − D

+j
−r , j = 1

−B̌+j
r−j−1 + 2B̌+j

r−j − B̌
+j
r−j+1 , 2 ≤ j ≤ r − 2

2B̌+j
r−j − B̌

+j
r−j+1 , j = r − 1

. (107)

Proof of Lemma 3.8. See Appendix B.2.

Proposition 3.9. When r ≥ 3 and 1 ≤ i ≤ r, the restriction of the anticanonical bundle −KTs,p,n on D
±
i is big and

nef.

Proof of Proposition 3.9. By Theorem 2.7, −KTs,p,n is nef. It is clear that the restriction −KTs,p,n |D±i on D
±
i is nef

as well.
Since D±i is projective, each interior point of the cone of e�ective divisors of D±j represents a big divisor. There-
fore, by Proposition 3.3, it su�ces to show that −KTs,p,n |D±i can be written as a positive combination of the
following divisors.{

D±j±1, D
±j
±2, · · · , D̂

±j
±j , · · · , D

±j
±r , D±j∓(r+2−j), D

±j
∓(r+3−j), · · · , D

±j
∓r , B̌

±j
0 , B̌

±j
1 , · · · , B̌

±j
r

}
(108)

Assume that r = p < n − s ≤ s. By Lemma 3.5, we have that

− KTs,p,n |D−j = (s − p + 1) · B̌−j0 + 2
r−1∑
m=1

B̌−jm + (n − s − p + 1) · B̌−jr + B̌−jj − B̌
−j
j+1

+
r∑

i=j+2
D−j−i +

r∑
i=r+2−j

D−j+i ,

+ δ1

 j−1∑
i=1

D−j−i −
(
B̌−jj−2 − B̌

−j
j−1 + D−j+(r+2−j)

)
+ δ2

(
D−j−(j+1) −

(
−B̌−jj−1 + 2B̌−jj − B̌

−j
j+1

))
.

(109)

By choosing suitable δ1, δ2, we can conclude that −KTs,p,n |D−j is in the interior of the cone of e�ective divisors
of D−j for 1 ≤ j ≤ r. Similarly,

−KTs,p,n |D+
j

=(s − p + 1) · B̌+j
0 + 2

r−1∑
m=1

B̌+j
m + (n − s − p + 1) · B̌+j

r + B̌+j
r−j − B̌

+j
r−j−1 ,

+
r∑

i=j+2
D+j

+i +
r∑

i=r+2−j
D+j
−i

+ δ1

 j−1∑
i=1

D+j
+i −

(
B̌+j
r+2−j − B̌

+j
r+1−j + D+j

−(r+2−j)

)
+ δ2

(
D+j

+(j+1) −
(
B̌+j
r+1−j + 2B̌+j

r−j − B̌
+j
r−1−j

))
.

(110)

By choosing suitable δ1, δ2, we can show that −KTs,p,n |D+
j
is in the interior of the cone of e�ective divisors of

D−j for 1 ≤ j ≤ r.
Similarly, we can prove that −KTs,p,n |D±j is big for 1 ≤ j ≤ r when r = n − s < p, r = n − s = p < s, or

r = n − s = p = s.
We complete the proof of Proposition 3.9.

3.3 Proof of Theorem 1.2.

The proof is similar to that of Proposition 4.2 in [1]. When r ≤ 2, Theorem 1.2 follows from [1] directly, for Ts,p,n
is regular by Lemma 2.13 and ample by Proposition 2.7. In what follows, we will assume that r ≥ 3.
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Recall the notion of the action sheaf of a spherical variety as follows. Let G be a connected reductive
algebraic group over C. Let X be a spherical G-variety with boundary ∂X, that is, ∂X = X\Ω where Ω is
the open G-orbit of X. The action sheaf SX of X is the subsheaf of TX made of vector �elds tangent to ∂X.
Combining Theorem 4.1 in [11] and Proposition 2.5 in [1], one can show that H i(X, SX) = 0 for any complete
regular variety and any i > 0. By Lemma 2.13, we have that

H i(Ts,p,n , STs,p,n ) = 0 , i > 0. (111)

By Proposition 2.3.2 in [1], the following exact sequence of sheaves holds.

0→ STs,p,n → TTs,p,n →
r⊕
i=1

OTs,p,n (D−i )⊗O(Ts,p,n) OD−i
r⊕
i=1

OTs,p,n

(
D+
i
)
⊗O(Ts,p,n) OD+

i
→ 0 (112)

Since D±i is smooth, OTs,p,n

(
D±i
)
⊗O(Ts,p,n) OD±i

∼= N±i where N±i is the normal bundle of D±i in Ts,p,n. By the
adjunction formula,N±i = −KTs,p,n |D±i + KD±i . By Proposition 3.9, −KTs,p,n |D±i is big and nef. Then the Kawamata-
Viehweg vanishing theorem yields that

H j(D±i ,N±i ) = 0 , j > 0. (113)

Taking the long exact sequence of (112), we can conclude by (111) and (113) that

H j(Ts,p,n , TTs,p,n ) =
( r⊕

i=1
H j(D−i ,N−i )

)⊕( r⊕
i=1

H j(D+
i ,N+

i )
)

= 0 , j > 0 . (114)

We complete the proof of Theorem 1.2.

A Holomorphic Atlas
Assume n ≤ 2s, p ≤ n

2 , and l ≤ min{n − s, p}. Let Ul be an a�ne open subset of G(p, n) de�ned by

Ul :=


(
Z
Y︸︷︷︸

s−p+l columns

0
I(p−l)×(p−l)

Il×l
0

X
W︸︷︷︸

(n−s−l) columns

)  , (115)

and equipped with the holomorphic coordinates

Z :=


z11 · · · z1(s−p+l)
...

. . .
...

zl1 · · · zl(s−p+l)

 , X :=


x1(s+l+1) · · · x1n

...
. . .

...
xl(s+l+1) · · · xln

 , (116)

Y :=


y(l+1)1 · · · y(l+1)(s−p+l)

...
. . .

...
yp1 · · · yp(s−p+l)

 , W :=


w(l+1)(s+l+1) · · · w(l+1)n

...
. . .

...
wp(s+l+1) · · · wpn

 . (117)

Following Sections 3.2 and 3.3 in [8], we de�ne the following holomorphic atlas
{(
Aτ , (Jτl )−1)} for

R−1
s,p,n(Ul) (the Van der Waerden representation).
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A.1 The case p ≤ n − s

For 0 ≤ l ≤ p, de�ne an index set Jl by

Jl :=


(
i1 i2 · · · ip−l · · · ip
j1 j2 · · · jp−l · · · jp

) l + 1 ≤ ik ≤ p for 1 ≤ k ≤ p − l ;
1 ≤ ik ≤ l for p − l + 1 ≤ k ≤ p ;

s + l + 1 ≤ jk ≤ n for 1 ≤ k ≤ p − l ;
1 ≤ jk ≤ s − p + l for p − l + 1 ≤ k ≤ p ;
ik1 ≠ ik2 and jk1 ≠ jk2 for k1 ≠ k2 .

 . (118)

Associate each τ =
(
i1 i2 · · · ip
j1 j2 · · · jp

)
∈ Jl with a complex Euclidean spaceCp(n−p) equipped with holomor-

phic coordinates
(
X̃, Ỹ ,

−→
B 1, · · · ,

−→
B p
)
de�ned as follows.

X̃ :=


x1(s+l+1) · · · x1n

...
. . .

...
xl(s+l+1) · · · xln

 and Ỹ :=


y(l+1)1 · · · y(l+1)(s−p+l)

...
. . .

...
yp1 · · · yp(s−p+l)

 ; (119)

for 1 ≤ k ≤ p − l,

−→
B k :=

(
bik jk , ξ

(k)
ik(s+l+1), ξ

(k)
ik(s+l+2), · · · , ξ̂

(k)
ik j1 , · · · , ξ̂

(k)
ik j2 , · · · , ξ̂

(k)
ik jk , · · · , ξ

(k)
ikn ,

ξ (k)
(l+1)jk

, ξ (k)
(l+2)jk

, · · · , ξ̂ (k)
i1 jk , · · · , ξ̂

(k)
i2 jk , · · · , ξ̂

(k)
ik jk , · · · , ξ

(k)
pjk

)
;

(120)

for p − l + 1 ≤ k ≤ p,

−→
B k :=

(
aik jk , ξ

(k)
ik1, ξ

(k)
ik2, · · · , ξ̂

(k)
ik jp−l+1

, · · · , ξ̂ (k)
ik jp−l+2

, · · · , ξ̂ (k)
ik jk , · · · , ξ

(k)
ik(s−p+l),

ξ (k)
1jk , ξ

(k)
2jk , · · · , ξ̂

(k)
ip−l+1 jk , · · · , ξ̂

(k)
ip−l+2 jk , · · · , · · · , ξ̂

(k)
ik jk , · · · , ξ

(k)
ljk

)
.

(121)

The holomorphic embedding Jτl : Cp(n−p) → Ts,p,n ↪→ CPNp,n ×CPN
0
s,p,n × · · · ×CPN

p
s,p,n is the holomorphic

extension of the birational mapKs,p,n ◦ Γτl , whereKs,p,n is given by (8) and Γτl : Cp(n−p) → Ul is de�ned by

Γτl
(
X̃, Ỹ ,

−→
B 1, · · · ,

−→
B p
)

:=
p∑

k=p−l+1

(
k∏

t=p−l+1
ait jt

)
· ΞTk · Ωk 0l×(p−l) Il×l X̃

Ỹ I(p−l)×(p−l) 0(p−l)×l
p−l∑
k=1

(
k∏
t=1
bit jt

)
· ΞTk · Ωk

 .
(122)

Here Ξk and Ωk are de�ned as follows. For 1 ≤ k ≤ p − l, Ξk :=
(
vkl+1, · · · , v

k
p

)
where

vkt =


ξ (k)
tjk t ∈ {l + 1, l + 2, · · · , p}\{i1, i2, · · · , ik}

0 t ∈ {i1, i2, · · · , ik−1}
1 t = ik

, (123)

and Ωk :=
(
wks+l+1, · · · , w

k
n

)
where

wkt =


ξ (k)
ik t t ∈ {s + l + 1, s + l + 2, · · · , n}\{j1, j2, · · · , jk}

0 t ∈ {j1, j2, · · · , jk−1}
1 t = jk

. (124)
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For p − l + 1 ≤ k ≤ p, Ξk :=
(
vk1, · · · , vkl

)
where

vkt =


ξ (k)
tjk t ∈ {1, 2, · · · , l}\{ip−l+1, ip−l+2, · · · , ik}

0 t ∈ {ip−l+1, ip−l+2, · · · , ik−1}
1 t = ik

, (125)

and Ωk :=
(
wk1, · · · , wks−p+l

)
where

wkt =


ξ (k)
ik t t ∈ {1, 2, · · · , s − p + l}\{jp−l+1, jp−l+2, · · · , jk}

0 t ∈ {jp−l+1, jp−l+2, · · · , jk−1}
1 t = jk

. (126)

Let Aτ be the image ofCp(n−p) under the holomorphic map Jτl . Then,
{(
Aτ , (Jτl )−1)}

τ∈Jp
is a holomorphic

atlas of R−1
s,p,n(Ul).

Example A.1. Consider Grassmannian G(4, 8), with s = 2, l = 2, and τ =
(

3 4 1 2
7 8 1 2

)
∈ J2. The holo-

morphic coordinates
(
X̃, Ỹ ,

−→
B 1,
−→
B 2,
−→
B 3,
−→
B 4
)
of C16 are

X̃ = (x17, x18, x27, x28) , Ỹ = (y31, y32, y41, y42) ,
−→
B 1 =

(
b37, ξ (1)

38 , ξ
(1)
47

)
,
−→
B 2 = (b48) , B3 =

(
a11, ξ (3)

12 , ξ
(3)
21

)
,
−→
B 4 = (a22) .

(127)

The holomorphic map Γτ2 : C16 → U2 is given by Γτ
(
X̃, Ỹ ,

−→
B 1, · · · ,

−→
B 4
)

=
a11 a11 · ξ (3)

12 0 0 1 0 x17 x18
a11 · ξ (3)

21 a11 · (ξ (3)
12 · ξ

(3)
21 + a22) 0 0 0 1 x27 x28

y31 y32 1 0 0 0 b37 b37 · ξ (1)
38

y41 y42 0 1 0 0 b37 · ξ (1)
47 b37 · (ξ (1)

47 · ξ
(1)
38 + b48)

 . (128)

A.2 The case n − s < p

For 0 ≤ l ≤ n − s, de�ne an index set Jl by
(
i1 · · · in−s
j1 · · · jn−s

) (in−s−l+1 , in−s−l+2 , · · · , in−s) is a permutation of (1, 2, · · · , l) ;
(j1 , · · · , jn−s−l) is a permutations of (s + l + 1, s + l + 2, · · · , n) ;
1 ≤ jt ≤ s − p + l for n − s − l + 1 ≤ t ≤ n − s , jt1 ≠ jt2 for t1 ≠ t2 ;

l + 1 ≤ it ≤ p for 1 ≤ t ≤ n − s − l , it1 ≠ it2 for t1 ≠ t2

 . (129)

Associate each τ =
(
i1 i2 · · · in−s
j1 j2 · · · jn−s

)
∈ Jl with a complex Euclidean space Cp(n−p) equipped with the

holomorphic coordinates
(
X̃, Ỹ ,

−→
B 1, · · · ,

−→
B n−s

)
de�ned as follows.

X̃ :=


x1(s+l+1) · · · x1n

...
. . .

...
xl(s+l+1) · · · xln

 and Ỹ :=


y(l+1)1 · · · y(l+1)(s−p+l)

...
. . .

...
yp1 · · · yp(s−p+l)

 ; (130)

for 1 ≤ k ≤ n − s − l,
−→
B k :=

(
aik jk , ξ

(k)
ik(s+l+1), ξ

(k)
ik(s+l+2), · · · , ξ̂

(k)
ik j1 , · · · , ξ̂

(k)
ik j2 , · · · , ξ̂

(k)
ik jk , · · · , ξ

(k)
ikn ,

ξ (k)
(l+1)jk

, ξ (k)
(l+2)jk

, · · · , ξ̂ (k)
i1 jk , · · · , ξ̂

(k)
i2 jk , · · · , · · · , ξ̂

(k)
ik jk , · · · , ξ

(k)
pjk

)
;

(131)
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for n − s − l + 1 ≤ k ≤ n − s,

−→
B k :=

(
aik jk , ξ

(k)
ik1, ξ

(k)
ik2, · · · ,

̂ξ (k)
ik jn−s−l+1

, · · · , ̂ξ (k)
ik jn−s−l+2

, · · · , ξ̂ (k)
ik jk , · · · , ξ

(k)
ik(s−p+l),

ξ (k)
1jk , ξ

(k)
2jk , · · · ,

̂ξ (k)
in−s−l+1 jk , · · · ,

̂ξ (k)
in−s−l+2 jk , · · · , · · · , ξ̂

(k)
ik jk , · · · , ξ

(k)
ljk

)
.

(132)

The holomorphic embedding Jτl : Cp(n−p) → Ts,p,n ↪→ CPNp,n ×CPN
0
s,p,n × · · · ×CPN

p
s,p,n is the holomorphic

extension of the birational mapKs,p,n ◦ Γτl , where Γτl : Cp(n−p) → Ul is given by

Γτl
(
X̃, Ỹ ,

−→
B 1 , · · · ,

−→
B n−s

)
:=

n−s∑
k=n−s−l+1

(
k∏

t=n−s−l+1
ait jt

)
· ΞTk · Ωk 0l×(p−l) Il×l X̃

Ỹ I(p−l)×(p−l) 0(p−l)×l
n−s−l∑
k=1

(
k∏
t=1
bit jt

)
· ΞTk · Ωk

 .
(133)

For 1 ≤ k ≤ n − s − l, Ξk :=
(
vkl+1, · · · , v

k
p

)
where

vkt =


ξ (k)
tjk t ∈ {l + 1, l + 2, · · · , p}\{i1, i2, · · · , ik}

0 t ∈ {i1, i2, · · · , ik−1}
1 t = ik

, (134)

and Ωk :=
(
wks+l+1, · · · , w

k
n

)
where

wkt =


ξ (k)
ik t t ∈ {s + l + 1, s + l + 2, · · · , n}\{j1, j2, · · · , jk}

0 t ∈ {j1, j2, · · · , jk−1}
1 t = jk

. (135)

For n − s − l + 1 ≤ k ≤ n − s, Ξk :=
(
vk1, · · · , vkl

)
where

vkt =


ξ (k)
tjk t ∈ {1, 2, · · · , l}\{in−s−l+1, in−s−l+2, · · · , ik}

0 t ∈ {in−s−l+1, in−s−l+2, · · · , ik−1}
1 t = ik

, (136)

and Ωk :=
(
wk1, · · · , wks−p+l

)
where

wkt =


ξ (k)
ik t t ∈ {1, 2, · · · , s − p + l}\{jn−s−l+1, jn−s−l+2, · · · , jk}

0 t ∈ {jn−s−l+1, jn−s−l+2, · · · , jk−1}
1 t = jk

. (137)

Let Aτ be the image of Cp(n−p) under Jτl . Then,
{(
Aτ , (Jτ)−1)}

τ∈Jl
is a holomorphic atlas for R−1

s,p,n(Ul),
0 ≤ l ≤ n − s.



A vanishing theorem for the canonical blow-ups of Grassmann manifolds | 435

B Restriction formulas when p = n − s or s

B.1 Proof of Lemma 3.7.

Since D+
1, D+

2, · · · , D+
r+1−j have empty intersection with D−j , by Lemma 2.11 we can conclude the following

formulas for line bundles.

B̌−j0 = (Rs,p,n)*
(
OG(p,n)(1)

)
|D−j −

r∑
i=r+2−j

(r + 1 − i) · D−j+i ,

B̌−j1 = (Rs,p,n)*
(
OG(p,n)(1)

)
|D−j −

r−1∑
i=r+2−j

(r − i) · D−j+i − D
−j
−1 ,

B̌−j2 = (Rs,p,n)*
(
OG(p,n)(1)

)
|D−j −

r−2∑
i=r+2−j

(r − 1 − i) · D−j+i − 2D−j−1 − D
−j
−2 ,

...

(138)

B̌−jj−2 = (Rs,p,n)*
(
OG(p,n)(1)

)
|D−j − D

−j
+(r+2−j) − (j − 2)D−j−1 − (j − 3)D−j−2 − · · · − D

−j
−(j−2) , (139)

B̌−jj−1 = (Rs,p,n)*
(
OG(p,n)(1)

)
|D−j − (j − 1)D−j−1 − (j − 2)D−j−2 − · · · − D

−j
−(j−1) , (140)

B̌−jj = (Rs,p,n)*
(
OG(p,n)(1)

)
|D−j − jD

−j
−1 − (j − 1)D−j−2 − · · · − 2D−j−(j−1) − D

−j
−j , (141)

B̌−jj+1 = (Rs,p,n)*
(
OG(p,n)(1)

)
|D−j − (j + 1)D−j−1 − jD

−j
−2 − · · · − 2D−j−j − D

−j
−(j+1) , (142)

...

B̌−jr = D−j−r = (Rs,p,n)*
(
OG(p,n)(1)

)
|D−j − rD

−j
−1 − · · · − · · · − 2D−j−(r−1) .

(143)

Then (94) and (95) follow from (139), (140), (141), and (142) directly.
When 1 ≤ j ≤ r − 2, subtracting (142) from (141), we derive that

D−j−1 + D−j−2 + · · · + D−j−(j−1) + D−j−j + D−j−(j+1) = B̌−jj − B̌
−j
j+1. (144)

Restricting (61) to D−j and plugging in (144), we have that

−KTs,p,n |D−j =(s − p + 1)B̌−j0 + 2
r−1∑
m=1

B̌−jm +
j+1∑
i=1

D−j−i +
r∑

i=j+2
D−j−i +

r∑
i=r+2−j

D−j+i

=(s − p + 1)B̌−j0 + 2
r−1∑
m=1

B̌−jm + B̌−jj − B̌
−j
j+1 +

r∑
i=j+2

D−j−i +
r∑

i=r+2−j
D−j+i .

(145)

Similarly, when j = r − 1 or r, we have that

D−j−1 + D−j−2 + · · · + D−j−(j−1) + D−j−j + D−j−(j+1) = B̌−jr−1, (146)
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where we make the convention that D−r−(r+1) is trivial; hence,

−KTs,p,n |D−j =(s − p + 1)B̌−j0 + 2
r−1∑
m=1

B̌−jm +
j+1∑
i=1

D−j−i +
r∑

i=j+2
D−j−i +

r∑
i=r+2−j

D−j+i

=(s − p + 1)B̌−j0 + 2
r−1∑
m=1

B̌−jm + B̌−jr−1 +
r∑

i=j+2
D−j−i +

r∑
i=r+2−j

D−j+i .

(147)

Next we consider the restriction on D+
j . By Lemma 2.11 and the fact that D−1, D−2, · · · , D−r+1−j have empty

intersection with D+
j , we can conclude that

B̌+j
0 = (Rs,p,n)*

(
OG(p,n)(1)

)
|D+

j
−

r∑
i=1

(r + 1 − i) · D+j
+i ,

B̌+j
1 = (Rs,p,n)*

(
OG(p,n)(1)

)
|D+

j
−
r−1∑
i=1

(r − i) · D+j
+i ,

...

(148)

B̌+j
r−1−j = (Rs,p,n)*

(
OG(p,n)(1)

)
|D+

j
−
j+1∑
i=1

(j + 2 − i) · D+j
+i , (149)

B̌+j
r−j = (Rs,p,n)*

(
OG(p,n)(1)

)
|D+

j
−

j∑
i=1

(j + 1 − i) · D+j
+i , (150)

B̌+j
r+1−j = (Rs,p,n)*

(
OG(p,n)(1)

)
|D+

j
−
j−1∑
i=1

(j − i) · D+j
+i , (151)

B̌+j
r+2−j = (Rs,p,n)*

(
OG(p,n)(1)

)
|D+

j
−
j−2∑
i=1

(j − 1 − i) · D+j
+i − D

+j
−(r+2−j) , (152)

...

B̌+j
r−1 = (Rs,p,n)*

(
OG(p,n)(1)

)
|D+

j
− D+j

+1 −
r−1∑

i=r+2−j
(r − i) · D+j

−i .

B̌+j
r = D+j

−r = (Rs,p,n)*
(
OG(p,n)(1)

)
|D+

j
−

r−1∑
i=r+2−j

(r + 1 − i) · D+j
−i .

(153)

Then (98) and (99) follow from (149), (150), (151), (152), and (153).
When 1 ≤ j ≤ r − 1, subtracting (149) from (150), we derive that

D+j
+1 + D+j

+2 + · · · + D+j
+(j−1) + D+j

+j + D+j
+(j+1) = B̌+j

r−j − B̌
+j
r−1−j . (154)

Restricting (61) to D+
j and plugging in (154), we have that

−KTs,p,n |D+
j

= (s − p + 1) · B̌+j
0 + 2

r−1∑
m=1

B̌+j
m +

j+1∑
i=1

D+j
+i +

r∑
i=j+2

D+j
+i +

r∑
i=r+2−j

D+j
−i ,

=(s − p + 1) · B̌+j
0 + 2

r−1∑
m=1

B̌+j
m + B̌+j

r−j − B̌
+j
r−1−j +

r∑
i=j+2

D+j
+i +

r∑
i=r+2−j

D+j
−i .

(155)
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When j = r, subtracting (149) from (150), we derive that

D+j
+1 + D+j

+2 + · · · + D+j
+(j−1) + D+j

+j + D+j
+(j+1) = B̌+j

1 − B̌
+j
0 . (156)

Restricting (61) to D+
j and plugging in (156), we have that

−KTs,p,n |D+
j

= (s − p + 1) · B̌+j
0 + 2

r−1∑
m=1

B̌+j
m +

j+1∑
i=1

D+j
+i +

r∑
i=j+2

D+j
+i +

r∑
i=r+2−j

D+j
−i ,

=(s − p + 1) · B̌+j
0 + 2

r−1∑
m=1

B̌+j
m + B̌+j

1 − B̌
+j
0 +

r∑
i=j+2

D+j
+i +

r∑
i=r+2−j

D+j
−i .

(157)

We complete the proof of Lemma 3.7.

B.2 Proof of Lemma 3.8.

Since D+
1, D+

2, · · · , D+
r+1−j have empty intersection with D−j , by Lemma 2.11 we can conclude that

B̌−j0 = D−j+r = (Rs,p,n)*
(
OG(p,n)(1)

)
|D−j −

r−1∑
i=r+2−j

(r + 1 − i) · D−j+i ,

B̌−j1 = (Rs,p,n)*
(
OG(p,n)(1)

)
|D−j −

r−1∑
i=r+2−j

(r − i) · D−j+i − D
−j
−1 ,

B̌−j2 = (Rs,p,n)*
(
OG(p,n)(1)

)
|D−j −

r−2∑
i=r+2−j

(r − 1 − i) · D−j+i − 2D−j−1 − D
−j
−2 ,

...

(158)

B̌−jj−2 = (Rs,p,n)*
(
OG(p,n)(1)

)
|D−j − D

−j
+(r+2−j) − (j − 2)D−j−1 − (j − 3)D−j−2 − · · · − D

−j
−(j−2) , (159)

B̌−jj−1 = (Rs,p,n)*
(
OG(p,n)(1)

)
|D−j − (j − 1)D−j−1 − (j − 2)D−j−2 − · · · − D

−j
−(j−1) , (160)

B̌−jj = (Rs,p,n)*
(
OG(p,n)(1)

)
|D−j − jD

−j
−1 − (j − 1)D−j−2 − · · · − 2D−j−(j−1) − D

−j
−j , (161)

B̌−jj+1 = (Rs,p,n)*
(
OG(p,n)(1)

)
|D−j − (j + 1)D−j−1 − jD

−j
−2 − · · · − 2D−j−j − D

−j
−(j+1) , (162)

...

B̌−jr−1 = (Rs,p,n)*
(
OG(p,n)(1)

)
|D−j − (r − 1)D−j−1 − · · · − · · · − D

−j
−(r−1) ,

B̌−jr = D−j−r = (Rs,p,n)*
(
OG(p,n)(1)

)
|D−j − rD

−j
−1 − · · · − · · · − 2D−j−(r−1) .

(163)

Then (102) and (103) follow directly.
When 1 ≤ j ≤ r − 2, subtracting (162) from (161), we derive that

D−j−1 + D−j−2 + · · · + D−j−(j−1) + D−j−j + D−j−(j+1) = B̌−jj − B̌
−j
j+1 . (164)
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Restricting (61) to D−j and plugging in (164), we have that

−KTs,p,n |D−j =2
r−1∑
m=1

B̌−jm +
j+1∑
i=1

D−j−i +
r∑

i=j+2
D−j−i +

r∑
i=r+2−j

D−j+i

=2
r−1∑
m=1

B̌−jm + B̌−jj − B̌
−j
j+1 +

r∑
i=j+2

D−j−i +
r∑

i=r+2−j
D−j+i .

(165)

When j = r − 1 or r, we have that

D−j−1 + D−j−2 + · · · + D−j−(j−1) + D−j−j + D−j−(j+1) = B̌−jr−1; (166)

hence,

−KTs,p,n |D−j =2
r−1∑
m=1

B̌−jm +
j+1∑
i=1

D−j−i +
r∑

i=j+2
D−j−i +

r∑
i=r+2−j

D−j+i

=2
r−1∑
m=1

B̌−jm + B̌−jr−1 +
r∑

i=j+2
D−j−i +

r∑
i=r+2−j

D−j+i .

(167)

Next we consider the restriction on D+
j . By Lemma 2.11 and the fact that D−1, D−2, · · · , D−r+1−j have empty

intersection with D+
j , we can conclude that

B̌+j
0 = D+j

+r = (Rs,p,n)*
(
OG(p,n)(1)

)
|D+

j
−
r−1∑
i=1

(r + 1 − i) · D+j
+i ,

B̌+j
1 = (Rs,p,n)*

(
OG(p,n)(1)

)
|D+

j
−
r−1∑
i=1

(r − i) · D+j
+i ,

...

(168)

B̌+j
r−1−j = (Rs,p,n)*

(
OG(p,n)(1)

)
|D+

j
−
j+1∑
i=1

(j + 2 − i) · D+j
+i , (169)

B̌+j
r−j = (Rs,p,n)*

(
OG(p,n)(1)

)
|D+

j
−

j∑
i=1

(j + 1 − i) · D+j
+i , (170)

B̌+j
r+1−j = (Rs,p,n)*

(
OG(p,n)(1)

)
|D+

j
−
j−1∑
i=1

(j − i) · D+j
+i , (171)

B̌+j
r+2−j = (Rs,p,n)*

(
OG(p,n)(1)

)
|D+

j
−
j−2∑
i=1

(j − 1 − i) · D+j
+i − D

+j
−(r+2−j) , (172)

...

B̌+j
r−1 = (Rs,p,n)*

(
OG(p,n)(1)

)
|D+

j
− D+j

+1 −
r−1∑

i=r+2−j
(r − i) · D+j

−i .

B̌+j
r = D+j

−r = (Rs,p,n)*
(
OG(p,n)(1)

)
|D+

j
−

r−1∑
i=r+2−j

(r + 1 − i) · D+j
−i .

(173)
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Then (106) and (107) follow from (169), (170), (171), (172), and (173).
When 1 ≤ j ≤ r − 2, subtracting (169) from (170), we derive that

D+j
+1 + D+j

+2 + · · · + D+j
+(j−1) + D+j

+j + D+j
+(j+1) = B̌+j

r−j − B̌
+j
r−1−j . (174)

Restricting (61) to D+
j and plugging in (174), we have that

−KTs,p,n |D+
j

=2
r−1∑
m=1

B̌+j
m +

j+1∑
i=1

D+j
+i +

r∑
i=j+2

D+j
+i +

r∑
i=r+2−j

D+j
−i ,

=2
r−1∑
m=1

B̌+j
m + B̌+j

r−j − B̌
+j
r−1−j +

p∑
i=j+2

D+j
+i +

r∑
i=r+2−j

D+j
−i .

(175)

When j = r − 1 or r,
D+j

+1 + D+j
+2 + · · · + D+j

+(j−1) + D+j
+j + D+j

+(j+1) = B̌+j
1 ; (176)

hence,

−KTs,p,n |D+
j

=2
r−1∑
m=1

B̌+j
m +

j+1∑
i=1

D+j
+i +

r∑
i=j+2

D+j
+i +

r∑
i=r+2−j

D+j
−i

=2
r−1∑
m=1

B̌+j
m + B̌+j

1 +
r∑

i=j+2
D+j

+i +
r∑

i=r+2−j
D+j
−i .

(177)

We complete the proof of Lemma 3.8.
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