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Abstract: Let (M, D) be a compact contact manifold with dimRM = 2n − 1 ≥ 5. This means that: M is a C∞

di�erential manifold with dimRM = 2n − 1 ≥ 5. And D is a subbundle of the tangent bundle TM which
satisfying ; there is a real one form θ such that D = {X : X ∈ TM, θ(X) = 0}, and θ ∧

∧n−1(dθ) ≠ 0 at
every point of p of M. Especially, we assume that our D admits almost CR structure,(M, S). In this paper,
inspired by the work of Matsumoto([M]), we study the di�erence of partially integrable almost CR structures
from actual CR structures. And we discuss partially integrable almost CR structures from the point of view of
the deformation theory of CR structures ([A1],[AGL]).
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1 Introduction
The purpose of this paper is to study a partially integrable almost CR structures from the point of view of the
deformation theory of CR structures, developed in [A1,AGL]. Let (M, θ) be a contact structure whereM is a C∞

manifold with odd dimension and θ is a contact form. Recently, some people are studying more special kind
of contact manifolds, that is to say, a partially integrable almost CR structure. Matsmoto pointed out that
a partially integrable almost CR structure is related with the deformation complex of CR structures. Here,
along this line, we discuss a partially integrable almost CR structure. We recall its de�nition. Let (M, D) be a
compact contact manifold with dimRM = 2n − 1 ≥ 5. This means that: M is a C∞ di�erential manifold with
dimRM = 2n−1 ≥ 5. And D is a subbundle of the tangent bundle TM which satisfying that: there is a real one
form θ such that D = {X : X ∈ TM, θ(X) = 0}, and θ ∧

∧n−1(dθ) ≠ 0 for any point of p ∈ M. Especially, we
assume that our D admits almost CR structure and satis�es a week integrability condition.The purpose of this
paper is to discuss partially integrable almost CR structures from thepoint of viewof the deformation complex
of CR structures(see[AGL]), which is successful. Because of the positivity of the Levi form, we can construct
EjS for a partially integrable almost CR structure by the same way in [A1],[A2]. For a given partially integrable
almost CR structure {(M, S), θ}, we see that: (M, ϕS) (see de�nition [3.1] in this paper) is actual CR structure
i� ϕ is a solution of a non-linear partial di�erential equation. And for this equation, if HS(obstr) = 0 holds,
our equation has an approximate solution (for the notation, see Sect.8). For higher order approximation, by
now, we don’t have a particular procedure. Because the convergence of our formal sequence is a very di�cult
problem. And some topologist says that there might be a counter example, that is to say, the existence of
a partially integrable almost CR structure which does not come from a CR structure. However we dare to
conjecture

Conjecture If HS(obstr) = 0, then we have an actual solution.
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2 CR structures
In order to explain the partially integrable almost CR structures, which is strongly pseudo convex, we remem-
ber the notion of CR structures. Let M be a compact real 2n − 1 dimensional C∞ manifold. Let 0T ′′ be a n − 1
dimensional complex subbundle of the complex�ed tangent bundle ofM. The pair (M, 0T ′′) is a CR structure
if the following condition holds.

(1) 0T ′′ ∩ 0T ′ = 0 (2.1)

(2) [Γ(M,0 T ′′), Γ(M, 0T ′′)] ⊂ Γ(M,0 T ′′) (2.2)

Here 0T ′ means the complex conjugate of 0T ′′. We assume that our CR structure is strongly pseudo convex.
Now we set a supplement real vector ζ , satisfying :for every point p ∈ M,

(1)ζp ∉ 0T ′′p + 0T ′p (2.3)

(2)[ζ , Γ(M, 0T ′)] ⊂ Γ(M, 0T ′) + Γ(M, 0T ′′) (2.4)

Because of strongly pseudo convexity, this is always possible. And set

T ′ = 0T ′ + C⊗ ζ

And we �x C∞ vector bundle decomposition of the complex�ed tangent bundle by

C⊗ TM = 0T ′′ + T ′

We introduce ∂T ′ operator.
∂T ′ : Γ(M, T ′)→ Γ(M, T ′ ⊗ (0T ′′)*)

For u ∈ Γ(M, T ′), ∂T ′u(X) = [X, u]T ′ . By the standard exterior derivative, we have ∂(i)T ′ . Here we mention

∂(1)T ′ u(X, Y) = [X, u(Y)]T ′ − [Y , u(X)]T ′ − u([X, Y]).

And the Kohn-Rossi cohomology

H(i) = Ker∂
(i)
T ′

Im∂i−1T ′
is introduced.

Example
Let (V , o) be an isolated singularity in a complex euclidean space CN. Set M = V ∩ S2N−1ϵ and 0T ′′ =

C⊗ TM ∩ T ′′(CN).

3 The deformation theory of CR structures
For ϕ ∈ Γ(M, T ′ ⊗ (0T ′′)*), We set a new almost CR structure, determined by;

ϕT ′′ = {X′ : X′ = X + ϕ(X), X ∈ 0T ′′}. (3.1)

While, (M, ϕT ′′) may not be integrable.

Theorem 3.1. For ϕ ∈ Γ(M, T ′ ⊗ (0T ′′)*), (M, ϕT ′′) is a CR structure, i� ϕ satis�es

∂(1)T ′ ϕ + R2(ϕ) + R3(ϕ) = 0.

If dimRM = 2n − 1 = 7, and our M is compact strongly pseudo convex, there is the Neumann operator for
∂T ′ . However, this Neumann operator is only sub-elliptic(elliptic in 0T ′+0T ′′, but for the direction ζ , not elliptic).
In spired with these results, we reformulate our deformation theory inside 0T ′ + 0T ′′.
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We brie�y remember the deformation theory of CR structures(in [A1], [AGL]). For i = 1, we set
For i = 1,

Ei = {u : u ∈ Γ(M,0 T ′ ⊗
i∧
(0T ′′)*), (∂(i)T ′ u)C⊗ζ = 0}.

Here (∂(i)T ′ u)C⊗ζ = 0 means the C⊗ ζ part of ∂(i)T ′ u according to (2.5), (2.6).

For an example of partialloy integrable almost CR strutures, we see E1. (∂(1)T ′ u)C⊗ζ = 0 means that: for
X, Y ∈ 0T ′′,

(∂(1)T ′ u(X, Y))C⊗ζ = 0.

While
∂(1)T ′ u(X, Y) = [X, u(Y)]T ′ − [Y , u(X)]T ′ − u([X, Y])

So this becomes
[X, u(Y)]C⊗ζ − [Y , u(X)]C⊗ζ = 0. (3.2)

As for D, we determine Xg ∈ Γ(M, C) by Here (∂(i)T ′ u)C⊗ζ = 0 means the C ⊗ ζ part of ∂(i)T ′ u according to
(2.5), (2.6). As for calD, we determine theHamiltonian vector �eldwith respect to the Leviform, Xg ∈ Γ(M, C)
by

[Xg , Y]C⊗ζ = (Yg)ζ ,

where [Xg , Y]C⊗ζ means the C⊗ ζ part of [Xg , Y], and set Zg = Xg + gζ .H = {Zg : g ∈ Γ(M, C)}. By these
preparations, set

Dg = ∂T ′SZg .

Then, by the de�nition of Zg, ∂T ′SZg ∈ Γ(M, E1). Our structure is integrable. So, ∂(2)T ′ ∂
(1)
T ′ = 0. Hence

Proposition 3.2. (see Proposition 2.1in [A1])

For u ∈ Γ(M, E1), ∂(1)T ′ u ∈ Γ(M, E2).

More precisely,we have our deformation complex,which is sub-ellptic(furthermore, the Kohn-Rossi cohomol-
ogy can be recovered)(see [A1]).

Our deformation complex

Γ(M, C) D−−−−−→ Γ(M, E1)
∂(1)T′−−−−−→ Γ(M, E2)...

4 Partially integrable almost CR structures
We start with the de�nition of contact structures. Let M be a C∞ manifold with dimRM = 2n − 1. Let θ be a
real one form on M, satisfying

θ ∧
n−1∧

(dθ) ≠ 0 for any point of M

The pair (M, θ) is called a contact structure or a contact manifold. Recently, several mathematician consider
more special kind of a contact manifold, a partially integrable almost CR structure.
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De�nition 4.1. If our contact structure (M, θ) admits almost CR structure (M, S), where S is the subbundle of
the complex�ed tangent bundle satisfying:

(1) θ |S= 0, (4.1)

(2) S ∩ S = 0, dimC
C ⊗ TM
S + S

= 1, (4.2)

(3) [Γ(M, S), Γ(M, S)] ⊂ Γ(M, S + S), (4.3)

the tripple (M, S, θ) is called a partially integrable almost CR structure.

For this almost CR structure, by the same as in the case CR structure, we can introduce strongly pseudo con-
vexity.

De�nition 4.2. If our partially integrable almost CR structure {(M, S), θ} satis�es,

dθ : S × S → C, is positive or negative de�nite

de�ned by :
√
−1dθ(X, Y) for X, Y ∈ Γ(M, S), then {(M, S), θ} is called strongly pseudo convex.

Henceforth, we assume that our partially integrable almost CR structure is strongly pseudo convex. Hence,
we can introduce a C∞ vector bundle decomposition,

C ⊗ TM = S + C⊗ ζ + S, (4.4)

where ζ is a C∞ real vector �eld on M, determined by:

(1) θ(ζ ) = 1 (4.5)
(2) dθ(X, ζ ) = 0 for X ∈ S, (4.6)

and C⊗ ζ means the complex line bundle, generated by ζ .

Example As for partially integrable almost CR structures, we take a strongly pseudo convex CR structure
(M, 0T ′′). And for any ϕ ∈ Γ(M, E1), (M, ϕT ′′) is the partially integrable almost CR structure. For any X′, Y ′ ∈
Γ(M, 0T ′′), [X′, Y ′] ∈ϕ T ′ + ϕT ′′ (actually 0T ′ + 0T ′′. In fact, X′ = X + ϕ(X), Y ′ = Y + ϕ(Y), where X, Y ∈ 0T ′′,

[X′, Y ′] =[X + ϕ(X), Y + ϕ(Y)] (4.7)
=[X, Y] + [X, ϕ(Y)] − [Y , ϕ(X)] + [ϕ(X), ϕ(Y)] (4.8)

Since (M, 0T ′′) is a CR structure, theC⊗ ζ part of the �rst term and the fourth term vanish. And because of
ϕ being of E1, theC⊗ζ of (the second term+ the third term) vanishes. So our [X′, Y ′] is of 0T ′+0T ′′ =ϕ T ′+ϕT ′′.

5 ∂T′S
complex

For our partially integrable almost CR structure {(M, S), θ}, we introduce ∂T ′S - complex by the same way as
the case the standard CR structure. Set

T ′S = S + C⊗ ζ ,

and consider the �rst order di�erential operator ∂T ′S ,

∂T ′S : Γ(M, T ′S)→ Γ(M, T ′S ⊗ S*),



Partially integrable almost CR structures | 407

de�ned by ∂T ′Su(X) = [X, u]T ′S , where u ∈ Γ(M, T ′S), X ∈ Γ(M, S), and [X, u]T ′S means the projection of [X, u]T ′S
to T ′S, with respect to (2.4). Then, by the standard way as for a scalar valued diferential form, we have a
di�erential operator ∂(p)T ′S : from Γ(M, T ′S ⊗

∧p S*) to Γ(M, T ′S ⊗
∧p+1 S*).

We note that in this case, because of the lack of integrability, in general

∂(1)T ′S ∂T ′S ≠ 0.

Even though this is not a diiferential complex, we have a pseudo-"Standard deformation complex"

0 −−−−−→ Γ(M, T ′S)
∂T′S−−−−−→ Γ(M, T ′S ⊗ S*)

∂(1)T′S−−−−−→ Γ(M, T ′S ⊗
∧2 S*)...

And also like the case integrable CR structures, we can introduce a pseudo- Our deformation complex

Γ(M, C) D−−−−−→ Γ(M, E1S)
∂(1)T′−−−−−→ Γ(M, E2S)...

Here D is the second order partial di�erential operator. For the details, see [AGL], [A1]. We brie�y re-
member these. For i = 1,

EiS = {u : u ∈ Γ(M, S ⊗
i∧
S*), (∂(i)T ′Su)C⊗ζ = 0}.

Here (∂(i)T ′Su)C⊗ζ means the C⊗ ζ part of ∂(i)T ′Su according to (4.4). As forD, we determine Xg ∈ Γ(M, S) by

[Xg , Y]ζ = (Yg)ζ

annd set Zg = Xg + gζ .H = {Zg : g ∈ Γ(M, C)}. By these preparations, set

Dg = ∂T ′SZg .

Then, by the de�nition of Zg, ∂T ′SZg ∈ Γ(M, E1S).

Next, we see

Proposition 5.1.
For u ∈ Γ(M, E1S), ∂

(1)
T ′S u ∈ Γ(M, E2S).

Proof. By the de�ntion,

∂(1)T ′S u ∈ Γ(M, S ⊗
2∧
S*).

We have to show

(∂(2)T ′S ∂
(1)
T ′S u)(C⊗ζ )⊗

∧3 S* = 0.

For X, Y , Z ∈ Γ(M, S), we compute

(∂(2)T ′S ∂
(1)
T ′S u)(X, Y , Z)

Henceforth, we abbreviate ∂ for ∂(i)T ′S .
By the de�nition,

(∂∂u)(X, Y , Z) = [X, ∂u(Y , Z)]T ′S − [Y , ∂u(X, Z)]T ′S + [Z, ∂u(X, Y)]T ′S
− ∂u([X, Y]S , Z) + ∂u([X, Z]S , Y) − ∂u([Y , Z]S , X)
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While

[X, ∂u(Y , Z)]T ′S = [X, [Y , u(Z)]T ′S − [Z, u(Y)]T ′S − u([Y , Z]S)]T ′S

[Y , ∂u(X, Z)]T ′S = [Y , [X, u(Z)]T ′S − [Z, u(X)]T ′S − u([X, Z]S)]T ′S

[Z, ∂u(X, Y)]T ′S = [Z, [X, u(Y)]T ′S − [Y , u(X)]T ′S − u([X, Y]S)]T ′S
Combined these,

(∂∂u)(X, Y , Z) = {[X, [Y , u(Z)]T ′S − [Z, u(Y)]T ′S − u([Y , Z]S)]T ′S}

− {[Y , [X, u(Z)]T ′S − [Z, u(X)]T ′S − u([X, Z]S)]T ′S}

+ {[Z, [X, u(Y)]T ′S − [Y , u(X)]T ′S − u([X, Y]S)]T ′S}

− {[[X, Y]S , u(Z)]T ′S − [Z, u([X, Y]S)]T ′S − u([[X, Y]S , Z]S)}

+ {[[X, Z]S , u(Y)]T ′S − [Y , u([X, Z]S)]T ′S − u([[X, Z]S , Y]S)}

− {[[Y , Z]S , u(X)]T ′S − [X, u([Y , Z]S)]T ′S − u([[Y , Z]S , X]S)}

(5.1)

We see that the C⊗ ζ part of (∂∂u)(X, Y , Z) vanishes. First, our u takes its value in S (by the de�nition of
u). Hence it is enough to show thatthe C⊗ ζ part of

{[X, [Y , u(Z)]T ′S − [Z, u(Y)]T ′S − u([Y , Z]S)]T ′S} − {[Y , [X, u(Z)]T ′S − [Z, u(X)]T ′S − u([X, Z]S)]T ′S}

+ {[Z, [X, u(Y)]T ′S − [Y , u(X)]T ′S − u([X, Y]S)]T ′S}

− {[[X, Y]S , u(Z)]T ′S − [Z, u([X, Y]S)]T ′S}

+ {[[X, Z]S , u(Y)]T ′S − [Y , u([X, Z]S)]T ′S}

− {[[Y , Z]S , u(X)]T ′S − [X, u([Y , Z]S)]T ′S}

(5.2)

vanishes. This becomes

{[X, [Y , u(Z)]T ′S − [Z, u(Y)]T ′S ]T ′S} − {[Y , [X, u(Z)]T ′S − [Z, u(X)]T ′S ]T ′S}

+ {[Z, [X, u(Y)]T ′S − [Y , u(X)]T ′S ]T ′S}

− {[[X, Y]S , u(Z)]T ′S ]T ′S}

+ {[[X, Z]S , u(Y)]T ′S ]T ′S}

− {[[Y , Z]S , u(X)]T ′S ]T ′S}

(5.3)

While because of partially integrability, for example,

[X, [Y , u(Z)]T ′S ]C⊗ζ =[X, [Y , u(Z)]T ′S + [Y , u(Z)]S]C⊗ζ
=[X, [Y , u(Z)]]C⊗ζ

(5.4)
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And so on.
Hence, by the Jacobi identity, the C⊗ ζ part of (5.1) vanishes.

Then, like the case integrable almost CR structures, we have
a " di�erential complex" (in our case, ∂(1)T ′S D ≠ 0.).

Even though "our di�erential complex" is not an actual di�erential complex, we have the harmonic de-
composition on Γ(M, E1S) by the standard functional analysis argument.

Theorem 5.2. Assume that dimRM = 2n − 1 = 5 and (M, S) is a compact strongly pseudo convex partially
integrable CR structure. Then, on Γ(M, E1S), we have the harmonic type operator HS and the Neumann type
operator NS which satis�es:

(1) HSNS = NSHS = 0, (5.5)
(2) for ϕ ∈ Γ(M, E1S), ϕ = �SNSϕ + HSϕ, (5.6)

where�S = DD* + ∂(1)*T ′S ∂
(1)
T ′S .

Theorem 5.3. Assume that dimRM = 2n − 1 = 7 and (M, S) is a compact strongly pseudo convex partially
integrable CR structure. Then, on Γ(M, E2S), we have the harmonic type operator HS and the Neumann type
operator NS which satis�es:

(1) HSNS = NSHS = 0, (5.7)
(2) for ϕ ∈ Γ(M, E2S), ϕ = �SNSϕ + HSϕ, (5.8)

where�S = ∂
(1)
T ′S ∂

(1)*
T ′S + ∂(2)*T ′S ∂

(2)
T ′S .

6 Obstruction
We set the element obstr ∈ Γ(M, S ⊗

∧2 S*) by

obstr(X, Y) = [X, Y]S , X, Y ∈ Γ(M, S).

Theorem 6.1. obstr is of Γ(M, E2S) and ∂
(2)
T ′S obstr = 0.

Proof. By the de�nition of the partially integrable almost CR structure {(M, S), θ},

obstr ∈ Γ(M, S ⊗
2∧
S*).

We have to show (∂(2)S obstr)C⊗ζ = 0. While, in this case, we can show ∂(2)T ′S obstr = 0. In fact, for X, Y , Z ∈
Γ(M, S),

∂(2)T ′S obstr(X, Y , Z) = [X, obstr(Y , Z)]T ′S − [Y , obstr(X, Z)]T ′S + [Z, obstr(X, Y)]T ′S
− obstr([X, Y]S , Z) + obstr([X, Z]S , Y) − obstr([Y , Z]S , X)

So
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∂(2)T ′S obstr(X, Y , Z) = [X, obstr(Y , Z)]T ′S − [Y , obstr(X, Z)]T ′S + [Z, obstr(X, Y)]T ′S
− [[X, Y]S , Z]S + [[X, Z]S , Y]S − [[Y , Z]S , X]S

As our almost CR structure is partially integrable, this becomes

[X, [Y , Z]S]T ′S − [Y , [X, Z]S]T ′S + [Z, [X, Y]S]T ′S
− [[X, Y]S , Z]S + [[X, Z]S , Y]−[[Y , Z]S , X]S (6.1)

So

[X, [Y , Z]S+S]T ′S
− [Y , [X, Z]S+S]T ′S

+ [Z, [X, Y]S+S]T ′S
Again, by the partial integrablity,

[Y , Z]S+S = [Y , Z], [X, Z]S+S = [X, Z], [X, Y]S+S = [X, Y].

Hence by the Jacobi identity, the above becomes 0.

7 P.d.e and a variation formula
We would like to �nd a ψ ∈ Γ(M, S ⊗ S*) satisfying: (M, ψS) is integrable. Here

ψS = {X′ : X′ = X + ψ(X), X ∈ S}.

This becomes solving a partial di�erential equation. We see this. ψS is integrable i�

for any X′, Y ′ ∈ ψS, [X′, Y ′] ∈ ψS.

This means that for any X, Y ∈ S, there is a Z of S,

[X + ψ(X), Y + ψ(Y)] = Z + ψ(Z).

We can solve Z. That is to say, Z = [X +ψ(X), Y +ψ(Y)]S, where [X +ψ(X), Y +ψ(Y)]S means the projection of
[X + ψ(X), Y + ψ(Y)] to S with respect to (2.4). Hence ψS is integrable i� for any X, Y ∈ S,

[X + ψ(X), Y + ψ(Y)] = [X + ψ(X), Y + ψ(Y)]S + ψ([X + ψ(X), Y + ψ(Y)]S).

We write this. For any X, Y ∈ S,

[X + ψ(X), Y + ψ(Y)]T ′S − ψ([X + ψ(X), Y + ψ(Y)]S) = 0.

Here [X + ψ(X), Y + ψ(Y)]T ′S means the T ′S part of [X + ψ(X), Y + ψ(Y)] with respect to (4.4). The 0-the order
part with respect to ψ is

[X, Y]T ′S = [X, Y]S , which is introduced in Sect.6 as obstr.

The 1-st order part is
[X, ψ(Y)]T ′S − [Y , ψ(X)]T ′S − ψ([X, Y]S).

The 2nd order part is
[ψ(X), ψ(Y)]T ′S − ψ([X, ψ(Y)]S + [ψ(X), Y]S),
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and the 3rd order part is
−ψ([ψ(X), ψ(Y)]S)

Both terms are of Γ(M, E2S) and include �rst order derivative with respect to S and S(we note that the they are
only Sψ, Sψ, and ζψ term doesn’t appear. Hence it is rather good to handle). Therefore we have

Proposition 7.1. (M, ψS) is integrable i� ψ ∈ Γ(M, E1S) satis�es

obstr + ∂(1)T ′S ψ + R(ψ) = 0. (7.1)

We see our partial di�erencial equation more. For ψ ∈ Γ(M, E1S), we consider the modi�ed almost partially
integrable CR structure (M, ψS) and set the C∞ vector bundle decomposion

C⊗ TM = ψS + ψS + C⊗ ζ

Then, consider obstr(ψ)(X, Y) = [X+ψ(X), Y+ψ(Y)]ψS, where X, Y ∈ Γ(M, S). Here [X+ψ(X), Y+ψ(Y)]ψS
means the projection of [X + ψ(X), Y + ψ(Y)] according to the C∞ vector bundle decomposition.

Obviously, if obstr(ψ) vanishes, ourmodi�ed alomost partial CR structure is actual CR structure. By these
consideration, we propose to study

obstr(ψ) = obstr + ∂(1)T ′S ψ + R(ψ).

8 An approximate solution
In Section 7, we propose a partial di�erential equation

obstr + ∂(1)T ′S ψ + R(ψ) = 0,

for ψ ∈ Γ(M, E1S). As an approximate solutiuon, we adapt ψ(1) = −∂(1)*T ′S NSobstr. Then,

obstr(ψ(1)) = −∂(1)*T ′S ∂
(1)
T ′S NSobstr + R(−∂

(1)*
T ′S NSobstr). (8.1)

We see that our ψ(1) is a �rst approximation for the proposed equation. As for our norm, we use ‖‖′(m)
(m is an integer, satisfying: m ≥ n ), which is successfully, introduced in [A1]. Let {Uλ}λ∈Λ be a local �nite
coordinate covering of M. Let {ρλ}λ∈Λ be a partition of unity subordinate to this covering. For a C∞ function
f on M, we set

‖f‖′(m) =
∑
λ∈Λ

n−1∑
k=1
‖ρλ(ek f )‖(m) +

∑
λ∈Λ

n−1∑
k=1
‖ρλ(ek f )‖(m) + ‖f‖(m),

where ‖‖means the Sobolevm norm. Henceforth we omit ρλ. By using these, we can introduce ‖‖′(m) norm on
Γ(M, S ⊗∧2S*). If p = 2, dimRM = 2n − 1 = 7, because of strongly pseudo convexity, our norm is equivalent

‖∂(2)T ′S u‖(m) + ‖∂
(1)*
T ′S u‖(m) + ‖u‖(m)

for u ∈ Γ(M, S ⊗ ∧2S*).
Henceforth, we abbreviate several subscripts. For example, ∂ = ∂T ′S , N = NS,..
(A1)

‖XNu‖′(m) 5 cm‖u‖(m)
for u ∈ Γ(M, S ⊗ ∧2S*) and cm is a constant, which doesn’t depend on u. Here X = e1, .., en−1, e1, .., en−1 (X
is a S + S - valued partial di�erential operator). We note that ∂* is the formal adjoint of ∂ with respect to the
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Levi metric(therefore this ia a �rst di�erential operator). While the actual adjoint with respect to ‖‖(m) norm
must be

∂* + 0-th order operator

by the functional analysis method(obviously, this may not be a di�erential operator). But in our problem(for
estimates), these term can be absorbed in a lower term(negligible term). So, in this paper, we treat ∂* as the
adjoint operator. By the subellptic estimate

‖XiXjv‖(m) 5 cm(‖�v‖(m) + ‖v‖(m))

for v ∈ Γ(M, S ⊗ ∧2S*) and cm is a constant which doesn’t depend on v. And Xi , Xj = e1, .., en−1, e1, .., en−1.
In this inequality, set v := Nu. Then, we have our inequality. And also

(A2)

‖NYu‖′(m) 5 cm‖u‖(m)
for u ∈ Γ(M, S⊗∧2S*) and cm is a constant, which doesn’t depend on u. Here Y = e1, .., en−1, e1, .., en−1. By
the above fact,

‖NYu‖′2(m) ' (∂NYu, ∂NYu)(m) + (∂
*Yu, ∂*Yu)(m) + (u, u)(m),

where (, )(m) means the Sobolev m inner product. Then,

(∂NYu, ∂NYu)(m) ∼ (∂*∂NYYu, NYu)(m)

We note that∼means modulo "negligible terms". And also

(∂*NYu, ∂*NYu)(m) ∼ (∂∂*NYYu, NYu)(m)

Hence
‖NYu‖′2E : E(m) ' (�Nu, NYu)(m) + ‖u‖

2
(m)

As�Nu = u,
‖NYu‖′2(m) < (large constant)‖u‖2(m) + (small constant)‖NYu‖2(m).

Hence we have (A2). By the similar method, we have
(A3)

‖XiXjXkNu‖(m) 5 cm‖u‖
′
(m)

Here Xi , Xj , Xk = e1, .., e(n−1), e1, ..., e(n−1).
And
(B1) By the Sobolev lemma,

‖fg‖′(m) 5 cm‖f‖
′
(m)‖g‖

′
(m)

(by m = n)

8.1 First term

We see the �rst term of (8.1). That is to say, −∂*∂Nobstr. First, we note that: even though�N = N�, we can’t
expect ∂*∂N = N∂*∂. However,

Proposition 8.1. For u ∈ Γ(M, E2S),

‖(∂*∂N − N∂*∂)u‖′(m) 5 cm‖obstr‖
′
(m)‖u‖(m).

where cm is a constant which doesn’t depend on u.
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Proof. As u = �Nu,

∂*∂Nu − N∂*∂u = ∂*∂N(�Nu) − N∂*∂(�Nu)
= ∂*∂(N�)Nu − N∂*∂�Nu
= ∂*∂Nu − N∂*∂�Nu
= ∂*∂Nu − (N�∂*∂Nu + N[∂*∂,�]Nu)
= −N[∂*∂,�]Nu
= −N(∂*∂∂∂* − ∂∂*∂*∂)Nu

While, by the simple calculation,

Lemma 8.2. For α ∈ Γ(M, E1S),
∂∂α = (obstr)α.

By taking the adjoint, for β ∈ Γ(M.E3S),

∂*∂*β = (obstr)β + (negligible term)

It might be better to comment about this lemma. For u ∈ Γ(M, T ′S), X, Y ∈ S,

∂∂u(X, Y) = [X, [Y , u]T ′S ]T ′S − [Y , [X, u]T ′S ]T ′S − [[X, Y]S , u]T ′S
By the Jacobi identity,

the above = [[X, Y]T ′S , u]T ′S − [X, [Y , u]S]T ′S + [Y , [X, u]S]T ′S
= [obstr(X, Y), u]T ′S − obstr(X, [Y , u]S) + obstr(Y , [X, u]S)

While even though α is a 1-form, we have a similar equality(a little bit complicated). Here, ∂∂α includes the
�rst derivative( S -direction) of obstr and α both, but, we note that obstr takes its value in S. Hence,

N∂*∂∂∂*Nu = N∂*(obstr)∂*Nu

is estimated as follows.

‖ − N∂*(obstr)(∂*Nu)‖′(m) 5 ‖(obstr)(∂*Nu)‖(m) by (A2)
5 ‖obstr‖′(m)‖u‖(m) by (B2)

For ∂∂*∂*∂Nu, we have the same estimate. This proposition holds for general strongly pseudo convex al-
most CR structures(it is not necessary to assume the cohomological condition and even partial integrability).
Namely, without any proof, the author mentions

‖(∂*∂N − N∂*∂)u‖′(m) 5 cm‖obstr‖
′
(m)‖u‖

′
(m),

where cm is a constant which doesn’t depend on u.
Unfortunately, as far as I know, there is no reference. But these are a kind of well known results.
And inour case, becauseof partial integrability, obstr takes its value in S and sowehaveabetter estimate.

Hence

Proposition 8.3. For u ∈ Γ(M, E2S), which satis�es ∂u = 0,

‖∂*∂Nu‖′(m) 5 cm‖obstr‖
′
(m)‖u‖(m),

where cm is a constant which doesn’t depend on u.
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8.2 Second term

Wediscuss R(−∂*Nobstr).We estimate R(−∂*Nu) for u ∈ Γ(M, S⊗∧2S*). In Sect.7, wewrite down R(v) , where
v ∈ Γ(M, E1S), quite precisely. And the crucial term of R(v) is the second order term like∑

(some function)(Xivj)vk

where Xi takes its value in S. And vi’s are component of v ∈ Γ(M, E1S). (The third order term of R(v) doesn’t
include any derivatives.)

For u ∈ Γ(M, E2S), we set

v = −∂Nu.

Then, by (A1) and (A3) with (B1),

‖R(−∂Nu)‖′(m) 5 cm(‖u‖
′2
(m) + ‖u‖

3
(m)),

where cm doesn’t depend on u.

With these consideration( the �rst term and the secon term), we see that our �rst approximation satis�es

‖obstr(ψ(1))‖′(m) 5 cm‖obstr‖
′2
(m),

if ‖obstr‖′(m) is su�ciently small.

References
[M] T. Akahori, The new estimates for the subbundles Ej and its application to the deformation of the boundaries of strongly

pseudo convex domains,63 (1981), 311-334, Inventiones mathematicae.
[M] T. Akahori, The notion of CR Hamiltonian flows and the local embedding problem of CR structures, NovaPublisher, ISBN

978-1-60741-011-9.
[M] T. Akahori, The Hamiltonian dynamics over real hypersurfaces in Kaehler manifolds 322 (2006), 207-213,

J.Math.Anal.Appl.
[AGL] T. Akahori, P. M. Gar�eld, and J. M. Lee, Deformation theory of �ve-dimensional CR structures and the Rumin complex, 50

(2002), 517-549, Michigan Mathematical Journal.
[CS] S. Cap, and H. Schichi Parabolic geometries and canonical Cartan connections 29 (2000),453-505, Hokkaido Math. Jour-

nal.
[M] Y. Matsumoto[M] GJMS Operators,Q-curvature, and obstruction tensor of partially integrable CR manifolds,

arXiv:1402.4110v4[math.DG] 2Mar2015


	1 Introduction
	2 CR structures
	3 The deformation theory of CR structures
	4 Partially integrable almost CR structures
	5 T'S complex
	6 Obstruction
	7 P.d.e and a variation formula
	8 An approximate solution
	8.1 First term
	8.2 Second term


