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Abstract: We study some estimates for a real-valued smooth function ¢ on almost Hermitian manifolds. In
the present paper, we show that 900¢ and 000¢ can be estimated by the gradient of the function ¢.
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1 Introduction

Let (M?", J) be an almost complex manifold of real dimension 2n and g an almost Hermitian metric on M. Let
{Z;} be an arbitrary local (1, 0)-frame around a fixed point p € M. We shall use the following notations: for
a function ¢, ViV;¢ := V7 Vz ¢ and

@ = 0i05¢ = ViV;p,

where V is the Chern connection with respect to g, 9;0;¢ = (ZiZ; - [Z;, Z;](O’l))go, ViV = ZiZi(p) - B%Z;(fp)
(see Section 2 for the definition of Bf]-.). Since we have [Z;, Z;](O’ D(p) = B%Z 5(¢p), we obtain that 0,05 = V; V;.

Theorem 1.1. Let (M, ], g) be an almost Hermitian manifold. For a real-valued smooth function ¢ on M, one
has

000¢|g < C|Z(9)lg, [000¢]g < C|Z(9)Ig E8Y)

for a positive constant C which depends on the almost complex structure J and the torsion of the Chern con-
nection.

This paper is organized as follows: in Section 2, we recall some basic definitions and computations on an
almost Hermitian manifold (M, J, g). In Section 3, for an arbitrary chosen smooth function ¢ on M, we show
that 000¢ and 000¢ depend only on Z(¢), Z(¢) and some geometric quantities of (M, J, g). Notice that we
assume the Einstein convention omitting the symbol of sum over repeated indexes in all this paper.

2 Preliminaries

2.1 The Nijenhuis tensor of the almost complex structure

Let M be a 2n-dimensional smooth differentiable manifold. An almost complex structure on M is an endo-
morphism J the tangent bundle of TM, J € I'(End(TM)), satisfying J> = —Idpy. The pair (M, J) is called an
almost complex manifold. Let (M, J) be an almost complex manifold. We define a bilinear map on C*°(M) for
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X, Y € I(TM) by
4N(X, Y) := JX,JY] - JUX, Y] - JIX,JY] - [X, Y], .1)

which is the Nijenhuis tensor of /. The Nijenhuis tensor N satisfies N(X, Y) = -N(Y, X), NJX, Y) = -JN(X, Y),
N(X,JY) = -JN(X, Y), NUX,JY) = -N(X, Y). For any (1, 0)-vector fields V and W, N(V, W) = -[V, w]©®D,
N(V, W) = N(V, W) = 0and N(V, W) = -[V, W], An almost complex structure J is integrable if N = 0 on
M (Newlander-Nirenberg theorem). Giving a complex structure to a differentiable manifold M is equivalent
to giving an integrable almost complex structure to M. A Riemannian metric g on M is called J-invariant if J
is compatible with g, i.e., for any X, Y € I'(TM), g(X, Y) = g(JX, JY). In this case, the pair (J, g) is called an
almost Hermitian structure.

Let {Z;} be a local (1, 0)-frame on (M, J) with an almost Hermitian metric g and let {{"} be a local as-
sociated coframe with respect to {Z,}, i.e., { i(Zj) = 6]‘: fori,j = 1,...,n. Since g is almost Hermitian, its
components satsfy g;; = 8&;=0 and 8 = &i = &y

Using these local frame {Z;} and coframe {{"}, we have

N(Z;, ;) = -12;, )0 = N§Zy,  N(Zi, Z)) = =123, 2]V = NT;Z,—(,

1 1

and

1— i ; 1. % 3 3

FN§Z® A D)+ NGZe (A L. (2.2)
We write T®M for the real tangent space of M. Then its complexified tangent space is given by T°M =

TR M®yC. By extending J C-linearly and g, C-hilinearly to T® M, they are also defined on T*M and we observe

that the complexified tangent space T°M can be decomposed as T°M = T*°M & T M, where T»°M, T%'M

are the eigenspaces of J corresponding to eigenvalues v/—1 and —v/—1, respectively:

N =

VM = {X-V-1JX|X € TM}, T%'M ={X+V-1JX|X € TM}. (2.3)

Let A™M = @IH q=,Ap’qM for 0 < r < 2n denote the decomposition of complex differential r-forms into
(p, g)-forms, where AP*9M = AP(AV°M) @ A9(A%1 M),

AVYM = {n+V-1nln e A'M}, A*'M={n-v-1Jn|n e A'M} (2.4)

and A'M denotes the dual of TM.

Let (M, J, g) be an almost Hermitian manifold with dimg M = 2n. An affine connection V on TM is called
almost Hermitian connection if Dg = DJ = 0. For the almost Hermitian connection, we have the following
Lemma (cf. [1], [3]).

Lemma 2.1. Let (M, ], g) be an almost Hermitian manifold with dimg M = 2n. Then for any given complex
vector valued (1, 1)-form O = (60%)1.;.,,, there exists a unique almost Hermitian connection V on (M, J, g) such
that the (1, 1)-part of the torsion is equal to the given 6.

If the (1, 1)-part of the torsion of an almost Hermitian connection vanishes everywhere, then the connction
is called the second canonical connection or the Chern connection. We will refer the connection as the Chern
connection and denote it by V. Now let V be the Chern connection on M. We denote the structure coefficients
of Lie bracket by

(Zi, Zj| = ByZy + BZ:,  Zi, Z;] = BjZy + BiZs, (2, Z;] = B§Z: + BGZ;.

We have B{fj = —B}-‘i since [Z;, Z;] = -[Z;, Z;]. Notice that ] is integrable if and only if the Blfj’s vanish.
For any p-form 1, there holds that

p+1
dl/)(le'-"Xp+1) = Z(_l)HlXi(lp(le-"9Xir-"!Xp+1))
i=1

+ Z(_l)lﬂlp([xu X)]s Xls ORI Xis DRI )/(\js sy Xp+l) (2-5)

i<j
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for any vector fields X1, ..., Xp.1 on M (cf. [3]). We directly compute that
1 71 k ]
dfs = —53;,& A =B A - 53%(" NG (2.6)

For any real (1, 1)-form 5 = v—lnﬁ(i A (7, we have

on = 5 (Zi(ﬂ,-i() - Zj(n;%) - Biing — Bignjs + B;pﬂis) NN 2.7
on === (Z;-('lk;) = Zi(nyg) - Bygnsj + Bigsi + B?;nks) FATAD. (2.8)

We can split the exterior differential operator d : AP M @ C — AP*'M @y C, into four components
d=A+0+0+4A
with
0 : APIM — APYLAM, 9 APIM — AP T,
A: APIM = APP2IIM, A APIM 5 APTHI2 Y,
In terms of these components, the condition d? = 0 can be written as
A*=0, 0A+A0=0,0A+40=0, A’=0,
Ad+0°+0A=0, AA+00+00+AA=0, O0A+0d’+Ad=0.
A direct computation yields for any ¢ € C*=°(M, R),
(dJde)(Z;, Z;) = ~2v=11Z;, ]V (), 29)

by conjugation
(dJd)(Z;, Z) = 2V-11Z;, 21" o), (210)

1

and we have

(aJde)(Zi,Z;) = ZiUde(Z;) - Z;Ude(Z) - Jde((Z;, Z;))
= -Z{(doUZ)) + Z;(de(UZy) + de(1Z;, Z;])
= V-1ZiZ(p) + V-1Z;Zi(9) + J1Zi, Z; ()
= 2vV-1ZZi(p) - V-1(1Z;, Z) + V=-1J1Z;, Z;Dg

= 2V-12iZ - 12, 21V, 1)
- 1 . <
V=1009 = S (@)Y = V=1(2iZ; - (21, Z) D¢ £ Y (2.12)
so we write locally
3105 = (2:Z; - 12, Vg (2.13)

2.2 The torsion and curvature on almost complex manifolds
Since the Chern connection V preserves J, we have

ViZj=T§Zy, ViZ;=T}Zs,

is»
the torsion of the Chern connection vanishes everywhere.

where I'; = g Z;(gj5) - g"° gﬁBI- It = Z;(log det g) - Bf;. We can obtain that Fl’] = B% since the (1, 1)-part of
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Note that the mixed derivatives ViZ; do not depend on g (cf. [1]). Let {’y}} be the connection form, which
is defined by 'y} = F;j(s + I'L.¢5. The torsion T of the Chern connection V is given by T! = d{% - (P A 7},,

i
5j

Ti = a¢ i_ P A 7;’1,, which has no (1, 1)-part and the only non-vanishing components are as follows:
Tj = Iy~ T - B = 8°Zi(gy) + g BY, - 8 Z(8) - 8814 B, - By

We will write the equation above by B = I' + T/, and we also have Tf] = —ij. These tell us that T splits into
T=T +T" where T' € [(A*°M @ TV°M), T" € I'(A*°M ® T%*M). We also lower the index of torsion and
denote it by

Ty = Tigsk = Zi(85) - Zi(g) + B} 8ja — B};8ia ~ Bijgar-

Note that T” depends only on J and it can be regarded as the Nijenhuis tensor of J, that is, ] is integrable if
and only if T” vanishes.

3 Proof of Theorem 1.1

Let (M, J, g) be an almost Hermitian manifold. Let {Z,} be an arbitrary local (1, 0)-frame around a fixed point
p € M. Here note that B]?f , B?b’s do not depend on g, which depend only on J since the mixed derivatives

ViZy, V;Zp do not depend on g. Since we have BZ; = —B;’b, we have that sz, B?)}.’s also do not depend on g
(cf. [1]). Also note that B;, B: do not depend on g, depend only on J. These components B]‘?f, le'lb’ ng., Bg].,
B$; and B shall be denoted by B° in what follows.
Lemma 3.1. One has for a real-valued smooth function ¢ on M,

0009 (Zy, Zj, Z;) = Bi;Zs Z(9) - Zk(Bf;)fps + Zi(Bi;)@s + B};B5; 07 + By;Bls 5 - B]SiBka‘Pi“ (3.1)
Proof. We compute that from (2.7),

0009(Zy, Z;, Z)
= Zi(p;) - Zi(ps3) - Bij@si — Blijs + Bff(pké
= ZiZZi(9) - Bjs) - Zi(ZkZ{() - Byops)
~Byj(ZsZi(p) - Br) - Big(Z;Zs(9) - Bjspr) + Bi(ZZs(9) - Bispr)
= LZZ@) - ZiBes - Z,ZiZi(@) + Zi(Bip)gs
~ByZ:Z(@) + BiBir + BiBjsor - BBlsoy
= [Zx, Z)Z() - By ZsZi(p) - Zk(Bf;)fps + Zi(Bip)@s
+B']S<jBZ;(Pf + Bi;B;§¢? - B?EB;@‘P?
= ByZsZi(p) - Zx(Bj)@s + Zi(By)ps + By;Bypr + ByiBjsr — BjiBispy.

Lemma 3.2. One has for a real-valued smooth function ¢ on M,

0000(Z;, 21, Z;) = BuZiZs() + Zi(B)@s + Zi(Bi)ps — Zi(B5)ps + Z;(Bi) s
~Bj;Bi¢r - BB 7 + BB oy + By Bl 0;

+B3B;pr - BiiB;¢r - ByBis¢r. (3.2)
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Proof. We compute from (2.8),
0000(Z, Zi, Z;)
= Zilpy) - Zi(p) - B5@gi + Bipps + B s
= Z;Z:Zi(p) - Z;Z:Z1 ()
~Zi(BY@s - B3(ZsZyp + 1 Z;, Zs)(9) + Z;(By) s + Bii(ZsZ;p + 1 Z;, Zs1(9))
~B5(ZsZi () - Bl o7) + B (ZsZ;(p) - BZ}‘P?) + B?]}(Zizé((l’) - Bisp3)
= ZiZyZi(p) + | Zy, i) Z;(p) - Z:Z;23 (@) - | Z;, Zi) Zi ()
~Zy(Byos + Zi(Bi)s - 12, Z)Zi(9) + Zi, Z:)Z(9)
~B5[Z;, Zs)(9) + Bi[Z;, Zs)(9) + B§;BL; 07 - BBy s - B Blsgr - Bi:ZiZs(9)
= ByZiZs(p) + Zi(By)@s + Zi(Byy)es - Zy(BRes + Zi(Bip) s
—B%B%¢,—B%B%¢7+B§B%¢,+B§Bg¢;+333§¢;—BﬁB;¢;—B%Bg¢h
where we have used that B% = —B}?,—(,
[Zi, Z;12i(p) = B5ZsZi (@) + B{ZsZi(9),  [2i, Zi)Z;(9) = B3.Zs Z;(9) + B Zs Z;(9)
and that
ZZ3Zi(p) - ZiZ;Zi (@) = ZilZy, Z;)(p)
Zi(By;Zs + ByyZs)()
Zi(By)@s + Bi;ZiZs(@) + Zi(By;)@s + B ZiZs(9).

Since we have
0009(Z;, Z;, z;) = 0009(Zy, Z;, Z;)

where we have used that 00¢ = —(00 + AA + AA)p = —00¢ since Ap = Agp = 0, we obtain that by combining
(3.1) and (3.2) with (3.3),
By;ZiZs(p) + Zi(Byy)gs + Zi(By)ps ~ Zi(By@s + Z;(Byp) s
—B%Bis(pr - B%B%(pf + Bf,—(B}%(pr + Bfl—(B%(pf + B%Bz,gp; - Bf,—(BZ}(pf - B%—(B,fg(p;
= -ByZsZi(p) + Zi(B})gs - Z;(B) s - B%Bgi(pr - ByB;s¢r + BBy pr
= _B%Zizs((P) - B?}]'-[Zs, Zil(p) + Z,}(Bf,-)(Ps - Zj(Bf;i)(Ps
~Bi:BYigr - BBl pr + B}, B} r
= —B%Z,Zs(go) + Zi(B3)ps — Z;(B})@s
~By;Bi¢r — B3 Bl — By;Biigr — BBl or + B3B} @r.

Hence we have the following Lemma.

Lemma 3.3. One has for a real-valued smooth function ¢ on M,

ZB?}jZiZs((P)
= ~Zi(Bj)es - Zi(Biyos + ZyByes - Zi(Bips + Zi(B;)ps - Z;(By)gs
+B§B;-<S<p, + B%B,r—@(p; - Bf,;B%(pr - Bf,-(B;gqo; - B%B;I—((p; + Bf,—(ng<p; + B;,;Blfg(pf

~ByBsior - BisBLigr - ByBsior - ByBjoor + BiBi o1
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Proof of Theorem 1.1. In this proof, in order to avoid a notational quagmire, we adopt the following *-
convention A, * A, between two quantities A; and A, with respect to a metric g:

(1) Summation over pairs of maching upper and lower indices.
(2) Contraction on upper indices with respect to the metric.
(3) Contraction on lower indices with respect to the dual metrics.

Let {Z;} be a local (1, 0)-frame with respect to g around a fixed point p € M (we call it a local g-unitary
frame in the following) and let {{"} be a local associated coframe with respect to {Z/}, i.e., {!(Z}) = 5]’: for
i,j=1,...,n.Note that unitary frames always exist locally since we can take any frame and apply the Gram-
Schmidt process. Then with respect to such a frame, we have 85 = 6,-]-, Zk(gi;) =O0foranyi,j,k=1,...,n,
and the Christoffel symbols satisfy

rf=-r,=-Bl

ik

since we compute that
FII; =8(ViZj, Z) = Zi(gj) - 8(Z;, ViZy) = -
Fix a local g-unitary frame {Z,} in this proof. We choose a smooth function ¢ arbitrary. Then we have the
following formula:
ZBf}jZiZs((P)
= ~Zi(B)es + Zi(T3)9s + Zi(B,, )gs - Zi(Bf)gs + Zy (B s - Z;(By) s
+Zi(B)gs - Z;(B3)@s + BEBl@r — B Tis0r - BEB, @7 + BsBl
~BBiy¢r + Bf,—(ngo, + BB, @7 - BB 7 - BiBL.r + Bj; Bs](p,
~T§Blsgr - B Blsor + B, Bisor + B;Tiipr + BBl - By;Blor
~ByBiipr + T;;Bgiqor + B} Bipr - B;-ksBéigor - By Blgr + B,».i £S<pr
= Z(B°)* Z(p) + Z(T") * Z(p) + Z(B°) * Z(p) + Z(B°) * Z(p) + Z(B°) * Z(¢p)
+B°*B° * Z(p) + B° *B° * Z(p) + B° * T' * Z(p) + B° * T' * Z(p) + T' * B° * Z(¢),

where we used that Tk F" F" Bk and Fk - ] = —Bj

lk

ik’
Then we have the followmg formula by applymg Lemma 3.3, by conjugation of 2BS ZiZs(p),

2B},Z5Z;(9)
= 2ByBLo; + 2ByBL o + ZW
= Z(B°)* Z(¢p) + Z(T") * Z(¢p) + Z(B°) * Z(¢) + Z(B°) * Z(¢p) + Z(B°) * Z(¢p)
+B° * B° * Z(¢) + B° * B° * Z(¢)
+B°*T' * Z(@) + B * T' * Z(¢) + T' * B° * Z(¢p). (3.4)

By combining (3.4) with (3.1), we obtain that

aaé¢(zk’ j _)
= B}ZsZi(p) - Zk(B Qs + Z;(Biy)@s + Bi;BLigr + By;Blsr - B;’@(pf
= ByZsZi(9) - Zi(B)s + Z(Bi)ps — TyBG 97
_B]ksB;i‘pr + B Bsz‘pr +By; Bjs‘/’r B;r@‘ﬂ?
= Z(B°)* Z(p) + Z(T") * Z(p) + Z(B°) * Z(so) + Z(B°) * Z(¢p) + Z(B°) * Z(p)
+B° * B® * Z(p) + B° * B° * Z(¢p)
+B° * T' * Z(p) + B° * T' * Z(p) + T' * B° * Z(¢). (3.5)
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Then, we have by conjugation of 000¢(Zy, Zj, Z;) asin (3.3),

0009(Z, Zi, Z3)

= Z(B°)* Z(p) + Z(T") * Z(p) + Z(B°) * Z(p) + Z(B°) * Z(p) + Z(B°) * Z(¢p)
+B° * B° * Z(¢) + B° * B® * Z(¢p)
+B°*T' * Z(@) + B°* T' * Z(p) + T' * B° * Z(¢p).

O

Remark 3.1. If we assume that 000¢ = 0 (resp. 000¢ = 0), since a real-valued smooth function ¢ is chosen
arbitrary, the coefficient of the second order term vanishes, that is, we have that Bi]. = 0 (resp. Bf—(; = 0), which
tells us that the almost complex structure J is then integrable. Note that in the quasi-Kahler case, which
includes almost Kahler and nearly Kahler cases, since in these cases we have T,k]- = 0 forall i, j and k (cf. [2]),
we have that from (3.5),

0000(Zy, Z;, Z;) = Z(B°)* Z(p) + Z(B°) * Z(¢p) + Z(B°) * Z(¢p) + Z(B°) * Z(¢)
+B° * B° * Z(¢) + B° * B° * Z(¢).
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