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1 Introduction
Let (M2n , J) be an almost complexmanifold of real dimension 2n and g an almost Hermitianmetric onM. Let
{Zr} be an arbitrary local (1, 0)-frame around a �xed point p ∈ M. We shall use the following notations: for
a function φ,∇i∇j̄φ := ∇Zi∇Z j̄φ and

φij̄ := ∂i∂ j̄φ = ∇i∇j̄φ,

where∇ is the Chern connection with respect to g, ∂i∂ j̄φ = (ZiZ j̄ − [Zi , Z j̄]
(0,1))φ,∇i∇j̄φ = ZiZ j̄(φ) − B s̄ij̄Z s̄(φ)

(see Section 2 for the de�nition of B s̄ij̄). Sincewehave [Zi , Z j̄]
(0,1)(φ) = B s̄ij̄Z s̄(φ),we obtain that ∂i∂ j̄φ = ∇i∇j̄φ.

Theorem 1.1. Let (M, J, g) be an almost Hermitian manifold. For a real-valued smooth function φ onM, one
has

|∂∂∂̄φ|g ≤ C|Z(φ)|g , |∂̄∂∂̄φ|g ≤ C|Z(φ)|g (1.1)

for a positive constant C which depends on the almost complex structure J and the torsion of the Chern con-
nection.

This paper is organized as follows: in Section 2, we recall some basic de�nitions and computations on an
almost Hermitian manifold (M, J, g). In Section 3, for an arbitrary chosen smooth function φ onM, we show
that ∂∂∂̄φ and ∂̄∂∂̄φ depend only on Z(φ), Z̄(φ) and some geometric quantities of (M, J, g). Notice that we
assume the Einstein convention omitting the symbol of sum over repeated indexes in all this paper.

2 Preliminaries

2.1 The Nijenhuis tensor of the almost complex structure

Let M be a 2n-dimensional smooth di�erentiable manifold. An almost complex structure on M is an endo-
morphism J the tangent bundle of TM, J ∈ Γ(End(TM)), satisfying J2 = −IdTM. The pair (M, J) is called an
almost complex manifold. Let (M, J) be an almost complex manifold. We de�ne a bilinear map on C∞(M) for
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X, Y ∈ Γ(TM) by
4N(X, Y) := [JX, JY] − J[JX, Y] − J[X, JY] − [X, Y], (2.1)

which is the Nijenhuis tensor of J. The Nijenhuis tensor N satis�es N(X, Y) = −N(Y , X), N(JX, Y) = −JN(X, Y),
N(X, JY) = −JN(X, Y), N(JX, JY) = −N(X, Y). For any (1, 0)-vector �elds V and W, N(V ,W) = −[V ,W](0,1),
N(V , W̄) = N(V̄ ,W) = 0 and N(V̄ , W̄) = −[V̄ , W̄](1,0). An almost complex structure J is integrable if N = 0 on
M (Newlander-Nirenberg theorem). Giving a complex structure to a di�erentiable manifold M is equivalent
to giving an integrable almost complex structure to M. A Riemannian metric g on M is called J-invariant if J
is compatible with g, i.e., for any X, Y ∈ Γ(TM), g(X, Y) = g(JX, JY). In this case, the pair (J, g) is called an
almost Hermitian structure.

Let {Zr} be a local (1, 0)-frame on (M, J) with an almost Hermitian metric g and let {ζ r} be a local as-
sociated coframe with respect to {Zr}, i.e., ζ i(Zj) = δij for i, j = 1, . . . , n. Since g is almost Hermitian, its
components satsfy gij = g ī j̄ = 0 and gij̄ = g j̄i = ḡ īj.

Using these local frame {Zr} and coframe {ζ r}, we have

N(Z ī , Z j̄) = −[Z ī , Z j̄]
(1,0) =: Nkīj̄Zk , N(Zi , Zj) = −[Zi , Zj](0,1) = Nkīj̄Zk̄ ,

and
N = 1

2N
k
īj̄Zk̄ ⊗ (ζ i ∧ ζ j) + 1

2N
k
īj̄Zk ⊗ (ζ ī ∧ ζ j̄). (2.2)

We write TRM for the real tangent space of M. Then its complexi�ed tangent space is given by TCM =
TRM⊗RC. By extending JC-linearly and g,C-bilinearly to TCM, they are also de�nedon TCM andweobserve
that the complexi�ed tangent space TCM can be decomposed as TCM = T1,0M⊕T0,1M, where T1,0M, T0,1M
are the eigenspaces of J corresponding to eigenvalues

√
−1 and −

√
−1, respectively:

T1,0M = {X −
√
−1JX

∣∣X ∈ TM}, T0,1M = {X +
√
−1JX

∣∣X ∈ TM}. (2.3)

Let ΛrM =
⊕

p+q=r Λ
p,qM for 0 ≤ r ≤ 2n denote the decomposition of complex di�erential r-forms into

(p, q)-forms, where Λp,qM = Λp(Λ1,0M)⊗ Λq(Λ0,1M),

Λ1,0M = {η +
√
−1Jη

∣∣η ∈ Λ1M}, Λ0,1M = {η −
√
−1Jη

∣∣η ∈ Λ1M} (2.4)

and Λ1M denotes the dual of TM.
Let (M, J, g) be an almost Hermitianmanifold with dimRM = 2n. An a�ne connection∇ on TM is called

almost Hermitian connection if Dg = DJ = 0. For the almost Hermitian connection, we have the following
Lemma (cf. [1], [3]).

Lemma 2.1. Let (M, J, g) be an almost Hermitian manifold with dimRM = 2n. Then for any given complex
vector valued (1, 1)-formΘ = (Θi)1≤i≤n, there exists a unique almost Hermitian connection∇ on (M, J, g) such
that the (1, 1)-part of the torsion is equal to the given Θ.

If the (1, 1)-part of the torsion of an almost Hermitian connection vanishes everywhere, then the connction
is called the second canonical connection or the Chern connection. We will refer the connection as the Chern
connection and denote it by∇. Now let∇ be the Chern connection onM. We denote the structure coe�cients
of Lie bracket by

[Zi , Zj] = BrijZr + B r̄ijZ r̄ , [Zi , Z j̄] = Brij̄Zr + B r̄i j̄Z r̄ , [Z ī , Z j̄] = Brīj̄Zr + B r̄ī j̄Z r̄ .

We have Bkij = −Bkji since [Zi , Zj] = −[Zj , Zi]. Notice that J is integrable if and only if the B r̄ij’s vanish.
For any p-form ψ, there holds that

dψ(X1, . . . , Xp+1) =
p+1∑
i=1

(−1)i+1Xi(ψ(X1, . . . , X̂i , . . . , Xp+1))

+
∑
i<j

(−1)i+jψ([Xi , Xj], X1, . . . , X̂i , . . . , X̂j , . . . , Xp+1) (2.5)
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for any vector �elds X1, . . . , Xp+1 on M (cf. [3]). We directly compute that

dζ s = −1
2B

s
klζ

k ∧ ζ l − Bskl̄ζ
k ∧ ζ l̄ − 1

2B
s
k̄l̄ζ

k̄ ∧ ζ l̄ . (2.6)

For any real (1, 1)-form η =
√
−1ηij̄ζ

i ∧ ζ j̄, we have

∂η =
√
−1
2

(
Zi(ηjk̄) − Zj(ηik̄) − Bsijηsk̄ − B

s̄
ik̄ηjs̄ + B s̄jk̄ηis̄

)
ζ i ∧ ζ j ∧ ζ k̄ , (2.7)

∂̄η =
√
−1
2

(
Z j̄(ηkī) − Z ī(ηkj̄) − B

s
kīηsj̄ + Bskj̄ηsī + B s̄ī j̄ηks̄

)
ζ k ∧ ζ ī ∧ ζ j̄ . (2.8)

We can split the exterior di�erential operator d : ΛpM ⊗R C→ Λp+1M ⊗R C, into four components

d = A + ∂ + ∂̄ + Ā

with
∂ : Λp,qM → Λp+1,qM, ∂̄ : Λp,qM → Λp,q+1M,

A : Λp,qM → Λp+2,q−1M, Ā : Λp,qM → Λp−1,q+2M.

In terms of these components, the condition d2 = 0 can be written as

A2 = 0, ∂A + A∂ = 0, ∂̄Ā + Ā∂̄ = 0, Ā2 = 0,

A∂̄ + ∂2 + ∂̄A = 0, AĀ + ∂∂̄ + ∂̄∂ + ĀA = 0, ∂Ā + ∂̄2 + Ā∂ = 0.

A direct computation yields for any φ ∈ C∞(M,R),

(dJdφ)(Zi , Zj) = −2
√
−1[Zi , Zj](0,1)(φ), (2.9)

by conjugation
(dJdφ)(Z ī , Z j̄) = 2

√
−1[Z ī , Z j̄]

(1,0)(φ), (2.10)

and we have

(dJdφ)(Zi , Z j̄) = Zi(Jdφ(Z j̄)) − Z j̄(Jdφ(Zi)) − Jdφ([Zi , Z j̄])
= −Zi(dφ(JZ j̄)) + Z j̄(dφ(JZi)) + dφ(J[Zi , Z j̄])

=
√
−1ZiZ j̄(φ) +

√
−1Z j̄Zi(φ) + J[Zi , Z j̄](φ)

= 2
√
−1ZiZ j̄(φ) −

√
−1([Zi , Z j̄] +

√
−1J[Zi , Z j̄])φ

= 2
√
−1(ZiZ j̄ − [Zi , Z j̄]

(0,1))φ, (2.11)

√
−1∂∂̄φ = 1

2 (dJdφ)(1,1) =
√
−1(ZiZ j̄ − [Zi , Z j̄]

(0,1))φζ i ∧ ζ j̄ , (2.12)

so we write locally
∂i∂ j̄φ = (ZiZ j̄ − [Zi , Z j̄]

(0,1))φ. (2.13)

2.2 The torsion and curvature on almost complex manifolds

Since the Chern connection∇ preserves J, we have

∇iZj = Γ rijZr , ∇iZ j̄ = Γ r̄i j̄Z r̄ ,

where Γ rij = grs̄Zi(gjs̄) − grs̄gjl̄B
l̄
is̄, Γ

p
ip = Zi(log det g) − B s̄is̄ . We can obtain that Γ r̄i j̄ = B r̄i j̄ since the (1, 1)-part of

the torsion of the Chern connection vanishes everywhere.
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Note that the mixed derivatives∇iZ j̄ do not depend on g (cf. [1]). Let {γ ij} be the connection form, which
is de�ned by γ ij = Γ isjζ

s + Γ is̄jζ s̄. The torsion T of the Chern connection ∇ is given by T i = dζ i − ζ p ∧ γ ip,
T ī = dζ ī − ζ p̄ ∧ γ īp̄, which has no (1, 1)-part and the only non-vanishing components are as follows:

Tsij = Γsij − Γsji − Bsij = g l̄sZi(gjl̄) + g l̄sgjq̄Bq̄l̄i − g
l̄sZj(gil̄) − g

l̄sgiq̄Bq̄l̄j − B
s
ij .

We will write the equation above by B = Γ + T′, and we also have T s̄ij = −B s̄ij. These tell us that T splits into
T = T′ + T′′, where T′ ∈ Γ(Λ2,0M ⊗ T1,0M), T′′ ∈ Γ(Λ2,0M ⊗ T0,1M). We also lower the index of torsion and
denote it by

Tijk̄ = Tsijgsk̄ = Zi(gjk̄) − Zj(gik̄) + Bq̄k̄igjq̄ − B
q̄
k̄jgiq̄ − B

s
ijgsk̄ .

Note that T′′ depends only on J and it can be regarded as the Nijenhuis tensor of J, that is, J is integrable if
and only if T′′ vanishes.

3 Proof of Theorem 1.1
Let (M, J, g) be an almost Hermitianmanifold. Let {Zr} be an arbitrary local (1, 0)-frame around a �xed point
p ∈ M. Here note that Bq̄jb̄, B

q
j̄b’s do not depend on g, which depend only on J since the mixed derivatives

∇jZb̄, ∇j̄Zb do not depend on g. Since we have Bqbj̄ = −Bqj̄b, we have that Bqbj̄, B
q̄
b̄j’s also do not depend on g

(cf. [1]). Also note that B s̄ri, Bsr̄ī do not depend on g, depend only on J. These components Bq̄jb̄, B
q
j̄b, B

q
bj̄, B

q̄
b̄j,

B s̄ri and Bsr̄ī shall be denoted by B◦ in what follows.

Lemma 3.1. One has for a real-valued smooth function φ on M,

∂∂∂̄φ(Zk , Zj , Z ī) = B s̄kjZ s̄Z ī(φ) − Zk(B s̄jī)φ s̄ + Zj(B s̄kī)φ s̄ + BskjB
r̄
sīφ r̄ + B s̄kīB

r̄
js̄φ r̄ − B s̄jīB

r̄
ks̄φ r̄ . (3.1)

Proof. We compute that from (2.7),

∂∂∂̄φ(Zk , Zj , Z ī)
= Zk(φjī) − Zj(φkī) − B

s
kjφsī − B

s̄
kīφjs̄ + B s̄jīφks̄

= Zk(ZjZ ī(φ) − B s̄jīφ s̄) − Zj(ZkZ ī(φ) − B s̄kīφ s̄)

−Bskj(ZsZ ī(φ) − B r̄sīφ r̄) − B
s̄
kī(ZjZ s̄(φ) − B r̄js̄φ r̄) + B s̄jī(ZkZ s̄(φ) − B r̄ks̄φ r̄)

= ZkZjZ ī(φ) − Zk(B s̄jī)φ s̄ − ZjZkZ ī(φ) + Zj(B s̄kī)φ s̄
−BskjZsZ ī(φ) + BskjB

r̄
sīφ r̄ + B s̄kīB

r̄
js̄φ r̄ − B s̄jīB

r̄
ks̄φ r̄

= [Zk , Zj]Z ī(φ) − BskjZsZ ī(φ) − Zk(B s̄jī)φ s̄ + Zj(B s̄kī)φ s̄
+BskjB

r̄
sīφ r̄ + B s̄kīB

r̄
js̄φ r̄ − B s̄jīB

r̄
ks̄φ r̄

= B s̄kjZ s̄Z ī(φ) − Zk(B s̄jī)φ s̄ + Zj(B s̄kī)φ s̄ + BskjB
r̄
sīφ r̄ + B s̄kīB

r̄
js̄φ r̄ − B s̄jīB

r̄
ks̄φ r̄ .

Lemma 3.2. One has for a real-valued smooth function φ on M,

∂̄∂∂̄φ(Zk̄ , Zi , Z j̄) = Bsk̄j̄ZiZs(φ) + Zi(Bsk̄j̄)φs + Zi(B s̄k̄ j̄)φ s̄ − Zk̄(B s̄ij̄)φ s̄ + Z j̄(B
s̄
ik̄)φ s̄

−B s̄ij̄B
r
k̄s̄φr − B

s̄
ij̄B

r̄
k̄s̄φ r̄ + B s̄ik̄B

r
j̄s̄φr + B s̄ik̄B

r̄
j̄s̄φ r̄

+Bsij̄B
r̄
sk̄φ r̄ − B

s
ik̄B

r̄
sj̄φ r̄ − B

s̄
j̄k̄B

r̄
is̄φ r̄ . (3.2)
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Proof. We compute from (2.8),

∂̄∂∂̄φ(Zk̄ , Zi , Z j̄)

= Zk̄(φij̄) − Z j̄(φik̄) − Bsij̄φsk̄ + Bsik̄φsj̄ + B s̄j̄k̄φis̄
= Zk̄ZiZ j̄(φ) − Z j̄ZiZk̄(φ)

−Zk̄(B s̄ij̄)φ s̄ − B
s̄
ij̄(Z s̄Zk̄φ + [Zk̄ , Z s̄](φ)) + Z j̄(B

s̄
ik̄)φ s̄ + B s̄ik̄(Z s̄Z j̄φ + [Z j̄ , Z s̄](φ))

−Bsij̄(ZsZk̄(φ) − B r̄sk̄φ r̄) + Bsik̄(ZsZ j̄(φ) − B r̄sj̄φ r̄) + B s̄j̄k̄(ZiZ s̄(φ) − B r̄is̄φ r̄)
= ZiZk̄Z j̄(φ) + [Zk̄ , Zi]Z j̄(φ) − ZiZ j̄Zk̄(φ) − [Z j̄ , Zi]Zk̄(φ)

−Zk̄(B s̄ij̄)φ s̄ + Z j̄(B
s̄
ik̄)φ s̄ − [Zi , Z j̄]Zk̄(φ) + [Zi , Zk̄]Z j̄(φ)

−B s̄ij̄[Zk̄ , Z s̄](φ) + B s̄ik̄[Z j̄ , Z s̄](φ) + Bsij̄B
r̄
sk̄φ r̄ − B

s
ik̄B

r̄
sj̄φ r̄ − B

s̄
j̄k̄B

r̄
is̄φ r̄ − B s̄k̄ j̄ZiZ s̄(φ)

= Bsk̄j̄ZiZs(φ) + Zi(Bsk̄j̄)φs + Zi(B s̄k̄ j̄)φ s̄ − Zk̄(B s̄ij̄)φ s̄ + Z j̄(B
s̄
ik̄)φ s̄

−B s̄ij̄B
r
k̄s̄φr − B

s̄
ij̄B

r̄
k̄s̄φ r̄ + B s̄ik̄B

r
j̄s̄φr + B s̄ik̄B

r̄
j̄s̄φ r̄ + Bsij̄B

r̄
sk̄φ r̄ − B

s
ik̄B

r̄
sj̄φ r̄ − B

s̄
j̄k̄B

r̄
is̄φ r̄ ,

where we have used that B s̄k̄ j̄ = −B s̄j̄k̄,

[Zi , Z j̄]Zk̄(φ) = B s̄ij̄Z s̄Zk̄(φ) + Bsij̄ZsZk̄(φ), [Zi , Zk̄]Z j̄(φ) = B s̄ik̄Z s̄Z j̄(φ) + Bsik̄ZsZ j̄(φ)

and that

ZiZk̄Z j̄(φ) − ZiZ j̄Zk̄(φ) = Zi[Zk̄ , Z j̄](φ)

= Zi(Bsk̄j̄Zs + B s̄k̄ j̄Z s̄)(φ)

= Zi(Bsk̄j̄)φs + Bsk̄j̄ZiZs(φ) + Zi(B s̄k̄ j̄)φ s̄ + B s̄k̄ j̄ZiZ s̄(φ).

Since we have

∂̄∂∂̄φ(Zk̄ , Zi , Z j̄) = ∂∂̄∂φ(Zk , Z ī , Zj)

= −∂∂∂̄φ(Zk , Zj , Z ī), (3.3)

where we have used that ∂̄∂φ = −(∂∂̄ + AĀ + ĀA)φ = −∂∂̄φ since Aφ = Āφ = 0, we obtain that by combining
(3.1) and (3.2) with (3.3),

Bsk̄j̄ZiZs(φ) + Zi(Bsk̄j̄)φs + Zi(B s̄k̄ j̄)φ s̄ − Zk̄(B s̄ij̄)φ s̄ + Z j̄(B
s̄
ik̄)φ s̄

−B s̄ij̄B
r
k̄s̄φr − B

s̄
ij̄B

r̄
k̄s̄φ r̄ + B s̄ik̄B

r
j̄s̄φr + B s̄ik̄B

r̄
j̄s̄φ r̄ + Bsij̄B

r̄
sk̄φ r̄ − B

s
ik̄B

r̄
sj̄φ r̄ − B

s̄
j̄k̄B

r̄
is̄φ r̄

= −Bsk̄j̄ZsZi(φ) + Zk̄(Bsj̄i)φs − Z j̄(B
s
k̄i)φs − B

s̄
k̄ j̄B

r
s̄iφr − Bsk̄iB

r
j̄sφr + Bsj̄iB

r
k̄sφr

= −Bsk̄j̄ZiZs(φ) − Bsk̄j̄[Zs , Zi](φ) + Zk̄(Bsj̄i)φs − Z j̄(B
s
k̄i)φs

−B s̄k̄ j̄B
r
s̄iφr − Bsk̄iB

r
j̄sφr + Bsj̄iB

r
k̄sφr

= −Bsk̄j̄ZiZs(φ) + Zk̄(Bsj̄i)φs − Z j̄(B
s
k̄i)φs

−Bsk̄j̄B
r
siφr − Bsk̄j̄B

r̄
siφ r̄ − B s̄k̄ j̄B

r
s̄iφr − Bsk̄iB

r
j̄sφr + Bsj̄iB

r
k̄sφr .

Hence we have the following Lemma.

Lemma 3.3. One has for a real-valued smooth function φ on M,

2Bsk̄j̄ZiZs(φ)

= −Zi(Bsk̄j̄)φs − Zi(B
s̄
k̄ j̄)φ s̄ + Zk̄(B s̄ij̄)φ s̄ − Z j̄(B

s̄
ik̄)φ s̄ + Zk̄(Bsj̄i)φs − Z j̄(B

s
k̄i)φs

+B s̄ij̄B
r
k̄s̄φr + B s̄ij̄B

r̄
k̄s̄φ r̄ − B

s̄
ik̄B

r
j̄s̄φr − B

s̄
ik̄B

r̄
j̄s̄φ r̄ − B

s
ij̄B

r̄
sk̄φ r̄ + Bsik̄B

r̄
sj̄φ r̄ + B s̄j̄k̄B

r̄
is̄φ r̄

−Bsk̄j̄B
r
siφr − Bsk̄j̄B

r̄
siφ r̄ − B s̄k̄ j̄B

r
s̄iφr − Bsk̄iB

r
j̄sφr + Bsj̄iB

r
k̄sφr
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Proof of Theorem 1.1. In this proof, in order to avoid a notational quagmire, we adopt the following *-
convention A1 * A2 between two quantities A1 and A2 with respect to a metric g:

(1) Summation over pairs of maching upper and lower indices.
(2) Contraction on upper indices with respect to the metric.
(3) Contraction on lower indices with respect to the dual metrics.

Let {Zr} be a local (1, 0)-frame with respect to g around a �xed point p ∈ M (we call it a local g-unitary
frame in the following) and let {ζ r} be a local associated coframe with respect to {Zr}, i.e., ζ i(Zj) = δij for
i, j = 1, . . . , n. Note that unitary frames always exist locally since we can take any frame and apply the Gram-
Schmidt process. Then with respect to such a frame, we have gij̄ = δij, Zk(gij̄) = 0 for any i, j, k = 1, . . . , n,
and the Christo�el symbols satisfy

Γkij = −Γ j̄ik̄ = −B j̄ik̄
since we compute that

Γkij = g(∇iZj , Zk̄) = Zi(gjk̄) − g(Zj ,∇iZk̄) = −Γ j̄ik̄ .

Fix a local g-unitary frame {Zr} in this proof. We choose a smooth function φ arbitrary. Then we have the
following formula:

2Bsk̄j̄ZiZs(φ)

= −Zi(Bsk̄j̄)φs + Zi(T s̄k̄ j̄)φ s̄ + Zi(Bjk̄s)φ s̄ − Zi(B
k
j̄s)φ s̄ + Zk̄(B s̄ij̄)φ s̄ − Z j̄(B

s̄
ik̄)φ s̄

+Zk̄(Bsj̄i)φs − Z j̄(B
s
k̄i)φs + B s̄ij̄B

r
k̄s̄φr − B

s̄
ij̄T

r̄
k̄s̄φ r̄ − B

s̄
ij̄B

s
k̄rφ r̄ + B s̄ij̄B

k
s̄rφ r̄

−B s̄ik̄B
r
j̄s̄φr + B s̄ik̄T

r̄
j̄s̄φ r̄ + B s̄ik̄B

s
j̄rφ r̄ − B

s̄
ik̄B

j
s̄rφ r̄ − B

s
ij̄B

r̄
sk̄φ r̄ + Bsik̄B

r̄
sj̄φ r̄

−T s̄j̄k̄B
r̄
is̄φ r̄ − Bkj̄sB

r̄
is̄φ r̄ + Bjk̄sB

r̄
is̄φ r̄ + Bsk̄j̄T

r
siφr + Bsk̄j̄B

ī
sr̄φr − Bsk̄j̄B

s̄
ir̄φr

−Bsk̄j̄B
r̄
siφ r̄ + T s̄k̄ j̄B

r
s̄iφr + Bjk̄sB

r
s̄iφr − Bkj̄sB

r
s̄iφr − Bsk̄iB

r
j̄sφr + Bsj̄iB

r
k̄sφr

= Z(B◦) * Z(φ) + Z(T̄′) * Z̄(φ) + Z(B◦) * Z̄(φ) + Z̄(B◦) * Z̄(φ) + Z̄(B◦) * Z(φ)
+B◦ * B◦ * Z̄(φ) + B◦ * B◦ * Z(φ) + B◦ * T̄′ * Z̄(φ) + B◦ * T′ * Z(φ) + T̄′ * B◦ * Z(φ),

where we used that Tkij = Γkij − Γkji − Bkij and Γkij = −Γ j̄ik̄ = −B j̄ik̄.
Then we have the following formula by applying Lemma 3.3, by conjugation of 2Bsk̄j̄ZiZs(φ),

2B s̄kjZ s̄Z ī(φ)

= 2B s̄kjB
r̄
s̄ īφ r̄ + 2B s̄kjB

r
s̄īφr + 2Bsk̄j̄ZiZs(φ)

= Z̄(B◦) * Z̄(φ) + Z̄(T′) * Z(φ) + Z̄(B◦) * Z(φ) + Z(B◦) * Z(φ) + Z(B◦) * Z̄(φ)
+B◦ * B◦ * Z(φ) + B◦ * B◦ * Z̄(φ)
+B◦ * T′ * Z(φ) + B◦ * T̄′ * Z̄(φ) + T′ * B◦ * Z̄(φ). (3.4)

By combining (3.4) with (3.1), we obtain that

∂∂∂̄φ(Zk , Zj , Z ī)
= B s̄kjZ s̄Z ī(φ) − Zk(B s̄jī)φ s̄ + Zj(B s̄kī)φ s̄ + BskjB

r̄
sīφ r̄ + B s̄kīB

r̄
js̄φ r̄ − B s̄jīB

r̄
ks̄φ r̄

= B s̄kjZ s̄Z ī(φ) − Zk(B s̄jī)φ s̄ + Zj(B s̄kī)φ s̄ − T
s
kjB

r̄
sīφ r̄

−B j̄ks̄B
r̄
sīφ r̄ + Bk̄js̄B r̄sīφ r̄ + B s̄kīB

r̄
js̄φ r̄ − B s̄jīB

r̄
ks̄φ r̄

= Z̄(B◦) * Z̄(φ) + Z̄(T′) * Z(φ) + Z̄(B◦) * Z(φ) + Z(B◦) * Z(φ) + Z(B◦) * Z̄(φ)
+B◦ * B◦ * Z(φ) + B◦ * B◦ * Z̄(φ)
+B◦ * T′ * Z(φ) + B◦ * T̄′ * Z̄(φ) + T′ * B◦ * Z̄(φ). (3.5)
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Then, we have by conjugation of ∂∂∂̄φ(Zk , Zj , Z ī) as in (3.3),

∂̄∂∂̄φ(Zk̄ , Zi , Z j̄)
= Z(B◦) * Z(φ) + Z(T̄′) * Z̄(φ) + Z(B◦) * Z̄(φ) + Z̄(B◦) * Z̄(φ) + Z̄(B◦) * Z(φ)

+B◦ * B◦ * Z̄(φ) + B◦ * B◦ * Z(φ)
+B◦ * T̄′ * Z̄(φ) + B◦ * T′ * Z(φ) + T̄′ * B◦ * Z(φ).

Remark 3.1. If we assume that ∂∂∂̄φ = 0 (resp. ∂̄∂∂̄φ = 0), since a real-valued smooth function φ is chosen
arbitrary, the coe�cient of the second order term vanishes, that is, we have that B s̄kj = 0 (resp. Bsk̄j̄ = 0), which
tells us that the almost complex structure J is then integrable. Note that in the quasi-Kähler case, which
includes almost Kähler and nearly Kähler cases, since in these cases we have Tkij = 0 for all i, j and k (cf. [2]),
we have that from (3.5),

∂∂∂̄φ(Zk , Zj , Z ī) = Z̄(B◦) * Z̄(φ) + Z̄(B◦) * Z(φ) + Z(B◦) * Z(φ) + Z(B◦) * Z̄(φ)
+B◦ * B◦ * Z(φ) + B◦ * B◦ * Z̄(φ).
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