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Abstract: We prove the Kobayashi—Hitchin correspondence and the approximate Kobayashi—Hitchin cor-
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is a compact manifold and g is a Gauduchon metric on X, a twisted holomorphic vector bundle on X is
g−polystable if and only if it is g−Hermite-Einstein, and if X is a compact Kähler manifold and g is a Kähler
metric on X, then a twisted holomorphic vector bundle on X is g−semistable if and only if it is approximate
g−Hermite-Einstein.
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1 Introduction
The Kobayashi—Hitchin correspondence for vector bundles is a nowadays well-established result in complex
geometry, saying that a holomorphic vector bundle on a compact complexmanifold X is polystable if and only
if it admits a Hermite-Einstein metric. Here a holomorphic vector bundle is polystable if it is the direct sum
of stable holomorphic vector bundles (where stability is the slope-stability, or Mumford-Takemoto stability)
with the same slope, and a Hermite-Einsteinmetric is a Hermitianmetric whosemean curvature is a constant
multiple of the identity.

This result was proved in an increasing order of generalization by several authors. First, in 1980
Kobayashi introduced in [27] the notion of Hermite-Einstein metric on a holomorphic vector bundle over a
complex manifold. In [28] he showed that an irreducible Hermite-Einstein vector bundle on a compact Käh-
ler manifold is polystable with respect to a Kähler metric. A di�erent proof of this was given by Lübke in
[34].

Shortly after [28], Donaldson proved in [15] that on a Riemann surface even the opposite is true, i. e. that a
stable holomorphic vector bundle carries aHermite-Einsteinmetric. This gave anewproof of theNarasimhan-
Seshadri theorem (see [42]) saying that a holomorphic vector bundle on a Riemann surface X is stable if and
only if it has an irreducible projective unitary representation of the fundamental group of X.

Donaldson’s result motivated Kobayashi and Hitchin, indipendently, to conjecture that this result holds
for every holomorphic vector bundle on a compact Kähler manifold: it is this correspondence which is usu-
ally referred to as Kobayashi—Hitchin correspondence. The �rst proof of this correspondence for higher di-
mensional manifolds was given by Donaldson in [16] for algebraic surfaces, and then in [17] for algebraic
manifolds.

Uhlenbeck and Yau proved in [49] and [50] that the Kobayashi—Hitchin correspondence holds on arbi-
trary compact Kähler manifolds, completing the proof of the original conjecture of Kobayashi and Hitchin. A
few years after that, Buchdahl proved in [9] that the Kobayashi—Hitchin correspondence holds on any com-
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pact complex surface, and in [32] Li and Yau proved that it holds on every compact complex manifold, i. e.
that if X is a compact complexmanifold and g is a Gauduchonmetric on X, then a holomorphic vector bundle
E is g−Hermite-Einstein if and only if it is g−polystable.

Instead of Hermite-Einstein holomorphic vector bundle, i. e. a holomorphic vector bundle admitting a
Hermite-Einstein metric, one can consider the weaker notion of approximate Hermite-Einstein holomorphic
vector bundle, i. e. a holomorphic vector bundle E such that for each ϵ > 0 there is a Hermitian metric hϵ on
E whose mean curvature Kg(E, hϵ) veri�es

max
x∈X
|Tr((Kg(E, hϵ) − c · idE)2)| < ϵ,

where c ∈ R depends only on X, g, c1(E) and the rank of E.
It was shown by Kobayashi in [29] that an approximate Hermite-Einstein holomorphic vector bundle on

a compact Kähler manifold X is semistable (with respect to a Kähler metric g), and that if X is a projective
manifold, then even the converse holds. This equivalence is often referred to as approximate Kobayashi—
Hitchin correspondence. In [25] Jacob proved that the approximate Kobayashi—Hitchin correspondence holds
for every holomorphic vector bundle on a compact Kähler manifold.

Several other versions of the (approximate) Kobayashi-Hitchin correspondence have since appeared in
other contexts: with no pretention of completeness we may cite re�exive sheaves ([2]), Higgs bundles ([22],
[45]), parabolic bundles ([31], [44]), parabolic Higgs bundles ([46], [4], [37], [38]), principal G−bundles ([1], [5],
[6]), principal pairs (see [3], [40], [8]), analitically stable bundles ([45], [39]), holomorphic pairs ([7], [48], [24]),
generalized holomorphic vector bundles ([20]). See moreover [36] (and references therein) for a universal
treatment of the Kobayashi—Hitchin correspondence in several contexts. The existence of particular metrics
on Gieseker stable sheaves has been studied in [30] (for vector bundles) and [13] (for Higgs sheaves).

In this paper we will consider the Kobayashi—Hitchin correspondence in the setting of twisted holomor-
phic vector bundles on a compact complexmanifold X, where the twist is a 2−cocyle representing an element
in the Brauer group Br(X) of X (i. e. the torsion of H2(X,O*X)). Twisted sheaves were introduced by Giraud in
[19], and can be de�ned in several equivalent ways: as family of sheaves on an open covering of X together
with a twisted gluing, as sheaves of modules over an Azumaya algebra on X (see [11]), as sheaves on a gerb
on X (see [19], [21], [14]), as sheaves on aO*X−gerbe (see [33]) or as sheaves on a projective bundle over X (see
[52]).

Stability for coherent twisted sheaveswas introduced�rst by Lieblich in [33] in the language of sheaves on
O*X−gerbes, and by Yoshioka in [52] in the language of sheaves on a projective bundle over X. In [43] stability
of coherent twisted sheaves is discussed in the language of twisted gluing of coherent sheaves and in the
language of modules over an Azumaya algebra. In all of these categories in order to de�ne stability one needs
a de�nition of Chern classes of coherent twisted sheaves.

Thenotion of connection ona twistedholomorphic vector bundles appears in [21], [14] (see even [41]), and
was used in [51] to prove theKobayashi—Hitchin correspondence for twisted holomorphic vector bundles on a
compact Kähler manifold. All the de�nitions there are in the category of twisted holomorphic vector bundles
as holomorphic bundles over a gerb.

In the present paper we will consider twisted vector bundles following Căldăraru’s point of view, i. e.
local vector bundles on a open covering together with a twisted gluing. Connections on such vector bundles
may be found in [26], and in the present paper we present a de�nition of Hermitian metric. The twist α will
be a 2−cocycle (given once an open coveringU = {Ui}i∈I of X is �xed) whose cohomology class lies in Br(X),
and which is associated a B−�eld, i. e. a family of closed (1, 1)−forms Bi ∈ A1,1(Ui) such that Bi − Bj is an
exact form.

The aim of the paper is to prove the following:

Theorem 1.1. Let X be a compact Kähler manifold with a Kähler metric g, α the twist associated to a B−�eld
and E an α−twisted holomorphic vector bundle on X.

1. E is g−polystable if and only if it is g−Hermite-Einstein.
2. E is g−semistable if and only if it is approximate g−Hermite-Einstein.
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As alreadymentioned, the �rst item of the statement of Theorem 1.1 was already proved byWang in [51]. Here
we present a proof in the language of local vector bundles with twisted gluing, and we provide a general-
ization of Wang’s result to compact complex manifolds with a Gauduchon metric g (see Theorem 5.17). The
second item is the twisted version of the approximate Kobayashi—Hitchin correspondence, and is new. The
proof is an adaptation to twisted holomorphic vector bundles of the original proofs of Kobayashi and Jacob.

The structure of the paper is the following: section 2 contains the main basic facts about twisted vector
bundles and sheaves, and about connections andmetrics on them. As this was not available in the literature,
we gave a global overview of this.

We prove in particular that every twisted holomorphic vector bundle E over which we �x a Hermitian
metric h, carries a unique connectionwhich is compatible with the holomorphic structure of E and themetric
h. In analogy with the untwisted case, we will call this connection the Chern connection of the pair (E, h).

The B−�eld �xed at the beginning will allow us to de�ne the curvature of every connection, which is a
global 2−form with values in the (untwisted) vector bundle End(E). The curvature of the Chern connection
will be called Chern curvature, and it will be a global (1, 1)−form with values in End(E). It is the fact that
End(E) is a true (i. e. untwisted) holomorphic vector bundle on X that will allow us to provide a proof of
Theorem 1.1.

Wewillmoreover discusshowconnections, curvatures andHermitianmetrics behaveunder various oper-
ations of twisted bundles, like direct sum, tensor product, dual, pull-back, sub-bundle and quotient bundles,
proving in particular a twisted version of the Gauss-Codazzi formulas.

Section 3 is devoted to introduce the notion of g−Hermite-Einstein and approximate g−Hermite-Einstein
twisted bundles. To do so,we need to introduce Chern forms and Chern classes for twisted sheaves: as already
done by Wang in [51], we de�ne Chern forms and Chern classes by means of the curvature of a connection,
similarly to what happens for holomorphic vector bundles.

Once theChern formsandclasses are introduced,wede�ne themean curvature of a pair (E, h) of a twisted
holomorphic vector bundle E and aHermitianmetric h: exactly as in the untwisted case, this will be a smooth
endomorphism of E (which is Hermitianwith respect to h). The notion of (weak) g−Hermite-Einsteinmetric is
then as in the untwisted case, and we prove that in the conformal class of a weak g−Hermite-Einstein metric
there is always a g−Hermite-Einstein metric.

We de�ne g−Hermite-Einstein and approximate g−Hermite-Einstein vector bundles as in the untwisted
case, and we will provide several properties of (approximate) g−Hermite-Einstein bundles following closely
the analogous properties for untwisted bundles.

Section 4 is devoted to the notion of g−semistable and g−stable twisted holomorphic vector bun-
dles, proving several properties of these bundles, and in particular that g−Hermite-Einstein bundles are
g−polystable, and that approximate g−Hermite-Einstein bundles are g−semistable. The proof is essentially
the sameas in theuntwisted case, andwe follow closely Lübke’s argument in [34]. This proves half of Theorem
1.1.

In section 5we prove that a g−stable twisted holomorphic vector bundle is g−Hermite-Einstein: this is the
content of Theorem 5.1, which completes the proof of point 1 of Theorem 1.1. The proof we present is identical
to the one given by Uhlenbeck and Yau in [49], and its adaptation to Gauduchonmetrics on compact complex
manifold as presented in [32] and in section 3 of [35].

Wang’s approach in [51] was to adapt to twisted bundles the original argument of Donaldson, adapted
by Simpson in [45]. Since [32] and [35] work more generally if g is a Gauduchonmetric on a compact complex
manifold X, wewill �nally prove that the Kobayashi—Hitchin correspondence for twisted holomorphic vector
bundles holds on every compact complex manifold (with respect to a chosen Gauduchon metric on it), thus
generalizing [51].

The remaining part of the paper is devoted to the proof of the approximate Kobayashi—Hitchin corre-
spondence, namely that each g−semistable twisted holomorphic vector bundle is approximate g−Hermite-
Einstein: this is the content of Theorem 6.1, which completes the proof of point 2 of Theorem 1.1.

The proof will follow closely the original argument in the untwisted case as presented in [29] and [25].
As in [29] we �rst de�ne the Donaldson Lagrangian for Hermitian metrics on a twisted holomorphic vector
bundle, and prove that if it is bounded below, then the bundle is approximate g−Hermite-Einstein. We will
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then prove that the Donaldson Lagrangian of a g−semistable twisted holomorphic vector bundle is bounded
below. The proof is based on the one proposed by Jacob in [25] for untwisted vector bundles, and we adapt it
to the twisted case.

Notation
All along the paper we consider a C∞−di�erentiable manifoldM. If J is a complex structure onM, we will let
X = (M, J) be the induced complex manifold. We moreover �x a su�ciently �ne open covering U = {Ui}i∈I
of M, where I is a set of indexes. We write Uij := Ui ∩ Uj and Uijk := Ui ∩ Uj ∩ Uk.

Once the open covering U is �xed, we choose a B−�eld B on X with respect to U: for further reference
and more details on B−�elds, see [21], [14], [51] and [12].

A B−�eld on X with respect to U is a family B = {Bi}i∈I where Bi is a 2−form on Ui, such that there are
1−forms ωij on Uij with the property that

Bi − Bj = dωij .

We notice that
dBi − dBj = d2ωij = 0,

hence the 3−forms dBi glue together to give a closed 3−form dB on X, whose cohomology class is an element
in H3(X,Z).

Notice that
d(ωij + ωjk + ωki) = 0,

so if the coveringU is su�ciently �ne we may �nd U(1)−valued functions αijk on Uijk such that

ωij + ωjk + ωki = −α−1ijkdαijk .

Then αB = {αijk} is a 2−cocycle whose cohomology class lies in H2(X,O*X).
The 2−cocyle αB will be called twist induced by B, and all along the paper we will use the notation

α instead of αB. The natural morphism H2(X,O*X) −→ H2(X,Z) from the exponential sequence sends the
cohomology class [α] to the cohomology class [dB] of dB.

If [dB] is torsion in H3(X,Z), then [α] is torsion in H2(X,O*X), i. e. it corresponds to an element in the
Brauer group Br(X) of X. In this case [dB] is trivial in H3(X,R), and we may and will choose the forms Bi to
be d−closed for every i ∈ I. We will moreover ask that Bi is a purely imaginary (1, 1)−form on Ui, and that
ωij is a (1, 0)−form on Uij.

If H3(X,Z) is free, then every element in Br(X) may be represented by a twist induced by some B−�eld.

2 Connections and metrics
In this sectionwe introduce the de�nitions of twisted vector bundle and of twisted coherent sheaf that wewill
use all along the paper. After having reviewed all the basic operations we will use on twisted sheaves, we will
introduce the notion of connection, of curvature and of Hermitianmetric on a twisted vector bundle, showing
that once a holomorphic twisted vector bundle and a Hermitian metric on it are given, then there is a unique
connection on it which is compatible with the metric and with the holomorphic structure. In analogy to the
untwisted case, this connection will be called the Chern connection of the twisted bundle, whose curvature
will be the most important tool in the paper, exactly as in the untwisted case.
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2.1 Twisted vector bundles

Let M be a C∞−di�erentiable manifold over which we have a complex structure, and let X be the induced
complex manifold. We �rst recall the de�nition of twisted vector bundle on X.

De�nition 2.1. An α−twisted complex C∞ vector bundle on X is a family E = {Ei , ϕij}i,j∈I where

1. for each i ∈ I, Ei is a complex C∞ vector bundle on Ui,
2. for each i, j ∈ I, ϕij : Ei|Uij −→ Ej|Uij is an isomorphism of complex C∞ vector bundles on Uij,
3. we have ϕii = idEi , ϕ−1ij = ϕji and ϕki ◦ ϕji ◦ ϕij = αijk · idEi|Uijk for every i, j, k ∈ I.

Morphisms of twisted bundles are de�ned in a natural way:

De�nition 2.2. Let E = {Ei , ϕij} and F = {Fi , ψij} be two α−twisted complex C∞ vector bundles on X. A
morphism of α−twisted complex C∞ vector bundles f : E −→ F is a family f = {fi}i∈I where

1. for each i ∈ I, we have that fi : Ei −→ Fi is a morphism of complex C∞ vector bundles on Ui,
2. for each i, j ∈ I, we have ψij ◦ fi = fj ◦ ϕij.

The category of α−twisted complex C∞ vector bundles on X will be denoted BunC∞ (X, α). The objects that
will be under investigation in this paper will anyway more precisely be twisted holomorphic vector bundles,
de�ned as follows:

De�nition 2.3. An α−twisted complex C∞ vector bundle E = {Ei , ϕij}i,j∈I on X will be called α−twisted holo-
morphic vector bundle on X if Ei is a holomorphic vector bundle on Ui and ϕij : Ei|Uij −→ Ej|Uij is an isomor-
phism of holomorphic vector bundles.

Morphisms among twisted holomorphic vector bundles are then de�ned as follows:

De�nition 2.4. If E and F are two α−twisted holomorphic vector bundles on X, a morphism of α−twisted
holomorphic vector bundles from E to F is a morphism f = {fi}i∈I : E −→ F of α−twisted complex C∞

bundles such that for every i ∈ I we have that fi : Ei −→ Ej is a morphism of holomorphic vector bundles on Ui.

The category of α−twisted holomorphic vector bundles on X will be denoted Bun(X, α). If instead of looking
at vector bundles we are willing to look at sheaves, we will talk about twisted sheaves as follows.

De�nition 2.5. An α−twisted sheaf on X is a familyE = {Ei , ϕij}i,j∈I where

1. for each i ∈ I,Ei is sheaf of Abelian groups on Ui,
2. for each i, j ∈ I, ϕij :Ei|Uij −→Ej|Uij is an isomorphism of sheaves of Abelian groups on Uij,
3. we have ϕii = idEi , ϕ−1ij = ϕji and ϕki ◦ ϕji ◦ ϕij = αijk · idEi|Uijk for every i, j, k ∈ I.

IfEi is a sheaf of OUi−modules for every i ∈ I, then we say thatE is an α−twisted sheaf of OX−modules. If
moreover Ei is coherent (resp. quasi-coherent), we will say that E is an α−twisted coherent sheaf (resp. an
α−twisted quasi-coherent sheaf).

Moreover, we have the notion of morphism between α−twisted sheaves.

De�nition 2.6. If E = {Ei , ϕij}i,j∈I and F = {Fi , ψij}i,j∈Iare two α−twisted sheaves (of OX−modules), a
morphism of α−twisted sheaves (ofOX−modules) fromE toF is a family f = {fi}i∈I where

1. for each i ∈ I, fi :Ei −→Fi is morphism of sheaves (ofOUi−modules),
2. we have ψij ◦ fi = fj ◦ ϕij for every i, j ∈ I.
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We therefore have the categories Sh(X, α) (resp. ShOX (X, α)) of α−twisted sheaves (resp. of α−twisted sheaves
of OX−modules). The full subcategory of ShOX (X, α) whose objects are α−twisted (quasi-)coherent sheaves
are denoted Coh(X, α) (resp. QCoh(X, α)). Exactly as for untwisted sheaves, we have the notion of locally free
twisted sheaf.

De�nition 2.7. An α−twisted sheafE = {Ei , ϕij} ofOX−modules is said to be locally free (of rank r) if for each
i ∈ I we have thatEi is locally free (of rank r).

The full-subcategory of ShOX (X, α) whose objects are α−twisted locally free sheaves is denoted Lf (X, α). It is
easy to prove that there is an equivalence of categories between Bun(X, α) and Lf (X, α).

Remark 2.8. IfU′ is a re�nement ofU, by restrictionwe see that a B−�eld relative toU gives a B−�eld relative
toU′, whose associated twist is a Čech 2−cocycle α′ relative toU′. We moreover get a canonical equivalence
between BunC∞ (X, α) and BunC∞ (X, α′) (and similarly for the other categories we mentioned before).

If E = {Ei , ϕij} is an α−twisted complex C∞ vector bundle relative to U, we may re�ne U so that the
twisted vector bundle corresponding to E will be {E′i , ϕ′ij}i∈I′ where E′i is the trivial vector bundle.

2.2 Operations with twisted bundles

The usual operations between vector bundles (C∞ or holomorphic) and sheaves can be de�ned as well in the
twisted setting. We will only consider the case of α−twisted complex C∞ vector bundles, but the same de�ni-
tions work for α−twisted holomorpic vector bundles and for α−twisted sheaves (ofOX−modules, coherent or
quasi-coherent). We refer the reader to [11] for further details.

Dual bundle. Let E = {Ei , ϕij} be an α−twisted complex C∞ vector bundle. Thedual of E is E* = {E*i , ϕ*ij}
where E*i is the dual vector bundle of Ei on Ui, and ϕ*ij : E*i −→ E*j is the dual of ϕij: more precisely, if η is a
local section of E*i , then ϕ*ij(η) is the local section of E*j mapping a local section ξ of Ej to η(ϕ−1ij (ξ )). It is easy
to see that E* is a complex C∞ vector bundle twisted by α−1 = {α−1ijk}.

Conjugate bundle. Let E = {Ei , ϕij} be an α−twisted complex C∞ vector bundle. The conjugate of E is
E = {Ei , ϕij} where Ei is the conjugate vector bundle of Ei on Ui, and ϕij : E

*
i −→ E*j is the conjugate of ϕij.

Then E is a complex C∞ vector bundle twisted by α = {αijk}. If E is holomorphic, then E is holomorphic over
X (the complex manifold obtained by putting on M the conjugate complex structure J).

Direct sum. If E = {Ei , ϕij} and F = {Fi , ψij} are two α−twisted complex C∞ vector bundles, their direct
sum is E ⊕ F := {Ei ⊕ Fi , ϕij ⊕ ψij}, which is an α−twisted complex C∞ vector bundle as well.

Tensor product. Consider B and B′ two B−�elds with respect to U, and let α and α′ be the respective
twists. If E = {Ei , ϕij} is an α−twisted complex C∞ vector bundle and F = {Fi , ψij} an α′−twisted complex
C∞ vector bundle, their tensor product is E⊗ F := {Ei ⊗ Fi , ϕij ⊗ψij}, which is an αα′−twisted complex C∞
vector bundle.

In particular E⊗ E* and E* ⊗ E* are untwisted complex C∞ vector bundles: indeed E* is α−1−twisted, E*

is α−1 twisted, hence E ⊗ E* is twisted by αα−1 = 1, and E* ⊗ E* is twisted by α−1α−1 = |α|−2 = 1 (since αijk is
a function taking values in U(1)).

Wedge product. If E is an α−twisted complex C∞ vector bundle on X, for every p ≥ 0 we may consider
the p−th wedge product

∧p E = {∧p Ei ,∧pϕij}. This is a direct summand of E⊗p, hence it is an αp−twisted
complex C∞ vector bundle. In particular, if E has rank r, then we have that det(E) := ∧r E is an αr−twisted
complex C∞ vector bundle.
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Bundle of morphisms. If E = {Ei , ϕij} are is an α−twisted complex C∞ vector bundle and F = {Fi , ψij}
is an α′−twisted complex C∞ vector bundle on M, we let Hom(E, F) := {Hom(Ei , Fi),Φij}, where

Φij : Hom(Ei , Fi) −→ Hom(Ej , Fj), Φij(f ) := ψij ◦ f ◦ ϕ−1ij .

It is easy to show that Hom(E, F) is an α−1α′−twisted complex C∞ vector bundle.
The canonical isomorphism E*i ⊗ Fi ' Hom(Ei , Fi) (coming from the universal property of tensor prod-

uct) induces a canonical isomorphism between E* ⊗ F and Hom(E, F). In particular we see that End(E) and
Hom(E, E*) are untwisted complex C∞ vector bundles.

Notice that if E and F are α−twisted holomorphic vector bundles, then End(E) and Hom(E, F) are holo-
morphic vector bundles. As such we may consider their global sections as complex C∞ vector bundles, or as
holomorphic vector bundles.

In the �rst case, the global sections of End(E) (resp. of Hom(E, F)) are the smooth endomorphisms
of E (resp. the smooth morphisms from E to F), and will be denoted A0(End(E)) or simply End(E) (resp.
A0(Hom(E, F)), Hom(E, F)). In the second case, we will use the notation H0(End(E)) and H0(Hom(E, F)).

Pull-back. Let X and Y be two C∞ di�erentiable manifolds and f : X −→ Y be a smooth map between
them. If U = {Ui}i∈I is an open covering of Y, then f *U := {f −1(Ui)}i∈I is an open covering of X. If E =
{Ei , ϕij} is an α−twisted complex C∞ vector bundle on Y, the pull-back of E under f is f *E = {f *Ei , f *ϕij},
which is a f *α−twisted complex C∞ vector bundle on X.

2.2.1 Properties of morphisms

If f : E −→ E is an endomorphism of an α−twisted complex C∞ (resp. holomorphic) vector bundle, then for
every i, j ∈ I we have

Tr(fi) = Tr(ϕ−1ij fjϕij) = Tr(fj),

so that wemay glue together the traces of the endomorphisms fi’s to get a global smooth (resp. holomorphic)
function Tr(f ), called trace of f .

Similarily we have
det(fi) = det(ϕ−1ij fjϕij) = det(fj),

so we get a global smooth (resp. holomorphic) function det(f ), called determinant of f .
If F = {Fi , ϕij}i,j∈I and G = {Gi , ψij}i,j∈I are two α−twisted coherent sheaves on X and f = {fi}i∈I :

F −→ G is amorphism, then for every x ∈ Ui wehave that fi,x : Fi,x −→ Gi,x is amorphism ofOX,x−modules.
If x ∈ Uij, as ϕij and ψij are isomorphisms of vector bundles we have

rkx(fi) = rkx(ψij ◦ fi) = rkx(fj ◦ ϕij) = rkx(fj).

It follows that rkx(fi) does not depend on the choice of i ∈ I: we will write it rkx(f ) and call it the rank of f at
x.

We now need to make some remarks about eigenvalues of endomorphisms of twisted bundles.

Remark 2.9. If E is an α−twisted holomorphic vector bundle and f = {fi} is a smooth endomorphism of E,
then it makes sense to consider the eigenvalues of f (which are smooth functions on X).

Indeed, suppose that λi is an eigenvalue of fi, i. e. λi is a smooth function on Ui for which there is a
nowehere vanishing smooth section s of Ei with fi(s) = λis. Then λi is an eigenvalue for fj over Uij: indeed
ϕij(s) is a nowhere vanishing smooth section of Ej over Uij, and we have

fj(ϕij(s)) = ϕij(fi(s)) = ϕij(λis) = λiϕij(s).

Hence the eigenvalues of the fi’s glue together to give global smooth functions on X that on each Ui rectrict
to the eigenvalues of fi, and that will be referred to as eigenvalues of f .
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As formorphisms of untwisted sheaves, the trace of amorphism of twisted sheaves is the sum of the eigenval-
ues, and its determinant is their product. The previous Remark 2.9 shows moreover that fi is diagonalizable
if and only if fj is, hence it makes sense to talk about diagonalizable endomorphisms of α−twisted (holomor-
phic) vector bundles.

If f is a diagonalizable endomorphism of Ewhose eigenvalues are λ1, · · · , λr, consider a smooth function
φ : R −→ R and suppose that the images of λ1, · · · , λr are all contained in the de�nition domain of φ. In
particular we see that φ ◦ λi is a smooth function on X.

This allows us to perform the following general construction: for every i ∈ I consider a local frame σi of
Ei which diagonalizes fi. With respect to σi we then have that fi is represented by a diagonal matrix Fi whose
diagonal entries are the eigenvalues of fi (each one appearing with its respective multiplicity). We then let
φ(Fi) be the diagonal matrix whose diagonal entries are the φ ◦ λi (each one with the respective multiplicity),
and consider the endomorphism φ(fi) of Ei corresponding to φ(Fi).

Lemma 2.10. The family φ(f ) := {φ(fi)}i∈I is a diagonalizable endomorphism of E.

Proof. The endomorphism φ(fi) is diagonalizable, so φ(f ) is diagonalizable. Moreover, if σi is a local frame of
Ei diagonalizing φ(fi), then ϕij(σi) is a local frame of Ej diagonalizing φ(fj). It then follows that ϕij ◦ φ(fi) =
φ(fj) ◦ ϕij, and we are done.

Particular cases are exp(f ), the exponential of f (which may be de�ned for every endomorphism of E),
log(f ), the logarithm of f (which may be de�ned for positive de�nite endomorphisms) and f σ for every σ ∈
(0, 1] (which may be de�ned for positive semide�nite endomorphisms).

2.3 Connections and curvatures

We now de�ne connections and curvatures on twisted vector bundles. Before doing this, we recall some very
basic facts about connections on vector bundles:we refer the reader to [29] for further details. IfV is a complex
C∞ vector bundle on X of rank r, we use the notation Ap(V) for the space of p−forms on X with values in V,
and Ap(X) for the space of p−forms on X.

A connection on V is a C−linear map D : A0(V) −→ A1(V) such that for every f ∈ A0(X) and every
s ∈ A0(E) we have

D(s · f ) = D(s) · f + s · df .

If s = {s1, · · · , sr} is a local frame of V, then the connection formof D relative to s is amatrix Γ of 1−forms
on X such that

D(si) =
r∑
j=1

sj · γ ji ,

where Γ = [γ ji ]. If ξ ∈ A
0(X), write

ξ =
r∑
j=1

ξ jsj ,

so that
D(ξ ) =

r∑
j=1

sj
(
dξ j +

r∑
k=1

γ
j
kξ
k
)
,

that we write simply D(ξ ) = dξ + Γξ .
It is easy to see that to give a connection on V is equivalent to give an open covering U = {Ui}i∈I of X

such that V is trivialized over Ui, a local frame si of V over Ui and a r × r−matrix Γi of 1−forms on Ui such that
if ϕij : Vi −→ Vj is the transition function, then we have

Γi = a−1ij Γjaij + a−1ij daij ,
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where aij is the r × r−matrix of smooth functions on V representing ϕij with respect to si and sj.
We introduce now the notion of connection on a twisted bundle (see [21], [14] and [51] for connections on

gerbs, and [26] for connections on twisted vector bundles). Let E = {Ei , ϕij}i,j∈I be an α−twisted complex C∞
vector bundle of rank r.

De�nition 2.11. A connection on E is a family D = {Di}i∈I where

1. for each i ∈ I, Di is a connection on Ei,
2. for every i, j ∈ I if Γi is a connection form of Di with respect to a local frame of Ei, and if aij is the matrix of

smooth functions representing ϕij with respect to the chosen local frames, we have

Γi = a−1ij Γjaij + a−1ij daij + ωij · Ir .

Remark 2.12. The motivation of the previous de�nition comes from the following remark: if V is a complex
C∞ vector bundle and D is a connection on it, take a family of connections form Γi associated to local frames
on an open covering of X, and let aij be the matrix representing the transition function with respect to the
given local frames. We then have

Γi = a−1ij Γjaij + a−1ij daij =

= a−1ij (a−1jk Γkajk + a−1jk dajk)aij + a−1ij daij =

= a−1ij a−1jk Γkajkaij + a−1ij a−1jk dajkaij + a−1ij daij =

= a−1ij a−1jk (a−1ki Γiaki + a−1ki daki)ajkaij + a−1ij a−1jk dajkaij + a−1ij daij =

= (akiajkaij)−1Γi(akiajkaki) + a−1ki daki)ajkaij + a−1ij a−1jk dajkaij + a−1ij daij =

= (akiajkaij)−1Γi(akiajkaki) + (akiajkaij)−1d(akiajkaki).

If akiajkaij = Ir, this last line is Γi. But in the twisted case we have that akiajkaij = αijk · Ir, hence we get
Γi = Γi + α−1ijkdαijk. In order to avoid this discrepancy we need to add ωij · Ir in the relation between Γi and Γj.

The existence of a connection on any α−twisted complex C∞ vector bundle onM is granted by Example 7.2 of
[26]. We present here a more general construction that will be used in what follows.

Proposition 2.13. Let E be an α−twisted complex C∞ vector bundle on M. Then E admits a connection.

Proof. Write E = {Ei , ϕij}, and let p = {pi}i∈I be a partition of the unity with respect toU. Choose a connec-
tion Di on Ei, and let Γi be the connection form of Di with respect to a chosen local frame of Ei. We write aij
for the matrix of smooth functions representing ϕij with respect to these local frames.

We consider
Γ′i :=

∑
j∈I

pja−1ij Γjaij , Φi :=
∑
j∈I

pja−1ij daij ,

which are two matrices of 1−forms on Ui. Notice that

a−1ij Γ′jaij = a−1ij
(∑
k∈I

pka−1jk Γkajk
)
aij =

∑
k∈I

pka−1ij a−1jk Γkajkaij .

Now recall that ajkaij = αijkaik, so

a−1ij Γ′jaij =
∑
k∈I

pk(αijkaik)−1Γk(αijkaik) = Γ′i .

Now, recall that akiajkaij = αijk · Ir, so that aik = α−1ijkajkaij. It follows that

a−1ik daik = (α−1ijkajkaij)−1d(α−1ijkajkaij) =

= αijka−1ij a−1jk ((dα−1ijk)ajkaij + α−1ijk(dajk)aij + α−1ijkajk(daij)) =
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= αijkdα−1ijk · Ir + a−1ij (a−1jk dajk)aij + a−1ij daij =

= −α−1ijkdαijk · Ir + a−1ij (a−1jk dajk)aij + a−1ij daij .

But then
Φi =

∑
k∈I

pka−1ik daik = a−1ij
(∑
k∈I

pka−1jk dajk
)
aij + a−1ij daij −

∑
k∈I

pkα−1ijkdαijk =

= a−1ij Φjaij + a−1ij daij + ωij · Ir .

We now let Γ̃i := Γ′i + Φi for every i ∈ I, so that

Γ̃i = Γ′i + Φi = a−1ij Γ′jaij + a−1ij Φjaij + a−1ij daij + ωij · Ir =

= a−1ij Γ̃jaij + a−1ij daij + ωij · Ir .

Consider now the family D̃ = {D̃i}i∈I where D̃i is the connection whose connection form is Γ̃i with respect to
the given local frame: we then see that D̃ is a connection on E.

Remark 2.14. The set of connections on an α−twisted complex C∞ vector bundle E is an a�ne space over
the vector space A1(End(E)). Indeed, if D = {Di} and D′ = {D′i} are two connections on E, we have that
Di − D′i ∈ A1(End(Ei)) and

Di − D′i = ϕ−1ij (Dj − D′j)ϕij ,

so the Di − D′i’s glue together to a global D − D′ ∈ A1(End(E)). As a consequence of this, any a�ne linear
combination of connections on an α−twisted complex C∞ vector bundle E is again a connection on E.

Using Di : A0(Ei) −→ A1(Ei) we de�ne a C−linear map

D1
i : A1(Ei) −→ A2(Ei), D1

i (s · φ) := Di(s) ∧ φ + s · dφ,

andmore generally we de�ne Dpi : A
p(Ei) −→ Ap+1(Ei) using the previous formula in a recursive way (letting

D0
i := Di).

If now E is an α−twisted complex C∞ vector bundle on X and D = {Di} is a connection on E, for every i ∈ I
weconsiderRi := D1

i ◦Di, which is the curvature of the connectionDi on Ei, soweknow thatRi ∈ A2(End(Ei)),
i. e. Ri is a 2−form with values in the complex C∞ vector bundle End(Ei) of endomorphisms of Ei (over Ui).
Let

R̃i := Ri − Bi · idEi ∈ A
2(End(Ei)).

Lemma 2.15. There is a unique RD ∈ A2(End(E)) such that RD|Ui = R̃i for every i ∈ I.

Proof. Wehave R̃i = Ri−Bi · idEi . With respect to a local frame of Ei we represent Ri by amatrixΩi of 2−forms.
For each i ∈ I recall that Ωi = dΓi + Γi ∧ Γi (see as instance section 1 in Chapter I of [29]). But then

Ri = ϕ−1ij Rjϕij + dωij · idEi ,

we then get
R̃i = ϕ−1ij Rjϕij + (dωij − Bi) · idEi .

But as dωij − Bi = −Bj, we get

R̃i = ϕ−1ij Rjϕij − Bj · idEi = ϕ
−1
ij Rjϕij − ϕ−1ij (Bj · idEj )ϕij = ϕ

−1
ij R̃ijϕij ,

so we glue together the R̃i’s to produce the 2−form RD.

De�nition 2.16. The 2−form RD ∈ A2(End(E)) is the curvature of D.



Kobayashi—Hitchin correspondence for twisted vector bundles | 11

2.4 Connections and holomorphic structures

Let us now �x a holomorphic structure, getting a complex manifold X. Let E = {Ei , ϕij} be an α−twisted
complex C∞ vector bundle on X and D = {Di} a connection on E. The holomorphic structure on X gives a
direct sum decomposition

A0(Ei) = A1,0(Ei)⊕ A0,1(Ei).

Composing Di with the two projections we get

D1,0
i : A0(Ei) −→ A1,0(Ei), D0,1

i : A0(Ei) −→ A0,1(Ei)

and we clearly have Di = D1,0
i + D0,1

i . We will let

D1,0 := {D1,0
i }, D0,1 := {D0,1

i }.

Similarly, we have

A2(End(E)) = A2,0(End(E))⊕ A1,1(End(E))⊕ A0,2(End(E)),

hence if RD is the connection of D, we have three components R2,0D , R1,1D and R0,2D such that

RD = R2,0D + R1,1D + R0,2D .

If Γi is a connection form for Di with respect to a given frame, we have a natural decomposition Γi =
Γ1,0i + Γ0,1i since Γi is a matrix of 1−forms. It follows from the de�nition of connection and the fact that ωi,j is
a (1, 0)−form that

Γ1,0i = a−1ij Γ1,0j aij + a−1ij ∂aij + ω1,0
ij · idEi ,

and
Γ0,1i = a−1ij Γ0,1j aij + a−1ij ∂aij .

Suppose now furthermore that E is an α−twisted holomorphic vector bundle, i. e. Ei has a holomorphic
structure and ϕij is an isomorphism of holomorphic vector bundles. We then represent the connection Di by
a matrix Γi of 1−forms with respect to a holomorphic local frame, and ϕij by a matrix aij whose entries are
holomorphic functions. In this case we get

Γ1,0i = a−1ij Γ1,0j aij + a−1ij ∂aij + ω1,0
ij · idEi , Γ0,1i = a−1ij Γ0,1j aij .

The holomorphic structure of Ei corresponds to a semi-connection

∂i : A0(Ei) −→ A0,1(Ei),

i. e. such that ∂(f · s) = ∂(f ) · s + f · ∂i(s) for every f ∈ A0(Ui) and s ∈ A0(Ei).

De�nition 2.17. A connection D = {Di}i∈I on E is compatible with the holomorphic structure of E if for
every i ∈ I we have D0,1

i = ∂i.

This is equivalent to asking that Γ0,1i = 0 for every i, or even that for every holomorphic section ξ of Ei we
have Di(ξ ) = D1,0

i (ξ ) (see Proposition 3.9 in Chapter I of [29]).
The following shows that each twisted holomorphic vector bundle carries a connection compatible with

its holomorphic structure.

Lemma 2.18. Let E be an α−twisted holomorphic vector bundle on X. Then E admits a connection D compatible
with its holomorphic structure, and if the B−�eld B is such that B0,2i = 0 for every i ∈ I, then R0,2D = 0.
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Proof. Write E = {Ei , ϕij}, where Ei is a holomorphic vector bundle and ϕij is holomorphic for every i, j ∈ I.
We know that Ei admits a connection Di compatible with its holomorphic structure (see Proposition 3.5 in
Chapter I of [29]). We let Γi be its connection form with respect to a holomorphic local frame of Ei. Consider
moreover a partition of the unity p = {pi} relative toU.

The proof of Proposition 2.13 tells us that if we let D̃ = {D̃i} whose connection form, with respect to the
given holomorphic local frames, is

Γ̃i =
∑
j∈I

pj(a−1ij Γjaij + a−1ij daij),

then D̃ is a connection on E. Notice that

Γ̃0,1i =
∑
j∈I

pja−1ij Γ0,1j aij +
∑
j∈I

pja−1ij ∂aij = 0,

since Γ0,1j = 0 by the fact that D is compatible with the holomorphic structure of E, and ∂aij = 0 since aij is a
matrix of holomorphic functions. It follows that D̃ is compatible with the holomorphic structure of E.

To conclude, notice that RB(D̃)0,2 = 0 if and only if its restriction to Ui is 0 for every i ∈ I, i. e. if and only
if (Ri − Bi · idEi )0,2 = 0. But since B0,2i = 0, we get

(R̃i = Ri − Bi · idEi )
0,2 = R0,2i − B0,2i = R0,2i .

Now, recall that as D0,1
i = ∂i we have R0,2i = 0 (see Proposition 3.5 in Chapter I of [29]), and we are done.

A converse of the previous Lemma holds too.

Lemma 2.19. Let E be an α−twisted complex C∞ vector bundle on X and D a connection on E. Suppose that
the B−�eld B = {Bi} is such that B0,2i = 0 for every i ∈ I, and that R0,2D = 0. Then there is a unique holomorphic
structure on E with which D is compatible.

Proof. As in the proof of Lemma 2.18, the fact that R0,2D = 0 and that B0,2i = 0 imply that R0,2i = 0 for every
i ∈ I. Proposition 3.7 in Chapter I of [29] then implies the existence of a unique holomorphic structure on Ei
with which Di is compatible.

We nowneed to prove that ϕij is holomorphic with respect to the holomorphic structures of Ei and Ej. Let
Γi be the connection form of Di with respect to a holomorphic local frame of Ei, and aij the matrix of smooth
functions representing ϕij with respect to the chosen local frames of Ei and Ej. Then Γ0,1i = 0, and since

Γi = a−1ij Γjaij + a−1ij daij + ωij · idEi ,

by multiplying by aij on both sides we then get

daij = aijΓi − Γjaij − ωijaij .

But as ωij is a (1, 0)−form, we see that daij is a matrix of (1, 0)−forms: hence aij is a matrix of holomorphic
functions, and ϕij is holomorphic.

2.5 Hermitian metrics and connections

We now introduce the notion of Hermitian metric on a twisted bundle. We recall that if V is a complex C∞
vector bundle on X, a Hermitianmetric on V is a C∞ �eld of positive de�nite Hermitian products on the �bers
of V.

De�nition 2.20. Let E = {Ei , ϕij} be an α−twisted complex C∞ vector bundle on X. AHermitian metric on E
is a collection h = {hi}i∈I where

1. for every i ∈ I, hi is a Hermitian metric on Ei,
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2. for every i, j ∈ I we have hi = Tϕijhjϕij, i. e. for every sections ξ and η of Ei we have

hi(ξ , η) = hj(ϕij(ξ ), ϕij(η)).

Remark 2.21. As αijk is U(1)−values, we have

hi = Tϕijhjϕij =
Tϕij Tϕjkhkϕjkϕij =

Tϕij Tϕjk Tϕkihiϕkiϕjkϕij =

= T(ϕkiϕjkϕij)hiϕkiϕjkϕij = |αijk|2hi = hi .

It follows that there is no discrepancy on Uijk, and the de�nition makes sense.

Remark 2.22. If Hi is the matrix of smooth functions representing hi with respect to a given local frame of
Ei, and aij is the matrix of smooth functions representing ϕij with respect to the chosen local frames of Ei
and Ej, then Hi is a Hermitian matrix and Hi = TaijHjaij.

We �rst show that Hermitian metrics exist on every α−twisted C∞ vector bundle:

Lemma 2.23. Let E be an α−twisted C∞ vector bundle. Then E admits a Hermitian metric.

Proof. Let hi be a Hermitian metric on Ei, and p = {pi}i∈I a partition of the unity with respect toU. Let

h̃i :=
∑
j∈I

pj Tϕijhjϕij .

Hence we have

Tϕij h̃jϕij =
∑
k

pk Tϕij Tϕjkhkϕjkϕij =
∑
k

pk T(ϕjk ◦ ϕij)hk(ϕjk ◦ ϕij).

But since ϕjk ◦ ϕij = αijk · ϕik and |αijk| = 1, we see that

Tϕij h̃jϕij =
∑
k

pk|αijk| Tϕikhkϕik =
∑
k

pk Tϕikhkϕik = h̃i ,

so that h̃ = {h̃i} is a Hermitian metric on E.

As for untwisted vector bundles, we look for relations between Hermitianmetrics and connections. More
precisely, let E = {Ei , ϕij} be an α−twisted complex C∞ vector bundle, D = {Di} a connection on E and
h = {hi} a Hermitian metric on E.

De�nition 2.24. We say that D and h are compatible (or that D is a h−connection) if for every i ∈ I we have
that Di is a hi−connection, i. e. for every sections ξ and η of Ei we have

d(hi(ξ , η)) = hi(Di(ξ ), η) + hi(ξ , Di(η)).

Representing hi and Di by matrices Hi (of smooth functions) and Γi (of 1−forms) with respect to a chosen
local frame of Ei, this reads as

dHi = TΓiHi + HiΓ i .

Using this we prove the following:

Lemma 2.25. Let E be an α−twisted holomorphic vector bundle and h a Hermitian metric on E.

1. There is a unique connection D on E which is compatible both with the holomorphic structure of E and the
Hermitian metric h.

2. If the B−�eld B is such that Bi is a (1, 1)−form for every i ∈ I, then RD ∈ A1,1(End(E)).
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Proof. As Ei is a holomorphic vector bundle on Ui and hi is a Hermitian connection on Ei, there is a unique
connection Di on Ei which is compatible with the holomorphic structure of Ei and with the Hermitian metric
hi. If Γi is a connection form of Di and Hi is a matrix representing hi with respect to a given local frame of Ei,
we know that

dHi = TΓi · Hi + Hi · Γ i .

We will moreover let aij be the matrix of smooth functions representing ϕij with respect to the chose local
frames.

Let p = {pi} be a partition of the unity with respect toU. The proof of Lemma 2.18 tell us that if we let D̃
be the connection on E whose connection form (with respect to the local frame given above) is

Γ̃i :=
∑
j∈I

pj(a−1ij Γjaij + a−1ij daij),

then D̃ is compatible with the holomorphic structure of E.
It only remains to show that D̃ and h are compatible. Notice that

T Γ̃i · Hi + Hi · Γ̃ i =
∑
j∈I

pj Taij TΓj Ta−1ij Hi +
∑
j∈I

pj Tdaij Ta−1ij Hi+

+
∑
j∈I

pjHia−1ij Γ jaij +
∑
j∈I

pjHia−1ij daij .

Using the fact that Hi = TaijHjaij we see that Ta−1ij Hi = Hjaij and that Hia−1ij = TaijHj, hence we �nd that

T Γ̃i · Hi + Hi · Γ̃ i =
∑
j∈I

pj Taij TΓjHjaij +
∑
j∈I

pj TdaijHjaij+

+
∑
j∈I

pj TaijHjΓ jaij +
∑
j∈I

pj TaijHjdaij =

=
∑
j∈I

pj Taij(TΓjHj + HjΓ j)aij +
∑
j∈I

pj(TdaijHjaij + TaijHjdaij).

But as TΓjHj + HjΓ j = dHj, we �nd

T Γ̃i · Hi + Hi · Γ̃ i =
∑
j∈I

pj(TaijdHjaij + TdaijHjaij + TaijHjdaij) =

=
∑
j∈I

pjd(TaijHjaij) =
∑
j∈I

pjdHi = dHi ,

which proves that D̃ is compatible with Hermitian metric h.
Let now RD̃ be the curvature of D̃: as D̃ is compatible with the holomorphic structure of E, we know from

Lemma 2.18 that R0,2
D̃

= 0. Moreover, for every i ∈ I we have

RD̃|Ui = Ri − Bi · idEi ,

where Ri is the curvature of D̃i. As D̃i is compatible with hi we know that also R2,0i = 0 (see section 4 in
Chapter I of [29]). But since Bi is a (1, 1)−form by hypothesis, it follows that RD̃ ∈ A

1,1(End(E)).

Now, if E is an α−twisted holomorphic vector bundle and h is a Hermitian metric on E, the previous
Lemma allows us to give the following:

De�nition 2.26. The unique connection D on E which is compatible with h and with the holomorphic structure
of E is called the Chern connection of the pair (E, h), and its curvature will be called Chern curvature of the
pair (E, h). We will sometimes use the notation Dh and Rh for them.
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Notice that by de�nition we have that D = {Di} is the Chern connection of (E, h) if and only if Di is the Chern
connection of (Ei , hi). As an immediate consequence of Lemma 2.19 we get the following converse of Lemma
2.25:

Lemma 2.27. Let E be an α−twisted complex C∞ vector bundle on X, h a Hermitian metric on E and D a con-
nection on E compatible with h. If the B−�eld B is such that Bi is a (1, 1)−form for every i ∈ I, then there is a
unique holomorphic structure on E so that D is the Chern connection of (E, h).

2.6 Connections and metrics on associated bundles

We resume here the basic facts about how a connection (or a Hermitian metric) on a twisted vector bundle E
induces a connection (or a Hermitian metric) on twisted vector bundles that may be constructed from E.

Dual bundle. Let E = {Ei , ϕij} be an α−twisted complex C∞ vector bundle, and D = {Di} a connection on
E. In particular Di is a connection on Ei, so we may use it to produce a connection D*i on E*i : for every local
section ξ of E*i , we need to de�ne a 1−form D*i (ξ ) with coe�cients in E*i . We then de�ne D*i (ξ ) by expressing
the 1−form (D*i (ξ ), η) obtained by evaluating the coe�cients of D*i (ξ ) on η. We then let

(D*i (ξ ), η) := d(ξ , η) − (ξ , Di(η)).

If Γi is the connection form of Di with respect to a local frame of Ei, the connection form of D*i is −Γi with
respect to the dual local frame (see section 5 in Chapter I of [29]).

Lemma 2.28. The family D* = {D*i }i∈I is a connection on E*, and RD* = −RD as elements of A1,1(End(E)) '
A1,1(End(E*)).

Proof. For every local sections ξ (of E*i ) and η (of Ei) we have

(D*i (ξ ), η) = d(ξ , η) − (ξ , Di(η)) =

= d(ξ , η) − (ξ , dη) − (ξ , a−1ij Γjaijη) − (ξ , a−1ij daijη) − (ξ , ωijη) =

= (dξ , η) − (a*ijξ , Γjaijη) − (a*ijξ , daijη) − (ωijξ , η) =

= (dξ , η) + (Γ*j a*ijξ , aijη) − d(a*ijξ , aijη) + (da*ijξ , aijη) − (ωijξ , η) =

= (dξ , η) + ((a*ij)−1Γ*j a*ijξ , η) + ((a*ij)−1da*ijξ , η) − (ωijξ , η) =

= (dξ + ((a*ij)−1Γ*j a*ij + (a*ij)−1da*ij − ωij)ξ , η),

where we let a*ij be the matrix representing ϕ*ij, and Γ*i the connection form of D*i with respect to the dual
local frame. In conclusion, we get

Γ*i = (a*ij)−1Γ*j a*ij + (a*ij)−1da*ij − ωij · Ir ,

so that D* = {D*i } is a connection on E*.
If B = {Bi} is a B−�eld inducing the twist α, the family −B = {−Bi} is a B−�eld inducing the twist α−1,

and we have
RD*|Ui = R

*
i − (−Bi) = −Ri + Bi = −RD|Ui ,

where R*i is the curvature of the dual connection D*i (here we use the fact that R*i = −Ri, see section 5 in
Chapter I of [29]).

The connection D* is called the dual connection of D, or equivalently connection induced by D on E*.
Let now h = {hi} be a Hermitian metric on E. Then hi is a Hermitian metric on Ei, i. e. an isomorphism

hi : Ei −→ E*i of complex C∞ vector bundles: the dual of this gives h*i : E
*
i −→ E**i , which is then a Hermitian

metric on E*i represented by the matrix H*i = H
−1
i (since Hi is Hermitian).
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Lemma 2.29. Let E be an α−twisted holomorphic vector bundle on X and h aHermitianmetric on E. The family
h* = {h*i } is a Hermitian metric on E*, and Dh* = D*h.

Proof. We notice that as Hi = TaijHjaij, then H*i = Ta*ijH*j a*ij, so that h* = {h*i }i∈I is a Hermitian metric on
E*. If D = {Di} is the Chern connection of (E, h), then Di is the Chern connection of (Ei , hi). The dual of D
is the D* = {D*i }, where D*i is the dual connection of Di. But this implies that D*i is the Chern connection of
(E*i , h*i ), so that D* is the Chern connection of (E*, h*) (see Lemma 2.25).

The Hermitian metric h* is called the dual Hermitian metric of h, or equivalently Hermitian metric
induced by h on E*.

Direct sum. Let E = {Ei , ϕij} and F = {Fi , ψij} be two α−twisted complex C∞ vector bundles, and consider a
connection D = {Di} on E and a connection D′ = {D′i} on F. In particular Di is a connection on Ei and D′i is a
connection on Fi, so we may use them to produce a connection Di ⊕ D′i on Ei ⊕ Fi: a local section of Ei ⊕ Fi
is of the form ξ ⊕ ξ ′ for a local section ξ of Ei and a local section ξ ′ of Fi, so we let

(Di ⊕ D′i)(ξ ⊕ ξ ′) := Di(ξ )⊕ D′i(ξ ′) ∈ A1(Ei ⊕ Fi).

If Γi is the connection form of Di with respect to a local frame of Ei and Γ′i is the connection form of D′i
with respect to a local frame of Fi, then

Γi ⊕ Γ′i :=
[
Γi 0
0 Γ′i

]
is the connection form of Di ⊕ D′i with respect to the corresponding local frame of Ei ⊕ Fi.

Lemma 2.30. The family D ⊕ D′ = {Di ⊕ D′i}i∈I is a connection on E ⊕ F, and we have RD⊕D′ = RD ⊕ RD′ as
elements of A1,1(End(E ⊕ F)).

Proof. It is easy to see that D ⊕ D′ = {Di ⊕ D′i} is a connection on E ⊕ F. Moreover, we have

RD⊕D′|Ui = RDi⊕D′
i
− Bi · idEi⊕Fi = RDi ⊕ RD′

i
− Bi · idEi⊕Fi =

= (Ri − Bi · idEi )⊕ (R′i − Bi idFi ) = RD|Ui ⊕ RD′|Ui = (RD ⊕ RD′ )|Ui
(where we used the fact that RDi⊕D′

i
= RDi ⊕ RD′

i
, see section 5 in Chapter I of [29]). We then get RD⊕D′ =

RD ⊕ RD′ , and we are done.

The connection D ⊕ D′ is called the direct sum connection of D and D′, or equivalently connection
induced by D and D′ on E ⊕ F.

Let now h = {hi} be aHermitianmetric on E and h′ = {h′i} aHermitianmetric on F. Then hi is a Hermitian
metric on Ei and h′i is a Hermitian metric on Fi, and we de�ne the sum Hermitian metric hi ⊕ h′i on Ei ⊕ Fi as

(hi ⊕ h′i)(ξ ⊕ ξ ′, η ⊕ η′) := hi(ξ , η) + h′i(ξ ′, η′)

for every local sections ξ , ξ ′ of Ei and η, η′ of Fi.

Lemma 2.31. Let E and F be two α−twisted holomorphic vector bundles on X, h a Hermitianmetric on E and h′

a Hermitian metric on F. The family h⊕ h′ = {hi⊕ h′i}i∈I is a Hermitian metric on E⊕ F, and Dh⊕h′ = Dh⊕Dh′ .

Proof. If Hi and H′i represent hi and h′i with respect to local frames of Ei and Fi, then

Hi ⊕ H′i =
[
Hi 0
0 H′i

]

represents hi ⊕ h′i with respect to the corresponding local frame. It is then easy to see that h ⊕ h′ = {hi ⊕ h′i}
is a Hermitian metric on E ⊕ F.

If D = {Di} is the Chern connection of (E, h), then Di is the Chern connection of (Ei , hi). Similarily, if
D′ = {D′i} is the Chern connection of (F, h′), then D′i is the Chern connection of Fi. The sum of D and D′ is
D⊕D′ = {Di⊕D′i}, andwe know that Di⊕D′i is the Chern connection of (Ei⊕Fi , hi⊕h′i), andwe are done.
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The Hermitian metric h ⊕ h′ is called the direct sum Hermitian metric of h and h′, or equivalently
Hermitian metric induced by h and h′ on E ⊕ F.

Tensor product. Let E = {Ei , ϕij} be an α−twisted complex C∞ vector bundle and F = {Fi , ψij} be an
α′−twisted complex C∞ vector bundle. Consider a connection D = {Di} on E and a connection D′ = {D′i}
on F. In particular Di is a connection on Ei and D′i is a connection on Fi, so we may use them to produce a
connection Di ⊗ D′i on Ei ⊗ Fi: we let

Di ⊗ D′i = Di ⊗ idFi + idEi ⊗ D
′
i .

If Γi is the connection form of Di with respect to a local frame of Ei and Γ′i is the connection form of D′i with
respect to a local frame of Fi, then Γi ⊗ Is + Ir ⊗ Γ′i is the connection form of Di ⊗ D′i with respect to the
corresponding local frame of Ei ⊗ Fi (where A ⊗ B is the Kronecker product).

Lemma 2.32. The family D ⊗ D′ = {Di ⊗ D′i} is a connection on E ⊗ F, and

RD⊗D′ = RD ⊗ idFi + idEi ⊗ RD′

as elements of A1,1(End(E ⊗ F)).

Proof. We know that Di ⊗ D′i is a connection on Ei ⊗ Fi, and an easy calculation shows that

Γi ⊗ Is + Ir ⊗ Γ′i = (aij ⊗ bij)−1(Γj ⊗ Is + Ir ⊗ Γ′j )(aij ⊗ bij)+

+(aij ⊗ bij)−1d(aij ⊗ bij) + (ωij + ω′ij) · Irs ,

where aij and bij are matrices of smooth functions representing ϕij and ψij respectively with respect to local
frames of Ei and Fi. It follows that D ⊗ D′ is a connection on E ⊗ F.

Now, let B a B−�eld inducing the twist α and B′ a B−�eld inducing the twist α′. Then B+B′ = {Bi +B′i}i∈I
is a B−�eld inducing the twist αα′, and we have

RD⊗D′|Ui = RDi⊗D′
i
− (Bi + B′i) · idEi⊗Fi =

= Ri ⊗ idFi + idEi ⊗ R
′
i − Bi · idEi⊗Fi − B

′
i · idEi⊗Fi =

= (Ri − Bi · idEi )⊗ idFi + idEi ⊗ (R′i − B′i idFi )

(where we use the fact that RDi ⊗ RD′
i
= Ri ⊗ idFi + idEi ⊗ R′i, see section 5 in Chapter I of [29]), which implies

the statement.

The connection D⊗D′ is called the tensor product connection of D and D′, or equivalently connection
induced by D and D′ on E ⊗ F.

Let now h = {hi} be aHermitianmetric on E and h′ = {h′i} aHermitianmetric on F. Then hi is a Hermitian
metric on Ei and h′i is a Hermitian metric on Fi, and we de�ne the product Hermitian metric hi⊗ h′i on Ei⊗ Fi
as

(hi ⊗ h′i)(ξ ⊗ ξ ′, η ⊗ η′) := hi(ξ , η) · h′i(ξ ′, η′)

for every local sections ξ , ξ ′ of Ei and η, η′ of Fi, and then extending this by linearity. If Hi and H′i represent
hi and h′i with respect to local frames, then Hi ⊗ H′i represents hi ⊗ h′i.

Lemma 2.33. Let E be an α−twisted holomorphic vector bundle on X, F an α′−twisted holomorphic vector
bundle on X, h a Hermitian metric on E and h′ a Hermitian metric on F. The family h ⊗ h′ = {hi ⊗ h′i}i∈I is a
Hermitian metric on E ⊗ F, and Dh⊗h′ = Dh ⊗ Dh′ .

Proof. By the very de�nition we have

Hi ⊗ H′i = (TaijHjaij)⊗ (TbijHjbij) = T(aij ⊗ bij)Hi ⊗ Hjaij ⊗ bij ,

so h ⊗ h′ is a Hermitian metric on E. The remaining part of the proof is straightforward.
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The Hermitian metric h ⊗ h′ is called the tensor product Hermitian metric of h and h′, or equivalently
Hermitian metric induced by h and h′ on E ⊗ F.

As a particular case, if E is an α−twisted complex C∞ vector bundle E and two integers p, q ≥ 0, we let

Ep,q := E ⊗ · · ·⊗ E︸ ︷︷ ︸
p

⊗ E* ⊗ · · ·⊗ E*︸ ︷︷ ︸
q

which is then an αp−q−twisted complex C∞ vector bundle. If D is a connection on E, it induces a connection
Dp,q on Ep,q, and if h is a Hermitian metric on E, it induces a Hermitian metric hp,q on Ep,q.

The most important case to consider is when p = q = 1, in which case E1,1 = E ⊗ E* = End(E): this is a
usual complex C∞ vector bundle. If D is a connection on E, the connection D1,1 is a usual connection on a
vector bundle, and if h is a Hermitian metric on E, then h1,1 is a usual Hermitian metric on a vector bundle.
The Chern connection of (E1,1, h1,1) is the Chern connection of (End(E), h1,1).

Wedge product. Let E be an α−twisted complex C∞ vector bundle on X and p a strictly positive integer. Con-
sider a connection D = {Di} on E. The product connection D⊗p on E⊗p is easily seen to verify the following:
if ξ is a section of∧p Ei, then D⊗pi (ξ ) ∈ A1(∧pEi). It follows that D⊗p|∧pE is a connection on∧p E, denoted Dp
and calledwedge connection on E, or equivalently connection induced by D on ∧pE.

Let now h = {hi} be aHermitianmetric on E. The inducedHermitianmetric h⊗p restricted to∧p induces a
Hermitian metric, denoted hp, and calledwedge Hermitianmetric on E, or equivalentlyHermitianmetric
induced by h on ∧pE. The following is immediate:

Lemma 2.34. Let E be an α−twisted holomorphic vector bundle on X and h a Hermitian metric on E. Then
Dhp = Dph .

Particular case is when p is the rank r of E, in which case we have

det(E) =
r∧
E,

which is an αr−twisted complex C∞ line bundle on X. If D is a connection on E, it induces a connection det(D)
on det(E), called determinant connection, and if h is a Hermitianmetric on E, it induces a Hermitianmetric
det(h) on det(E), called determinant Hermitian metric. We moreover have Ddet(h) = det(Dh).

Pull-back. Let now X and Y be two complex manifolds and f : X −→ Y be a holomorphic map between
them. IfU = {Ui}i∈I is an open covering of Y, then f *U := {f −1(Ui)}i∈I is an open covering of X. Let E be an
α−twisted complex C∞ vector bundle on Y and consider a connection D = {Di} on E.

In particular Di is a connection on Ei, so we may use it to produce a connection f *Di on f *Ei: to de�ne it,
we notice that if ξ is a local section of f *Ei, then there is a unique local section ξ ′ of Ei such that ξ ′ ◦ f = f ′ ◦ ξ
(where f ′ : f *Ei −→ Ei is the natural morphism induced by f ). Hence we de�ne

f *Di(ξ ) := f *(Di(ξ ′)),

where on the right we have the pull-back under f of the 1−form Di(ξ ′) with coe�cients in Ei. If Γi is the
connection form of Di with respect to a local frame of Ei, then f *Γi is the connection form of f *Di with respect
to the pull-back local frame.

Lemma 2.35. The family f *D = {f *Di}i∈I is a connection on f *E, and we have Rf *D = f *RD as elements of
A1,1(End(f *E)).

Proof. We know that f *Di is a connection on f *Ei, it is easy to show that f *D = {f *Di} is a connection on f *E.
If B = {Bi}i∈I is a B−�eld inducing the twist α, then f *B = {f *Bi} is a B−�eld inducing the twist f *α, and

Rf *D|f −1(Ui) = Rf *Di − f
*Bi · idf *Ei = f

*Ri − f *(Bi idEi ) = f *(R̃i)

(where we use the fact that Rf *Di = f *Ri, see section 5 in Chapter I of [29]).
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The connection f *D is called the pull-back connection of D, or equivalently connection induced by D
on f *E.

Let now h = {hi} be a Hermitian metric on E. Then hi is a Hermitian metric on Ei, i. e. an isomorphism
of complex C∞ vector bundles hi : Ei −→ E*i . Then f *hi : f *Ei −→ f *E*i is an isomorphism of complex C∞
vector bundles, getting a Hermitian metric f *hi. The following is immediate.

Lemma 2.36. Let E be an α−twisted holomorphic vector bundle on Y and h aHermitianmetric on E. The family
f *h = {f *hi}i∈I is a Hermitian metric on f *E, and Df *h = f *Dh.

The Hermitian metric f *h = {f *hi} is called pull-back Hermitian metric or Hermitian metric induced by
h on f *E.

2.7 Subbundles and quotients

Let E = {Ei , ϕij} be an α−twisted holomorphic vector bundle on a complex manifold X, and let r be its rank.

De�nition 2.37. A twisted holomorphic subbundle of E is an α−twisted holomorphic vector bundle S =
{Si , ψij} on X such that for every i ∈ I we have an injective morphism of α−twisted holomorphic vector bundles
f : S −→ E, i. e. a morphism f = {fi} such that fi : Si −→ Ei is an injective morphism of holomorphic vector
bundles on Ui for every i ∈ I. The morphism f is called inclusion of S in E.

Let now S be a twisted holomorphic sub-bundle of E, and let f : S −→ E be the inclusion. For every i ∈ I we
then may consider the quotient vector bundle Qi := Ei/Si, and we let

φij : Qi|Uij −→ Qj|Uij , φij(x) := [ϕij(x)],

where x is a point in Ei such that [x] = x.
It is easy to verify that φij is a well-de�ned isomorphism of holomorphic vector bundles on Uij, and that

Q = {Qi , φij} is an α−twisted holomorphic vector bundle, called quotient of E by S.
Moreover, for every i ∈ I we have a natural projection pi : Ei −→ Qi, and we have φij ◦ pi = pj ◦ ϕij.

The family p = {pi}i∈I is then a morphism p : E −→ Q of α−twisted holomorphic vector bundles, called
projection.

We notice that we have an exact sequence of α−twisted holomorphic vector bundles

0 −→ S f−→ E p−→ Q −→ 0.

2.7.1 Hermitian metrics and orthogonals

Let now h = {hi} be a Hermitian metric on E. As fi : Si −→ Ei, is a morphism of holomorphic vector bundles,
we may de�ne

hSi (ξ , η) := hi(fi(ξ ), fi(η))

for every sections ξ and η of Si.

Lemma 2.38. The family hS := {hSi }i∈I is a Hermitian metric on S.

Proof. As fi is injective and hi is a Hermitian metric on Si, it is easy to see that hSi is a Hermitian metric on Si.
For every sections ξ , η of Si we have

hSi (ξ , η) = hi(fi(ξ ), fi(η)) = hj(ϕij(fi(ξ )), ϕij(fi(η))) =

hj(fj(ψij(ξ )), fj(ψij(η))) = hSj (ψij(ξ ), ψij(η))

where we used the fact that f is a morphism of α−twisted holomorphic vector bundles. As a consequence, the
family hS is a Hermitian metric on S.
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For every i ∈ I and every x ∈ Ui we de�ne

S⊥i,x := {s ∈ Ei,x | hi,x(s, fi,x(t)) = 0 for every t ∈ Si,x}.

We then get a complex C∞ vector bundle S⊥i on Ui, called hi−orthogonal complement of Si in Ei. Let now

ψ⊥ij := ϕij|S⊥i : S⊥i|Uij −→ Ej|Uij .

Lemma 2.39. The family S⊥ := {S⊥i , ψ⊥ij }i,j∈I is an α−twisted complex C∞ sub-bundle of E.

Proof. First we need to prove that the image of ψ⊥ij is contained in S⊥j . To do so, let x ∈ Uij and s ∈ S⊥i,x, we
prove that ψ⊥ij,x(s) ∈ S⊥j,x, i. e. that ϕij(s) ∈ S⊥j,x. This means that hj,x(ϕij,x(s), fj,x(t′)) = 0 for every t ∈ Sj,x.

As ψij : Si|Uij −→ Sj|Uij is an isomorphism, there is t ∈ Si,x such that t′ = ψij(t), hence we need to show
that hj,x(ϕij,x(s), fj,x(ψij,x(t))) = 0. Recall moreover that fj ◦ ψij = ϕij ◦ fi, so we need to show that

hj,x(ϕij,x(s), ϕij,x(fi,x(t))) = 0.

As h is a Hermitian metric on E, this holds if and only if hi,x(s, fi,x(t)) = 0, and this last holds as s ∈ S⊥i,x.
As a consequence we see that ψ⊥ij : S⊥i|Uij −→ S⊥j|Uij . By de�nition, this map is the restriction of a biholo-

morphism to a complex C∞ sub-bundle, hence ψ⊥ij is injective and C∞. We need to show that it is surjective.
To do so, let x ∈ Uij and choose s′ ∈ S⊥j,x. As S⊥j ⊆ Ej and ϕij : Ei −→ Ej is surjective, it follows that there

is s ∈ Ei,x such that s′ = ϕij,x(s). As s′ ∈ S⊥j,x, for every t′ ∈ Sj,x we have hj,x(s′, fj,x(t′)) = 0.
Now, consider t ∈ Si,x. We have

hi,x(s, fi,x(t)) = hj,x(ϕij,x(s), ϕij,x(fi,x(t))) = hj,x(s′, fj,x(ψij,x(t))) = 0,

so that s ∈ S⊥i,x. It follows that ψ⊥ij : S⊥i|Uij −→ S⊥j|Uij is an isomorphism of complex C∞ vector bundles on Uij.
As ψ⊥ij = ϕij|S⊥i , it is now easy to verify that S⊥ = {S⊥i , ψ⊥ij } is an α−twisted complex C∞ vector bundle

on X, and that the natural inclusion ιi : S⊥i −→ Ei makes it a twisted complex C∞ subbundle of E.

We will call S⊥ the h−orthogonal of S in E. A priori there is no reason why S⊥ is holomorphic.
In any case, as for every i ∈ I we have Ei = Si ⊕ S⊥i , it follows that E = S ⊕ S⊥ as α−twisted complex C∞

vector bundles. Hence the exact sequence

0 −→ S f−→ E p−→ Q −→ 0

splits as an exact sequence of α−twisted complex C∞ vector bundles, i. e. we have an isomorphism of
α−twisted complex C∞ vector bundles between Q and S⊥. We then have an exact sequence

0 −→ Q φ−→ E π−→ S −→ 0

of α−twisted complex C∞ vector bundles, where p ◦ φ = idQ and π ◦ f = idS.
The morphism φ is then an injective morphism of α−twisted complex C∞ vector bundles, i. e. Q is an

α−twisted complex C∞ subbundle of E. We then may use π to de�ne a Hermitian metric hQ on Q. The Hermi-
tian metrics hS and hQ are called Hermitian metrics induced by h on S and Q.

2.7.2 Connections and orthogonals

Let now E, S and Q as before, consider a Hermitian metric h on E, and hS and hQ the induced Hermitian
metrics. Let D be the Chern connection of (E, h), and consider the exact sequence

0 −→ S f−→ E p−→ Q −→ 0

of α−twisted holomorphic vector bundles, and the exact sequence

0←− S π←− E φ←− Q ←− 0
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of α−twisted complex C∞ vector bundles. We write π = {πi} and φ = {φi}.
As Ei = Si ⊕ Qi, for every section ξ of Si we have

Di(ξ ) ∈ A1(Ei) = A1(Si)⊕ A1(Qi).

We then write Di(ξ ) = DSi (ξ ) + Ai(ξ ) where DSi (ξ ) ∈ A1(Si) and Ai(ξ ) ∈ A1(Qi). More precisely, we have

DSi (ξ ) = πi(Di(fi(ξ ))), Ai(ξ ) = pi(Di(fi(ξ ))).

We then get two maps
DSi : A0(Si) −→ A1(Si), Ai : A0(Si) −→ A1(Qi).

Lemma 2.40. The family DS = {DSi }i∈I is the Chern connection of (S, hS), and the maps Ai glue together to
form an element A ∈ A1,0(Hom(S, Q)).

Proof. It is known that DSi is the Chern connection of (Si , hSi ) (see Proposition 6.4 in Chapter I of [29]). Choose
now a local frame ti = {t1, · · · , ts} of Si, so that fi(ti) = {fi(t1), · · · , fi(ts)}may be completed to a local frame
t′i of Ei. Let Γi be the connection form of Di with respect to t′i, and let Fi be the matrix representing fi with
respect to ti and t′i, and Πi be the matrix representing πi with respect to t′i and ti.

If ΓSi is the connection form of DSi with respect to ti, we then have ΓSi = ΠiΓiFi. It follows that

ΓSi = ΠiΓiFi = Πia−1ij ΓjaijFi + Πia−1ij daijFi + Πiωij · IrFi =

= b−1ij ΠjΓjFjbij + b−1ij ΠjFjdbij + ωijΠiFi ,

where aij is the matrix representing ϕij with respect to t′i and t′j, and bij is the matrix representing ψij with
respect to ti and tj. But as πi ◦ fi = idSi we see that

ΓSi = b−1ij ΓSj bij + b−1ij dbij + ωij · Is ,

showing that DS is a connection on S. It then follows that DS is the Chern connection of (S, hS).
Moreover, we know that Ai ∈ A1,0(Hom(Si , Qi)) (see Proposition 6.4 in Chapter I of [29]). Complete t′i as

t′i = {t1, · · · , ts , ts+1, · · · , tr}, so that t′′i = {pi(ts+1), · · · , pi(tr)} is a local frame of Qi. Let Pi be the matrix
representing pi with respect to t′i and t′′i . If we represent Ai by a matrix Ai with respect to ti and t′′i , we have
Ai = PiΓiFi. Then

Ai = PiΓiFi = Pia−1ij ΓjaijFi + Pia−1ij daijFi + Piωij · IrFi =

= c−1ij PjΓjFjcij + c−1ij PjFjdcij + ωijPiFi ,

where cij is the matrix representing φij with respect to t′′i and t′′j .
But as pi ◦ fi = 0 we then get Ai = c−1ij Ajcij. It follows that the Ai’s glue together to give a global A ∈

A1,0(Hom(S, Q)).

In a similar way one produces a connection DQ on Q as DQ = {DQi }, which turns out to be the Chern
connection of (Q, hQ), and an element C ∈ A0,1(Hom(Q, S)). The form A is called second fundamental
form of S, and the form Q is called second fundamental form of Q.

Let now E be an α−twisted holomorphic vector bundle on X and D a connection on it.

De�nition 2.41. An α−twisted complex C∞ subbundle E′ of E is called D−invariant if for every i ∈ I and every
section ξ of E′i we have that Di(ξ ) ∈ A1(E′i).

The following will be used in the proof of the Kobayashi—Hitchin correspondence.

Lemma 2.42. Le E be an α−twisted holomorphic vector bundle on X, h aHermitianmetric on E and D the Chern
connection of (E, h). Suppose that E′ is a D−invariant subbundle of E, and let E′′ := (E′)⊥. Then E′ and E′′ are
both α−twisted holomorphic subbundles of E, and the direct sum decomposition E = E′ ⊕ E′′ is holomorphic.

Proof. This is an immediate consequence of the untwisted analogue, see Proposition 4.18 in Chapter I of
[29].
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An immediate corollary of this is the following:

Corollary 2.43. Let E be an α−twisted holomorphic vector bundle on X, h a Hermitian metric on E and
D the Chern connection of (E, h). Suppose that S is an α−twisted holomorphic subbundle, and let A ∈
A1,0(Hom(S, S⊥)) be as before. If A = 0, then S⊥ is an α−twisted holomorphic subbundle which is isomorphic,
as an α−twisted holomorphic bundle, to Q.

We end this section with the Gauss-Codazzi equations in the twisted setting. Let E be an α−twisted holomor-
phic vector bundle, h a Hermitian metric on E, D the Chern connection of (E, h), S a twisted holomorphic
sub-bundle of E, Q the quotient of E by S and A ∈ A1,0(Hom(S, Q)), C ∈ A0,1(Hom(Q, S)) as before.

For every i ∈ I we let Ri be the curvature of Di, RSi the curvature of DSi and RQi the curvature of DQi of
(Qi , hQi ). By Lemma 2.40, the Gauss-Codazzi equations in the untwisted setting give

Ri =
[
RSi − Ci ∧ C*i D1,0

i Ci
−D0,1

i C*i RQi − C*i ∧ Ci

]
=
[
RSi − A*i ∧ Ai D1,0

i A*i
−D0,1

i Ai RQi − Ai ∧ A*i

]
,

where we let D1,0
i and D0,1

i for the (1, 0)−part and the (0, 1)−part of the connection induced by Di on
Hom(Si , Qi) and Hom(Qi , Si) (see section 6 in Chapter I of [29]).

We notice that the Hom(Si , Qi)’s glue together to give a holomorphic vector bundle Hom(S, Q), and D
induces the Chern connection on it: hence the D1,0

i ’s glue together to give the (1, 0)−part of the Chern con-
nection on this bundle (and similarly for the D0,1

i ’s). If B = {Bi} is the B−�eld, then

Ri − Bi · idEi =
[
RSi − Bi · idSi − Ci ∧ C*i D1,0

i Ci
−D0,1C*i RQi − Bi · idQi − C*i ∧ Ci

]
=

=
[
RSi − Bi · idSi − A*i ∧ Ai D1,0

i A*i
−D0,1Ai RQi − Bi · idQi − Ai ∧ A*i

]
.

Now all the forms in the formula glue together to give

RD =
[
RS − C ∧ C* D1,0C
−D0,1C* RQ − C* ∧ C

]
=
[
RS − A* ∧ A D1,0A*

−D0,1A RQ − A ∧ A*

]
,

where RS := RDS and RQ := RDQ . These are called the twisted Gauss-Codazzi equations.

2.8 Hermitian forms and Hermitian endomorphisms

We now de�ne the notion of Hermitian form on an α−twisted complex C∞ vector bundle E.

De�nition 2.44. A Hermitian form on E is a family u = {ui}i∈I where

1. for every i ∈ I, ui is a Hermitian form on Ei, i. e. a C∞ �eld of Hermitian products ui,x on the �bers of Ei over
x ∈ Ui,

2. for every i, j ∈ I we have ui = Tϕijujϕij.

Hermitian metrics on E are clearly examples of Hermitian forms. Another useful example is the following.

Example 2.45. Take A ⊆ R an interval and consider a di�erentiable familyh = {ht}t∈A of Hermitianmetrics
on E, i. e. a family of Hermitian metrics such that if we write ht = {ht,i}i∈I and represent ht,i by a matrix Ht,i
with respect to a local frame, then the entries of Ht,i are di�erentiable in t.

For every t ∈ A let
Vt,i := ∂tHi,t ,

i. e. the matrix whose entries are the derivatives of the entries of Hi,t with respect to t. We then let vt,i be the
form on Ei represented by the matrix Vi with respect to the given local frame, i. e. vt,i = ∂thi,t.
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As ht,i is a Hermitian metric, it is easy to see that vt,i is a Hermitian form on Ei. Moreover, on Uij we have

vt,i = ∂thi,t = ∂t(Tϕijhj,tϕij) =
Tϕij(∂thj,t)ϕij =

Tϕijvt,jϕij ,

so the family vt = {vt,i} is a Hermitian form on E.
We will use the notation v = ∂th, vt = h′(t), or vt = h′t. The family v = {vt}t∈A is a family of Hermitian

forms on E, called derivation ofh.

2.8.1 Endomorphism from a Hermitian metric

Let h be a Hermitian metric in E, and v a Hermitian form on E. For every i ∈ I let us de�ne an endomorphism
f h,vi : Ei −→ Ei as follows: for every x ∈ Ui and every a ∈ Ei,x, let f h,vi,x (a) to be the unique element of Ei,x
such that

hi,x(b, f h,vi,x (a)) = vi,x(b, a).

The fact that hi is a Hermitian metric and vi is a Hermitian form imply that

f h,vi : Ei −→ Ei

is a well-de�ned smooth endomorphism of Ei.
For every x ∈ Uij and every a, b ∈ Ei,x we have

vi,x(b, a) = hi,x(b, f h,vi,x (a)) = hj,x(ϕij,x(b), ϕij,x(f
h,v
i,x (a))),

by using the fact that h is a Hermitian metric, and

vi,x(b, a) = vj,x(ϕij,x(b), ϕij,x(a)) = hj,x(ϕij,x(b), f h,vj,x (ϕij,x(a))),

hence for every x ∈ Uij we get

hj,x(ϕij,x(b), ϕij,x(f h,vi,x (a))) = hj,x(ϕij,x(b), f
h,v
j,x (ϕij,x(a))).

As ϕij is an isomorphism, this implies that for every a ∈ Ei,x and every b′ ∈ Ej,x we have

hj,x(b′, ϕij,x(f h,vi,x (a))) = hj,x(b
′, f h,vj,x (ϕij,x(a))),

and as hj,x is non-degenerate we get

ϕij,x(f h,vi,x (a)) = f
h,v
j,x (ϕij,x(a)).

As this holds for every x ∈ Uij and for every a ∈ Ei,x we then �nally get

f h,vi = ϕ−1ij f h,vj ϕij ,

i. e. the family f h,v = {f h,vi } is a smooth endomorphism of E.

De�nition 2.46. The endomorphism f h,v will be called endomorphism associated to h and v.

Choosing a local frame on Ui and representing vi by a matrix Vi and hi by a matrix Hi, we see that f h,v is
represented by the matrix H−1i Vi.

Remark 2.47. If h and k are two Hermitian metrics, the endomorphism f h,k is an automorphism whose in-
verse is f k,h. Indeed, for every i ∈ I and sections ξ , η of Ei, we have

ki(ξ , η) = hi(f h,ki (ξ ), η), hi(ξ , η) = ki(f k,hi (ξ ), η).

Then
ki(ξ , η) = hi(f h,ki (ξ ), η) = ki(f k,hi (f h,ki (ξ )), η).

Since ki is a Hermitian metric, this implies that f k,hi (f h,ki (ξ )) = ξ , and hence that f k,h ◦ f h,k = idE.
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Remark 2.48. If v is a Hermitian form on E and h, k are twoHermitianmetrics on E, we have f k,h ◦ f h,v = f k,v.
Indeed, for every i ∈ I consider two sections ξ and η of Ei. We then have

vi(ξ , η) = hi(f h,vi (ξ ), η) = ki(f k,hi (f h,vi (ξ )), η).

Since vi(ξ , η) = ki(f k,vi (ξ ), η) by de�nition, we then have f k,hi ◦ f h,vi = f k,vi , and hence f k,h ◦ f h,v = f k,v.

Remark 2.49. If v1, v2 areHermitian forms on E, λ1, λ2 ∈ R and h is aHermitianmetric on E, then λ1v1+λ2v2
is a Hermitian form on E and we have f h,λ1v1+λ2v2 = λ1f h,v1 + λ2f h,v2 .

Indeed, for every i ∈ I and every two sections ξ , η of Ei we have

(λ1v1,i + λ2v2,i)(ξ , η) = λ1v1,i(ξ , η) + λ2v2,i(ξ , η) =

= λ1hi(f h,v1i (ξ ), η) + λ2hi(f h,v2i (ξ ), η) = hi((λ1f h,v1i + λ2f h,v2i )(ξ ), η).

But as we have
(λ1v1,i + λ2v2,i)(ξ , η) = hi(f h,λ1v1+λ2v2i (ξ ), η),

we conclude.

Remark 2.50. If h is a Hermitian metric on E and v is a Hermitian form on E, then f h,v is diagonalizable and
has the same signature of v. Indeed, consider a local frame σ of Ei with respect to which we represent hi and
vi by Hermitian matrices Hi and Vi, so that f h,ki is represented by the matrix Fh,vi = H−1i Vi with respect to σ.

As Hi is positive de�nite and Vi is diagonalizable, by classical linear algebra (see as instance Theorem
7.6.3 of [23]) their product Fh,vi is diagonalisable, has real eigenvalues and same signature of Vi, proving the
claim.

In particular, if k is a Hermitian metric, then f h,k is diagonalizable and its eigenvalues are all strictly
positive smooth function. It then makes sense to consider log(f h,v) and (f h,v)σ for every σ ∈ (0, 1].

A particular example of this construction is obtained by taking a di�erentiable familyh = {ht}t∈A. By Exam-
ple 2.45 we know that h′t is a Hermitian form on E for every t ∈ A, and hence we may consider the endomor-
phism f ht ,h

′
t of E: we then get a function

fh : A −→ End(E), fh(t) := f ht ,h
′
t .

If the familyh′ of Hermitian forms is di�erentiable as well, then fh is di�erentiable.

2.8.2 Hermitian endomorphisms

A converse of the previous construction is also possible. Before, recall the following de�nition:

De�nition 2.51. Let E be an α−twisted complex C∞ vector bundle on X, h a Hermitian metric on E and f :
E −→ E an endomorphism. We say that f is h−Hermitian if for every i ∈ I and every sections ξ , η of Ei we have

hi(fi(ξ ), η) = hi(ξ , fi(η)).

We let Endh(E) be the set of h−Hermitian endomorphisms of E, which is easily seen to be a real vector space.
We �rst provide an easy example of h−Hermitian endomorphism:

Example 2.52. Let h be a Hermitian metric on E and v a Hermitian form on E. The endomorphism f h,v is
h−Hermitian: indeed, by de�nition for every i ∈ I and every sections ξ and η of Ei we have

hi(f h,vi (ξ ), η) = vi(ξ , η) = vi(η, ξ ) = hi(f h,vi (η), ξ ) = hi(ξ , f h,vi (η)).

If h and k are both Hermitian metrics on E, then f h,k is moreover k−Hermitian. Indeed, for every i ∈ I and
ξ , η two sections of Ei we have

ki(f h,ki (ξ ), η) = hi(f h,ki (f h,ki (ξ )), η) = hi(f h,ki (ξ ), f h,ki (η)) = ki(ξ , f h,ki (η)).
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If E is an α−twisted complex C∞ vector bundle, h is a Hermitian metric on E and f ∈ Endh(E), then we de�ne
a Hermitian form f̂h on E as follows: for every sections ξ , η of Ei we let

f̂h,i(ξ , η) := hi(ξ , fi(η)).

It is easy to see that as fi is hi−Hermitian, then f̂h,i is a Hermitian form on Ei. Moreover we have

f̂h,i(ξ , η) = hi(ξ , fi(η)) = hj(ϕij(ξ ), ϕij fi(η)) =

= hj(ϕij(ξ ), fjϕij(η)) = f̂h,j(ϕij(ξ ), ϕij(η)),

so that f̂h := {f̂h,i}i∈I is a Hermitian form on E.

De�nition 2.53. The Hermitian form f̂h is called Hermitian form associated to h and f .

Let us �rst give an example of this construction.

Example 2.54. Let h be a Hermitian metric on E and v a Hermitian form on E. By Example 2.52 the endor-
morphism f h,v is h−Hermitian. The Hermitian form f̂ h,vh associated to h and f h,v is v. Indeed we have

f̂ h,vh,i(ξ , η) = hi(ξ , f h,vi (η)) = hi(f h,vi (ξ ), η) = vi(ξ , η),

for every i ∈ I and every sections ξ , η of Ei.
Conversely, if f a h−Hermitian endomorphism of E we have f = f h ,̂fh . Indeed, for every i ∈ I and every

sections ξ , η of Ei we have

f̂h,i(ξ , η) = hi(fi(ξ ), η), f̂h,i(ξ , η) = hi(f h ,̂fhi (ξ ), η).

A useful remark is about the eigenvalues of Hermitian endomorphisms:

Remark 2.55. The eigenvalues of f ∈ Endh(E) are all real functions. Indeed if λ is an eigenvalue of f , and if
s is an eigenvector of eigenvalue λ over Ui, then

λhi(s, s) = hi(λis, s) = hi(fi(s), s) = hi(s, fi(s)) = hi(s, λs) = λhi(s, s).

But as s is nowhere vanishing we have hi(s, s) > 0, so λ = λ.

As a consequence, it makes sense to consider the subset End+h(E) of Endh(E) given by h−Hermitian endomor-
phisms of E whose eigenvalues are all strictly positive: it is easy to see that it is a convex domain in Endh(E).

Finally, we remark the following:

Lemma 2.56. Let f be a h−Hermitian diagonalizable endomorphism of E whose eigenvalues are λ1, · · · , λr,
and φ : R −→ R is a smooth function such that the image of λ1, · · · , λr lies in the de�nition domain of φ. Then
φ(f ) is a h−Hermitian diagonalizable endomorphism.

Proof. By Lemma 2.10 we have that φ(f ) is a diagonalizable endomorphism. Let σi = {ξ1, · · · , ξr} be a local
frame of Ei diagonalizing fi, and λj be the eigenvalue corresponding to ξj. If we take ξ , η two sections of Ei,
write

ξ =
r∑
j=1

αjξj , η =
r∑
j=1

βjξj ,

so that we have
hi(φ(fi)(ξ ), η) =

r∑
j,k=1

αjβkφ(λj)hi(ξj , ξk),

hi(ξ , φ(fi)(η)) =
r∑

j,k=1
αjβkφ(λk)hi(ξj , ξk).
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Notice that as f is h−Hermitian, by Remark 2.55 we get

λjhi(ξj , ξk) = hi(λjξj , ξk) = hi(fi(ξj), ξk) = hi(ξj , fi(ξk)) =

= hi(ξj , λkξk) = λkhi(ξj , ξk).

If hi(ξj , ξk) ≠ 0, we then get λj = λk, so φ(λj) = φ(λk) and hence φ(fi) is hi−Hermitian, concluding the
proof.

2.9 Space of Hermitian metrics

Let now E = {Ei , ϕij} be an α−twisted complex C∞ vector bundle of rank r on X. We let Herm(E) be the set of
Hermitian forms on E, and Herm+(E) be the set of Hermitian metrics on E. If v, w ∈ Herm(E) and λ ∈ R we
de�ne

v + w := {vi + wi}i∈I , λv := {λvi}i∈I .

It is easy to see that v + w and λv are Hermitian forms on E, and that under these two operations Herm(E) is
a real vector space (of dimension r2).

Moreover, the subset Herm+(E) of Herm(E) is a convex domain in Herm(E), since the same holds for
Hermitian metrics on vector bundles. As a consequence, we see that if h ∈ Herm+(E), then we may view
Herm(E) as the tangent space of Herm+(E) at h, i. e.

Th(Herm+(E)) = Herm(E).

We have an action of the group of automorphisms of E on Herm(E). More precisely, we let GL(E) be the
group of automorphisms of E, that we will call complex gauge group of E, and de�ne the action

GL(E) × Herm(E) −→ Herm(E) (f , v) 7→ fv := { T fivi f i}.

We notice that T fivi f i is a Hermitian form on Ei, and that

T fivi f i = T fi Tϕijvjϕij f i =
T(ϕij fi)vjϕij fi = Tϕij( T fjvj f j)ϕij ,

so that fv := { T fivi f i} is a Hermitian form on E.
We will moreover let gl(E) be the Lie algebra of GL(E), i. e. the Lie algebra of global sections of End(E). If

k ∈ Herm+(E), we let
Uk := {f ∈ GL(E) |� = k},

i. e. the stabilizer of k under the action of GL(E): this will be called complex gauge group of the pair (E, k),
and we let

uk(E) := {f ∈ gl(E) | f is k − Hermitian}.

Lemma 2.57. The action of GL(E) on Herm+(E) is transitive.

Proof. If h, k ∈ Herm+(E), then hi , ki ∈ Herm+(Ei), and on Herm+(Ei) the group GL(Ei) acts transitively, i.
e. there is a unique fi ∈ GL(Ei) such that hi = fiki = T fiki f i. Notice that

hi = Tϕijhjϕij =
Tϕij T fjkj f jϕij =

T(fjϕij)kj fjϕij .

and that
hi = T fiki f i = T fi Tϕijkjϕij f i =

T(ϕij fi)kjϕij f i .

This implies that for every two local sections ξ and η of Ei we have

kj(fjϕijξ , fjϕijη) = kj(ϕij fiξ , ϕij fiη),

so that we �nally get ϕij fi = fjϕij, i. e. f = {fi} ∈ GL(E) and h = �.
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The previous Lemma allows us to identify Herm+(E) with the quotient GL(E)/Uk(E), so we may consider
Herm+(E) as a symmetric space with respect to the involution mapping h = � to f −1k T f −1.

Remark 2.58. We notice that if h is a Hermitian metric on E, the map

λ : Herm(E) −→ Endh(E), λ(v) := f h,v

is an isomorphism of real vector spaces: it is linear by Remark 2.49, and by Example 2.54 its inverse is

µ : Endh(E) −→ Herm(E), µ(f ) := f̂h .

If k is a Hermitian metric, then by Remark 2.50 we know that f h,k is positive de�nite, i. e. we have

λ : Herm+(E) −→ End+h(E).

Conversely, the Spectral Theorem implies that if f is a positive de�nite h−Hermitian endomorphism, we have

f̂h,i(ξ , ξ ) = hi(ξ , fi(ξ )) > 0

if ξ ≠ 0. It follows that f̂h is a Hermitian metric, and that λ induces an identi�cation between Herm+(E) and
End+h(E).

The previous Remark 2.58 allows us to provide an action of GL(E) on Endh(E) and End+h(E), which is easily
described by the following:

Remark 2.59. If h ∈ Herm+(E), v ∈ Herm(E) and a ∈ GL(E), then we have ah ∈ Herm+(E) and av ∈
Herm(E). The associated endomorphism f ah,av is a−1 ◦ f h,v ◦ a. Indeed, for every i ∈ I and every two sections
ξ , η of Ei we have

(av)i(ξ , η) = (ah)i(f ah,avi (ξ ), η) = hi(ai f ah,avi (ξ ), ai(η)),

and
(av)i(ξ , η) = vi(ai(ξ ), ai(η)) = hi(f h,vi ai(ξ ), ai(η)).

We then get ai ◦ f ah,avi = f h,vi ◦ ai.

2.9.1 Riemannian metric and geodesics

Now, let h ∈ Herm+(E), and take v, w ∈ Herm(E). As already noticed, we have Herm(E) = Th(Herm+(E)), i.
e. we may view v, w as tangent vectors to Herm+(E) at h. We now want to de�ne a metric on Th(Herm+(E)),
so to have a metric on the space Herm+(E).

To do so, suppose that X is a compact complex manifold of dimension n and that g is a Kähler metric on
X, whose associated (1, 1)−form is denoted σg. As f h,v , f h,w ∈ End(E), we have that f h,v ◦ f h,w ∈ End(E) and
that Tr(f h,v ◦ f h,w) is a smooth function on X. We de�ne

(v, w)h :=
∫
X

Tr(f h,v ◦ f h,w)σng .

Lemma 2.60. For every h ∈ Herm+(E) the map

(·, ·)h : Herm(E) × Herm(E) −→ R

is a positive de�nite bilinear symmetric product, which depends smoothly on h and which is GL(E)−invariant.

Proof. Linearity follows fromRemark 2.49, while symmetry is a consequence of the properties of the trace. As
f h,v is h−Hermitian, we see that Tr(f h,v ◦ f h,w) is the Hilbert-Schmidt inner product, and hence it is positive
de�nite. The GL(E)−invariance is an immediate consequence of Remark 2.59, while the smooth dependence
on h is obvious.
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As a consequence of Lemma 2.60 we get a GL(E)−invariant Riemannian metric on Herm+(E). For every
h ∈ Herm+(E) and for every v ∈ ThHerm+(E) we let

||v||h :=
√
(v, v)h .

Now, consider a < b two real numbers and h, k ∈ Herm+(E). We let Ωa,bh,k (E) be the space of piecewise
di�erentiable fonctions

h : [a, b] −→ Herm+(E)

such thath(a) = h andh(b) = k. We will write ht := h(t), so that h = ha and k = hb.
Ifh ∈ Ωa,bh,k (E) is di�erentiable, by Example 2.45 we have a function

h′ : [a, b] −→ Herm(E), h′(s) = dhdt (s),

and a function
fh : [a, b] −→ End(E), fh(t) = f ht ,h

′
t ,

where h′t = h′(t). We let

E : Ωa,bh,k (E) −→ R, E(h) :=
b∫
a

(∫
X

Tr(f ht ,h
′
t ◦ f ht ,h

′
t )σng

)
dt.

We notice that ∫
X

Tr(f ht ,h
′
t ◦ f ht ,h

′
t )σng = ||h′t||2ht ,

henceE(h) is the lenght of the curve parametrized by h in Herm+(E). The critical points of this functional
correspond then to the geodetics in Herm+(E).

To describe the geodetics, considerh ∈ Ωa,bh,k (E) and

v : [a, b] −→ Herm(E)

a di�erentiable function such that v(a) = v(b) = 0. For s ∈ R consider

h + sv : [a, b] −→ Herm(E),

which is a piecewise di�erentiable function for every s. Moreover, if s � 1 for every t ∈ [a, b] we have that
ht + svt := h(t) + sv(t) ∈ Herm+(E). As h0 + sv0 = h and h1 + sv1 = k, we haveh+ sv ∈ Ωa,bh,k (E): this element
is a small deformation ofh in the direction of v.

We then have

E(h + sv) =
b∫
a

(∫
X

Tr(f (h+sv)t ,(h+sv)
′
t , f (h+sv)t ,(h+sv)

′
t )σng

)
dt,

so an easy calculation gives

d
dsE(h + sv)

∣∣∣∣
s=0

= −2
b∫
a

(∫
X

Tr(f ht ,vt ◦ (f ht ,h
′′
t − f ht ,h

′
t ◦ f ht ,h

′
t ))σng

)
dt.

Ash is a critical point for the functionalE if and only if

d
dsE(h + sv)

∣∣∣∣
s=0

= 0

for every v, the previous calculation shows thath is a critical point ofE if and only if

f ht ,h
′′
t − f ht ,h

′
t ◦ f ht ,h

′
t = 0.
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If we represent ht,i by the matrix Ht,i with respect to a chosen local frame of Ei, we see that f ht ,h
′
t

i is
represented by the matrix H−1t,iH′t,i with respect to the same local frame: here we let H′t,i be the matrix whose
entries are the derivatives in t of the entries of Ht,i. Hence we have that

d
dt (H

−1
t,iH′t,i) = −H−1t,iH′t,iH−1t,iH′t,i + H−1t,iH′′t,i .

It follows that
d
dt f

h = d
dt f

ht ,h′t = −f ht ,h
′
t ◦ f ht ,h

′
t + f ht ,h

′′
t .

But then we see that h is a critical point of the functionalE, i. e. a geodetic in Herm+(E) from h to k, if and
only if

d
dt f

ht ,h′t = 0,

i. e. if and only if f ht ,h′t is an endomorphism of E independent of t.

2.9.2 The vector bundle of Hermitian forms

Let now X be a complexmanifold of dimension n and E an α−twisted holomorphic vector bundle on X of rank
r. For every open subset U of X we letHE(U) be the set of Hermitian forms on E|U . Since the sum of Hermitian
forms is a Hermitian form, and the multiplication of a Hermitian form by a smooth real function is again a
Hermitian form, it is easy to remark that the functor associating to any open subset U of X the setHE(U), and
to every V ⊆ U the restriction map, is a sheaf of C∞X −modules.

Lemma 2.61. The sheafHE is locally free of rank r2.

Proof. For every i ∈ I we have a natural morphism ηi : HE|Ui −→ HEi of sheaves of C∞Ui−modules, the last
being the sheaf of Hermitian forms on the (untwisted) vector bundle Ei. The sheafHEi is known to be locally
free of rank r2, and we now show that ηi is an isomorphism: this will imply the statement.

For every x ∈ Ui the stalkHEi ,x is the real vector space Herm(Ei,x) of Hermitian forms on Ei,x. The mor-
phism

ηi,x :HE,x −→ Herm(Ei,x)

maps α ∈HE,x to h(α)i,x, where h(α) is a Hermitian form on E|U (for some open subset U of Ui containing x).
It is immediate to verify that ηi,x is injective. For the surjectivity, let β ∈ Herm(Ei,x), and take an open

subset U of Ui containing x and a Hermitian form hi on U such that hi,x = β. For every j ∈ I we then let
hj := Tϕ−1ij hiϕ

−1
ij , which is a Hermitian form on Ej|U , and we see that h := {hj}j∈I is a Hermitian metric on

E|U whose germ at x has image β under ηi,x.

AsHE is a locally free sheaf of C∞X −modules of rank r2 on X, there is a C∞ real vector bundle HE of rank
r2 corresponding to it, whose space of global sections is Herm(E).

2.9.3 Norms

We now introduce various norms on the space of p−forms with values in a vector bundle: we refer the reader
to [29] and to [35], chapter 7, for more details.

Let V be a real vector bundle of rank s on a di�erentiable compact manifold X of dimension d. Let g be
a Riemannian metric on X and h a �ber metric on V. Recall that on A*(V) we have a pointwise inner product
associated to g and h, and de�ned as follows: for every α ∈ Ap(X), β ∈ Aq(X) and s, t ∈ A0(V) we let

(α · s, β · t) := g(α, β) · h(s, t),
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which is a smooth function on M. In particular, to every ξ ∈ A*(V) we associate a smooth function

|ξ | := (ξ , ξ ) : X −→ R.

We then have a Lp−norm on A*(V) de�ned as

||ξ ||Lp := p

√√√√∫
X

|ξ |pσdg .

Remark 2.62. As a particular case, if E is an α−twisted vector bundle on X and ξ ∈ Ap(End(E)), if h is a
Hermitian metric on E and g is a Hermitian metric on X, we associate to ξ a smooth function |ξ | on X, which
has the property that

|ξ |2σdg = Tr(ξ ∧ *ξ *),

where ξ * is the adjoint of ξ , and *ξ * is the *−Hodge of ξ * (see section 3.2).

Let now∇ be the Levi-Civita connection induced by g on the tangent bundle TX of X, and consider a connec-
tion D on V which is compatible with h. For every k ∈ N, the covariant derivative of the connection induced
on Symk(ΩX)⊗ V (where ΩX is the cotangent bundle of X) gives a linear map

A0(Symk(ΩX)⊗ V) −→ A1(Symk(ΩX)⊗ V) = A0(ΩX ⊗ Symk(ΩX)⊗ V).

The natural map ΩX ⊗ Symk(ΩX) −→ Symk+1(ΩX) induces then a linear map

A0(ΩX ⊗ Symk(ΩX)⊗ V) −→ A0(Symk+1(ΩX)⊗ V).

The composition of these maps gives then a linear map

dk∇,D : A0(V) −→ A0(Symk(ΩX)⊗ V).

Using the metric on Symk(ΩX) induced by h and g we then may de�ne for every ξ ∈ A0(V), and for every
p, q ∈ N a Lpq−norm as follows:

||ξ ||Lpq := p

√√√√∫
X

q∑
j=1
|dj∇,D(ξ )|pσdg .

We will let Lpq(V) be the completion of A0(V) with respect to this norm.
A similar construction may be done in a relative context. More precisely, let a > 0 be a real number, and

consider the projection πa : X × [0, a] −→ X: the pull-back π*aV is a real smooth vector bundle of rank s on
X × [0, a], whose global sections are smooth curves in the space of global sections of V, de�ned over [0, a].

Take a smooth family of �ber metrics {ht}t∈[0,a] on V, and let Dt be a connection on V compatible with
ht, and we suppose that the family {Dt}t∈[0,a] is smooth. Consider a global section f of π*aV, and notice that

f (j) := dj
dj t

f

is again a global section of π*aV.
We then de�ne

||f ||Lpq := p

√√√√∑
i+2j≤q

∫
X×[0,a]

|di∇,Dt f
(j)|pσdgdt.

This is a norm on the space of global sections of π*V, and we let

• C∞(a, V): the space of smooth sections of π*aV,
• Lpq(a, V): the completion of C∞(a, V) with respect to the Lpq−norm,
• C∞0 (a, V): the space of smooth sections f of π*aV such that for every i+2j ≤ qwe have di∇,Dt f

(j) = 0 on X ×{0},
• Lpq,0(a, V): the completion of C∞0 (a, V) with respect to the norm Lpq .
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• For every b ∈ N and every α ∈ (0, 1] we let Cb+α(a, V) be the space of sections f of π*aV of class Cb such that
for every i, j ∈ N such that i + 2j = b we have that di∇,Dt f

(j) is Hölder continuous with exponent α.

On the space Cb+α(a, V) de�ne a norm

||f ||b+α :=
∑
i+2j≤b

sup
x∈X
|di∇,Dt f

(j)| +
∑
i+2j=b

sup
z≠w∈Xa

|di∇,Dt f
(j)(z) − di∇,Dt f

(j)(w)|
d(z, w)α ,

where d(z, w) is the distance between z and w, and Xa = X × [0, a].
All these de�nitionswill be applied to the real vector bundleHE (of rank r2) on a compact Kählermanifold

X of (real) dimension 2n. The metric h on HE is the natural Riemannian metric we de�ned on Herm(E).

3 Hermite-Einstein condition
In this section we introduce the notion of Hermite-Einstein and approximate Hermite-Einstein twisted vector
bundles: both notions will be identical to the corresponding notions for untwisted bundles.

To do so, we will �rst need to introduce Chern forms and the Chern classes of twisted holomorphic vector
bundles, which will be de�ned starting from the choice of a connection on a twisted bundle. We start with
some preliminary notation.

Let V be a complex vector space and k ∈ N. We let fk : Vk −→ C be a symmetric multilinear form of
degree k on V, and de�ne

Fk : V −→ C, Fk(v) := fk(v, · · · , v)

the associated degree k homogeneous polynomial.
If G is a linear group acting freely on V, we say that fk is G−invariant if for every g ∈ G and for every

v1, · · · , vk ∈ V we have
fk(g · v1, · · · , g · vk) = fk(v1, · · · , vk),

in which case we have Fk(g · v) = Fk(v).
A particular case is when V = glr(C), the Lie algebra of G = GLr(C), on which G acts by conjugation, i. e.

G × V −→ V , (A, X) 7→ AXA−1.

The form fk is G−invariant if and only if for every v1, · · · , vk , w ∈ V we have

k∑
i=1

fk(v1, · · · , vi−1, [w, vi], vi+1, · · · , vk) = 0

(see section 2 in Chapter II of [29]).
We now de�ne r homogeneous polynomials F1, · · · , Fr on V by letting Fk(X) be the homogeneous part

of degree k of
det
(
Ir − 1

2πi X
)
,

i. e. we have
det
(
Ir − 1

2πi X
)
= 1 + F1(X) + · · · + Fr(X).

We notice that if A ∈ G we have

det
(
Ir − 1

2πi AXA
−1
)
= det

(
Ir − 1

2πi X
)
,

hence it follows that F1, · · · , Fr are G−invariants.
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3.1 Chern classes from Chern connection

Let E be an α−twisted holomorphic vector bundle of rank r on a complex manifold X, and consider ω ∈
A2(End(E)). Choose a local frame s of Ei over an open subset U ⊆ Ui, with respect to which we represent ω|U
by a matrix ΩU of 2−forms. For every k ∈ N we then let

γU,k(ω) := Fk(ΩU) ∈ A2k(U).

If s′ is a local frame of Ej over an open subset U′ ⊆ Uj, then:

• if i = j, then s are s′ are two local frames of Ei over U ∩ U′, and ΩU and ΩU′ represent the same 2−form
with values in End(Ei) with respect to these two local frames. There is then an invertible matrixM of smooth
functions such that ΩU′ = MΩUM−1 (see section 1.1 of [29]).

• If i ≠ j and U ∩ U′ ≠ ∅, let aij be the matrix representing ϕij with respect to s and s′. We then have ΩU′ =
a−1ij ΩUaij.

In any case, we see that there is an invertible matrix A of smooth functions on U ∩ U′ such that ΩU′ =
AΩUA−1. As Fk is invariant under the action of GLr(C), we see that

γU,k(ω) = γU′ ,k(ω).

It follows that the 2k−forms γU,k(ω) glue together to give γk(ω) ∈ A2k(X).
If now E is an α−twisted holomorphic vector bundle E and D is a connection on it, then RD ∈ A2(End(E)),

so the previous construction gives us γk(RD) ∈ A2k(X) for every k = 1, · · · , r.

Lemma 3.1. For every k = 1, · · · , r the 2k−form γk(RD) is d−closed.

Proof. Let D = {Di}, and choose an open covering U′ of X as before, i. e. U′ = {U′j}j∈J is such that for every
j ∈ J there is i ∈ I such that U′j ⊆ Ui, and there is a local frame sj of Ei over U′j . Represent RD|U′

j
with respect

to sj by a matrix Ω̃j of 2−forms, and the curvature Ri of Di by a matrix Ωj of 2−forms. We have

Ω̃j = Ωj − Bi · Ir , γk(RD)|U′
j
= Fk(Ω̃j).

As Bi is d−closed, we get
dΩ̃j = dΩj − dBi · idEi = dΩj .

If Γj is the connection form of Di with respect to sj, the Bianchi identity for Di (see section 1.1 of [29]) gives

dΩ̃j = dΩj = Ωj · Γj − Γj · Ωj = [Ωj , Γj] = [Ω̃j , Γj].

But since fk is GLr(C)−invariant, this implies that

dγk(RD)|U′
j
= dFk(Ω̃j) = dfk(Ω̃j , · · · , Ω̃j) =

=
k∑
i=1

fk(Ω̃j , · · · , Ω̃j , dΩ̃j︸︷︷︸
i

, Ω̃j , · · · , Ω̃j) =

=
k∑
i=1

fk(Ω̃j , · · · , Ω̃j , [Ω̃j , Γj]︸ ︷︷ ︸
i

, Ω̃j , · · · , Ω̃j) = 0.

We �nally get dγk(RD) = 0.

De�nition 3.2. The d−closed smooth 2k−form γk(RD) is called k−th Chern form of E with respect to D. Its
cohomology class ck(RD) ∈ H2k(X,C) is the k−th Chern class of E with respect to D.

We now analyze how γk(RD) varies with D.
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Lemma 3.3. If D and D′ are two connections on E, then for every k ∈ Z we have that γk(RD) − γk(RD′ ) is an
exact 2k−form on X.

Proof. By Remark 2.14, for every t ∈ [0, 1] the a�ne linear combination Dt := (1 − t)D + tD′ is a connection
on E. Let U′ = {U′j}j∈J be an open covering of X as in the proof of Lemma 3.1, and let Γj be the connection
form of D, Γ′j the connection form of D′ and Γj,t the connection form of Dt with respect to a local frame over
U′j . We clearly have Γj,t := (1 − t)Γj + tΓ′j .

If ∆j := Γ′j −Γj, then Γj,t = Γj+t∆j and byRemark 2.14we see that the ∆j represents a global δ ∈ A1(End(E))
with respect to the given local frame. As in the proof of Lemma 3.1 we represent RD by a matrix Ω̃j, RD′ by a
matrix Ω̃′j, and the curvature Rt of Dt by amatrix Ω̃j,t. Moreover, we represent the curvature of Di (resp. of D′i,
of Di,t) by a matrix Ωj (resp. Ω′j, Ωj,t), so that we have

Ω̃j = Ωj − Bi · Ir , Ω̃′j = Ω′j − Bi · Ir , Ω̃j,t = Ωj,t − Bi · Ir .

We then have
Ω̃j,t = Ωj,t − Bi · Ir = dΓj,t + Γj,t ∧ Γj,t − Bi · Ir ,

so that
∂tΩ̃j,t = ∂tdΓj,t + ∂t(Γj,t ∧ Γj,t) =

= ∂td(Γj + t∆j) + ∂t((Γj + t∆j) ∧ (Γj + t∆j)) =

= d∆j + ∆j ∧ Γj,t + Γj,t ∧ ∆j = Dj,t∆j .

This means that ∂tRt = Dt(δ), where Dt denotes here the connection induced by Dt on End(E). This
implies that

kdfk(∆j , Ω̃j,t , · · · , Ω̃j,t) = kDj,t fk(∆j , Ω̃j,t , · · · , Ω̃j,t) =

= kfk(Dj,t∆j , Ω̃j,t , · · · , Ω̃j,t) = kfk
(
∂tΩ̃j,t , Ω̃j,t , · · · , Ω̃j,t

)
=

= ∂t fk(Ω̃j,t , · · · , Ω̃j,t) = ∂tγk(Rt)|Uj .

Let us now consider the smooth (2k − 1)−form on U′j de�ned by

φk,j := k
1∫

0

fk(∆j , Ω̃j,t , · · · , Ω̃j,t)dt.

As the ∆j’s glue together to form a global 1−form, it is easy to prove that if U′j′ is another open subset, then
φk,j|U′

jj′
= φk,j′|Ujj′ , so there is a unique smooth (2k − 1)−form φk on X such that φk|Uj = φk,j.

We now have

dφk|Uj = dφk,j =
1∫

0

kdfk(∆j , Ω̃j,t , · · · , Ω̃j,t)dt =
1∫

0

∂tγk(Rt)|Ujdt =

= γk(RD′ )|Uj − γk(RD)|Uj .

But this implies that γk(RD′ ) − γk(RD) = dφk, and we are done.

As a consequence, the k−th Chern class of E does not depend on D, so we will write it as ck(E), and call
it k−th Chern class of E.

If now E is an α−twisted holomorphic vector bundle and h is a Hermitianmetric on E, wemay choose the
Chern connection Dh in order to calculate the Chern forms and the Chern classes. We will use the notation
γk(E, h) instead of γk(RDh ), and call it the k−th Chern form of (E, h).

As the Chern curvature of (E, h) is a (1, 1)−form, it follows that γk(E, h) is a (k, k)−form, and hence the
k−th Chern class of E is ck(E) ∈ Hk,k(X).
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3.2 Mean curvature

IfM is a C∞ di�erentiable manifold, a Hermitian metric g on TM ⊗C (the complexi�ed tangent bundle ofM)
is called Hermitian metric on M. A holomorphic structure on M is a holomorphic structure on TM, so that
the pair given by the di�erentiable manifold M and the given complex structure is a complex manifold X,
whose tangent bundle is denoted TX (i. e. it is the tangent bundle of M with the given complex structure).

The Hermitian metric g on X induces a Hermitian metric, still denoted g, on∧k TX and∧k ΩX for every
k, where ΩX is the cotangent bundle of X. In particular, if ξ , η are two k−forms on X, i. e. two local sections
of∧k ΩX, we may calculate g(ξ , η), which is a smooth function on X.

If X has dimension n, then for every smooth k−form ξ on X there is a unique smooth (2n − k)−form on X,
denoted *ξ , such that for every smooth k−form η on X we have

η ∧ *ξ = g(η, ξ ) · σng ,

where σg is the real (1, 1)−form associated to g and to the complex structure of X, i. e. if z1, · · · , zn are local
holomorphic coordinate on an open subset U of X and gij = g(∂/∂zi , ∂/∂zj), then

σg|U =
√
−1
∑
i,j
gijdzi ∧ dzj .

If ξ is a (p, q)−form, then *ξ is a (n − q, n − p)−form, so we have the Hodge *−operator

* : Ap,q(X) −→ An−q,n−p(X),

whose conjugate is
* : Ap,q(X) −→ An−p,n−q(X).

We then have an inner product

(·, ·)g : Ap,q(X) × Ap,q(X) −→ R, (η, ξ )g :=
∫
X

η ∧ *ξ .

Another useful operator is the Lefschetz operator

Lg : Ap,q(X) −→ Ap+1,q+1(X), Lg(ξ ) := ξ ∧ σg ,

whose adjoint operator
Λg : Ap+1,q+1(X) −→ Ap,q(X)

is characterized by
(Lg(ξ ), η) = (ξ , Λg(η))

for every ξ ∈ Ap,q(X) and η ∈ Ap+1,q+1(X). A formula for the adjoint of the Lefschetz operator is

Λg = *−1 ◦ Lg ◦ *.

It is easy to extend all these operators to (p, q)−forms with coe�cients in any vector bundle on X.
Let now E be an α−twisted holomorphic vector bundle on X and h a Hermitian metric on E. Suppose

that the B−�eld B is given by d−closed, purely imaginary (1, 1)−forms, and let moreover Rh be the Chern
curvature of (E, h). We de�ne

Kg(E, h) := iΛg(Rh).

As Rh ∈ A1,1(End(E)), we have that Kg(E, h) ∈ A0(End(E)), i. e. it is an endomorphism of the complex C∞
vector bundle End(E).

De�nition 3.4. The endomorphism Kg(E, h) is called g−mean curvature of (E, h).
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By the very de�nition of Λg we then see that

Kg(E, h) · σng =
√
−1nRh ∧ σn−1g .

Lemma 3.5. The mean curvature Kg(E, h) of (E, h) is a h−Hermitian endomorphism of E.

Proof. By the very de�nition of Kg(E, h) we have that

Kg(E, h)|Ui = Kg(Ei , hi) − iΛg(Bi) · idEi ,

where Kg(Ei , hi) is the mean curvature of the vector bundle Ei with Hermitian metric hi.
The mean curvature of a holomorphic vector bundle with respect to a Hermitian metric is known to be

Hermitian with respect to that metric, so Kg(Ei , hi) is hi−Hermitian. Moreover, as Bi is a purely imaginary
(1, 1)−form, iΛg(Bi) is a real smooth function.

Notice that if f : Ui −→ R is a real smooth function, for every sections ξ , η of Ei we have

hi(fξ , η) = �i(ξ , η) = f hi(ξ , η) = hi(ξ , fη),

so f ·idEi is hi−Hermitian. Inparticular iΛg(Bi)·idEi is hi−Hermitian. It follows thatKg(E, h)|Ui is hi−Hermitian,
and we are done.

TheHermitian form associated to theHermitianmetric h and to the h−Hermitian endomorphism Kg(E, h)
is denoted K̂g(E, h) and called g−mean curvature Hermitian form of (E, h).

Another useful result is the following:

Lemma 3.6. Leth ∈ Ω0,1
h,k(E) be a di�erentiable family of Hermitian metrics on E. We then have

∂tKg(E, ht) = iΛg∂D1,0
t fh,

where fh : [0, 1] −→ End(E)maps t to f ht ,h
′
t .

Proof. Let ht := h(t) andDt the Chern connection of (E, ht). Given a local frameof Ei, let Γi,t be the connection
form of Di,t, and represent hi,t by a matrix Hi,t. As

THi,t · Γi,t = ∂ THi,t

(see the proof of Proposition 4.9 in Chapter I of [29]), we get that

∂t( THi,t · Γi,t) = ∂t∂ THi,t .

If we let Vt,i := ∂tHi,t, we get
TVt,i · Γt,i + THt,i · ∂tΓi,t = ∂Vt,i .

Written in another way we then get

THt,i · ∂tΓi,t = ∂Vt,i − TVt,i · Γt,i = D1,0
t,i Vt,i ,

so we get
∂tΓi,t = D1,0

t,i
TH−1t,i · Vt,i .

Passing from the matrix notation to the usual notation we then get that

∂tDi,t = D1,0
t,i f

ht ,h′t
i ,

since the matrices Vt,i’s represent the Hermitian form h′t with respect to the chosen local frames. Applying
D0,1
i to both sides, and using the fact that D0,1

i = D0,1
t,i = ∂i (since both are Chern connections, and hence

compatible with the holomorphic structure) we get then

∂tRi,t = ∂iD1,0
t,i f

ht ,h′t
i ,
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where Ri,t is the curvature of the Chern connection Di,t of (Ei , hi,t).
As the B−�eld B = {Bi}i∈I does not depend on t, i. e. we have ∂tBi = 0. This implies that

∂t(Ri,t − Bi · idEi ) = ∂iD
1,0
t,i f

ht ,h′t
i .

As both sides glue together to give global elements of A1,1(End(E)), we �nally get

∂tRt = ∂D1,0
t f ht ,h

′
t .

Applying iΛg to both sides we conclude.

3.3 Hermite-Einstein metrics

Let now E be an α−twisted holomorphic vector bundle on X, and consider a Hermitian metric h on E.

De�nition 3.7. The pair (E, h) veri�es the weak g−Hermite-Einstein condition if there is a real function φ :
X −→ R such that

Kg(E, h) = φ · idE .

The function φ is called Einstein function of (E, h) relative to g. If φ is constant, we will say that (E, h) veri�es
the g−Hermite-Einstein condition, and the constant number φ will be called Einstein factor of (E, h) relative
to g.

Let us �rst see some properties.

Proposition 3.8. If L is an α−twisted holomorphic line bundle on X and h is aHermitianmetric on L, then (L, h)
veri�es the weak g−Hermite-Einstein condition for every Hermitian metric g on X.

Proof. As Kg(L, h) is a smooth section of End(L) ' A0(X) (since L is a line bundle), there is a smooth function
φ such that Kg(L, h) = φ · idL.

Proposition 3.9. If (E, h) veri�es theweak g−Hermite-Einstein conditionwith Einstein function φ, then (E*, h*)
veri�es the weak g−Hermite-Einstein condition with Einstein function −φ.

Proof. By Lemma 2.29 if D is the Chern connection of (E, h), then D* is the Chern connection of (E*, h*), and
we have RD* = −RD. Hence

Kg(E*, h*) = iΛgRD* = −iΛgRD = −Kg(E, h),

and we are done.

Proposition 3.10. If (E1, h1) veri�es the weak g−Hermite-Einstein condition with Einstein function φ1, and
(E2, h2) veri�es theweak g−Hermite-Einstein conditionwith Einstein function φ2, then (E1⊗E2, h1⊗h2) veri�es
the weak g−Hermite-Einstein condition with Einstein function φ1 + φ2.

Proof. By Lemma 2.33 if Di is the Chern connection of (Ei , hi), then D1 ⊗ D2 is the Chern connection of (E1 ⊗
E2, h1 ⊗ h2), and we have

RD1⊗D2 = RD1 ⊗ idE2 + idE1 ⊗ RD2 .

Hence
Kg(E1 ⊗ E2, h1 ⊗ h2) = iΛg(RD1 ⊗ idE2 + idE1 ⊗ RD2 ) =

= iΛg(RD1 )⊗ idE2 + idE1 ⊗ iΛg(RD2 ) =

= Kg(E1, h1)⊗ idE2 + idE1 ⊗ Kg(E2, h2).

The statement then follows readily.

Proposition 3.11. Let E1, E2 be two α−twisted holomorphic vector bundles. Then (E1, h1) and (E2, h2) verify
the weak g−Hermite-Einstein condition with Einstein function φ if and only if (E1⊕E2, h1⊕h2) veri�es the weak
g−Hermite-Einstein condition with Einstein function φ.
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Proof. By Lemma 2.31 if Di is the Chern connection of (Ei , hi), then D1 ⊕ D2 is the Chern connection of (E1 ⊕
E2, h1 ⊕ h2), and we have

RD1⊕D2 = RD1 ⊕ RD2 .

Hence
Kg(E1 ⊕ E2, h1 ⊕ h2) = iΛg(RD1 )⊕ iΛg(RD2 ) = Kg(E1, h1)⊕ Kg(E2, h2).

The statement then follows readily.

The following is an immediate consequence of Propositions 3.9, 3.10 and 3.11:

Proposition 3.12. If (E, h) veri�es the weak g−Hermite-Einstein condition with Einstein function φ, then

1. for every p, q ∈ N, (Ep,q , hp,q) veri�es the weak g−Hermite-Einstein condition with Einstein function (p −
q)φ;

2. for every p ∈ N, (∧pE,∧ph) veri�es the weak g−Hermite-Einstein condition with Einstein function pφ.

Finally, we have the following:

Proposition 3.13. Let f : X −→ Y be a morphism of complex manifolds, E an α−twisted holomorphic vector
bundle on Y and h aHermitianmetric on E. If (E, h) veri�es theweak g−Hermite-Einstein conditionwith Einstein
function φ, then (f *E, f *h) veri�es the weak f *g−Hermite-Einstein condition with Einstein function φ ◦ f .

Proof. By Lemma 2.36 if D is the Chern connection of (E, h), then f *D is the Chern connection of (f *E, f *h),
and we have Rf *D = f *RD. It follows that

Kg(f *E, f *h) = iΛgRf *D = iΛg f *RD = f *(iΛgRD) = f *Kg(E, h),

so the statement follows readily.

We now give the following de�nition:

De�nition 3.14. An α−twisted holomorphic vector bundle on a compact, complex manifold with Hermitian
metric g is called g−Hermite-Einstein if it admits a Hermitian metric h such that (E, h) veri�es the g−Hermite-
Einstein condition.

The previous Propositions 3.8 to 3.13 tell us that:

• twisted holomorphic line bundles are all g−Hermite-Einstein;
• the dual of a g−Hermite-Einstein twisted holomorphic vector bundle is g−Hermite-Einstein;
• the tensor product of g−Hermite-Einstein twisted holomorphic vector bundles is g−Hermite-Einstein;
• the direct sum of twisted holomorphic vector bundles is g−Hermite-Einstein if and only if the summands are
g−Hermite-Einstein with the same Einstein factor;

• the pull-back of a g−Hermite-Einstein twisted holomorphic vector bundle is Hermite-Einstein (with respect
to the pull-back metric).

The following is a key result in the proof of one direction of the Kobayashi—Hitchin correspondence.

Proposition 3.15. Let E1 and E2 be two α−twisted holomorphic vector bundles on X, and let hi be a Hermitian
metric on Ei for i = 1, 2. Let g a Hermitian metric on X and suppose that (Ei , hi) veri�es the weak g−Hermite-
Einstein condition with Einstein function φi.

1. If φ2 < φ1, then every morphism f ∈Hom(E1, E2) is 0.
2. If φ2 ≤ φ1, then every morphism f ∈ Hom(E1, E2) is a morphism of α−twisted holomorphic vector bun-

dles. We moreover have direct sum decompositions E1 = ker(f ) ⊕ E′′1 and E2 = Im(f ) ⊕ E′′2 as α−twisted
holomorphic vector bundles, and f maps the Chern connection of (E′′1 , h1|E′′1 ) to the Chern connection of
(Im(f ), h2|Im(f )).
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Proof. Let us �rst suppose that φ2 < φ1, so we prove that if f : E1 −→ E2 is amorphism of α−twisted sheaves,
then f = 0.

Recall that f is a global section of E*1⊗E2 (which is an untwisted holomorphic vector bundle). By Lemmas
2.29 and 2.33 the Hermitian metric h1 and h2 induce the Hermitian metric h*1⊗ h2 on E*1⊗ E2, and if Di is the
Chern connection of (Ei , hi), then D*1 ⊗ D2 is the Chern connection of (Hom(E1, E2), h*1 ⊗ h2).

By Propositions 3.9 and 3.10 it then follows that (E*1⊗E2, h*1⊗h2) is a holomorphic vector bundle verifying
the weak g−Hermite-Einstein condition with Einstein function φ2 − φ1. As φ2 < φ1 the mean curvature of
E*1 ⊗ E2 is negative de�nite everywhere on X: by Theorem 1.9 in Chapter III of [29] it has then no non-zero
global sections, so f = 0.

Suppose now that φ2 ≤ φ1 and let f : E1 −→ E2 be a morphism of α−twisted sheaves. The previous part
of the proof tells us that f is a global section of the g−Hermite-Einstein holomorphic vector bundle E*1 ⊗ E2,
whose Einstein function is φ2 − φ1: the mean curvature is then everywhere negative semi-de�nite, hence by
Theorem 1.9 in Chapter III of [29] f has to be parallel with respect to the Chern connection D*1 ⊗ D2.

If f = {fi}, this means that fi is parallel with respect to the Chern connection D*1,i ⊗ D2,i, so that the rank
of fi has to be constant. It follows that fi is a morphism of holomorphic vector bundles, and hence that f is a
morphism of α−twisted holomorphic vector bundles.

As a consequence, ker(f ) is an α−twisted holomorphic subbundle of E1 and Im(f ) is an α−twisted holo-
morphic subbundle of E2. As f is parallel, they are both invariant with respect to the Chern connections. We
then let E′′1 := ker(f )⊥ and E′′2 := Im(f )⊥, where the orthogonality is with respect to h1 and h2 respectively.
By Lemma 2.42 the statement follows.

3.4 First Chern class and Hermite-Einstein

Let now E be an α−twisted holomorphic vector bundle of rank r on a complex manifold X of dimension n,
and let us �x a Hermitian metric h on E and a Hermitian metric g on X. We let σg be the real (1, 1)−form on X
associated to g and to the complex structure of X.

If Rh is the Chern connection of (E, h), then by its very de�nition the �rst Chern form of (E, h) is

γ1(E, h) =
i
2π Tr(Rh) ∈ A

1,1(X).

Lemma 3.16. If X is compact and (E, h) veri�es the weak g−Hermite-Einstein condition with Einstein function
φ, then ∫

X

γ1(E, h) ∧ σn−1g = r
2nπ

∫
X

φσng .

Proof. We have
Kg(E, h) · σng =

√
−1nRh ∧ σn−1g .

As (E, h) veri�es the weak g−Hermite-Einstein conditionwith Einstein function φ, we have Kg(E, h) = φ · idE,
hence √

−1nRh ∧ σn−1g = φ · idEσng
as elements of A2n(End(E)), so that

√
−1nTr(Rh) ∧ σn−1g = rφσng .

But since Tr(Rh) = 2π
i γ1(E, h) we then get

γ1(E, h) ∧ σn−1g = r
2nπφσ

n
g ,

and the statement follows.
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If g is a Kähler metric, then σg is d−closed, hence the value∫
X

γ1(E, h) ∧ σn−1g

only depends on c1(E) and the cohomology class [σg]. The same holds more generally if σn−1g is ∂∂−closed.

3.5 Hermite-Einstein and weak Hermite-Einstein

We now show that if a twisted vector bundle veri�es the weak g−Hermite-Einstein condition, then it is
g−Hermite-Einstein. Let E be an α−twisted holomorphic vector bundle on a complex manifold X, h a Her-
mitian metric on E and χ : X −→ R a positive smooth function.

For every i ∈ I and for every sections ξ , η of Ei we let

hχi (ξ , η) := χ · hi(ξ , η).

It is easy to see that hχi is a Hermitian metric on Ei, and since

hχi = χ · hi = χ(
Tϕijhjϕij) =

Tϕij(χ · hj)ϕij =
Tϕijh

χ
j ϕij ,

we see that hχ = {hχi } is a Hermitian metric on E.

De�nition 3.17. The Hermitian metric hχ is the conformal change of h by χ.

The conformal change of Hermitian metric a�ects the curvature, and we have:

Lemma 3.18. If (E, h) veri�es the weak g−Hermite-Einstein condition with Einstein function φ, then (E, hχ)
veri�es the weak g−Hermite-Einstein condition with Einstein function φ + iΛg∂∂χ.

Proof. Let D be the Chern connection of (E, h) and Dχ the Chern connection of (E, hχ). Consider an open
coveringU′ = {U′j}j∈J as in the proof of Lemma 3.1: hence for every j ∈ J there is i ∈ I such that U′j ⊆ Ui, and
on U′j there is a local frame sj of Ei.

We let Γj and Γχj be the connection forms of Di and Dχi , and we represent hi and hχi by thematrices Hj and
Hχj respectively over U′j with respect to the local frame sj. Then

TΓj = ∂Hj · H−1j , TΓχj = ∂H
χ
j · (H

χ
j )
−1

(see the proof of Proposition 4.9 in Chapter I of [29]). As Hχj = χ · Hj it follows that

TΓχj = ∂(χ · Hj) · (χ · Hj)
−1 = (∂(χ) · Hj + χ · ∂Hj) ·

(
1
χ H

−1
j

)
=

= ∂ log(χ) · Ir + ∂Hj · H−1j = ∂ log(χ) · Ir + TΓj .

Hence
Dχi = Di + ∂ log(χ) · idEi ,

so that
Rχi = Ri + ∂∂ log(χ) · idEi ,

where Ri (resp. Rχi ) is the curvature of Di (resp. of Dχi ). It follows that

RDχ = RD + ∂∂ log(χ) · idE ,

so that
Kg(E, hχ) = iΛgRDχ = iΛg(RD) + iΛg∂∂ log(χ) · idE =

= Kg(E, h) + iΛg(∂∂ log(χ)) · idE = (φ + iΛg(∂∂ log(χ))) · idE ,

concluding the proof.
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Consequence of this is the following:

Proposition 3.19. Let X be a compact complex manifold and g a Kähler metric on X. Let E be an α−twisted
holomorphic vector bundle on X and h a Hermitian metric on E. If (E, h) veri�es the weak g−Hermite-Einstein
condition, then there is a conformal change hχ of h, which is unique up to homothety, such that (E, hχ) veri�es
the g−Hermite-Einstein condition.

Proof. De�ne
c :=

∫
X φσ

n
g∫

X σ
n
g
,

which is well-de�ned real number since X is compact. Let φ be the Einstein function of (E, h): as g is a Kähler
metric, we know that there is a C∞ function u : X −→ R such that

iΛg∂∂(u) = c − φ.

Let now χ := exp(u), which is then a positive C∞ real function on X such that

iΛg∂∂ log(χ) = iΛg∂∂(u) = c − φ.

As (E, h) veri�es the weak g−Hermite-Einstein condition with Einstein function φ, by Lemma 3.18 we have
that (E, hχ) veri�es the Hermite-Einstein condition with Einstein function

φ + iΛg∂∂ log(χ) = φ + c − φ = c,

which is constant, and we are done.

Remark 3.20. A similar proof works without the Kähler assumption on g, see Lemma 2.1.5 of [35].

3.6 Approximate Hermite-Einstein

Let now X be a compact complex manifold of dimension n and g a Kähler metric on X, whose associated
Kähler form is σg. Let E be an α−twisted holomorphic vector bundle of rank r on X, and h a Hermitian metric
on E.

Recall that Kg(E, h) is a smooth endomorphism of E, so its trace

Tg(E, h) := Tr(Kg(E, h)),

is a smooth function on X, called g−scalar curvature of (E, h). We let

cg(E, h) :=
∫
X Tg(E, h)σ

n
g

r
∫
X σ

n
g

,

which is the mean value of 1
r Tg(E, h) on X.

Lemma 3.21. We have ∫
X

γ1(E, h) ∧ σn−1g = rcg(E, h)2nπ

∫
X

σng .

Proof. The proof is almost identical to that of Lemma 3.16. We have

Kg(E, h) · σng =
√
−1nRh ∧ σn−1g .

Taking the trace we then get

Tg(E, h)σng =
√
−1nTr(RD) ∧ σn−1g = 2nπγ1(E, h) ∧ σn−1g .

Taking the integral over X the statement follows.
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As g is a Kähler metric (or more generally if σn−1g is ∂∂−closed), the value∫
X

γ1(E, h) ∧ σn−1g

only depends on c1(E) and the cohomology class [σg]. Similarily, the value∫
X

σng

only depends on [σg]. As a consequence, cg(E, h) only depends on c1(E) and on [σg], but not on h: we will
use the notation cg(E) for it.

Remark 3.22. If E is g−Hermite-Einstein, then by Lemmas 3.16 and 3.21 the Einstein factor of (E, h) is cg(E).
In particular, the Einstein factor does not depend on the Hermitian metric.

De�nition 3.23. The g−degree of E is the real number

degg(E) :=
∫
X

γ1(E, h) ∧ σn−1g ,

which only depends on c1(E).

Lemma 3.21 then reads as
degg(E) =

rcg(E)
2nπ

∫
X

σng .

We now de�ne
||Kg(E, h) − cg(E) · idE||2 := Tr((Kg(E, h) − cg(E) · idE)2),

which is a smooth function on X. This allows us to give the following:

De�nition 3.24. We say that an α−twisted holomorphic vector bundle E is approximate g−Hermite-Einstein
if for every ϵ > 0 there is a Hermitian metric hϵ on E such that

max
X
||Kg(E, hϵ) − cg(E) · idE||2 < ϵ.

First, we have the following:

Proposition 3.25. Let E be an α−twisted holomorphic vector bundle on X. If E is g−Hermite-Einstein, then it is
approximate g−Hermite-Einstein.

Proof. Let c be the Einstein factor of (E, h). By Remark 3.22 we have c = cg(E). Choose then hϵ = h for every
ϵ > 0, so that Kg(E, hϵ) = Kg(E, h) = c · idE, and we are done.

As for Hermite-Einstein vector bundles, we have some properties about the behavior of approximate
g−Hermite-Einstein vector bundles with respect to the usual operations, the proof of which is exactly as the
one for untwisted vector bundle (we just provide the proof of one of the following result to show the analo-
gies).

Proposition 3.26. Let E be an α−twisted holomorphic vector bundle on X. If E is approximate g−Hermite-
Einstein, then E* is approximate g−Hermite-Einstein.

Proof. Let h be a Hermitian metric on E. We proved in Proposition 3.9 that Kg(E*, h*) = −Kg(E, h)*, so

Tg(E*, h*) = −Tg(E, h), cg(E*) = −cg(E).

But then
||Kg(E*, h*) − cg(E*) · id*E||2 = Tr((Kg(E*, h*) − cg(E*) · id*E)2) =
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= Tr((−Kg(E, h) + cg(E))2) = Tr((Kg(E, h) − cg(E))2) =

= ||Kg(E, h) − cg(E) · idE||2.

If E is approximate g−Hermite-Einstein, for every ϵ > 0 there is a Hermitian metric hϵ on E such that
max ||Kg(E, hϵ) − cg(E) · idE||2 < ϵ. But then

max
x∈X
||Kg(E*, h*ϵ) − cg(E*) · idE* ||2 = max

x∈X
||Kg(E, hϵ) − cg(E) · idE||2 < ϵ,

and we are done.

Proposition 3.27. For i = 1, 2 let Ei be an αi−twisted holomorphic vector bundle on X. If Ei is approximate
g−Hermite-Einstein, then E1 ⊗ E2 is approximate g−Hermite-Einstein.

Proposition 3.28. Let E1 and E2 be two α−twisted holomorphic vector bundles on X of respective ranks r1 and
r2. If they are approximate g−Hermite-Einstein and we have

degg(E1)
r1

=
degg(E2)

r2
,

then E1 ⊕ E2 is approximate g−Hermite-Einstein.

Proposition 3.29. Let E be an α−twisted holomorphic vector bundle on X. If E is approximate g−Hermite-
Einstein, then

1. for every p, q ∈ N, Ep,q is approximate g−Hermite-Einstein;
2. for every p ∈ N, ∧pE is approximate g−Hermite-Einstein.

Proposition 3.30. Let f : X −→ Y be an étale covering, and choose a Kähler matric g on Y and the metric f *g
on X.

1. Let E be an α−twisted holomorphic vector bundle on Y. If it is approximate g−Hermite-Einstein, then f *E is
approximate f g−Hermite-Einstein.

2. Let F be an f *α−twisted holomorphic vector bundle on X. If it is approximate f *g−Hermite-Einstein, then
f*F is approximate g−Hermite-Einstein.

The last property we will need is the following:

Proposition 3.31. Let E1 and E2 be two α−twisted holomorphic vector bundles on X of respective ranks r1 and
r2, and suppose that such that

degg(E1)
r1

>
degg(E2)

r2
.

If E1 and E2 are approximate g−Hermite-Einstein, then every morphism f ∈Hom(E1, E2) is zero.

Proof. Weknow that f is a global section of the untwisted vector bundle E*1⊗E2. As E1 and E2 are approximate
g−Hermite-Einstein, by Propositions 3.26 and 3.27 we have that E*1 ⊗ E2 is approximate g−Hermite-Einstein.
Now, notice that

degg(E*1 ⊗ E2) = r1 degg(E2) − r2 degg(E1) < 0.

By Proposition 5.6 in Chapter IV of [29] we then know that E*1 ⊗ E2 has no non-zero global sections, and we
are done.
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4 Semistability for twisted vector bundles
If A is a domain and M is an A−module of �nite type, the homological dimension of M is the length d of a
minimal free resolution

0 −→ Ed −→ Ed1 −→ · · · −→ E0 −→ M −→ 0.

The homological dimension ofM is denoted dh(M), andwe have that dh(M) = d if and only if TorAd (C,M) ≠ 0
and TorAd+1(C,M) = 0, or equivalently if and only if TorAd (C,M) ≠ 0 and TorAk (C,M) = 0 for every k > d.

If A = OCn ,0, then for every A−module M we have dh(M) ≤ n. As a consequence, the same holds for
A = OX,x where X is a complex manifold of dimension n and x ∈ X.

4.1 Singularities of twisted sheaves

LetE = {Ei , ϕij} be an α−twisted coherent sheaf on X. If x ∈ Ui, then we may consider the stalkEi,x ofEi at
x, which is aOX,x−module of �nite type. If x ∈ Uij, the isomorphism ϕij : Ei −→ Ej ofOUij−modules induces
an isomorphism ϕij,x :Ei,x −→Ej,x ofOX,x−modules. The following de�nition therefore makes sense:

De�nition 4.1. We call stalk ofE at x the isomorphism classEx of the OX,x−moduleEi,x, where i ∈ I is such
that x ∈ Ui.

As the homological dimension of a module is invariant under isomorphism, the homological dimension
dh(Ex) makes sense.

4.1.1 Singularity sets of twisted sheaves

For m ∈ N let
Sm(E) := {x ∈ X | dh(Ex) ≥ n − m},

which is called m−th singularity set ofE, and we clearly have

S0(E) ⊆ S1(E) ⊆ · · · ⊆ Sn(E) = X.

The subset Sn−1(E) is called singular locus ofE, and we have

Sn−1(E) = {x ∈ X |Ex is not a free OX,x − module}.

As the function
dh(Ei) : Ui −→ Z, dh(Ei)(x) := dh(Ei,x)

is upper semicontinuous, the same holds for

dh(E) : X −→ Z, dh(E)(x) := dh(Ex),

so that Sm(E) is a closed subset of X for every m. Scheja’s Theorem tells us that the subset

Sm(Ei) := {x ∈ Ui | dh(Ei,x) ≥ n − m}

is a closed analytic subset of Ui of dimension at most m for every i ∈ I and every m. As

Sm(E) ∩ Ui = Sm(Ei),

it follows that Sm(E) is a closed analytic subset of X of dimension at mostm for everym. As a corollary we get
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Lemma 4.2. LetE be an α−twisted coherent sheaf on X such that for every x ∈ X there is an open neighborhood
U ⊆ X of x and an exact sequence of α−twisted coherent sheaves

0 −→E|U −→F1 −→ · · ·Fk −→ 0,

whereFj is a locally free α|U−twisted sheaf on U. Then

dim(Sm(E)) ≤ m − k.

Proof. If x ∈ Ui, up to restricting U wemay suppose U ⊆ Ui, so the exact sequence in the statement becomes

0 −→Ei|U −→F1 −→ · · ·Fk −→ 0,

whereFj is a locally free sheaf ofOUi−modules. But then we know that

dim(Sm(Fi)) ≤ m − k,

and as this holds for every i ∈ I, we conclude.

By de�nition of Sn−1(E) we see thatE|X\Sn−1(E) is a locally free α−twisted coherent sheaf, so the rank ofEx
as aOX,x−module is invariant over X \ Sn−1(E). We will call this number the rank ofE.

4.1.2 Torsion of twisted sheaves

We recall that ifM is an A−module of �nite type, an elementm ∈ M is a torsion element if there is a ∈ A such
that am = 0 in M. The set

T(M) := {m ∈ M |m is a torsion element}

is an A−submodule of M, the torsion submodule. If T(M) = 0, we say that M is torsion-free.
We let M* := HomA(M, A). We then have a natural morphism of A−modules

σM : M −→ M**

whose kernel is T(M), so thatM is torsion-free if and only if σM is injective. We say thatM is re�exive if σM is
an isomorphism of A−modules.

We recall that

• every free A−module is re�exive, and every re�exive A−module is torsion free;
• every torsion-free A−module is a submodule of a free A−module of the same rank;
• for every A−module M we have that M* is torsion-free and that M** is re�exive;
• an A−module M is torsion-free if and only if dh(M) ≤ n − 1, and it is re�exive if and only if dh(M) ≤ n − 2,

where n is the Krull dimension of A.

IfE is an α−twisted coherent sheaf, we let T(E) be the torsion subsheaf ofE, i. e. T(E) = {T(Ei), ϕij|T(Ei)},
where T(Ei) is the torsion subsheaf ofEi. It is easy to see that T(E) is an α−twisted coherent subsheaf ofE,
called torsion of E.

De�nition 4.3. An α−twisted coherent sheaf E is torsion-free if Ex is a torsion-free OX,x−module for every
x ∈ X.

This is equivalent to T(E) = 0, or even to Ei torsion free for every i ∈ I. As a consequence of the previous
properties of A−modules, it follows that:

• a locally free α−twisted coherent sheaf is torsion-free,
• every α−twisted coherent subsheaf of a torsion-free α−twisted coherent sheaf if torsion-free,
• every torsion-free α−twisted coherent sheaf is an α−twisted subsheaf of a locally free α−twisted coherent

sheaf of the same rank,
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• ifE is a torsion-free α−twisted coherent sheaf, then for every x ∈ X we have dh(Ex) ≤ n − 1, so by Lemma
4.2 we get that dim(Sm(E)) ≤ m − 1. In particular, we see that the singular locus of a torsion-free α−twisted
coherent sheaf has codimension at least 2,

• The natural morphism σE : E −→ E** has kernel equal to T(E), henceE is torsion-free if and only if σE is
injective.

De�nition 4.4. An α−twisted coherent sheafE is re�exive if σE is an isomorphism.

This is equivalent toEi re�exive for every i ∈ I. Again, as before we have that:

• all locally-free α−twisted coherent sheaves are re�exive,
• all re�exive α−twisted coherent sheaves are torsion-free,
• for every α−twisted coherent sheafE, we have thatE* is re�exive andE** is torsion-free,
• ifE is re�exive, then dim(Sm(E)) ≤ m−2 for everym. In particular, the singular locus of a re�exive α−twisted

coherent sheaf has codimension at least 3 in X,
• ifE and F are two α−twisted coherent sheaves and F is re�exive, then the coherent sheaf Hom(E,F) is

re�exive.

We end this section with the following:

De�nition 4.5. An α−twisted coherent sheafE = {Ei , ϕij} is normal ifEi is normal for every i ∈ I, i. e. if for
every i ∈ I, every open U ⊆ Ui and every closed analytic subset A ⊆ U of codimension at least 2, the restriction
morphismEi(U) −→Ei(U \ A) is an isomorphism.

Normal α−twisted coherent sheaves are useful for the followingproperty,which is an immediate consequence
of the untwisted analogue:

Lemma 4.6. An α−twisted coherent sheaf is re�exive if and only if it is torsion-free and normal. Moreover, if

0 −→E −→F −→ G −→ 0

is an exact sequence of α−twisted coherent sheaves, ifF is re�exive andG is torsion-free, thenE is normal (and
hence re�exive).

4.2 Semistability for twisted sheaves

LetE = {Ei , ϕij}i,j∈I be an α−twisted coherent sheaf on a complexmanifold X, and let r be its rank. For every
i ∈ I the coherent sheafEi over Ui admits a determinant det(Ei), which is a locally free sheaf of rank 1 on Ui,
and for every i, j ∈ I the isomorphism ϕij induces an isomorphism

det(ϕij) : det(Ei)|Uij −→ det(Ej)|Uij .

Since ϕii = idEi , it follows that det(ϕii) = iddet(Ei) for every i ∈ I. Moreover, since ϕij = ϕ−1ji , it follows
that det(ϕij) = det(ϕji)−1. Finally, since ϕki ◦ ϕjk ◦ ϕij = αijk · idEi , it follows that

det(ϕki) ◦ det(ϕjk) ◦ det(ϕij) = det(ϕki ◦ ϕjk ◦ ϕij) = αrijk · iddet(Ei).

It follows that det(E) = {det(Ei , det(ϕij)}i,j∈I is a locally free αr−twisted sheaf of rank 1 on X. It is called
determinant ofE.

IfE is a torsion-free α−twisted coherent sheaf, then det(E) is canonically isomorphic to (∧rE)**, and we
have det(E)* ' det(E*). Moreover, if f :E −→F is a morphism of α−twisted coherent sheaves, whereE and
F are both torsion free and have the same rank, then f induces a morphism

det(f ) : det(E) −→ det(F).
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Let nowE be an α−twisted coherent sheaf of rank r and suppose that X is a compact Kähler manifold
of dimension n. As det(E) is a locally free αr−twisted sheaf of rank 1, we may associate to it an αr−twisted
holomorphic line bundle L. Choose a Hermitian metric h on L: we will let

γ1(E, h) := γ1(L, h),

and call it the �rst Chern form of (E, h).
As g is Kähler metric (or more generally if σn−1g is ∂∂−closed), the cohomology class of γ1(E, h) does not

depend on h, so we write it as
c1(E) ∈ H1,1(X) ∩ H2(X,Z),

and call it �rst Chern class ofE. The g−degree ofE is

degg(E) :=
∫
X

γ1(E, h) ∧ σn−1g ,

which again does not depend on h.
If r > 0 is the rank ofE, the slope ofE with respect to g is

µg(E) =
degg(E)

r .

De�nition 4.7. A torsion-free α−twisted coherent sheaf E is said to be g−semistable if for every α−twisted
coherent subsheaf F of E whose rank r′ is such that 0 < r′ < r, we have that µg(F) ≤ µg(E). If for every
α−twisted subsheaf the inequality is strict, we say thatE is g−stable. An α−twisted holomorphic vector bundle
E is g−semistable (resp. g−stable) if the associated locally free α−twisted coherent sheaf is g−semistable (resp.
g−stable).

Let us now collect some properties of semistable twisted sheaves that will be useful in what follows.

Lemma 4.8. Let
0 −→E −→F −→ G −→ 0

be an exact sequence of α−twisted coherent sheaves on a compact complex manifold X with a Kähler metric g.
Then

r′(µg(F) − µg(E)) + r′′(µg(F) − µg(G)) = 0,

where r′ is the rank ofE and r′′ is the rank ofG.

Proof. If r is the rank ofF, we have that det(F) is αr−twisted, det(E) is αr′−twisted anddet(G) is αr′′−twisted,
so that det(E) ⊗ det(G) is αr−twisted (since r′ + r′′ = r). As the sequence is exact, we have an isomorphism
det(E) ' det(E)⊗ det(G), and hence c1(F) = c1(E) + c1(G). But then degg(F) = degg(E) + degg(G), hence

(r′ + r′′)µg(F) = rµg(F) = r′µg(E) + r′′µg(G),

and the statement follows.

As an immediate consequence we have the following:

Proposition 4.9. LetE be an torsion-free α−twisted coherent sheaf of rank r on a complex manifold X with a
Kähler metric g.

1. The sheaf E is g−semistable if and only if for every α−twisted quotient G of F of rank 0 < r′′ we have
µg(F) ≤ µg(G).

2. The sheaf E is g−stable if and only if for every α−twisted quotient G of F of rank 0 < r′′ < r we have
µg(F) < µg(G).

We now have the following property of torsion twisted sheaves.
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Lemma 4.10. IfE is a torsion α−twisted coherent sheaf on a compact complexmanifold X with a Kähler metric
g, then degg(E) ≥ 0.

Proof. We �rst show that ifE andE′ are two α−twisted torsion-free coherent sheaves of the same rank r and
f : E −→ E′ is injective, then the induced morphism det(f ) : det(E) −→ det(E′) is injective. Indeed, let
A = Sn−1(E) and A′ = Sn−1(E′): over X \ (A ∪ A′) bothE andE′ are locally free, and f is an injection between
two locally free α−twisted sheaves of the same rank.

The induced morphism det(f ) is then an isomorphism over X \ (A ∪ A′), so ker(det(f )) is supported on
A∪A′, and hence it is a torsion αr−twisted sheaf. But moreover ker(det(f )) is an α−twisted coherent subsheaf
of det(E), which is torsion-free, so ker(f ) = 0 and f is injective.

Now, as by hypothesisE is torsion, over X \ A it is locally free and torsion, so it is trivial. It follows thatE
is supported on A, and it has rank 0. Let

0 −→Em
fm−→ · · · f1−→E0

f0−→E −→ 0

be a locally free resolution ofE. We let S1 := E1/ ker(f1), which is a torsion-free α−twisted coherent sheaf,
and we have an exact sequence

0 −→ S1
f1−→E0

f0−→E −→ 0.

As the rank ofE is 0, det(E) is an untwisted locally free coherent sheaf of rank 1. Moreover S1 andE0 are
both torsion-free α−twisted coherent sheaves of the same rank r. As f1 is injective, the previous proof gives
that det(f1) : det(S1) −→ det(E0) is injective, i. e. it is a non-trivial morphism of αr−twisted coherent sheaves.
Since

det(E) ' det(E0)⊗ det(S1)* 'Hom(det(S1), det(E0)),

we then have that
Γ(X, det(E)) ' Hom(det(S1), det(E0)).

But then det(f1) corresponds to a non-trivial holomorphic section of det(E).
Let V be the zero locus of this section, which is a divisor on X whose cohomology class is c1(det(E)) =

c1(E). It then follows that
degg(E) =

∫
X

c1(E) ∧ σn−1g =
∫
V

σn−1g ≥ 0,

and we are done.

Remark 4.11. The previous proof works even without the Kähler assumption on g, see Proposition 1.3.5 of
[35].

As a consequence of this we get the following:

Proposition 4.12. LetE be an torsion-free α−twisted coherent sheaf of rank r on a complex manifold X with a
Kähler metric g.

1. The sheafE is g−semistable if and only if one of the two following conditions is veri�ed:
(a) for every α−twisted subsheafF ofE such thatE/F is torsion-free, we have µg(F) ≤ µg(E).
(b) for every torsion-free α−twisted quotientG ofE we have µg(E) ≤ µg(G).

2. The sheafE is g−stable if and only if one of the two following conditions is veri�ed:
(a) for every α−twisted subsheaf F ofE withE/F torsion-free and such that F has rank 0 < r′ < r, we

have µg(F) ≤ µg(E).
(b) for every torsion-free α−twisted quotientG ofE of rank 0 < r′′ < r we have µg(E) ≤ µg(G).

Proof. The proof is identical to that of Proposition 7.6 in Chapter V of [29].

The following will be useful in what follows:
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Proposition 4.13. LetE be an torsion-free α−twisted coherent sheaf of rank r on a complex manifold X with a
Kähler metric g.

1. If r = 1, thenE is g−stable.
2. If L is a locally free α′−twisted sheaf of rank 1, then the α−twisted sheafE is g−(semi)stable if and only if

F ⊗L is g−(semi)stable.
3. E is g−(semi)stable if and only ifE* is g−(semi)stable.

Proof. The proof is identical to that of Proposition 7.7 in Chapter V of [29].

The last results we need, whose proofs are identical to those of the corresponding results in the untwisted
cases (see Propositions 7.9 and 7.11 and Corollaries 7.12 and 7.14 in Chapter V of [29]), are the following:

Proposition 4.14. LetE andF be two torsion-free α−twisted coherent sheaves on a complex manifold X with
a Kähler metric g. ThenE ⊕F is g−semistable if and only ifE andF are g−semistable and µg(E) = µg(F).

Proposition 4.15. LetE andF be two torsion-free α−twisted coherent sheaves on a complex manifold X with
a Kähler metric g, and let f :E −→F be a morphism of α−twisted coherent sheaves.

1. If µg(E) > µg(F), then f = 0,
2. If µg(E) = µg(F) andE is g−stable, then either f = 0 orE andF have the same rank and f is injective.
3. If µg(E) = µg(F) andF is g−stable, then either f = 0 orE andF have the same rank and f is generically

surjective.

This Proposition has two important corollaries:

Corollary 4.16. LetE and F be two torsion-free α−twisted coherent sheaves on a complex manifold X with a
Kähler metric g. If they have the same rank and same degree with respect to g, and one of them is g−stable, then
every morphism of α−twisted coherent sheaves between them is either 0 or an isomorphism.

Corollary 4.17. Let E be an α−twisted holomorphic vector bundle on a compact complex manifold X with a
Kähler metric g. If E is g−stable, then Γ(X, End(E)) ' C · idE.

4.3 Hermite-Einstein implies polystable

Let X be a complexmanifold of dimension n and g a Kählermetric on X. LetE be an α−twisted coherent sheaf
on X of rank r. Let L be the αr−twisted holomorphic line bundle associated to det(E), and choose a Hermitian
metric h on L.

We call g−degree form of (E, h) the d−closed real 2n−form on X de�ned as

dg(E, h) := γ1(E, h) ∧ σn−1g .

If X is compact, we then have
degg(E) =

∫
X

dg(E, h).

The �rst result we need to prove is the following, relating the properties of the g−degree form and the
g−Hermite-Einstein condition.

Lemma 4.18. Let E be an α−twisted holomorphic vector bundle on a compact complex manifold X with Kähler
metric g. Let h be a Hermitian metric on E and suppose that (E, h) veri�es the g−Hermite-Einstein condition
with Einstein factor c. Let

0 −→ E′ −→ E −→ E′′ −→ 0

be an exact sequence of α−twisted holomorphic vector bundles.
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1. If r′ is the rank of E′, r is the rank of E and h′ := hE′ is the Hermitian metric induced by h on E′, the real
d−closed 2n−form

dg(E′, h′)
r′ − dg(E, h)r

is everywhere negative on X.
2. If the previous 2n−form is 0, then the exact sequence above splits, and if we let h′′ be the natural Hermitian

metric induced by h on E′′, then (E′, h′) and (E′′, h′′) verify the g−Hermite-Einstein condition with Einstein
factor c.

Proof. The proof is identical to that of Proposition 8.2 in Chapter V of [29], using the results in section 2.4. The
same proof works even only if σn−1g is ∂∂−closed (see Proposition 2.3.1 of [35]).

We are now in the position to prove one of the main results of this section, namely:

Theorem 4.19. Let E be an α−twisted holomorphic vector bundle on a compact complexmanifold X withKähler
metric g. Let h be aHermitianmetric on E and suppose that (E, h) veri�es the g−Hermite-Einstein conditionwith
Einstein factor c. Then E is g−semistable, and we have E = E1 ⊕ · · ·⊕ Ek where

1. E1, · · · , Ek are g−stable α−twisted holomorphic subbundles of E,
2. if hEj is the Hermitian metric induced by h on Ej, then (Ej , hEj ) veri�es the g−Hermite-Einstein condition

with Einstein factor c.

Proof. Let us �rst prove that E is g−semistable. To do so, let us consider the locally free α−twisted coherent
sheafE associated to E, and let r be its rank: we need to show thatE is g−semistable, so let us consider an
α−twisted coherent subsheaf F of E and let p be its rank. By Proposition 4.12, in order to prove that E is
g−semistable we may suppose that 0 < p < r and thatE/F is torsion-free.

Let ι : F −→E be the inclusion, so taking the determinant we get

det(ι) : det(F) −→ (∧pE)**,

since det(F) ' (∧pF)**. AsE is locally free, we have that ∧pE is locally free, and hence that (∧pE)** ' ∧pE.
The �rst part of the proof of Lemma 4.10 shows that det(ι) is injective. Moreover, notice that (∧pE) ⊗

det(F)* is an untwisted sheaf, so tensoring with det(F)* we get that det(ι) de�nes a global section

f : OX −→ (∧pE)⊗ det(F)*,

which is not trivial since ι is injective. This corresponds to �nding a holomorphic section of the holomorphic
vector bundle ∧pE ⊗ L*, where L is the αp−twisted holomorphic line bundle corresponding to det(F).

As (E, h) veri�es the g−Hermite-Einstein condition with Einstein factor c, by Remark 3.22 we get that
c = cg(E), i. e.

c = 2πnµg(E)∫
X σ

n
g

.

By Proposition 3.12 we know that (∧pE,∧ph) veri�es the g−Hermite-Einstein condition with Einstein factor
pc.

Let h′ be a Hermitian metric on L. By Propositions 3.8 and 3.19 up to apply a conformal change to h′ we
know that (L, h′) veri�es the g−Hermite-Einstein condition with Einstein factor c′. Again by Remark 3.22 we
have

c′ = 2πnµg(L)∫
X σ

n
g

.

Notice that
µg(L) = µg(det(F)) = degg(det(F)) = degg(F) = pµg(F),

so
c′ = 2πnpµg(F)∫

X σ
n
g

.
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By Proposition 3.9 we then see that (L*, (h′)*) veri�es the g−Hermite-Einstein condition with Einstein
factor −c′, and hence by Proposition 3.10 we see that (∧pE ⊗ L*,∧ph ⊗ (h′)*) veri�es the g−Hermite-Einstein
condition with Einstein factor pc − c′.

But ∧pE ⊗ L* is a holomorphic vector bundle on a compact Kähler manifold which has a non-trivial
holomorphic section. Proposition 3.15 gives then pc − c′ ≥ 0, i. e.

2πnpµg(E)∫
X σ

n
g

≥ 2πnpµg(L)∫
X σ

n
g

,

so that µg(E) ≥ µg(F), showing thatE is g−semistable.
Let us now prove the second part of the statement. First, if E is g−stable, then we let k = 1 and E = E1,

and we are done. We will then suppose that E is g−semistable but not g−stable.
This implies that there is an α−twisted coherent subsheafF ofE of rank 0 < p < rwithG :=E/F torsion-

free and µg(F) = µg(E). Letting L be the αp−twisted holomorphic vector bundle associated to det(F) and h′ a
Hermitianmetric on L, by the previous part of the proof (∧pE⊗L*,∧ph⊗(h′)*) veri�es the g−Hermite-Einstein
condition with Einstein factor 0.

By Proposition 3.15 the mean curvature of (∧pE ⊗ L*,∧ph ⊗ (h′)*) is negative semide�nite and every
holomorphic sectionof∧pE⊗L* is parallelwith respect to theChern connectionD. In particular themorphism
f de�ned before has to be parallel with respect to D, so L is an αp−twisted holomorphic line subbundle of
∧pE which is parallel with respect to the Chern connection of (∧pE,∧ph).

Now, let X′ := X \ Sn−1(F) be the open subset of X over which F is locally free, and let F′ be the
α−twisted holomorphic vector bundle associated to F|X′ . The inclusion ι : F −→ E induces an inclusion
ι′ : F|X′ −→ E|X′ , and hence an inclusion j′ : F′ −→ E|X′ of α|X′−twisted holomorphic vector bundles. The
previous discussion shows that F′ is a parallel twisted holomorphic subbundle of Ewith respect to the Chern
connection of (E, h).

By Lemma 2.42 we then get an α|X′−holomorphic subbundle G′ of E|X′ such that E|X′ = F′ ⊕ G′. Notice
thatG|X′ is a locally free α|X′−twisted sheaf on X′ whose associated vector bundle is G′. As the exact sequence

0 −→ F′ −→ E|X′ −→ G′ −→ 0

is splitting, the same holds for the exact sequence

0 −→F|X′ −→E|X′ −→ G|X′ −→ 0.

AsE is locally free, we have that F is re�exive (as a subsheaf of a re�exive sheaf), and we know that G is
torsion-free by assumption. By Lemma 4.6 we then get thatHom(E,F) andHom(F,F) are re�exive, and
hence normal. This implies that

Γ(X,Hom(E,F)) = Γ(X′,Hom(E,F)),

and
Γ(X,Hom(F,F)) = Γ(X′,Hom(F,F)),

since Sn−1(F) is a closed analytic subset of codimension at least 2 (sinceF is re�exive).
As the exact sequence

0 −→F|X′ −→E|X′ −→ G|X′ −→ 0

is splitting, there is a splitting morphism p′ : E|X′ −→ F|X′ , i. e. such that p′ ◦ ι′ = idF|X′
. The previous

property then implies that there is a unique morphism p : E −→ F such that p ◦ ι = idF, i. e. the exact
sequence

0 −→F −→E −→ G −→ 0

splits too, and we haveE = F⊕G. But asE is locally free, it follows thatF andG are locally free, and hence
we have E = F ⊕ G where F and G are the α−twisted holomorphic vector bundles corresponding toF andG.
By Lemma 2.42 we then may proceed by induction on the rank, getting the statement.
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Let us now present the following de�nition:

De�nition 4.20. An α−twisted holomorphic vector bundle E is called g−polystable if it is g−semistable and
we have E = E1 ⊕ · · · ⊕ Ek where E1, · · · , Ek are g−stable α−twisted holomorphic subbundles of E such that
µg(Ej) = µg(E) for every j = 1, · · · k.

This de�nition allows us to rephrase Theorem 4.19 as follows, proving one direction of the �rst part of Theo-
rem 1.1:

Theorem 4.21. Let X be a compact Kähler manifold with a Kähler metric g and E an α−twisted holomorphic
vector bundle on X. If E is g−Hermite-Einstein, then E is g−polystable.

Remark 4.22. The proof of Theorem 4.19 works more generally if we suppose g to be such that σn−1g is
∂∂−closed (see Theorem 2.3.2 of [35]).

4.4 Approximate Hermite-Einstein implies semistable

An adaptation of the proof of Theorem 4.19 allows us to prove the following, which is one direction of the
second item of Theorem 1.1:

Theorem 4.23. Let E bean α−twisted holomorphic vector bundle ona compact complexmanifold X withKähler
metric g. If E is approximate g−Hermite-Einstein, then E is g−semistable.

Proof. Consider an α−twisted coherent subsheafF of the locally free α−twisted coherent sheafE associated
to E, such thatE/F is torsion-free and such that µg(F) = µg(E). We let r be the rank ofE and p be the rank of
F, andwe suppose that 0 < p < r. Moreoverwe let L be the αp−twisted holomorphic vector bundle associated
to det(F).

Recall that as E is approximate g−Hermite-Einstein, by Proposition 3.29 then ∧pE is approximate
g−Hermite-Einstein. The αp−twistedholomorphic line bundle L is approximate g−Hermite-Einstein byPropo-
sitions 3.8 and 3.25, so by Proposition 3.26 we see that L* is approximate g−Hermite-Einstein. By Proposition
3.27 we then conclude that ∧pE ⊗ L* is approximate g−Hermite-Einstein.

As in the proof of Theorem 4.19, we have a nontrivial holomorphic section of∧pE⊗L*, hence degg(∧pE⊗
L*) ≥ 0 by Proposition 3.31. Notice that

degg(∧pE ⊗ L*) =
∫
X

c1(∧pE ⊗ L*) ∧ σn−1g =

=
∫
X

(c1(∧pE) − rpc1(L)) ∧ σn−1g ,

where rp is the rank of ∧pE, so that

0 ≤ degg(∧pE ⊗ L*) = degg(∧pE) − rp degg(L) = degg(∧pE) − rp degg(F).

But then we get
0 ≤ µg(∧pE ⊗ L*) = µg(∧pE) − pµg(F) = p(µg(E) − µg(F)),

so that µg(E) ≥ µg(F), proving that E is g−semistable.

5 The Kobayashi—Hitchin correspondence
The aim of this section is to complete the proof of point 1 of Theorem 1.1, namely:
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Theorem 5.1. Let X be a compact Kähler manifold with a Kähler metric g, and E an α−twisted holomorpic
vector bundle on X. Then E is g−polystable if and only if it is g−Hermite-Einstein.

By Theorem 4.21 we know that if E is g−Hermite-Einstein, then E is g−polystable. We are left with the proof
of the opposite direction, and to do so we follow closely section 3 of [35].

Consider two Hermitian metrics h0 and h on E, and �x a Kähler metric g on X. We let D0 be the Chern
connection of (E, h0) and D the Chern connection of (E, h). For every i ∈ I we have

D1,0
i = D1,0

0,i + (f
h0 ,h
i )−1 ◦ D1,0

0,i (f
h0 ,h
i ),

where D1,0
0,i denotes the (1, 0)−part of the connection induced by D0,i on End(Ei) (see as instance section (1.9)

of [47]).
If Ri (resp. R0,i) is the Chern curvature of (Ei , hi) (resp. of (Ei , h0,i)), we then have

Ri = ∂i ◦ D1,0
i = ∂i ◦ D1,0

0,i + ∂i((f
h0 ,h
i )−1 ◦ D1,0

0,i (f
h0 ,h
i )) =

= R0,i + ∂i((f h0 ,hi )−1 ◦ D1,0
0,i (f

h0 ,h
i )).

If we now let R (resp. R0) be the Chern curvature of (E, h) (resp. of (E, h0)) we then get

R|Ui = Ri − Bi · idEi = R0,i + ∂i((f
h0 ,h
i )−1 ◦ D1,0

0,i (f
h0 ,h
i )) − Bi idEi =

= R0|Ui + ∂i((f
h0 ,h
i )−1 ◦ D1,0

0,i (f
h0 ,h
i )).

It then follows that R = R0 + ∂((f h0 ,h)−1 ◦ D1,0
0 (f h0 ,h)), and hence that

Kg(E, h) = Kg(E, h0) + iΛg(∂((f h0 ,h)−1 ◦ D1,0
0 (f h0 ,h))).

Letting
K0g (E, h0) := Kg(E, h0) − cg(E) · idE ,

we then see that
Kg(E, h) − cg(E) · idE = K0g (E, h0) + iΛg(∂((f h0 ,h)−1 ◦ D1,0

0 (f h0 ,h))).

In conclusion, we see that h is g−Hermite-Einstein if and only if

K0g (E, h0) + iΛg(∂((f h0 ,h)−1 ◦ D1,0
0 (f h0 ,h))) = 0.

By Remark 2.58, it follows that E is g−Hermite-Einstein if and only if there is h0 ∈ Herm+(E) and f ∈
End+h0 (E) such that

K0g (E, h0) + iΛg(∂(f −1 ◦ D1,0
0 (f ))) = 0.

This will be called Hermite-Einstein equation.
Now, recall that if f ∈ End+h0 (E) then it makes sense to consider log(f ), which is a h0−Hermitian endo-

morphism of E. For every ϵ > 0 we now let

Lh0ϵ : End+h0 (E) −→ Endh0 (E),

where
Lh0ϵ (f ) := K0g (E, h0) + iΛg(∂(f −1 ◦ D1,0

0 (f ))) + ϵ log(f ).

We will call Lh0ϵ = 0 the perturbed equation.
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5.1 Solution of the equation L1 = 0

The �rst step in the proof of the Kobayashi—Hitchin correspondence is that there is f ∈ End+h0 (E) such that
L1(f ) = 0, i. e. the perturbed equation for ϵ = 1 has a solution.

Lemma 5.2. Let E be an α−twisted holomorphic vector bundle on X.

1. If h, h0 ∈ Herm+(E), ϵ > 0 and f ∈ End+h(E), then

Tr(Lh0ϵ (f )) = Tr(K0g (E, h0)) + iΛg∂∂(Tr(log(f ))) + ϵTr(log(f )).

2. There is h0 ∈ Herm+(E) such that Tr(K0g (E, h0)) = 0 and such that the perturbed equation Lh01 = 0 has a
solution.

3. If Tr(K0g (E, h)) = 0 and Lhϵ (f ) = 0, then det(f ) = 1.

Proof. It is easy to see that exp(Tr(f )) = det(exp(f )) for every endomorphism f of E. In particular, if f ∈
End+h(E) it follows that

det(f ) = exp(Tr(log(f ))),

and that
∂(det(f )) = det(f ) · Tr(f −1 ◦ D1,0

h (f )).

It follows that
∂(Tr(log(f ))) = ∂(log(det(f ))) = Tr(f −1 ◦ D1,0

h (f )).

Now, as in the proof of Lemma (3.2.1) [35] a local calculation shows that

Tr(f −1 ◦ D1,0
0 (f )) = Tr(f −1 ◦ D1,0

h (f )) = ∂(Tr(log(f ))),

so that
Tr(iΛg(∂(f −1 ◦ D1,0

0 (f )))) = iΛg∂∂(Tr(log(f ))).

But then
Tr(Lh0ϵ (f )) = Tr(K0g (E, h0)) + Tr(iΛg(∂(f −1 ◦ D1,0

0 (f )))) + Tr(ϵ log(f )) =

= Tr(K0g (E, h0)) + iΛg∂∂(Tr(log(f ))) + ϵTr(log(f )).

This completes the proof of the �rst point of the statement.
For the second point, take any Hermitian metric h on E, and notice that if we let K0g (E, h) = Kg(E, h) −

cg(E) · idE, then we have ∫
X

Tr(K0g (E, h))σng = 0.

It follows that there is a smooth function ψ such that

iΛg∂∂ψ = K0g (E, h),

and hence there is a function ϕ such that

iΛg∂∂ϕ = −1r K
0
g (E, h),

where r is the rank of E.
We let h1 := hexp(ϕ), which is then a Hermitian metric on E such that

Kg(E, h1) = Kg(E, h) + iΛg∂∂(ϕ) · idE

(see the proof of Lemma 3.18). We then get

Tr(K0g (E, h1)) = Tr(K0g (E, h)) + riΛg∂∂(ϕ) = 0.
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By Lemma 3.5 we know that Kg(E, h1) is a h1−Hermitian endomorphism, so that K0g (E, h1) is too. By
Lemma 2.10 we then see that exp(Kg(E, h1)) ∈ End+h1 (E), hence

h0 := ̂exp(Kg(E, h1))h1 ∈ Herm
+(E).

It is easy to see that Tr(K0g (E, h0)) = 0. Moreover, let

f1 := exp(−K0g (E, h1)) ∈ End+h0 (E),

so that an easy calculation shows that Lh01 (f ) = 0.
The �nal point of the statement is proved exactly as in point (iii) of Lemma (3.2.1) of [35].

Now, the same of Lemma (3.2.3) of [35] shows that if h0 is as in point 2 of Lemma 5.2, and if for every ϵ > 0
and f ∈ End+h0 (E) we let

L̂h0 (ϵ, f ) := f ◦ Lh0ϵ (f ),

then L̂h0 (ϵ, f ) ∈ Endh0 (E).
By the identi�cation of Herm(E) with Endh0 (E), the norm Lpk on Herm(E) induced a Lpk−norm on

Endh0 (E). We will write LpkEndh0 (E) for the Banach space completion of Endh0 (E), and L
p
kEnd

+
h0 (E) for the

interior of the closure of End+h0 (E) in L
p
kEndh0 (E).

Notice that if ϵ > 0, then L̂h0 (ϵ, ·) is a second order di�erential operator. It follows that

L̂h0 : (0, 1] × LpkEnd
+
h0 (E) −→ Lpk−2Endh0 (E),

and by the Sobolev Multiplication Theorem, the Left Composition Lemma and the fact that a multilinear
continuous map between Banach spaces is smooth, it follows that the map L̂h0 is di�erentiable. Moreover, as
in section 3.2 of [35] for every ϵ ∈ (0, 1] and every f ∈ End+h0 (E) we have that dL̂h0 (ϵ, f ) is a linear, second
order di�erential operator extending to

dL̂h0 (ϵ, f ) : LpkEndh0 (E) −→ Lpk−2Endh0 (E).

The same proof of Lemma (3.2.4) shows that this di�erential operator is elliptic, and it is an isomorphism if
and only if it is injective or surjective.

Now, let f ∈ End+h0 (E), so that f 1
2 ∈ End+h0 (E) (see Lemma 2.10). For every ψ ∈ End(E), write ψ = {ψi}i∈I ,

and if f = {fi}i∈I we have f 1
2 = {f

1
2
i }i∈I . We de�ne

Ad(f
1
2
i )(ψi) := f

1
2
i ◦ ψi ◦ f

− 1
2

i ∈ End(Ei).

Notice that
Ad(f

1
2
i )(ψi) = f

1
2
i ◦ ψi ◦ f

− 1
2

i =

= (ϕ−1ij ◦ f
1
2
j ◦ ϕ

−1
ij ) ◦ (ϕ−1ij ◦ ψj ◦ ϕij) ◦ (ϕ−1ij ◦ f

− 1
2

j ◦ ϕij) =

= ϕ−1ij ◦ (f
1
2
j ◦ ψj ◦ f

− 1
2

j ) ◦ ϕij = ϕ−1ij ◦ Ad(f
1
2
i )(ψj) ◦ ϕij .

It follows that
Ad(f 1

2 )(ψ) ∈ End(E),

hence we have
Ad(f 1

2 ) : End(E) −→ End(E).

In a similar way one de�nes
Ad(f − 1

2 ) : End(E) −→ End(E).

Moreover, we de�ne a new connection Df on End(E) as follows: recall that if D0 is the Chern connection
of (E, h0), it induces the Chern connection of (End(E), End(h0)), that we still write D0 (which is a connection
on an untwisted bundle). We let

Df := Ad(f 1
2 ) ◦ D0 ◦ Ad(f −

1
2 ),
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which is again a connection on End(E) compatible with End(h0).
Finally, for f ∈ End+h0 (E) and φ ∈ Endh0 (E) we let

ηf (φ) := f −
1
2 ◦ φ ◦ f −

1
2 .

The following requires the same proof of Propositions (3.2.5) and (3.2.6) in [35]:

Lemma 5.3. Let h0 ∈ Herm+(E), (ϵ, f ) ∈ (0, 1] × LpkEnd
+
h0 (E) and φ ∈ Endh0 (E). Suppose that L̂h0 (ϵ, f ) = 0.

1. If there is α ∈ R such that dL̂h0 (ϵ, f )(φ) + αf ◦ log(f ) = 0, then

iΛg∂∂(|ηφ(f )|2) + 2ϵ|ηφ(f )|2 + |Df (ηφ(f ))|2 ≤ −2αh0(log(f ), ηφ(f )),

where h0 denotes the Hermitian metric induced by h0 on End(E).
2. We have that dL̂h0 (ϵ, f ) : LpkEndh0 (E) −→ Lpk−2Endh0 (E) is an isomorphism.

This allows us to prove the following, as done in Corollary (3.2.7) of [35]:

Proposition 5.4. Let h0 ∈ Herm+(E), and suppose that ϵ0 ∈ (0, 1] and f0 ∈ End+h0 (E) are such that Lh0ϵ0 (f0) =
0. Then there are δ > 0 and a unique di�erentiable map

f : (0, 1] ∩ (ϵ0 − δ, ϵ0 + δ) −→ End+h0 (E)

such that f(ϵ0) = f0 and Lh0ϵ (f(ϵ)) = 0 for every ϵ ∈ (0, 1) ∩ (ϵ0 − δ, ϵ0 + δ).

Now, let f1 ∈ End+h0 (E) be a solution of Lh01 = 0, and de�ne J(f1) to be the subset of (0, 1] given by all those
ϵ ∈ (0, 1] forwhich there is a di�erentiablemapf : [ϵ, 1] −→ End+h0 (E) such thatf(1) = f1 and Lh0ϵ′ (f(ϵ′)) = 0
for every ϵ′ ∈ [ϵ, 1].

By Lemma 5.2 we know that 1 ∈ J(f1), so that J(f1) ≠ ∅, and Proposition 5.4 it follows that J(f1) is an
open subset of (0, 1]. It then follows that there is a maximal open interval (ϵ0, 1] over which the perturbed
equation has a unique di�erentiable solution.

5.2 Closure of J(f1)

Let now ϵ0 ∈ [0, 1) be such that there is a unique di�erentiable map

f : (ϵ0, 1] −→ End+h0 (E)

such thatf(1) = f1 and Lh0ϵ (f(ϵ)) = 0 for every ϵ ∈ (ϵ0, 1]. We will write fϵ := f(ϵ), and by Lemma 5.2 wemay
and will suppose that det(fϵ) = 1.

The aim of this section is to show that if ϵ0 > 0, then fϵ converges to fϵ0 ∈ End+h0 (E) as ϵ converges to ϵ0,
and that Lh0ϵ0 (fϵ0 ) = 0. Proposition 5.4 allows us then to extend f to an interval of the form (ϵ1, 1] for ϵ1 < ϵ0,
contradicting the maximality of ϵ0. It will then follow that J = (0, 1].

We will let
mϵ := max

x∈X
| log(fϵ)|(x), φϵ := f′(ϵ), ηϵ := f

1
2
ϵ ◦ φϵ ◦ f

− 1
2

ϵ .

Moreover, and this will be essential in the whole section, we will suppose that E is simple.

Lemma 5.5. Let E bea simple α−twistedholomorphic vector bundle on X. For every ϵ > ϵ0wehave that Tr(ηϵ) =
0, and that there is a positive real number C(mϵ) depending only on mϵ such that

||Dfϵ (ηϵ)||2L2 ≥ C(mϵ)||ηϵ||2L2 .
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Proof. Since we supposed that det(fϵ) = 1 for every ϵ, we have

d
dϵ det(fϵ) = 0.

But as det(fϵ) = exp(Tr(log(fϵ))) (see the proof of Lemma 5.2) we get

0 = d
dϵ exp(Tr(log(fϵ))) = det(fϵ) · Tr

(
f −1ϵ ◦

d
dϵ fϵ

)
=

= Tr(f −1ϵ ◦ φϵ) = Tr(f
− 1
2

ϵ ◦ φϵ ◦ f
− 1
2

ϵ ) = Tr(ηϵ),

and the �rst point of the statement is proved.
For the second point, let ψϵ := Ad(f

1
2
ϵ )(ηϵ). By de�nition of Dfϵ and Ad(f

1
2
ϵ ) we have

|Dfϵ (ηϵ)|2 ≥ |(Dfϵ )0,1(ηϵ)|2 = |f
1
2
ϵ ◦ ∂(ψϵ) ◦ f

− 1
2

ϵ |
2 ≥ C(mϵ)|∂(ψϵ)|2.

It follows that
||Dfϵ (ηϵ)||2L2 =

∫
X

|Dfϵ (ηϵ)|2σng ≥ C(mϵ)
∫
X

|∂(ψϵ)|2σng = C(mϵ)||∂(ψϵ)||2L2 .

By de�nition we have
||∂(ψϵ)||2L2 = (∆∂(ψϵ), ψϵ)L2 .

As Tr(ηϵ) = 0 it follows that Tr(ψϵ) = 0, so ψϵ is L2−orthogonal to the identity, and hence since E is simple
to ker(∆∂) (see Remark 7.2.2 of [35]).

As ∆∂ is self-adjoint and elliptic, all its eigenvalues are non-negative. If λ1 is the smallest positive eigen-
value of ∆∂, it follows that

(∆∂(ψϵ), ψϵ)L2 ≥ λ1||ψϵ||
2
L2 .

It then follows that
||Dfϵ (ηϵ)||2L2 ≥ C′(mϵ)||ψϵ||2L2 ≥ C′(mϵ)||ηϵ||2L2 ,

and we are done.

Another important property is the following:

Lemma 5.6. Let E be a simple α−twisted holomorphic vector bundle. For every ϵ we have

max
x∈X
|φϵ|(x) ≤ C(mϵ)

for some positive real number C(mϵ) depending only on mϵ.

Proof. The proof is as the one of Proposition (3.3.3) of [35], when one has to replace Proposition (3.2.5) with
Lemma 5.3 and Lemma (3.3.1) with Lemma 5.5.

We moreover need the following two Lemmas:

Lemma 5.7. Let E be a simple α−twisted holomorphic vector bundle on X, h0 a Hermitian metric on E and
f ∈ End+h0 (E) a solution of Lh0ϵ = 0 for some ϵ > 0.

1. We have
1
2 iΛg∂∂(| log(f )|

2) + ϵ| log(f )|2 ≤ |K0g (E, h0)| · | log(f )|.

2. If m := maxx∈X | log(f )|(x), then we have

m ≤ 1ϵ max
x∈X
|K0g (E, h0)|(x).

3. There is real number C (depending only on g and h0) such that

m ≤ C(|| log(f )||L2 + max
x∈X
|K0g (E, h0)|(x))2.
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Proof. The proof is identical to that of Lemma (3.3.4) of [35].

Lemma 5.8. Let E be a simple α−twisted holomorphic vector bundle on X. Suppose that there is m ∈ R such
that mϵ ≤ m for every ϵ ∈ (ϵ0, 1]. Then for every p > 1 and every ϵ ∈ (ϵ0, 1] we have that

||φϵ||2Lp2 ≤ C(m) · (1 + ||fϵ||
2
Lp2
), ||fϵ||2Lp2 ≤ e

C(m)(1−ϵ)(1 + ||f1||2Lp2 ).

Proof. The proof is identical to that of Proposition (3.3.5) of [35], where one has to replace Proposition (3.3.3)
by Lemma 5.6.

All these results together allow us to prove the following:

Proposition 5.9. Let E be a simple α−twisted holomorphic vector bundle on X, h0 a Hermitian metric on E and
f1 a solution of Lh01 = 0. Then J(f1) = (0, 1].

Proof. The proof is identical to that of Proposition (3.3.6), point i), where one has to replace Lemma (3.3.4)
with Lemma 5.7 and Proposition (3.3.5) with Lemma 5.8.

5.3 Existence of Hermite-Einstein metrics

The �rst result we prove is the following:

Proposition 5.10. Let E be a simple α−twisted holomorphic vector bundle on X, h0 a Hermitian metric on
E and f1 ∈ End+h0 (E) a solution of the perturbed equation Lh01 = 0. Let f : (0, 1] −→ End+h0 (E) be the unique
di�erentiable solution of the perturbed equation, and suppose that there is a real number C such that ||fϵ||L2 ≤ C
for every ϵ ∈ (0, 1]. Then the equation Lh00 = 0 has a solution.

Proof. As by hypothesis we have a uniform bound for ||fϵ||L2 , then point 3 of Lemma 5.7 provides a uniform
bound for mϵ ≤ m, and hence Lemma 5.8 provides a uniform bound for ||fϵ||2Lp2 .

This implies the existence of a sequence ϵk converging to 0 such that fϵk converges weakly to some f0 ∈
Lp2End(E). The fact thatmϵ ≤ m implies that the eigenvalues of f0 take values in [e−m , em], which implies that
f0 ∈ Lp2End

+(E) (see the proof of Lemma 7.3.10 of [35]).
Nowwe know that Lp2 has a compact embedding in Lp1, hence wemay suppose that fϵk converges strongly

to f0 in Lp1End+(E).
Suppose that that Lh00 (f0) = 0. This implies that iΛg∂D1,0

0 (f0) is a multilinear algebraic expression in
f , log(f ), D1,0

0 (f ) and ∂(f ). But since f0 ∈ Lp2End(E), it follows that iΛg∂D1,0
0 (f ) ∈ Lp1End(E). The Elliptic

Regularity Theorem then implies that f0 ∈ Lp3End(E). Repeating this process, by Rellich’s Theorem we then
see that f0 ∈ A0(End(E)), i. e. f0 is a solution of Lh00 = 0.

We are then left to prove that Lh00 (f0) = 0. To do so, we just need to prove that if ζ is any smooth endomor-
phism of E, we have (Lh00 (f0), ζ )L2 = 0. Recall that Lh0ϵk (fϵk ) = 0 for every k, hence we get

(Lh00 (f0), ζ )L2 = (Lh00 (f0) − Lh0ϵk (fϵk ), ζ )L2 .

If we let Ψk := f −10 ◦ D1,0
0 (f0)f −1ϵk ◦ D1,0(fϵk ), we then see that

(Lh00 (f0), ζ )L2 = (iΛg∂(Ψk), ζ )L2 + (ϵk log(fϵk ), ζ )L2 .

Now, recall that if p � n, then the map

Lp −→ L2, f 7→ log(f )

is continuous, hence we see that (ϵk log(fϵk ), ζ )L2 converges to 0. Moreover we have

(Λg∂(Ψk), ζ )L2 =
∫
X

Tr(Λg∂(Ψk) · *ζ ) =
1
n!

∫
X

Λg(Tr(∂(Ψk) · ζ ))σng =
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= 1
(n − 1)!

∫
X

Tr(∂(Ψk) · ζ )σn−1g = 1
(n − 1)!

∫
X

Tr(Ψk ∧ ∂(ζ · σn−1g )) = (Ψk , β)L2 ,

where β ∈ A1,0(End(E)) does not depend on k.
Remark that the map

Lp1 −→ L2, f 7→ f −1 ◦ D1,0
0 (f )

is continuous (as p � n). As fϵk converges strongly to f0 in Lp1, we have that Ψk converges to 0, so (Ψk , β)L2
converges to 0. But this implies that

(Lh00 (f0), ζ )L2 = (iΛg∂(Ψk), ζ )L2 + (ϵk log(fϵk ), ζ )L2

converges to 0, i. .e (Lh00 (f0), ζ )L2 = 0 for every ζ , so Lh00 (f0) = 0.

As a consequence, if ||fϵ||L2 is uniformly bounded, then the Hermitian metric (̂f0)h0 is a g−Hermite-
Einstein metric, and hence E is g−Hermite-Einstein. In the remaining part of this section we prove that if
||fϵ||L2 are not uniformly bounded, then E is not g−stable. These two results together will prove that if E is a
g−stable α−twisted holomorphic vector bundle, then E is g−Hermite-Einstein, proving Theorem 5.1.

The main de�nition we will need is the following:

De�nition 5.11. If E is an α−twisted holomorphic vector bundle on X, an element π ∈ L21End(E) is a weakly
holomorphic α−twisted subbundle of E if π* = π = π2 and (idE − π) ◦ ∂(π) = 0 almost everywhere on X.

The reason for the name is the following:

Lemma 5.12. Let E be an α−twisted holomorphic vector bundle on X whose associated locally free α−twisted
sheaf isE. If π ∈ L21End(E) is a weakly holomorphic α−twisted subbundle of E, there is a coherent α−twisted
subsheafF ofE and an analytic subset S of X such that:

1. S has codimension at least 2 in X,
2. π|X\S ∈ A0(E|X\S) and we have π*|X\S = π|X\S = π2|X\S and (idE|X\S − π|X\S) ◦ ∂(π|X\S) = 0,
3. F|X\S is the image of π|X\S and an α−twisted holomorphic subbundle of E.

Proof. We let π = {πi}i∈I , and notice that πi ∈ L21End(Ei) is such that π*i = πi = π2i and (idEi − πi) ◦ ∂(πi) = 0
almost everywhere on Ui. As Ei as a holomorphic vector bundle on Ui, by [49] (see Theorem 3.4.3 of [35]) there
is a coherent subsheafFi ofEi and an analytic subset Si of Ui such that

1. Si has codimension at least 2 in Ui,
2. πi|Ui\Si ∈ A

0(Ei|Ui\Si ) and

π*i|Ui\Si = πi|Ui\Si = π
2
i|Ui\Si , (idEi|Ui\Si − πi|Ui\Si ) ◦ ∂(πi|Ui\Si ) = 0,

3. Fi|Ui\Si is the image of πi|Ui\Si , and a holomorphic subbundle of Ei.

Now, the fact that π is an endomorphism of E imply thatF is an α−twisted coherent sheaf and that Si ∩Uij =
Sj ∩Uij (since Si is the locus of Ui whereFi is not free). Hence the Si’s glue together to give an analytic subset
S of X of codimension at least 2, and we are done.

Before going on we need two Lemmas, and we recall that if f ∈ End+h0 (E), then for every σ ∈ (0, 1] we
may de�ne f σ ∈ End+h0 (E) (see section 2.2.1 and Lemma 2.53).

Lemma 5.13. Let E be an α−twisted holomorphic vector bundle and h0 ∈ Herm+(E). Consider f ∈ End+h0 (E)
and σ ∈ (0, 1].

1. We have
iΛg(h0(f −1 ◦ D1,0

0 (f ), D1,0
0 (f σ))) ≥ |f − σ2 ◦ D1,0

0 (f σ)|2.
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2. If there is ϵ > 0 such that Lh0ϵ (f ) = 0, then
1
σ iΛg∂∂(Tr(f

σ)) + ϵh0(log(f ), f σ) + |f −
σ
2 ◦ D1,0

0 (f σ)|2 ≤ −h0(K0g (E, h0), f σ).

Proof. The proof is as that of Lemma (3.4.4) of [35].

For ϵ > 0 and x ∈ X let λ(ϵ, x) be the largest eigenvalue of log(fϵ,x) (which is well-de�ned by Remark 2.9).
We let

Mϵ := max
x∈X

λ(ϵ, x), ρ(ϵ) := e−Mϵ .

As Tr(log(fϵ)) = 0, it follows that Mϵ grows as mϵ and ρ(ϵ) ≤ 1. The second Lemma we need is the following:

Lemma 5.14. Let E be an α−twisted holomorphic vector bundle on X, h0 ∈ Herm+(E), f1 a solution of Lh01 = 0
and f : (0, 1] −→ End+h0 (E) the unique di�erentiable map such that f(1) = f1 and Lh0ϵ (fϵ) = 0 for every
ϵ ∈ (0, 1]. If lim supϵ→0 || log(fϵ)||L2 = +∞, then:

1. for every x ∈ X, if λ is an eigenvalue of ρ(ϵ)fϵ,x, then λ ≤ 1.
2. For every x ∈ X there is an eigenvalue λ of ρ(ϵ)fϵ,x such that λ ≤ ρ(ϵ).
3. We havemaxx∈X(ρ(ϵ)|fϵ|(x)) ≥ 1.
4. If ϵk is a sequence converging to 0, then ρ(ϵk) converges to 0.

Proof. The proof is as that of Lemma (3.4.5) of [35].

The two previous Lemmas 5.13 and 5.14 allows us to produce a weakly holomorphic α−twisted subbundle
of E.

Proposition 5.15. Let E be an α−twisted holomorphic vector bundle on X, h0 ∈ Herm+(E), f1 a solution of
Lh01 = 0 andf : (0, 1] −→ End+h0 (E) the unique di�erentiable map such thatf(1) = f1 and Lh0ϵ (fϵ) = 0 for every
ϵ ∈ (0, 1]. If lim supϵ→0 || log(fϵ)||L2 = +∞, then:

1. for k → +∞ the endomorphisms ρ(ϵk)fϵk converge weakly in L21 to an element f∞ ≠ 0,
2. there is a sequence {σl}l∈N converging to 0 such that f σl∞ converge weakly in L21 to an element f 0∞,
3. letting π := idE − f 0∞, then π is a weakly holomorphic α−twisted subbundle of E.

Proof. The proof is exactly as the one of Proposition (3.4.6) of [35], where one has to replace Lemma (3.4.4) by
Lemma 5.13, Lemma (3.3.4) with Lemma 5.7, and Lemma (3.4.5) with Lemma 5.14.

Now, by Lemma 5.12 we see that the weakly holomorphic α−twisted subbundle of E de�nes an α−twisted
coherent subsheaf F ofE, and with the same proof of Corollary (3.4.7) we see that 0 < rk(F) < rk(E). We
conclude this section with the following:

Proposition 5.16. Let E be an α−twisted holomorphic vector bundle on X, h0 ∈ Herm+(E), f1 a solution of
Lh01 = 0 andf : (0, 1] −→ End+h0 (E) the unique di�erentiable map such thatf(1) = f1 and Lh0ϵ (fϵ) = 0 for every
ϵ ∈ (0, 1]. If lim supϵ→0 || log(fϵ)||L2 = +∞, then E is not g−stable.

Proof. The proof is identical to that of Proposition (3.4.8) of [35].

As a consequence we �nally conclude with the proof of Theorem 5.1

Proof. By Theorem 4.19 we have that if E is g−Hermite-Einstein, then E is g−polystable.
Conversely, if E be g−stable, then Corollary 4.17 implies that E is simple, hence by Lemma 5.2 and Propo-

sitions 5.4 and 5.9 there is a Hermitian metric h0 on E for which there is f1 ∈ End+h0 (E) which is solution of
the perturbed equation Lh01 = 0, and we let f : (0, 1] −→ End+h0 (E) be the unique di�erentiable solution of
the perturbed equation.

If there is no real number C such that ||fϵ||L2 ≤ C for every ϵ ∈ (0, 1], then

lim sup
ϵ→0

|| log(fϵ)||L2 = +∞.
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By Proposition 5.16 then E is not g−stable, which is impossible. As a consequence there must be a constant C
such that ||fϵ||L2 ≤ C for every ϵ ∈ (0, 1]. By Proposition 5.10 then E is g−Hermite-Einstein.

If now E is g−polystable, then E = E1 ⊕ · · · ⊕ Ek where E1, · · · , Ek are all g−stable of the same
g−slope. Hence E1, · · · , Ek are all g−Hermite-Einstein with the same Einstein factor, so by Proposition 3.11 E
is g−Hermite-Einstein.

The de�nition of mean curvature, of Chern classes, of degree, of g−stability and of g−Hermite-Einstein
metrics do not depend on the fact that g is a Kähler metric on X, but only on the fact that σn−1g is ∂∂−closed,
i. e. on the fact that g is a Gauduchon metric on X. By [18] we know that on every compact complex manifold
there is a Gauduchon metric.

By Remark 4.22, and by the fact that all the results of this section go through if we suppose that g is a
Gauduchon metric on X (see [35]), we conclude the following, providing a generalization of [51].

Theorem 5.17. Let X be a compact complex manifold and g a Gauduchon metric on X. An α−twisted holomor-
phic vector bundle is g−Hermite-Einstein if and only if E is g−polystable.

6 Approximate Kobayashi—Hitchin
The aim of this section is to complete the proof of the approximate Kobayashi—Hitchin correspondence for
twisted vector bundles, i. e. the following

Theorem 6.1. Let E be an α−twisted holomorphic vector bundle over a compact Kähler manifold with Kähler
metric g. Then E is g−semistable if and only if it is approximate g−Hermite-Einstein.

Theorem 4.23 tells us that if E is approximate g−Hermite-Einstein, then it is g−semistable. This section is
devoted to prove the converse, and for this we follow closely [29] and [25].

First we introduce the Donaldson Lagrangian, and show that the associated evolution equation has a
unique smooth solution onR+ once the starting Hermitian metric is �xed. As a consequence of this, we show
that if the Donaldson Lagrangian of E is bounded from below, then E is approximate g−Hermite-Einstein.

In order to prove Theorem 6.1 we will then just need to prove that the Donaldson Lagrangian for E is
bounded from below. To do so we will adapt to twisted sheaves the regularization process described in [25].

6.1 Donaldson’s Lagrangian

Let h, k ∈ Herm+(E), and consider the k−Hermitian endomorphism f k,h ∈ End(E). The determinant det(f k,h)
of f k,h is a smooth function on X, and since by Remark 2.47we know that f k,h is invertible we see that det(f k,h)
is never zero. If we let

Q1(h, k) := log(det(f k,h)),

it follows that this is a smooth function on X.

Lemma 6.2. For every h, k, l ∈ Herm+(E) we have

Q1(h, k) = −Q1(k, h), Q1(h, l) = Q1(h, k) + Q1(k, l).

Proof. By de�nition, for every h ∈ Herm+(E) we have f h,h = idE, so that Q1(h, h) = 0. Moreover, by Remark
2.47 we have f h,k = (f k,h)−1, hence Q1(h, k) = −Q1(k, h). By Remark 2.48 we moreover have f l,k ◦ f k,h = f l,h
for every h, k, l ∈ Herm+(E), hence we have

Q1(h, l) = log(det(f l,h)) = log(det(f l,k ◦ f k,h)) = log(det(f l,k) det(f k,h)) =

= log(det(f l,k)) + log(det(f k,h)) = Q1(k, l) + Q1(h, k),

and we are done.



Kobayashi—Hitchin correspondence for twisted vector bundles | 61

Consider now h ∈ ΩAh,k(E), where A is an interval in R. For every t ∈ A we let ht := h(t), which is a
Hermitian metric on E, and we let Dt be the Chern connection of (E, ht) and Rt its curvature. We then have a
function

R : A −→ A1,1(End(E)), R(t) := Rt .
Ifh is di�erentiable, we have

fh : A −→ End(E), fh(t) := f ht ,h
′
t ,

where h′t = h′(t). We know thath is a geodetic in Herm+(E) from h to k if and only if fhis constant, i. e. if and
only if ∂t fh = 0.

Since f ht ,h′t ∈ End(E) and Rt ∈ A1,1(End(E)) for every t ∈ A, we see that f ht ,h′t · Rt ∈ A1,1(End(E)). Its
trace is then a smooth (1, 1)−form on X depending on t, and we de�ne

Qh
2 (h, k) := i

∫
A

Tr(f ht ,h
′
t · Rt)dt,

a (1, 1)−form on X depending onh.
We now introduce the following notation: ifh ∈ Ωa,bh,k (E), we let

h−1 : [a, b] −→ Herm+(E), h−1(t) := h(b − t + a).

Ifh ∈ Ωh,ka,b(E) and k ∈ Ωb,ck,l (E), we de�ne

h *k : [a, c] −→ Herm+(E), h *k(t) :=
{

h(t), t ∈ [a, b]
k(t), t ∈ [b, c]

which is then an element of Ωa,ch,l (E).
We have the following:

Lemma 6.3. For every h, k, l ∈ Herm+(E) and for everyh ∈ Ωa,bh,k (E) and k ∈ Ωb,ck,l we have

Qh−1
2 (k, h) = −Qh

2 (h, k), Qh*k
2 (h, l) = Qh

2 (h, k) + Qk
2 (k, l).

Proof. Notice thath−1 ∈ Ωa,bk,h (E) and we have

(h−1)′t = (h−1)′(t) = d
dth(b − t + a) = −h

′(b − t + a) = −h′b−t+a .

By Remark 2.49 it follows that

fh
−1
(t) = f h

−1
t ,(h−1)′t = f hb−t+a ,−h

′
b−t+a = −fh(b − t + a).

Moreover, as R(h−1(t)) = Rb+a−t, we get

Qh−1
2 (k, h) = i

b∫
a

Tr(fh
−1
(t) · R(h−1(t)))dt =

= −
b∫
a

Tr(f hs ,h
′
s · Rs)ds = −Qh

2 (h, k).

The second equality in the statement is trivial.

Finally, for every h, k ∈ Herm+(E) and everyh ∈ ΩAh,k(E) we let

Lhg (h, k) :=
∫
X

(
Qh
2 (h, k) −

cg(E)
n Q1(h, k)σg

)
∧ σn−1g ,

where n is the dimension of X. The function Lhg (h, k) will be called Donaldson Lagrangian of E between h
and k alongh.

The following is an immediate consequence of Lemmas 6.2 and 6.3:
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Lemma 6.4. For every h, k, l ∈ Herm+(E) and for everyh ∈ Ωa,bh,k (E) and k ∈ Ωb,ck,l we have

Lh
−1

g (k, h) = −Lhg (h, k), Lh*kg (h, l) = Lhg (h, k) + Lkg (k, l).

6.1.1 The Donaldson Lagrangian is path-independent

In this section we prove that Lhg (h, k) does not depend onh, but only on h and k. To do so, we �rst prove the
following:

Lemma 6.5. Let h be a Hermitian metric on E andh ∈ Ωa,bh,h(E). Then

Qh
2 (h, h) ∈ ∂A0,1(X) + ∂A1,0(X).

Proof. Let a0, · · · , am ∈ [a, b] such that a0 = a, am = b and aj < aj+1 for every 0 ≤ j ≤ m − 1 be the points
whereh is not di�erentiable. Fix now k ∈ Herm+(E), and for every 0 ≤ j ≤ m consider the segment

hj : [0, 1] −→ Herm+(E), hj(t) := (1 − t)k + thaj

joining k to haj . Let h̃j := hj *h|[aj ,aj+1] *h
−1
j+1, which is a piecewise di�erentiable closed curve based at k. By

Lemma 6.3 we have
Qh̃j
2 (k, k) = Qhj

2 (k, haj ) + Q
h|[aj ,aj+1]
2 (haj , haj+1 ) − Q

hj+1
2 (k, haj+1 )

for every j = 0, · · · ,m − 1, so that

Qh̃0*···*h̃m−1
2 (k, k) =

m−1∑
j=0

Q
h|[aj ,aj+1]
2 (haj , haj+1 ) = Qh

2 (h, h).

As a consequence, if we know thatQh̃j
2 (k, k) ∈ ∂A0,1(X)+∂A1,0(X), it follows that the sameholds forQh

2 (h, h).
We then just need to prove the statement for the curve h̃j. We let ∆j := [aj , aj+1] × [0, 1] and

Hj : ∆j −→ Herm+(E), Hj(t, s) = sht + (1 − s)k,

which is a smooth function such that

• Hj(t, 0) = k for every t ∈ [aj , aj+1],
• Hj(t, 1) = ht for every t ∈ [aj , aj+1]
• Hj(aj , s) = hj(s) = (1 − s)k + shaj for every s ∈ [0, 1],
• Hj(aj+1, s) = hj+1(s) = (1 − s)k + shaj+1 for every s ∈ [0, 1].

We now let
∂sHj(t) :=

d
ds Hj(t, s)

∣∣∣∣
s=0

, ∂tHj(s) :=
d
dt Hj(t, s)

∣∣∣∣
t=0

,

which are Hermitian forms on E, and let

uj(t, s) := fHj(t,s),∂sHj(t), vj(t, s) := fHj(t,s),∂tHj(s)

Rj(t, s) := ∂(Hj(t, s)−1∂Hj(s, t)),

i. e. Rj(t, s) is the Chern curvature of (E, Hj(t, s)). We then have three functions

uj , vj : ∆j −→ End(E), Rj : ∆j −→ A1,1(End(E)).

We now de�ne a (1, 0)−form d̃Hj on ∆j with coe�cients in E* ⊗ E* as follows:

d̃Hj := ∂sHj(t) · ds + ∂tHj(s) · dt
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(notice that both ∂sHj(t) and ∂tHj(s) are Hermitian forms on E, i. e. smooth global sections of the untwisted
vector bundle E* ⊗ E*). We moreover let

H−1j d̃Hj := ujds + vjdt,

which is a (1, 0)−form on ∆j with coe�cients in End(E). We then let

H−1j d̃Hj · Rj := uj · Rjds + vj · Rjdt,

which is then a (1, 0) form on ∆j whose coe�cients are (1, 1)−forms on X with coe�cients in End(E). Finally,
let

ϕj := iTr(H−1j d̃Hj · Rj) = iTr(uj · Rj)ds + iTr(vj · Rj)dt,

which is a (1, 0)−form on ∆j whose coe�cients are (1, 1)−forms on X.
Now, we have ∫

∂∆j

ϕj =
b∫
a

(ϕj(t, 1) − ϕj(t, 0))dt +
1∫

0

(ϕj(aj , s) − ϕj(aj+1, s))ds.

As vj(t, 0) = 0, we get
ϕj(t, 0)dt = iTr(vj(t, 0) · Rj(t, 0))dt = 0.

Moreover we have

ϕj(aj , s)ds = iTr(uj(aj , s) · Rj(aj , s))ds = iTr(fhj(s),h′
j (s) · Rj(hj(s)))ds,

ϕj(aj+1, s)ds = iTr(uj(aj+1, s) · Rj(aj+1, s))ds =

= iTr(fhj+1(s),h′
j+1(s) · Rj(hj+1(s)))ds,

ϕj(t, 1)dt = iTr(vj(t, 1) · Rj(t, 1))dt = iTr(fh(t),h
′(t) · Rj(h(t)))dt.

It then follows that ∫
∂∆j

ϕj = Q
hj
2 (haj , k) + Q

h|[aj ,aj+1]
2 (haj , haj+1 ) − Q

hj+1
2 (haj+1 , k).

We then have
Qh̃j
2 (k, k) =

∫
∂∆j

ϕj =
∫
∆j

d̃ϕj ,

and we just need to prove that ∫
∆j

d̃ϕj ∈ ∂A0,1(X) + ∂A1,0(X).

To do so, we start by letting

αj : ∆j −→ A0,1(X), αj(s, t) := iTr(vj(s, t) · ∂uj(s, t)).

We notice that for every s, t ∈ ∆j we have v(s, t), u(s, t) ∈ End(E), so that v(s, t) · ∂u(s, t) ∈ A0,1(End(E)),
and its trace is then a (0, 1)−form on X.

For every (s, t) ∈ ∆j let Dj(s, t) be the Chern connection of (E, Hj(s, t)), whose curvature is Rj(s, t). We
then have D0,1

j (s, t) = ∂, so
αj(s, t) = iTr(vj(s, t) · D0,1

j (s, t)uj(s, t)).

It follows that
∂αj = iTr(D1,0

j vj ∧ D0,1
j uj + vj · D1,0

j D0,1
j uj).

Similarly, we have
αj : ∆j −→ A1,0(X),
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and
∂αj = −iTr(D0,1

j vj ∧ D1,0
j uj + vj · D0,1

j D1,0
j uj).

As a consequence we see that

∂αj + ∂αj = iTr(−D0,1
j D1,0

j (vj · uj) + (D0,1
j D1,0

j vj) · uj + vj · (D1,0
j D0,1

j uj)).

Or aim is to prove that

d̃ϕj = −(∂αj + ∂αj)ds ∧ dt + i∂∂Tr(vj · uj)ds ∧ dt,

which will then conclude the proof. In order to do this we need the following formulas:

∂sRj = D0,1
j D1,0

j uj , ∂tRj = D0,1
j D1,0

j vj ,

∂tuj = −vj · uj + fHj ,∂t∂sHj , ∂svj = −uj · vj + fHj ,∂s∂tHj

(the last two formulas are immediate from the de�nition of uj and vj, while the �rst two formulas may be
proved locally as in the proof of Lemma 3.6 in Chapter VI of [29], and then by gluing the local formulas since
the B−�eld B does not depend neither on t nor on s).

Now recall that
ϕj(s, t) = iTr(uj · Rj)ds + iTr(vj · Rj)dt, d̃ = ∂sds + ∂tdt,

hence we have
d̃ϕj = iTr(−∂tuj · Rj − uj · ∂tRj + ∂svj · Rj + vj · ∂sRj)ds ∧ dt =

= iTr(−vj(D1,0
j D0,1

j + D0,1
j D1,0

j )uj + vjD0,1
j D1,0

j uj − ujD0,1
j D1,0

j vj)ds ∧ dt.

The formula we are looking for then follows immediately.

The previous result has an important corollary, which tells us that the Donaldson Lagrangian between
two Hermitian metrics does not depend on the chosen path.

Corollary 6.6. Let h, k ∈ Herm+(E). For i = 1, 2 and ai < bi two real numbers, let hi ∈ Ωai ,bih,k (E). Then
Lh1
g (h, k) = Lh2

g (h, k).

Proof. Considerh := h1 *h−12 ∈ Ωa,bh,h(E). We then have

Lhg (h, h) =
∫
X

(
Qh
2 (h, h) −

cg(E)
n Q1(h, h)σg

)
∧ σn−1g .

Lemma 6.2 we get Q1(h, h) = 0, and hence

Lhg (h, h) = i
∫
X

( b∫
a

Tr(f ht ,h
′
t · Rt)dt

)
∧ σn−1g .

Now, by Lemma 6.5 there are a (0, 1)−form ϕ and a (1, 0)−form ψ such that

i
b∫
a

Tr(f ht ,h
′
t · Rt)dt = ∂ϕ + ∂ψ,

hence
Lhg (h, h) =

∫
X

(∂ϕ + ∂ψ) ∧ σn−1g = 0.

But now notice that by Lemma 6.4 we have

Lhg (h, h) = Lh1
g (h, k) − Lh2

g (h, k),

which concludes the proof.
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As a consequence on the previous Corollary we will be allowed to use the notation Lg(h, k) instead of
Lhg (h, k), that will simply be called Donaldson Lagrangian between h and k. In particular, for every k ∈
Herm+(E) we get a function

Lg,k : Herm+(E) −→ R, Lg,k(h) := Lg(h, k),

called Donaldson Lagrangian at k.

6.1.2 Critical points of the Donaldson Lagrangian

We now want to relate the Donaldson Lagrangian and Hermite-Einstein metrics. We �rst need the following:

Lemma 6.7. Leth be a di�erentiable curve in Herm+(E) and k ∈ Herm+(E). For every t consider the segment
kt in Herm+(E) connecting ht and k. Then we have

∂tQ1(ht , k) = Tr(f ht ,h
′
t ),

∂tQkt
2 (ht , k) = iTr(f ht ,h

′
t · Rt) mod ∂A0,1(X) + ∂A1,0(X).

Proof. Along the proof of Lemma 6.5 we proved that if h : [a, b] −→ Herm+(E) is a piecewise di�erentiable
curve and k ∈ Herm+(E), we have

i
b∫
a

Tr(f hs ,h
′
s · Rs)ds + Qka

2 (ha , k) − Qkb
2 (hb , k) ∈ ∂A0,1(X) + ∂A1,0(X).

This holds for every t ∈ [a, b], and if we derive this with respect to t we get the statement.

Using this, we are able to prove the following:

Lemma 6.8. Leth be a di�erentiable curve in Herm+(E), and �x k ∈ Herm+(E). Then we have

∂tLg,k(ht) =
1
n!

∫
X

Tr((Kg(E, ht) − cg(E) · idE) ◦ f ht ,h
′
t )σng .

Proof. By de�nition of Lg,k(ht) and Lemma 6.7 we have

∂tLg,k(ht) =
∫
X

(
iTr(f ht ,h

′
t · Rt) −

cg(E)
n Tr(f ht ,h

′
t )σg

)
σn−1g

(n − 1)! .

Since, by de�nition, we have
iRt ∧ σn−1g = 1

n Kg(E, ht)σ
n
g ,

we then get
∂tLg,k(ht) =

1
n!

∫
X

(Tr(f ht ,h
′
t ◦ Kg(E, ht)) − cg(E)Tr(f ht ,h

′
t ))σng ,

which proves the statement.

Let h be a di�erentiable curve in Herm+(E) and let K̂g(E, ht) be the mean curvature Hermitian form of
(E, ht): we notice that K̂g(E, ht) − cg(E)ht is a Hermitian form on E as well. Recall that for every t we have that
h′t is a Hermitian form on E, hence h′t and K̂g(E, ht) − cg(E)ht are both tangent vectors of Herm+(E) at ht.

Recall that Kg(E, ht) is a ht−Hermitian endomorphism by Lemma 3.5: by Example 2.54 we then get

Kg(E, ht) = f ht ,K̂g(E,ht),

so
Kg(E, ht) − cg(E)idE = f ht ,K̂g(E,ht) − cg(E)f ht ,ht = f ht ,K̂g(E,ht)−cg(E)ht .
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But this implies that ∫
X

Tr((Kg(E, ht) − cg(E) · idE) ◦ f ht ,h
′
t )σng =

=
∫
X

Tr(f ht ,K̂g(E,ht)−cg(E)ht ◦ f ht ,h
′
t )σng = (K̂g(E, ht) − cg(E)ht , h′t)ht ,

where the last is the Riemannian metric at ht. Lemma 6.8 then gives

∂tLg,k(ht) = (K̂g(E, ht) − cg(E)ht , h′t)ht .

This allows us to conclude the following:

Proposition 6.9. Let k ∈ Herm+(E). An element h ∈ Herm+(E) is a critical point for Lg,k if and only if (E, h)
is g−Hermite-Einstein.

Proof. The point h is critical for Lg,k if and only if for every di�erentiable curveh from h we have that

d
dt Lg,k(ht)

∣∣∣∣
t=0

= 0.

The previous discussion shows that h is critical for Lg,k if and only if

(K̂g(E, h) − cg(E)h, h′0)h = 0.

As this has to be veri�ed for every di�erentiable curveh from h, this happens if and only if K̂g(E, h)−cg(E)h =
0, i. e. if and only if (E, h) is g−Hermite-Einstein.

6.2 The evolution equation

Let now k ∈ Herm+(E), and consider h : [a, b] −→ Herm+(E) a curve of Hermitian metrics on E. Consider
the function

Lg,k : Herm+(E) −→ R,

and let us look at its di�erential dLg,k: for a given h ∈ Herm+(E), we have a linear map

dLg,k,h : ThHerm+(E) −→ R.

In particular, for every t ∈ [a, b] we have h′t ∈ ThtHerm+(E), and we may calculate the value of dLg,k,ht
on h′t. By de�nition of the di�erential, and by the discussion in the previous section, we have

dLg,k,ht (h
′
t) = ∂tLg,k(ht) = (K̂g(E, ht) − cg(E)ht , h′t)ht .

Let now gradLg,k be the gradient of Lg,k, i. e. the vector �eld on Herm+(E) which is dual to the di�erential
form dLg,k: the previous formula gives then

gradLg,k(ht) = K̂g(E, ht) − cg(E)ht .

We now consider the evolution equation

∂th = −gradLg,k(h) = −(K̂g(E,h) − cg(E)h)

in terms of Hermitian forms, or equivalently

fh = −(Kg(E,h) − cg(E)idE)

in terms of endomorphisms. Our present aim is to study the solutions of the evolution equation for a given
k ∈ Herm+(E): we will show that there is always a unique smooth solution h : [0, +∞) −→ Herm+(E) with
h(0) = k.



Kobayashi—Hitchin correspondence for twisted vector bundles | 67

6.2.1 Uniqueness and convergence of solutions

The �rst result is about uniqueness. More precisely, we prove the following:

Proposition 6.10. Let k ∈ Herm+(E).

1. If h1,h2 : [0, a) −→ Herm+(E) are two smooth solutions of the evolution equation (for the given k) such
that h1,0 = h2,0, then h1,t = h2,t for every t ∈ [0, a).

2. Ifh : [0, a) −→ Herm+(E) is a smooth solution of the evolution equation (for the given k), then ht converges
uniformly in the C0−topology to a Hermitian metric ha as t converges to a.

Proof. Fix b < a and let ∆ := [0, b] × [0, 1]. We let t be the variable of [0, b] and s the variable on [0, 1], and
we de�ne

H : ∆ −→ Herm+(E), H(t, s) := (1 − s)h1,t + sh2,t ,

which is a smooth function. Notice that H(t, 0) = h1,t and H(t, 1) = h2,t.
As in the proof of Lemma 6.5, we let

u(t, s) := fH(t,s),∂sH(t,s), v(t, s) := fH(t,s),∂tH(t,s),

so that we get
u, v : ∆ −→ A0(End(E)),

i. e. u(t, s) and v(t, s) are endomorphisms of E for every (t, s) ∈ ∆. We moreover let

R : ∆ −→ A1,1(End(E))

be the function mapping (t, s) ∈ ∆ to the Chern curvature R(t, s) of (E, H(t, s)).
As already remarked in the proof of Lemma 6.5, we have

∂sR = D0,1D1,0u, ∂tR = D0,1D1,0v,

∂tu = −v · u + fH(t,s),∂t∂sH(t,s), ∂sv = −u · v + fH(t,s),∂s∂tH(t,s)

where D = D1,0 +D0,1 is the family of Chern connections de�ned by H on E. We notice that D0,1 = ∂, i. e. D0,1

does not depend neither on t nor on s, while D1,0 varies with (t, s).
If we �x t0 ∈ [0, b], for every s ∈ [0, 1] we have u(t0, s) ∈ End(E). Hence we have u(t0, s)2 = u(t0, s) ◦

u(t0, s) ∈ End(E), thus Tr(u(t0, s)2) is a smooth function on X for every s. We then let

et0 :=
1
2

1∫
0

Tr(u(t0, s)2)ds,

which is then a smooth function on X: for every x ∈ X, the value et0 (x) is the energy (with respect to the
Riemannian metric) of the path H(t0, s)x running in Herm+(Ex) from h1,t0 ,x to h2,t0 ,x. We then notice that

et0 : X −→ R+,

and we have et0 (x) = 0 if and only it h1,t0 ,x = h2,t0 ,x. Finally, we let

e : [0, b] −→ C∞(X), e(t) := et .

Suppose now that for every t0 ∈ [0, b] and every x ∈ X the path H(t0, s)x is a geodetic in Herm+(Ex). As
shown in the proof of Lemma 6.5, we have that u(t, s) = u(t) does not depend on s, i. e. ∂su = 0. Moreover,
we have

∂sv = −u · v + fH(t,s),∂s∂tH(t,s).
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As a consequence we have

∂te =
1
2

1∫
0

Tr(∂tu · u + u · ∂tu)ds =
1∫

0

Tr(u · ∂tu)ds.

Since
∂tu = −v · u + fH(t,s),∂t∂sH(t,s),

we get

∂te =
1∫

0

Tr(−u · v · u + u · fH(t,s),∂t∂sH(t,s))ds =
1∫

0

Tr(u∂sv)ds.

Integrating by parts and using ∂su = 0 we then get

∂te = Tr(u(t) · (v(t, 1) − v(t, 0))) = Tr(u(t) · (f h2,t ,h
′
2,t − f h1,t ,h

′
1,t )).

As we are supposing thath1 andh2 are two solutions of the evolution equation, we have that

fh2 = Kg(E, h2,t) − cg(E)idE , fh1 = Kg(E, ht) − cg(E)idE .

We then get
∂te = Tr(u · (Kg(E, h2,t) − Kg(E, h1,t))).

Similar calculations give that

∂∂e = −
1∫

0

Tr(D1,0u ∧ D0,1u)ds + Tr(u · (R(h2,t) − R(h1,t))),

where R(h) denotes the Chern curvature of (E, h). Notice that ∂∂e is then a (1, 1)−form on X, so we may
consider iΛg(∂∂e), which is a smooth function on X: we will write�ge := iΛg(∂∂e), and we have

�ge = −
1∫

0

|D1,0u|2ds + Tr(u · (Kg(E, h2,t) − Kg(E, h2,t))).

As a consequence we see that

∂te +�ge = −
1∫

0

|D1,0u|2ds ≤ 0.

Let us now consider the function

m : [0, b] −→ R, m(t) := max
x∈X

(et(x)).

By the Maximum Principle for Parabolic Equations (see Lemma 4.1 in Chapter VI of [29]) we know that the
function m is monotone decreasing in t.

Now, consider m(0) = maxx∈X e0(x): recall that e0(x) is the energy of the path H(0, s)x in Herm+(Ex)
connecting h1,0,x and h2,0,x. Since h1,0 = h2,0 by hypothesis, we then get e0 = 0, so that m(0) = 0. Since m
is monotone decreasing, it follows that m(t) ≤ 0 for every t ∈ [0, b], so that et(x) ≤ 0 for every t ∈ [0, b] and
every x ∈ X. But since et(x) ≥ 0, we then get et(x) = 0 for every x ∈ X and every t ∈ [0, b], i. e. h1,t = h2,t for
every t ∈ [0, b]. Since this holds for every b < a, we then see that h1 = h2, completing the proof of the �rst
point of the statement.

For the second point, let x ∈ X and consider t, t′ ∈ [0, a). We let ρx(t, t′) be the distance between ht,x
and ht′ ,x. Moreover, we let ex(t, t′) be the energy of the (unique) geodesic path in Herm+(Ex) connecting ht,x
to ht′ ,x. We have

ex(t, t′) = 1
2ρx(t, t

′)2.
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Since the Riemannianmetric is complete, in order to prove the statement we just need to prove that the family
{ht}t∈[0,a) is uniformly Cauchy, i. e. that for every ϵ > 0 there is δ > 0 such that for every t, t′ ∈ [0, a) such
that |t − t′| < δ we have

max
x∈X

ex(t, t′) < ϵ.

Fix then ϵ > 0. Recall that the family {ht}t∈[0,a) is continuous at 0, hence there is δ > 0 such that for every
τ ∈ [0, δ) we have

max
x∈X

ex(0, τ) < ϵ.

Take now any two t, t′ ∈ [0, a) such that t < t′ and t′ − t < δ. Write τ := t′ − t ∈ [0, δ). Let

h1 : [0, a) −→ Herm+(E), h1(s) := h(s + τ),

so that in particular h1,t = ht′ . Consider the function

f : X × [0, a) −→ R, f (x, t) := ex(t, t′).

If we let
H : ∆ −→ Herm+(E), H(t, s) := (1 − s)ht + sh1,t ,

consider the energy function e : [0, a) −→ C∞(X) associated to H (that we used in the previous part of the
proof), i. e. the function mapping t ∈ [0, a) to the energy function et : X −→ R+, de�ned by letting et(x) be
the energy of the path H(t, s)x in Herm+(Ex) connecting ht,x to h1,t,x = ht+τ,x = ht′ ,x. We then see that for
every x ∈ X and every t ∈ [0, a) we have et(x) = f (x, t).

But now we know from the previous part of the proof that the function

m : [0, a) −→ R, m(t) := max
x∈X

f (x, t) = max
x∈X

et(x)

is monotone decreasing in t. This implies that

max
x∈X

ex(t, t′) = max
x∈X

f (x, t) ≤ max
x∈X

f (x, 0) = max
x∈X

ex(0, τ) < ϵ,

and we are done.

Proposition 6.10 tells us that if the evolution equation has a smooth solution h over an interval [0, a),
then this solution is unique and may be extended to a continuous familyh de�ned over [0, a].

6.2.2 Short-time solution

We now want to show that given two Hermitian metrics h, k on E, then there are δ > 0 and h : [0, δ] −→
Herm+(E) which solves the evolution equation (with respect to k) and which is such that h0 = h.

If k : [0, a] −→ Herm+(E) is a smooth curve, we let

Rk : [0, a] −→ A1,1(End(E)), Rk(t) := Rkt ,

were Rkt is the Chern curvature of (E, kt), and

K̂k : [0, a] −→ Herm(E) K̂k(t) := K̂g(E, kt).

Moreover, we let
Pk : [0, a] −→ Herm(E), Pk(t) := k′t + K̂g(E, kt) − cg(E)kt .

Consider now a smooth curve h : [0, a] −→ Herm+(E), and let v : [0, a] −→ Herm(E). For s � 1 we
have that ht + svt ∈ Herm+(E) for every t ∈ [0, a], i. e. we have

h + sv : [0, a] −→ Herm+(E).
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We viewh, v,h + sv as smooth global sections of π*HE. We will let

Ph(v) := Ph+v

for every v such thath + v is a family of Hermitian metrics.
For every global section v of π*HE we let

dPh(v) := lim
s→0

Ph(v) − Ph(0)
s .

It is easy to see that
dPh(v) = v′ + d

ds K̂h+sv

∣∣∣∣
s=0
− cg(E)v.

Notice that fh,v is a smooth family of endomorphisms of E. Then iΛg∂∂fh,v is a family of endomorphisms
of E, and the family of Hermitian forms associated to it and toh will be denoted�hv.

By Lemma 3.6 we have that
d
ds K̂h+sv

∣∣∣∣
s=0

= �hv,

so that
dPh(v) = v′ +�hv − cg(E)v,

i. e.
dPh = ∂t +�h − cg(E) · idHerm(E).

If v ∈ Lpq(X/0, a, HE), then dPh(v) ∈ Lpq−2(X/0, a, HE), i. e. we may view dPh as a linear operator

dPh : Lpq(X/0, a, HE) −→ Lpq−2(X/0, a, HE).

The proof of the following is as that of Lemma 6.5 in Chapter VI of [29].

Lemma 6.11. Let p ≥ 2n + 2 and q ≥ 2. Then

dPh : Lpq(X/0, a, HE) −→ Lpq−2(X/0, a, HE)

is an isomorphism.

As a consequence we get the following:

Proposition 6.12. Let E be an α−twisted holomorphic vector bundle on a compact Kähler manifold X. There is
δ > 0 such that the evolution equation has a smooth solutionh : [0, δ] −→ Herm+(E).

Proof. Let a > 0 and choose a Hermitian metric h on E. Let

k : [0, a] −→ Herm+(E), k(t) := h

be the constant function of value h. Consider an integer p > 2n + 2, where 2n is the real dimension of X. We
know by Lemma 6.11 that

dPk : Lp2(X/0, a, HE) −→ Lp0(X/0, a, HE)

is an isomorphism.
The Implicit Function Theorem implies that Pk maps a neighborhood U of 0 ∈ Lp2(X/0, a, HE) onto a

neighborhood U′ of Pk(0) in Lp0(X/0, a, HE). Let now

w : [0, a] −→ Herm(E), w(t) :=
{

0, t ∈ [0, δ]
Pk(0), t ∈ (δ, a]

for some δ > 0 such thatw ∈ U′ (which is possible if δ � 1).
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But then there is v ∈ U such that Pk(v) = w. De�ne then

h := k + v : [0, δ] −→ Herm+(E).

Notice that asw|[0,δ] = 0, we get

0 = w|[0,δ] = Pk(v)|[0,δ] = P(h) = h′ + K̂h − cg(E)h,

so that
h′ = −(K̂h − cg(E)h),

i. e. h is a solution of the evolution equation. The fact that h is smooth can be proved exactly as in 7.1 in
Chapter VI of [29].

We then see that the evolution equation has always a unique smooth solution for short time intervals
[0, δ] (for δ � 1).

6.2.3 All-time solution

The aim of this section is the show that the unique smooth solution of the evolution equation for a short time
interval found in the previous section can be extended to a unique smooth solution on [0, +∞).

Let now h : [a, b] −→ Herm+(E) be a family of Hermitian metrics on an α−twisted holomorphic vector
bundle E, and suppose it is a solution of the evolution equation, i. e.

h′ = −(K̂g(E,h) − cg(E)h).

For every t ∈ [a, b] let ht = h(t), and write ht = {ht,i} where ht,i is a Hermitian metric on Ei and we have

ht,i = Tϕijht,jϕij .

LetDt be theChern connectionof (E, ht), so thatDt = {Dt,i}whereDt,i is theChern connectionof (Ei , ht,i).
For every i ∈ I consider ∂tDt,i: if Γt,i is the connection form of Dt,i with respect to a given local frame, we have

Γt,i = ϕ−1ij Γt,jϕij + ϕ−1ij dϕij + ωij idEi ,

we see that
∂tΓt,i = ϕ−1ij ∂tΓt,jϕij ,

so the ∂tDt,i’s glue together to give ∂tDt ∈ A1,0(End(E)).
Now, for every i ∈ I we have

∂tDt,i = ∂t(h−1t,i · ∂ht,i) = −h−1t,i ∂tht,i · ∂ht,i + h−1t,i ∂∂tht,i .

As h is a solution of the evolution equation, we have ∂tht = −(K̂t − cght), where we let K̂t := K̂g(E, ht) and
cg = cg(E). Restricting to Ei we get

∂tht,i = −(K̂t|Ei − cght,i).

We then get
∂tDt,i = h−1t,i (K̂t|Ei − cg(E)ht,i)∂ht,i − h

−1
t,i ∂(K̂t|Ei − cght,i) =

= h−1t,i (K̂t|Ei − cght,i) · h
−1
t,i ∂ht,i − ∂(h−1t,i (K̂t|Ei − cght,i)) − h

−1
t,i ∂ht,i · h−1t,i (K̂t|Ei − cg(E)ht,i).

Notice now that
h−1t,i (K̂t|Ei − cght,i) = Kt|Ei − cg(E)idEi ,

where Kt = Kg(E, ht), and that h−1t,i ∂ht,i = Dt,i, hence we get

∂tDt,i = (Kt|Ei − cg idEi ) · Dt,i − ∂(Kt|Ei − cg idEi ) − Dt,i · (Kt|Ei − cg(E)idEi ) =
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= −D1,0
t,i (Kt|Ei − cg(E)idEi ) = −D

1,0
t,i (Kt|Ei ),

where D1,0
t,i here denotes the (1, 0)−part of the Chern connection induced by Dt,i on End(Ei).

As the Kt|Ei ’s glue together to give Kt of E, and as D1,0
t,i is the restriction to Ei of the (1, 0)−part of the Chern

connection of (End(E), End(h)), we then see that

∂tDt = −D1,0
t Kt .

Now, if V is any holomorphic vector bundle, h is a Hermitian metric on it and D is the Chern connection
of (V , h), we let

δ0,1h : Ap,q(V) −→ Ap,q−1(V), δ0,1h (σ) := − * (D0,1(*σ)).

Recall that (see section 2 in Chapter III of [29])

ΛgD1,0 − D1,0Λg = iδ0,1h .

Lemma 6.13. We have D1,0
t Kt = δ0,1ht Rt.

Proof. In the statement Rt is the Chern curvature of (E, ht). The Hermitian metric ht induces a Hermitian
metric End(ht) on End(E), whose Chern connection is the connection induced by the Chern connection Dt of
(E, ht).

The Bianchi identity (see Lemma 3.1) gives DtRt = 0. We then get

D1,0
t Kt = D1,0(iΛgRt) = iD1,0

t ΛgRt = i(−iδ0,1ht + ΛgD1,0)Rt =

= δ0,1ht Rt + iΛg(D
1,0
t Rt) = δ0,1ht Rt ,

and we are done.

Since ∂tDt = −D1,0
t Kt, Lemma 6.13 gives ∂tDt = −δ0,1ht Rt. Now, let

�h := ∂δ0,1h − δ0,1h ∂.

Corollary 6.14. We have ∂tRt = −�htRt and ∂tKt = −�htKt. Moreover, we have

(∂t +�ht )Tr(Rt) = 0.

Proof. To prove the statement, recall that Rt|Ei = Rt,i − Bi · idEi , so that ∂tRt|Ei = ∂tRt,i. Hence

(∂tRt)|Ei = ∂tRt,i = ∂t∂Dt,i = ∂∂tDt,i = ∂(∂tDt)|Ei = −∂(δ
0,1
ht Rt)|Ei .

Hence we get
∂tRt = −∂δ0,1ht Rt = −�htRt + δ

0,1
ht ∂Rt = −�htRt .

Applying iΛg we get ∂tKt = −�htKt, and taking the trace we get the last part of the statement.

Now, leth : [0, a) −→ Herm+(E) be a solution of the evolution equation for some a > 0, whose existence
is known since Proposition 6.12. Let

f : X × [0, a] −→ R, f (x, t) := |Rt|2(x),

and for k ≥ 0 we let
fk : X × [0, a] −→ R, fk(x, t) := |Dkt Rt|2(x),

whereDkt is the composition of k copies ofDt. The followingmay be proved exactly as in Lemma8.7 in Chapter
VI of [29], using Corollary 6.14 in place of equation (8.5), and Lemma 6.13 in place of equation (8.4) therein.
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Lemma 6.15. There are real numbers c, ck ∈ R depending only on g such that

(∂t +�ht )f ≤ c(f
3
2 + f ),

(∂t +�ht )fk ≤ ck f
1
2
k

(∑
i+j=k

f
1
2
i (f

1
2
j + 1)

)
.

Moreover, we have (∂t +�ht )|Kt|2 ≤ 0.

As a consequence, we get the following:

Corollary 6.16. Let E be an α−twisted holomorphic vector bundle and consider a smooth solutionh : [0, a) −→
Herm+(E) of the evolution equation.

1. The functions
sR : [0, a) −→ R, sR(t) := sup

x∈X
|Tr(Rt)|(x),

and
sK : [0, a) −→ R, sK(t) := sup

x∈X
|Kt|(x)

are both monotone decreasing, and in particular bounded.
2. If there is β ∈ R such that |Rt|(x) ≤ β for every x ∈ X and t ∈ [0, a), then for each k ∈ N there is βk ∈ R

such that |Dkt Rt|(x) ≤ βk for every x ∈ X and t ∈ [0, a).

Proof. By Corollary 6.14 we know that (∂t + �ht )|Tr(Rt)| = 0, and by Lemma 6.15 we know that that (∂t +
�ht )|Kt|2 ≤ 0. It then follows from the Maximum Principle for Parabolic Equations (see Lemma 4.1 in Chapter
VI of [29]) that both sR and sK are monotone decreasing functions.

For the remaining part, we proceed by induction on k. If k = 1, this is the hypotesis. Consider now k ∈ N,
and suppose that for every j < k there is a constant βj such that |DjtRt|(x) ≤ βj for every x ∈ X and t ∈ [0, a),
i. e. f

1
2
j (x, t) ≤ βj for every (x, t) ∈ X × [0, a). By Lemma 6.15 there is then a constant Ak such that

(∂t +�ht )fk ≤ Ak(1 + fk).

Now, consider the following Cauchy problem{
(∂t +�ht )(u) = Ak(1 + u)
u(0) = fk(0)

and notice that (∂t +�ht )(u) = (∂t +�ht )(1 + u). The di�erential equation is linear in 1 + u, hence the Cauchy
problem has a unique smooth solution ũ de�ned for every t ≥ 0.

An easy calculation then shows

(∂t +�ht )((fk − ũ)e
−Ak t) = e−Ak t((∂t +�ht )(fk) − Ak(fk + 1)) ≤ 0.

But then the Maximum Principle for Parabolic Equation (see Lemma 4.1 in Chapter VI of [29]) gives us that
the function

g : [0, a) −→ R, g(t) := sup
x∈X

((fk(t) − ũ(t))e−Ak t)

is monotone decreasing. As fk(0) = ũ(0) we get that g(0) = 0, so that g(t) ≤ 0 for every t ∈ [0, a). Since
e−Ak t > 0 for every t, it follows that fk(t) ≤ ũ(t) for every t, and hence the statement holds.

Another useful consequence of Lemma 6.15 is the following, whose proof is identical to that of Lemma
8.16 in Chapter VI of [29]:

Lemma 6.17. Let E be an α−twisted holomorphic vector bundle and consider a smooth solution h : [0, a) −→
Herm+(E) of the evolution equation. If there is q > 3n for which |Rt| is uniformly bounded in Lq(X) (i. e. inde-
pendently of t), then |Rt| is uniformly bounded in L∞(X).
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This allows us to prove the following:

Lemma 6.18. Let E be an α−twisted holomorphic vector bundle and consider a smooth solutionh : [0, a) −→
Herm+(E) of the evolution equation. We let

R : [0, a) −→ C∞(X), R(t) := |Rt|.

Suppose that:

1. ht converges in the C0−topology to a Hermitian metric ha for t converging to a;
2. the function supx∈X |Kt|(x) is uniformly bounded on [0, a).

Then for p < +∞, we have that h is bounded in C1(X, a, HE) and in Lp2(X, a, HE), and that R is bounded in
Lp(X, a).

Proof. The proof is almost identical to that of Lemma8.22 in Chapter VI of [29]. Suppose thath is not bounded
in C1(X, a, HE). This implies that there is a sequence {tk}k∈N of points in [0, a) with the two following prop-
erties:

1. limk→+∞ tk = a and
2. if we let Mk := supx∈X |∂htk |, then limk→+∞Mk = +∞.

We let xk ∈ X be a point where |∂htk | attains its maximum Mk. Taking a subsequence we may suppose that
limk→+∞ xk = x0 ∈ X. Let i0 ∈ I be such that x0 ∈ Ui0 , and choose an open neighborhood U of x0 contained
in Ui0 . Fix local holomorphic coordinates z1, · · · , zn on U.

Choose a local frame s of Ei0 over U, and represent Kt|U by a matrix of smooth functions whose entries
are denoted Kt,rs, and ht,i0 by a matrix Ht,i0 of smooth functions whose entries are denoted ht,i0 ,pq. We let
hpqt,i0 be the entries of H−1t,i0 , and represent the Kähler metric g by a matrix G on U, whose entries are denoted
gαβ. We let gαβ be the entries of G−1.

The proof now follows the same lines as that of Lemma 8.22 in Chapter VI of [29], where one has to replace
the formula (8.23) therein (expressing K̂t in terms of ht) with the following formula

K̂t,rs = ∆(ht,i0 ,rs) +
n∑

α,β=1

r∑
p,q=1

gαβhpqt,i0∂αht,i0 ,rq∂βht,i0 ,ps − iΛgBi0ht,i0 ,rs , (1)

where
∆ = −

∑
α,β

gαβ ∂2
∂zα∂zβ

,

and
∂α = ∂

∂zα
, ∂β =

∂
∂zβ

.

The proof works since Bi0 does not depend on t, so iΛgBi0 is bounded on [0, a).

We are now in the position to prove the main result of this section:

Proposition 6.19. Let E be an α−twisted holomorphic vector bundle over a compact Kähler manifold and let
h0 be a Hermitian metric on E. Then the evolution equation has a unique smooth solution h : [0, +∞) −→
Herm+(E) such thath(0) = h0.

Proof. Proposition 6.10 gives unicity, and Proposition 6.12 gives a smooth solution h : [0, a) −→ Herm+(E)
of the evolution equation for some a ∈ R. Suppose now that [0, a) is the largest interval on which a solution
exists.

By point 2 of Proposition 6.10 we know that ht converges in the C0 topology to a Hermitian metric ha as
t converges to a. By point 1 of Corollary 6.16 we know that supx∈X |Kt|(x) is bounded on [0, a). We then may
apply Lemma 6.18, getting that h is bounded in C1(X, a, HE), and that R is bounded in Lp(X, a) for every
p < +∞.



Kobayashi—Hitchin correspondence for twisted vector bundles | 75

The boundedness ofR implies by Lemma 6.17 that |Rt| is uniformly bounded in L∞ on [0, a), so Point 2
of Corollary 6.16 implies that for every k the functions |Dkt Rt| are uniformly bounded for t ∈ [0, a).

The boundedness of the family h allows us to show that h is bounded in Ck(X, a, HE) for every k ∈ N.
The proof goes by induction on k. Suppose thath is bounded in Ck−1(X, a, HE). Then the families of the �rst
order partial derivatives of ht are bounded in Ck−2(X, a, HE). Since K̂t is uniformly bounded in Cl(X, a, HE)
for all l ∈ N, and hence in particular in Ck−2(X, a, HE), equation (1) and Elliptic Regularity imply that h is
bounded in Ck(X, a, HE).

It follows that h is bounded in C∞(X, a, HE). But since ht converges to ha in the C0−topology, it follows
that the convergence is in the C∞−topology, i. e. we can extendh : [0, a) −→ Herm+(E) to a smooth solution
over [0, a].

By Proposition 6.12, starting with ha wemay extendh to a unique smooth solution of the evolution equa-
tion de�ned over [a, a′) for some a′ > a, and hence we extend h to a smooth solution on [0, a′). But this
contradicts the fact that [0, a) is the largest interval over whichh exists, concluding the proof.

6.2.4 Properties of the solution

The main property we show in this section is the following:

Proposition 6.20. Let E be an α−twisted holomorphic vector bundle and h : [0, +∞) −→ Herm+(E) be a
smooth solution of the evolution equation.

1. For every k ∈ Herm+(E) the function

Lg,k,h : [0, +∞) −→ R Lg,k,h(t) := Lg,k(ht)

is monotone decreasing.
2. The function

mK : [0, +∞) −→ R, mK(t) := max
x∈X
|Kg(E, ht) − cg(E)idE|2

is monotone decreasing.
3. If there is A ∈ R such that Lg,k,h ≥ A, then

lim
t→+∞

mK(t) = 0.

Proof. As seen in section 5.1.3 we have

∂tLg,k,h(t) = ∂tLg,k(ht) = (K̂g(E, ht) − cg(E)ht , h′t)ht .

Sinceh is a solution of the evolution equation, we have

h′t = −(K̂g(E, ht) − cg(E)ht),

hence
∂tLg,k,h = −||K̂t − cg(E)ht||2ht ≤ 0,

so that Lg,k,h is monotone decreasing.
For the second point, by Corollary 6.14 we know that ∂tKt = −�htKt. Let us now calculate �||Kt −

cg(E)idE||2. To do so, we �rst have

D1,0
t D0,1

t ||Kt − cg(E)idE||2 = D1,0
t D0,1

t (Tr((Kt − cg(E)idE)2)) =

= 2Tr((Kt − cg(E)idE) ◦ (D1,0
t D0,1

t Kt)) + 2Tr(D1,0
t Kt ◦ D0,1

t Kt).

Then we get
�||Kt − cg(E)idE||2 = iΛgD1,0

t D0,1
t ||Kt − cg(E)idE||2 =
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= 2Tr((Kt − cg(E)idE) ◦�htKt) − 2|D
1,0
t Kt|2 =

= −2Tr((Kt − cg(E)idE)∂tKt) − 2|D1,0
t Kt|2 =

= −2∂t||Kt − cg(E)idE||2 − 2|D1,0
t Kt|2.

It then follows that
(∂t +�)||Kt − cg(E)idE||2 = −2|D1,0

t Kt|2 ≤ 0.

By the Maximum Principle for Parabolic Equations (see Lemma 4.1 in Chapter VI of [29]) we then get the
statement.

The remaining part of the proof is exactly identical to the proof of point (iii) of Proposition 9.1 in Chapter
IV of [29].

An immediate corollary of point 3 of Proposition 6.20 is:

Proposition 6.21. Let E be an α−twisted holomorphic vector bundle on a compact Kähler manifold X with
Kähler metric g. If for every k ∈ Herm+(E) there is a real number Ak such that Lg,k(h) ≥ Ak for every h ∈
Herm+(E), then E is approximate g−Hermite-Einstein.

6.3 Regularization of twisted sheaves

We start by describing a regularization process that was �rst used by Buchdahl in [10] for holomorphic vector
bundles on surfaces, and then by Jacob in [25] for holomorphic vector bundles on compact Kähler manifolds.
We adapt it here for holomorphic twisted vector bundles. As we will see, this construction will allows us to
prove the boundedness of the Donaldson Lagrangian of a g−semistable twisted vector bundle.

6.3.1 Blow-ups and regularization of subsheaves

Let X be a compact Kähler manifold with Kähler metric g. The starting point of the construction is an exact
sequence

0 −→ S f−→ E p−→ Q −→ 0

of α−twisted coherent sheaves, where E is locally free of rank r (we will consider it as an α−twisted holomor-
phic vector bundle), S is torsion-free of rank s and Q is torsion-free of rank q = r − s.

We let Z be the singular set of Q: on X \ Z the sheaves S, E and Q are all α−twisted holomorphic vector
bundles, and the morphisms f and p are morphisms of α−twisted holomorphic vector bundles. As the locus
of X where Q is locally free is where the rank of f is maximal, i. e. equal to s, we get

Z = {x ∈ X | rkx(f ) ≤ s − 1}.

For every k ∈ N we then let
Zk := {x ∈ X | rkx(f ) ≤ k}.

We notice that Zk ⊆ Zk+1 for every k ∈ N, that Z0 = ∅, that Zs−1 = Z and that Zk = X for k ≥ s.
Let us nowchoose k0 ∈ N such that Zk0 is the smallest non-empty set among the Zk’s, and choose x ∈ Zk0 ,

so that rkx(f ) = k0. Let us write S = {Si , ψij}i,j∈I and E = {Ei , ϕij}i,j∈I .
If x ∈ Ui, wemay choose local frames si of Si and ei of Ei so that thematrix Fi representing fi with respect

to these local frames is

Fi =
[
Ik0 0
0 Gi

]
where Gi is a (s − k0) × (r − k0)−matrix whose entries are holomorphic functions vanishing identically on Zk0 .

Suppose that x ∈ Uij, and represent ϕij (resp. ψij) by a r × r−matrix aij (resp. a s × s−matrix bij) with
respect to ei and ej (resp. si and sj). As f is a morphism of twisted sheaves, we have aijFi = Fjbij. From
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this relation and the form of Fi and Fj, we get an invertible (r − k0) × (r − k0)−matrix a′ij and an invertible
(s − k0) × (s − k0)−matrix b′ij such that a′ijGi = Gjb′ij.

Let us now consider the blowup π : X̃ −→ X of X along Zk0 (with reduced structure).We let Ũi := π−1(Ui),
and πi := π|Ũi : we then have that πi : Ũi −→ Ui is the blow-up of Ui along Zk0 ∩ Ui (with reduced structure).
Let U be an open subset of X̃ over which the exceptional divisor of π is given by equation w = 0.

Over U ∩ Ũi we then have that π*i fi is represented by the matrix

π*i Fi =
[
Ik0 0
0 π*i Gi

]
,

where π*i Gi is a (s−k0)×(r−k0)−matrix whose entries are holomorphic functionswhich are all multiples ofw.
We letmi be the largest power of w one can pull out of π*i Gi. Since a′ijGi = Gjb′ij and a′ij and b′ij are invertible,
we get mi = mj. We then let mk0 (f ) := mi, and call it the vanishing multiplicity of f along Zk0 . We will use
the notation m(f ) for mk0 (f ) if no confusion is possible.

Notice that there is a (r − k0) × (s − k0)−matrix G̃ij which does not vanish identically on the exceptional
divisor of πi, such that

π*i Fi =
[
Ik0 0
0 G̃i

]
·
[
Ik0 0
0 wa Is−k0

]
.

We let

F̃i :=
[
Ik0 0
0 G̃i

]
, Ti :=

[
Ik0 0
0 wa Is−k0

]
so that π*i Fi = F̃iTi.

The matrix Ti gives rise to a morphism ti : Si −→ Si of OUi−modules, and the matrix F̃i gives rise to a
morphism f̃i : Si −→ Ei ofOUi−modules. Let us de�ne

S̃i := ti(Si)

which is a coherent subsheaf ofOUi−modules of Si.

Lemma 6.22. For every i, j ∈ I there is an isomorphism ψ̃ij : S̃i −→ S̃j such that S̃ = {S̃i , ϕ̃ij}i,j∈I is an
α−twisted coherent sheaf, and such that

f̃ = {f̃i|S̃i}i∈I : S̃ −→ Ei

is an injective morphism of α−twisted coherent sheaves.

Proof. First, we de�ne ψii := idS̃i . Now, let us consider i ≠ j ∈ I. We represent ψij on a local frame by a
s × s−matrix bij = [βij,pq]. We let b̃ij = [β̃ij,pq] be de�ned as

β̃ij,pq =


βij,pq , p, q ≤ k0, p, k > k0
wm(f )βij,pq , p > k0, q ≤ k0
w−m(f )βij,pq , p ≤ k0, q > k0

To this matrix we associate a morphism ψ̃ij : S̃i −→ S̃j, and we prove that it is an isomorphism whose
inverse is ψ̃ji. To do so, let us calculate b̃ij · b̃ji, i. e. we calculate the entry γp,q in position (p, q) of this product.

• If p, q ≤ k0 we have

γp,q =
s∑
l=1

β̃ij,pl β̃ji,lq =
k0∑
l=1

βij,plβji,lq +
s∑

l=k0+1
w−m(f )βij,plwm(f )βji,lq =

=
s∑
l=1

βij,plβji,lq = δpq ,

where the last equality comes from the fact that the last sum is the entry in position (p, q) of bij · bji, which is
a matrix representing ϕij ◦ ϕji = id.
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• If p > k0 and q ≤ k0 we have

γp,q =
s∑
l=1

β̃ij,pl β̃ji,lq =
k0∑
l=1

wm(f )βij,plβji,lq +
s∑

l=k0+1
βij,plwm(f )βji,lq =

= wm(f )
s∑
l=1

βij,plβji,lq = 0,

where the last equality is again as before (since p ≠ q).
• If p ≤ k0 and q > k0 we have

γp,q =
s∑
l=1

β̃ij,pl β̃ji,lq =
k0∑
l=1

βij,plw−m(f )βji,lq +
s∑

l=k0+1
w−m(f )βij,plβji,lq =

= w−m(f )
s∑
l=1

βij,plβji,lq = 0.

• If p, q > k0 we have

γp,q =
s∑
l=1

β̃ij,pl β̃ji,lq =
k0∑
l=1

wm(f )βij,plw−m(f )βji,lq +
s∑

l=k0+1
βij,plβji,lq =

=
s∑
l=1

βij,plβji,lq = δpq .

In conclusion b̃ij · b̃ji = Is, so ψ̃ij is an isomorphism whose inverse is ψ̃ji.
We are left to show that ψ̃ij ◦ ψ̃jk ◦ ψ̃ki = αijk · idEi . A calculation similar to the previous one shows that

b̃ij b̃jk b̃ki = αijk I, which completes the proof of the fact that S̃ is an α−twisted coherent sheaf.
The fact that f̃ is a morphism of α−twisted coherent sheaves is as follows: represent fi by a matrix Fi, f̃i

by a matrix F̃i and ti by amatrix Ti. Moreover, represent ϕij by aij: we then have

π*aij · F̃i · Ti = π*(aij · Fi) = π*(Fj · bij) = F̃j · Tj · π*bij .

A calculation similar to the previous one for the product of b̃ij’s shows that Tj · π*bij = b̃ij. This shows
that π*ϕij ◦ f̃i = f̃j ◦ ψ̃ij, so that f̃ is a morphism of α−twisted coherent sheaves. As fi and ti are both injective,
it follows that f̃ is injective.

As a consequence, we now have a new exact sequence

0 −→ S̃ f̃−→ π*E p̃−→ Q̃ −→ 0

of π*α−twisted coherent sheaves on X̃, where S̃ is again torsion-free of rank s and Q̃ is torsion-free of rank q.
The matrix F̃i representing f̃i is

F̃i =
[
Ik0 0
0 G̃i

]

hence for every x ∈ X̃ we have rkx(f̃ ) ≥ k0. We have two possible cases:

i) either rkx(f̃ ) > k0 for every x ∈ π−1(Zk),
ii) or if x ∈ π−1(Ui), mx is the maximal ideal of x, p is the smallest integer such that mp

x ⊆ V(G̃i) (the ideal
generated by the entries of G̃i), and q is the smallest integer such thatmq

π(x) ⊆ V(Gi), then p < q.

We are now in the position to prove the following:
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Proposition 6.23. Let X be a compact manifold, E and α−twisted holomorphic vector bundle and S a torsion-
free coherent subsheaf of E with torsion-free quotient. Then there exists a �nite number of blow-ups

X̃N
πN−→ · · · π2−→ X̃1

π1−→ X,

and for each 1 ≤ k ≤ N there is a π*k ◦ · · · ◦ π*1(α)−twisted torsion-free coherent sheaf S̃k with an injective
morphism fk : S̃k −→ π*k ◦ · · · ◦ π*1(E) verifying the two following properties:

1. for every i ∈ I there is a morphism tk,i : π*kSk−1 −→ π*kSk−1 such that
(a) π*k fk−1,i = fk,i tk,i and
(b) for every x ∈ Xk, if the exceptional divisor of πk around x has equation w = 0, then tk,i is represented

(with respect to a local frame) by a diagonal matrix whose entries are monomials in w.
2. The rank of fN is constant, so S̃N is a π*N ◦ · · · ◦ π*1(α)−twisted holomorphic subbundle of π*N ◦ · · · ◦ π*1E, and

the corresponding quotient is a π*N ◦ · · · ◦ π*1(α)−twisted holomorphic bundle.

Proof. The construction provided above shows us that after the blow-up of Zk0 in X we get f̃ : S̃ −→ π*E.
Now, for every k ∈ N let

Z̃k := {x ∈ X̃ | rkx(f̃ ) ≤ k},

and let k̃0 be the smallest k such that Z̃k ≠ ∅. Then i) and ii) give

i’) either k̃0 > k0,
ii’) or k̃0 = k0, Z̃k0 ⊆ π−1(Zk0 ), and mk0 (f̃ ) < mk0 (f ).

If this last case happens, with a �nite number of blow-upswe reduce to the casewhere k̃0 > k0.We now repeat
the construction, and the statement is proved.

The sequence of blow-ups described in the statement of Proposition 6.23 is called regularization of the
exact sequence

0 −→ S f−→ E p−→ Q −→ 0,

and each blow-up in the process is a regularization step.

6.3.2 Metrics, curvatures and regularization

As seen in section 2.7, if
0 −→ S f−→ E p−→ Q −→ 0

is an exact sequence of α−twisted holomorphic vector bundles on X and h is a Hermitian metric on E, then
h induces Hermitian metrics hS on S and hQ on Q. Moreover, we have a splitting morphism φ : Q −→ E of
α−twisted C∞ vector bundles.

If we choose a local frame for Ei and represent hi by a matrix Hi, fi by a matrix Fi and φi by a matrix Φi,
let HSi be the matrix representing hSi and HQi be the matrix representing hQi : we then have

HSi = TFiHiF i , HQi = TΦiHiΦi .

Using the same notation of the previous section, let π : X̃ −→ X be the blow-up of X along Zk0 with
reduced structure, and let

0 −→ S̃ f̃−→ π*E p̃−→ Q̃ −→ 0

be the induced exact sequence. Represent hS̃i by a matrix H S̃i = [hS̃i,pq], and hQ̃i by a matrix HQ̃i = [hQ̃i,pq] with
respect to a local frame of Ei.

The following is an immediate consequence of Proposition 4 of [25]:
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Lemma 6.24. If w is the local equation of the exceptional divisor of π, we then have

π*i hSi,pq =


hS̃i,pq , p, q ≤ k0
w−m(f )hS̃i,pq , p > k0, q ≤ k0
w−m(f )hS̃i,pq , p ≤ k0, q > k0
wm(f )wm(f )hS̃i,pq , p, q > k0

and

π*i hQi,pq =


hQ̃i,pq , p, q ≤ k0
wm(f )hQ̃i,pq , p > k0, q ≤ k0
wm(f )hQ̃i,pq , p ≤ k0, q > k0
w−m(f )w−m(f )hQ̃i,pq , p, q > k0

As a consequence of the previous Lemma we get:

Corollary 6.25. Let R be the Chern curvature of (Q, hQ), and R̃ the Chern curvature of (Q̃, hQ̃). Let w be a local
equation of the exceptional divisor of π, and let

mp :=
{

0, p ≤ k0
mk0 (f ), p > k0

Then we have

π*Tr(R) =
q∑
p=1

mp∂∂ log |w|2 + Tr(R̃).

Proof. Consider the curvature Ri of (Qi , hQi ). By Lemma 1 of [25] we have

π*i Ri =
q∑
p=1

mp∂∂ log |w|2 + Tr(R̃i),

where R̃i is the curvature of (Q̃i , hQ̃i ). As the Chern curvature of (Q, h) is obtained locally as Ri − Bi idEi and
the Chern curvature of (Q̃, hQ̃) is obtained locally as R̃i − π*i Bi idπ*i Ei , the statement follows.

Let now g be a Kähler metric on X and σg its Kähler form. The metric π*g, whose associated (1, 1)−form
is π*σg, is not a Kähler metric on X̃ since it is degenerate on the exceptional divisor of π. Anyway, if E is an
α−twisted holomorphic vector bundle, and h is a Hermitian metric on it, then we may de�ne the degree of E
with respect to π*g as follows:

De�nition 6.26. The π*g−degree of π*E is

degπ*g(π*E) :=
∫
X̃

π*γ1(E, h) ∧ π*σn−1g .

Again, as σg is closed and the exceptional divisor of π is contracted by π, the previous de�nition does not
depend on h. Using the fact that by de�nition we have

γ1(E, h) =
i
2π Tr(R)

where R is the Chern curvature of (E, h), we get

degπ*g(π*E) =
i
2π

∫
X̃

π*Tr(R) ∧ π*σn−1g .

The same de�nition makes sense for every torsion-free α−twisted coherent sheaf whose Chern curvature
is L1 on the locally-free locus. We show that this is the case for S and Q as before. To do so, recall that given

0 −→ S f−→ E p−→ Q −→ 0
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as before, on X \ Z there is an element C ∈ A0,1(Hom(Q, S)), the second fundamental form of the induced
metric. We then have C ∧ C* ∈ A1,1(End(Q)), so that we let

γg(Q) := iΛg(C ∧ C*) ∈ End(Q).

Notice that Tr(γg(Q)) is a smooth function on X \ Z, and we have:

Proposition 6.27. The second fundamental form C is in L2, and∫
X\Z

Tr(γg(Q))σng

is �nite. Moreover, the Chern curvatures of (S, hS) and (Q, hQ) are in L1.

Proof. The proof of the �rst part is identical to that of Proposition 1 of [25] (where one replaces Lemma 1 by
Corollary 6.25). The second part is a consequence of the �rst part, of the Gauss-Codazzi equations for the
curvatures on the locally free part, and of the fact that the Chern curvature of an α−twisted locally free sheaf
is smooth.

As a consequence, the de�nition of degree of E with respect to g (resp. of degree of π*E with respect to
π*g) extends to S and Q (resp. to S̃ and Q̃). The following is then an immediate consequence of this de�nition
and of Corollary 6.25 (see Lemma 2 of [25]).

Proposition 6.28. Let
0 −→ S f−→ E p−→ Q −→ 0

be an exact sequence of α−twisted coherent sheaves, where E is locally free of rank r and S and Q are torsion-free
of respective rank s and q. Let π : X̃ −→ X be a regularization, and let

0 −→ S̃ f̃−→ π*E p̃−→ Q̃ −→ 0

be the regularized sequence. If g be a Kähler metric on X, then

degπ*g(S̃) = degg(S), degπ*g(Q̃) = degg(Q).

6.4 Regularization and Donaldson’s Lagrangian

We now de�ne the Donaldson Lagrangian for the subsheaves S and Q in the exact sequence

0 −→ S f−→ E p−→ Q −→ 0 (2)

where E is an α−twisted locally free coherent sheaf and S and Q are torsion-free.
Recall that if h, k ∈ Herm+(E) andh ∈ Ω0,1

h,k(E), then we de�ned

Q1(h, k) := log(det(f k,h)), Qh
2 (h, k) := i

1∫
0

Tr(f ht ,h
′
t · Rt)dt,

where ht = h(t) and Rt is the Chern curvature of (E, ht). For a Kähler metric g on X whose associated Kähler
form is σg, we de�ned

Lg(h, k) =
∫
X

(
Qh
2 (h, k) −

cg(E)
n Q1(h, k)σg

)
∧ σn−1g ,

which is independent of the chosen pathh. We recall that

cg(E) = 2πnµg(E)∫
X σ

n
g

.
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6.4.1 De�nition of the Lagrangian for torsion-free subsheaves

Let now π : X̃ −→ X be a blow-up. For a π*α−twisted holomorphic vector bundle Ẽ on X̃, one may de�ne the
Donaldson functional using π*g: using the same notation as above, but for h, k ∈ Herm+(π*E), we let

Lπ*g(h, k) :=
∫
X

(
Qh
2 (h, k) −

cg(E)
n Q1(h, k)π*σg

)
∧ π*σn−1g ,

which is again independent of the chosen pathh since π*σg is closed.
If π : X̃ −→ X is a regularization of the exact sequence (2), let the regularized exact sequence be

0 −→ S̃ f̃−→ π*E p̃−→ Q̃ −→ 0 (3)

where S̃ and Q̃ are both locally free.
Let h, k ∈ Herm+(E), so that by Lemma 2.36 we have that π*h, π*k ∈ Herm+(π*E). The exact sequence

(3) implies by section 2.7 that π*h and π*k induce Hermitian metrics hS̃ := (π*h)S̃ and kS̃ := (π*k)S̃ on S̃, and
hQ̃ := (π*h)Q̃ and kQ̃ := (π*k)Q̃ on Q̃. We then let

LSg : Herm+(E) × Herm+(E) −→ R, LSg(h, k) := LS̃π*g(hS̃ , kS̃),

LQg : Herm+(E) × Herm+(E) −→ R, LQg (h, k) := LQ̃π*g(h
Q̃ , kQ̃).

Remark 6.29. We used the notation LS̃π*g instead of Lπ*g for the Donaldson Lagrangian of S̃ in order to avoid
confusion between S̃ and Q̃. Moreover, we notice that LSg and LQg are both de�ned on Hermitian metrics on E.

Remark 6.30. Even if all the Donaldson Lagrangian involved in the de�nition of LSg and LQg do not depend
on the chosen path, in order to calculate them we need to �x one. A natural choice would be h ∈ Ω0,1

h,k(E): if
we let

π*h : [0, 1] −→ Herm+(π*E), π*h(t) := π*ht ,

then π*h ∈ Ω0,1
π*h,π*k(π

*E), so by section 2.7 we then let

hS̃ : [0, 1] −→ Herm+(S̃), hS̃(t) = hS̃t := (π*ht)S̃

and
hQ̃ : [0, 1] −→ Herm+(Q̃) hQ̃(t) = hQ̃t = (π*ht)Q̃ ,

which are the curves of Hermitian metrics induced by π*h on S̃ and Q̃. We then may usehS̃ in order to calcu-
late LSg(h, k) and hQ̃ in order to calculate LQg (h, k). Anyway, we may use any path h ∈ Ω0,1

hS̃ ,kS̃
(S̃) to calculate

LSg(h, k), and any pathh ∈ Ω0,1
hQ̃ ,kQ̃

(Q̃) to calculate LQg (h, k).

Notice that the previous de�nition may however depend on the choice of the regularization, which is not
unique. The following tells us that it is not the case:

Proposition 6.31. If π : X̃ −→ X and π′ : X̃′ −→ X are two blow-ups producing regularizations of S and Q,
then LSπ*g = LS(π′)*g and L

Q
π*g = L

Q
(π′)*g.

Proof. The proof is identical to that of Proposition 5 of [25].

This allows us to simplify the notation, and let LSg = LSπ*g and L
Q
g = Lπ*g.
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6.4.2 Relations between the Lagrangians

We now describe the relation between Lg, LSg and LQg . We will use the following notation: for every h ∈
Herm+(E) we let Ch ∈ A0,1(Hom(Q, S)) be the second fundamental form of the metric hQ induced by h on Q.

If π : X̃ −→ X is a regularization of the exact sequence (2), and if Cπ*h ∈ A0,1(Hom(Q̃, S̃)) is the second
fundamental form of the metric hQ̃ induced by π*h on Q̃, then the same proof of Proposition 1 of [25] shows
that ∫

X̃

Tr(Cπ*h ∧ C*π*h) ∧ π*σn−1g

is a real number which does not depend on the chosen regularization.
We let

||Ch||2L2 :=
∫
X̃

Tr(Cπ*h ∧ C*π*h) ∧ π*σn−1g ,

and call it the L2−norm of Ch (we know that Ch is in L2 by Proposition 6.27). Using this notation we state now
the following, which is the relation between the various Donaldson Lagrangians.

Proposition 6.32. In the exact sequence (2) suppose that µg(S) = µg(E). Then for every h, k ∈ Herm+(E) we
have

Lg(h, k) = LSg(h, k) + LQg (h, k) + ||Ch||2L2 − ||Ck||2L2 .

Proof. Let us �rst suppose that S and Q are both locally free. We let

QS1(h, k) := log(det(f k
S ,hS )), QQ1 (h, k) := log(det(f k

Q ,hQ )).

For every i ∈ I, choose a local frame of Si and a local frame of Qi, whose images in Ei under fi and φi give a
local frame of Ei, where φ = {φi} is the splitting morphism φ : Q −→ E.

With respect to these local frames we represent hi by a matrix Hi, ki by a matrix Ki, fi by a matrix Fi, φi
by a matrix Pi, hSi by a matrix HSi , kSi by a matrix KSi , hQi by a matrix HQi and kQi by a matrix KQi .

Over the open subset where the local frame is de�ned we then have

Q1(h, k) = log(det(K−1i Hi)), QS1(h, k) = log(det((KSi )−1HSi ),

QQ1 (h, k) = log(det((KQi )
−1HQi ).

By the de�nition of f ki ,hi , f kSi ,hSi and f kQi ,hQi we have that

f ki ,hi ◦ fi = fi ◦ f k
S
i ,hSi , f ki ,hi ◦ φi = φi ◦ f k

Q
i ,h

Q
i ,

hence

K−1i Hi =
[
(KSi )−1HSi 0

0 (KQi )
−1HQi

]
.

This implies that
det(K−1i Hi) = det((KSi )−1HSi ) det((KQi )

−1HQi ),

and hence Q1(h, k) = QS1(h, k) + QQ1 (h, k).
We are now interested in Q2. To do so, let π : E −→ S be the splitting morphism, and remark that if h is

a Hermitian metric on E, we have that Ch = π ◦ ∂ ◦ φ (see section 2.4.2). Let now h ∈ Ω0,1
h,k(E) and ht := h(t).

Notice that for every t ∈ [0, 1] the Hermitian metric ht induces a di�erent splitting of the exact sequence (2),
namely

0 −→ Q φt−→ E πt−→ S −→ 0,

and we have Cht = πt ◦ ∂ ◦ φt.
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For every t ∈ [0, 1] we let st : Q −→ S be such that f ◦ st = φt − φ0 (or equivalently st ◦ p = π0 − πt). The
same argument in the proof of 6.10.2 of [29] gives

∂tCht = ∂(∂tst)

and

f ht ,h
′
t =
[
f h

S
t ,(hS)′t −∂tst
−∂ts*t f h

Q
t ,(hQ)′t

]
.

The Gauss-Codazzi equations (see section 2.7.2) give

Rt =
[
RSt − Cht ∧ C*ht −D1,0

t Cht
−D0,1

t C*ht RQt − C*ht ∧ Cht

]
,

where Rt, RSt and RQt are the Chern curvatures of (E, ht), (S, hSt ) and (Q, hQt ) respectively.
As a consequence we get

Tr(f ht ,h
′
t · Rt) − Tr(f h

S
t ,(hS)′t · RSt ) − Tr(f h

Q
t ,(hQ)t · RQt ) =

= −Tr(f h
S
t ,(hS)′t · Cht ∧ C*ht ) − Tr(f

hQt ,(hQ)′t · C*ht ∧ Cht )+

+Tr(∂tst ◦ D0,1
t C*ht ) − Tr(∂ts

*
t ◦ D1,0

t Cht ).

Since
Tr(∂tst ◦ D0,1

t C*ht ) = ∂(Tr(∂tst ◦ C
*
ht )) − Tr(∂tCht ∧ C

*
ht ),

Tr(∂ts*t ◦ D1,0
t Cht ) = ∂(Tr(∂ts*t ◦ Cht )) − Tr(∂tC*ht ∧ Cht ),

we �nally get
Tr(f ht ,h

′
t · Rt) − Tr(f h

S
t ,(hS)′t · RSt ) − Tr(f h

Q
t ,(hQ)′t · RQt ) =

= −Tr(f h
S
t ,(hS)′t · Cht ∧ C*ht ) − Tr(f

hQt ,(hQ)′t · C*ht ∧ Cht )+

−Tr(∂tCht ∧ C*ht ) + Tr(∂tC
*
ht ∧ Cht ) + δt ,

where
δt = ∂(Tr(∂tst ◦ C*ht )) − ∂(Tr(∂ts

*
t ◦ Cht )) ∈ ∂A

0,1(X) + ∂A1,0(X).

The same proof of Proposition 6.10.2 of [29] gives that

Tr(f ht ,h
′
t · Rt) − Tr(f h

S
t ,(hS)′t · RSt ) − Tr(f h

Q
t ,(hQ)′t · RQt ) = −∂t(Tr(Cht ∧ C*ht )) + δ,

hence
Tr(f ht ,h

′
t · Rt) = Tr(f h

S
t ,(hS)′t · RSt ) + Tr(f h

Q
t ,(hQ)′t · RQt ) − ∂t(Tr(Cht ∧ C*ht )) − δ.

Finally, we have

Qh
2 (h, k) = i

1∫
0

Tr(f ht ,h
′
t · Rt) ∧ σn−1g =

= i
1∫

0

Tr(f h
S
t ,(hS)′t · RSt ) ∧ σn−1g + i

1∫
0

Tr(f h
Q
t ,(hQ)′t · RQt ) ∧ σn−1g +

−iTr(Ch ∧ C*h) + iTr(Ck ∧ C*k) + δ,

where

δ =
1∫

0

δ ∧ σn−1g ∈ ∂A0,1(X) + ∂A1,0(X).
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But now notice that

Qh,S
2 (h, k) = i

1∫
0

Tr(f h
S
t ,(hS)′t · RSt ) ∧ σn−1g ,

Qh,Q
2 (h, k) = i

1∫
0

Tr(f h
Q
t ,(hQ)′t · RQt ) ∧ σn−1g ,

hence
Qh
2 (h, k) = Qh,S

2 (h, k) + Qh,Q
2 (h, k) − iTr(Ch ∧ C*h) + iTr(Ck ∧ C*k) + δ.

Now, byhypothesiswehave µg(E) = µg(S), andhence µg(Q) = µg(E). It follows that cg(E) = cg(E) = cg(Q),
so that the previous relations prove the statement in the case S and Q are both locally free.

If S and Q are not locally free, we may regularize them by taking a blow-up π : X̃ −→ X, getting an exact
sequence

0 −→ S̃ f̃−→ π*E p̃−→ Q̃ −→ 0

of α−twisted locally free sheaves. As µg(E) = µg(S) = µg(Q), by Proposition 6.28wehave µπ*g(π*E) = µπ*g(S̃) =
µπ*g(Q̃). By the previous part of the proof we then have

Lπ*g(h, k) = LS̃π*g(h, k) + LQ̃π*g(h, k) + ||Cπ*k||
2
L2 − ||Cπ*h||2L2 .

But by Proposition 6.31 we have

LS̃π*g(h, k) = LSg(h, k), LQ̃π*g(h, k) = L
Q
g (h, k),

and as in the proof of Proposition 1 of [25] we have

||Cπ*k||
2
L2 = ||Ck||2L2 , ||Cπ*h||

2
L2 = ||Ch||2L2 ,

and we are done.

6.5 A lower bound

In this section we prove the following result:

Proposition 6.33. Let X be a compact Kähler manifold with Kähler metric g, and consider the exact sequence
(2), where we suppose that µg(S) = µg(E) and that S has minimal rank among the torsion-free α−twisted co-
herent subsheaves of E with this property. If π : X̃ −→ X is regularization of the exact sequence (2) and S̃ the
twisted sheaf induced by S, then there is M ∈ R such that LS̃π*g(h, k) ≥ M for every h, k ∈ Herm+(S̃).

The proof will be as follows: we �rst assume that g is a Kähler metric on X with volume 1, and suppose that π
consists of a single blow-up. If we take h, k ∈ Herm+(E) and let hS̃ and kS̃ be the induced Hermitian metrics
on S̃, by de�nition we have

LSg(h, k) = LS̃π*g(hS̃ , kS̃).

By Remark 6.30 we may assume that LS̃π*g(h̃S , k̃S) is calculated using a path hS̃ ∈ Ω0,1
hS̃ ,kS̃

(S̃). We will let

h̃t := hS̃(t) for every t ∈ [0, 1]: notice that this Hermitian metric is not necessarily induced by a Hermitian
metric on π*E.

Let R̃t be the Chern curvature of (S̃, h̃t), and let K̃St = iΛπ*g R̃St : we remark that themetric that we are using
to de�ne the mean curvature is not a Kähler metric, since it blows-up along the exceptional divisor of π.

Now, the evolution equation has the form

f h̃t ,h̃
′
t = −(K̃t − cπ*g(S̃)idS̃).
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By Proposition 6.28 we know that cg(S) = cπ*g(S̃), hence the evolution equation is

f h̃t ,h̃
′
t = −(K̃t − cg(S)idS̃). (4)

Suppose now thathS̃ is a solution of the evolution equation, and let

L(t) : [0, 1] −→ R, L(t) := LS̃π*g(h̃t , kS̃).

Then
∂tL =

1
n!

∫
X̃

Tr((K̃t − cg(S)idS̃) ◦ f
h̃t ,h̃′t )π*σng = −||K̃t − cg(S)idS̃||

2 ≤ 0.

But then L is decreasing along any solution of the evolution equation, so that LS̃π*g is bounded from below
along a solution of the evolution equation for every initial Hermitian metric on S̃ coming from a Hermitian
metric on E, and then it is bounded from below in general.

The previous strategy works if we are able to show that the evolution equation

f h̃t ,h̃
′
t = −(K̃t − cg(S)idS̃)

has a solution starting from any Hermitian metric on S̃ coming from a Hermitian metric on E. Even if S̃ is
locally free, this cannot be concluded from 6.19 since K̃t is de�ned using π*g, which is not a Kähler metric.

6.5.1 Existence of a solution of the evolution equation

We now prove that the evolution equation has a solution for all times:

Proposition 6.34. The evolution equation (4) has a smooth solution

h : [0, +∞) −→ Herm+(S̃).

Proof. Let us �rst suppose that the regularization π : X̃ −→ X of the exact sequence (2) is a single blow-up.
Fix a Fubini-Study metric σ on the exceptional divisor of π, and take ϵ > 0 a small real number such that
gϵ := π*g + ϵσ is a Kähler metric on X̃.

For every Hermitian metrics h̃, k̃ ∈ Herm+(S̃) we let

Lϵ(h̃, k̃) := LS̃gϵ (h̃, k̃),

which is aDonaldsonLagrangian of a π*α−twistedholomorphic vector bundlewith respect to aKählermetric.
By Proposition 6.19, the evolution equation

f h̃t ,h̃
′
t = −(Kgϵ (S̃, ht) − cgϵ (S)idS̃) (5)

has then a unique smooth solution
h̃ϵ : [0, +∞) −→ Herm+(S̃)

for a given initial Hermitian metric. We show that there is a sequence ϵm converging to 0 such that h̃ϵm con-
verges to a solution of the evolution equation (4).

To do so, let K̃ϵ the mean curvature of (S̃, h̃) with respect to gϵ, i. e. K̃ϵ = iΛgϵ R̃ where R̃ is the Chern
curvature of (S̃, h̃). By de�nition we have∫

X̃

Tr(−K̃ϵ + cgϵ (S̃)idS̃)π
*σngϵ = 0,

hence it follows that the equation
∆f = Tr(−iK̃ϵ + cgϵ (S̃)idS̃)
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has a smooth solution, denoted φϵ.
We now let h̃ϵ := eφϵ h̃, which is aHermitianmetric on S̃ (since it is a conformal change of h̃. The evolution

equation (5) has then a unique smooth solution

h̃ϵ : [0, +∞) −→ Herm+(S̃)

such that h̃ϵ(0) = h̃ϵ. We let R̃ϵ,t be the Chern curvature of (S̃, h̃ϵ,t), where h̃ϵ,t = h̃ϵ(t), and K̃ϵ,t will be its
mean curvature. We now make the following:

Claim: for every 0 < t1 ≤ t2 < +∞ there is a constant N ∈ R such that |R̃ϵ,t| ≤ N for every ϵ and every
t ∈ [t1, t2].

Let us �rst show that if this claim holds, then we are done. Indeed, as in Corollary 6.16 the claim implies
that for every k there is then a constant Nk ∈ R such that |D̃kϵ,t R̃ϵ,t| ≤ Nk, where D̃ϵ,t is the Chern connection
of (S̃, h̃ϵ,t).

This gives a a uniform bound for the Ck−norm of R̃ϵ,t. By compactness we then see that there is a sub-
sequence ϵm converging to 0 such that the solution h̃ϵm ,t converges to a Hermitian metric h̃0,t for every
t ∈ [t1, t2], and hence we get a solution

h̃ : [t1, t2] −→ Herm+(S̃),

of the evolution equation (4) de�ned on [t1, t2].
The subsequence ϵm depends on t1 and t2, so this does not yet give the desired solution. Anyway, if we

take a sequence tn going to +∞, for each nwewill �nd a subsequence ϵn,m of ϵn−1,m converging to 0 and such
that h̃ϵn,m ,t converges to h0,t for every t ∈ [t1, tn]. Letting tn going to +∞ we get a solution

h̃ : [t1, +∞) −→ Herm+(S̃)

of the evolution equation (4). Up to rescaling, we are then done.
In conclusion, we are left to prove the claim, i. e. that for every 0 < t1 ≤ t2 < +∞ there is a constant N ∈ R

such that |R̃ϵ,t| ≤ N for every ϵ and every t ∈ [t1, t2]. This requires some steps.
Step 1: there is a uniform bound for the ||K̃ϵ,t||L1 (i. e. independent of ϵ > 0 and t ≥ 0). To prove this, recall

that
(∂t +�h̃ϵ,t

)|K̃ϵ,t|2 ≤ 0

by Lemma 6.15. The same argument of the proof of Proposition 6 of [25] shows that

(∂t −�h̃ϵ,t
)|K̃ϵ,t| ≤ 0,

so
∂t||K̃ϵ,t||L1 = ∂t

∫
X̃

|K̃ϵ,t|σngϵ ≤ 0.

It follows that the function mapping t to ||K̃ϵ,t||L1 is decreasing, hence one just needs to prove a uniform
bound for K̃ϵ,0 (i. e. independent of ϵ > 0).

Notice that
K̃ϵ,0 = Kgϵ (S̃, h̃ϵ) = Kgϵ (S̃, h̃) + ∆ϵφϵ · idS̃ = K̃ϵ + ∆ϵφϵ · idS̃ ,

so
||K̃ϵ,0||L1 =

∫
X̃

|K̃ϵ,0|σngϵ ≤
∫
X̃

|∆ϵφϵ|σngϵ + ||K̃ϵ||L1 =

=
∫
X̃

|Tr(−K̃ϵ + cgϵ (S̃)idS̃)σ
n
gϵ + ||K̃ϵ||L1 ≤ 2||K̃ϵ||L1 + Γ ,

for some constant number Γ.
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The same proof of Proposition 6 of [25] (replacing Proposition 2 with Proposition 6.27) shows that ||K̃ϵ||L1
is uniformly bounded, so we get a uniform bound on ||K̃ϵ,t||L1 .

Step 2: the same proof of Proposition 7 of [25] shows that the existence of a uniform bound for ||K̃ϵ,t||L1
implies the existence of a uniform bound for ||K̃ϵ,t||L∞ . As in Proposition 8 of [25], this implies a uniform
bound on Tr(f h̃ϵ,t ,h̃′ϵ,t ) (i. e. independent of ϵ > 0 and t ∈ [t1, t2] for every 0 < t1 ≤ t2 < +∞). As in Lemma 6.18
this proves the uniform bound of the Chern curvatures we are looking for.

This concludes the proof of the statement in the case of a single blow-up. Suppose now that π = πk ◦
πk−1 ◦ · · · ◦ π1, where πj : Xj −→ Xj−1 is a single blow-up (here we let X0 := X, so that Xk = X̃). For every j we
let σj be a Fubini-Studymetric on the exceptional divisor of πj ◦ · · ·◦π1, and for every choice of ϵ1, · · · , ϵk > 0
we de�ne a Kähler metric on Xj in a recursive way as gj := π*j gj−1 + ϵjσj, where we let g0 = g.

If we let ϵk go to 0, by the previous part of the proof we �nd a smooth solution of the evolution equation
for the metric π*kgk−1, de�ned on some interval [tk−1, +∞). Repeating this process we will then �nd a smooth
solution of the evolution equation with respect to π*g, de�ned over some interval [t0, +∞). Up to rescaling,
we are done.

6.5.2 Bounds and subsheaves

Before giving the proof of Proposition 6.33 we need to recall some results of [45] and [47]. The �rst result is
the following:

Lemma 6.35. Let E be an α−twisted holomorphic vector bundle on a compact Kähler manifold X, and let h, k ∈
Herm+(E). Then

∆(log(Tr(f h,k))) ≤ 2(|Kg(E, h)| + |Kg(E, k)|).

Proof. The proof is essentially the same of that of point (d) of Lemma 3.1 in [45]. See even the proof of equation
(1.9.2) of [47].

The second result, which is the content of Propositions 2.1 and 2.2 of [45], is the following:

Lemma 6.36. Suppose that X is either a compact Kähler manifold with a Kähler metric g, or a Zariski open
subset of a compact Kähler manifold with a metric g which is the restriction of a smooth metric. Let n be the
dimension of X. Then the following properties hold.

1. X has �nite volume with respect to g.
2. X has a positive exhaustion function ϕ such that ∆ϕ is bounded.
3. There is an increasing function a : R+ −→ R+ such that

(a) a(0) = 0 and a(x) = x if x > 1;
(b) if f : X −→ R is bounded, positive and ∆(f ) ≤ M for some real number M, then there is a constant C(M)

depending only on M such that

sup
x∈X
|f |(x) ≤ C(M) · a

(∫
X

|f |σng
)
;

(c) if f is as in the previous point and M = 0, then ∆(f ) = 0.

A third useful ingredient is a di�erent formula for the Donaldson Lagrangian that can be found in [45] and
[47]. Let us take an α−twisted holomorphic vector bundle E on X, and suppose that h0, h ∈ Herm+(E). We let
f h0 ,h ∈ End+h0 (E) be the endomorphism associated to h0 and h, and we will write sh0 ,h := log(f h0 ,h). We know
by Lemma 2.56 that sh0 ,h ∈ Endh0 (E), and we notice that f h0 ,h = exp(sh0 ,h), and that we have

h = f̂ h0 ,hh0 = ̂exp(sh0 ,h)h0 .
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Now, for t ∈ [0, 1] we have that t · sh0 ,h ∈ Endh0 (E), so we have

s : [0, 1] −→ Endh0 (E), s(t) = st := t · sh0 ,h .

We then see that exp(t · sh0 ,h) ∈ End+h0 (E), hence we have

f : [0, 1] −→ End+k(E), f(t) = ft := exp(t · sh0 ,h).

Finally, we let
ht := ̂exp(t · sh0 ,h)h0 = f̂th0 ,

which is a Hermitian metric on E, and we have that

h : [0, 1] −→ Herm+(E), h(t) := ht

is a smooth family of Hermitian metrics such that h(0) = h0 and h1 = h. Notice that ft = f h0 ,ht (see Example
2.54).

Now, recall from Example 2.52 that f h0 ,h is both h0−Hermitian and h−Hermitian. Moreover, we have

∂tf = sh0 ,h ◦ f (t) = sh0 ,h ◦ f h0 ,ht ,

hence
f ht ,h

′
t = f ′t ◦ (ft)−1 = f′(t) ◦ f(t)−1 = ∂tf(t) ◦ f(t)−1 = sh0 ,h .

Recall that by Lemma 6.8 that

∂tLg(h0, ht) =
1
n!

∫
X

Tr((Kg(E, ht) − cg(E) · idE) ◦ f ht ,h
′
t )σng ,

hence it follows that
∂tLg(h0, ht) =

1
n!

∫
X

Tr((Kg(E, ht) − cg(E) · idE) ◦ sh0 ,h)σng .

From this we get
d2
dt2 Lg(h0, ht) =

1
n!

∫
X

Tr(∂tKg(E, ht) ◦ sh0 ,h)σng =

= 1
n!

∫
X

Tr(∂t(iΛgRt) ◦ sh0 ,h)σng =
1
n!

∫
X

iTr(∂tRt ◦ sh0 ,s)σng .

Now, we know that
∂tRt = ∂(D1,0

h (f′(t) ◦ f(t)−1)) = ∂(D1,0
h (sh0 ,h)),

hence we get
d2
dt2 Lg(h0, h) =

∫
X

iTr(∂(D1,0
h (sh0 ,h)) ◦ sh0 ,s)σng .

An easy calculation (see section (5.4) in [47]) shows that∫
X

iTr(∂(D1,0
h (sh0 ,h)) ◦ sh0 ,h)σng = n!

∫
X

(∂sh0 ,h , ∂sh0 ,h)h .

Letting Sh0 ,hi = [sa,b,i] be the matrix representing sh0 ,hi with respect to a local frame, and if λ1, · · · , λr are
the eigenvalues of sh0 ,h (and hence of sh0 ,hi ), we then get (see again section (5.4) of [47]) that

Lg(h0, h) = i
∫
X

Tr(Kg(E, h0) ◦ sh0 ,h)σng +
∫
X

r∑
a,b=1

|∂sa,b,i|2
eλb−λa − (λb − λa) − 1

(λb − λa)2
.

We are now in the position to prove the following:
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Lemma 6.37. Let E be an α−twisted holomorphic vector bundle on a compact Kähler manifold X with Käh-
ler metric g, and consider h0 ∈ Herm+(E). Suppose that E is g−stable and that there is M ∈ R such that
sup |Kg(E, h0)|(x) ≤ M. Then there are constants C1, C2 ∈ R such that for every s ∈ Endh0 (E) such that
Tr(s) = 0, supx∈X |s|(x) < +∞ and supx∈X |Kg(S, h)|(x) ≤ M (for h = êxp(s)h0), we have

sup
x∈X
|s|(x) ≤ C1 + C2Lg(h, h0).

Proof. The proof follows the same strategy as that of Proposition 5.3 of [45]. First, using the fact that

sup |Kg(E, h0)|(x), sup
x∈X
|Kg(S, h)|(x) ≤ M,

by Lemmas 6.35 and 6.36 it follows that

sup
x∈X
|s|(x) ≤ C1 + C2||s||L1

(see section (5.4) in [47], in particular equation (5.4.2)).
Suppose now that the statement is false. We can then �nd s ∈ Endh0 (E) as in the statement, which

contradicts the inequality we want to prove, and such that ||s||L1 is arbitrarily large. This means that there is
a sequence of real numbers Cm going to +∞, and a sequence of sm ∈ Endh0 (E) such that Tr(sm) = 0, ||sm||L1
going to in�nity, and for which

||sm||L1 ≥ Cm · Lg(hm , h0),

where we let
hm := ̂exp(sm)h0 .

We now let
um := sm

||sm||L1
,

so that ||um||L1 = 1 and supx∈X |um|(x) is bounded. The same proof of Lemmas 5.4 and 5.5 of [45] shows that
the um’s converge weakly in L21 to a non-trivial u∞ ∈ L21End(E) which veri�es the following properties:

1. If Φ : R × R −→ R+ is a smooth function such that Φ(x, y) ≤ 1
x−y for every x > y, and if U∞,i = [ua,b,i] is the

matrix representing u∞,i with respect to a local frame of Ei, we have

i
∫
X

Tr(Kg(E, h0) ◦ u∞)σng +
∫
X

r∑
a,b=1

|∂ua,b,i|2Φ(λa , λb) ≤ 0,

where λ1, · · · , λr are the eigenvalues of u∞.
2. The eigenvalues λ1, · · · , λr of u∞ are constant and not all equal.

Now, the same argument in the proof of Lemma 5.3 of [45] provides a weakly holomorphic subbundle S of E
such that µg(S) ≥ µg(E) (see the proof of Lemma 5.7 of [45]), getting a contradiction.

6.5.3 Proof of Proposition 6.33

We are now ready to present a proof of Proposition 6.33

Proof. Consider a solution h̃ : [0, +∞) −→ Herm+(S̃) of the evolution equation, whose existence is proved
in Proposition 6.34. We let h̃0 := h̃(0) and h̃t := h̃(t) for every t > 0. We let f̃t := f h̃0 ,h̃t and s̃t := log(f̃t). We
may moreover suppose that det(f̃t) = 1, so that Tr(s̃t) = 0.

As we saw in the previous section, we have

LS̃π*g,h̃0 (h̃t) =
∫
X̃

iTr(Kπ*g(S̃, h̃0) ◦ s̃t)σnπ*g +
∫
X̃

r∑
a,b=1

|∂s̃a,b,i|2
eλb−λa − (λb − λa) − 1

(λb − λa)2
.
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Consider now the push-forward π* S̃: it is an α−twisted coherent sheaf on X which is locally free outside
the closed subset Z we blow-up to obtain π : X̃ −→ X. As π−1(Z) has measure zero and X \ Z is isomorphic,
via π, to X̃ \ π−1(Z), the same argument presented in section 6.5.2 shows that

LS̃π*g,h̃0 (h̃t) =
∫
X\Z

iTr(Kg(S̃, h̃0) ◦ s̃t)σng +
∫
X\Z

r∑
a,b=1

|∂s̃a,b,i|2
eλb−λa − (λb − λa) − 1

(λb − λa)2
.

We now prove that there are two constants C1, C2 > 0 such that

||s̃t||L1 ≤ C1 + C2LS̃π*g,h̃0 (h̃t),

at least for t varying in a sequence going to +∞.
Indeed, suppose that there are not such constants. Notice that Tr(s̃t) = 0 and, by the proof of Proposition

6.34, we have that supx∈X |Kg(S̃, h̃t)|(x) is uniformly bounded. We then may apply the same proof of Lemma
6.37 to get an α−twisted coherent subsheaf (over X \ Z)F of π* S̃ such that 0 < rk(F) < rk(π* S̃).

As S̃ is a π*α−twisted subbundle of π*E, it follows that π* S̃ is an α−twisted coherent subsheaf of E over
X \ Z. It follows that over X \ Z the sheafF is an α−twisted coherent subsheaf of E. One may then apply the
same construction of section 7 of [49] (locally and then gluing, like in the proof of Lemma 5.12) to prove that
F extends to an α−twisted coherent subsheaf of E with 0 < rk(F) < rk(E), and such that µg(F) ≥ µg(E).

As E is g−semistablewe then get µg(F) = µg(E). But since rk(F) < rk(π* S̃) = rk(S), we get a contradiction
by the minimality of S. In conclusion, it follows that there are two constants C1, C2 > 0 such that

||s̃t||L1 ≤ C1 + C2LS̃π*g,h̃0 (h̃t),

at least for t varying in a sequence going to +∞, getting the statement.
But this implies that LS̃

π*g,h̃0
≥ − C1C2 , at least for t varying in a sequencegoing to∞.Hence LS̃

π*g,h̃0
is bounded

from below along any solution of the evolution equation, and hence we conclude the proof.

Another result that wewill use in the proof of the approximate Kobayashi—Hitchin correspondence is the
following:

Proposition 6.38. Let X be a compact Kähler manifold with Kähler metric g and π : X̃ −→ X a blow-up.
Let E be a π*g−semistable π*α−twisted holomorphic vector bundle on X̃, and let S be a π*α−twisted coherent
subsheaf of maximal rank among the π*α−twisted coherent subsheaves of π*E such that µπ*g(π*E) = µπ*g(S).
Then there is a constant C such that for every h̃, k̃ ∈ Herm+(π*E) we have LSπ*g(h̃, k̃) ≥ C.

Proof. We construct a regularization π1 : X̃1 −→ X̃ of the exact sequence

0 −→ S −→ π*E −→ Q −→ 0.

Using the same proof of Proposition 6.33 we provide a proper α−twisted torsion-free coherent subsheafF of
π*π1* S̃ such that µg(F) ≥ µg(π*π1* S̃).

We let Z be the closed subset of Xweblow-up to get X̃. Recall that since S̃ is a π*1π*α−twisted holomorphic
subbundle of π*1E on X \ Z, the α−twisted sheafF is an α−twisted subsheaf of π*E.

This induces a mapF −→ π*E of α−twisted sheaves, and composing with the natural map π*π*E −→ E
we then get a morphism j : π*F −→ E of π*α−twisted sheaves, which is injective over π−1(Z). Hence ker(j) is
a π*α−twisted sheaf whose support is contained in π−1(Z).

Consider now the exact sequence

0 −→ ker(j) −→ π*F −→ π*F/ ker(j) −→ 0,

and recall that by Lemma 4.10 and its proof, we have

degπ*g(ker(j)) =
∫
V

π*σng = 0,
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since V is the closure of the locus where a holomorphic section of ker(j) vanishes, which is contained in Z. It
follows that

degπ*g(π*F) = degπ*g(π*F/ ker(j)),

and as these two sheaves have the same rank we get

µπ*g(π*F) = µπ*g(π*F/ ker(j)).

But now notice that π*F/ ker(j) is a π*α−twisted coherent subsheaf of E, and as E is π*g−semistable we
get �nally that µπ*g(π*gF/ ker(j)) = µπ*g(E). Since the rank of π*F/ ker(j) equals the rank of π*F, and this is
smaller than the rank of S, we get a contradiction with respect to the minimality of S. We may now apply the
same strategy as in the proof of Proposition 6.33 to get the lower boundedness of LSπ*g.

6.6 Conclusion of the proof

We are now in the position to prove Theorem 6.1, namely that an α−twisted holomorphic vector bundle E on
a compact Kähler manifold with Kähler metric g is g−semistable if and only if it is approximate g−Hermite-
Einstein.

By Theorem 4.23 we know that if E is approximate g−Hermite-Einstein, then it is g−semistable. We need
to prove the converse, and by Proposition 6.21 it is su�cient to prove that the Donaldson Lagrangian Lg,k is
bounded below for every k ∈ Herm+(E). We will need the following:

Lemma 6.39. Let X be a compact Kähler manifold with Kähler metric g, π : X̃ −→ X a blow-up.

1. If E is a g−semistable α−twisted holomorphic vector bundle on X, then π*E is a π*g−semistable π*α−twisted
holomorphic vector bundle on X̃.

2. If moreover Q̃ is a torsion-free quotient of π*E for which we have µπ*g(π*E) = µπ*g(Q̃), then Q̃ is
π*g−semistable.

Proof. As degree and slope are de�ned even with respect to π*g, the notion of π*g−semistability is available
as well, and has the same de�nition as the one with respect to a Kähler metric.

Suppose �rst that π*E is not π*g−semistable. There is then a proper π*α−twisted coherent subsheaf F
of π*E such that 0 < rk(F) < rk(π*E) and µπ*g(F) > µπ*g(π*E). As π is an isomorphism between X \ Z and
X̃ \ π−1(Z), it follows that µg(π*F) > µg(E).

On X \ Z we have that π*F is a proper α−twisted coherent subsheaf of E. Since the codimension of Z is at
least two, as already explained (see the proof of Proposition 6.38)we thenhave that π*F is a proper α−twisted
coherent subsheaf of E on X, getting a contradiction, and hence showing the �rst point of the statement.

Suppose now that Q̃ is not π*g−semistable, and letG be a torsion-free π*α−twisted coherent subsheaf of
Q̃ with 0 < rk(G) < rk(Q̃) and such that µπ*g(G) > µπ*g(Q̃). Then

µπ*g(Q̃/G) < µπ*g(Q̃) = µπ*g(π*E).

Consider now the morphism
f : π*E −→ Q̃ −→ Q̃/G.

Then ker(f ) is a torsion-free π*α−twisted coherent subsheaf of π*E such that µπ*g(ker(f )) > µπ*g(π*E).
Notice that if rk(ker(f )) = 0, then rk(π*E) = rk(Q̃) − rk(G) < rk(Q̃), which is impossible since Q̃ is a

quotient of π*E. Similarly, if rk(ker(f )) = rk(π*E), then we get that rk(Q̃) = rk(G), which is not possible. It
follows that ker(f ) is a torsion-free π*α−twisted coherent subsheaf of π*E such that 0 < rk(ker(f )) < rk(π*E)
and µπ*g(ker(f )) > µπ*g(π*E). As π*E is π*g−semistable, this is impossible, and we are done.

We are now in the position to prove Theorem 6.1:
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Proof. By Theorem 4.23 we just need to show that if E is g−semistable, then it is approximate g−Hermite-
Einstein. By Proposition 6.21 we just need to prove that the Donaldson Lagrangian of E with respect to g is
bounded below, i. e. we need to prove that for every k ∈ Herm+(E) there is a constant Mk ∈ R such that
Lg(h, k) ≥ Mk for every h ∈ Herm+(E). Fix then k ∈ Herm+(E).

If E is g−stable, by Theorem5.1weknow that E is g−Hermite-Einstein, andhence approximate g−Hermite-
Einstein by Proposition 3.25, and we are done. Suppose then that E is not g−stable, and let S be a torsion-free
α−twisted coherent subsheaf of E such that µg(S) = µg(E) and such that Q = E/S is torsion-free. Suppose
moreover that S has minimal rank among all the subsheaves with these properties.

Consider the exact sequence
0 −→ S −→ E −→ Q −→ 0. (6)

By minimality of S, we see that S is g−stable, hence by Proposition 6.21 the Donaldson Lagrangian LSg is
bounded below, i. e. for every Hermitian metric k on E there is a constant Bk ∈ R such that LSg,k(h) ≥ Bk for
every h ∈ Herm+(E).

By Proposition 6.32 we have

Lg(h, k) = LSg(h, k) + LQg (h, k) + ||Ch||2L2 − ||Ck||2L2 .

Notice that ||Ch||2L2 is positive and ||Ck||2L2 is �xed once k is �xed. We then have

Lg(h, k) ≥ Bk + ||Ck||2L2 + LQg (h, k),

so we just need to prove that there is a constant Nk ∈ R such that LQg (h, k) ≥ Nk for every h ∈ Herm+(E).
Take now a regularization π : X̃ −→ X of the exact sequence (6), so that we get an exact sequence

0 −→ S̃ −→ π*E −→ Q̃ −→ 0.

We know that LQg (h, k) = LQ̃π*g(h̃
Q , k̃Q).

As E is g−semistable we know by Lemma 6.39 that the pull-back π*E is π*g−semistable. Moreover, since
µg(S) = µg(E), we get that

µπ*g(Q̃) = µg(Q) = µg(S) = µπ*g(π*E).

By Lemma 6.39 we conclude Q̃ is π*g−semistable. If it is π*g−stable, we are done.
Suppose then that Q̃ is not π*g−semistable. Let S1 be a torsion-free π*α−twisted coherent subsheaf of Q̃

such that 0 < rk(S1) < rk(Q̃), µπ*g(S1) = µπ*g(Q̃), and the quotient Q̃/S1 is torsion-free. Choose S1 to have
minimal rank among all the subsheaves with these properties. We then see that S1 is π*g−stable, and hence
from Proposition 6.38 we know that there is a constant Pk̃ such that LS1π*g(h, k̃) ≥ Pk̃ for every h ∈ Herm

+(Q̃).
Again we have

LQ̃π*g(h, k̃) = L
S1
π*g(h, k̃) + L

Q1
π*g(h, k̃) + ||Ch||

2
L2 − ||Ck̃||

2
L2 ,

where Q1 = Q̃/S1. As before, the problem is reduced to prove that there is a constantWk̃ such that LQ1
π*g(h, k̃) ≥

Wk̃ for every h ∈ Herm
+(Q̃).

To do so we blow up again π1 : X1 −→ X̃ in order to provide a regularization of Q̃1. By Lemma 6.39 we
know that Q̃1 is π*1π*g−semistable, and we have rk(Q̃1) < rk(Q̃). After a �nite number of steps of this type we
then have to stop, concluding the proof.

6.7 Corollaries

We conclude the present paper with some easy corollaries of the (approximate) Kobayashi—Hitchin corre-
spondence which may prove to be useful for some applications. The �rst two corollaries are immediate ap-
plications of Theorem 1.1 and Propositions 3.12, 3.29, 3.10 and 3.27

Corollary 6.40. Let E be an α−twisted holomorphic vector bundle.
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1. If E is g−stable, then ∧pE and SympE are g−polystable.
2. If E is g−semistable, then ∧pE and SympE are g−semistable.

Corollary 6.41. Let E be an α−twisted holomorphic vector bundle and F a β−twisted holomorphic vector bun-
dle.

1. If E and F are g−stable, then E ⊗ F are g−polystable.
2. If E and F are g−semistable, then E ⊗ F are g−semistable.

The following is known as Bogomolov’s inequality.

Corollary 6.42. Let E be a g−semistable α−twisted holomorphic vector bundle of rank r. Then∫
X

((r − 1)c1(E)2 − 2rc2(E)) ∧ σn−2g ≤ 0.

Proof. The proof is identical to that of Theorems 4.7 and 5.7 in Chapter IV of [29]. Se even Theorem 2.2.3 and
Corollary 2.2.4 of [35].
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