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1 Introduction

The Kobayashi—Hitchin correspondence for vector bundles is a nowadays well-established result in complex
geometry, saying that a holomorphic vector bundle on a compact complex manifold X is polystable if and only
if it admits a Hermite-Einstein metric. Here a holomorphic vector bundle is polystable if it is the direct sum
of stable holomorphic vector bundles (where stability is the slope-stability, or Mumford-Takemoto stability)
with the same slope, and a Hermite-Einstein metric is a Hermitian metric whose mean curvature is a constant
multiple of the identity.

This result was proved in an increasing order of generalization by several authors. First, in 1980
Kobayashi introduced in [27] the notion of Hermite-Einstein metric on a holomorphic vector bundle over a
complex manifold. In [28] he showed that an irreducible Hermite-Einstein vector bundle on a compact Kah-
ler manifold is polystable with respect to a Kahler metric. A different proof of this was given by Liibke in
[34].

Shortly after [28], Donaldson proved in [15] that on a Riemann surface even the opposite is true, i. e. that a
stable holomorphic vector bundle carries a Hermite-Einstein metric. This gave a new proof of the Narasimhan-
Seshadri theorem (see [42]) saying that a holomorphic vector bundle on a Riemann surface X is stable if and
only if it has an irreducible projective unitary representation of the fundamental group of X.

Donaldson’s result motivated Kobayashi and Hitchin, indipendently, to conjecture that this result holds
for every holomorphic vector bundle on a compact Kdhler manifold: it is this correspondence which is usu-
ally referred to as Kobayashi—Hitchin correspondence. The first proof of this correspondence for higher di-
mensional manifolds was given by Donaldson in [16] for algebraic surfaces, and then in [17] for algebraic
manifolds.

Uhlenbeck and Yau proved in [49] and [50] that the Kobayashi—Hitchin correspondence holds on arbi-
trary compact Kahler manifolds, completing the proof of the original conjecture of Kobayashi and Hitchin. A
few years after that, Buchdahl proved in [9] that the Kobayashi—Hitchin correspondence holds on any com-
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pact complex surface, and in [32] Li and Yau proved that it holds on every compact complex manifold, i. e.
that if X is a compact complex manifold and g is a Gauduchon metric on X, then a holomorphic vector bundle
E is g-Hermite-Einstein if and only if it is g—polystable.

Instead of Hermite-Einstein holomorphic vector bundle, i. e. a holomorphic vector bundle admitting a
Hermite-Einstein metric, one can consider the weaker notion of approximate Hermite-Einstein holomorphic
vector bundle, i. e. a holomorphic vector bundle E such that for each € > 0 there is a Hermitian metric he on
E whose mean curvature Kg(E, he) verifies

max | Tr((Kg(E, he) - ¢ - idg)?)| < €,
xeX

where ¢ € R depends only on X, g, c;(E) and the rank of E.

It was shown by Kobayashi in [29] that an approximate Hermite-Einstein holomorphic vector bundle on
a compact Kihler manifold X is semistable (with respect to a Kdhler metric g), and that if X is a projective
manifold, then even the converse holds. This equivalence is often referred to as approximate Kobayashi—
Hitchin correspondence. In [25] Jacob proved that the approximate Kobayashi—Hitchin correspondence holds
for every holomorphic vector bundle on a compact Kdhler manifold.

Several other versions of the (approximate) Kobayashi-Hitchin correspondence have since appeared in
other contexts: with no pretention of completeness we may cite reflexive sheaves ([2]), Higgs bundles ([22],
[45]), parabolic bundles ([31], [44]), parabolic Higgs bundles ([46], [4], [37], [38]), principal G-bundles ([1], [5],
[6]), principal pairs (see [3], [40], [8]), analitically stable bundles ([45], [39]), holomorphic pairs ([7], [48], [24]),
generalized holomorphic vector bundles ([20]). See moreover [36] (and references therein) for a universal
treatment of the Kobayashi—Hitchin correspondence in several contexts. The existence of particular metrics
on Gieseker stable sheaves has been studied in [30] (for vector bundles) and [13] (for Higgs sheaves).

In this paper we will consider the Kobayashi—Hitchin correspondence in the setting of twisted holomor-
phic vector bundles on a compact complex manifold X, where the twist is a 2—cocyle representing an element
in the Brauer group Br(X) of X (i. e. the torsion of H*(X, @;()). Twisted sheaves were introduced by Giraud in
[19], and can be defined in several equivalent ways: as family of sheaves on an open covering of X together
with a twisted gluing, as sheaves of modules over an Azumaya algebra on X (see [11]), as sheaves on a gerb
on X (see [19], [21], [14]), as sheaves on a Oy—gerbe (see [33]) or as sheaves on a projective bundle over X (see
[52]).

Stability for coherent twisted sheaves was introduced first by Lieblich in [33] in the language of sheaves on
Ox-gerbes, and by Yoshioka in [52] in the language of sheaves on a projective bundle over X. In [43] stability
of coherent twisted sheaves is discussed in the language of twisted gluing of coherent sheaves and in the
language of modules over an Azumaya algebra. In all of these categories in order to define stability one needs
a definition of Chern classes of coherent twisted sheaves.

The notion of connection on a twisted holomorphic vector bundles appears in [21], [14] (see even [41]), and
was used in [51] to prove the Kobayashi—Hitchin correspondence for twisted holomorphic vector bundles on a
compact Kdhler manifold. All the definitions there are in the category of twisted holomorphic vector bundles
as holomorphic bundles over a gerb.

In the present paper we will consider twisted vector bundles following Caldararu’s point of view, i. e.
local vector bundles on a open covering together with a twisted gluing. Connections on such vector bundles
may be found in [26], and in the present paper we present a definition of Hermitian metric. The twist a will
be a 2—cocycle (given once an open covering % = {U;};c; of X is fixed) whose cohomology class lies in Br(X),
and which is associated a B-field, i. e. a family of closed (1, 1)-forms B; € A1(U;) such that B; - Bjis an
exact form.

The aim of the paper is to prove the following:

Theorem 1.1. Let X be a compact Kéhler manifold with a Kéhler metric g, a the twist associated to a B—field
and E an a-twisted holomorphic vector bundle on X.

1. Eis g-polystable if and only if it is g—Hermite-Einstein.
2. Eis g—semistable if and only if it is approximate g—Hermite-Einstein.
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As already mentioned, the first item of the statement of Theorem 1.1 was already proved by Wang in [51]. Here
we present a proof in the language of local vector bundles with twisted gluing, and we provide a general-
ization of Wang’s result to compact complex manifolds with a Gauduchon metric g (see Theorem 5.17). The
second item is the twisted version of the approximate Kobayashi—Hitchin correspondence, and is new. The
proof is an adaptation to twisted holomorphic vector bundles of the original proofs of Kobayashi and Jacob.

The structure of the paper is the following: section 2 contains the main basic facts about twisted vector
bundles and sheaves, and about connections and metrics on them. As this was not available in the literature,
we gave a global overview of this.

We prove in particular that every twisted holomorphic vector bundle E over which we fix a Hermitian
metric h, carries a unique connection which is compatible with the holomorphic structure of E and the metric
h. In analogy with the untwisted case, we will call this connection the Chern connection of the pair (E, h).

The B-field fixed at the beginning will allow us to define the curvature of every connection, which is a
global 2—form with values in the (untwisted) vector bundle End(E). The curvature of the Chern connection
will be called Chern curvature, and it will be a global (1, 1)-form with values in End(E). It is the fact that
End(E) is a true (i. e. untwisted) holomorphic vector bundle on X that will allow us to provide a proof of
Theorem 1.1.

We will moreover discuss how connections, curvatures and Hermitian metrics behave under various oper-
ations of twisted bundles, like direct sum, tensor product, dual, pull-back, sub-bundle and quotient bundles,
proving in particular a twisted version of the Gauss-Codazzi formulas.

Section 3 is devoted to introduce the notion of g—Hermite-Einstein and approximate g—Hermite-Einstein
twisted bundles. To do so, we need to introduce Chern forms and Chern classes for twisted sheaves: as already
done by Wang in [51], we define Chern forms and Chern classes by means of the curvature of a connection,
similarly to what happens for holomorphic vector bundles.

Once the Chern forms and classes are introduced, we define the mean curvature of a pair (E, h) of a twisted
holomorphic vector bundle E and a Hermitian metric h: exactly as in the untwisted case, this will be a smooth
endomorphism of E (which is Hermitian with respect to h). The notion of (weak) g-Hermite-Einstein metric is
then as in the untwisted case, and we prove that in the conformal class of a weak g—Hermite-Einstein metric
there is always a g—Hermite-Einstein metric.

We define g—Hermite-Einstein and approximate g-Hermite-Einstein vector bundles as in the untwisted
case, and we will provide several properties of (approximate) g—Hermite-Einstein bundles following closely
the analogous properties for untwisted bundles.

Section 4 is devoted to the notion of g-semistable and g-stable twisted holomorphic vector bun-
dles, proving several properties of these bundles, and in particular that g—Hermite-Einstein bundles are
g—-polystable, and that approximate g—Hermite-Einstein bundles are g—semistable. The proof is essentially
the same as in the untwisted case, and we follow closely Liibke’s argument in [34]. This proves half of Theorem
1.1.

In section 5 we prove that a g—stable twisted holomorphic vector bundle is g-Hermite-Einstein: this is the
content of Theorem 5.1, which completes the proof of point 1 of Theorem 1.1. The proof we present is identical
to the one given by Uhlenbeck and Yau in [49], and its adaptation to Gauduchon metrics on compact complex
manifold as presented in [32] and in section 3 of [35].

Wang’s approach in [51] was to adapt to twisted bundles the original argument of Donaldson, adapted
by Simpson in [45]. Since [32] and [35] work more generally if g is a Gauduchon metric on a compact complex
manifold X, we will finally prove that the Kobayashi—Hitchin correspondence for twisted holomorphic vector
bundles holds on every compact complex manifold (with respect to a chosen Gauduchon metric on it), thus
generalizing [51].

The remaining part of the paper is devoted to the proof of the approximate Kobayashi—Hitchin corre-
spondence, namely that each g—semistable twisted holomorphic vector bundle is approximate g—Hermite-
Einstein: this is the content of Theorem 6.1, which completes the proof of point 2 of Theorem 1.1.

The proof will follow closely the original argument in the untwisted case as presented in [29] and [25].
As in [29] we first define the Donaldson Lagrangian for Hermitian metrics on a twisted holomorphic vector
bundle, and prove that if it is bounded below, then the bundle is approximate g—Hermite-Einstein. We will
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then prove that the Donaldson Lagrangian of a g—semistable twisted holomorphic vector bundle is bounded
below. The proof is based on the one proposed by Jacob in [25] for untwisted vector bundles, and we adapt it
to the twisted case.

Notation

All along the paper we consider a C>°—differentiable manifold M. If J is a complex structure on M, we will let
X = (M, ]) be the induced complex manifold. We moreover fix a sufficiently fine open covering % = {U,}icr
of M, where I is a set of indexes. We write U;; := U; N U; and Uy := U; N U; N Uy

Once the open covering % is fixed, we choose a B-field B on X with respect to %: for further reference
and more details on B-fields, see [21], [14], [51] and [12].

A B-field on X with respect to % is a family B = {B;};c; where B; is a 2—form on Uj, such that there are
1-forms w;; on U;; with the property that

Bi - B] = dwu

We notice that
dBi - dB] = dzw,-j = O,

hence the 3-forms dB; glue together to give a closed 3-form dB on X, whose cohomology class is an element
in H>(X, 7).
Notice that
d(wjj + wj + wy;) = 0,

so if the covering % is sufficiently fine we may find U(1)-valued functions a;j; on Ujj, such that
-1
Wij + Wjg + Wy; = —a,-ikdaijk.

Then ag = {a;} is a 2-cocycle whose cohomology class lies in H*(X, Oy).

The 2-cocyle ag will be called twist induced by B, and all along the paper we will use the notation
a instead of ap. The natural morphism H?(X, 0y) — H2(X, Z) from the exponential sequence sends the
cohomology class [a] to the cohomology class [dB] of dB.

If [dB] is torsion in H?(X, Z), then [a] is torsion in H?(X, 0y), i. e. it corresponds to an element in the
Brauer group Br(X) of X. In this case [dB] is trivial in H>(X, R), and we may and will choose the forms B; to
be d-closed for every i € I. We will moreover ask that B; is a purely imaginary (1, 1)-form on U;, and that
wj;is a (1, 0)~form on Uj;.

If H3(X, Z) is free, then every element in Br(X) may be represented by a twist induced by some B—field.

2 Connections and metrics

In this section we introduce the definitions of twisted vector bundle and of twisted coherent sheaf that we will
use all along the paper. After having reviewed all the basic operations we will use on twisted sheaves, we will
introduce the notion of connection, of curvature and of Hermitian metric on a twisted vector bundle, showing
that once a holomorphic twisted vector bundle and a Hermitian metric on it are given, then there is a unique
connection on it which is compatible with the metric and with the holomorphic structure. In analogy to the
untwisted case, this connection will be called the Chern connection of the twisted bundle, whose curvature
will be the most important tool in the paper, exactly as in the untwisted case.
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2.1 Twisted vector bundles

Let M be a C*-differentiable manifold over which we have a complex structure, and let X be the induced
complex manifold. We first recall the definition of twisted vector bundle on X.

Definition 2.1. An a—-twisted complex C* vector bundle on X is a family E = {E;, ¢;;}; jc1 where

1. foreachi € I, E; is a complex C™ vector bundle on U;,
2. foreachi,jel, ¢;;: Ejy, — Ejy; isan isomorphism of complex C™ vector bundles on Uy,
3. we have ¢y; = idg,, ;' = pji and Py o dji o Pyj = i - idg,, foreveryi,j kel

ij

Morphisms of twisted bundles are defined in a natural way:

Definition 2.2. Let E = {E;, ¢;} and F = {F;, {;;} be two a-twisted complex C* vector bundles on X. A
morphism of a—twisted complex C™ vector bundles f : E — F is a family f = {f;}ic; where

1. foreachi e I, we have that f; : E; — F; is a morphism of complex C* vector bundles on U;,
2. foreachi,j € I, we have y;; o f; = f o ¢y;.

The category of a-twisted complex C* vector bundles on X will be denoted Bunc~(X, a). The objects that
will be under investigation in this paper will anyway more precisely be twisted holomorphic vector bundles,
defined as follows:

Definition 2.3. An a-twisted complex C*™ vector bundle E = {E;, ¢;;}; jer on X will be called a—twisted holo-
morphic vector bundle on X if E; is a holomorphic vector bundle on U; and ¢;; : Ej v; — Ejju, is an isomor-
phism of holomorphic vector bundles.

Morphisms among twisted holomorphic vector bundles are then defined as follows:

Definition 2.4. If E and F are two a—twisted holomorphic vector bundles on X, a morphism of a—twisted
holomorphic vector bundles from E to F is a morphism f = {fi}ic; : E — F of a-twisted complex C*
bundles such that for every i € I we have that f; : E; — E; is a morphism of holomorphic vector bundles on U;.

The category of a—twisted holomorphic vector bundles on X will be denoted Bun(X, a). If instead of looking
at vector bundles we are willing to look at sheaves, we will talk about twisted sheaves as follows.

Definition 2.5. An a-twisted sheaf on X is a family & = {&;, ¢;;}; jcr where

1. foreachi € I, &; is sheaf of Abelian groups on U;,
2. foreachi,j € I, ¢yj : &y, — &y, is an isomorphism of sheaves of Abelian groups on Uy;,
3. we have ¢;; = idg,, ¢i‘il = ¢ji and Py o dji o Gyj = ;i - id%”Uijk foreveryi,j, k el.

If &; is a sheaf of Oy,—modules for every i € I, then we say that & is an a-twisted sheaf of Ox-modules. If
moreover &; is coherent (resp. quasi-coherent), we will say that & is an a—twisted coherent sheaf (resp. an
a-twisted quasi-coherent sheaf).

Moreover, we have the notion of morphism between a-twisted sheaves.

Definition 2.6. If & = {&;, ¢jj}ijc; and F = {F;, Pij}ijerare two a-twisted sheaves (of Ox-modules), a
morphism of a-twisted sheaves (of Ox-modules) from & to & is a family f = {f;};c; where

1. foreachi € I, f; : & — %; is morphism of sheaves (of Oy,—modules),
2. we have y;; o f; = fj o ¢y for every i, j € I.
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We therefore have the categories Sh(X, a) (resp. Shy, (X, a)) of a—twisted sheaves (resp. of a—twisted sheaves
of 6x-modules). The full subcategory of Shg, (X, a) whose objects are a—twisted (quasi-)coherent sheaves
are denoted Coh(X, a) (resp. QCoh(X, a)). Exactly as for untwisted sheaves, we have the notion of locally free
twisted sheaf.

Definition 2.7. An a—twisted sheaf & = {&;, ¢;;} of Ox—modules is said to be locally free (of rank r) if for each
i € I we have that &; is locally free (of rank r).

The full-subcategory of Shy, (X, a) whose objects are a—twisted locally free sheaves is denoted Lf(X, ). It is
easy to prove that there is an equivalence of categories between Bun(X, a) and Lf(X, a).

Remark 2.8. If %' is a refinement of %, by restriction we see that a B-field relative to % gives a B-field relative
to %', whose associated twist is a Cech 2—cocycle &’ relative to %’. We moreover get a canonical equivalence
between Bunc-(X, @) and Bunc-(X, a’) (and similarly for the other categories we mentioned before).

If E = {Ej, ¢;} is an a-twisted complex C* vector bundle relative to %, we may refine % so that the
twisted vector bundle corresponding to E will be {E}, ¢;};c» where E; is the trivial vector bundle.

2.2 Operations with twisted bundles

The usual operations between vector bundles (C* or holomorphic) and sheaves can be defined as well in the
twisted setting. We will only consider the case of a—twisted complex C* vector bundles, but the same defini-
tions work for a-twisted holomorpic vector bundles and for a—twisted sheaves (of ©®x—modules, coherent or
quasi-coherent). We refer the reader to [11] for further details.

Dual bundle. Let E = {E;, ¢;;} be an a-twisted complex C* vector bundle. The dual of Eis E" = {E;, ¢;;}
where E; is the dual vector bundle of E; on U;, and ¢;; : E; — Ej is the dual of ¢;;: more precisely, if 1 is a
local section of E}, then ¢;-(rl) is the local section of E; mapping a local section ¢ of Ej to n(qbi‘jl(.{ ). It is easy
to see that E” is a complex C** vector bundle twisted by a™* = {a;;}.

Conjugate bundle. Let E = {Ej, ¢;;} be an a-twisted complex C™ vector bundle. The conjugate of E is
E = {E;, ¢;;} where E; is the conjugate vector bundle of E; on U;, and ¢; : E — F; is the conjugate of ¢;;.
Then E is a complex C™ vector bundle twisted by « = {aj;; }. If E is holomorphic, then E is holomorphic over
X (the complex manifold obtained by putting on M the conjugate complex structure J).

Direct sum. If E = {E;, ¢;;} and F = {F;, 1;;} are two a—twisted complex C* vector bundles, their direct
sumis E @ F := {E; © F;, ¢j; © y;}, which is an a-twisted complex C* vector bundle as well.

Tensor product. Consider B and B’ two B-fields with respect to %, and let a and a’ be the respective
twists. If E = {E;, ¢;;} is an a—twisted complex C* vector bundle and F = {F;, i;;} an a’-twisted complex
C* vector bundle, their tensor product is E ® F := {E; ® F;, ¢;; ® 1;;}, which is an aa’-twisted complex C*
vector bundle.

In particular E@ E* and E ® E* are untwisted complex C* vector bundles: indeed E* is "' ~twisted, E
isa ! twisted, hence E @ E* is twisted by aa™! = 1,and E ® E” is twisted by @ “a”! = |a|2 = 1 (since i is
a function taking values in U(1)).

Wedge product. If E is an a—twisted complex C* vector bundle on X, for every p > 0 we may consider
the p—th wedge product \” E = { \? E;, A\P¢;;}. This is a direct summand of E®?, hence it is an a” -twisted
complex C* vector bundle. In particular, if E has rank r, then we have that det(E) := A"E is an ' -twisted
complex C* vector bundle.
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Bundle of morphisms. If E = {E;, ¢;;} are is an a—twisted complex C™ vector bundle and F = {F;, ;;}
is an a’-twisted complex C* vector bundle on M, we let Hom(E, F) := {Hom(E;, F;), @;;}, where

@;; : Hom(E;, F;) — Hom(E;, F)),  @4(f) := 0 f o yj.

It is easy to show that Hom(E, F) is an a~ ' a’-twisted complex C> vector bundle.

The canonical isomorphism E; ® F; ~ Hom(E;, F;) (coming from the universal property of tensor prod-
uct) induces a canonical isomorphism between E* @ F and Hom(E, F). In particular we see that End(E) and
Hom(E, E*) are untwisted complex C* vector bundles.

Notice that if E and F are a—twisted holomorphic vector bundles, then End(E) and Hom(E, F) are holo-
morphic vector bundles. As such we may consider their global sections as complex C* vector bundles, or as
holomorphic vector bundles.

In the first case, the global sections of End(E) (resp. of Hom(E, F)) are the smooth endomorphisms
of E (resp. the smooth morphisms from E to F), and will be denoted A°(End(E)) or simply End(E) (resp.
A°(Hom(E, F)), Hom(E, F)). In the second case, we will use the notation H*(End(E)) and H°(Hom(E, F)).

Pull-back. Let X and Y be two C* differentiable manifolds and f : X — Y be a smooth map between
them. If % = {U;}ic; is an open covering of Y, then f'% := {f 1(U;)}ic; is an open covering of X. If E =
{E;, ¢} is an a-twisted complex C* vector bundle on Y, the pull-back of E under f is f'E = {f"E;, " ¢;;},
which is a f*a-twisted complex C* vector bundle on X.

2.2.1 Properties of morphisms

If f : E — E is an endomorphism of an a—twisted complex C* (resp. holomorphic) vector bundle, then for
every i,j € I we have
Tr(f) = Tr($y' fiy)) = Tr(f),
so that we may glue together the traces of the endomorphisms f;’s to get a global smooth (resp. holomorphic)
function Tr(f), called trace of f.
Similarily we have

det(f;) = det(¢i;'fipy) = det(f)),

so we get a global smooth (resp. holomorphic) function det(f), called determinant of f.
IfF = {F, ¢ij}ijer and @ = {G;, Yy} jer are two a-twisted coherent sheaves on X and f = {f;}icr :
F — & isamorphism, then for every x € U; we havethatf; , : % , — &;  isamorphism of Ox ,—modules.
If x € Uy, as ¢;; and ;; are isomorphisms of vector bundles we have

rkx(fl-) = rkx(!,l)ij Ofl) = rkx(fj o ¢)1]) = rkx(f]').

It follows that rkx(f;) does not depend on the choice of i € I: we will write it rkx(f) and call it the rank of f at
X.
We now need to make some remarks about eigenvalues of endomorphisms of twisted bundles.

Remark 2.9. If E is an a—twisted holomorphic vector bundle and f = {f;} is a smooth endomorphism of E,
then it makes sense to consider the eigenvalues of f (which are smooth functions on X).

Indeed, suppose that A; is an eigenvalue of f;, i. e. A; is a smooth function on U; for which there is a
nowehere vanishing smooth section s of E; with f;(s) = A;s. Then 4; is an eigenvalue for f; over Uj;: indeed
¢;;(s) is a nowhere vanishing smooth section of E; over Uj;, and we have

fi(@i(s)) = ¢4(£i(s)) = pij(Ais) = Aipy(s).

Hence the eigenvalues of the f;’s glue together to give global smooth functions on X that on each U; rectrict
to the eigenvalues of f;, and that will be referred to as eigenvalues of f.
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As for morphisms of untwisted sheaves, the trace of a morphism of twisted sheaves is the sum of the eigenval-
ues, and its determinant is their product. The previous Remark 2.9 shows moreover that f; is diagonalizable
if and only if f; is, hence it makes sense to talk about diagonalizable endomorphisms of a—twisted (holomor-
phic) vector bundles.

If f is a diagonalizable endomorphism of E whose eigenvalues are 14, - - - , Ar, consider a smooth function
¢ : R — R and suppose that the images of A, - -+ , A; are all contained in the definition domain of ¢. In
particular we see that ¢ o A; is a smooth function on X.

This allows us to perform the following general construction: for every i € I consider a local frame o; of
E; which diagonalizes f;. With respect to o; we then have that f; is represented by a diagonal matrix F; whose
diagonal entries are the eigenvalues of f; (each one appearing with its respective multiplicity). We then let
¢(F;) be the diagonal matrix whose diagonal entries are the ¢ o A; (each one with the respective multiplicity),
and consider the endomorphism ¢(f;) of E; corresponding to ¢(F;).

Lemma 2.10. The family ¢(f) := {@(f;)}ics is a diagonalizable endomorphism of E.

Proof. The endomorphism ¢(f;) is diagonalizable, so ¢(f) is diagonalizable. Moreover, if 0; is a local frame of
E; diagonalizing ¢(f;), then ¢;;(0;) is a local frame of E; diagonalizing ¢(f;). It then follows that ¢;; o ¢(f;) =
¢(f;) o ¢y, and we are done. -

Particular cases are exp(f), the exponential of f (which may be defined for every endomorphism of E),
log(f), the logarithm of f (which may be defined for positive definite endomorphisms) and f° for every ¢ ¢
(0, 1] (which may be defined for positive semidefinite endomorphisms).

2.3 Connections and curvatures

We now define connections and curvatures on twisted vector bundles. Before doing this, we recall some very
basic facts about connections on vector bundles: we refer the reader to [29] for further details. If V is a complex
C* vector bundle on X of rank r, we use the notation A? (V) for the space of p—forms on X with values in V,
and AP (X) for the space of p—forms on X.

A connection on V is a C-linear map D : A°(V) — AY(V) such that for every f € A°(X) and every
s € A°(E) we have

D(s-f)=D(s)-f +s-df.

Ifs={sy,:-,sr}isalocal frame of V, then the connection form of D relative to s is a matrix I" of 1-forms

on X such that

D(s;) = Zsj"}’{,
j=1
where I' = [1/]. If £ € A°(X), write
{ = Z Ejsja
j=1
so that . .
DO -3 s (d+ >4,
j=1 k=1

that we write simply D(¢) = d&¢ + I'€.

It is easy to see that to give a connection on V is equivalent to give an open covering % = {U;};cs of X
such that V is trivialized over U;, a local frame s; of V over U; and a r x r-matrix I'; of 1-forms on U; such that
if ¢;; : V; — V;j is the transition function, then we have

-1 -1
Fi = ai]- F)-al-,- + (11']' dai]-,
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where a;; is the r x r-matrix of smooth functions on V representing ¢;; with respect to s; and s;.

We introduce now the notion of connection on a twisted bundle (see [21], [14] and [51] for connections on
gerbs, and [26] for connections on twisted vector bundles). Let E = {E;, ¢;;}; jc1 be an a-twisted complex C*
vector bundle of rank r.

Definition 2.11. A connection on E is a family D = {D;};c; where
1. foreachi € I, D; is a connection on E;,

2. foreveryi,j € IifI;is a connection form of D; with respect to a local frame of E;, and if a;; is the matrix of
smooth functions representing ¢;; with respect to the chosen local frames, we have

-1 -1
Fi = aij Fjaij + {11-]' dai,- + (l)l']' - Ir.

Remark 2.12. The motivation of the previous definition comes from the following remark: if V is a complex
C* vector bundle and D is a connection on it, take a family of connections form I'; associated to local frames
on an open covering of X, and let a;; be the matrix representing the transition function with respect to the
given local frames. We then have

I;= a{]-ll"]-aij + ai_jlda,-,- =

“1, -1 -1 -1
= ajj (@, Taj + aj dag)ag; + a; dag; =
-1 -1 -1 -1 -1
= aj; ay Neajrag + @i aj dajag; + ag; dagj =
-1 -1, -1 -1 -1 -1 -1
= aij ajk (akl- Fl-ak,- + Ay daki)a}-kaij + al-j a]-k dajkaij + al-l- dai]- =
-1 -1 -1 -1 -1
= (aajay) Tilagajag) + ay dag)ajag; + ai; a;c dajag; + aij dag; =
-1 -1
= (aiajeay;) Ti(agajeai) + (agaja;)” d(agajag).

If ay;ajai; = Ir, this last line is I';. But in the twisted case we have that ay;a;a; = aj - Ir, hence we get
I=r1;+ ai‘jidai]-k. In order to avoid this discrepancy we need to add w;; - I in the relation between I'; and T.

The existence of a connection on any a-twisted complex C* vector bundle on M is granted by Example 7.2 of
[26]. We present here a more general construction that will be used in what follows.

Proposition 2.13. Let E be an a—twisted complex C* vector bundle on M. Then E admits a connection.

Proof. Write E = {E;, ¢;;}, and let p = {p;};c; be a partition of the unity with respect to %. Choose a connec-
tion D; on E;, and let I'; be the connection form of D; with respect to a chosen local frame of E;. We write a;;
for the matrix of smooth functions representing ¢;; with respect to these local frames.

We consider

Fl{ = Zp,-a{jll"ja,-j, (Di = ija{jlda,-j,
jel jel
which are two matrices of 1-forms on U;. Notice that

1 -1 -1 -1 -1
ai Ijai; = aj; <Zpkajk Fkajk) aj =Y pia a Teapay.
kel kel

Now recall that aj a; = aja;, SO

=15 -1 /
aj Tja; = prlageag) ™ Tilageag) = Ti.
kel

Now, recall that ay;ajca;; = ayj - Ir, so that a; = a{jiajkaij. It follows that
-1 -1 -1 -1
ai dag = (agapay) d(agaas;) =

-1 _-1 -1 -1 -1
= ayay; ay (dagp)apea; + agp(dagdag; + agap(dag)) =
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-1 -1, -1 -1
= a,-]-kdaijk I + aj (ajk da]-k)aij +ajj da;; =
-1 -1, -1 -1
= —aijkdaijk I+ ai}- (a]-k dajk)aij + ai]- dai]‘.
But then

-1 -1 -1 -1 -1
@; =Y pray day = aj; <Zpkajk dajk) ajj + aj dag -y prajidag =
kel kel kel

-1 -1
= al-]- (D}'ai]' + (11']' dal-]- + a),-]- - Ir.
We now let I; := I'} + @; for every i € I, so that
I; =T} +®; =aj'T} gt id Iy =
i=1;+ ,-—ai]- jail-+al~j ,-a,-]-+a,-]- al-,-+a)i]-- r=
R 71d I
= al-]- F]au + ai]- aij + Wi * Ir.

Consider now the family D= {1~)1~} ic; Where 5,- is the connection whose connection form is T",- with respect to
the given local frame: we then see that D is a connection on E. O

Remark 2.14. The set of connections on an a—twisted complex C* vector bundle E is an affine space over
the vector space A'(End(E)). Indeed, if D = {D;} and D’ = {D!} are two connections on E, we have that
D; - D} € A'(End(E;)) and

D; - Di = ¢ (D; - Db,

so the D; — D}’s glue together to a global D - D’ € A'(End(E)). As a consequence of this, any affine linear
combination of connections on an a—twisted complex C* vector bundle E is again a connection on E.

Using D; : A°(E;) — A'(E;) we define a C-linear map
D} : AYE) — A%(Ey), Di(s-@):=Di(s)A@+s-dep,

and more generally we define Df’ : AP(E;) — AP*Y(E;) using the previous formula in a recursive way (letting
DY :=Dy).

If now E is an a—twisted complex C* vector bundle on X and D = {D;} is a connection on E, foreveryi € I
we consider R; := Di1 oD;, which is the curvature of the connection D; on E;, so we know that R; € A%(End(E;)),
i. e. R; is a 2—form with values in the complex C* vector bundle End(E;) of endomorphisms of E; (over U;).
Let

R; :=R; - B; - id, € A*(End(E;)).

Lemma 2.15. There is a unique Ry € A?(End(E)) such that Rpy, = ﬁ,- foreveryic L

Proof. We have Ei = R;-B;-idg,. With respect to alocal frame of E; we represent R; by a matrix Q; of 2—forms.
For each i € I recall that Q; = dI; + I'; A I'; (see as instance section 1in Chapter I of [29]). But then

Ri = ¢3' Rigpy + dwi; - id,

we then get
R; = ¢' Rj¢yj + (dw;; - By) - idp,.

But as dw;; - B; = -Bj, we get

R; = ¢ Ry - B; - idg, = ¢35 Rjpyj — 3 (B; - idg )by = b3 Rijbyj
so we glue together the R;’s to produce the 2—form R),. O
Definition 2.16. The 2—form Ry, € A*(End(E)) is the curvature of D.
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2.4 Connections and holomorphic structures

Let us now fix a holomorphic structure, getting a complex manifold X. Let E = {E;, ¢;;} be an a-twisted
complex C* vector bundle on X and D = {D;} a connection on E. The holomorphic structure on X gives a
direct sum decomposition

A%(E) = AVO(E) @ A% (E)).

Composing D; with the two projections we get
D{° : A°(Ey) — AMO(E), DY A%(E) — A%(EY)
and we clearly have D; = D}° + DY We will let
D" :={D}°}, D>':={DY}.
Similarly, we have

A%*(End(E)) = A>°(End(E)) & AV (End(E)) & A%*(End(E)),

hence if Rp is the connection of D, we have three components R%’O, R},’l and R%’Z such that

_ p20_ pl1l, po2
Rp =Ry~ +Rp +Rp”.

If I'; is a connection form for D; with respect to a given frame, we have a natural decomposition I'; =
r}°+ 1" since I is a matrix of 1-forms. It follows from the definition of connection and the fact that w ; is
a (1, 0)-form that

rH° = a{]-ll‘).l’oa,-]- +ai oa;; + wilj’o - idg,,
and
! = a' " ay; + ai' oay;.

Suppose now furthermore that E is an a—twisted holomorphic vector bundle, i. e. E; has a holomorphic

structure and ¢;; is an isomorphism of holomorphic vector bundles. We then represent the connection D; by

a matrix I'; of 1-forms with respect to a holomorphic local frame, and ¢;; by a matrix a;; whose entries are
holomorphic functions. In this case we get

1,0 _ -1p1,0, -1y 1,0 ; 0,1 _ -170,1
;" =ay I“j a; + aj; aa,]+a)i]. idg, Iy =aj F]. ai.

The holomorphic structure of E; corresponds to a semi-connection
0; : A°(E;) — A%(Ey),
i.e.such that o(f - s) = 9(f) - s + f - 9;(s) for every f € A°(U;) and s € A°(E)).

Definition 2.17. A connection D = {D;};c; on E is compatible with the holomorphic structure of E if for
every i € I we have D! = 9;.

This is equivalent to asking that I' ?’1 = 0 for every i, or even that for every holomorphic section ¢ of E; we
have D;(¢) = D;"°(¢) (see Proposition 3.9 in Chapter I of [29]).

The following shows that each twisted holomorphic vector bundle carries a connection compatible with
its holomorphic structure.

Lemma 2.18. Let E be an a—twisted holomorphic vector bundle on X. Then E admits a connection D compatible
with its holomorphic structure, and if the B—field B is such that Bl.°’2 =0 foreveryic I, then R%z =0.
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Proof. Write E = {E;, ¢;;}, where E; is a holomorphic vector bundle and ¢;; is holomorphic for every i, j € I.
We know that E; admits a connection D; compatible with its holomorphic structure (see Proposition 3.5 in
Chapter I of [29]). We let I'; be its connection form with respect to a holomorphic local frame of E;. Consider
moreover a partition of the unity p = {p;} relative to %.

The proof of Proposition 2.13 tells us that if we let D= {f)i} whose connection form, with respect to the
given holomorphic local frames, is

I; = Zp]-(a{ill"ja,-j + a,-_jldaij),
jerl
then D is a connection on E. Notice that
o, 10, L
Fi Lo Zp}a,lll"] 1a,-]- + ijaijlaa,-j = O,
jeI jel
since I' 19’1 = 0 by the fact that D is compatible with the holomorphic structure of E, and Eai,- =Osinceaisa

matrix of holomorphic functions. It follows that Dis compatible with the holomorphic structure of E.
To conclude, notice that Rg(D)*? = 0 if and only if its restriction to U; is O for every i € I, i. e. if and only
if (R; - B; - idg,)? = 0. But since BY* = 0, we get

(R; = R; - B; -idg)*? = R»* - B®? = R?2,
Now, recall that as D! = 9; we have R = 0 (see Proposition 3.5 in Chapter I of [29]), and we are done. [J
A converse of the previous Lemma holds too.

Lemma 2.19. Let E be an a—twisted complex C* vector bundle on X and D a connection on E. Suppose that
the B—field B = {B;} is such that B?’Z =0 foreveryi € I, and that R%Z = 0. Then there is a unique holomorphic
structure on E with which D is compatible.

Proof. As in the proof of Lemma 2.18, the fact that R%’z = 0 and that B?’z = 0 imply that R?’z = 0O for every
i € I. Proposition 3.7 in Chapter I of [29] then implies the existence of a unique holomorphic structure on E;
with which D; is compatible.

We now need to prove that ¢;; is holomorphic with respect to the holomorphic structures of E; and E;. Let
I'; be the connection form of D; with respect to a holomorphic local frame of E;, and a;; the matrix of smooth
functions representing ¢;; with respect to the chosen local frames of E; and E;. Then I ?’1 = 0, and since

Fl' = ai_jll"jai]- + a{jldaij + (l)i]' . idEi)

by multiplying by a;; on both sides we then get

dai,- = al-jl"l- - F,-al-j - (Ui]'aij.

But as wj; is a (1, 0)-form, we see that da;; is a matrix of (1, 0)-forms: hence a;; is a matrix of holomorphic
functions, and ¢;; is holomorphic. O

2.5 Hermitian metrics and connections

We now introduce the notion of Hermitian metric on a twisted bundle. We recall that if V is a complex C*
vector bundle on X, a Hermitian metric on V is a C* field of positive definite Hermitian products on the fibers
of V.

Definition 2.20. Let E = {E;, ¢);;} be an a—twisted complex C™ vector bundle on X. A Hermitian metric on E
is a collection h = {h;};c; where

1. foreveryi € I, h; is a Hermitian metric on E;,
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2. foreveryi,j c Iwehave h; = T¢ijhj$ij, i. e. for every sections & and n of E; we have
hi(&, n) = hj(¢;;(8), ¢i;(n)).
Remark 2.21. As a;; is U(1)-values, we have
hi = Tdyshidy = "oy T dihid i = Ty b  drihibri b by =
= Npridjxdi)hiPriPjx®ij = | hi = hi.
It follows that there is no discrepancy on Uy, and the definition makes sense.

Remark 2.22. If H; is the matrix of smooth functions representing h; with respect to a given local frame of
E;, and a;; is the matrix of smooth functions representing ¢;; with respect to the chosen local frames of E;
and Ej, then H; is a Hermitian matrix and H; = Ta,-]-H]-E,-]-.

We first show that Hermitian metrics exist on every a—twisted C* vector bundle:
Lemma 2.23. Let E be an a-twisted C™ vector bundle. Then E admits a Hermitian metric.
Proof. Let h; be a Hermitian metric on E;, and p = {p;}ic; a partition of the unity with respect to %. Let
~ T _
hi=> ;' pihidy.
Jjel
Hence we have
T, 71 T, T - = T IR
biihidy =Y pic’ by Dichibidiy = > i (P 0 Pipdhulbjc o i)
k k
But since ¢ji o ¢;; = aj - Py and |aji| = 1, we see that

Tty = > prlagil "bihicbu = > pic " buchidy = hi,
k k

so that h = {E,-} is a Hermitian metric on E. O

As for untwisted vector bundles, we look for relations between Hermitian metrics and connections. More
precisely, let E = {E;, ¢;;} be an a-twisted complex C* vector bundle, D = {D;} a connection on E and
h = {h;} a Hermitian metric on E.

Definition 2.24. We say that D and h are compatible (or that D is a h-connection) if for every i € I we have
that D; is a h;—connection, i. e. for every sections & and n of E; we have

d(h;(§,n)) = hy(Di(&), n) + h;i(&, D;(n)).

Representing h; and D; by matrices H; (of smooth functions) and I'; (of 1-forms) with respect to a chosen
local frame of E;, this reads as
dHl' = TFiHi + HiTi-

Using this we prove the following:
Lemma 2.25. Let E be an a—twisted holomorphic vector bundle and h a Hermitian metric on E.
1. There is a unique connection D on E which is compatible both with the holomorphic structure of E and the

Hermitian metric h.
2. Ifthe B—field B is such that B; is a (1, 1)-form for every i € I, then Ry € A%Y(End(E)).
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Proof. As E; is a holomorphic vector bundle on U; and h; is a Hermitian connection on E;, there is a unique
connection D; on E; which is compatible with the holomorphic structure of E; and with the Hermitian metric
h;.If I'; is a connection form of D; and H; is a matrix representing h; with respect to a given local frame of E;,
we know that

dH; = 'I;-H; +H; - T;.

We will moreover let a;; be the matrix of smooth functions representing ¢;; with respect to the chose local
frames.

Let p = {p;} be a partition of the unity with respect to %. The proof of Lemma 2.18 tell us that if we let D
be the connection on E whose connection form (with respect to the local frame given above) is

T -1 -1
Ti:=> pjlaj'Tia; + ai' day),
jel

then D is compatible with the holomorphic structure of E.
It only remains to show that D and h are compatible. Notice that

TF T T Ty T,-1 T T, -1
Fi'Hi+Hi'Fi=ij aij F] ai]-H,-+Zp]- da,-,- aini+
jeI jeI

—17 = —17
+Zpl-H,-a,-j I"]-al-]- + Zp}-Hia,-j dai]-.
jel jel

Using the fact that H; = "a;H;a;; we see that " a;' H; = H;a;; and that Hya;;' = "ayHj, hence we find that

Tfi . Hi + Hi . f,‘ = Zp] Tai]- TFI-HI-H,-]- + Zp] Tda,-]-HjE,-}-+

jeI jeI
T T = T .
+ Zp] a,-}-H]-Fja,-j + Zp} a,-,-H}-da,-l- =
jel jel
= Ta;("I;H; + HT))a ("dajH;a; + "a;H;da;;)
= 2P @ Lt Hilj)ay + ) pilddf;dij+ - ajitl;ddj).
jel jel

But as "I;H; + H;I'; = dH;, we find

Tfi H; +H; - fi = Zp]-(Ta,-]-deH,-,- + Tdai,-HjE,-]- + Tainj%ij) =
jel

= pjd("a;H;ay) = > p;dH; = dH;,

jel jel

which proves that Dis compatible with Hermitian metric h.
Let now Ry be the curvature of D: as D is compatible with the holomorphic structure of E, we know from

Lemma 2.18 that R%’Z = 0. Moreover, for every i € I we have

R5|Ui = Ri - Bi . l'dEi,

where R; is the curvature of 5,-. As 5,- is compatible with h; we know that also Riz’0 = 0 (see section 4 in
Chapter I of [29]). But since B; is a (1, 1)-form by hypothesis, it follows that Ry € AVY(End(E)). O

Now, if E is an a-twisted holomorphic vector bundle and h is a Hermitian metric on E, the previous
Lemma allows us to give the following:

Definition 2.26. The unique connection D on E which is compatible with h and with the holomorphic structure
of E is called the Chern connection of the pair (E, h), and its curvature will be called Chern curvature of the
pair (E, h). We will sometimes use the notation Dy, and R, for them.
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Notice that by definition we have that D = {D;} is the Chern connection of (E, h) if and only if D; is the Chern
connection of (E;, h;). As an immediate consequence of Lemma 2.19 we get the following converse of Lemma
2.25:

Lemma 2.27. Let E be an a—twisted complex C* vector bundle on X, h a Hermitian metric on E and D a con-
nection on E compatible with h. If the B—field B is such that B; is a (1, 1)-form for every i < I, then there is a
unique holomorphic structure on E so that D is the Chern connection of (E, h).

2.6 Connections and metrics on associated bundles

We resume here the basic facts about how a connection (or a Hermitian metric) on a twisted vector bundle E
induces a connection (or a Hermitian metric) on twisted vector bundles that may be constructed from E.

Dual bundle. Let E = {E;, ¢;;} be an a-twisted complex C* vector bundle, and D = {D;} a connection on
E. In particular D; is a connection on E;, so we may use it to produce a connection D; on E;: for every local
section & of E;, we need to define a 1-form D;(¢) with coefficients in E;. We then define D} (¢) by expressing
the 1-form (D;(é,’ ), n) obtained by evaluating the coefficients of D;({ ) on 1. We then let

(Di (&), ) == d(&, ) - (&, Dy(m)).

If I'; is the connection form of D; with respect to a local frame of E;, the connection form of D; is -I'; with
respect to the dual local frame (see section 5 in Chapter I of [29]).

Lemma 2.28. The family D* = {D; };¢; is a connection on E", and Ry» = —Rp as elements of A*!(End(E)) ~
AMY(End(E")).

Proof. For every local sections ¢ (of E}) and 1 (of E;) we have
(Di (§),m) = d(§, 1) - (¢, Di(m) =
=d(&,n) - (& dn) - (&, a' Tiazn) - (&, ai' dagn) - (&, wyn) =
= (d¢, n) - (a;&, Liagn) - (azé, dagn) - (i€, n) =
=(dé&,n) + (F]-*a;j{, a;n) - d(a,f]-{, a;n) + (da;]-.{, an) - (wyé,n) =
= (&, m) + (i)' I} @€, ) + ((ay) " dayé, n) - (wyé, n) =
= (d¢ + (ag) '} ag; + (aj) ' daj; - wi)é, m),

where we let a;; be the matrix representing ¢y;, and I; the connection form of D; with respect to the dual
local frame. In conclusion, we get

K * 71 K* K * 71 *
Fi = (al-]-) F] ai]- + (ai]-) da,-]- - Wi - I,

so that D" = {D}} is a connection on E".
If B = {B;} is a B-field inducing the twist a, the family -B = {-B;} is a B-field inducing the twist a1,
and we have
Rpy, = R{ -(-B;)=-R; +B; = —Rpu;»

where R; is the curvature of the dual connection D; (here we use the fact that R; = -R;, see section 5 in
Chapter I of [29]). O

The connection D" is called the dual connection of D, or equivalently connection induced by D on E”.

Let now h = {h;} be a Hermitian metric on E. Then h; is a Hermitian metric on Ej, i. e. an isomorphism
h; : E; — E} of complex C* vector bundles: the dual of this gives h} : E; —» E;*, which is then a Hermitian
metric on E; represented by the matrix H; = H;' (since H; is Hermitian).
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Lemma 2.29. Let E be an a—twisted holomorphic vector bundle on X and h a Hermitian metric on E. The family
h" = {h}} is a Hermitian metric on E*, and Dy = Dj,.

Proof. We notice that as H; = "a;H;ay;, then H; = TajH ay, so that h" = {h; };cs is a Hermitian metric on

E".If D = {D;} is the Chern connection of (E, h), then D; is the Chern connection of (E;, h;). The dual of D
is the D" = {D;}, where D; is the dual connection of D;. But this implies that D; is the Chern connection of
(E}, hy), so that D" is the Chern connection of (E", h") (see Lemma 2.25). O

The Hermitian metric h* is called the dual Hermitian metric of h, or equivalently Hermitian metric

induced by hon E".

Direct sum. Let E = {E;, ¢;} and F = {F}, {;;} be two a-twisted complex C* vector bundles, and consider a
connection D = {D;} on E and a connection D’ = {D}} on F. In particular D; is a connection on E; and D} is a
connection on F;, so we may use them to produce a connection D; @ Dj on E; @ F;: a local section of E; @ F;
is of the form & @ &’ for a local section ¢ of E; and a local section ¢’ of F;, so we let

(D; & D)(¢ & &) == Di(§) @ Di(&') € AN (E; & F).
If I; is the connection form of D; with respect to a local frame of E; and I'} is the connection form of D
with respect to a local frame of F;, then
I; O
F,’@F{ = |:01 Fl/:|
is the connection form of D; & D} with respect to the corresponding local frame of E; @ F;.

Lemma 2.30. The family D & D' = {D; & D}};c; is a connection on E & F, and we have Rpap = Rp & Rp: as
elements of AV (End(E & F)).

Proof. 1tis easy to see that D @ D' = {D; & D}} is a connection on E & F. Moreover, we have
Rpep|u; = Rp,ep; — Bi - idger, = Rp; © Rp; = Bi - ldgqr, =

= (R; - B; - idg) & (R; - Bidy,) = Rp;y, ® Rp/|u, = (Rp ® Rp/)|y,

(where we used the fact that R ¢, p; = Rp, ® Rp,, see section 5 in Chapter I of [29]). We then get Rpgpr =
Rp ® Rp/, and we are done. O

The connection D & D’ is called the direct sum connection of D and D’, or equivalently connection
inducedbyDand D' onE ¢ F.

Letnow h = {h;} be a Hermitian metric on E and h’ = {h}} a Hermitian metric on F. Then h; is a Hermitian
metric on E; and h} is a Hermitian metric on F;, and we define the sum Hermitian metric h; © h} on E; @ F; as

(hieh)E e, nen):=hEn+hE,n)
for every local sections &, ¢’ of E; and n, n’ of F;.

Lemma 2.31. Let E and F be two a—twisted holomorphic vector bundles on X, h a Hermitian metric on E and h’
a Hermitian metric on F. The family h@ h’ = {h; ® h}};c| is a Hermitian metric on E & F, and Dy, = D @ Dy

Proof. If H; and H] represent h; and h; with respect to local frames of E; and F;, then

H, O
HiEBHl/'= |:Ol H{:|
i

represents h; ® h; with respect to the corresponding local frame. It is then easy to see that h @ h’ = {h; ® h}}
is a Hermitian metric on E & F.

If D = {D;} is the Chern connection of (E, h), then D; is the Chern connection of (E;, h;). Similarily, if
D’ = {D}} is the Chern connection of (F, k'), then Dj is the Chern connection of F;. The sum of D and D’ is
DaD' = {D;®D}}, and we know that D; ® D} is the Chern connection of (E; & F;, h; ® h}), and we are done. [
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The Hermitian metric h @ h’ is called the direct sum Hermitian metric of h and h’, or equivalently
Hermitian metric inducedby hand h’ onE @ F.

Tensor product. Let E = {Ej, ¢;;} be an a-twisted complex C* vector bundle and F = {F;, 1;;} be an
a’-twisted complex C* vector bundle. Consider a connection D = {D;} on E and a connection D’ = {D}}
on F. In particular D; is a connection on E; and D} is a connection on F;, so we may use them to produce a
connection D; ® D} on E; ® F;: we let

Di ®D: = Di ® l'dpi + idEi ®D:

If I'; is the connection form of D; with respect to a local frame of E; and I} is the connection form of D} with
respect to a local frame of F;, then I'; ® Is + I ® I} is the connection form of D; ® D} with respect to the
corresponding local frame of E; ® F; (where A ® B is the Kronecker product).

Lemma 2.32. The family D ® D’ = {D; ® D}} is a connection on E ® F, and
RD®D’ = RD ® idFi + idEi ® RD’

as elements of AV (End(E ® F)).

Proof. We know that D; ® D} is a connection on E; ® F;, and an easy calculation shows that
Iils+1Ir ®Fl{ = (a,-j ® bi]')_l(rj Is+L® F]{)(aij ® bij)"’
+(al-]- ® bij)’ld(a,-l- X bl]) + (a),l + a);}) - I,

where a;; and b;; are matrices of smooth functions representing ¢;; and ;; respectively with respect to local
frames of E; and F;. It follows that D ® D’ is a connection on E ® F.

Now, let B a B-field inducing the twist « and B’ a B-field inducing the twist a’. Then B+ B’ = {B; + B} }ic1
is a B-field inducing the twist aa’, and we have

Rpgp|u; = Rp,ep; — (Bi + BY) - idg,eF, =
= Ri ® idpi + idEi ® R: - Bi . idE,-@F,- —B: . idEi®Fi =
= (R; - B; - idg,) ® idp, + idg, ® (R} - BjidF,)

(where we use the fact that Rp, @ R p=Ri® idp, +1dg, ® Rj, see section 5 in Chapter I of [29]), which implies
the statement. O

The connection D® D’ is called the tensor product connection of D and D’, or equivalently connection
inducedbyDand D' onE ® F.

Letnow h = {h;} be a Hermitian metric on E and h’ = {h}} a Hermitian metric on F. Then h; is a Hermitian
metric on E; and h} is a Hermitian metric on F;, and we define the product Hermitian metric h; ® h} on E; ® F;
as

(hioh)Ee &, nen)=hnEn) - hiE, )

for every local sections &, &’ of E; and 1, n’ of F;, and then extending this by linearity. If H; and H; represent
h; and h} with respect to local frames, then H; ® H| represents h; ® h}.

Lemma 2.33. Let E be an a-twisted holomorphic vector bundle on X, F an &' -twisted holomorphic vector
bundle on X, h a Hermitian metric on E and h’ a Hermitian metric on F. The family h @ h’ = {h; ® h}}ic;is a
Hermitian metricon E ® F, and Dpgp, = Dy ® Dy

Proof. By the very definition we have
H;® H: = (Tai]-H,-ﬁi]-) ® (TbinjEii) = T(ai,- ® bi]')Hi ® H]-a,-j ® bij:

so h ® h’ is a Hermitian metric on E. The remaining part of the proof is straightforward. O
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The Hermitian metric h ® h’ is called the tensor product Hermitian metric of h and h’, or equivalently
Hermitian metric induced by hand k' on E ® F.
As a particular case, if E is an a-twisted complex C* vector bundle E and two integers p, g = 0, we let

FP1:=Eg--QEQE ©-®F
p q

which is then an a?~?-twisted complex C* vector bundle. If D is a connection on E, it induces a connection
DP9 on EP9, and if h is a Hermitian metric on E, it induces a Hermitian metric h”-9 on EP4.

The most important case to consider is when p = ¢ = 1, in which case EV'! = E @ E* = End(E): thisis a
usual complex C* vector bundle. If D is a connection on E, the connection DV is a usual connection on a
vector bundle, and if h is a Hermitian metric on E, then h''! is a usual Hermitian metric on a vector bundle.
The Chern connection of (E1'1, h:1) is the Chern connection of (End(E), h™'1).

Wedge product. Let E be an a-twisted complex C* vector bundle on X and p a strictly positive integer. Con-
sider a connection D = {D;} on E. The product connection D®? on E®? is easily seen to verify the following:
if ¢ is a section of \P E;, then D{P (&) € AY(APE;). It follows that DT% ¢ is a connection on A\” E, denoted D?
and called wedge connection on E, or equivalently connection induced by D on APE.

Let now h = {h;} be a Hermitian metric on E. The induced Hermitian metric h®? restricted to A? induces a
Hermitian metric, denoted h”, and called wedge Hermitian metric on E, or equivalently Hermitian metric

induced by h on APE. The following is immediate:
Lemma 2.34. Let E be an a-twisted holomorphic vector bundle on X and h a Hermitian metric on E. Then
Dyy = DE.

Particular case is when p is the rank r of E, in which case we have

det(E) = /r\E,

which is an a"-twisted complex C° line bundle on X. If D is a connection on E, it induces a connection det(D)
on det(E), called determinant connection, and if h is a Hermitian metric on E, it induces a Hermitian metric
det(h) on det(E), called determinant Hermitian metric. We moreover have D¢,y = det(Dp).

Pull-back. Let now X and Y be two complex manifolds and f : X — Y be a holomorphic map between
them. If % = {U;};c; is an open covering of Y, then f*% := {f"1(U;)}c; is an open covering of X. Let E be an
a-twisted complex C* vector bundle on Y and consider a connection D = {D;} on E.

In particular D; is a connection on E;, so we may use it to produce a connection f*D; on f”E;: to define it,
we notice that if £ is a local section of f”E;, then there is a unique local section ¢’ of E; such that &' of = f/ 0 &
(where f’ : f'E; —» E; is the natural morphism induced by f). Hence we define

£ Di(&) = (Di(&)),

where on the right we have the pull-back under f of the 1-form D;(¢’) with coefficients in E;. If T; is the
connection form of D; with respect to a local frame of E;, then f*T; is the connection form of f*D; with respect
to the pull-back local frame.

Lemma 2.35. The family f'D = {f"D;}ic; is a connection on f"E, and we have Ry-;, = fRp as elements of
AVY(End(fE)).

Proof. We know that f*D; is a connection on f"E;, it is easy to show that f'D = {f"D;} is a connection on f"E.
If B = {B;};cs is a B-field inducing the twist a, then f*B = {f"B;} is a B-field inducing the twist f"a, and

Rppipiwy) = Rpp, —f By - idpg, = f Ry - f (Bjidg,) =f(R)

(where we use the fact that Ry, = f*R;, see section 5 in Chapter I of [29]). O
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The connection f*D is called the pull-back connection of D, or equivalently connection induced by D
onf'E.

Let now h = {h;} be a Hermitian metric on E. Then h; is a Hermitian metric on Ej, i. e. an isomorphism
of complex C* vector bundles h; : E; — E;. Then f'hi: fE; — f*E: is an isomorphism of complex C*
vector bundles, getting a Hermitian metric f"h;. The following is immediate.

Lemma 2.36. Let E be an a—twisted holomorphic vector bundle on Y and h a Hermitian metric on E. The family
f*h = {f"h;}ic1 is a Hermitian metric on f"E, and Dy = f " Dy.

The Hermitian metric f*h = {f"h;} is called pull-back Hermitian metric or Hermitian metric induced by
honf'E.

2.7 Subbundles and quotients

Let E = {E;, ¢;;} be an a—twisted holomorphic vector bundle on a complex manifold X, and let r be its rank.

Definition 2.37. A twisted holomorphic subbundle of E is an a-twisted holomorphic vector bundle S =
{Si, i} on X such that for every i € I we have an injective morphism of a—twisted holomorphic vector bundles
f:S — E,i.e.amorphism f = {f;} such that f; : S; — Ej; is an injective morphism of holomorphic vector
bundles on U; for every i € I. The morphism f is called inclusion of S in E.

Let now S be a twisted holomorphic sub-bundle of E, and let f : S — E be the inclusion. For every i € I we
then may consider the quotient vector bundle Q; := E;/S;, and we let
(Pij : Qi|Uij — Q”Uij’ (Pij(x) = [¢1}(Y)]a

where X is a point in E; such that [x] = x.

It is easy to verify that ¢;; is a well-defined isomorphism of holomorphic vector bundles on U;;, and that
Q = {Qi, ¢;j} is an a-twisted holomorphic vector bundle, called quotient of E by S.

Moreover, for every i € I we have a natural projection p; : E; — Q;, and we have @;; o p; = pj o ¢;;.
The family p = {p;}ics is then a morphism p : E — Q of a—twisted holomorphic vector bundles, called
projection.

We notice that we have an exact sequence of a—twisted holomorphic vector bundles

0-—ssI E P 0—o.

2.7.1 Hermitian metrics and orthogonals

Let now h = {h;} be a Hermitian metric on E. As f; : S; — Ej, is a morphism of holomorphic vector bundles,
we may define

h{(€,n) = h(fi(9), fiw)
for every sections ¢ and 7 of S;.
Lemma 2.38. The family hS := {his},-el is a Hermitian metric on S.

Proof. As f; is injective and h; is a Hermitian metric on S;, it is easy to see that hf is a Hermitian metric on ;.
For every sections &, n of S; we have

K (&, 1) = hi(£i(8), i) = hi((fi(©), dii(Fi(n))) =
hi (i), £ i) = B (i5(), Wi(m))

where we used the fact that f is a morphism of a—twisted holomorphic vector bundles. As a consequence, the
family h° is a Hermitian metric on S. O



20 —— Arvid Perego DE GRUYTER

For every i € I and every x € U; we define
Sl{‘x = {5 € Ej x| hix(s, fi x(t)) = O for every t € S; }.
We then get a complex C* vector bundle S,-L on Uj, called h;—orthogonal complement of S; in E;. Let now
l/)lJ]‘ = (l)ij‘sij_ : Sﬁ‘UU — Ej|Uij'
Lemma 2.39. The family S+ := {S;", ¥y }i je; is an a-twisted complex C™* sub-bundle of E.

Proof. First we need to prove that the image of l/)# is contained in SjL. Todoso, letx € Ujand s € Sfx, we
prove that ;7 (s) € 575, i. e. that ¢y(s) € Sii,.. This means that hj, (¢ (), fi «(t)) = O forevery t € S .
As Y;; : Sjjy, — Sjju, is an isomorphism, there is t € S; , such that t' = 1;;(t), hence we need to show

that hj (@i x(5), fj,x (Y3 x (1)) = 0. Recall moreover that f; o ;; = ¢;j o f;, so we need to show that

hj x(9ij,x(S), dij x(fi x (1)) = 0.

As h is a Hermitian metric on E, this holds if and only if h; , (s, f; (£)) = 0, and this last holds as s € Sl{-x.

As a consequence we see that l/)# : SiL‘Uii — S]-L‘UU. By definition, this map is the restriction of a biholo-
morphism to a complex C* sub-bundle, hence z,bﬁ is injective and C*°. We need to show that it is surjective.

To do so, let x € Uj; and choose s’ e S]-l,x. As S]-L C E;and ¢;; : E; — E; is surjective, it follows that there
is s € E; , such that s” = ¢;; ,(s). As s’ € S, forevery t’ € S; , we have h; ,(s', f; (")) = 0.

Now, consider t € S; 5. We have

hi (S, fix(8)) = R x(Bijx(S), Bijx (fi (D)) = By u(8”, £ (P (D)) = 0,

so that s € S;.,. It follows that p;; : Sﬁuﬁ — S].l‘UU is an isomorphism of complex C* vector bundles on Uj;.
As Y5 = ¢yj5., it is now easy to verify that S* = {S;, ¥y} is an a-twisted complex C* vector bundle
on X, and that the natural inclusion ¢; : Sl-L — E; makes it a twisted complex C* subbundle of E. O

We will call S* the h-orthogonal of S in E. A priori there is no reason why S is holomorphic.
In any case, as for every i € I we have E; = S; & Sil, it follows that E = S @ S* as a—twisted complex C*°
vector bundles. Hence the exact sequence

0-—sEP Qo0

splits as an exact sequence of a—twisted complex C* vector bundles, i. e. we have an isomorphism of
a—twisted complex C* vector bundles between Q and S+. We then have an exact sequence

O—>Qi>Ei>S—>O

of a—twisted complex C* vector bundles, where p o ¢ = idg and o f = idg.

The morphism ¢ is then an injective morphism of a—-twisted complex C* vector bundles, i. e. Q is an
a—twisted complex C*° subbundle of E. We then may use 7 to define a Hermitian metric h? on Q. The Hermi-
tian metrics h’ and h? are called Hermitian metrics induced by / on S and Q.

2.7.2 Connections and orthogonals

Let now E, S and Q as before, consider a Hermitian metric h on E, and h° and h? the induced Hermitian
metrics. Let D be the Chern connection of (E, h), and consider the exact sequence

0—SLHEZQ—0
of a—twisted holomorphic vector bundles, and the exact sequence

0+ S E& Qo0
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of a-twisted complex C* vector bundles. We write 7 = {r1;} and ¢ = {¢@;}.
As E; = S; ® Q;, for every section ¢ of S; we have

Di(§) € AY(E;) = A(S) & AN(Qy).
We then write D;(¢) = D7 (£) + A;(£) where D3 (§) € AL(S;) and A;(¢) € A*(Q;). More precisely, we have

Di (&) = m(Di(Fi(©)),  Ai(&) = piDi(i ().

We then get two maps
D7 : A%(S) — AN(S), A;: A%(S) — AN(QY.

Lemma 2.40. The family DS = {Df }ier is the Chern connection of (S, h®), and the maps A; glue together to
form an element A € AV°(Hom(S, Q)).

Proof. Itis known that Df is the Chern connection of (S;, hf ) (see Proposition 6.4 in Chapter I of [29]). Choose
now a local frame ¢; = {t;, -+, ts} of S;, so that f;(t;) = {fi(t1), - -+ , fi(ts)} may be completed to a local frame
t; of E;. Let I'; be the connection form of D; with respect to ¢/, and let F; be the matrix representing f; with
respect to ¢; and t}, and II; be the matrix representing 7; with respect to ¢; and ;.

If I ls is the connection form of Df with respect to t;, we then have I' 15 = II;I;F;. Tt follows that

I} = ILTF; = ILia;;' TjayF; + ILay; dagF; + Twy; - I F; =
= b;ll'[]F]F]bU + bl;lH]F]dbU + a)in,'Fi,

where a;; is the matrix representing ¢;; with respect to t; and t]’~ , and bj; is the matrix representing 1; with
respect to t; and t;. But as 7; o f; = ids, we see that

1—-.15 = bfjll“lsb,] + bl_lldbu + a),-j . Is,

showing that DS is a connection on S. It then follows that D® is the Chern connection of (S, h5).

Moreover, we know that A; € A°(Hom(S;, Q;)) (see Proposition 6.4 in Chapter I of [29]). Complete ¢/ as
th={t1, -+, ts, tss1, "+ , tr}, so that t = {p;(tss1), -+, pi(tx)} is a local frame of Q;. Let P; be the matrix
representing p; with respect to ¢t and ¢;’. If we represent A; by a matrix A; with respect to ¢; and t;’, we have
Ai = PiFiFi- Then

A; = PiIF; = Pia;j' Tja,F; + Pia; daiF; + Piwy; « I, F; =

= cYP.-TFicos + 1P F:dc:
= ¢jj Pl jFjcij + ¢ij PjFjdcy; + wiiPiFj,

where c;; is the matrix representing ¢;; with respect to t;’ and t;'.
But as p; o f; = 0 we then get A; = c{]-lA]-cij. It follows that the A;’s glue together to give a global A ¢
AY°(Hom(S, Q)). O

In a similar way one produces a connection D% on Qas D? = {Dl.Q}, which turns out to be the Chern
connection of (Q, h?), and an element C € A%'(Hom(Q, S)). The form A is called second fundamental
form of S, and the form Q is called second fundamental form of Q.

Let now E be an a—twisted holomorphic vector bundle on X and D a connection on it.

Definition 2.41. An a-twisted complex C*° subbundle E' of E is called D~invariant if for every i € I and every
section & of E} we have that D;(§) € A(E}).

The following will be used in the proof of the Kobayashi—Hitchin correspondence.

Lemma 2.42. Le E be an a—twisted holomorphic vector bundle on X, h a Hermitian metric on E and D the Chern

connection of (E, h). Suppose that E' is a D—invariant subbundle of E, and let E" := (E')". Then E' and E" are
both a-twisted holomorphic subbundles of E, and the direct sum decomposition E = E' ® E” is holomorphic.

Proof. This is an immediate consequence of the untwisted analogue, see Proposition 4.18 in Chapter I of
[29]. O
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An immediate corollary of this is the following:

Corollary 2.43. Let E be an a-twisted holomorphic vector bundle on X, h a Hermitian metric on E and
D the Chern connection of (E, h). Suppose that S is an a—twisted holomorphic subbundle, and let A ¢
AYO(Hom(S, S*)) be as before. If A = 0, then S is an a—twisted holomorphic subbundle which is isomorphic,
as an a—twisted holomorphic bundle, to Q.

We end this section with the Gauss-Codazzi equations in the twisted setting. Let E be an a—-twisted holomor-
phic vector bundle, h a Hermitian metric on E, D the Chern connection of (E, h), S a twisted holomorphic
sub-bundle of E, Q the quotient of Eby Sand A € A»(Hom(S, Q)), C € A%*(Hom(Q, S)) as before.

For every i € I we let R; be the curvature of D;, R} the curvature of D} and R? the curvature of D? of
(Q;, hl.Q). By Lemma 2.40, the Gauss-Codazzi equations in the untwisted setting give

R -A;nNA; DA}

R' = *
! -D¥'A;  R2-A; A

>

R} -CiAC] D}°c; ~
-D¥1C; R2-CIAG

where we let Dl.l’0 and D?’l for the (1, 0)-part and the (0, 1)-part of the connection induced by D; on
Hom(S;, Q;) and Hom(Q;, S;) (see section 6 in Chapter I of [29]).

We notice that the Hom(S;, Q;)’s glue together to give a holomorphic vector bundle Hom(S, Q), and D
induces the Chern connection on it: hence the Dl.l’o’s glue together to give the (1, 0)-part of the Chern con-
nection on this bundle (and similarly for the D?'l’s). If B = {B;} is the B-field, then

R, B -idy - R} - B;-ids, - C; A C} D}°c; _
ot -D%1c; R?-B;-idg, - C; AC;
_ |Rf - B;-ids, - A} NA; DA}
-D%14; R?-B;-idg, - Ai NA} |

Now all the forms in the formula glue together to give

Rs-A"AA DH0A"
-D%'A  Rop-AANA"

Rp = _

>

Rs-CnC DroC
-D*1c"  Ro-C'AC

where Rg := Rps and R := Rpe. These are called the twisted Gauss-Codazzi equations.

2.8 Hermitian forms and Hermitian endomorphisms

We now define the notion of Hermitian form on an a—twisted complex C* vector bundle E.

Definition 2.44. A Hermitian form on E is a family u = {u;};c; where

1. foreveryi e I, u; is a Hermitian form on E;, i. e. a C* field of Hermitian products u; , on the fibers of E; over
X € Ui,
2. foreveryi,j € I we have u; = T¢ijuj$ij.

Hermitian metrics on E are clearly examples of Hermitian forms. Another useful example is the following.

Example 2.45. Take A C Ran interval and consider a differentiable family /# = {h;}¢c4 of Hermitian metrics
on E, i. e. a family of Hermitian metrics such that if we write h¢ = {h¢ ; };c; and represent h; ; by a matrix H; ;
with respect to a local frame, then the entries of H; ; are differentiable in ¢.
Forevery t € A let
Vii:=0cHiy,

i. e. the matrix whose entries are the derivatives of the entries of H; ; with respect to t. We then let v; ; be the
form on E; represented by the matrix V; with respect to the given local frame, i. e. v, ; = 0¢h; ;.
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As h; ; is a Hermitian metric, it is easy to see that v, ; is a Hermitian form on E;. Moreover, on U;; we have
i = 0thir = 0:(Tpiihi @) = Tpii(0ch; Vs = Tpiive i
Vi,i = 0thi¢ = 0¢(" ¢y 1,t¢ij = ¢i(0chj ¢ij_ ¢1]Vt,1¢ij»

so the family v¢ = {v;;} is a Hermitian form on E.
We will use the notation ¢ = 9%, v¢ = %/(t), or v¢ = h}. The family « = {v;},c4 is a family of Hermitian
forms on E, called derivation of 7.

2.8.1 Endomorphism from a Hermitian metric

Let h be a Hermitian metric in E, and v a Hermitian form on E. For every i € I let us define an endomorphism
fih’v : E; — E; as follows: for every x € U; and every a € E; , let fi’f;v(a) to be the unique element of E;
such that

hiab, f13(@) = vix(b, @).

The fact that h; is a Hermitian metric and v; is a Hermitian form imply that
fih’v : Ei —_ Ei

is a well-defined smooth endomorphism of E;.
For every x € U;; and every a, b € E; , we have

Vix(b,a) = hi,x(bsfi{l,’(v(a)) = hj x(¢3 x(b), ¢ij,x(fi{l;v(a))),

by using the fact that h is a Hermitian metric, and

Vix(b, @) = vj x(¢ij x (D), @i x(a)) = hj,x(fl’ij,x(b),fj’?,}v(¢ij,x(a))),

hence for every x € U;; we get
(i (B), i (P15 (@) = Py (i (B, £ (b3 (@)
As ¢;; is an isomorphism, this implies that for every a € E; , and every b’ € E; , we have
Hia(b, i1 (@)) = by (B, £ (s (@),
and as h; , is non-degenerate we get
bij(F5 (@) = 15 (¢hsjx().
As this holds for every x € Uj; and for every a € E; , we then finally get
h, ~1zh,
A = g
i. e. the family f™" = {fl.h"’} is a smooth endomorphism of E.

Definition 2.46. The endomorphism f™" will be called endomorphism associated to h and v.

Choosing a local frame on U; and representing v; by a matrix V; and h; by a matrix H;, we see that f*V is
represented by the matrix H; ! V;.

Remark 2.47. If h and k are two Hermitian metrics, the endomorphism "X is an automorphism whose in-
verse is f"’h. Indeed, for every i € I and sections ¢, i of E;, we have

ki€, n) = k(). ), i, ) = k(FE" (&), ).

Then
ki(&, ) = k(X (&), n) = K(FE" (PR )), ).

Since k; is a Hermitian metric, this implies that fi’“h(fih’k({)) = &, and hence that f©" o f% = idp.
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Remark 2.48. Ifvisa Hermitian form on E and h, k are two Hermitian metrics on E, we have /o fioV = fkov,
Indeed, for every i € I consider two sections & and n of E;. We then have

Vi€, m) = (@), ) = k(G @), m.
Since v;(&,n) = k,-(fl.k"’({), 1) by definition, we then have fl.k’h ofl.h"’ = fi"’v, and hence foh o fhov = fhov,

Remark 2.49. Ifv, v, are Hermitian forms on E, A1, A, € Rand h is a Hermitian metric on E, then A;v{+A,v>
is a Hermitian form on E and we have fi-Avi+hava — 3, flovi 4 ), fhova,
Indeed, for every i € I and every two sections &, n of E; we have

Avei+Aava )€, ) = Avy (€, ) + Ay (€, 1) =
= LMhi(FY1 (&), ) + (Y2 (), ) = Ri(AafY + A fY2)(©), ).

But as we have
Mavei+Aavy )&, ) = hi(FRAveva gy ),

we conclude.

Remark 2.50. If h is a Hermitian metric on E and v is a Hermitian form on E, then f™" is diagonalizable and
has the same signature of v. Indeed, consider a local frame ¢ of E; with respect to which we represent h; and
v; by Hermitian matrices H; and V;, so that fih”‘ is represented by the matrix F 5”" = H;'V; with respect to g.

As H; is positive definite and V; is diagonalizable, by classical linear algebra (see as instance Theorem
7.6.3 of [23]) their product F ;"V is diagonalisable, has real eigenvalues and same signature of V;, proving the
claim.

In particular, if k is a Hermitian metric, then f* is diagonalizable and its eigenvalues are all strictly
positive smooth function. It then makes sense to consider log(f h.vy and (fh"’)“ for every o € (0, 1].

A particular example of this construction is obtained by taking a differentiable family % = {h;}c4. By Exam-
ple 2.45 we know that h} is a Hermitian form on E for every t ¢ A, and hence we may consider the endomor-
phism f heht of E: we then get a function

% 1A —s End(E), f*(t):= fhr:hf_

If the family %4’ of Hermitian forms is differentiable as well, then fﬁ is differentiable.

2.8.2 Hermitian endomorphisms

A converse of the previous construction is also possible. Before, recall the following definition:

Definition 2.51. Let E be an a—twisted complex C™ vector bundle on X, h a Hermitian metric on E and f :
E — E an endomorphism. We say that f is h—Hermitian if for every i € I and every sections &, n of E; we have

hi(£i(§), m) = hi(§, fi(m).

We let End},(E) be the set of h—Hermitian endomorphisms of E, which is easily seen to be a real vector space.
We first provide an easy example of h—Hermitian endomorphism:

Example 2.52. Let h be a Hermitian metric on E and v a Hermitian form on E. The endomorphism " is
h-Hermitian: indeed, by definition for every i € I and every sections ¢ and n of E; we have

hi(FY (&), ) = vil€, ) = viln, &) = (Y (), &) = (&, FY ().

If h and k are both Hermitian metrics on E, then fh’k is moreover k—Hermitian. Indeed, for every i € I and
¢, n two sections of E; we have

ki(F15(&), ) = (R @), ) = (4 @), £4 M) = ki, 15 ().
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If E is an a—twisted complex C* vector bundle, h is a Hermitian metric on E and f € Endy(E), then we define
a Hermitian form f, on E as follows: for every sections &, n of E; we let

Fri(€,n) = W&, fi0).

It is easy to see that as f; is h;—Hermitian, then fh’i is a Hermitian form on E;. Moreover we have
Fi& 1) = i€, fin) = hy( (&), ifiC) =
= hi(¢ii (&), £ ) = Fi 1 ($55(8), i),
so that fh = {/f\h,,-}i€ 7 is a Hermitian form on E.
Definition 2.53. The Hermitian form ]A“h is called Hermitian form associated to h and f.
Let us first give an example of this construction.

Example 2.54. Let h be a Hermitian metric on E and v a Hermitian form on E. By Example 2.52 the endor-
morphism f™" is h—-Hermitian. The Hermitian form fh.v, associated to h and fVis v. Indeed we have

FrvnaEm) = hi(E, FV ) = i(FY (@), 1) = vilE, ),

for every i € I and every sections &, 1 of E;.

Conversely, if f a h-Hermitian endomorphism of E we have f = fh’?h. Indeed, for every i € I and every
sections ¢, n of E; we have

Fuim) = K@, 0, Fuiéom) = B, ).
A useful remark is about the eigenvalues of Hermitian endomorphisms:

Remark 2.55. The eigenvalues of f € End,,(E) are all real functions. Indeed if A is an eigenvalue of f, and if
s is an eigenvector of eigenvalue A over U;, then

Ahi(s, s) = hi(A;s, s) = hi(fi(s), s) = hi(s, fi(s)) = hi(s, As) = AR;(s, ).

But as s is nowhere vanishing we have h;(s, s) > 0, s0 A = A.

As a consequence, it makes sense to consider the subset End;, (E) of Endy(E) given by h—Hermitian endomor-
phisms of E whose eigenvalues are all strictly positive: it is easy to see that it is a convex domain in Endy(E).
Finally, we remark the following:

Lemma 2.56. Let f be a h—Hermitian diagonalizable endomorphism of E whose eigenvalues are A1, -+ , A,
and ¢ : R — R is a smooth function such that the image of A1, - - - , A; lies in the definition domain of ¢. Then
¢(f) is a h—-Hermitian diagonalizable endomorphism.

Proof. By Lemma 2.10 we have that ¢(f) is a diagonalizable endomorphism. Let o; = {&1, -+ , &} be alocal
frame of E; diagonalizing f;, and A; be the eigenvalue corresponding to ¢;. If we take £, n two sections of E;,

write . .
= &, n=>Y B,
j=1 j=1

so that we have
r

hi(e(f©), ) = > aiBrp(Ahi(&, &),

Jok=1

r

hi(& p(F) = > aiBrp(A)hy(E, &)

jik=1
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Notice that as f is h—-Hermitian, by Remark 2.55 we get
A;hi(&, &) = hi(A;€), &) = hi(fi(§)), &) = hi(§, £i (&) =

= hi(&j, Aiéi) = Achi(&, &5).

If hi(§, &) # 0, we then get A; = A, so @(A;) = ¢(A;) and hence ¢(f;) is h;-Hermitian, concluding the
proof. O

2.9 Space of Hermitian metrics

Letnow E = {E;, ¢;;} be an a-twisted complex C* vector bundle of rank r on X. We let Herm(E) be the set of
Hermitian forms on E, and Herm*(E) be the set of Hermitian metrics on E. If v, w € Herm(E) and A € R we
define

v+w:={Vi+Witier,  Avi={Avi}ier.

It is easy to see that v + w and Av are Hermitian forms on E, and that under these two operations Herm(E) is
a real vector space (of dimension r?).

Moreover, the subset Herm*(E) of Herm(E) is a convex domain in Herm(E), since the same holds for
Hermitian metrics on vector bundles. As a consequence, we see that if h ¢ Herm*(E), then we may view
Herm(E) as the tangent space of Herm*(E) at h, i. e.

T,(Herm*(E)) = Herm(E).

We have an action of the group of automorphisms of E on Herm(E). More precisely, we let GL(E) be the
group of automorphisms of E, that we will call complex gauge group of E, and define the action

GL(E) x Herm(E) — Herm(E)  (f,v) — fv:= { Tfivif;}.
We notice that ?f;v;f; is a Hermitian form on E;, and that
Tfvifi = T T pivibufi = T@ufvidufi = Toy(THvif )by,

so that fv := { Tf;v;f;} is a Hermitian form on E.
We will moreover let gl(E) be the Lie algebra of GL(E), i. e. the Lie algebra of global sections of End(E). If
k € Herm*(E), we let
Uy = {f € GL(E) | fk = Kk},

i. e. the stabilizer of k under the action of GL(E): this will be called complex gauge group of the pair (E, k),
and we let
ur(E) := {f € gl(E) | f is k - Hermitian}.

Lemma 2.57. The action of GL(E) on Herm™(E) is transitive.

Proof. If h, k € Herm*(E), then h;, k; € Herm*(E;), and on Herm*(E;) the group GL(E;) acts transitively, i.
e. there is a unique f; € GL(E;) such that h; = f;k; = Tf;k;f;. Notice that

hi = Tdyhidy = "y Tfikif by = T(fi(pij)kjﬁii'
and that
hi = Tfikif; = 'f; T¢ijkj$ijfi = T(¢ijfi)kj$i,-fi-
This implies that for every two local sections ¢ and n of E; we have
ki(fipii&, fidiin) = ki(pifi&, diifin),
so that we finally get ¢;;f; = fjdyj, i. e. f = {f;} € GL(E) and h = fk. O
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The previous Lemma allows us to identify Herm™(E) with the quotient GL(E)/ U, (E), so we may consider
Herm™(E) as a symmetric space with respect to the involution mapping h = fk to f_lk Tp-1,

Remark 2.58. We notice that if h is a Hermitian metric on E, the map
A: Herm(E) —s Endn(E), A(v) = f"
is an isomorphism of real vector spaces: it is linear by Remark 2.49, and by Example 2.54 its inverse is
M : Endy(E) — Herm(E), u(f) = fh.
If k is a Hermitian metric, then by Remark 2.50 we know that f hk s positive definite, i. e. we have
A : Herm™(E) — End}(E).
Conversely, the Spectral Theorem implies that if f is a positive definite h—-Hermitian endomorphism, we have

Fri(€, &) = hi(&, £i(£)) > 0

if & # 0. It follows that fh is a Hermitian metric, and that A induces an identification between Herm™(E) and
Endj(E).

The previous Remark 2.58 allows us to provide an action of GL(E) on Endj(E) and End; (E), which is easily
described by the following:

Remark 2.59. If h € Herm*(E), v € Herm(E) and a € GL(E), then we have ah € Herm*(E) and av €
Herm(E). The associated endomorphism f4>%" is a* o fV o a. Indeed, for every i € I and every two sections
&, n of E; we have

(@v)i(&, n) = (@h)(FA (&), n) = hiaf ™ (&), a;(n),
and
(@v)i(&, 1) = vi(a;i(®), &) = hi(F" ai(&), a;(n)).

We then get q; ofl.“h’“" = fl.h"’ o aj.

2.9.1 Riemannian metric and geodesics

Now, let h ¢ Herm®*(E), and take v, w € Herm(E). As already noticed, we have Herm(E) = T,(Herm"*(E)), i.
e. we may view v, w as tangent vectors to Herm*(E) at h. We now want to define a metric on T, (Herm™*(E)),
so to have a metric on the space Herm*(E).

To do so, suppose that X is a compact complex manifold of dimension n and that g is a Kdhler metric on
X, whose associated (1, 1)-form is denoted 0. As v, fw ¢ End(E), we have that fV o f% € End(E) and
that Tr(f™¥ o f*¥) is a smooth function on X. We define

(v, w), == | Tr(f™" ofh’w)ag.
/

Lemma 2.60. Forevery h ¢ Herm*(E) the map
(-, )y : Herm(E) x Herm(E) — R

is a positive definite bilinear symmetric product, which depends smoothly on h and which is GL(E)—-invariant.

Proof. Linearity follows from Remark 2.49, while symmetry is a consequence of the properties of the trace. As
f" is h—-Hermitian, we see that Tr(f"" o f®¥) is the Hilbert-Schmidt inner product, and hence it is positive
definite. The GL(E)-invariance is an immediate consequence of Remark 2.59, while the smooth dependence
on h is obvious. O



28 —— Arvid Perego DE GRUYTER

As a consequence of Lemma 2.60 we get a GL(E)-invariant Riemannian metric on Herm™*(E). For every
h € Herm*(E) and for every v € T Herm* (E) we let

[Vl == v/ (v, V)

Now, consider a < b two real numbers and h, k € Herm*(E). We let Qﬁ:f(E) be the space of piecewise
differentiable fonctions
% :la, b] — Herm™(E)
such that #(a) = h and %(b) = k. We will write h; := %4(t), so that h = hg and k = hy,.

If7% e QZf (E) is differentiable, by Example 2.45 we have a function

%' :la, b] — Herm(E), #'(s)= %(s),

and a function
f* :la, bl — End(E),  f"(0) = M,

where h; = %'(t). We let

b

& : QZ:?(E) — R, g(ﬁ) = / </Tr(fht,h; thf’h;)ag) dt.

a X

We notice that

[ e o gty - ni

X
hence &(#4) is the lenght of the curve parametrized by # in Herm™(E). The critical points of this functional
correspond then to the geodetics in Herm™*(E).

To describe the geodetics, consider 74 ¢ Qﬁfj (E) and

v : [a, b] — Herm(E)
a differentiable function such that «#(a) = ©#(b) = 0. For s € R consider
% +sv:|a, b] — Herm(E),

which is a piecewise differentiable function for every s. Moreover, if s < 1 for every t € [a, b] we have that
h¢ +svy := 4(8) + sv(t) € Herm* (E). As hg +svg = hand hy +svy = k, wehave %4 +s¢ € QZ:f(E): this element
is a small deformation of # in the direction of «.

We then have

b
%(ﬁ + SU) _ / (/ Tr(f(h+sv)[,(h+sv)f’f(h+sv)t,(h+sv)f)0_§> dl’,
X

a

so an easy calculation gives

d

b
) ‘2/ (/ Tr(fhe't o (flo - phon of’“”’f»a?) a
X

a

s=0
As 7% is a critical point for the functional & if and only if

=0

d
d—S%(}‘i +sv) B

for every ¢, the previous calculation shows that 7 is a critical point of & if and only if

"
t

o’ _ phohi o phohi _ o
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If we represent h;; by the matrix H;; with respect to a chosen local frame of E;, we see that fl.h"hf is
represented by the matrix H;  H} ; with respect to the same local frame: here we let H; ; be the matrix whose
entries are the derivatives in t of the entries of H; ;. Hence we have that

d, .- _ - _
L, ) - ~HiHH7 L+

It follows that
don_ d fhoh
dt dt
But then we see that /4 is a critical point of the functional &, i. e. a geodetic in Herm*(E) from h to k, if and
only if

’
t

_ _fholi o phohi oy

g he,hy _
dtf =0,

i. e.ifand only if f"“hf is an endomorphism of E independent of ¢.

2.9.2 The vector bundle of Hermitian forms

Let now X be a complex manifold of dimension n and E an a-twisted holomorphic vector bundle on X of rank
r. For every open subset U of X we let #%(U) be the set of Hermitian forms on E . Since the sum of Hermitian
forms is a Hermitian form, and the multiplication of a Hermitian form by a smooth real function is again a
Hermitian form, it is easy to remark that the functor associating to any open subset U of X the set #%(U), and
to every IV C U the restriction map, is a sheaf of C3 -modules.

Lemma 2.61. The sheaf % is locally free of rank r?.

Proof. For every i € I we have a natural morphism n; : %5y, — %, of sheaves of C7j;—modules, the last
being the sheaf of Hermitian forms on the (untwisted) vector bundle E;. The sheaf %, is known to be locally
free of rank r2, and we now show that 7; is an isomorphism: this will imply the statement.
For every x € Uj; the stalk #5, , is the real vector space Herm(E; ) of Hermitian forms on E; . The mor-
phism
Nix : Hgx — Herm(E; )

maps a € ¥,y to h(a); x, where h(a) is a Hermitian form on E|; (for some open subset U of U; containing x).

It is immediate to verify that n; , is injective. For the surjectivity, let 8 € Herm(E; ), and take an open
subset U of U; containing x and a Hermitian form h; on U such that h; , = B. For every j € I we then let
hj := T¢{jlhi$i_jl, which is a Hermitian form on Ej;, and we see that h := {h;};c; is a Hermitian metric on
E|y whose germ at x has image B under n; 5. O

As % is a locally free sheaf of Cy—modules of rank r? on X, there is a C* real vector bundle Hg of rank

r? corresponding to it, whose space of global sections is Herm(E).

2.9.3 Norms

We now introduce various norms on the space of p—forms with values in a vector bundle: we refer the reader
to [29] and to [35], chapter 7, for more details.

Let V be a real vector bundle of rank s on a differentiable compact manifold X of dimension d. Let g be
a Riemannian metric on X and h a fiber metric on V. Recall that on A*(V) we have a pointwise inner product
associated to g and h, and defined as follows: for every a € AP(X), € A4(X)and s, t € A°%(V) we let

(a-s,B-t):=gla,B)- hs, ),
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which is a smooth function on M. In particular, to every ¢ € A*(V) we associate a smooth function
€] :=(,8): X — R.
We then have a LP—norm on A*(V) defined as
I8l 5= o [ 16wt
X

Remark 2.62. As a particular case, if E is an a—twisted vector bundle on X and ¢ € AP(End(E)), if his a
Hermitian metric on E and g is a Hermitian metric on X, we associate to ¢ a smooth function |¢| on X, which
has the property that

[£1%0% = Tr(§ ¢,
where ¢ is the adjoint of &, and *¢" is the *~Hodge of ¢ (see section 3.2).

Let now V be the Levi-Civita connection induced by g on the tangent bundle Ty of X, and consider a connec-
tion D on V which is compatible with h. For every k € N, the covariant derivative of the connection induced
on Sym*(Qx) ® V (where Qy is the cotangent bundle of X) gives a linear map

A%(Sym*(Qx) @ V) — AN (Sym"(Qx) @ V) = A%(Qx ® Sym"(Qx) @ V).
The natural map Qy ® Sym*(Qx) — Sym**1(Qx) induces then a linear map
A%(0x ® Sym"(Qy) ® V) — A%(Sym" ! (Qx) @ V).
The composition of these maps gives then a linear map
d¥ o A°(V) — A°(Sym*(Qy) @ V).

Using the metric on Sym*(Qx) induced by h and g we then may define for every ¢ € A°(V), and for every
P, q € Na L-norm as follows:

q
181l 5= ¢| [ DIk p@Pof.
x J=1
We will let Lf;(V) be the completion of A°(V) with respect to this norm.

A similar construction may be done in a relative context. More precisely, let a > O be a real number, and
consider the projection 74 : X x [0, a] — X: the pull-back 1,V is a real smooth vector bundle of rank s on
X x [0, a], whose global sections are smooth curves in the space of global sections of V, defined over [0, a].

Take a smooth family of fiber metrics {h¢}c[o o) On V, and let D; be a connection on V compatible with
h¢, and we suppose that the family {D;},¢[o 4 is smooth. Consider a global section f of 71, V, and notice that

W._ &
f L d]tf

is again a global section of 71, V.
We then define

g = | 3 [ Il p 0o
i+2j5qXX[O,a]

This is a norm on the space of global sections of 'V, and we let

C>(a, V): the space of smooth sections of 77, V/,

L%(a, V): the completion of C*°(a, V) with respect to the L} -norm,

C&(a, V): the space of smooth sections f of 71, V such that for every i + 2j < g we have d"v’th(j) =0onXx{0},
Lg,o(a, V): the completion of C§’(a, V) with respect to the norm L.
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For every b € N and every a < (0, 1] we let CP*%(a, V) be the space of sections f of 7, V of class C? such that
for every i, j € N such that i + 2j = b we have that div, D, f9 is Holder continuous with exponent a.

On the space C?*%(a, V) define a norm

i ; di 0)(z) - di D (w
fllp+a = Z sup|d1V’th(l)‘+ Z sup |dy p f7(2) va,ptf ( )\,
i+2jsh xeX i+2j=b z#wEeX, d(Z, w)

where d(z, w) is the distance between z and w, and X, = X x [0, a].
All these definitions will be applied to the real vector bundle Hg, (of rank %) on a compact Kihler manifold
X of (real) dimension 2n. The metric h on Hg, is the natural Riemannian metric we defined on Herm(E).

3 Hermite-Einstein condition

In this section we introduce the notion of Hermite-Einstein and approximate Hermite-Einstein twisted vector
bundles: both notions will be identical to the corresponding notions for untwisted bundles.

To do so, we will first need to introduce Chern forms and the Chern classes of twisted holomorphic vector
bundles, which will be defined starting from the choice of a connection on a twisted bundle. We start with
some preliminary notation.

Let V be a complex vector space and k € N. We let f; : VK — Chea symmetric multilinear form of
degree k on V, and define

FkZV*)(C, Fk(V) Z=fk(V,"',V)

the associated degree k homogeneous polynomial.
If G is a linear group acting freely on V, we say that f; is G-invariant if for every g € G and for every
Vi, , Vi € V we have
filg v, 8- vi) = filva, -, vp),

in which case we have Fi(g - v) = Fi(v).
A particular case is when V = gl,(C), the Lie algebra of G = GL;(C), on which G acts by conjugation, i. e.

GxV —V, (A4,X) +—AXAL

The form f is G-invariant if and only if for every vq, -+ - , vy, w € V we have
k

ka(vly Tty vi—ls [Wa vl]a Vi+17 R Vk) =0
i=1

(see section 2 in Chapter II of [29]).
We now define r homogeneous polynomials Fy, - - - , F; on V by letting F;(X) be the homogeneous part

of degree k of
1
det (Ir - RX) )

1
det (Ir - z—m.X) =1+F{(X)+---+F(X).

i. e. we have

We notice that if A € G we have

det (I - —AxA™1) = det (I, - X ),
2mi 2mi

hence it follows that Fy, - - - , Fr are G-invariants.



32 —— Arvid Perego DE GRUYTER

3.1 Chern classes from Chern connection

Let E be an a-twisted holomorphic vector bundle of rank r on a complex manifold X, and consider w €
A?(End(E)). Choose a local frame s of E; over an open subset U C U;, with respect to which we represent Wy
by a matrix Qy of 2—forms. For every k € N we then let

Yu,k() = Fi(Qy) € A%).

If s’ is a local frame of E; over an open subset U’ C Uj, then:

ifi = j, then s are s’ are two local frames of E; over U N U’, and Qy and Q- represent the same 2—-form
with values in End(E;) with respect to these two local frames. There is then an invertible matrix M of smooth
functions such that Qy = MQyM™! (see section 1.1 of [29]).

Ifi # jand UN U’ # 0, let a;; be the matrix representing ¢;; with respect to s and s’. We then have Q. =
a,-’]-lQUaij.

In any case, we see that there is an invertible matrix A of smooth functions on U N U’ such that Qg
AQuA~1. As F; is invariant under the action of GL,(C), we see that

Y k(W) = vy ((w).

It follows that the 2k—forms ~y (w) glue together to give  (w) € A% (X).
If now E is an a—twisted holomorphic vector bundle E and D is a connection on it, then R, € A%(End(E)),
so the previous construction gives us v, (Rp) € A?K(X) for everyk=1,:--,r.

Lemma3.1. Foreveryk=1,---,rthe 2k—form v (Rp) is d-closed.

Proof. Let D = {D;}, and choose an open covering %’ of X as before, i. e. %’ = {U]f }jey is such that for every
j € Jthereisi € I such that U]f C Uj, and there is a local frame s; of E; over U]f - Represent Rpy» with respect
]

to s; by a matrix f)i of 2-forms, and the curvature R; of D; by a matrix Q; of 2-forms. We have
Qj=0Q;-B;-1, ’Yk(RD)\U].’ = ().

As B; is d—closed, we get
dQj = dQ; - dB, - idg, = dQ;.

If T; is the connection form of D; with respect to s;, the Bianchi identity for D; (see section 1.1 0f [29]) gives
dQj=dQ;=Q;-T; - I;- Q; = [Q;, T}] = [Q;, T}.
But since f; is GL,(C)-invariant, this implies that

d’Yk(RD)|U]./ = dF(Q)) = dfi(Q}, -+, Q) =

k
= ka(Qj9"' ij9 [QI‘,F]‘],.Q]‘,"' ,Q]) =0.
1 Rl,_/

We finally get dv;(Rp) = 0. O

Definition 3.2. The d-closed smooth 2k-form ~(Rp) is called k—th Chern form of E with respect to D. Its
cohomology class cy(Rp) € H**(X, C) is the k-th Chern class of E with respect to D.

We now analyze how ~,(Rp) varies with D.
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Lemma3.3. If D and D’ are two connections on E, then for every k € Z we have that v (Rp) — v(Rp) is an
exact 2k-form on X.

Proof. By Remark 2.14, for every t € [0, 1] the affine linear combination D; := (1 - £)D + tD’ is a connection
onE. Let %' = {U]f }je7 be an open covering of X as in the proof of Lemma 3.1, and let I'; be the connection
formof D, I' ]’ the connection form of D’ and I ; the connection form of D; with respect to a local frame over
U]f. We clearly have I ; := (1 - )T + tl"]f.

IfAj:=T }’ ~TIj, thenT; ; = I;+tA; and by Remark 2.14 we see that the A; represents a global 6 < AY(End(E))
with respect to the given local frame. As in the proof of Lemma 3.1 we represent Rp by a matrix ﬁj, Rpr by a
matrix (~2}’~, and the curvature R; of D; by a matrix Q .t Moreover, we represent the curvature of D; (resp. of Dj,

of D; ;) by a matrix Q; (resp. .Q]’~, Q; 4), so that we have

Qj=0;-B;i-I, Qj=0Q}-B;-I,, Qj;=0Qj,-B;I.
We then have
‘Qj,t = Qj,t —Bi 'Ir = drj’t"'r]"t/\rj,t —Bi 'Ir,
so that
at.Qj,t = a[drj,[ + a,(l"j,t A\ Fj,t) =
= atd(l"j + tAj) + at((l"j + tAj) A (F]' + tA]')) =
= dA} + A} A F]',t + Fj,t /\A]' = Dj,tA]"

This means that o;R; = D.(6), where D; denotes here the connection induced by D; on End(E). This

implies that
kdfk(A], Qj,t’ ) Qj,t) = kD],tfk(Ap Qi,t9 ) Qj,t) =

= kfi(D;j ¢4, ﬁi,t: a ’f)i,t) = kfy (at@j,t, éj,t’ e, f)j,t) =

= affk(éj,[’ Tty éj,[) = at’Yk(R[)lU}--
Let us now consider the smooth (2k — 1)-form on U]f defined by

1

(Pk,j = k/fk(AI, -6}',[’ Tty éj,t)dt'
0

As the A;’s glue together to form a global 1-form, it is easy to prove that if U]f, is another open subset, then
Pijlur, = P,jr|u,, » SO there is a unique smooth (2k - 1)-form @; on X such that ¢y y, = @i ;-
I
We now have

1 1
d(pk|U}' = dgﬂk’] = /kdfk(A]’ ‘aj,t’ Tt a],t)dt = /at”Yk(Rt)|U,dt =
0 0

= nRp)|y; = %(Rp)|y;-
But this implies that v, (Rp/) - v«(Rp) = d¢;, and we are done. O

As a consequence, the k—th Chern class of E does not depend on D, so we will write it as c,(E), and call
it k—th Chern class of E.

If now E is an a—twisted holomorphic vector bundle and h is a Hermitian metric on E, we may choose the
Chern connection Dy, in order to calculate the Chern forms and the Chern classes. We will use the notation
Y (E, h) instead of v (Rp,), and call it the k-th Chern form of (E, h).

As the Chern curvature of (E, h) is a (1, 1)-form, it follows that ~(E, h) is a (k, k)—form, and hence the
k—th Chern class of E is ¢ (E) € H*(X).
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3.2 Mean curvature

If M is a C* differentiable manifold, a Hermitian metric g on Ty ® C (the complexified tangent bundle of M)
is called Hermitian metric on M. A holomorphic structure on M is a holomorphic structure on Ty, so that
the pair given by the differentiable manifold M and the given complex structure is a complex manifold X,
whose tangent bundle is denoted Ty (i. e. it is the tangent bundle of M with the given complex structure).

The Hermitian metric g on X induces a Hermitian metric, still denoted g, on /\k Tx and /\k Qy for every
k, where Qy is the cotangent bundle of X. In particular, if &, n are two k—forms on X, i. e. two local sections
of /\k Qyx, we may calculate g(¢, ), which is a smooth function on X.

If X has dimension n, then for every smooth k—-form & on X there is a unique smooth (2n — k)—form on X,
denoted *¢, such that for every smooth k—form n on X we have

nA*E =g, &) oy,

where oy is the real (1, 1)-form associated to g and to the complex structure of X, i. e. if z;, - - - , z» are local
holomorphic coordinate on an open subset U of X and g;; = g(0/0z;, 0/9z;), then

0g|U =v-1 Zg,-jdzi A dE}
i,j
If £ is a (p, g¢)—form, then *¢ is a (n — ¢, n — p)-form, so we have the Hodge *—operator

* 1 APA(X) —s ATETP(X),

whose conjugate is
*: APA(X) — ATTP(X).

We then have an inner product

() s APIX) x API(X) > R, (1, g := / nARE.
X

Another useful operator is the Lefschetz operator
Lg : APA(X) — AP*DIYX),  Lg(8) := € Aoy,
whose adjoint operator
Ag : APTHIT(X) 5 AP9(X)

is characterized by

(Lg(§), n) = (§, Ag(n))

for every ¢ € AP*9(X) and n € AP*1:4*1(X). A formula for the adjoint of the Lefschetz operator is
Ag =1 oLgo*.

It is easy to extend all these operators to (p, g)—forms with coefficients in any vector bundle on X.

Let now E be an a—twisted holomorphic vector bundle on X and h a Hermitian metric on E. Suppose
that the B-field B is given by d—closed, purely imaginary (1, 1)-forms, and let moreover Rj, be the Chern
curvature of (E, h). We define

Kg(E, h) := iAg(Rp).

As Ry € AV1(End(E)), we have that Kg(E, h) € A°(End(E)), i. e. it is an endomorphism of the complex C*
vector bundle End(E).

Definition 3.4. The endomorphism Kg(E, h) is called g-mean curvature of (E, h).
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By the very definition of Ag we then see that
Kg(E, h)- 03 = vV-1nR, Aog .
Lemma 3.5. The mean curvature Kg(E, h) of (E, h) is a h—Hermitian endomorphism of E.
Proof. By the very definition of K¢(E, h) we have that
Kg(E, h)y, = Kg(E;, hy) - iAg(B;) - idE,,

where Kg(E;, h;) is the mean curvature of the vector bundle E; with Hermitian metric h;.

The mean curvature of a holomorphic vector bundle with respect to a Hermitian metric is known to be
Hermitian with respect to that metric, so Kg(E;, h;) is h;—Hermitian. Moreover, as B; is a purely imaginary
(1, 1)-form, iAg(B;) is a real smooth function.

Notice that if f : U; — R is a real smooth function, for every sections ¢, n of E; we have

hi(fE, n) = fhi(&, ) = fhi(€, ) = li(&, ),

so f-idg, is h;-Hermitian. In particular iAg(B;)-id, is h;~Hermitian. It follows that K¢ (E, h) y, is h;-Hermitian,
and we are done. O

The Hermitian form associated to the Hermitian metric h and to the h—-Hermitian endomorphism Kg(E, h)
is denoted K¢(E, h) and called g-mean curvature Hermitian form of (E, h).
Another useful result is the following:

Lemma3.6. Let 7% ¢ Qg’ll((E) be a differentiable family of Hermitian metrics on E. We then have
0¢Kg(E, hy) = iAgoD}°f”,

where f” : [0, 1] —» End(E) maps t to f".

Proof. Leth; := %(t) and D; the Chern connection of (E, h;). Given alocal frame of E;, let I'; ; be the connection
form of D; ;, and represent h; ; by a matrix H; ;. As

"Hi (- Iip=0"Hy,
(see the proof of Proposition 4.9 in Chapter I of [29]), we get that
o "Hy ¢ - Ti¢) =00 "H;,.

If welet V;; := 0:H; , we get
TVt,i T+ THt,i 0l =0Vy ;.

Written in another way we then get
T T ,
Hpi- 0Ty =0Vyi— "V Ty =D Vs,

so we get
1,0 Ty-1
Ol =Dy "Hei+ Vigie

Passing from the matrix notation to the usual notation we then get that
1,0 ghe, by
atDi,t = Dt’i fl ¢ ta

since the matrices V; ;’s represent the Hermitian form h} with respect to the chosen local frames. Applying
D?’l to both sides, and using the fact that D?’l = D?’il = 9; (since both are Chern connections, and hence
compatible with the holomorphic structure) we get then

S 1,0 phe,hy
OtRie = 0D f; 7,
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where R; ; is the curvature of the Chern connection D; ; of (Ej, h; ¢).
As the B-field B = {B;}ic; does not depend on ¢, i. e. we have 9;B; = 0. This implies that

Oc(Ri ¢ - B; - idg) = 0;DF ™.
As both sides glue together to give global elements of A™(End(E)), we finally get
ath = SD%’th[’h; .

Applying i/ to both sides we conclude. O

3.3 Hermite-Einstein metrics

Let now E be an a—twisted holomorphic vector bundle on X, and consider a Hermitian metric h on E.

Definition 3.7. The pair (E, h) verifies the weak g—Hermite-Einstein condition if there is a real function ¢ :
X — R such that
K¢(E, h) = ¢ - idp.

The function ¢ is called Einstein function of (E, h) relative to g. If ¢ is constant, we will say that (E, h) verifies
the g—Hermite-Einstein condition, and the constant number ¢ will be called Einstein factor of (E, h) relative
tog.

Let us first see some properties.

Proposition 3.8. If L is an a—twisted holomorphic line bundle on X and h is a Hermitian metric on L, then (L, h)
verifies the weak g—Hermite-Einstein condition for every Hermitian metric g on X.

Proof. As Kg(L, h) is a smooth section of End(L) ~ A°(X) (since L is a line bundle), there is a smooth function
¢ such that Kg(L, h) = ¢ - idy. O

Proposition 3.9. If (E, h) verifies the weak g—Hermite-Einstein condition with Einstein function ¢, then (E*, h")
verifies the weak g—Hermite-Einstein condition with Einstein function —¢.

Proof. By Lemma 2.29 if D is the Chern connection of (E, h), then D" is the Chern connection of (E”, k"), and
we have Ry = —-Rp. Hence
Kq(E", h") = iAgRpy = —iAgRp = —Kg(E, h),

and we are done. O
Proposition 3.10. If (E1, hy) verifies the weak g—Hermite-Einstein condition with Einstein function ¢1, and

(E,, hy) verifies the weak g—Hermite-Einstein condition with Einstein function ¢,, then (E; ® E,, hy ® h,) verifies
the weak g-Hermite-Einstein condition with Einstein function ¢ + .

Proof. By Lemma 2.33 if D; is the Chern connection of (E;, h;), then D; ® D, is the Chern connection of (E; ®
E,, hy ® hy), and we have
RD1®D2 = RD1 ® l.dE2 + idE1 ® RDz'

Hence
Kg(E1 ® Ez, h1 ® hy) = iAg(Rp, ® idE, +idg, @ Rp,) =
= i/Ag(Rp,) ® idg, + idg, ® iAg(Rp,) =
= Kg(E1, h1) ® idg, + idg, ® Kg(E,, hy).
The statement then follows readily. O

Proposition 3.11. Let Eq, E; be two a—twisted holomorphic vector bundles. Then (E1, hy) and (E-, h,) verify
the weak g—Hermite-Einstein condition with Einstein function ¢ if and only if (E; ® E,, hy1 & h;) verifies the weak
g—Hermite-Einstein condition with Einstein function ¢.
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Proof. By Lemma 2.31if D; is the Chern connection of (E;, h;), then Dy & D, is the Chern connection of (E; &
E,, hy @ hy), and we have
RDl@Dz = RD1 @ RDz'

Hence
K¢(E1 ® Ez, hy @ hy) = iAg(Rp,) @ iAg(Rp,) = Kg(E1, h1) @ Kg(E7, ha).

The statement then follows readily. O
The following is an immediate consequence of Propositions 3.9, 3.10 and 3.11:

Proposition 3.12. If (E, h) verifies the weak g—Hermite-Einstein condition with Einstein function @, then

1. forevery p, q € N, (EP-?, hP-9) verifies the weak g—-Hermite-Einstein condition with Einstein function (p -

Qe;
2. forevery p € N, (A\PE, NP h) verifies the weak g—Hermite-Einstein condition with Einstein function p.

Finally, we have the following:

Proposition3.13. Let f : X — Y be a morphism of complex manifolds, E an a—twisted holomorphic vector
bundle on Y and h a Hermitian metric on E. If (E, h) verifies the weak g—Hermite-Einstein condition with Einstein
function @, then (f"E, f"h) verifies the weak f* g—Hermite-Einstein condition with Einstein function ¢ o f.

Proof. By Lemma 2.36 if D is the Chern connection of (E, h), then f*D is the Chern connection of (f'E, f*h),
and we have Ry, = f*Rp. It follows that

Kg(f'E, f"h) = iAgRpp = ilAgf Rp = f (iAgRp) = f Kg(E, h),
so the statement follows readily. O

We now give the following definition:

Definition 3.14. An a-twisted holomorphic vector bundle on a compact, complex manifold with Hermitian
metric g is called g—Hermite-Einstein if it admits a Hermitian metric h such that (E, h) verifies the g—Hermite-
Einstein condition.

The previous Propositions 3.8 to 3.13 tell us that:

twisted holomorphic line bundles are all g-Hermite-Einstein;

the dual of a g—Hermite-Einstein twisted holomorphic vector bundle is g-Hermite-Einstein;

the tensor product of g—Hermite-Einstein twisted holomorphic vector bundles is g—-Hermite-Einstein;

the direct sum of twisted holomorphic vector bundles is g-Hermite-Einstein if and only if the summands are
g—Hermite-Einstein with the same Einstein factor;

the pull-back of a g-Hermite-Einstein twisted holomorphic vector bundle is Hermite-Einstein (with respect
to the pull-back metric).

The following is a key result in the proof of one direction of the Kobayashi—Hitchin correspondence.

Proposition 3.15. Let E, and E, be two a—twisted holomorphic vector bundles on X, and let h; be a Hermitian
metric on E; for i = 1, 2. Let g a Hermitian metric on X and suppose that (E;, h;) verifies the weak g—Hermite-
Einstein condition with Einstein function ;.

1. If p3 < @1, then every morphism f € % om(E1, E>) is O.

2. If @5 < @1, then every morphism f € % om(E1, E>) is a morphism of a—twisted holomorphic vector bun-
dles. We moreover have direct sum decompositions E, = ker(f) @ Ef and E, = Im(f) @ E as a-twisted
holomorphic vector bundles, and f maps the Chern connection of (EY, hy E;') to the Chern connection of
(Im(f), hy pm(r))-
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Proof. Let us first suppose that ¢, < ¢, sowe prove thatiff : E; — E, is a morphism of a—twisted sheaves,
then f = 0.

Recall that f is a global section of E ® E, (which is an untwisted holomorphic vector bundle). By Lemmas
2.29 and 2.33 the Hermitian metric h, and h, induce the Hermitian metric h; ® hy on E; ® E,, and if D; is the
Chern connection of (Ej, h;), then D] ® D, is the Chern connection of (Hom(E1, E>), h] ® h»).

By Propositions 3.9 and 3.10 it then follows that (E}; ® E, h] ®h,) is a holomorphic vector bundle verifying
the weak g-Hermite-Einstein condition with Einstein function ¢, - ¢;. As ¢, < ¢, the mean curvature of
E] ® E, is negative definite everywhere on X: by Theorem 1.9 in Chapter III of [29] it has then no non-zero
global sections, so f = 0.

Suppose now that ¢, < ¢, and let f : E; — E;, be a morphism of a—twisted sheaves. The previous part
of the proof tells us that f is a global section of the g-Hermite-Einstein holomorphic vector bundle E] ® E»,
whose Einstein function is ¢, — ¢1: the mean curvature is then everywhere negative semi-definite, hence by
Theorem 1.9 in Chapter III of [29] f has to be parallel with respect to the Chern connection D} ® D,.

If f = {f;}, this means that f; is parallel with respect to the Chern connection D; ; ® D, ;, so that the rank
of f; has to be constant. It follows that f; is a morphism of holomorphic vector bundles, and hence that f is a
morphism of a—twisted holomorphic vector bundles.

As a consequence, ker(f) is an a-twisted holomorphic subbundle of E; and Im(f) is an a—twisted holo-
morphic subbundle of E;. As f is parallel, they are both invariant with respect to the Chern connections. We
then let E{ := ker(f)* and EY := Im(f)*, where the orthogonality is with respect to h; and h; respectively.
By Lemma 2.42 the statement follows. O

3.4 First Chern class and Hermite-Einstein

Let now E be an a-twisted holomorphic vector bundle of rank r on a complex manifold X of dimension n,
and let us fix a Hermitian metric h on E and a Hermitian metric g on X. We let o be the real (1, 1)-form on X
associated to g and to the complex structure of X.
If R, is the Chern connection of (E, h), then by its very definition the first Chern form of (E, h) is
i

5 Tr(Ry) € AV(X).

71(E, h) =

Lemma 3.16. If X is compact and (E, h) verifies the weak g—Hermite-Einstein condition with Einstein function

@, then
- r
/VI(E:h)/\O-g 1o m/(pag
X

X

Proof. We have
Kg(E, h) - 0g = vV-1nRy A og'l.

As (E, h) verifies the weak g—-Hermite-Einstein condition with Einstein function ¢, we have K¢(E, h) = ¢ - id,
hence
V-1nR, A op ! = @ - idgoy

as elements of A2"(End(E)), so that
V-1nTr(Ry) A og ! = rgay.
But since Tr(Rp,) = ZX1(E, h) we then get

_ r
v1(E, h) A og t= 271‘/’0;5,

and the statement follows. O
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If g is a Kdhler metric, then og is d—closed, hence the value
[Enno
X

only depends on c1(E) and the cohomology class [og]. The same holds more generally if ag'l is 90—closed.

3.5 Hermite-Einstein and weak Hermite-Einstein

We now show that if a twisted vector bundle verifies the weak g-Hermite-Einstein condition, then it is
g-Hermite-Einstein. Let E be an a—twisted holomorphic vector bundle on a complex manifold X, h a Her-
mitian metric on E and y : X — R a positive smooth function.

For every i € I and for every sections &, n of E; we let

K&, n) = x - (€, ).
It is easy to see that h’i‘ is a Hermitian metric on E;, and since
W= x-hi = x(Cyhidy) = "yix - hygy; = T¢ijh;'($ij,
we see that WX = {h)l.‘ } is a Hermitian metric on E.
Definition 3.17. The Hermitian metric hX is the conformal change of h by .
The conformal change of Hermitian metric affects the curvature, and we have:

Lemma 3.18. If (E, h) verifies the weak g—Hermite-Einstein condition with Einstein function ¢, then (E, hX)
verifies the weak g—-Hermite-Einstein condition with Einstein function @ + iAgdody.

Proof. Let D be the Chern connection of (E, h) and DX the Chern connection of (E, hX). Consider an open
covering %’ = {U]’- }jes as in the proof of Lemma 3.1: hence for every j ¢ ] thereis i € I such that U]f C U;, and
on U’ ]’ there is a local frame s; of E;.
Weletljand I ;‘ be the connection forms of D; and D)f , and we represent h; and h’i( by the matrices H; and
Hj.‘ respectively over U]f with respect to the local frame s;. Then
rj=oH;-Hi', r¥=oH - (H)

(see the proof of Proposition 4.9 in Chapter I of [29]). As Hj.( = X - Hj it follows that
_ j
¥ =o(x-Hy)- (- H) ™" = () - Hj +x - OH,) - <)—(H1-1> =

= olog(y) - I + 0H; - H;* = olog(x) - Ir + "I7;.

Hence
DY = D; + olog(x) - id,,

so that
RY =R; +00log(x) - idg,,

where R; (resp. R)l.( ) is the curvature of D; (resp. of D’f ). It follows that
RD)( = RD + 5() log(X) . idE,

so that
Kg(E, hX) = iAgRDX = lAg(RD) + lAgEa 10g(X) * ldE =
= Kg(E, h) + iAg(001og(y)) - idg = (¢ +iAg(00log(x))) - idE,
concluding the proof. O
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Consequence of this is the following:

Proposition 3.19. Let X be a compact complex manifold and g a Kdhler metric on X. Let E be an a—twisted
holomorphic vector bundle on X and h a Hermitian metric on E. If (E, h) verifies the weak g—Hermite-Einstein
condition, then there is a conformal change hX of h, which is unique up to homothety, such that (E, hX) verifies
the g—Hermite-Einstein condition.

Proof. Define
_ Jxpog
C:= =,
Jx 0%
which is well-defined real number since X is compact. Let ¢ be the Einstein function of (E, h): as g is a Kdhler
metric, we know that there is a C* function u : X — R such that

iAgoo(u) = c - @.
Let now y := exp(u), which is then a positive C* real function on X such that
iAg001og(y) = iAg0o(u) = c - .

As (E, h) verifies the weak g—Hermite-Einstein condition with Einstein function ¢, by Lemma 3.18 we have
that (E, hX) verifies the Hermite-Einstein condition with Einstein function

@ +iAgddlog(Y) =p +c-¢ =c,
which is constant, and we are done. O

Remark 3.20. A similar proof works without the Kédhler assumption on g, see Lemma 2.1.5 of [35].

3.6 Approximate Hermite-Einstein

Let now X be a compact complex manifold of dimension n and g a Kdhler metric on X, whose associated
Kahler form is og. Let E be an a—twisted holomorphic vector bundle of rank r on X, and h a Hermitian metric
onkE.

Recall that K¢(E, h) is a smooth endomorphism of E, so its trace

T(E, h) := Tr(Kg(E, h)),

is a smooth function on X, called g—scalar curvature of (E, h). We let

To(E, h)o?
co(E, ) := IXLH)E',
rfx 0%
which is the mean value of 1 T¢(E, h) on X.
Lemma 3.21. We have E )
_ rcg(E,
/wl(E, WAog = =52 | o
X X

Proof. The proof is almost identical to that of Lemma 3.16. We have
Kg(E,h)- 05 = V-1nR, Aoy
Taking the trace we then get
Tg(E, h)og = V-1nTr(Rp) A 02‘1 =2nnv1(E, h) A ag"l.

Taking the integral over X the statement follows. O
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As g is a Kdhler metric (or more generally if o5 ! is d0—closed), the value

/ (B, B A O

X
only depends on c;(E) and the cohomology class [og]. Similarily, the value
[
X

only depends on [og]. As a consequence, cg(E, h) only depends on c¢;(E) and on [g], but not on h: we will
use the notation cg(E) for it.

Remark 3.22. If E is g-Hermite-Einstein, then by Lemmas 3.16 and 3.21 the Einstein factor of (E, h) is cg(E).
In particular, the Einstein factor does not depend on the Hermitian metric.

Definition 3.23. The g-degree of E is the real number
deg,(E) - / (B, ) A Gl
X
which only depends on c1(E).

Lemma 3.21 then reads as

E
deg,(E) = rggn(n) /ag.
X

We now define
IKg(E, h) - cg(E) - idg||? := Tr(Kq(E, h) — cg(E) - idg)?),

which is a smooth function on X. This allows us to give the following:
Definition 3.24. We say that an a—twisted holomorphic vector bundle E is approximate g-Hermite-Einstein
if for every € > O there is a Hermitian metric he on E such that

max ||Kg(E, he) - cg(E) - idg||* < e.

First, we have the following:

Proposition 3.25. Let E be an a—twisted holomorphic vector bundle on X. If E is g-Hermite-Einstein, then it is
approximate g—Hermite-Einstein.

Proof. Let c be the Einstein factor of (E, h). By Remark 3.22 we have ¢ = c¢(E). Choose then h¢ = h for every
€ > 0, so that Kg(E, he) = Kg(E, h) = ¢ - idg, and we are done. O

As for Hermite-Einstein vector bundles, we have some properties about the behavior of approximate
g-Hermite-Einstein vector bundles with respect to the usual operations, the proof of which is exactly as the
one for untwisted vector bundle (we just provide the proof of one of the following result to show the analo-
gies).

Proposition 3.26. Let E be an a—twisted holomorphic vector bundle on X. If E is approximate g—Hermite-
Einstein, then E is approximate g—Hermite-Einstein.

Proof. Let h be a Hermitian metric on E. We proved in Proposition 3.9 that Kg(E", h*) = -Kg(E, h)", so
To(E",h") = —Tg(E, h), cg(E") = —cq4(E).

But then
IKg(E", h") = cg(E") - id||” = Tr((Kg(E", h") - cg(E") - idp)*) =
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= Tr((-Kg(E, h) + cg(E))*) = Tr((Kg(E, h) - cg(E))*) =
= ||Kg(E, h) - cg(E) - idg||>.
If E is approximate g—Hermite-Einstein, for every € > O there is a Hermitian metric he on E such that
max ||Kg(E, he) - cg(E) - idg||? < €. But then

max ||[Kg(E", hy) - cg(E") - idp-||* = max ||Kg(E, he) - co(E) - idg||® < €,
xeX xeX

and we are done. O

Proposition 3.27. Fori = 1, 2 let E; be an a;—twisted holomorphic vector bundle on X. If E; is approximate
g—Hermite-Einstein, then E1 ® E, is approximate g—Hermite-Einstein.

Proposition 3.28. Let E; and E, be two a—twisted holomorphic vector bundles on X of respective ranks ry and
r,. If they are approximate g—Hermite-Einstein and we have

degg(E1)  deg,(E)
o r;

then E1 @ E, is approximate g—Hermite-Einstein.

Proposition 3.29. Let E be an a—twisted holomorphic vector bundle on X. If E is approximate g—Hermite-
Einstein, then

1. forevery p, q € N, EP*? is approximate g—Hermite-Einstein;
2. forevery p € N, APE is approximate g—Hermite-Einstein.

Proposition 3.30. Let f : X —s Y be an étale covering, and choose a Kiihler matric g on Y and the metric f*g
onX.

1. Let E be an a—-twisted holomorphic vector bundle on Y. If it is approximate g—Hermite-Einstein, then f"E is
approximate f&—-Hermite-Einstein.

2. Let F be an f* a—twisted holomorphic vector bundle on X. If it is approximate f " g—Hermite-Einstein, then
f+F is approximate g—Hermite-Einstein.

The last property we will need is the following:

Proposition 3.31. Let E; and E, be two a—twisted holomorphic vector bundles on X of respective ranks r, and

12, and suppose that such that
deg,(E1)  deg,(E>)
1 r )

If E1 and E, are approximate g—Hermite-Einstein, then every morphism f € % om(E1, E,) is zero.

Proof. We know that f is a global section of the untwisted vector bundle E; ® E;. As E; and E, are approximate
g-Hermite-Einstein, by Propositions 3.26 and 3.27 we have that E] ® E, is approximate g-Hermite-Einstein.
Now, notice that

degg(E; ®E))=r1 degg(Ez) -1 degg(El) <0.

By Proposition 5.6 in Chapter IV of [29] we then know that E] ® E, has no non-zero global sections, and we
are done. O
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4 Semistability for twisted vector bundles

If A is a domain and M is an A-module of finite type, the homological dimension of M is the length d of a
minimal free resolution
0—Ey—Egy —-+—E—M-—0.

The homological dimension of M is denoted dh(M), and we have that dh(M) = d if and only if Torf} (C,M)#0
and Tor4,,(C, M) = 0, or equivalently if and only if Tor4(C, M) # 0 and Tor (C, M) = O for every k > d.

If A = Ocn, then for every A-module M we have dh(M) < n. As a consequence, the same holds for
A = Ox , where X is a complex manifold of dimension n and x € X.

4.1 Singularities of twisted sheaves

Let & = {&;, ¢;;} be an a—twisted coherent sheaf on X. If x € U;, then we may consider the stalk &; , of &; at
x, which is a O y—module of finite type. If x € Uj;, the isomorphism ¢;; : & — &; of Oy, —modules induces
an isomorphism ¢;;  : &; x — &;  of Ox ,—modules. The following definition therefore makes sense:

Definition 4.1. We call stalk of & at x the isomorphism class & of the Ox y-module &; ,, where i € I is such
that x € U;.

As the homological dimension of a module is invariant under isomorphism, the homological dimension
dh(&x) makes sense.

4.1.1 Singularity sets of twisted sheaves

Form € Nlet
Sm(&) := {x € X| dh(&x) = n - m},

which is called m-th singularity set of €, and we clearly have
So(&) C 51(8) C +++ C Sa(®) = X.
The subset S,,_1(¥) is called singular locus of &, and we have
Sn-1(&) = {x € X| & is not a free Ox , — module}.

As the function
dh(%l) : Ui — 7, dh(%l)(X) = dh(gi’x)

is upper semicontinuous, the same holds for
dh(®): X — Z, dh(&)(x) := dh(&x),
so that S, (%) is a closed subset of X for every m. Scheja’s Theorem tells us that the subset
Sm(&) 1= {x € U;|dh(&;,) = n— m}
is a closed analytic subset of U; of dimension at most m for every i € I and every m. As
Sm(&) N U; = Sm(&),

it follows that Si (%) is a closed analytic subset of X of dimension at most m for every m. As a corollary we get
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Lemma 4.2. Let & be an a—twisted coherent sheaf on X such that for every x € X thereis an open neighborhood
U C X of x and an exact sequence of a—twisted coherent sheaves

0—8&y—F1— - F—0,
where F; is a locally free ay—twisted sheaf on U. Then
dim(Sm(%)) < m - k.
Proof. 1f x € U, up torestricting U we may suppose U C Uj, so the exact sequence in the statement becomes
0 _>%i\U — F — - F— 0,
where %; is a locally free sheaf of Oy, ~modules. But then we know that
dim(Sm (%)) < m -k,
and as this holds for every i € I, we conclude. O

By definition of S,,_1 (&) we see that & x\s,. (%) 1s alocally free a-twisted coherent sheaf, so the rank of &x
as a Ox ,—module is invariant over X \ S,_1(€). We will call this number the rank of &.

4.1.2 Torsion of twisted sheaves

We recall that if M is an A—-module of finite type, an element m € M is a torsion element if there is a € A such
that am = 0 in M. The set
T(M) := {m € M|m is a torsion element}

is an A-submodule of M, the torsion submodule. If T(M) = 0, we say that M is torsion-free.
We let M* := Hom, (M, A). We then have a natural morphism of A-modules

oy:M—M"

whose kernel is T(M), so that M is torsion-free if and only if oy is injective. We say that M is reflexive if o is
an isomorphism of A-modules.
We recall that

every free A-module is reflexive, and every reflexive A—module is torsion free;

every torsion-free A-module is a submodule of a free A—-module of the same rank;

for every A-module M we have that M is torsion-free and that M"" is reflexive;

an A-module M is torsion-free if and only if dh(M) < n - 1, and it is reflexive if and only if dh(M) < n - 2,
where n is the Krull dimension of A.

If & is an a-twisted coherent sheaf, we let T(¥) be the torsion subsheaf of &, i. e. T(&) = {T(&)), ¢y 1(z)}
where T(&;) is the torsion subsheaf of &;. It is easy to see that T(%) is an a—twisted coherent subsheaf of &,
called torsion of &.

Definition 4.3. An a-twisted coherent sheaf & is torsion-free if & is a torsion-free Ox ,—module for every
xeX.

This is equivalent to T(&) = 0, or even to &; torsion free for every i € I. As a consequence of the previous
properties of A-modules, it follows that:

alocally free a—-twisted coherent sheaf is torsion-free,

every a—twisted coherent subsheaf of a torsion-free a—twisted coherent sheaf if torsion-free,

every torsion-free a—twisted coherent sheaf is an a—twisted subsheaf of a locally free a—twisted coherent
sheaf of the same rank,
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if & is a torsion-free a—twisted coherent sheaf, then for every x € X we have dh(&x) < n - 1, so by Lemma
4.2 we get that dim(S, (%)) < m - 1. In particular, we see that the singular locus of a torsion-free a—twisted
coherent sheaf has codimension at least 2,

The natural morphism o : & — & has kernel equal to T(&), hence & is torsion-free if and only if o is
injective.

Definition 4.4. An a—twisted coherent sheaf & is reflexive if o is an isomorphism.
This is equivalent to &; reflexive for every i € I. Again, as before we have that:

all locally-free a—twisted coherent sheaves are reflexive,

all reflexive a—twisted coherent sheaves are torsion-free,

for every a—twisted coherent sheaf &, we have that &” is reflexive and & is torsion-free,

if & is reflexive, then dim(S, (%)) < m - 2 for every m. In particular, the singular locus of a reflexive a-twisted
coherent sheaf has codimension at least 3 in X,

if & and & are two a—twisted coherent sheaves and & is reflexive, then the coherent sheaf Z om(&, ¥) is
reflexive.

We end this section with the following:

Definition 4.5. An a-twisted coherent sheaf & = {&;, ¢;;} is normal if &; is normal for every i € I, i. e. if for
everyi € I, every open U C U; and every closed analytic subset A C U of codimension at least 2, the restriction
morphism &;(U) — &;(U \ A) is an isomorphism.

Normal a-twisted coherent sheaves are useful for the following property, which is an immediate consequence
of the untwisted analogue:

Lemma 4.6. An a—twisted coherent sheaf is reflexive if and only if it is torsion-free and normal. Moreover, if
0—&8—>%F —9%—0

is an exact sequence of a—twisted coherent sheaves, if F is reflexive and @ is torsion-free, then & is normal (and
hence reflexive).

4.2 Semistability for twisted sheaves

Let & = {&;, ¢;j}i,jer be an a-twisted coherent sheaf on a complex manifold X, and let r be its rank. For every
i ¢ I the coherent sheaf &; over U; admits a determinant det(&;), which is a locally free sheaf of rank 1 on U;,
and for every i, j € I the isomorphism ¢;; induces an isomorphism

det(¢ij) : det(%,-)‘UU — det(%}')‘Uﬁ.

Since ¢;; = idg, it follows that det(¢;;) = idgey,) for every i € I. Moreover, since ¢;; = (l)j‘il, it follows
that det(¢;;) = det(¢p;;) ™. Finally, since ¢y, o ®jk o @ij = i - idy,, it follows that

det((;bki) o det(¢]-k) o det(d)i]-) = det(¢ki o ¢]'k o ¢1)) = af]-k . iddet(%i)'

It follows that det(%) = {det(&;, det(¢;;)}; jcs is a locally free a’~twisted sheaf of rank 1 on X. It is called
determinant of &.

If € is a torsion-free a—twisted coherent sheaf, then det(&) is canonically isomorphic to (A\"€)™, and we
have det(&)" ~ det(&"). Moreover, if f : & —s % is a morphism of a—twisted coherent sheaves, where &€ and
& are both torsion free and have the same rank, then f induces a morphism

det(f) : det(¥) — det(F).
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Let now & be an a—twisted coherent sheaf of rank r and suppose that X is a compact Kdhler manifold
of dimension n. As det(&) is a locally free a”-twisted sheaf of rank 1, we may associate to it an a’-twisted
holomorphic line bundle L. Choose a Hermitian metric h on L: we will let

11(&, h) :=v1(L, h),

and call it the first Chern form of (%, h).
As g is Kdhler metric (or more generally if og’l is 00—closed), the cohomology class of v1 (&, h) does not
depend on h, so we write it as
c1(&) e HY*(X) n H*(X, ),

and call it first Chern class of €. The g—degree of & is

deg,(#) :- / (&, B A i,
X

which again does not depend on h.
If r > 0 is the rank of &, the slope of & with respect to g is

d g
ug(&) = %U-

Definition 4.7. A torsion-free a—twisted coherent sheaf & is said to be g-semistable if for every a—twisted
coherent subsheaf & of & whose rank r' is such that 0 < r' < r, we have that ug(F) = pg(%). If for every
a—twisted subsheaf the inequality is strict, we say that & is g—stable. An a—twisted holomorphic vector bundle
E is g—semistable (resp. g-stable) if the associated locally free a—twisted coherent sheaf is g—semistable (resp.
g-stable).

Let us now collect some properties of semistable twisted sheaves that will be useful in what follows.

Lemma 4.8. Let
0 —& —F —%—0

be an exact sequence of a—twisted coherent sheaves on a compact complex manifold X with a Kdhler metric g.
Then
v (ug(F) = pg(&) + ' (ug(F) - ug(¥)) = 0,

where ' is the rank of € and r"’ is the rank of €.

Proof. Ifristherank of &, we have that det(¥) is a” —twisted, det(&) is a” —twisted and det(¥)is a’ —twisted,
so that det(&) ® det(¥) is a’ -twisted (since ' + ¥’/ = r). As the sequence is exact, we have an isomorphism
det(&) ~ det(¥) ® det(¥), and hence c1(F) = ¢1(&) + c1(¥). But then deg,(F) = deg,(¥) + deg,(¥), hence

(r' + "ug(F) = rug(F) = r'ug(8) + r' ug(¥),
and the statement follows. O

As an immediate consequence we have the following:

Proposition 4.9. Let & be an torsion-free a—twisted coherent sheaf of rank r on a complex manifold X with a
Kdhler metric g.

1. The sheaf & is g—semistable if and only if for every a—twisted quotient € of & of rank 0 < r"" we have

ug(F) < ug(9).
2. The sheaf & is g-stable if and only if for every a—twisted quotient € of & of rank 0 < r"” < r we have
ug(F) < pug(9).

We now have the following property of torsion twisted sheaves.
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Lemma 4.10. If& is a torsion a—twisted coherent sheaf on a compact complex manifold X with a Kédhler metric
8, then deg,(%) = 0.

Proof. We first show that if & and &’ are two a—twisted torsion-free coherent sheaves of the same rank r and
f : & — &’ is injective, then the induced morphism det(f) : det(¥) — det(&’) is injective. Indeed, let
A=S5,1(&)and A’ = S,,_1(&’): over X \ (A U A’) both & and &’ are locally free, and f is an injection between
two locally free a—twisted sheaves of the same rank.

The induced morphism det(f) is then an isomorphism over X \ (4 U A’), so ker(det(f)) is supported on
AUA’, and hence it is a torsion a” -twisted sheaf. But moreover ker(det(f)) is an a—twisted coherent subsheaf
of det(&), which is torsion-free, so ker(f) = 0 and f is injective.

Now, as by hypothesis & is torsion, over X \ A it is locally free and torsion, so it is trivial. It follows that &
is supported on A, and it has rank 0. Let

0 &n ... g Pe o

be a locally free resolution of &. We let S; := &,/ ker(f1), which is a torsion-free a—twisted coherent sheaf,
and we have an exact sequence

O—>Sli>%o£>%—>o.

As the rank of & is 0, det(&) is an untwisted locally free coherent sheaf of rank 1. Moreover S; and &, are
both torsion-free a—twisted coherent sheaves of the same rank r. As f; is injective, the previous proof gives
that det(f) : det(S;) — det(&y) is injective, i. e. it is a non-trivial morphism of a” -twisted coherent sheaves.
Since

det(%) ~ det(&p) @ det(S1)" ~ # om(det(S;), det(%o)),

we then have that
I'(X, det(®)) ~ Hom(det(S1), det(%y)).

But then det(f;) corresponds to a non-trivial holomorphic section of det(&).
Let V be the zero locus of this section, which is a divisor on X whose cohomology class is c;(det(¥)) =
¢1(&). It then follows that
deg,(&) = /cl(%) A og_l = /og"l >0,
X 4
and we are done. O

Remark 4.11. The previous proof works even without the Kahler assumption on g, see Proposition 1.3.5 of
[35].

As a consequence of this we get the following:

Proposition 4.12. Let & be an torsion-free a—twisted coherent sheaf of rank r on a complex manifold X with a
Kdihler metric g.

1. The sheaf & is g—semistable if and only if one of the two following conditions is verified:
(a) for every a—twisted subsheaf F of & such that &| F is torsion-free, we have ug(F) < ug(®).
(b) for every torsion-free a—twisted quotient & of & we have ug(&) < ug(%).
2. The sheaf & is g—stable if and only if one of the two following conditions is verified:
(a) for every a—twisted subsheaf F of & with &|F torsion-free and such that & has rank 0 < r' < r, we
have ug(F) < ug(®).
(b) for every torsion-free a—twisted quotient & of & of rank 0 < r"’ < r we have pg(&) < ug(%).

Proof. The proof is identical to that of Proposition 7.6 in Chapter V of [29]. O

The following will be useful in what follows:
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Proposition 4.13. Let & be an torsion-free a—twisted coherent sheaf of rank r on a complex manifold X with a
Kdhler metric g.

1. Ifr =1, then & is g-stable.

2. If Zis a locally free o' —twisted sheaf of rank 1, then the a—twisted sheaf & is g—(semi)stable if and only if
F ® Z is g—(semi)stable.

3. & is g—(semi)stable if and only if €" is g—(semi)stable.

Proof. The proof is identical to that of Proposition 7.7 in Chapter V of [29]. O

The last results we need, whose proofs are identical to those of the corresponding results in the untwisted
cases (see Propositions 7.9 and 7.11 and Corollaries 7.12 and 7.14 in Chapter V of [29]), are the following:

Proposition 4.14. Let & and F be two torsion-free a—twisted coherent sheaves on a complex manifold X with
a Kdhler metric g. Then & & & is g—semistable if and only if & and F are g-semistable and pg(&) = pg(F).

Proposition 4.15. Let & and F be two torsion-free a—twisted coherent sheaves on a complex manifold X with
a Kéhler metric g, and let f : & — % be a morphism of a—twisted coherent sheaves.

1. If ug(&) > pg(F), thenf = 0,

2. If ug(®) = pg(¥) and & is g-stable, then either f = 0 or & and F have the same rank and f is injective.

3. If ug(&) = ug(¥) and F is g-stable, then either f = 0 or & and F have the same rank and f is generically
surjective.

This Proposition has two important corollaries:

Corollary 4.16. Let & and & be two torsion-free a—twisted coherent sheaves on a complex manifold X with a
Kdhler metric g. If they have the same rank and same degree with respect to g, and one of them is g—stable, then
every morphism of a—twisted coherent sheaves between them is either O or an isomorphism.

Corollary 4.17. Let E be an a—twisted holomorphic vector bundle on a compact complex manifold X with a
Kdihler metric g. If E is g-stable, then I'(X, End(F)) ~ C - id.

4.3 Hermite-Einstein implies polystable

Let X be a complex manifold of dimension n and g a Kdhler metric on X. Let & be an a—twisted coherent sheaf
on X of rank r. Let L be the a"-twisted holomorphic line bundle associated to det(%), and choose a Hermitian
metric hon L.

We call g-degree form of (£, h) the d—closed real 2n—form on X defined as

dg(&, h) :=1(&, h) Aog .

If X is compact, we then have
@%@=/@@m1
X

The first result we need to prove is the following, relating the properties of the g—degree form and the
g-Hermite-Einstein condition.

Lemma 4.18. Let E be an a—twisted holomorphic vector bundle on a compact complex manifold X with Kdhler
metric g. Let h be a Hermitian metric on E and suppose that (E, h) verifies the g—Hermite-Einstein condition
with Einstein factor c. Let

0—EFE —wE—E"—0

be an exact sequence of a—twisted holomorphic vector bundles.
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1. If ¥ is the rank of E, r is the rank of E and k' := hE  is the Hermitian metric induced by h on E’, the real

d-closed 2n—-form
dg(E', 1) _ dg(E, h)
r r

is everywhere negative on X.

2. Ifthe previous 2n-form s 0, then the exact sequence above splits, and if we let h"’ be the natural Hermitian
metric induced by h on E”, then (E', h’) and (E”, h"") verify the g—Hermite-Einstein condition with Einstein
factor c.

Proof. The proofisidentical to that of Proposition 8.2 in Chapter V of [29], using the results in section 2.4. The
same proof works even only if o ' is 90—closed (see Proposition 2.3.1 of [35]). O

We are now in the position to prove one of the main results of this section, namely:

Theorem 4.19. Let E be an a—twisted holomorphic vector bundle on a compact complex manifold X with Kdhler
metric g. Let h be a Hermitian metric on E and suppose that (E, h) verifies the g—Hermite-Einstein condition with
Einstein factor c. Then E is g—semistable, and we have E = E1 @ - - - ® Ej where

1. Eq, -+, E are g—stable a—twisted holomorphic subbundles of E,
2. if k% is the Hermitian metric induced by h on Ej, then (Ej, hB) verifies the g—Hermite-Einstein condition
with Einstein factor c.

Proof. Let us first prove that E is g-semistable. To do so, let us consider the locally free a—-twisted coherent
sheaf & associated to E, and let r be its rank: we need to show that & is g—semistable, so let us consider an
a-twisted coherent subsheaf & of & and let p be its rank. By Proposition 4.12, in order to prove that & is
g-semistable we may suppose that O < p < r and that &/ is torsion-free.

Let 1 : & — & be the inclusion, so taking the determinant we get

det(0) : det(F) —s (AP%)™,

since det(F) ~ (A\PF)™. As & is locally free, we have that AP& is locally free, and hence that (\&)™" ~ APE.
The first part of the proof of Lemma 4.10 shows that det(t) is injective. Moreover, notice that (A\?%&) @
det(%)” is an untwisted sheaf, so tensoring with det(%)" we get that det(:) defines a global section

f:0x — (\PE) @ det(F)",

which is not trivial since 1 is injective. This corresponds to finding a holomorphic section of the holomorphic
vector bundle APE ® L*, where L is the a? —twisted holomorphic line bundle corresponding to det(&).

As (E, h) verifies the g—Hermite-Einstein condition with Einstein factor ¢, by Remark 3.22 we get that
¢ =cg(E),i.e.

2mnpg(E)
c=—"—2"
Jx 9%

By Proposition 3.12 we know that (APE, AP h) verifies the g—Hermite-Einstein condition with Einstein factor
pc.

Let h’ be a Hermitian metric on L. By Propositions 3.8 and 3.19 up to apply a conformal change to h’ we
know that (L, h’) verifies the g—Hermite-Einstein condition with Einstein factor ¢’. Again by Remark 3.22 we

have
oo 2mnpg(L)

Jx 9%
Notice that
pg(L) = pg(det(F)) = deg,(det(F)) = degy(F) = pug(F),
S0
o - 2nnpug(F) '
Jx o8
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By Proposition 3.9 we then see that (L*, (n")") verifies the g-Hermite-Einstein condition with Einstein
factor —c’, and hence by Proposition 3.10 we see that (\PE @ L*, APh @ (h')") verifies the g-Hermite-Einstein
condition with Einstein factor pc - ¢’.

But APE @ L" is a holomorphic vector bundle on a compact Kéhler manifold which has a non-trivial
holomorphic section. Proposition 3.15 gives then pc - ¢’ 2 0, i. e.

2mnppg(E) | 2mnppg(L)
Jx 0% Jx 0%

so that pg(&) = ug(F), showing that & is g-semistable.

Let us now prove the second part of the statement. First, if E is g—stable, then we let k = 1 and E = E,
and we are done. We will then suppose that E is g-semistable but not g—stable.

This implies that there is an a-twisted coherent subsheaf  of & of rank 0 < p < rwith & := &/ % torsion-
free and ug(F) = pg(&). Letting L be the a? —twisted holomorphic vector bundle associated to det(¥) and b’ a
Hermitian metric on L, by the previous part of the proof (A’ EQ L", A’ h@(h')") verifies the g-Hermite-Einstein
condition with Einstein factor 0.

By Proposition 3.15 the mean curvature of (\YE ® L*, A’h ® (h')") is negative semidefinite and every
holomorphic section of A? E@L" is parallel with respect to the Chern connection D. In particular the morphism
f defined before has to be parallel with respect to D, so L is an a? -twisted holomorphic line subbundle of
APE which is parallel with respect to the Chern connection of (APE, AP h).

Now, let X’ := X \ S,_1(%) be the open subset of X over which & is locally free, and let F’ be the
a—twisted holomorphic vector bundle associated to #|x,. The inclusion ¢ : & — & induces an inclusion
! : Fx — &y, and hence an inclusion j' : F' — Ey of &y, ~twisted holomorphic vector bundles. The
previous discussion shows that F’ is a parallel twisted holomorphic subbundle of E with respect to the Chern
connection of (E, h).

By Lemma 2.42 we then get an &)y, ~holomorphic subbundle G’ of E|y, such that Ey, = F' ® G'. Notice
that 9|y is alocally free a|x, —twisted sheaf on X’ whose associated vector bundle is G’. As the exact sequence

’

0—F —Ey—G—0
is splitting, the same holds for the exact sequence
00— (GJT‘X/ — %lX/ — ?'X/ — 0.

As & is locally free, we have that & is reflexive (as a subsheaf of a reflexive sheaf), and we know that & is
torsion-free by assumption. By Lemma 4.6 we then get that Zom(&, %) and #Z om(¥ , ) are reflexive, and
hence normal. This implies that

I'X,#om(&,F))=I'X',#om(&, F)),

and
I'X,#om(F,F)) =T X', #om(F, F)),

since S,_1(%) is a closed analytic subset of codimension at least 2 (since & is reflexive).
As the exact sequence
0—>LG/T|X/ _>%\X/ —)?‘X/ — 0

is splitting, there is a splitting morphism p’ : &y, — F |y, i. . such that p’ o (' = idg . The previous
property then implies that there is a unique morphism p : & — % such that p o 1 = idg, i. e. the exact
sequence

0——F —&—%—0

splits too, and we have & = & @ €. But as & is locally free, it follows that # and & are locally free, and hence
we have E = F ¢ G where F and G are the a—twisted holomorphic vector bundles corresponding to ¥ and &.
By Lemma 2.42 we then may proceed by induction on the rank, getting the statement. O
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Let us now present the following definition:

Definition 4.20. An a-twisted holomorphic vector bundle E is called g—polystable if it is g—semistable and
we have E = E1 @ --+ ® E; where Eq, -+ - , E are g—stable a—twisted holomorphic subbundles of E such that
Ug(Ej) = ug(E) foreveryj=1,--- k.

This definition allows us to rephrase Theorem 4.19 as follows, proving one direction of the first part of Theo-
rem 1.1:

Theorem 4.21. Let X be a compact Kdihler manifold with a Kdhler metric g and E an a—twisted holomorphic
vector bundle on X. If E is g—Hermite-Einstein, then E is g—polystable.

Remark 4.22. The proof of Theorem 4.19 works more generally if we suppose g to be such that og‘l is
00—closed (see Theorem 2.3.2 of [35]).

4.4 Approximate Hermite-Einstein implies semistable

An adaptation of the proof of Theorem 4.19 allows us to prove the following, which is one direction of the
second item of Theorem 1.1:

Theorem 4.23. Let E be an a—twisted holomorphic vector bundle on a compact complex manifold X with Kéhler
metric g. If E is approximate g—Hermite-Einstein, then E is g-semistable.

Proof. Consider an a—twisted coherent subsheaf # of the locally free a—twisted coherent sheaf & associated
to E, such that &/ F is torsion-free and such that ug(F) = pg(&). We let r be the rank of & and p be the rank of
%, and we suppose that 0 < p < r. Moreover we let L be the a” —twisted holomorphic vector bundle associated
to det(%).

Recall that as E is approximate g—Hermite-Einstein, by Proposition 3.29 then APE is approximate
g-Hermite-Einstein. The a? —twisted holomorphic line bundle L is approximate g-Hermite-Einstein by Propo-
sitions 3.8 and 3.25, so by Proposition 3.26 we see that L" is approximate g—Hermite-Einstein. By Proposition
3.27 we then conclude that APE @ L” is approximate g—Hermite-Einstein.

As in the proof of Theorem 4.19, we have a nontrivial holomorphic section of A’E® L", hence deg,(APE®
L") = 0 by Proposition 3.31. Notice that

deg,(WE® L") = /cl(/\"E @L)nay ' =
X

- / (C1(APE) - rpey (L)) A 0,
X
where r,, is the rank of APE, so that

0 < deg,(NE® L= degg(APE) - rp deg,(L) = degg(APE) - rp deg,(F).

But then we get
0 < ug(NE® L") = ug(APE) - ppg(F) = p(ug(E) - pg(F)),

so that pg(E) = ug(¥), proving that E is g—semistable. O

5 The Kobayashi—Hitchin correspondence

The aim of this section is to complete the proof of point 1 of Theorem 1.1, namely:
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Theorem 5.1. Let X be a compact Kdhler manifold with a Kédhler metric g, and E an a—twisted holomorpic
vector bundle on X. Then E is g—polystable if and only if it is g—Hermite-Einstein.

By Theorem 4.21 we know that if E is g—Hermite-Einstein, then E is g—polystable. We are left with the proof
of the opposite direction, and to do so we follow closely section 3 of [35].

Consider two Hermitian metrics hg and h on E, and fix a Kdhler metric g on X. We let Dy be the Chern
connection of (E, hy) and D the Chern connection of (E, h). For every i € I we have

1,0 1,0 ho,hy-1 1,0/ gho,h
D;" =Dy + (F7") " o Doy (i),

where D)
of [47]).
If R; (resp. Ry ;) is the Chern curvature of (E;, h;) (tresp. of (E;, ho,;)), we then have

denotes the (1, 0)-part of the connection induced by Dy ; on End(E;) (see as instance section (1.9)

Ri = 51' [} Dil’o = 51' o Dcl):? + gi((f‘iho’h)_l o D(])':?(fiho’h)) =

= Ro,i + 0;((F*M)™ o DL M).

If we now let R (resp. Rp) be the Chern curvature of (E, h) (resp. of (E, hgy)) we then get
R|U1- = Ri - Bi . idE,- = RO,i + Ei((f-iho’h)_l o Dé:?(fiho’h)) - BiidEi =

=Rojy, + Ai((fromy o Déj?(fiho’h))-
It then follows that R = Ro + o((f:")™* o D}:°(f":h)), and hence that
Kg(E, h) = K¢(E, ho) +iAgd((f"™) ™ o DyO(f"")).

Letting
K(E, ho) := Kg(E, ho) - cg(E) - idE,

we then see that
Kg(E, h) - cg(E) - idg = K3(E, ho) + iAg(d((f"")™ o DFO(F1M)).

In conclusion, we see that h is g-Hermite-Einstein if and only if
Kg(E, ho) + iAg(3((f"")™ o DGO (f" ")) = 0.

By Remark 2.58, it follows that E is g—Hermite-Einstein if and only if there is hg € Herm*(E) and f €
E nd;0 (E) such that
K2(E, ho) +iAg(3(f ™ o DFO(F)) = 0.

This will be called Hermite-Einstein equation.
Now, recall that if f € End,*l0 (E) then it makes sense to consider log(f), which is a ho—Hermitian endo-
morphism of E. For every € > O we now let

L : End;, (E) — Endy, (E),

where
LIo(F) := KI(E, ho) + iAg(d(f ! o DEO(F))) + e log(f).

We will call L’;O = 0 the perturbed equation.
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5.1 Solution of the equation L, = 0
The first step in the proof of the Kobayashi—Hitchin correspondence is that there is f € Endfl0 (E) such that
L1(f) = 0, i. e. the perturbed equation for € = 1 has a solution.

Lemma 5.2. Let E be an a-twisted holomorphic vector bundle on X.
1. Ifh, hg € Herm*(E), € > 0 and f € Endj,(E), then
Tr(LI(f)) = Tr(K3(E, ho)) + iAgdd(Tr(log(f))) + e Tr(log(f)).

2. Thereis hg € Herm*(E) such that Tr(Kg(E , ho)) = 0 and such that the perturbed equation Li’o =0 has a
solution.
3. If Tr(K2(E, h)) = 0 and L2 (f) = 0, then det(f) = 1.

Proof. 1t is easy to see that exp(Tr(f)) = det(exp(f)) for every endomorphism f of E. In particular, if f €
Endj (E) it follows that

det(f) = exp(Tr(log(f))),
and that
d(det(f)) = det(f) - Tr(f ' o D;°(f)).
It follows that
d(Tr(log(f))) = d(log(det(f))) = Tr(f " o D°()).

Now, as in the proof of Lemma (3.2.1) [35] a local calculation shows that
Tr(f ' o Dy°() = Tr(f ' o DRO(F) = o(Tr(log(f))),

so that
Tr(iAg(d(f " o DF°()))) = iAgdd(Tr(log(f))).
But then
Tr(L2(f)) = Tr(KS(E, ho)) + Tr(iAg(f ™ o DFO(F)))) + Tr(elog(f)) =

= TH(KQ(E, ho)) + iAg0d(Tr(log(f))) + e Tr(log(f)).

This completes the proof of the first point of the statement.
For the second point, take any Hermitian metric h on E, and notice that if we let K(g’(E ,h) = Kg(E, h) -
cg(E) - idg, then we have

/ Tr(Kg(E, h))og = 0.
X
It follows that there is a smooth function i such that

iAg00y = K3(E, h),
and hence there is a function ¢ such that
lAg56¢ = _%Kg(E’ h)’

where r is the rank of E.
We let hy := h®P@)_ which is then a Hermitian metric on E such that

Kg¢(E, hy) = Kg(E, h) + iAg56(¢) - idg
(see the proof of Lemma 3.18). We then get

Tr(Kg(E, hy)) = Tr(Kg(E, h)) + riAgdd(¢) = 0.
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By Lemma 3.5 we know that K¢(E, hy) is a h;—Hermitian endomorphism, so that Kg(E , hy) is too. By
Lemma 2.10 we then see that exp(Kg(E, h1)) € Endj, (E), hence

ho := exp(@ h1)),, € Herm*(E).
It is easy to see that Tr(Kg(E , hp)) = 0. Moreover, let
f1 := exp(-Kg(E, hy)) € Endj, (E),

so that an easy calculation shows that L™ (f) = 0.
The final point of the statement is proved exactly as in point (iii) of Lemma (3.2.1) of [35]. O

Now, the same of Lemma (3.2.3) of [35] shows that if h, is as in point 2 of Lemma 5.2, and if for every € > 0

andf € End;0 (E) we let
L'(e,f) = f o LE(f),
then L™ (e, f) € Endy, (E).

By the identification of Herm(E) with Endy,(E), the norm Li on Herm(E) induced a Li—norm on
Endp,(E). We will write LfEndho(E) for the Banach space completion of Endp,(E), and LiEndflo(E) for the
interior of the closure of E ndﬁo(E) in LiE ndp, (E).

Notice that if € > 0, then Zh"(e, -) is a second order differential operator. It follows that

L" : (0, 1] x LPEnd, (E) — LY, Endp, (E),

and by the Sobolev Multiplication Theorem, the Left Composition Lemma and the fact that a multilinear
continuous map between Banach spaces is smooth, it follows that the map L' is differentiable. Moreover, as
in section 3.2 of [35] for every € € (0, 1] and every f ¢ Endzo(E) we have that dfho(e, f) is a linear, second
order differential operator extending to

dL™(e, f) : LPEndy, (E) — LP_ Endy, ().

The same proof of Lemma (3.2.4) shows that this differential operator is elliptic, and it is an isomorphism if

Now, let f ¢ EndﬁO(E), ) thatf% € Endy, (E) (see Lemma 2.10). For every Y € End(E), write = {¥;}ic;,
and if f = {fj}ic; we havef% = {fi% }icr- We define

Ad(FY) = f7 o i of; * € End(E).

Notice that 1 1 1
AdGHW) - o iof? -
= ((,bi_jl ij% o qbi—jl) o (¢1,-1,1 opjody)o (¢i—j1 ij—% o ) =
= (f)l_]l o (f]% oy; ij_%) o = ¢1_11 OAd(fi%)(l/Jj) o dys.
It follows that

Ad(f?)() € End(E),

hence we have
Ad(f?) : End(E) —s End(E).

In a similar way one defines
1
Ad(f"%) : End(E) — End(E).

Moreover, we define a new connection D on End(E) as follows: recall that if Dy is the Chern connection
of (E, hg), it induces the Chern connection of (End(E), End(hg)), that we still write Dy (which is a connection
on an untwisted bundle). We let

D' := Ad(f?) o Dy 0 Ad(f"?),
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which is again a connection on End(E) compatible with End(hg).
Finally, for f € End}, (E) and ¢ € Endy, (E) we let
(@) =fTopof.
The following requires the same proof of Propositions (3.2.5) and (3.2.6) in [35]:
Lemma5.3. Let hg € Herm*(E), (¢, f) € (0, 1] x Li’Endzo(E) and ¢ € Endy, (E). Suppose that fh"(e,f) =0.

1. Ifthereis a € R such that dL" (e, f)(¢) + af o log(f) = 0, then

iAg00(1no(F)?) + 2€Inp(I? + D/ (e (F)|* < —2aho(l0g(f), ne(f)),

where hg denotes the Hermitian metric induced by ho on End(E).
2. We have that dL™ (e, f) : LYEndy,,(E) — L? ,Endy,(E) is an isomorphism.

This allows us to prove the following, as done in Corollary (3.2.7) of [35]:

Proposition 5.4. Let hy € Herm*(E), and suppose that €, € (0, 1] and fy € Endzo (E) are such that Lé'g (fo) =
0. Then there are § > 0 and a unique differentiable map

£ :(0,1]N(eo - 8, €9 + 6) — Endy, (E)

such that £(eo) = fo and Li"’(/(e)) =0 foreverye € (0,1)N (e - 6, €g + 6).

Now, let f; € E nd,*lO (E) be a solution of L’f0 = 0, and define J(f) to be the subset of (0, 1] given by all those
€ € (0, 1] for which there is a differentiable map /£ : [e, 1] — EndZO(E) suchthat £(1) = f; and LZ?(/’(e’)) =0
for every €’ € [, 1].

By Lemma 5.2 we know that 1 € J(f1), so that J(f;) # 0, and Proposition 5.4 it follows that J(f;) is an
open subset of (0, 1]. It then follows that there is a maximal open interval (€g, 1] over which the perturbed
equation has a unique differentiable solution.

5.2 Closure of J(f;)

Let now € € [0, 1) be such that there is a unique differentiable map
/£ : (eo, 1] — Endp, (E)

such that £(1) = f; and LZO (£(e)) = 0 forevery € € (€9, 1]. We will write fe := £(€), and by Lemma 5.2 we may
and will suppose that det(fe) = 1.

The aim of this section is to show that if €9 > O, then f, converges to fe, € Endj;, (E) as € converges to €,
and that Lﬁg (fe,) = 0. Proposition 5.4 allows us then to extend £ to an interval of the form (€1, 1] for €; < €,
contradicting the maximality of €. It will then follow that J = (0, 1].

We will let . )

me :=max|log(fe)|(x), @ = £'(€), ne=féopeofc?.

Moreover, and this will be essential in the whole section, we will suppose that E is simple.

Lemma 5.5. Let E be a simple a—twisted holomorphic vector bundle on X. For every € > €y we have that Tr(1¢) =
0, and that there is a positive real number C(m¢) depending only on me such that

1D (o)1 = Cme)|[nel |7
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Proof. Since we supposed that det(fc) = 1 for every €, we have

d
die det(fé‘) =0.

But as det(fe) = exp(Tr(log(fe))) (see the proof of Lemma 5.2) we get

0 - 4t exp(Trl08) ~det(fo)- Tr(fi o gefe) -

_1 1
= Tr(fe o e) = Tr(fo? o e o f. ) = Tr(ne),
and the first point of the statement is proved.
1 1
For the second point, let e := Ad(fZ )(n¢). By definition of D' and Ad(f2) we have
1 1 _
ID(e)? = |(DF)" (o)) = If2 0 0(e) o fe 2|* = C(me)|0(e)|*.

It follows that
D" (ne)|l2. = / ID¢(ne)|* o = C(me) / 0Gpe)|* ag = C(me)||0Ge)| 2
X X
By definition we have

||5(lpe)”%2 = (Ag(lpe)y ',be)LZ .

As Tr(ne) = 0 it follows that Tr(ie) = 0, so Y. is L>—orthogonal to the identity, and hence since E is simple
to ker(Ag) (see Remark 7.2.2 of [35]).

As Ay is self-adjoint and elliptic, all its eigenvalues are non-negative. If A, is the smallest positive eigen-
value of A3, it follows that

(Ag(ll)e)’ Vel 2 AlH'PGH%Z-

It then follows that
1D (e)l22 = C'(me)|[Yellf> = C'(me)l[nel |72,

and we are done. O
Another important property is the following:

Lemma 5.6. Let E be a simple a—twisted holomorphic vector bundle. For every € we have
max |pe|(x) < C(me)
xeX

for some positive real number C(m¢) depending only on me.

Proof. The proof is as the one of Proposition (3.3.3) of [35], when one has to replace Proposition (3.2.5) with
Lemma 5.3 and Lemma (3.3.1) with Lemma 5.5. O

We moreover need the following two Lemmas:

Lemma5.7. Let E be a simple a—twisted holomorphic vector bundle on X, hy a Hermitian metric on E and
f € Endy, (E) a solution of Lo = 0 for some € > 0.

1. We have 1
5iA530(log(f)[*) + €| 1og(f)|” < |KG(E, ho)| - |10g(f)]-

2. If m := max,cy | log(f)|(x), then we have
1 0
<= K, (E .
m < max| ¢(E, ho)|(x)

3. There is real number C (depending only on g and hg) such that

m < C(||10g(f)]|» + max |Kg(E, ho)|(x))°,
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Proof. The proof is identical to that of Lemma (3.3.4) of [35]. O

Lemma 5.8. Let E be a simple a—twisted holomorphic vector bundle on X. Suppose that there is m € R such
that me < m for every € € (eq, 1). Then for every p > 1 and every € < (e, 1] we have that

1@ellfy = Com) - (L + IIfellfs),  [IfellZy < €@+ [Ifa] 7).

Proof. The proof is identical to that of Proposition (3.3.5) of [35], where one has to replace Proposition (3.3.3)
by Lemma 5.6. O

All these results together allow us to prove the following:

Proposition 5.9. Let E be a simple a—twisted holomorphic vector bundle on X, hy a Hermitian metric on E and
f1 a solution ofL’f0 =0. Then J(f1) = (0, 1].

Proof. The proof is identical to that of Proposition (3.3.6), point i), where one has to replace Lemma (3.3.4)
with Lemma 5.7 and Proposition (3.3.5) with Lemma 5.8. O

5.3 Existence of Hermite-Einstein metrics

The first result we prove is the following:

Proposition 5.10. Let E be a simple a—twisted holomorphic vector bundle on X, hg a Hermitian metric on
Eandf, ¢ Endio (E) a solution of the perturbed equation Lil‘0 =0.Let £ :(0,1] — Endzo (E) be the unique
differentiable solution of the perturbed equation, and suppose that there is a real number C such that ||fe||;2 < C
for every € € (0, 1]. Then the equation Lgo = 0 has a solution.

Proof. As by hypothesis we have a uniform bound for ||f¢||;, then point 3 of Lemma 5.7 provides a uniform
bound for me < m, and hence Lemma 5.8 provides a uniform bound for ||fe]]| %12,.

This implies the existence of a sequence € converging to 0 such that fe, converges weakly to some f, €
L’z’ End(E). The fact that me < m implies that the eigenvalues of f, take values in [e™™, e™], which implies that
fo € LYEnd* (E) (see the proof of Lemma 7.3.10 of [35]).

Now we know that L’z’ has a compact embedding in L‘l’, hence we may suppose that f¢, converges strongly
to fo in LYEnd* (E).

Suppose that that Lgo (fo) = 0. This implies that iAgSD(lJ’O(fO) is a multilinear algebraic expression in
£, log(f), D&°(f) and o(f). But since f, € LYEnd(E), it follows that iAgdDy°(f) € L?End(E). The Elliptic
Regularity Theorem then implies that fo € L% End(E). Repeating this process, by Rellich’s Theorem we then
see that fo € A°(End(E)), i. e. fo is a solution of Lg" =0.

We are then left to prove that Lg" (fo) = 0. To do so, we just need to prove that if { is any smooth endomor-
phism of E, we have (Lgo(fo), {);2 = 0. Recall that L’;f(’ (fe,) = O for every k, hence we get

(L Fo), O)pz = L (o) - LR (Fe), Oy

If we let ¥ := f3! o D5 °(fo)fe! © DV°(fe,), we then see that
(L5 (fo) )iz = (i4gd(¥), Oy + (exlog(fe), o
Now, recall that if p > n, then the map
LY — 1% flog(f)

is continuous, hence we see that (¢ log(fe,), {);> converges to 0. Moreover we have

(Ag3(#), Oz = / Tr(Agd(¥y) - *() = - / Ag(TrE(Fy) - )l =

n!
X X
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1 5 n-1_ 1 3, n-1yy _
X X
where g € A°(End(E)) does not depend on k.
Remark that the map

LY — 1% fef'oDy°(f)

is continuous (as p > n). As fe, converges strongly to fy in L’f, we have that ¥} converges to 0, so (¥, B);:
converges to 0. But this implies that

(LE(fo), Orz = ((Agd(W), Oz + (exclog(fe,), )z
converges to 0, i. .e (Lg0 (fo), O12 = O for every {, so Lg" (fo) = 0. O

As a consequence, if ||fe||;> is uniformly bounded, then the Hermitian metric @ho is a g-Hermite-
Einstein metric, and hence E is g—Hermite-Einstein. In the remaining part of this section we prove that if
[|/fellr> are not uniformly bounded, then E is not g—stable. These two results together will prove that if E is a
g-stable a—twisted holomorphic vector bundle, then E is g-Hermite-Einstein, proving Theorem 5.1.

The main definition we will need is the following:

Definition 5.11. If E is an a—twisted holomorphic vector bundle on X, an element m € L?End(E) is a weakly
holomorphic a-twisted subbundle of E if 1" = = n? and (idg - mr) o 0(rt) = 0 almost everywhere on X.

The reason for the name is the following:

Lemma 5.12. Let E be an a—twisted holomorphic vector bundle on X whose associated locally free a—twisted
sheafis &. If m € L{End(E) is a weakly holomorphic a—twisted subbundle of E, there is a coherent a—twisted
subsheaf F of & and an analytic subset S of X such that:

1. S has codimension at least 2 in X,
2. mx\s € A%(Ejxs) and we have iy = yx\s = Miys and (idg s = Mjxs) © 00 xys) = 0,
3. Zx\s is the image of 11 x\s and an a—twisted holomorphic subbundle of E.

Proof. We let 7 = {m;};s, and notice that ; € L?End(E;) is such that t; = 71; = n? and (idg, - 71;) 0 9(71;) = 0
almost everywhere on U;. As E; as a holomorphic vector bundle on Uj;, by [49] (see Theorem 3.4.3 of [35]) there
is a coherent subsheaf #; of &; and an analytic subset S; of U; such that

. S; has codimension at least 2 in Uj,
- Tiju\s; © AO(Eilui\Si) and
* ) . _
Thus; = Tuns; = Tju\s;» (ldEi|Ui\Si - ﬂi|Ui\Si) °© a(ni\Ui\Si) =0,
. Fiu,\s, is the image of 71; 5, and a holomorphic subbundle of E;.

Now, the fact that 77 is an endomorphism of E imply that & is an a-twisted coherent sheaf and that S; N U;; =
SjN Uj; (since S; is the locus of U; where %; is not free). Hence the S;’s glue together to give an analytic subset
S of X of codimension at least 2, and we are done. O

Before going on we need two Lemmas, and we recall that if f € Endj} (E), then for every o < (0, 1] we
may define f° € E nd;0 (E) (see section 2.2.1 and Lemma 2.53).

Lemma 5.13. Let E be an a—twisted holomorphic vector bundle and hg € Herm™(E). Consider f € Endﬁo (E)
and o € (0, 1].

1. We have
iAg(ho(f 1 o DEO(F), DEO(FO)) = |77 o DEO(FO)2.
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2. Ifthereis € > 0 such that L™ (f) = 0, then
1., < _g
~14g00(Tr(F")) + eho(log(f), f7) + = o Dy (F)|* < ~ho(Kg(E, ho), f*).

Proof. The proofis as that of Lemma (3.4.4) of [35]. O

For € > 0 and x € X let A(e, x) be the largest eigenvalue of log(fe,x) (which is well-defined by Remark 2.9).
We let
M := max A(e, x), ple) == e Me,
xeX

As Tr(log(fe)) = 0, it follows that M, grows as m and p(e) < 1. The second Lemma we need is the following:

Lemma 5.14. Let E be an a—twisted holomorphic vector bundle on X, hg € Herm®*(E), f1 a solution of L’11° =0
and f : (0,1] — Endj, (E) the unique differentiable map such that £(1) = f, and LMo (f.) = 0 for every
€ € (0, 1]. If lim sup,_,, || log(fe)| |12 = +oo, then:

1. forevery x € X, if A is an eigenvalue of p(€)fe,x, then A < 1.

2. Forevery x € X there is an eigenvalue A of p(€)fe,x such that A < p(e).
3. We have max,cx(p(e)|fe|(x)) = 1.

4. If ) is a sequence converging to 0O, then p(€;) converges to O.

Proof. The proof is as that of Lemma (3.4.5) of [35]. O

The two previous Lemmas 5.13 and 5.14 allows us to produce a weakly holomorphic a—twisted subbundle
of E.

Proposition 5.15. Let E be an a—-twisted holomorphic vector bundle on X, ho € Herm*(E), f1 a solution of
L}l’0 =0andf :(0,1] — EndﬁO(E) the unique differentiable map such that £(1) = f; and LZO(fe) = O for every
€ € (0, 1]. Iflimsup,_, || log(fe)| |2 = +oo, then:

1. for k — +oo the endomorphisms p(e;)fe, converge weakly in L3 to an element f- # 0,
2. there is a sequence {0} }cy converging to O such that f&! converge weakly in L? to an element f2,,
3. letting 1t := idg - f2, then m is a weakly holomorphic a—twisted subbundle of E.

Proof. The proofis exactly as the one of Proposition (3.4.6) of [35], where one has to replace Lemma (3.4.4) by
Lemma 5.13, Lemma (3.3.4) with Lemma 5.7, and Lemma (3.4.5) with Lemma 5.14. O

Now, by Lemma 5.12 we see that the weakly holomorphic a—twisted subbundle of E defines an a-twisted
coherent subsheaf  of &, and with the same proof of Corollary (3.4.7) we see that 0 < rk(¥) < rk(E). We
conclude this section with the following:

Proposition 5.16. Let E be an a—twisted holomorphic vector bundle on X, hg € Herm*(E), fi a solution of
L}l'o =0andf :(0,1] — EndﬁO(E) the unique differentiable map such that £(1) = f; and L’;O(fe) = 0 for every
€ € (0, 1]. Iflimsup,_, || 1og(fe)||;2 = +oo, then E is not g—stable.

Proof. The proof is identical to that of Proposition (3.4.8) of [35]. O
As a consequence we finally conclude with the proof of Theorem 5.1

Proof. By Theorem 4.19 we have that if E is g-Hermite-Einstein, then E is g—polystable.

Conversely, if E be g—stable, then Corollary 4.17 implies that E is simple, hence by Lemma 5.2 and Propo-
sitions 5.4 and 5.9 there is a Hermitian metric hg on E for which thereis f; € E nd;'l0 (E) which is solution of
the perturbed equation L}l’0 =0,and welet £ : (0,1] — End;() (E) be the unique differentiable solution of
the perturbed equation.

If there is no real number C such that ||fe||;. < C for every € € (0, 1], then

lim sup || log(fe)||f2 = +oo.
€—0
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By Proposition 5.16 then E is not g—stable, which is impossible. As a consequence there must be a constant C
such that ||fe||;2 < C for every € € (0, 1]. By Proposition 5.10 then E is g—Hermite-Einstein.

If now E is g—polystable, then E = E; ¢ --- & E; where Eq,---, E} are all g—stable of the same
g-slope. Hence E1, - - - , E} are all g—Hermite-Einstein with the same Einstein factor, so by Proposition 3.11 E
is g—Hermite-Einstein. O

The definition of mean curvature, of Chern classes, of degree, of g-stability and of g-Hermite-Einstein
metrics do not depend on the fact that g is a Kdhler metric on X, but only on the fact that og’l is 00—closed,
i. e. on the fact that g is a Gauduchon metric on X. By [18] we know that on every compact complex manifold
there is a Gauduchon metric.

By Remark 4.22, and by the fact that all the results of this section go through if we suppose that g is a
Gauduchon metric on X (see [35]), we conclude the following, providing a generalization of [51].

Theorem 5.17. Let X be a compact complex manifold and g a Gauduchon metric on X. An a—twisted holomor-
phic vector bundle is g—Hermite-Einstein if and only if E is g—polystable.

6 Approximate Kobayashi—Hitchin

The aim of this section is to complete the proof of the approximate Kobayashi—Hitchin correspondence for
twisted vector bundles, i. e. the following

Theorem 6.1. Let E be an a—twisted holomorphic vector bundle over a compact Kihler manifold with Kdihler
metric g. Then E is g—semistable if and only if it is approximate g—Hermite-Einstein.

Theorem 4.23 tells us that if E is approximate g—Hermite-Einstein, then it is g-semistable. This section is
devoted to prove the converse, and for this we follow closely [29] and [25].

First we introduce the Donaldson Lagrangian, and show that the associated evolution equation has a
unique smooth solution on R+ once the starting Hermitian metric is fixed. As a consequence of this, we show
that if the Donaldson Lagrangian of E is bounded from below, then E is approximate g—Hermite-Einstein.

In order to prove Theorem 6.1 we will then just need to prove that the Donaldson Lagrangian for E is
bounded from below. To do so we will adapt to twisted sheaves the regularization process described in [25].

6.1 Donaldson’s Lagrangian

Let h, k € Herm*(E), and consider the k—-Hermitian endomorphism f*" € End(E). The determinant det(f*")
of f’" is a smooth function on X, and since by Remark 2.47 we know that f*" is invertible we see that det(f*")
is never zero. If we let

Qi(h, k) := log(det(F*")),
it follows that this is a smooth function on X.

Lemma 6.2. Forevery h, k, | ¢ Herm*(E) we have
Ql(h9 k) = _Ql(k) h)s Ql(h’ l) = Ql(hs k)+Ql(ks l)-

Proof. By definition, for every h € Herm*(E) we have f™" = id, so that Q(h, h) = 0. Moreover, by Remark
2.47 we have fh’k = (fk’h)‘l, hence Q(h, k) = -Q1(k, h). By Remark 2.48 we moreover have fl’k of"’h = fl’h
for every h, k, 1 € Herm*(E), hence we have

Qi(h, 1) = log(det(f"")) = log(det(f"* o f)) = log(det(f"*) det(f*")) =
= log(det(f"*)) + log(det(f*™) = Q. (k, D) + Q1 (h, k),

and we are done. O
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Consider now % ¢ Qﬁ, «(E), where A is an interval in R. For every t € A we let h; := /%(t), which is a
Hermitian metric on E, and we let D; be the Chern connection of (E, h;) and R; its curvature. We then have a
function

R:A—s AVYEnd(E)), %(t) :=R..

If # is differentiable, we have
% 1A — End(E), f*(t) ;=fhr’hf’

where h} = %’(t). We know that # is a geodetic in Herm*(E) from h to k if and only if f %is constant, i. e. if and
only if 0,f”% = 0.

Since f™"! ¢ End(E) and R; € AY'(End(E)) for every t € A, we see that f"" . R, ¢ AVY(End(E)). Its
trace is then a smooth (1, 1)-form on X depending on ¢, and we define

QL(h K) =i / Tr(Fh . Rydt,
A
a (1, 1)-form on X depending on /4.
We now introduce the following notation: if #Z € QZ:ﬁ(E), we let

%71 :[a, b] — Herm™(E), %7 t) :=A(b -t +a).
If 4 e QZ”I‘J(E) and % € Qf:lc(E), we define

%4(t), tela,b]

A% £ :la,c] — Herm™(E), % * £(1) F{ £, telb,c]

which is then an element of QZ:IC(E).
We have the following:

Lemma 6.3. Forevery h, k,l ¢ Herm*(E) and for every 7% € QZ’f(E) and # € fo we have

Q (kW) =-Q4(h b,  QF(h, D= Q5,0+ Q5 K, D.
Proof. Notice that 27! € QZ:;; (E) and we have

4

-1y _ -1y/ _
=0 =5

(b-t+a)=-4A"(b-t+a)=-h)_;,.
By Remark 2.49 it follows that
1) = OO < e e — (b — £+ a).

Moreover, as R(%71(t)) = Rp,q_¢, We get
b
03 "Gt =1 [ 17" 0 R ) -

a
b
- / Tr(F" . Ry)ds = ~ Q4 (h, K.
a

The second equality in the statement is trivial. O

Finally, for every h, k € Herm*(E) and every /4 € Qﬁ’k(E) we let

E _
L= [ (0htn - B ayn ) nof
X
where n is the dimension of X. The function Lg?(h, k) will be called Donaldson Lagrangian of E between h
and k along 7.
The following is an immediate consequence of Lemmas 6.2 and 6.3:
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Lemma 6.4. Forevery h, k,l ¢ Herm*(E) and for every /% € Qﬁ’,’z(E) and % € Qzlc we have

LY (e h) = -LZ(h, k), LZ™(h, D) = LL(h, k) + LE (K, D).

6.1.1 The Donaldson Lagrangian is path-independent
In this section we prove that Lﬁ (h, k) does not depend on %, but only on h and k. To do so, we first prove the
following:

Lemma 6.5. Let h be a Hermitian metricon E and #% &€ QZ ’ﬁ(E). Then
Q%(h, h) € 0A%1(X) + 0AY°(X).

Proof. Letag, -+ ,am € [a, b] such that ag = a, am = b and aj < aj,, for every O < j < m - 1 be the points
where 7 is not differentiable. Fix now k € Herm*(E), and for every O < j < m consider the segment

#;:[0,1] — Herm™(E),  %;(t) := (1 - Ok + thq;

joining k to hg;. Let 1%] =1 * folaap) ﬁ];ll, which is a piecewise differentiable closed curve based at k. By
Lemma 6.3 we have

|laj

7 ) Fllaa: )
QY (k, k) = QY (k, hay) + Q, """ (hay, ha;,,) = QP (K, ha,)

foreveryj=0,:--,m-1, sothat

m-1
Bk k7 7% a;,a;,1 A
Q" ) = Y Q5 (hay hayy) = Q4 (R, ).

j=0

As a consequence, if we know that Qf" (k, k) € 0A%1(X)+dA1°(X), it follows that the same holds for Q% (h, h).
We then just need to prove the statement for the curve #;. We let 4; := [a;, aj,1] x [0, 1] and

H;:Aj — Herm*(E), Hj(t,s) = sh¢+ (1 - s)k,

which is a smooth function such that

Hj(t, 0) = k for every t € [aj, aj,1],

Hj(t, 1) = h for every t € [aj, aj,4]

Hj(aj, s) = %j(s) = (1 - s)k + shg, for every s € [0, 1],
Hj(aj,1,5) = %j,1(s) = (1 - s)k + shq,,, for every s € [0, 1].

We now let
O5H)(0) = L Hi(t,5) L CE LHj(t,s) K
which are Hermitian forms on E, and let
u,-(t, S) . fH,-(t,s),asH,-(t)’ V]'(t, S) - fH,-(t,s),atH]-(s)
R;(t, s) := o(H(t, s)’laHj(s, t),

i. e. Rj(t, s) is the Chern curvature of (E, Hj(t, s)). We then have three functions
uj, v : Aj — End(E), R;:4; — A“'(End(E)).
We now define a (1, 0)-form dH ; on A; with coefficients in E'® E as follows:

aH] = asH](t) -ds + atH](S) - dt
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(notice that both 0sH;(t) and 0.Hj(s) are Hermitian forms on E, i. e. smooth global sections of the untwisted
vector bundle F* ® E*). We moreover let

H]_laH] = ude + V]'dt,
which is a (1, 0)-form on 4; with coefficients in End(E). We then let
H]TIEHj . Rj =Uje Rde +Vj- Rjdt,

which is then a (1, 0) form on A; whose coefficients are (1, 1)-forms on X with coefficients in End(E). Finally,
let
¢; == iTr(H; 'dH; - R;) = iTr(y; - R))ds + iTr(v; - R;)dt,

whichisa (1, 0)-form on A;j whose coefficients are (1, 1)-forms on X.
Now, we have

b 1
/ ¢ = / (56, 1) - by (6, 0))dt + / (,(a;, ) - by(ajon, 5))ds.
on; a 0
As vj(t, 0) = 0, we get
¢,(t, 0)dt = iTr(v(t, 0) - Ry(t, 0))dt = 0.

Moreover we have
¢j(a;j, s)ds = iTr(uj(a;, s) - Rj(aj, s))ds = iTr(fﬁf(S)’ﬁ;(s) - Rj(%(s)))ds,

¢j(aj.1, s)ds = iTr(uj(aj,1, ) - Rj(aj,1, 8))ds =
= ATr(f7 50 Ry, (s)ds,
¢;(t, 1)dt = iTr(vi(t, 1) - Ri(t, 1))dt = iTr(F* 0% O . Ri(A (1)) dt.
It then follows that
/ ;= QU (s K) + Q) T ey, ayy) = Q2 (s, ).
o4;
We then have 5 ) )
of k- [ ¢ [ g,
94 4
and we just need to prove that
/ dg; € 2AL(X) + 3AMO(X).
4;

To do so, we start by letting
aj: Aj — A%(X), aj(s, t) :== iTr(vj(s, t) - ou;(s, t)).

We notice that for every s, t € A; we have v(s, t), u(s, t) € End(E), so that v(s, t) - ou(s, t) € A%V (End(E)),
and its trace is then a (0, 1)-form on X.
For every (s, t) € Aj let Dj(s, t) be the Chern connection of (E, H;(s, t)), whose curvature is R;(s, t). We
then have D;.)’l(s, ) =0, so
aj(s, t) = iTr(vi(s, t) - D?’l(s, Hu;(s, t)).

It follows that
oa; = iTr(Djl’Ov,- A D?’luj +Vj- D}’OD?’luj).

Similarly, we have
@ : A — AVO(X),
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and
S _ s 01, »pl0, . p101pl0
oa;j = 1Tr(D]. Vi AD;"uj +vj - D> D; u;).

As a consequence we see that
da; +9a; = iTr(-D)' D} °(v; - up) + (D) D)) - wj + v; - (D} DY wy)).
Or aim is to prove that
Eq,'),- = —(3a; + 0a;)ds A dt +i00Tr(v; - u;)ds A dt,
which will then conclude the proof. In order to do this we need the following formulas:
sR; = D{"'D}%uj,  O(R; = D' D} %v;,

c)tu,- = —V}' . Llj +ij’atasHj, ast = —u,- . Vj +ij’asatHj

(the last two formulas are immediate from the definition of u;j and vj, while the first two formulas may be
proved locally as in the proof of Lemma 3.6 in Chapter VI of [29], and then by gluing the local formulas since
the B-field B does not depend neither on t nor on s).
Now recall that
dj(s, t) = iTr(u; - Ry)ds +iTr(v; - R)dt, d = dsds + d.dt,

hence we have
d¢] = iTT(—a[u]' . Rl - ll]' . atR] + aSVj . R] + Vj asR})dS Adt =

= iTr(~v;(D}"°D"" + D' D}**)u; + v;DY' D}%u; - w;D{' D} %v;)ds A dt.
The formula we are looking for then follows immediately. O

The previous result has an important corollary, which tells us that the Donaldson Lagrangian between
two Hermitian metrics does not depend on the chosen path.

Corollary 6.6. Let h,k ¢ Herm*(E). Fori = 1,2 and a; < b; two real numbers, let /; € QZ’;’kb"(E). Then
LE'(h, k) = L (R, k).

Proof. Consider /% := /1 * /5" € QZ’z(E). We then have

LZ(h,h) = / (Qf(h,h)— @Ql(h,h)ag) Nog .
X

Lemma 6.2 we get Q(h, h) = 0, and hence

b
Li(h ) =i / ( / Tr(feh -Rt)dt) Ao,
X

a
Now, by Lemma 6.5 there are a (0, 1)-form ¢ and a (1, 0)—form i such that

b

i/ Tr(f"oh - Ry)dt = 9 + oy,

a

hence
Li(h, ) = /(a¢ s Al 0.
X
But now notice that by Lemma 6.4 we have

LE(h,h) =LY (h, k) - LY (h, k),

which concludes the proof. O
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As a consequence on the previous Corollary we will be allowed to use the notation Lg(h, k) instead of
Lé(h, k), that will simply be called Donaldson Lagrangian between h and k. In particular, for every k <
Herm™(E) we get a function

Lgy:Herm"(E) — R,  Lgy(h) := Lg(h, k),

called Donaldson Lagrangian at k.

6.1.2 Critical points of the Donaldson Lagrangian

We now want to relate the Donaldson Lagrangian and Hermite-Einstein metrics. We first need the following:

Lemma 6.7. Let 7% be a differentiable curve in Herm*(E) and k € Herm™(E). For every t consider the segment
%¢ in Herm* (E) connecting h¢ and k. Then we have

anl(ht, k) = Tr(fht’h;))

0:Q4*(he, k) = iTr(f" " . Re) mod 9A% (X) + 0A0(X).

Proof. Along the proof of Lemma 6.5 we proved that if % : [a, b] — Herm™(E) is a piecewise differentiable
curve and k € Herm™(E), we have

b
i / Tr(fF"s" . Re)ds + Q2 (hay k) — Q72 (hy, k) € DA%} (X) + SAMO(X).

a
This holds for every t € [a, b], and if we derive this with respect to t we get the statement. O
Using this, we are able to prove the following:

Lemma 6.8. Let /# be a differentiable curve in Herm* (E), and fix k € Herm*(E). Then we have

1L h) = oy [ Tr(Rg(E, )= ca(E) - idp) o ).

X

Proof. By definition of Lg ;(h;) and Lemma 6.7 we have
n-1

Og
(n-1)""

OcLg i(hy) = / (iTr(f’“’h? “Ry) - @Tr(f”f”‘%)
X
Since, by definition, we have

iRenop ! = %Kg(E, hy)oy,

we then get
1 ’ ’
OLgxlhe) = / (Tr(f™" o Kg(E, hy)) - cg(E)Tr(f""))og,
X

which proves the statement. O

Let % be a differentiable curve in Herm™*(E) and let IA(g(E , h¢) be the mean curvature Hermitian form of
(E, h¢): we notice that f<g(E , ht) — cg(E)h¢ is a Hermitian form on E as well. Recall that for every t we have that
h} is a Hermitian form on E, hence h} and I?g(E , h¢) - cg(E)h; are both tangent vectors of Herm*(E) at h;.

Recall that Kg(E, h¢) is a hy—Hermitian endomorphism by Lemma 3.5: by Example 2.54 we then get

Kg(E, hy) = fleks B0,

SO
I(g(E, ht) _ Cg(E)idE :fht,Kg(E,h[) _ Cg(E)fhhht :fh[,Kg(E,ht)*Cg(E)h['
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But this implies that
/ Tr((Ke(E, hy) - co(E) - idg) o )0 =
X
_ / Tr(fht;Kg(E,ht)_Cg(E)ht thz,h;)o.g _ (Rg(E, ht) _ Cg(E)ht, hé)h[’
X

where the last is the Riemannian metric at h¢. Lemma 6.8 then gives
O¢Lg i (ht) = (Kg(E, hy) - cg(E)h, ht)p, -
This allows us to conclude the following:

Proposition 6.9. Let k ¢ Herm*(E). An element h € Herm™(E) is a critical point for Lg i if and only if (E, h)
is g—Hermite-Einstein.

Proof. The point h is critical for L, ; if and only if for every differentiable curve /% from h we have that

d
ELg,k(ht) - =0.

=0

The previous discussion shows that h is critical for Lg ; if and only if
(Kg(E, h) - cg(E)h, hp)y = 0.

As this has to be verified for every differentiable curve 7 from h, this happens if and only if IA(g(E ,h)=cg(E)h =
0, i. e. if and only if (E, h) is g—Hermite-Einstein. O

6.2 The evolution equation

Let now k € Herm*(E), and consider %4 : [a, b] — Herm*(E) a curve of Hermitian metrics on E. Consider
the function
Lgy : Herm®(E) — R,

and let us look at its differential dLg ;: for a given h € Herm™(E), we have a linear map
dLg,k,h : ThHerm+(E) — R.

In particular, for every t € [a, b] we have h; € T, Herm*(E), and we may calculate the value of dLg . n,
on h;. By definition of the differential, and by the discussion in the previous section, we have

dLg i1, (ht) = 0¢Lg (he) = (Kg(E, hy) - cg(E)h, ht)p, -

Let now gradLg’ « be the gradient of Lg i i.e. the vector field on Herm*(E) which is dual to the differential
form dL, ;: the previous formula gives then

gradLg i (hy) = Kg(E, hy) - cg(E)hy.
We now consider the evolution equation
/i = ~gradLg y(#) = ~(Kg(E, #) - cg(E)A)
in terms of Hermitian forms, or equivalently
f* = ~(Kg(E, %) - cg(E)idp)

in terms of endomorphisms. Our present aim is to study the solutions of the evolution equation for a given
k € Herm*(E): we will show that there is always a unique smooth solution % : [0, +o0) — Herm*(E) with
%(0) = k.
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6.2.1 Uniqueness and convergence of solutions

The first result is about uniqueness. More precisely, we prove the following:

Proposition 6.10. Let k € Herm*(E).

1. If %4, %> : [0, a) — Herm™(E) are two smooth solutions of the evolution equation (for the given k) such
that hy o = hy 0, then hy s = hy ¢ forevery t € [0, a).

2. If# : [0, a) — Herm™(E) is a smooth solution of the evolution equation (for the given k), then h; converges
uniformly in the C°~topology to a Hermitian metric hq as t converges to a.

Proof. Fix b < a and let A := [0, b] x [0, 1]. We let t be the variable of [0, b] and s the variable on [0, 1], and
we define
H:A — Herm"(E), H(t,s):=(1-s)hy¢+shyy,

which is a smooth function. Notice that H(t, 0) = hy ; and H(¢t, 1) = hy ;.
As in the proof of Lemma 6.5, we let

u(t, s) := fH(t,S),asH(t,s), wt,s) := fH(t,S),atH(t,s)’

so that we get
u,v:A — A°(End(E)),

i. e. u(t, s) and v(t, s) are endomorphisms of E for every (t, s) € A. We moreover let
R:A — AMY(End(E))

be the function mapping (¢, s) € A to the Chern curvature R(t, s) of (E, H(t, s)).
As already remarked in the proof of Lemma 6.5, we have

osR=D>'D"%, oR=D>'D"0v,

H(t,s),0:0sH(t,s) H(t,s),0s0.H(t,s)
’

QiU=-V-u+f OsV=-U-V+

where D = D0 + D% is the family of Chern connections defined by H on E. We notice that D%! = 9, i. e. D%!
does not depend neither on ¢ nor on s, while D'-° varies with (t, s).

If we fix ty € [0, b], for every s € [0, 1] we have u(to, s) € End(E). Hence we have u(to, s)> = u(to, s) o
u(to, s) € End(E), thus Tr(u(to, s)?) is a smooth function on X for every s. We then let

1

/ Tr(u(ty, s)2)ds,

0

1
eto = i

which is then a smooth function on X: for every x € X, the value e, (x) is the energy (with respect to the
Riemannian metric) of the path H(to, s)x running in Herm*(Ex) from h ¢, x to h2 ¢, x- We then notice that
e X — Ry,
and we have e (x) = 0 ifand only it hy ¢, x = ha,¢,,x. Finally, we let
e:[0,b] — CT(X), e(t):=e;.

Suppose now that for every to € [0, b] and every x € X the path H(to, s)x is a geodetic in Herm* (Ey). As
shown in the proof of Lemma 6.5, we have that u(t, s) = u(t) does not depend on s, i. e. dsu = 0. Moreover,
we have

dsv = —u - v + fHE00H(ES)
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As a consequence we have

1 1
o€ = %/ Tr(o¢u - u +u - ou)ds = / Tr(u - o¢u)ds.
0 0
Since
atu - —v.u +fH(t,s),a[asH(t,s)
we get
1 1
ore =/Tr(—u-v-u - fHES)00:HE) g =/Tf(“asv)d5-
o 0

Integrating by parts and using dsu = O we then get
dce = Tr(u(t) - (v(t, 1) = v(t, 0)) = Tr(u(t) - (F2ehee - fluchin),
As we are supposing that %, and /%, are two solutions of the evolution equation, we have that
f" = Kg(E, hy¢) - cg(E)idg, " = Kg(E, hy) - cg(E)idg.
We then get
ote = Tr(u - (Kg(E, ha,¢) - Kg(E, h1,¢))).

Similar calculations give that

1
doe = - / Tr(D"%u A D®'u)ds + Tr(u - (R(ha,¢) - R(hy,1))),
0

where R(h) denotes the Chern curvature of (E, h). Notice that dde is then a (1, 1)-form on X, so we may
consider iAg(d0e), which is a smooth function on X: we will write (ge := iAg(00e), and we have

1
Oge = —/ IDYOu|?ds + Tr(u - (Kg(E, hy.¢) - Kg(E, hy.))).
0
As a consequence we see that
1
ote +ge = —/|D1’°u|2ds <0.
0

Let us now consider the function

m: [0, b] — R, m(t) := max(es(x)).
xeX

By the Maximum Principle for Parabolic Equations (see Lemma 4.1 in Chapter VI of [29]) we know that the
function m is monotone decreasing in t¢.

Now, consider m(0) = max,cx eo(x): recall that eg(x) is the energy of the path H(0, s)x in Herm*(Ex)
connecting hj o x and h; o x. Since hq,9 = h; o by hypothesis, we then get eg = 0, so that m(0) = 0. Since m
is monotone decreasing, it follows that m(t) < O for every t € [0, b], so that e¢(x) < O for every t € [0, b] and
every x € X. But since e;(x) = 0, we then get e;(x) = O for every x € X and every t € [0, b], i. e. hq,¢ = hy ¢ for
every t € [0, b]. Since this holds for every b < a, we then see that %4, = #,, completing the proof of the first
point of the statement.

For the second point, let x € X and consider ¢, t' € [0, a). We let px(t, t') be the distance between h; ,
and hy . Moreover, we let ex(t, t') be the energy of the (unique) geodesic path in Herm*(Ex) connecting h; x
to hy . We have

1
ex(t, t) = pr(t, t')?.



DE GRUYTER Kobayashi—Hitchin correspondence for twisted vector bundles =—— 69

Since the Riemannian metric is complete, in order to prove the statement we just need to prove that the family
{h¢}tejo.q) is uniformly Cauchy, i. e. that for every € > O there is § > 0 such that for every ¢, t' € [0, a) such
that |t - t'| < & we have

max ex(t, t') < €.

xeX

Fix then € > 0. Recall that the family {h¢}[o 4) i continuous at 0, hence there is § > 0 such that for every
T € [0, §) we have
max ex(0, T) < €.
xeX

Take now any two t, t' € [0, a) such that t < ¢’ and ' — t < §. Write 7 := ' — t € [0, §). Let
%1 :10,a) — Herm"(E), #%1(s) := A(s+ 1),
so that in particular hq ; = hy. Consider the function
F:Xx[0,a) — R, f(x,t):=ex(t,t).

If we let
H:A — Herm"(E), H(t,s):=(1-s)ht+shy,,

consider the energy function e : [0, a) — C*(X) associated to H (that we used in the previous part of the
proof), i. e. the function mapping t € [0, a) to the energy function e; : X — R, defined by letting e;(x) be
the energy of the path H(¢, s)x in Herm™(Ex) connecting hy,x to h1,¢x = Heerx = hy x. We then see that for
every x € X and every t € [0, a) we have e:(x) = f(x, t).

But now we know from the previous part of the proof that the function

m:[0,a) — R, m(t) :=maxf(x, t) = maxe:(x)
xeX xeX
is monotone decreasing in ¢. This implies that
max ex(t, t') = max f(x, t) < max f(x, 0) = max ex(0, 7) < €,
xeX xeX xeX xeX

and we are done. 0

Proposition 6.10 tells us that if the evolution equation has a smooth solution /4 over an interval [0, a),
then this solution is unique and may be extended to a continuous family # defined over [0, a].

6.2.2 Short-time solution

We now want to show that given two Hermitian metrics h, k on E, then there are 6 > 0 and % : [0, 6] —
Herm™(E) which solves the evolution equation (with respect to k) and which is such that hqy = h.
If 2 : [0, a] — Herm*(E) is a smooth curve, we let

Rg :[0,a] — AN (End(E)),  Rg(D) = Ry,
were Ry, is the Chern curvature of (E, k¢), and
Ky :[0,a] — Herm(E) Ky (t) := Kg(E, ky).

Moreover, we let
Py :[0,a]l — Herm(E), Px(t) := ki + Kg(E, k¢) — cg(E)k;.

Consider now a smooth curve %4 : [0, a] — Herm*(E), and let ¢ : [0, a] — Herm(E). For s <« 1 we
have that h; + sv; € Herm*(E) for every t € [0, al, i. e. we have

% +sv: [0,al — Herm™(E).
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We view %, ¢, % + sv as smooth global sections of 7 H. We will let
Py (v) := Py.y

for every » such that /% + « is a family of Hermitian metrics.
For every global section ¢ of 7" Hy we let

Pﬁ(v‘)_Pﬁ(O).

dpﬁ(‘l}) = slg% S

It is easy to see that

dP;(v) =o'+ if{)ﬂsv

ds - Cg(E)U.

s=0

Notice that f#** is a smooth family of endomorphisms of E. Then iAgddf*** is a family of endomorphisms
of E, and the family of Hermitian forms associated to it and to #Z will be denoted (1, «.
By Lemma 3.6 we have that

d ~
- Kpiso| =0nv,
ds™ """
so that
dP;(v) = ¢’ + 040 - cg(E)v,
i. e.

dP; =0¢+ 0y —cg(E) - idHerm(E)'

Ifv e Lf]’(X/O, a, Hg), then dP,(¢) LZ_Z(X/O, a, Hg), i. e. we may view dP as a linear operator
dPy : L’,}(X/O, a,Hg) — Lz_z(X/O, a, Hg).

The proof of the following is as that of Lemma 6.5 in Chapter VI of [29].
Lemma 6.11. Letp =2n+ 2 and q = 2. Then

dP; : L§(X/0, a, Hp) — Lb ,(X/0, a, H)

is an isomorphism.
As a consequence we get the following:

Proposition 6.12. Let E be an a—twisted holomorphic vector bundle on a compact Kdhler manifold X. There is
6 > 0 such that the evolution equation has a smooth solution 7 : [0, §] — Herm*(E).

Proof. Let a > 0 and choose a Hermitian metric h on E. Let
%4 :[0,a] — Herm*(E), #(t):=h

be the constant function of value h. Consider an integer p > 2n + 2, where 2n is the real dimension of X. We
know by Lemma 6.11 that
dP)g : LIZJ(X/O, a, HE) — Lg(X/O, a, HE)

is an isomorphism.
The Implicit Function Theorem implies that P, maps a neighborhood U of 0 ¢ L’z’ (X/0, a, Hg) onto a
neighborhood U’ of P£(0) in L} (X/0, a, Hg). Let now

0, telo, 6]

w : [0, a]l — Herm(E), w(t):= { P.(0), te(8,aq]

for some 6 > 0 such that « € U’ (which is possible if § < 1).
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But then there is # € U such that P, («) = w. Define then
% :=FA+v:|[0,8] — Herm*(E).
Notice that as w [y 5 = O, We get
0 = w0, = Ps(@)0.5) = P(A) = %' + K/ - cg(E)A,

so that
%' =~(K; - cq(E)7),

i. e. #Z is a solution of the evolution equation. The fact that / is smooth can be proved exactly as in 7.1 in
Chapter VI of [29]. O

We then see that the evolution equation has always a unique smooth solution for short time intervals
[0, 8] (for 6 <« 1).

6.2.3 All-time solution

The aim of this section is the show that the unique smooth solution of the evolution equation for a short time
interval found in the previous section can be extended to a unique smooth solution on [0, +cc).

Let now % : [a, b] — Herm™(E) be a family of Hermitian metrics on an a-twisted holomorphic vector
bundle E, and suppose it is a solution of the evolution equation, i. e.

#' = ~(Kq4(E, %) - cg(E)A).
For every t € [a, b] let h; = %(t), and write h; = {h; ;} where h; ; is a Hermitian metric on E; and we have

hei = T¢ijht,j$ij'

Let D¢ be the Chern connection of (E, h), sothat D; = {D; ;} where D, ; is the Chern connection of (E;, h; ;).
Foreveryi € I consider 0D, ;: if I' ; is the connection form of D, ; with respect to a given local frame, we have

Tyi = 3Ty + b3 doyj + wyjidg,,
we see that
0Ty = ¢y 0Tt jdijs

so the 9;D ;’s glue together to give 0;D; € AV°(End(E)).
Now, for every i € I we have

0Dy = at(h;} < 0h ;) = _h;}atht,i - Ohg; + h;}aatht,i-

As # is a solution of the evolution equation, we have o:h; = (K, - cghe), where we let K = T(g(E , hy) and
cg = cg(E). Restricting to E; we get
othy i = —(Kyg, — cgheo)

We then get
3¢Dei = hei(Kyk, - cg(E)he,)ohy; - 10Kk, — cghy) =

= hi(Kyg, - cghe) - heiohe; - 0(hei Ky, - cghe)) = hyiohe; - hei(Kyjg, - cg(E)hyy).

Notice now that
h;,%(Kt\Ei - cghe,i) = Ky, - cg(E)idg,,

where K; = Kg(E, h), and that h;}ahm— = D¢ ;, hence we get

atDt,,- = ('Kt\Ei - CgidEi) . Dt,i - a(KﬂEi - Cgl'dEi) - Dt,i . (Kt\Ei - Cg(E)idEi) =
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= -D; P (Ky, - cg(E)idg,) = Dy (Kyp),

S
where Dtl”io here denotes the (1, 0)-part of the Chern connection induced by D, ; on End(E;).

As the Ky, ’s glue together to give K¢ of E, and as Dtl’i0 is the restriction to E; of the (1, 0)-part of the Chern
connection of (End(E), End(h)), we then see that

0¢D¢ = -D}"°K;.

Now, if V is any holomorphic vector bundle, h is a Hermitian metric on it and D is the Chern connection
of (V, h), we let
801 L APAY) — APTYY),  6)1(0) := - * DV (*0).

Recall that (see section 2 in Chapter III of [29])
AgDV° - DMONg = i6%7.

Lemma 6.13. We have D;"°K; = &)''Rr.

Proof. In the statement R; is the Chern curvature of (E, h¢). The Hermitian metric h; induces a Hermitian
metric End(h;) on End(E), whose Chern connection is the connection induced by the Chern connection D; of
(E’ ht)'

The Bianchi identity (see Lemma 3.1) gives D(R; = 0. We then get

Dy°K; = DV%(iAgR,) = iD}°AgR; = i(-i6;)" + AgD )R =
= 8 R +1Ag(D{°R,) = 87" Ry,
and we are done. O
Since 0D = —Dtl’OKt, Lemma 6.13 gives 9;D; = —62;1Rt. Now, let

Op := 06" - 65°10.
Corollary 6.14. We have 0¢R = -0Op,R; and 0:K; = -0 K. Moreover, we have

(0¢ +Op)Tr(Re) = 0.
Proof. To prove the statement, recall that Ry, = Ry,; — B; - idE,, so that 0¢R g, = 0¢R; ;. Hence

(0¢Re)|g, = OcR¢,i = 000Dy ; = 00(Dy,; = 3(0:Dy)|E, = —5(52;1&)\51--

Hence we get
dtR¢ = -08y ' Ry = Oy Re + 6,7 0R: = 0 Re.
Applying iAg we get 0:K; = -[Jp, K¢, and taking the trace we get the last part of the statement. O

Now, let # : [0, a) — Herm™"(E) be a solution of the evolution equation for some a > 0, whose existence
is known since Proposition 6.12. Let

f:Xx[0,al — R, f(x,0):= [Re|*(0),

and for k = 0 we let
fi: Xx[0,a]l — R,  fi(x, t) := DER? (),

where Df is the composition of k copies of D;. The following may be proved exactly as in Lemma 8.7 in Chapter
VI of [29], using Corollary 6.14 in place of equation (8.5), and Lemma 6.13 in place of equation (8.4) therein.
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Lemma 6.15. There are real numbers c, ¢ € R depending only on g such that

(¢ +Op)f < c(F7 + ),
(0¢ + O fic < Ckfk% ( > fi%(fi% + 1)).

i+j=k
Moreover, we have (3¢ + Oy )| K¢|? < 0.
As a consequence, we get the following:

Corollary 6.16. Let E be an a—twisted holomorphic vector bundle and consider a smooth solution 7 : [0, a) —
Herm™(E) of the evolution equation.

1. The functions
sg:[0,a) — R, sg(t) := sup|Tr(Re)|(x),
xeX

and
sk :[0,a) — R,  sg(t) :=sup |K¢|(x)
xeX

are both monotone decreasing, and in particular bounded.
2. Ifthereis B € R such that |R¢|(x) < B for every x € X and t € [0, a), then for each k € N thereis B, € R
such that |D¥R¢|(x) < By forevery x € X and t € [0, a).

Proof. By Corollary 6.14 we know that (0; + ;)| Tr(R¢)| = 0, and by Lemma 6.15 we know that that (o, +
Oy )IK ¢|? < 0. It then follows from the Maximum Principle for Parabolic Equations (see Lemma 4.1in Chapter
VI of [29]) that both s and sk are monotone decreasing functions.

For the remaining part, we proceed by induction on k. If k = 1, this is the hypotesis. Consider now k € N,
and suppose that for every j < k there is a constant §; such that \D{Rt|(x) < Bjforevery x € Xand t € [0, a),

1
ie. sz (x, t) < B; for every (x, t) € X x [0, a). By Lemma 6.15 there is then a constant A; such that

(0¢ + Op)fik < A1+ f1).

Now, consider the following Cauchy problem

(0¢ + Op )W) = Ag(1 +u)
u(0) = fi(0)

and notice that (9 + Oy, )(u) = (9¢ + Oy, )(1 + u). The differential equation is linear in 1 + u, hence the Cauchy
problem has a unique smooth solution u defined for every ¢t > 0.
An easy calculation then shows

O¢ + O )(fi - We 1) = e (¢ + Oy )(fi) - Arfic + 1)) < 0.

But then the Maximum Principle for Parabolic Equation (see Lemma 4.1 in Chapter VI of [29]) gives us that
the function

g:[0,a) — R, g:= sug((fk(t) - u(t)e )
Xe

is monotone decreasing. As f;,(0) = u(0) we get that g(0) = 0, so that g(¢t) < O for every t € [0, a). Since
et > 0 for every t, it follows that f;(t) < u(t) for every t, and hence the statement holds. O

Another useful consequence of Lemma 6.15 is the following, whose proof is identical to that of Lemma
8.16 in Chapter VI of [29]:

Lemma 6.17. Let E be an a—twisted holomorphic vector bundle and consider a smooth solution % : [0, a) —
Herm*(E) of the evolution equation. If there is q > 3n for which |R;| is uniformly bounded in LY(X) (i. e. inde-
pendently of t), then |R;| is uniformly bounded in L*°(X).
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This allows us to prove the following:

Lemma 6.18. Let E be an a—twisted holomorphic vector bundle and consider a smooth solution % : [0, a) —
Herm*(E) of the evolution equation. We let

R :[0,a) — CT(X), R(t) :=|R¢-
Suppose that:

1. h; converges in the C°~topology to a Hermitian metric hq for t converging to a;
2. the function sup,cx |K¢|(x) is uniformly bounded on [0, a).

Then for p < +oo, we have that /% is bounded in C*(X, a, Hg) and in L5(X, a, Hg), and that & is bounded in
LP(X, a).

Proof. The proofis almost identical to that of Lemma 8.22 in Chapter VI of [29]. Suppose that / is not bounded
in C1(X, a, Hg). This implies that there is a sequence {t; } e of points in [0, a) with the two following prop-
erties:

. limy_,, .t = aand
. if welet My := sup,cx [0hy, |, then limy_, .o My = +oo.

We let x; € X be a point where |0h, | attains its maximum M. Taking a subsequence we may suppose that
limy_, . X; = Xo € X. Letig € I be such that xo € U;,, and choose an open neighborhood U of xq contained
in U;,. Fix local holomorphic coordinates z1, - - - , zn on U.

Choose a local frame s of E;; over U, and represent Ky by a matrix of smooth functions whose entries
are denoted Ky s, and h; ;, by a matrix H, ;, of smooth functions whose entries are denoted hy ;, ,,,. We let
hf, ‘fo be the entries of H ;}O, and represent the Kdhler metric g by a matrix G on U, whose entries are denoted
8ap- We let g% be the entries of G*.

The proof now follows the same lines as that of Lemma 8.22 in Chapter VI of [29], where one has to replace
the formula (8.23) therein (expressing IAQ in terms of h¢) with the following formula

n r
Kt yrs = A(ht,io,rs) + Z Z gaﬁhlé?o aaht,io,rqaf;ht,io,ps - iAgBio ht,io,er (1
a,p=1p,q=1
where "
N
A=-2.8 324025’
ap
and
du= 8.9
a aZa ’ B aEﬁ :
The proof works since B;, does not depend on ¢, so iA¢B;, is bounded on [0, a). O

We are now in the position to prove the main result of this section:

Proposition 6.19. Let E be an a—twisted holomorphic vector bundle over a compact Kdhler manifold and let
ho be a Hermitian metric on E. Then the evolution equation has a unique smooth solution /% : [0, +o0) —
Herm™* (E) such that %(0) = hg.

Proof. Proposition 6.10 gives unicity, and Proposition 6.12 gives a smooth solution % : [0, a) — Herm™(E)
of the evolution equation for some a € R. Suppose now that [0, a) is the largest interval on which a solution
exists.

By point 2 of Proposition 6.10 we know that h; converges in the C° topology to a Hermitian metric h, as
t converges to a. By point 1 of Corollary 6.16 we know that sup,x |K¢|(x) is bounded on [0, a). We then may
apply Lemma 6.18, getting that # is bounded in C(X, a, Hg), and that % is bounded in L?(X, a) for every
P < +oo,
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The boundedness of # implies by Lemma 6.17 that |R| is uniformly bounded in L* on [0, a), so Point 2
of Corollary 6.16 implies that for every k the functions |D¥R;| are uniformly bounded for ¢ € [0, a).

The boundedness of the family # allows us to show that % is bounded in Cc*(X, a, Hg) for every k € N.
The proof goes by induction on k. Suppose that % is bounded in C**(X, a, Hg). Then the families of the first
order partial derivatives of h; are bounded in C*2(X,a,H £). Since IAQ is uniformly bounded in CiX,a,H E)
forall | € N, and hence in particular in C¥2(X, a, Hg), equation (1) and Elliptic Regularity imply that 7 is
bounded in C¥(X, a, Hg).

It follows that # is bounded in C*°(X, a, Hg). But since h; converges to h, in the Co—topology, it follows
that the convergence is in the C*-topology, i. e. we can extend % : [0, a) — Herm™(E) to a smooth solution
over [0, al.

By Proposition 6.12, starting with h, we may extend / to a unique smooth solution of the evolution equa-
tion defined over [a, a’) for some a’ > a, and hence we extend # to a smooth solution on [0, a’). But this
contradicts the fact that [0, a) is the largest interval over which # exists, concluding the proof. O

6.2.4 Properties of the solution

The main property we show in this section is the following:

Proposition 6.20. Let E be an a—twisted holomorphic vector bundle and % : [0, +o00) — Herm*(E) be a
smooth solution of the evolution equation.

1. Forevery k € Herm*(E) the function
Lok :[0,+00) — R Lg g 4(f) := Lg i (hy)

is monotone decreasing.
2. The function
meg : [0, +<>0) — R, mK(t) = ma)%( ‘Kg(E, h[) - Cg(E)idE|2
Xe

is monotone decreasing.
3. Ifthereis A € Rsuchthat Lg 5 > A, then

lim mg(t) = 0.
t—r+oo

Proof. Asseen in section 5.1.3 we have
OtLg is(8) = 3L i (he) = (Kg(E, he) = cg(E)he, h)y,.
Since # is a solution of the evolution equation, we have
ht = ~(Kg(E, hy) - cg(E)hy),

hence
OtLg k.5 = ~IIKe - cg(E)hel|p, <O,

so that Lg i 5 is monotone decreasing.
For the second point, by Corollary 6.14 we know that 0;K; = -[J K;. Let us now calculate OJ||K; -
cg(E)idg||*. To do so, we first have

DD K, - cg(Bidg||* = Dy° DY (Tr((Ke - cg(E)idg)?)) =

= 2Tr((K; - cg(E)idg) o (D}°D®'K) + 2Tr(D}°K; o DY Ky).

Then we get
OIK¢ - cg(EYidg||* = iAgD{ DYt ||K; - cg(E)idg|* =



76 —— Arvid Perego DE GRUYTER

= 2Tr((K - cg(E)idg) o Oy Kp) - 2D} °Ky|* =
= -2Tr((K¢ - cg(E)idg)0¢K,) - 2|Dy°Ky|? =
= —20¢||K¢ - cg(E)idg||* - 2|D}FK¢ |2

It then follows that
(¢ + O)[|K¢ — cg(B)idg||* = —2|Df°K:|* < 0.

By the Maximum Principle for Parabolic Equations (see Lemma 4.1 in Chapter VI of [29]) we then get the
statement.

The remaining part of the proof is exactly identical to the proof of point (iii) of Proposition 9.1 in Chapter
IV of [29]. O

An immediate corollary of point 3 of Proposition 6.20 is:

Proposition 6.21. Let E be an a—twisted holomorphic vector bundle on a compact Kédhler manifold X with
Kdhler metric g. If for every k € Herm®(E) there is a real number Ay such that L, ;(h) > Ay for every h ¢
Herm™(E), then E is approximate g—Hermite-Einstein.

6.3 Regularization of twisted sheaves

We start by describing a regularization process that was first used by Buchdahl in [10] for holomorphic vector
bundles on surfaces, and then by Jacob in [25] for holomorphic vector bundles on compact Kdhler manifolds.
We adapt it here for holomorphic twisted vector bundles. As we will see, this construction will allows us to
prove the boundedness of the Donaldson Lagrangian of a g—semistable twisted vector bundle.

6.3.1 Blow-ups and regularization of subsheaves

Let X be a compact Kdahler manifold with Kahler metric g. The starting point of the construction is an exact
sequence

0-—s L EP Qo0

of a—twisted coherent sheaves, where E is locally free of rank r (we will consider it as an a—twisted holomor-
phic vector bundle), S is torsion-free of rank s and Q is torsion-free of rank g = r - s.

We let Z be the singular set of Q: on X \ Z the sheaves S, E and Q are all a-twisted holomorphic vector
bundles, and the morphisms f and p are morphisms of a—twisted holomorphic vector bundles. As the locus
of X where Q is locally free is where the rank of f is maximal, i. e. equal to s, we get

Z={xeX|rkx(f)<s-1}.

For every k € N we then let
Zp:={x € X|rk«(f) < k}.

We notice that Z, C Z,, for every k € N, that Z, = 0, that Z;_; = Z and that Z; = X for k = s.
Let us now choose ko € Nsuch that Z; is the smallest non-empty set among the Z;’s, and choose x € Z,
so that rkx(f) = ko. Let us write S = {Si: l/)ij}i,iel and E = {Ei, ¢ij}i,i61'
If x € U;, we may choose local frames s; of S; and e; of E; so that the matrix F; representing f; with respect
to these local frames is
[s

where G; is a (s - ko) x (r — ko)-matrix whose entries are holomorphic functions vanishing identically on Zj .
Suppose that x € Uj;, and represent ¢;; (resp. ¥;;) by a r x r-matrix a;; (resp. a s x s—matrix b;;) with
respect to e; and e; (resp. s; and s;). As f is a morphism of twisted sheaves, we have a;F; = F;jb;;. From
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this relation and the form of F; and F;, we get an invertible (r = ko) x (r - ko)-matrix al’-j and an invertible
(s = ko) x (s = ko)-matrix b§j such that agl-Gi = G,-bl’-}-.

Let us now consider the blow up 77 : X — X of X along Z ko (with reduced structure). We let U; := 7 1(U)),
and m; := g, we then have that 71; : U; — U; is the blow-up of U; along Z; N U; (with reduced structure).
Let U be an open subset of X over which the exceptional divisor of 7 is given by equation w = 0.

Over U N U; we then have that 7 f; is represented by the matrix
* I
ﬂl Fz = ko 9 )

where n; G;isa(s—ko)x(r-ko)-matrix whose entries are holomorphic functions which are all multiples of w.
We let m; be the largest power of w one can pull out of 71; G;. Since aj;G; = G;bj; and aj; and by; are invertible,
we get m; = m;. We then let m;, (f) := m;, and call it the vanishing multiplicity of f along Z; . We will use
the notation m(f) for my, (f) if no confusion is possible.

Notice that there is a (r — ko) x (s — ko)—matrix a,-]- which does not vanish identically on the exceptional

divisor of m;, such that
Ly, O (I 0
0 G; 0 wlgy |

Rl O] gofh o
0 Gi 0 WIs—ko
so that ﬂ;Fi = IN:I'TI'.

The matrix T; gives rise to a morphism t; : S; — S; of Oy,—~modules, and the matrix F ; gives rise to a
morphism f; : S; — E; of Oy,—modules. Let us define

*

ﬂiFi:

We let

which is a coherent subsheaf of Oy,—modules of S;.

Lemma 6.22. For every i,j € I there is an isomorphism 17),)- : §,~ — §j such that S = {5,-, (Al;,-j}l-’]-el is an
a—twisted coherent sheaf, and such that

f=Afizier: S —Ei
is an injective morphism of a—twisted coherent sheaves.
Proof. First, we define ¥;; := idg . Now, let us consider i # j € I. We represent ¥;; on a local frame by a

s x s—matrix bjj = [Bij pq)- We let by; = [By; ] be defined as

_ Bij.pg> p.q<ko, p,k>ko
Bij,pg = Wm(f)ﬁij,pq, p>ko, q<ko
W_m(f)ﬁij’pq, ps ko, q> ko

To this matrix we associate a morphism 17),-,- : §,~ — §]~, and we prove that it is an isomorphism whose
inverse is ;. To do so, let us calculate b;;- bj;, i. e. we calculate the entry +p,4 in position (p, g) of this product.

If p, q < ko we have

s ko s
wa =Y BipiBiiig = > BipiBiiig + Y w OB W™ OB 1 =
=1 =1

I=ko+1

S
= BijpiBjiig = Opas
=1

where the last equality comes from the fact that the last sum is the entry in position (p, q) of b;; - b
a matrix representing ¢;; o ¢;; = id.

jis which is
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e If p > ko and g < ko we have

s ko s
0= BipBiiig = w" OBy iBjitg + > Bij W™ P Bt 1q =
=1 =1

I=ko+1

S
= w"D>" By wiBjitg = 05

=1

where the last equality is again as before (since p # q).

e If p < kg and g > ko we have

s ko s
a=> BijpiBiilg = Zﬁij,plw_m(nﬁji,lq + > w DB Bt ig =
-1 =1

I=ko+1

S
-w > Bij.piBjiig = 0
=1

e Ifp, g > ko we have

k 0

s
Zﬁz) plﬁ]z lg = ZW (f)ﬁu,plw )Bji,lq + Z ﬁij,plﬁji,lq =

I=ko+1
s
= Zﬁij,plﬁii,lq = bpq.
=1

In conclusion Eij . Eﬁ =Is, soj),-j ii an is~omorphism whose inverse is 17)j,~.

We are left to show that ¥;; o Yji o Yy = ayji - idE,. A calculation similar to the previous one shows that
Eijgjkgki = ayj1, which completes the proof of the fact that S is an a—twisted coherent sheaf.

The fact that f is a morphism of a-twisted coherent sheaves is as follows: represent f; by a matrix F;, f,
by a matrix F i and t; by amatrix T;. Moreover, represent ¢;; by a;;: we then have

n*ai]- . ﬁi . Ti = 7'[*({11']' . Fl) = ﬂ*(Fj . bU) = ?] . T] . ﬂ*bij.

A calculation similar to the e previous one for the product of b,] s shows that T; - 7 b,, = bu This shows
that 7 qbu o fl f, l,b,,, so that f is a morphism of a—twisted coherent sheaves. As f, and t; are both injective,
it follows that f is injective. O

As a consequence, we now have a new exact sequence
~ ? . ﬁ ~
0—S—nE—Q—0

of " a—twisted coherent sheaves on X where S is again torsion-free of rank s and Q is torsion-free of rank g.
The matrix F representing f, is
~ I 0
Fi= | 2
0 G

hence for every x € X we have rkx(f) > ko. We have two possible cases:

i) either rkx(f) > ko for every x € m1(Zy),

ii) orif x € m1(U;), my is the maximal ideal of x, p is the smallest integer such that m{ C V(é,-) (the ideal

generated by the entries of G; i), and q is the smallest integer such that mq( ) € C V(G;), thenp < q.

We are now in the position to prove the following:
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Proposition 6.23. Let X be a compact manifold, E and a—twisted holomorphic vector bundle and S a torsion-
free coherent subsheaf of E with torsion-free quotient. Then there exists a finite number of blow-ups

I , T, o n
Xy 2% .o T2y X L X,

and for each 1 < k < N thereis a rr; o --- o m;(a)—twisted torsion-free coherent sheaf §k with an injective
morphism fy : Sy — 1 o - - o 711 (E) verifying the two following properties:

1. foreveryi ¢ I thereis a morphism ty ; : m;Sx_y — M S_1 such that
(@) mfir,i = friti,; and
(b) forevery x € Xy, if the exceptional divisor of m around x has equation w = 0, then t, ; is represented
(with respect to a local frame) by a diagonal matrix whose entries are monomials in w.
2. The rank of fy is constant, so Sy is a Ty o - - - o 71 (a)—twisted holomorphic subbundle of Ty o - - - o T, E, and
the corresponding quotient is a riy; o - - - o ; (@) ~twisted holomorphic bundle.

Proof. The construction provided above shows us that after the blow-up of Z; in X we getf : S — 7'E.
Now, for every k € N let
Zy = {x € X|rkx(f) < k},
and let ko be the smallest k such that Z « # 0. Then i) and ii) give
") either ko > ko,

ii") or ko = ko, Zy, € 1 (Zy,), and my, (F) < my, (f).

If this last case happens, with a finite number of blow-ups we reduce to the case where %o > ko. We now repeat
the construction, and the statement is proved. O

The sequence of blow-ups described in the statement of Proposition 6.23 is called regularization of the
exact sequence

0-—stEP Q—o0,

and each blow-up in the process is a regularization step.

6.3.2 Metrics, curvatures and regularization

As seen in section 2.7, if
0—-s L E2 Qo0

is an exact sequence of a—twisted holomorphic vector bundles on X and h is a Hermitian metric on E, then
h induces Hermitian metrics h° on S and h? on Q. Moreover, we have a splitting morphism ¢ :Q— Eof
a—twisted C* vector bundles.

If we choose a local frame for E; and represent h; by a matrix Hj, f; by a matrix F; and ¢; by a matrix @;,
let H} be the matrix representing hj and H? be the matrix representing h2: we then have

Hf = TFHF;, H?=T®H®;.
Using the same notation of the previous section, let 7 : X — X be the blow-up of X along Z;, with
reduced structure, and let -
0—3S i> TE -2 6 —0
be the induced exact sequence. Represent hig by a matrix Hig = [hig,pq], and h? by a matrix Hl.a = [h‘.é ] with

i,pq
respect to a local frame of E;.
The following is an immediate consequence of Proposition 4 of [25]:
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Lemma 6.24. If w is the local equation of the exceptional divisor of m, we then have

M pg> ~ P sk
s ) WO ke, asko
.pq W—m(f)hﬁpq’ p<ko, q>ko

AwmORS
wmwmOhe - p,q> ko
and Q

hgpq’ ~ Pask
mhe = Wm(f)hgpq’ p>ko. q<ko
i.pq w2 p<ko, g>ko

-m(f) 3, -m(f) Q
w wm hi’pq, p,q> ko
As a consequence of the previous Lemma we get:

Corollary 6.25. Let R be the Chern curvature of (Q, h?), and R the Chern curvature of Q, ha). Let w be a local
equation of the exceptional divisor of 1, and let

N— o, p <ko
P my,(f), p>ko

Then we have .
7 Tr(R) = Z mpod log |w|? + Tr(R).
p=1
Proof. Consider the curvature R; of (Q;, h?). By Lemma 1 of [25] we have

q
MR = mpodlog \w|? + Tr(R;),
p=1
where R; is the curvature of (Q;, h?). As the Chern curvature of (Q, h) is obtained locally as R; — B;idg, and
the Chern curvature of (é, hQ) is obtained locally as ﬁi - n;B,-i d E the statement follows. O
Let now g be a Kdhler metric on X and oy its Kahler form. The metric 7" g, whose associated (1, 1)-form
is 1" 0, is not a Kéhler metric on X since it is degenerate on the exceptional divisor of 7. Anyway, if E is an

a-twisted holomorphic vector bundle, and h is a Hermitian metric on it, then we may define the degree of E
with respect to 1" g as follows:

Definition 6.26. The n"g-degree of n'E is

deg,,*g(rr*E) = /n*yl(E, h) A ﬂ*O'g_l.

X

Again, as oy is closed and the exceptional divisor of 7 is contracted by m, the previous definition does not
depend on h. Using the fact that by definition we have

i
71 (E, h) = I Tr(R)
where R is the Chern curvature of (E, h), we get

* i * * _1
deg,,(7'E) = 5 /n Tr(R) AT 0og .

X

The same definition makes sense for every torsion-free a—twisted coherent sheaf whose Chern curvature
is L' on the locally-free locus. We show that this is the case for S and Q as before. To do so, recall that given

0-—sIEP 00
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as before, on X \ Z there is an element C € A%(Hom(Q, S)), the second fundamental form of the induced
metric. We then have C A C* € AV (End(Q)), so that we let

v¢(Q) := iAg(C A C") € End(Q).
Notice that Tr(y¢(Q)) is a smooth function on X \ Z, and we have:
Proposition 6.27. The second fundamental form C is in L*, and
| Tres@);
x\z
is finite. Moreover, the Chern curvatures of (S, h%) and (Q, h%) arein L'.

Proof. The proof of the first part is identical to that of Proposition 1 of [25] (where one replaces Lemma 1 by
Corollary 6.25). The second part is a consequence of the first part, of the Gauss-Codazzi equations for the
curvatures on the locally free part, and of the fact that the Chern curvature of an a—-twisted locally free sheaf
is smooth. O

As a consequence, the definition of degree of E with respect to g (resp. of degree of 7" E with respect to
7" g) extends to S and Q (resp. to S and Q). The following is then an immediate consequence of this definition
and of Corollary 6.25 (see Lemma 2 of [25]).

Proposition 6.28. Let
0 -sE? Qo0

be an exact sequence of a—twisted coherent sheaves, where E is locally free of rank r and S and Q are torsion-free
of respective rank s and q. Let m : X — X be a regularization, and let

0—3S L> TE-2Q-—0
be the regularized sequence. If g be a Kdhler metric on X, then

degn*g(g) = degg(s)’ dEgn*g(a) = degg(Q)-

6.4 Regularization and Donaldson’s Lagrangian

We now define the Donaldson Lagrangian for the subsheaves S and Q in the exact sequence
0—sLEZQ—o0 &)

where E is an a-twisted locally free coherent sheaf and S and Q are torsion-free.
Recall that if h, k € Herm™(E) and % ¢ ngi(E), then we defined

1

0s(h, 1) o= log(det(“"),  QF(h, =1 [ Tr(F" " - R,
0
where h; = 4(t) and R; is the Chern curvature of (E, h¢). For a Kdhler metric g on X whose associated Kédhler

form is og, we defined

n

Lt 1= [ (Qf(h,k)—@ol(h,k)ag) Aom L,
X

which is independent of the chosen path 7%. We recall that
2nnug(E)

WO o
X
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6.4.1 Definition of the Lagrangian for torsion-free subsheaves

Letnown: X — Xbea blow-up. For a " a—twisted holomorphic vector bundle EonX, one may define the
Donaldson functional using n*g: using the same notation as above, but for h, k € Herm*(n"E), we let

Lyg(h, k) := / <Q’§(h, k) - @Ql(h, k)n*ag) Aoy,
X
which is again independent of the chosen path 7 since 71" g is closed.
If m: X — X is a regularization of the exact sequence (2), let the regularized exact sequence be

0SS LarEP 050 3)

where S and Q are both locally free.

Let h, k € Herm*(E), so that by Lemma 2.36 we have that 7°h, "'k € Herm'(n"E). The exact sequence
(3) implies by section 2.7 that 7" h and 7"k induce Hermitian metrics h° := (7'h)° and k% := (7'k)® on S, and
h? := (m'h)? and k9 := (7°k)? on Q. We then let

Lg : Herm*(E) x Herm* (E) — R, Lg(h, k) := L,g,*g(hg, kg),
L : Herm" (E) x Herm'(E) — R,  L3(h, k) := L% (h%, k9).

Remark 6.29. We used the notation Lg, e instead of L, for the Donaldson Lagrangian of S in order to avoid
confusion between S and 6 Moreover, we notice that Lg and Lg are both defined on Hermitian metrics on E.

Remark 6.30. Even if all the Donaldson Lagrangian involved in the definition of Lg and Lg do not depend
on the chosen path, in order to calculate them we need to fix one. A natural choice would be % € Qﬁ:}((E): if
we let

7% :[0,1] — Herm"(n'E), 7 #(t) := 7 hy,

thenm" % ¢ Q%!

o k(ﬂ*E), so by section 2.7 we then let

#5:10,1] — Herm*(S),  #5(6) = hS := (7' hy)°

and N _ _ _ -
%2:00,1] — Herm*(Q)  #%(t) = h% = ("h)<,

which are the curves of Hermitian metrics induced by 7% on S and Q. We then may use 75 in order to calcu-
late Lg(h, k) and %< in order to calculate LJ(h, k). Anyway, we may use any path % € Qgélkg (S) to calculate

Lg(h, k), and any path % € 92231,;(6(6) to calculate Lg(h, k).

Notice that the previous definition may however depend on the choice of the regularization, which is not
unique. The following tells us that it is not the case:

Proposition 6.31. If 7 : X — Xandn' : X — X are two blow-ups producing regularizations of S and Q,

S _gS$ Q _7Q
then Ln,g = L(ﬂ,),g and Lﬂ*g = L(n,),g.
Proof. The proof is identical to that of Proposition 5 of [25]. O

This allows us to simplify the notation, and let Lg = Li, < and LgQ = Lﬂ*g.
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6.4.2 Relations between the Lagrangians

We now describe the relation between Lg, Lg and LQ We will use the following notation: for every h €
Herm*(E) welet Cj, € A%'(Hom(Q, S)) be the second fundamental form of the metric h¢ induced by h on Q.
Ifr:X — Xisa regulanzatlon of the exact sequence (2), and if C-p, € A® 1(Hom(Q, S)) is the second
fundamental form of the metric h induced by 7°h on Q, then the same proof of Proposition 1 of [25] shows
that
/ Tr(Cpon A Cop) AT 081

X
is a real number which does not depend on the chosen regularization.
We let
ICallt i= [ THCon A Coo) A0,

X

and call it the L2-norm of C}, (we know that Cy, is in L? by Proposition 6.27). Using this notation we state now
the following, which is the relation between the various Donaldson Lagrangians.

Proposition 6.32. In the exact sequence (2) suppose that ug(S) = ug(E). Then for every h, k € Herm*(E) we
have
Lg(h, k) = Lg(h, k) + L3(h, k) + ||Cp||72 — || Cl|2.-

Proof. Let us first suppose that S and Q are both locally free. We let
Q3(h, k) = log(det(F")),  Q%(h, k) := log(det(F<""")).

For every i € I, choose a local frame of S; and a local frame of Q;, whose images in E; under f; and ¢; give a
local frame of E;, where ¢ = {¢;} is the splitting morphism ¢ : Q — E.

With respect to these local frames we represent h; by a matrix H;, k; by a matrix Kj, f; by a matrix F;, ¢;
by a matrix P;, h by a matrix HS ks by a matrix K;g , hl.Q by a matrix H IQ and kl.Q by a matrix I(l.Q.

Over the open subset where the local frame is defined we then have

Qi(h, k) = log(det(K; 'Hy)), Q3 (h, k) = log(det((KS) 1 HY),
Q%(h, k) = log(det(K)*HY).

By the definition of f", %" and f<" we have that
kishi ki hy ki hi k9,n2
friofi=fiof R, T o@i=giofii,

hence
(K3)*H? 0

K;'H; =
Lo 0 (K9 H?

This implies that
det(K;*H;) = det((KY) 'H) det(K) ' HY),

and hence Q4 (h, k) = Q3(h, k) + Q2(h, k).
We are now interested in Q5. To do so, let 7 : E — S be the splitting morphism, and remark that if h is
a Hermitian metric on E, we have that Cj, = 0 0 o ¢ (see section 2.4.2). Let now % & ngll((E) and h; := A(b).
Notice that for every t € [0, 1] the Hermitian metric h; induces a different splitting of the exact sequence (2),
namely
0—Q ANy LY N 0,

and we have Cp,, = 71, 0 0 0 @¢.
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For every t € [0, 1] welet s; : Q — S be such that f o s¢ = @ — ¢ (or equivalently s; o p =

same argument in the proof of 6.10.2 of [29] gives
atCht = 5(6[5[)
and S Sy
fhtyh; _ fht’(h )t —QatSQt
“os; G

The Gauss-Codazzi equations (see section 2.7.2) give

R =

R} - Coh{ A Ch, Q—D};‘)ch[
_Dt’ Ch[ Rt - Cht /\ Ch[

where Ry, Rf and R? are the Chern curvatures of (E, hy), (S, hf) and (Q, h?) respectively.
As a consequence we get

Tr(F*h - Re) = Tr(F" 0% - RE) - Tr(ph . RY) -

= =Tr(f" 0y, 1 G = TrET O A )
+Tr(9¢s¢ 0 DY Cp,) — Tr(dest o DOCh,).

Since
Tr(d¢se o D' Ch,) = O(Tr(d¢s¢ o Cp)) — Tr(9¢Cp, A Cp,),
Tr(d¢st o D{°Cp,) = (Tr(des¢ o Cp,)) — Tr(9¢Ch, A Cp),
we finally get
Tr(Fet - R) - Tr(p" % RE) - Tr(F0 7 . RY) =
= —Tr(f"0 0. A Ch) = TrEO L € A C )
=Tr(3¢Cp, A Cp,) + Tr(9¢Cy, A Cp)) + 6¢,
where

8¢ = 0(Tr(d¢s¢ o Cp)) — (Tr(desy o Cp,)) € 9A%1(X) + 0A0(X).
The same proof of Proposition 6.10.2 of [29] gives that
Tr(f"" - Ry) - Tr(F" ™0 . RE) - Tr(FM 0 . RQ) = ~0i(Tr(Cy, A Cp,) + 6,
hence . "o
Tr(fehe . Re) = Tr(fe "« RY) + Tr(fhe D . R2) - 0,(Tr(Cy, A Cp)) - 6.

Finally, we have
1

QLK) =i / Tr(Fheh . R) A ol =
0
1

1
= i/ Tr(Ft 40 . RS) A o+ i/ Tr(F- (% . R) A og '+
0 0
—iTr(Cp A C;,) +1iTr(Cy A C;) +6,

where

1
5= /5 Aot € 34O (X) + AMO(X).
0

DE GRUYTER

o — 7'[[). The
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But now notice that )

Q) S(h, ) = i / Tr(Ft ™ RE)  of
0
1
Q) h, ) =i / Tr(f 0 R A of
0

hence
Q% (h, k) = QZ5(h, k) + Q%(h, k) - iTr(Cp, A Cp) +iTr(Cy A Cp) + 6.

Now, by hypothesis we have ug(E) = pg(S), and hence pg(Q) = ug(E). It follows that cg(E) = cg(E) = c£(Q),
so that the previous relations prove the statement in the case S and Q are both locally free.

If S and Q are not locally free, we may regularize them by taking a blow-up 7 : X — X, getting an exact
sequence

0—3S L> TE L 6 —0
of a—twisted locally free sheaves. As jg(E) = pg(S) = ug(Q), by Proposition 6.28 we have yn~g(n*E) = Uy g(5) =
U g(a). By the previous part of the proof we then have

Ly g(h, k) = Lo (R, ) + L2 (1, 1) + | CoiI72 = 1| Con |72
But by Proposition 6.31 we have
Lyg(h, k) = Lg(h, 10, L2 (h, k) = Lg(h, k),
and as in the proof of Proposition 1 of [25] we have
1CaeillZ2 = ICklIZ2s  [1CaenllZ2 = 1IChlIZ2

and we are done. O

6.5 A lower bound

In this section we prove the following result:

Proposition 6.33. Let X be a compact Kdhler manifold with Kdhler metric g, and consider the exact sequence
(2), where we suppose that pg(S) = ug(E) and that S has minimal rank among the torsion-free a—twisted co-
herent subsheaves of E with this property. If i : X —X is regularization of the exact sequence (2) and S the
twisted sheaf induced by S, then there is M € R such that Li* g(h, k) = M for every h, k € Herm*(S).

The proof will be as follows: we first assume that g is a Kdhler metric on X with volume 1, and suppose that 7
consists of a single blow-up. If we take h, k € Herm*(E) and let h® and k5 be the induced Hermitian metrics
on S, by definition we have o
Lg(h, k) = L3 (h°, k°).

By Remark 6.30 we may assume that LE, g(’ﬁs , Es) is calculated using a path %S € Qg’glkg(g). We will let
Et = ﬁg(t) for every t € [0, 1]: notice that this Hermitian metric is not necessarily induced by a Hermitian
metric on 7' E.

Let R; be the Chern curvature of (S, h¢), and let K5 = iA - ng : we remark that the metric that we are using
to define the mean curvature is not a Kdhler metric, since it blows-up along the exceptional divisor of 7.

Now, the evolution equation has the form

fhr,h; - _(I?t - Cﬂ.g(g)l’dg).
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By Proposition 6.28 we know that cg(S) = c,,~g(§), hence the evolution equation is
hehl _ (% :
fheht = (K, - cg(S)idy). @)
Suppose now that %5 is a solution of the evolution equation, and let
LO):[0,1] — R, L() := L3 o(he, K5).
Then 1 o
Ol = s / Tr((K; - cg(S)idg) o f*" )" oy = -||K - cg(S)id]|* < 0.
X
But then L is decreasing along any solution of the evolution equation, so that Lgk gls bounded from below

along a solution of the evolution equation for every initial Hermitian metric on S coming from a Hermitian
metric on E, and then it is bounded from below in general.
The previous strategy works if we are able to show that the evolution equation

FRR = (R, - co(S)idy)

has a solution starting from any Hermitian metric on S coming from a Hermitian metric on E. Even if S is
locally free, this cannot be concluded from 6.19 since K; is defined using n*g, which is not a Kdhler metric.

6.5.1 Existence of a solution of the evolution equation

We now prove that the evolution equation has a solution for all times:

Proposition 6.34. The evolution equation (4) has a smooth solution
% : [0, +00) — Herm*(S).

Proof. Let us first suppose that the regularization 7 : X —» X of the exact sequence (2) is a single blow-up.
Fix a Fubini-Study metric o on the exceptional divisor of 7, and take € > 0 a small real number such that
ge := 1 g + €0 is a Kihler metric on X.

For every Hermitian metrics E, ke H erm*(E) we let

Le(h, ) = LS (h, k),

which is a Donaldson Lagrangian of a °a—twisted holomorphic vector bundle with respect to a Kdhler metric.
By Proposition 6.19, the evolution equation

fre = ~(Ke.(S, he) - ca.(S)idy) X

has then a unique smooth solution
%e + [0, +00) —s Herm™(S)

for a given initial Hermitian metric. We show that there is a sequence e, converging to 0 such that )%Vem con-
verges to a solution of the evolution equation (4).

To do so, let Ke the mean curvature of (S, E) with respect to ge, i. e. Ke = iAgj where R is the Chern
curvature of (S, h). By definition we have

/ Tr(-Ke + Cq. (g)idg)n*age =0,

X

hence it follows that the equation
Af = Tr(-iKe + cge(S)idg)
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has a smooth solution, denoted .
We now let he := e®<h, which is a Hermitian metric on S (since it is a conformal change of h. The evolution
equation (5) has then a unique smooth solution

e : [0, +00) —s Herm™(S)

such that %4¢(0) = he. We let 1~2€,t be the Chern curvature of (S, Ee,t), where He,t = %¢(t), and f(e,t will be its
mean curvature. We now make the following:

Claim: for every O < t| < t, < +oo there is a constant N € R such that |§e,t\ < N for every € and every
t € [t1, t2].

Let us first show that if this claim holds, then we are done. Indeed, as in Corollary 6.16 the claim implies
that for every k there is then a constant Nj, € R such that \De tRE ¢| < Ny, where De ¢ is the Chern connection
of (S he £).

This gives a a uniform bound for the CX-norm of Re ¢. By compactness we then see that there is a sub-
sequence €, converging to O such that the solution hem ¢ converges to a Hermitian metric ho ¢ for every
t € [t1, t,], and hence we get a solution

)%: [tl, tz] — Herm+(§),

of the evolution equation (4) defined on [t1, t;].

The subsequence €, depends on t; and t,, so this does not yet give the desired solution. Anyway, if we
take a sequence t, going to +oo, for each n we will find a subsequence en,m of €,_1,,m converging to 0 and such
that ﬁe",m, ¢ converges to ho ¢ for every t € [t1, tn]. Letting ¢, going to +oo we get a solution

% 1 [t1, +o0) —s Herm™*(S)

of the evolution equation (4). Up to rescaling, we are then done.
In conclusion, we are left to prove the claim, i. e. that for every O < t; < t, < +oo there is a constant N € R
such that |R¢ ¢| < N for every € and every ¢ € [t1, t,]. This requires some steps.

that
(0 + 0y, )Ke* <0

by Lemma 6.15. The same argument of the proof of Proposition 6 of [25] shows that

(0¢ -

SO
o1l Ketllys = o / [Re o, <o0.

It follows that the function mapping ¢ to HINQ,tII 11 is decreasing, hence one just needs to prove a uniform
bound for I~<€,0 (i. e. independent of € > 0).
Notice that
Keo = Kg.(S, he) = Kg, (S, 1) + Acqpe - ids = Ke + Acope - ids,

SO
IIKe,ollLr =

< / Aeell, + | [Rell: -

= / |Tr(-Ke + cge(g)idg)age +||Kellr < 2||Kel|p + T,

for some constant number I.
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The same proof of Proposition 6 of [25] (replacing Proposition 2 with Proposition 6.27) shows that | |I? el
is uniformly bounded, so we get a uniform bound on |\I~(€, ellp-

Step 2: the same proof of Proposition 7 of [25] shows that the existence of a uniform bound for |\I~<e, el
implies the existence of a uniform bound for |\I~<e,t\| L~ As in Proposition 8 of [25], this implies a uniform
bound on Tr(fhf’“hévf) (i. e. independent of € > O and ¢ € [tq, t,] for every O < t; < t, < +o0). As in Lemma 6.18
this proves the uniform bound of the Chern curvatures we are looking for.

This concludes the proof of the statement in the case of a single blow-up. Suppose now that 7 = 7y o
My ©---om, where mj : X; — X;_; is a single blow-up (here we let X, := X, so that X; = X). For every j we
let 0; be a Fubini-Study metric on the exceptional divisor of 770 - - o 771, and for every choice of €, - , €, > 0
we define a Kéhler metric on X; in a recursive way as gj := n; 8j-1 + €;0j, where we let go = g.

If we let € go to 0, by the previous part of the proof we find a smooth solution of the evolution equation
for the metric n;gk_l, defined on some interval [t;_;, +o0). Repeating this process we will then find a smooth
solution of the evolution equation with respect to 71" g, defined over some interval [t, +oc). Up to rescaling,
we are done. O

6.5.2 Bounds and subsheaves

Before giving the proof of Proposition 6.33 we need to recall some results of [45] and [47]. The first result is
the following:

Lemma 6.35. Let E be an a—twisted holomorphic vector bundle on a compact Kdhler manifold X, and let h, k €
Herm*(E). Then
A(log(Tr(F"*)) = 2(|Kg(E, )| + [Kg(E, K))).

Proof. The proofis essentially the same of that of point (d) of Lemma 3.11in [45]. See even the proof of equation
(1.9.2) of [47]. O

The second result, which is the content of Propositions 2.1 and 2.2 of [45], is the following:

Lemma 6.36. Suppose that X is either a compact Kédhler manifold with a Kdhler metric g, or a Zariski open
subset of a compact Kdhler manifold with a metric g which is the restriction of a smooth metric. Let n be the
dimension of X. Then the following properties hold.

1. X has finite volume with respect to g.
2. X has a positive exhaustion function ¢ such that A¢ is bounded.
3. Thereis an increasing function a : R — R, such that
(a) a(0)=0and a(x)=xifx>1;
(b) iff : X — Ris bounded, positive and A(f) < M for some real number M, then there is a constant C(M)
depending only on M such that

sup f](x) = C(M) - a( / |f|a§);
xeX ¥

(c) if f is as in the previous point and M = 0, then A(f) = 0.

A third useful ingredient is a different formula for the Donaldson Lagrangian that can be found in [45] and
[47]. Let us take an a—twisted holomorphic vector bundle E on X, and suppose that hg, h € Herm™(E). We let
fhoh c E ndzo(E) be the endomorphism associated to hy and h, and we will write s™" := log(f"o-"). We know
by Lemma 2.56 that s"" ¢ End, (E), and we notice that fhol — exp(sho-h), and that we have

h =fh0’hh0 = exp(sho,h)ho_
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Now, for ¢ € [0, 1] we have that ¢ - s"o" ¢ Endy, (E), so we have
5:[0,1] — Endy (E),  5(t) = s¢ :=t - s"oh
We then see that exp(t - s"") € Endzo(E), hence we have
£ :10,1] — Endj(E),  £(t) = f; := exp(t - s"M).

Finally, we let
ht := exp(t - shosh), = fip

which is a Hermitian metric on E, and we have that
%4 :[0,1] — Herm™(E), #(t) := h;

is a smooth family of Hermitian metrics such that %4(0) = hg and h; = h. Notice that f; = th’hf (see Example
2.54).
Now, recall from Example 2.52 that f"-" is both ho—Hermitian and h-Hermitian. Moreover, we have

et ="M o f(8) = shoM o flool,

hence
flefe = flo(f)™ = £/ 0 £ =0 f () 0 £(8) 1 = 5N
Recall that by Lemma 6.8 that

1
OnLgtho, h) = ;[ TH(KelE, ho) = cg(B) - idg) o ")},
X
hence it follows that L/
d¢Lg(ho, hy) = W/ Tr((Kg(E, hy) - cg(E) - idg) o s"™)o%.
X

From this we get

Lg(ho, he) = / Tr(0¢Kg(E, he) o s"M)oT =
X

1 . 1 .
= m / Tr(at(lAgRt) o Sho’h)O'g = F / lTr(ath o Sho’s)O'g.
X X

dt2

Now, we know that
R = 3D (£'(B) 0 £(D71) = 3(Dy O (s™M),

hence we get
d?

& Lolho, ) = / iTrE(DLO(soM) o s0%)g.

X
An easy calculation (see section (5.4) in [47]) shows that

/iTr(E(D}I’O(sh"’h)) o sh°’h)ag = n!/(ﬁsho’hjsh"’h)h.
X X

Letting Sf"”h = [S4,p,i] be the matrix representing sf’o’h with respect to a local frame, and if A4, -+ - , A; are
the eigenvalues of s"" (and hence of s?o’h), we then get (see again section (5.4) of [47]) that

by -Aa) -1
(Ap - Aa)? '

Lg(ho, h) = i / Tr(Kg(E, ho) o s"")a + / Z [0S a,b.il*° v

e X a,b=1

We are now in the position to prove the following:
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Lemma 6.37. Let E be an a—twisted holomorphic vector bundle on a compact Kdihler manifold X with Kdh-
ler metric g, and consider hy € Herm*(E). Suppose that E is g-stable and that there is M € R such that
sup |Kg(E, ho)|(x) < M. Then there are constants C1,C, € R such that for every s € Endp,(E) such that

Tr(s) = 0, supycy |S|(X) < +oo and sup,cx |[Kg(S, h)|(x) < M (for h = mho), we have

sup |s|(x) £ C1 + CaLg(h, ho).
xeX

Proof. The proof follows the same strategy as that of Proposition 5.3 of [45]. First, using the fact that

sup |Kg(E, ho)|(x), su)r; |Kg(S, h)|(x) < M,
xXe

by Lemmas 6.35 and 6.36 it follows that

sup [s|(x) < C1 + Co|s]|px
xeX
(see section (5.4) in [47], in particular equation (5.4.2)).

Suppose now that the statement is false. We can then find s € Endp (E) as in the statement, which
contradicts the inequality we want to prove, and such that ||s||;: is arbitrarily large. This means that there is
a sequence of real numbers Cr, going to +eo, and a sequence of s, € Endy, (E) such that Tr(sm) = 0, ||Sm||
going to infinity, and for which

|Ismllr2 = Cm + Lg(hm, ho),

where we let -
hm = eXp(Sm)ho.

We now let

- Sm

lsmllp”

so that ||um||;1 = 1 and sup,cy |um|(x) is bounded. The same proof of Lemmas 5.4 and 5.5 of [45] shows that
the um’s converge weakly in L? to a non-trivial u. € L?End(E) which verifies the following properties:

Um :

. f @ : RxR — R, is a smooth function such that @(x, y) < ﬁ for every x > y, and if Uy, ; = [ug p ;] is the
matrix representing u., ; with respect to a local frame of E;, we have

r
i/Tr(Kg(E, ho)oum)0§+/ Z 10U p i@, Ap) < 0,

X X a,b=1
where A4, - -+ , Ay are the eigenvalues of Uc.
. The eigenvalues A4, - - - , Ay of U are constant and not all equal.

Now, the same argument in the proof of Lemma 5.3 of [45] provides a weakly holomorphic subbundle S of E
such that ug(S) = ug(E) (see the proof of Lemma 5.7 of [45]), getting a contradiction. O

6.5.3 Proof of Proposition 6.33

We are now ready to present a proof of Proposition 6.33

Proof. Consider a solution 4 : [0, +o0) —» Herm*(S) of the evolution equation, whose existence is proved
in Proposition 6.34. We let Eo := 7(0) and hy := %(t) for every t > 0. We let )N‘t i= fhoht and 5, := log(ft). We
may moreover suppose that det(ft) =1, so that Tr(s;) = 0.

As we saw in the previous section, we have

m'g,ho A — Ag)2
e Ap = Aa)

~ - - ro Ap—Aa _ _ _
B 0 = [iTR 8,0 0500 + [ 32 1850 o
X X
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Consider now the push-forward 71+S: it is an a—twisted coherent sheaf on X which is locally free outside
the closed subset Z we blow-up to obtain 7 : X — X. As 7~ 1(Z) has measure zero and X \ Z is isomorphic,
via 71, to X \ 77 1(Z), the same argument presented in section 6.5.2 shows that

-Ap-2A0)-1
(Ap — Aa)? )

o) = [ 11K G, o) 0500} + [ S [0S

ngh
x\z X\z @b=1

We now prove that there are two constants C1, C, > 0 such that
|[Sellr < C1 + CzLi'g,ﬁo(hf)’

at least for t varying in a sequence going to +co,

Indeed, suppose that there are not such constants. Notice that Tr(s;) = 0 and, by the proof of Proposition
6.34, we have that sup, cx |Kg(§, ﬁt)\(x) is uniformly bounded. We then may apply the same proof of Lemma
6.37 to get an a—twisted coherent subsheaf (over X \ Z) & of .S such that 0 < k(%) < rk(71+S).

As Sis a " a—twisted subbundle of 7" E , it follows that .S is an a—twisted coherent subsheaf of E over
X\ Z. It follows that over X \ Z the sheaf & is an a-twisted coherent subsheaf of E. One may then apply the
same construction of section 7 of [49] (locally and then gluing, like in the proof of Lemma 5.12) to prove that
F extends to an a—twisted coherent subsheaf of E with 0 < rk(%) < rk(E), and such that ug(F) = pg(E).

As E is g-semistable we then get pg(F) = ug(E). But since rk(F) < rk(11+S) = rk(S), we get a contradiction
by the minimality of S. In conclusion, it follows that there are two constants C1, C, > 0 such that

[Sellis < C1+ C2L3, 5 (ho),

at least for ¢ varying in a sequence going to +oo, getting the statement.
But this implies that LS e > - Q , atleast for ¢t varying in a sequence going to co. Hence LS g isbounded
0 >
from below along any solution of the evolution equation, and hence we conclude the proof. O
Another result that we will use in the proof of the approximate Kobayashi—Hitchin correspondence is the

following:

Proposition 6.38. Let X be a compact Kdihler manifold with Kdhler metric g and m : X —Xa blow-up.
Let E be a " g-semistable " a—twisted holomorphic vector bundle on X, and let S be a i a—twisted coherent
subsheaf of maximal rank among the " a—twisted coherent subsheaves of " E such that U g(rr*E) = Uy g(S).
Then there is a constant C such that for every E, ke Herm*(n"E) we have Li* g(ﬁ, E) > C.

Proof. We construct a regularization 71 : X; —» X of the exact sequence
0—S—mTE—Q—0.

Using the same proof of Proposition 6.33 we provide a proper a—twisted torsion-free coherent subsheaf & of
mnl*g such that ug(F) = yg(mnl*g).

We let Z be the closed subset of X we blow-up to get X.Recall that since Sisa my " a—twisted holomorphic
subbundle of n]E on X \ Z, the a—twisted sheaf & is an a—twisted subsheaf of 1+E.

This induces a map & —» ni+E of a—twisted sheaves, and composing with the natural map 7" n«E —» E
we then get a morphism j : "% — E of m" a—twisted sheaves, which is injective over 7~1(Z). Hence ket(j) is
a " a-twisted sheaf whose support is contained in 771(Z2).

Consider now the exact sequence

0 — ker(j)) — 7' F — 1 F/ ker(j) — 0,

and recall that by Lemma 4.10 and its proof, we have

deg,(ker(j)) = / rr*ag =0,

%4



92 —— Arvid Perego DE GRUYTER

since V is the closure of the locus where a holomorphic section of ker(j) vanishes, which is contained in Z. It
follows that
dEgn*g(ﬂ*g) = dEgn*g(n*'GfT/ ker(j)),

and as these two sheaves have the same rank we get
Mg (T F) = Uy o (1 F [ Kex(j)).

But now notice that 7" % / ker(j) is a " a—twisted coherent subsheaf of E, and as E is 7" g-semistable we
get finally that p,-o (1. F | ker(j)) = p+o(E). Since the rank of 71" % / ker(j) equals the rank of 7" %, and this is
smaller than the rank of S, we get a contradiction with respect to the minimality of S. We may now apply the
same strategy as in the proof of Proposition 6.33 to get the lower boundedness of Li* g O

6.6 Conclusion of the proof

We are now in the position to prove Theorem 6.1, namely that an a—twisted holomorphic vector bundle E on
a compact Kahler manifold with Kahler metric g is g—semistable if and only if it is approximate g—Hermite-
Einstein.

By Theorem 4.23 we know that if E is approximate g—Hermite-Einstein, then it is g-semistable. We need
to prove the converse, and by Proposition 6.21 it is sufficient to prove that the Donaldson Lagrangian L, ; is
bounded below for every k € Herm™(E). We will need the following:

Lemma 6.39. Let X be a compact Kéhler manifold with Kdihler metric g, mt : X—Xa blow-up.

1. IfEis a g-semistable a—twisted holomorphic vector bundle on X, then n"E is a " g—semistable n" a—twisted
holomorphic vector bundle on X.

2. If moreover Qis a torsion-free quotient of m'E for which we have yn*g(rr*E) = yn*g(a), then Q is
n’ g-semistable.

Proof. As degree and slope are defined even with respect to 7"g, the notion of " g—semistability is available
as well, and has the same definition as the one with respect to a Kdhler metric.

Suppose first that 7" E is not " g-semistable. There is then a proper n"a—twisted coherent subsheaf %
of m'E such that 0 < rk(%) < rk("E) and pio(F) > pyeo(n"E). As 7 is an isomorphism between X \ Z and
X\ m1(2), it follows that pg(m+F) > pg(E).

On X \ Z we have that 71+ % is a proper a—twisted coherent subsheaf of E. Since the codimension of Z is at
least two, as already explained (see the proof of Proposition 6.38) we then have that 77« is a proper a—twisted
coherent subsheaf of E on X, getting a contradiction, and hence showing the first point of the statement.

Suppose now that Qisnotn’ g-semistable, and let € be a torsion-free 7" a—twisted coherent subsheaf of
Q with 0 < rk(%) < rk(Q) and such that U g(%) > yﬂ*g(é). Then

Mrg(Q1F) < Hyrg(Q) = (' E).
Consider now the morphism
f:7TE— Q— Q/%.

Then ker(f) is a torsion-free 71" a-twisted coherent subsheaf of 7" E such that po(ker(f)) > pi (71" E).
Notice that if rk(ker(f)) = 0, then rk(7“E) = rk(Q) - rk(¥) < rk(Q), which is impossible since Q is a
quotient of 7" E. Similarly, if rk(ker(f)) = rk(n"E), then we get that rk(Q) = rk(¥), which is not possible. It
follows that ker(f) is a torsion-free 1*a—twisted coherent subsheaf of 7°E such that 0 < rk(ker(f)) < rk(n"E)
and p-g(ker(f)) > pro(m"E). As ' E is " g—semistable, this is impossible, and we are done. O

We are now in the position to prove Theorem 6.1:
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Proof. By Theorem 4.23 we just need to show that if E is g—semistable, then it is approximate g—Hermite-
Einstein. By Proposition 6.21 we just need to prove that the Donaldson Lagrangian of E with respect to g is
bounded below, i. e. we need to prove that for every k € Herm*(E) there is a constant M € R such that
Lg(h, k) = My for every h € Herm*(E). Fix then k € Herm*(E).

If Eis g—stable, by Theorem 5.1 we know that E is g-Hermite-Einstein, and hence approximate g—Hermite-
Einstein by Proposition 3.25, and we are done. Suppose then that E is not g-stable, and let S be a torsion-free
a—-twisted coherent subsheaf of E such that pg(S) = ug(E) and such that Q = E/S is torsion-free. Suppose
moreover that S has minimal rank among all the subsheaves with these properties.

Consider the exact sequence

0—-S—E—Q—O. 6)

By minimality of S, we see that S is g—stable, hence by Proposition 6.21 the Donaldson Lagrangian Lg is
bounded below, i. e. for every Hermitian metric k on E there is a constant By € R such that Lg, «(h) = By for
every h € Herm*(E).

By Proposition 6.32 we have

Lg(h, k) = Lg(h, 1) + LE(h, ) + ||ChllF2 || Cil 32
Notice that ||Cp,||2, is positive and ||Cy||2, is fixed once k is fixed. We then have
Lg(h, k) = B + || Cillf2 + L (R, ),

so we just need to prove that there is a constant N € R such that Lg(h, k) = N for every h € Herm*(E).
Take now a regularization 77 : X — X of the exact sequence (6), so that we get an exact sequence

0—>§—>H*E—>6—>0.

We know that L2(h, k) = Lg*g(ﬁa, k9.
As E is g-semistable we know by Lemma 6.39 that the pull-back 7" E is 7" g—semistable. Moreover, since
Ug(S) = ug(E), we get that
M ¢(Q) = pg(Q) = pg(S) = g (' E).

By Lemma 6.39 we conclude Qisn’ g-semistable. If it is 7" g—stable, we are done.

Suppose then that Q is not 71°g—semistable. Let S; be a torsion-free 7* a—twisted coherent subsheaf of Q
such that 0 < rk(S1) < rk(Q), urg(S1) = Uy (Q), and the quotient Q/S; is torsion-free. Choose S to have
minimal rank among all the subsheaves with these properties. We then see that S; is 7 g—stable, and hence
from Proposition 6.38 we know that there is a constant P% such that Li 1g(h, k) = P% for every h € Herm™(Q).

Again we have B

L2 (h 10 = L3t (h, 1) + L (B, 1) + [[ChllE — |Gl
where Q; = 6 /S1. As before, the problem is reduced to prove that there is a constant W% such that Lg}g(h, %) >
W forevery h € Herm*(Q).
To do so we blow up again 1, : X3 — X in order to provide a regularization of Q. By Lemma 6.39 we

know that 61 is n; n" g-semistable, and we have rk(él) < rk(é). After a finite number of steps of this type we
then have to stop, concluding the proof. O

6.7 Corollaries

We conclude the present paper with some easy corollaries of the (approximate) Kobayashi—Hitchin corre-
spondence which may prove to be useful for some applications. The first two corollaries are immediate ap-
plications of Theorem 1.1 and Propositions 3.12, 3.29, 3.10 and 3.27

Corollary 6.40. Let E be an a—twisted holomorphic vector bundle.
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1. IfE is g-stable, then N\PE and SymPE are g—polystable.
2. IfE is g-semistable, then N\PE and SymPE are g—semistable.

Corollary 6.41. Let E be an a—twisted holomorphic vector bundle and F a §-twisted holomorphic vector bun-
dle.

1. IfE and F are g-stable, then E ® F are g—polystable.
2. IfE and F are g—semistable, then E ® F are g—semistable.

The following is known as Bogomolov’s inequality.

Corollary 6.42. Let E be a g—semistable a—twisted holomorphic vector bundle of rank r. Then

/ ((r - Der(EY? - 2rcy(B) A ol < 0.
X

Proof. The proof is identical to that of Theorems 4.7 and 5.7 in Chapter IV of [29]. Se even Theorem 2.2.3 and
Corollary 2.2.4 of [35]. O

References

[1] B. Anchouche, I. Biswas: Einstein-Hermitian connections on polystable principal bundles over a compact Kahler manifold.
Am. J. Math. 123 (2001), 207-228.

[2] S.Bando, Y.-T. Siu: Stable sheaves and Einstein-Hermitian metrics. In Geometry and analysis on complex manifolds, World
Scientific Publishing, River Edge, N) (1994), 39-50.

[3] D.Banfield: Stable pairs and principal bundles. Quart. J. Math. 51 (2000) 417-436.

[4] O.Biquard: Sur les fibrés paraboliques sur une surface complexe. J. London Math. Soc. 53, vol. 2 (1996), 302-316.

[5] I. Biswas, A. Jacob, M. Stemmler: Existence of approximate Hermitian-Einstein structures on semistable principal bundles.
Bull. Sc. Math. 136, vol. 7 (2012), 745-751.

[6] I.Biswas, M. Stemmler: Hermitian-Einstein connections on polystable parabolic principal Higgs bundles. Adv. Theor. Math.
Phys. 15, vol. 5 (2011), 1503-1521.

[7]1 S.Bradlow: Special metrics and stability for holomorphic bundles with global sections. /. Diff. Geom. 33 (1991), 169-214.

[8] S. Bradlow, O. Garcia-Prada, I. Mundet i Riera: Relative Hitchin—Kobayashi correspondence for principal pairs. Quart. /.
Math. 54 (2003), 111-170.

[9] N. P. Buchdahl: Hermite-Einstein connections and stable vector bundles over compact complex surfaces. Math. Ann. 280
(1988), 625-648.

[10] N. P.Buchdahl: Blowups and gauge fields. Pacific ). Math. 198, vol. 1 (2000), 69-111.

[11] A. Caldararu: Derived Category of Twisted Sheaves on Calabi-Yau Manifolds. PhD Thesis Cornell (2000).

[12] A. Caldararu: D-branes, Bfields and Ext groups. Adv. Theor. Math. Phys. 7 (2003), 381-405.

[13] S.A.H. Cardona, O. Mata-Gutiérrez: On Gieseker stability for Higgs sheaves. Diff. Geom. appl. 53 (2017), 169-181.

[14] D. Chatterjee: On the construction of Abelian gerbs. PhD Thesis, Cambridge (1998).

[15] S. K. Donaldson: A new proof of a theorem of Narasimhan and Seshadri. J. Differential Geom. 18 (1983), 269-278.

[16] S. K. Donaldson: Anti-self-dual Yang-Mills connections over complex algebraic surfaces and stable vector bundles. Proc.
Lond. Math. Soc. 50, vol. 3 (1985), 1-26.

[17] S. K. Donaldson: Infinite determinants, stable bundles and curvature. Duke Math. J. 54, vol. 1 (1987), 231-247.

[18] P. Gauduchon: Sur la 1-forme de torsion d’une variété hermitienne compacte. Math. Ann. 267 (1984), 495-518.

[19] ). Giraud: Cohomologie non abélienne. Grundlehren 179, Springer-Verlag (1971).

[20] R. Goto: Kobayashi—Hitchin correspondence of generalized holomorphic vector bundles over generalized Kdhler manifolds
of symplectic type. Preprint version: arXiv:1903.07425.

[21] N. Hitchin: Lectures on Special Lagrangian Submanifolds. Lectures given at ICTP School on Differential Geometry (1999),
preprint version: math.DG/9907034.

[22] N. Hitchin: The self-duality equations of a Riemann surface. Proc. London Math. Soc. 55, vol. 3 (1987), 59-126.

[23] R.A.Horn, C.R. Johnson: Matrix Analysis. Cambridge University Press (1985).

[24] D.Huybrechts, M. Lehn: Stable pairs on curves and surfaces. J. Alg. Geom. 4, vol. 1(1995), 67-104.

[25] A. Jacob: Existence of approximate Hermite-Einstein structures on semi-stable bundles. Asian J. Math. 18, vol. 5 (2014),
859-884.



DE GRUYTER Kobayashi—Hitchin correspondence for twisted vector bundles = 95

[26] M. Karoubi: Twisted bundles and twisted K—theory. Clay Math. Proc. 16 (2012), 223-257.

[27] S. Kobayashi: First Chern class and holomorphic tensor fields. Nagoya Math. J. 77 (1980), 5-11.

[28] S. Kobayashi: Curvature and stability of vector bundles. Proc. Jap. Acad. 58 (1982), 158-162.

[29] S.Kobayashi: Differential geometry of complex vector bundles. Pub. Math. Soc. Japan 15 (1987), lwanami Shoten and Prince-
ton University Press.

[30] N.C. Leung: Einstein type metrics and stability on vector bundles. J. Diff. Geom. 45 (1997), 514-546.

[31] J. Li: Hermitian-Einstein metrics and Chern number inequalities on parabolic stable bundles over Kahler manifolds. Comm.
Anal. Geom. 8 (2000), 445-475.

[32] J.Li, S.-T. Yau: Hermitian-Yang-Mills connection on non-Kdhler manifolds. Math. aspects of string theory (S.-T. Yau ed.) World
Scient. Publ. (1987).

[33] M. Lieblich: Moduli of twisted sheaves. Duke Math. J. 138, vol. 1(2007), 23-118.

[34] M. Liibke: Stability of Einstein-Hermitian vector bundles. Manuscripta Math. 42 (1983), 245-257.

[35] M. Liibke, A. Teleman: The Kobayashi—Hitchin correspondence. World Scientific Publishing, Singapore (1995).

[36] M. Liibke, A. Teleman: The universal Kobayashi—Hitchin correspndence on Hermitian manifolds. Mem. Amer. Math. Soc.
(2006).

[37] T. Mochizuki: Kobayashi—Hitchin correspondence for tame harmonic bundles and an application. Astérisque 309 (2006).

[38] T. Mochizuki: Kobayashi—Hitchin correspondence for tame harmonic bundles Il. Geom. Top. 13, vol. 1 (2009), 359-455.

[39] T. Mochizuki: Kobayashi—Hitchin correspondence for analytically stable bundles. Trans. Amer. Math. Soc. 373 (2020), 551—
596.

[40] I. Mundet i Riera: A Hitchin—Kobayashi correspondence for Kihler fibrations. J. reine angew. Math. 528 (2000), 41-80.

[41] M. K. Murray: An Introduction to Bundle Gerbes. In The Many Facets of Geometry: A Tribute to Nigel Hitchin, Oxford Scholar-
ship Online (2010).

[42] M.S. Narasimhan, C. S. Seshadri: Stable and unitary vector bundles on a compact Riemann surface. Ann. of Math., Second
Series 82 (1965), 540-567.

[43] A.Perego, M. Toma: Moduli spaces of bundles over non-projective K3 surfaces. Kyoto J. Math. 57, vol. 1 (2017), 107-146.

[44] B.Steer, A.Wren: The Donaldson—Hitchin—Kobayashi correspondence for parabolic bundles over orbifold surfaces. Canad.
J. Math. 53 (2001), 1309-1339.

[45] C.Simpson: Constructing variations of Hodge structure unsing Yang-Mills theory and applications to uniformization. J. Amer.
Math. Soc. 1, vol. 4 (1988), 867-918.

[46] C.Simpson: Harmonic bundles on non-compact curves. J. Amer. Math. Soc. 3 (1990), 713-770.

[47] Y.-T. Siu: Lectures on Hermitian-Einstein Metrics for Stable Bundles and K&hler-Einstein Metrics. DMV Seminar, Band 8.
Birkhiuser Verlag, Basel-Boston (1987).

[48] M. Thaddeus: Stable pairs, linear systems and the Verlinde formula. Invent. Math. 117 (1994), 181-205.

[49] K. K. Uhlenbeck, S.-T. Yau: On the Existence of Hermitian-Yang-Mills Connections in Stable Vector Bundles. Comm. Pure
Appl. Math. 39 (1986), 257-293.

[50] K. K. Uhlenbeck, S.-T. Yau: A note on our previous paper: On the Existence of Hermitian-Yang-Mills Connections in Stable
Vector Bundles. Comm. Pure Appl. Math. XLIl (1989), 703-707.

[51] S.Wang: Objective B-fields and a Hitchin-Kobayashi correspondence. Trans. Amer. Math. Soc. 364 (2012), 2087-2107.

[52] K.Yoshioka: Moduli spaces of twisted sheaves on a projective variety. Adv. Stud. Pure Math. 45 (2006), 1-30



	1 Introduction
	2 Connections and metrics
	2.1 Twisted vector bundles
	2.2 Operations with twisted bundles
	2.2.1 Properties of morphisms

	2.3 Connections and curvatures
	2.4 Connections and holomorphic structures
	2.5 Hermitian metrics and connections
	2.6 Connections and metrics on associated bundles
	2.7 Subbundles and quotients
	2.7.1 Hermitian metrics and orthogonals
	2.7.2 Connections and orthogonals

	2.8 Hermitian forms and Hermitian endomorphisms
	2.8.1 Endomorphism from a Hermitian metric
	2.8.2 Hermitian endomorphisms

	2.9 Space of Hermitian metrics
	2.9.1 Riemannian metric and geodesics
	2.9.2 The vector bundle of Hermitian forms
	2.9.3 Norms


	3 Hermite-Einstein condition
	3.1 Chern classes from Chern connection
	3.2 Mean curvature
	3.3 Hermite-Einstein metrics
	3.4 First Chern class and Hermite-Einstein
	3.5 Hermite-Einstein and weak Hermite-Einstein
	3.6 Approximate Hermite-Einstein

	4 Semistability for twisted vector bundles
	4.1 Singularities of twisted sheaves
	4.1.1 Singularity sets of twisted sheaves
	4.1.2 Torsion of twisted sheaves

	4.2 Semistability for twisted sheaves
	4.3 Hermite-Einstein implies polystable
	4.4 Approximate Hermite-Einstein implies semistable

	5 The Kobayashi—Hitchin correspondence
	5.1 Solution of the equation L1=0
	5.2 Closure of J(f1)
	5.3 Existence of Hermite-Einstein metrics

	6 Approximate Kobayashi—Hitchin
	6.1 Donaldson's Lagrangian
	6.1.1 The Donaldson Lagrangian is path-independent
	6.1.2 Critical points of the Donaldson Lagrangian

	6.2 The evolution equation
	6.2.1 Uniqueness and convergence of solutions
	6.2.2 Short-time solution
	6.2.3 All-time solution
	6.2.4 Properties of the solution

	6.3 Regularization of twisted sheaves
	6.3.1 Blow-ups and regularization of subsheaves
	6.3.2 Metrics, curvatures and regularization

	6.4 Regularization and Donaldson's Lagrangian
	6.4.1 Definition of the Lagrangian for torsion-free subsheaves
	6.4.2 Relations between the Lagrangians

	6.5 A lower bound
	6.5.1 Existence of a solution of the evolution equation
	6.5.2 Bounds and subsheaves
	6.5.3 Proof of Proposition 6.33

	6.6 Conclusion of the proof
	6.7 Corollaries


