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Abstract: Two metrics are said to be projectively equivalent if they share the same geodesics (viewed as
unparametrized curves). The degree of mobility of a metric g is the dimension of the space of the metrics
projectively equivalent to g. For any pair of metrics (g, ) on the same manifold one can construct a (1, 1)-
tensor L(g, g) called the Benenti tensor. In this paper we discuss some geometrical properties of Benenti
tensors when (g, g) are projectively equivalent, particularly in the case of degree of mobility equal to 2.
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1 Introduction

In the present paper, the word metric is used for both Riemannian and pseudo-Riemannian metrics, unless
otherwise specified. The Einstein summation convention will be used.

Definition 1.1. We say that two symmetric affine connections on the same manifold M are projectively
equivalent if they share the same geodesics (as unparametrized curves). The set of all connections projectively
equivalent to a given connection I' is called the projective class of such connection or the projective connection
determined by I'. Two metrics are projectively equivalent if their Levi-Civita connections are so.

We use the term projective connection mainly when we refer to a system of ordinary differential equations
(ODE) that represents a certain projective class. Below we describe how to construct this representative
system.

Definition 1.2. A projective transformation is a (local) diffeomorphism of M that sends geodesics into
geodesics (Where geodesics are to be understood as unparametrized curves). A vector field on M is projective if
its (local) flow acts by projective transformations.

Locally, two symmetric affine connections I and I are projectively equivalent if and only if
Fgc =fgc_6Z¢C_6g¢b @)

where ¢; are the components of a 1-form, cf. [1-3]. For a detailed explanation and proof of this statement
see for instance [4]. From an ODE perspective, the projective class of a given symmetric affine connection I
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can be understood as follows. Let (u*, u?, ..., u") = (x, u?, ..., u") be a system of coordinates on M. Then I'
gives rise to a system of second order ordinary differential equations

uky = -ty - I% - 8friul — (I8 - 28Fripuiad, + rhullul, k=2,...,N, i,j=2, Q)

obtained by eliminating the external parameter from the classical geodesic equations (see for instance [5]).
We can interpret system (2) as the projective connection associated to I'. In fact, as we said, two connections
I'and T are projectively equivalent if and only if they are related by (1) and connections linked by (1) give the

same system (2); in other words, for any solution (u%(x), ..., u"(x)) to (2), the curve (x, u?(x), ..., u"(x))
is a geodesic of I' up to reparametrization. From this perspective, local diffeomorphisms (u?, ..., u") >
(et vN), (Y L, vY) preserving (2) (finite point symmetries) are projective transformations

of I as they send geodesics into geodesics. Infinitesimal point symmetries of (2) are projective vector fields
of I and generate a 1-parametric family of projective transformations.

Taking into account what we said so far, and the form of system (2), the following system of ODE defines
a (N-dimensional) projective connection:

k gk gk gk i gl ook . k _ ok
Uy = fi1 + flill + fjutd + fj uxbhuy, k=2,...,N, i,j=2, fi=f;. 3)

Note that, for N = 2, system (2) reduces to a single ODE, namely the classical 2-dimensional projective
connection associated to a 2-dimensional metric

uxx=—Ff1+(1"%1—2Ff2)ux—(1“%2—21"%2)11,2(+F%2u,3(

where (x, u, Uy, Uxx) := (U, u?, u2, uz,). Furthermore, (3) reduces to a single ODE having on the right hand
side a general polynomial of third degree in the first derivatives, i.e., a general 2-dimensional projective
connection, extensively studied, for instance, in [6-8].

For N > 2, the right-hand side term of (3) is not a generic third order polynomial in the first derivatives u%.
Indeed, in any equation forming such a system, not all monomials of third order degree appear.

In [9] Benenti introduced, in the context of Riemannian manifolds, a certain conformal Killing (2, 0)-
tensor, that he called L-tensor in [10, 11]. After lowering one index by using the metric, one obtains a
self-adjoint (1, 1)-tensor, whose eigenspaces play a central role in the theory of orthogonal separation
coordinates. Most importantly, there exist separable coordinate systems associated to certain subspaces of
Killing tensors (so-called Killing-Stickel spaces, see Section 3 in [12]) for which the basis can be obtained from
one single L-tensor, see e.g. Formula (2.21) and Remark 2.1 in [9] or, more recently, Theorem 8.1 in [12].

A number of subsequent papers is devoted to the historical context and geometric significance of this
class of tensors, e.g. [13-15], from which we take the following definition.

Definition 1.3 ([13, 15]). Let g be a Riemannian metric on a N-dimensional manifold M. A non-degenerate
(1, 1)-tensor field L on M is called a Benenti tensor field with respect to g if L is self-adjoint and satisfies

1. The Nijenhuis tensor of L is identically zero;

2. For the functions H := 1gVp,pj, F := gL’ p;p;, we have

otrace(L) ;i
(H,F} =2H (axi gupl)

where X', pj are the standard coordinates on the cotangent bundle T'M and {,, } is the standard Poisson
bracket between functions on T'M.

A link between Benenti tensors and projectively equivalent metrics is given by the following theorem.

Theorem 1.4 ([15] and Section 5 of [10]). The Riemannian metrics g, g are projectively equivalent if and only

if )
L(g,8) - (jg:g) " glg @)

is a Benenti tensor for g.
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An analogous result holds for pseudo-Riemannian metrics, see, e.g., [8]. In what follows, the pseudo-
Riemannian case is going to be included. Following the terminology in [15], a tensor defined by (4) is referred
to as a Benenti tensor. In contrast to Definition 1.3, however, we do not fix a metric.

Definition 1.5. We define the Benenti tensor for a (ordered) pair of (Riemannian or pseudo-Riemannian)
projectively equivalent metrics (g, §) by Formula (4).

Benenti tensors (4) that are constructed starting from a pair of projectively equivalent metrics become
particularly useful in many areas of projective differential geometry. They have been successfully used,
e.g., in the proof of the Lichnerowicz-Obata conjecture [4], the splitting-gluing construction of geodesically
equivalent metrics [16], at the crossroads of geodesic equivalence and integrability [19], the solution of Lie’s
Second Problem [6], in the context of general relativity [4], and others.

In the present paper we show how Benenti tensors, as defined in Definition 1.5, are helpful for studying
the structure of the space of metrics projectively equivalent to a given one. In Section 2 we basically
characterize such a space as a complement of an algebraic variety. Then we focus our attention to the case
when the projective class of the initial metric contains, roughly speaking, also non-proportional metrics. In
Section 4, under this assumption, we study the case when there exists a projective vector field. In particular,
we investigate the Lie derivative of Benenti tensors along such a vector field. In Section 5 we use the results
of Sections 2 and 4 for studying 3-dimensional Riemannian metrics of Levi-Civita type admitting a projective
vector field.

2 Degree of mobility, metrizable projective connections and
Benenti tensors

A classical question is to see if a projective connection is metrizable, i.e., if there exists a Levi-Civita connection
whose corresponding projective connection is the given one.

In local coordinates, the projective connection (3) is metrizable if there exists an N-dimensional metric g
such that (2), whereI" = Fl’fk is the Levi-Civita connection of g, is equal to (3). This is equivalent to the existence
of a solution to the following system of 3 N(N - 1)(N + 2) PDEs

~TY =Y, —@I% = 85T = fim, —(Q2 = 8 = 268T1 = 26/ T1) = fro s T =fi
k,i,jym=2,...,N (5

where the Christoffel symbols are given by
i _ 1 in
i = 58" (8n,j + 8nik =~ Sjkn) -

System (5) is highly non-linear in the unknown functions g;;, but, it turns out that if we perform the
substitution

o := det(g)"1g" € S2(M) ® (AN (M), )
we obtain a linear system in the unknown variables ¥. Of course, (6) does not make sense if g is negative-
definite. Therefore, without further mentioning, in (6) and in the remainder of the paper, the fractional
exponent implies that we use the absolute value of the base expression unless stated otherwise. We have
the following theorem.

Theorem 2.1 ([17]). A metric g on an N-dimensional manifold lies in the projective class of a given connection T
if and only if oV defined by (6) is a solution of

Vo’ - ﬁ(&ﬁvioib +62v;0) =0, @)

where V is the covariant derivative of I'.
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Note that Theorem 2.1 implicitly contains the assumption det(o) # 0, as oY otherwise does not correspond to
a metric. Furthermore, note that, since o is a weighted tensor field,

Vaabc = Of’ac+1"gd0dc+l"gd0db Fgaabc,

2
"N+1
where “, a” stand for the derivative w.r.t. the a-coordinate. Of course, the set of solutions to the linear
system of PDEs (7) form a linear space. Note that in terms of solutions of system (7), taking into account (6),
Formula (4) takes the compact form

L(0,5):=60".

Definition 2.2. Let g be a metric and I its Levi-Civita connection. The (linear) space of solutions to system (7)
is denoted by 24(g) (or 2 in short when there is no risk of confusion) and its dimension is called the degree of
mobility of g.

Since the degree of mobility is the same for any choice of metric g within a given projective class, it is also
reasonable to call the degree of mobility of g the degree of mobility of its projective class (or of its projective
connection).

Let us recall that, in general, a solution ¢ to (7) can be such that det(g) = 0, implying that there is no
metric corresponding to ¢ via (6). In the current section, we would like to understand the structure of the
solution space of (7). We begin by showing that the ‘desired’ solutions lie dense among all solutions of the
system (7). From now on we assume a metrizable projective connection.

Proposition 2.3. Assume a metrizable projective connection and let 21 denote the (linear) space of solutions
to (7). Then there is a basis of 21 made up of full-rank solutions and the set

{0 solution to (7) : det(d) #0} c A
of full-rank solutions to (7) is dense in 2.

Proof. By the hypothesis, there exists a metric g such that its Levi-Civita connection lies in the initial
projective class. This means that, taking into account formula (6), ¢ - ¢ is a full-rank solution to system (7) for
each ¢ € R\ {0}. This (punctured) line lies in an open subset of 2 as the condition to be of maximal rank is
an open one. This implies that we can choose k linearly independent solutions to system (7), where k is the
degree of mobility of the metric g. Denote those solutions by (o4, ..., 0;) and consider the equation

det <ZK,-0,-> =0, KieR.
i

The above equation defines an algebraic variety in 21 which is a zero-measure set in 2 ~ R¥, so that its
complement is dense in 21. O

Note that, in view of Proposition 2.3, the degree of mobility of a metric g is a “measure of the size” of the
projective class of g.

Let us now consider the case when the projective class has degree of mobility 2, i.e. dim(2) = 2. The
assumption of degree of mobility 2 is justified for the following reasons: If the degree of mobility is less
than 2, the situation is somehow trivial since all projectively equivalent metrics are proportional. Secondly,
for compact connected manifolds of dimension N > 3, in [18] it is proved, under mild assumptions, that either
the degree of mobility of the projective class is at most 2 or the projective class is made of affinely equivalent
metrics. Lastly, for 2-dimensional metrics, there always exists a (at most) 2-dimensional subspace of 2,
invariant under the action of an essential (i.e., non-homothetic) projective vector field, and for 3-dimensional
metrics of non-constant curvature, the degree of mobility is at most 2 (see again [18]).

We shall see that the properties of Benenti tensors are closely linked to lower-rank solutions of (7).
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Proposition 2.4. Consider a metrizable projective connection with degree of mobility 2. Let (g1, g2) be a pair of
non-proportional, projectively equivalent metrics and L their Benenti tensor. Assume that L admits the constant
eigenvalue t. Then any linear combination

Ky g7 det(g)™ + K, g5" det(g,)™1, K cR
with K1 = —K> t is a degenerate solution of (7), and vice versa.

Proof. Let 0; be obtained from g; as in (6). Eigenvalues of L are roots of the characteristic polynomial det(L —
t Id). Multiplying by det(cd1) # 0, we get

0 = det(L - tId) det(o1) = det(o;, - to) .

The backwards direction of the proof follows by the same argument. O

We have thus established that we can obtain lines of lower rank in 2( by finding the roots of the characteristic
polynomial of a Benenti tensor. Let us now shift our attention from the properties of a specific Benenti tensor
to transformations between Benenti tensors. In Definition 1.5 the ordering of the pair (g1, g>) is important.
For instance, if we exchange the ordering of the pair (g1, g>) in Definition 1.5, the Benenti tensor is replaced
by its inverse. On the other hand, if we fix the direction of the first component of the pair (g1, g2), we obtain
the following.

Proposition 2.5. Let L be a Benenti tensor field of the metric g. The transformation L - rL + tId, with
r € R\ {0} andt € R, maps a Benenti tensor of g to a Benenti tensor of g. Conversely, let g have degree
of mobility 2. All Benenti tensors (4) of pairs (g, ) where g is a metric projectively equivalent to g are then
linked by a transformation of this kind.

Proof. The first part is easily confirmed by checking the properties in Definition 1.3. For the second part, let
g be a metric projectively equivalent to g. Since the degree of mobility is 2, we have that any Benenti tensor
of a pair with g as its first entry is given by an element of the family

Lyg=(ac+Bo)o’ (aeR,BeR\{0})

where we obtain, respectively, g, & via (6). Therefore Lyg =« Id +BL with L being the Benenti tensor field of
(g, &), which proves the assertion. O

3 Comparison with Benenti’s terminology

Let us briefly comment on Definitions 1.3 and 1.5. Definition 1.3 is deeply rooted in Riemannian geometry
as, in fact, the construction of (orthogonal) separable coordinates is strongly related to the existence of real
eigenvalues of the (1, 1)-tensor L. In the present paper, however, pseudo-Riemannian metrics are usual rather
than exceptional. Definition 1.5 takes account of this setting, and corresponds to the definition of a J-tensor
in [10] by Benenti. The L-tensor of Definition 1.3 is a special J-tensor, compare also Section 11 of [10].

3.1 Tensors introduced by Benenti

In addition to J and L, there are other objects in the literature that are closely related to the objects studied
here. We devote this subsection to a comparison of these objects with the ones used in the present paper. To
keep the exposition clear and brief, without going to far astray from the actual purpose of this paper, we shall
focus on reference [10] and compare the objects studied there with those introduced in the previous sections.
Basically, [10] discusses four different kinds of special (2, 0)-tensors, called A, B, J and L (the (1, 1)-tensors
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obtained by index-shifting are denoted by boldface letters A, B, J, L in the reference). To facilitate an easy
comparison between conventions, we use the notation of [10] within this subsection, but not outside it.

As already briefly touched upon, the Benenti tensors we introduced in Definitions 1.5 and 1.3 correspond,
respectively, to J-tensors and L-tensors of [10].

Asisremarked in item (i) on page 39 of [10], J-tensors form a linear space, while A and B do not. The reason
is that J-tensors are very similar to the (weighted) tensors o that appear after linearization of the metrizability
problem, see (7) and also [6, 7, 17]. In this sense, the objects ¢ are more “natural” in this context.

Below we write a more specific correspondence between the objects we introduced, especially o and (4),
and the conformal Killing tensors introduced in [10]. To begin with, tensors J¥ of [10] satisfy similar equations
as 0 (see Formula (6)), cf. Equation 8(c) and Remark 3.6 of [10] and Equation (2.3) of [17], and in addition
Equation (7). In [10], as we said above, the (1, 1)-tensor J is introduced by lowering one index of J: Ji = g;;J’".
Now, let g be a projectively equivalent metric to g. In Sections 4 and 5 of [10], in this case, it is introduced the
tensor B = u g, where u = det(J). Also, J = B™1. This allows us to compute the tensor J in terms of g and 2.
More precisely

L1
I=I-g=B1g=ﬁg1g €)
so that 1 det(e)
et
H=detl) = ¥ Ger(e)

which, substituted into (8), gives (4).
In [10], another class of tensors is considered, defined by A = adj(J) := det(J)J 1. This A-tensor links J-tensors
to integrals of motion, by grace of the following formula (see, e.g., [19]):

1(§) = det() 07 (&), &) = 5(A(£), ). ©)

The function (9) is an integral of motion for the Hamiltonian H = g(¢, &), where &' = gV pj, with p; denoting
momenta, p € T"M.

3.2 Pencils of Benenti tensors

Propositions 2.4 and 2.5 use a certain freedom in the definition of the Benenti tensor. If we fix a point g, € 2
then any non-proportional ¢, € 2 defines a (non-trivial) Benenti tensor L = L(o1, 03) by (4). Moreover, we
can rescale g; and 0, by non-zero constants. This defines a pencil

Lse=s(L+tI1d) for teR,se R\{0}, (10)
which gives rise to a family of integrals of motion,

I5,(8) = det(Ls,0) g(L5.:(8), £) .

This formula works, too, if -t € R coincides with an eigenvalue of L, since the (classical) adjoint of a matrix is
well-defined even for matrices with vanishing determinant. However, often certain values must be excluded to
ensure that Ls ¢ is non-degenerate (i.e., to make sure it is linked to a metric), see also item (ii) after Remark 3.2
in [10]. Note that, following Definition 1.5, a Benenti tensor is non-degenerate. Nontheless, the pencil (10)
yields a degenerate tensor if -t € R is an eigenvalue of L. A more thorough discussion of the pencils (10) can
be found, for instance, in [10, 11] (see also references therein). We mention that there is a related notion of
L-pencils, which is discussed in detail in [11].

Finally, let us remark that the freedom in (10) is not the only freedom that we allow. Indeed, we do not
need to fix o; € 2 (up to scaling), and according to Definition 1.5, an arbitrary change of the bases is possible
(as long as we do not use degenerate solutions). Most importantly we are thus, in contrast to (10), free to swap
the basis entries. This latter freedom is made use of in many of our computations.
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4 Derivative of Benenti tensors along projective vector fields

Recall that we work in degree of mobility 2. Let (g, g) be a pair of non-proportional, projectively equivalent
metrics, with corresponding solutions g, 6 in 2. Let L = L(g, g) be their Benenti tensor. In addition to this pair
we are now going to assume the existence of a projective vector field w. In general, if we have pairs (g1, g2)
and (g3, g4) with all g;, i € {1,..., 4}, in the same projective class, the respective Benenti tensors can be
very different. Let (01, 0,) correspond to (g1, g») via (6), then the Benenti tensor with respect to another pair
(a101 + 102, 2201 + B202), @182 — a2 B1 #0 and det(a;01 + B;02) #0, with a; and 8; € R, fori =1, 2, is

Lnew = (@201 + B202) (@101 + B102) 7"

So the Benenti tensor (4) heavily depends on the choice of the pair (g, g). In the current section, we pose the
question whether there is a ‘best’ choice of the pair (g, g) within their projective class.

We consider this question under the assumption of additional structure on the projective connection.
Particularly, we assume the existence of a projective vector field.

Remark 4.1. Let 2 be the solution space of (7) for a projective connection. Let w be a projective vector field for
it. Then 2 is invariant under the action of the Lie derivative w.r.t. w, i.e. for any o € 2 the Lie derivative L0 € 2.
Therefore, after choosing a basis of 2, the Lie derivative can be represented by a k x k-matrix where k denotes
the dimension of 2.

For the Lie derivative of a Benenti tensor w.r.t. a projective vector field, the following is well-known:

Lemma 4.2 (e.g. [16]). Consider a metrizable projective connection with degree of mobility 2 and Lie deriva-
tive Ly. Let w be a non-zero projective vector field. Moreover, let L be a Benenti tensor obtained from a pair of
metrics (g1, 82). Then Ly L is a quadratic polynomial in L.

Proof. We start with the invariance of the Equations (7) under £, (see Remark 4.1), which implies

a(2)-(42) (2)

for some A, B, C, D € R where 0; correspond to g; via (6). The Benenti tensor corresponding, via (6), to the
pair (01, 0,2)is L = 0,07*. Using £,07! = ~07! (Lw0) 071, we thus have

LwL = Lw(0207") = (Lw02) 071" + 02 Lwo1' = (Lw02) 07" - 02 07" (Lwor) 07"
=(Coy + Do>)o1t - L(Aoy + Boy)o = Cld+(D - A)L - BL? (11)

O

There is an obvious generalisation of Lemma 4.2 for cases with degree of mobility k > 2, yielding @

multivariate quadratic polynomials in @ Benenti tensors.
Can we modify the basis (01, 0) in such a way that the polynomial on the right-hand side of £, L =
aL? + bL + ¢ becomes particularly simple?

Remark 4.3. The simplest change of the basis (01, 05) is to just exchange the roles of the basis members. We see
that this (roughly speaking) exchanges the quadratic and the zero-degree part of the polynomial. More precisely:
L*¢>-1,L>-L.

Lemma 4.4. Ifthereis a metric g suchthat Lwg = A g for some constant A, then there is a full-rank basis (01, 02)
of A such that Ly L is a linear polynomial in L = L(01, 03).

Proof. Let oV = det(g)™1 g¥ as in Formula (6). Then

ij _ i
Lyo! = det(g)¥ (N+1

1 ij iy _ Wl U_2gY) =- Y
trg™' Lwg) g +£wg) det(g) ™ <N+1g /\g> N+1% -
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Hence we can find a basis (01, 03) of 2 such that
Lo 01 _ AO 01
()} CD (0]
with A, C, D € R. This proves the claim in view of Formula (11). O

Theorem 4.5. In any metrizable projective class with degree of mobility 2 that admits a projective vector field w,
there exists a pair of metrics (g, g) such that the Lie derivative L L of the Benenti tensor L = L(g, g) takes one

of the following forms.
1. LuwL=1L
2. LyL=L+1d
3. LwL=L?>+cld,ce R
4. LwL=0.

Furthermore, if no eigenvalue of L is constant, the normal forms can be reduced to one of the following cases:
— If L has no real eigenvalue: £.,L = L? +1d
— If Ly has exactly one real eigenvalue of geometric multiplicity 1: Ly L = 1d (or, by reordering the pair and
rescaling w, LywL = L?)
If L has two different real eigenvalues: LwL = L
If L has one real eigenvalue of geometric multiplicity 2: LwL = 0.

Proof. In view of Lemma 4.2, LyL = aL? + bL + cId for some a, b, c € R. Since a projective vector field
is defined up to multiplication by a non-zero constant, and in view of Proposition 2.5, let us consider the
transformations

w > qw, L->r(L+sld),

where g,r € R\ {0} and s € R is different from any eigenvalue of L. For the new L and w we obtain

2
LWL=ﬂ(L+sId)2+é(L+sId)+£Id=ﬂL2+<@+Q> L+<ars +§+£> Id .
q q qr q q q q q qr

Let us first assume a # 0.
In this case we can choose g = ar, such that we obtain

LWL=L2+(25+£> L+<sz+§+%) d.
ar ar  ar

o If b #0, let us further choose r = —% (this choice narrows down our remaining freedom by s # 0). We get
4ac
Lyl =L1%+s <?—1> Id,

so we arrive to normal form 3.
e If b = 0, we choose s = 0. Ifalso ¢ = 0, we have £, L = L2. If c£0, letr = £/ {% , such that we obtain again
an instance of normal form 3,

LwlL=L%+Id.

Now let us assume a = 0.
In this case we set s = 0, which gives

twl=214+ %14,
q qr
¢ Ifb#0, set g = b. Then, if ¢ = 0, we have normal form 1. Otherwise, if ¢ #0, we choose r = £, to obtain
normal form 2.
o If b = 0, set g = 1. Then, if ¢ = 0, L L = 0. Otherwise, if c #0, L, L = Id by an obvious choice of r #0. In
this latter case, due to Remark 4.3, we arrive at £, L = L?.
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Note that if a = 0, b # 0 and no eigenvalue of L is constant, we could also have chosen g = band s = —;
(with any choice of r # 0) to obtain Ly L = L.

For the second part of the claim, we can (also) proceed as follows: £, is, possibly after a change of basis,
represented by one of the matrices, with A, u € R,

() () 60),

for which by Formula (11) the corresponding polynomials are, respectively,
Lwl=@W@-ANL, LwL=-L*, LyL=u(L?+I1d).

The normal forms are obtained after a rescaling of w. O

Corollary 4.6. Consider a metrizable projective connection with degree of mobility 2. If the projective algebra
is at least 2-dimensional, there is a projective vector field w such that L, has a full-rank eigenvector and the
normal form £ L = L? + Id cannot be realized.

Proof. Let (01, 0;2) be a basis of 2l such that det(g;) # 0. Since the projective algebra is at least 2-dimensional,
we find two non-proportional projective vector fields u, v that satisfy equations

01 a a 01 01 bl b2 01
Lu = ’ LV =
(0] as ay (0] (0] b3 b4 (0]

We can assume a, # 0 and b, # 0, otherwise w would be either u or v and o, the full-rank eigenvector we are
looking for. Then, define w = b,u — a,v. We have that

C 01 _ bzal—azbl 0 01
v (0] b2a3—a2b3 b2a4—a2b4 ()

Observe that this equation does, by Theorem 4.5, not allow for the normal form £ L = L2 +1d. O

5 Example: Levi-Civita metrics in 3D

We illustrate the discussion of the previous sections by the example of Levi-Civita metrics, particularly for a 3-
dimensional manifold. We can restrict to degree of mobility 2 by Corollary 3 of [18], as for degree of mobility 1
all metrics are proportional and the projective vector field is homothetic. Metrics of the type discussed in
this section have first been constructed by Levi-Civita [20], see [21] for an English translation. Reference [22]
discusses these metrics from the viewpoint of projective differential geometry. In [4] a description is given
how to obtain Levi-Civita metrics via the method of splitting-gluing [16]. Locally, a Levi-Civita metric can be

written in the form .
g= ZS,‘ H (Xi—Xj) Xmz
=1 j+i
where €; € {+1} and where Xi(xi) are functions of one variable for each i. Particularly, in dimension 3, one
obtains, for 0 < X; < X, < X3, the Riemannian metric

X -X1)(X3-X1) 0 0
g= 0 (X5 - X2)(X2 - X1) 0
0 0 (X5 - X1)(X5 - X2)

A metric projectively equivalent, but non-proportional to g can be written, maybe after a change of coordi-

nates,
& 11 (X - Xj)
Eillj i\ A&i—4y)
§- Z Xi TTi Xk ax;
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The Benenti tensor of (g, g) has the particularly nice form
X1

Xy

Let us consider the corresponding weighted tensors defined by (6), say o and & for g, g, respectively.
Restricting to dimension 3, we find by a straightforward computation for a linear combination,

(k1 + ko X1) (k1 + ko X5)(ky + ko X5)
VX3 - X)(X3 - X1)(X1 - X3)

A solution of lower rank is characterized by vanishing of this expression, and obviously this occurs, gener-
ically speaking, if and only if the equation k; + k,X; = 0 holds for some i € {1, 2, 3}. Thus, we have to
require at least one of the functions X;(x1), X>(x2), X3(x3) to be constant. Obviously, this is in line with the
results of Proposition 2.3 and corresponds, in view of (12), to Proposition 2.4. For brevity of exposition assume
X1 = ¢ € R. Then g does not depend on the coordinate x;, implying that aixl is a Killing vector field. We see
that in such case c is a constant eigenvalue of L, as required by Proposition 2.4.

Let us now turn our attention to Lemma 4.2. Assume g to be a Levi-Civita metric that admits a projective
vector field w. For simplicity let us also assume that the Benenti tensor (12) does not admit a constant
eigenvalue, i.e. X;(x') #0 foranyi € {1,..., n}. Then we have by Lemma 4.2

det(ki0 + k,0) = , kieR.

LwL =al?+bL+cld,
which by (12) amounts to

X, X2 X, 1

Ly =a +b +c

The non-trivial equations are
wiX; = LwX; = aX? + bX; + C.

These equations have been found first by Solodovnikov in [22] as a (necessary) condition for the existence of a
projective vector field. In fact, in presence of a homothetic vector field, Solodovnikov finds similar equations
linear in X;, and this is in line with our observations above, and with Lemma 4.4. By assumption, each of the
functions X; is non-constant. Thus, using the normal forms of the second part of Theorem 4.5, we find the
three ODEs (omitting £ L = 0)

wiX;=X}+1, wX;=X;, and wX;=1,
which can be solved explicitly, giving, respectively,
Xi
1 1 dt
Xi(x;) = P R TEE and X;(x;) = C exp /

,/ZC—ff"% C- [ v / wi(t)

for each i, with arbitrary integration constants C.

Xi(x;) =+
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