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Introduction

Let G be a simply-connected solvable Lie group. A discrete co-compact subgroup I" of G is said to be a lattice
in G. We call the compact manifold I"\G a solvmanifold. If G is a nilpotent Lie group, we call the compact
manifold I"\G a nilmanifold. It is well known that a Kdhler solvmanifold is a finite quotient of a complex torus
which has a structure of a complex torus bundle over a complex torus ([2], [8]).

Let (M, g,]) be a 2n-dimensional compact Hermitian manifold. We denote by (2 the fundamental 2-
form, that is, the 2-form defined by (X, Y) = g(X,JY). A Hermitian manifold (M, g, J) is said to be locally
conformal Kdhler (LCK) if there exists a closed 1-form w such that df2 = w A £2. The closed 1-form w is called
the Lee form. Note that if w = df, then (M, e/ g,J) is Kahler. A LCK manifold (M, g, J) is said to be a Vaisman
manifold if the Lee form w is parallel with respect to the Levi-Civita connection Vv of the metric g. In this paper,
we consider LCK structures and Vaisman structures on solvmanifolds with a left-invariant complex structure.

The main non-Kihler examples of LCK manifolds are Hopf manifold [24], Inoue surfaces [22], Kodaira-
Thurston manifold [5] and Oeljeklaus-Toma manifold [15] (cf. [6]). Note that Hopf manifold and Kodaira-
Thurston manifold are Vaisman manifolds, and Inoue surfaces, Kodaira-Thurston manifold and Oeljeklaus-
Toma manifold have a structure of a solvmanifold. The author of [18] proved that, in the case of a nilmanifold
I'\G with a left-invariant complex structure J, (I'\G, J) has a LCK structure if and only if G = R x H(n),
where H(n) is a (2n + 1)-dimensional Heisenberg Lie group. Thus, a LCK structure on a nilmanifold with a
left-invariant complex structure is a Vaisman structure. Bazzoni [3] proved that a Vaisman nilmanifold is a
quotient of G = R x H(n) even if ] is not left-invariant. Kasuya [12] proved that Oeljeklaus-Toma manifold has
no Vaisman structures. On the other hand, not much is known about LCK structures and Vaisman structures
on general solvmanifolds.

In this paper, we consider a (2n + 2)-dimensional solvable Lie group G, given by

Gn = {(t, ();1) ,z) txi, Vi, ze R, i=1,-, n} s
i
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where the structure group on G, is defined by

/ a;t ./ n
Xi [ Xi / / elxi+xi ’ 1 ait / —a;t ’
t, ,z)-\t, 2 =t+t,| _, , 2+ = —-elyix;+e "Xxiyi)+z
( (yf) )( (%‘) ) ( (e “”y$+yf) 2;( Y o) )

and a; € Z - {0}. In section 1, we construct a lattice I', in G, (cf. [17]).

In the case of n = 1, the 4-dimensional solvmanifold I'1\G1 has a LCK structure with non-parallel Lee
form [1], and it is biholomorphic to Inoue surface S* [10]. Belgun [4] considered the universal covering space
of a Vaisman surface and proved that Inoue surface S* has no Vaisman structures. In section 3, we reconsider
LCK structures and Vaisman structures on Inoue surface S* of the form I"\G, and have the same result by a
different proof:

Main Theorem 1. The solvmanifold I'1\G1 has no Vaisman structures.

Moreover, we determine a LCK structure on the solvmanifold 1\ G;.
In the case of n > 2, we prove

Main Theorem 2. In the case of n > 2, let ] be a left-invariant complex structure on the solvmanifold I',\Gn.
Then the solvmanifold (I')\Gn, Jx) has no LCK structures.

A non-degenerate 2-form {2 is said to be locally conformal symplectic (LCS) if there exists a closed 1-form w
such that df2 = w A £2. Note that the solvmanifold I';\ G has LCS structures.

1 Construction of solvmanifolds

In this section, we construct a lattice I, in Gy, (cf. [17]).
Let B be a unimodular matrix with distinct positive eigenvalues A, A! given by

0-1
B= (1 . ) €SL(2,7),

1
where k > 2. The characteristic polynomial of B is given by f(x) = x*> — kx + 1. Let P = (1 /\)\1) e GL(2,R).

Then we see that |P| = (A" — \) and PBP™' = (3 )\(_)1).

We define a diffeomorphism ¢ : R*"*? - G, by

w(A) = ((logA)t, 2p (;l) , |P|z)
i
for A = (t, x;, yi, z) € R*™2, Define I', = o(Z*"*?). We prove that I’ is a lattice in Gy. It is obvious that I, is
discrete and ¢(U) is compact, where U = {(¢, x;, ¥i,2z) : 0 < t, i, ¥i, z < 1}. Thus, it is sufficient to prove that
Iy is a subgroup of G,.
Letv,~" € I'y such that v = o((s, u;, vi, w)), v = o((s’, uj, vi,w")). Put

u-(v)) (ui)
s(v) = (logN)s, | ' =2P , w(v) = |P|w.
()= og s, (40)) <20 (). wie - 17
Then we get s(vy') = log A(s +s').
For each i, we see that
u;(y") e 1By () + uy(v)
= e~ @i(108\)s

vi(vY") vi(7') +vi(7)
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) (/\“"S 0 )(ui('Y,))+(ui('Y))
0 X)) \vi(v")) \vi(v)

_ pBusptop () 4 2p (1) = 2p [ pus (M) 4 (%
Vl{ Vi Vl{ Vi ’

e 080y ()i (v) + e 1N u (1) vi(5")
= = ACvi(Nui(Y) + X P u(V)vi(y)

= (-vi(v), ui(v)) ( :a;::,il_(gf)))

:(Vi(’Y):ui(’Y))()\ais ° )(ui(vl))

0 X \vi(v")
u;
!

4
= 2(-u; — X 'vi, uj + A\v)PBYSP2P (v )
1
1 A !
:4{ui(—1,1)+v1~(—/\1,)\)}( )B“"S(u})

17! V!

1

Moreover, since

- 4(u 0. P) (171 00) 5 )

u; l
= 4|P|(—Vi, ui)B“"s ( ﬁ) s
Vi
we have

W) = W)+ 3 e W) + e w3 () + w()

n !
= Plw' + 32 2[P|(~vi, ) B (j;) +IPlw

i=1 i
n ) u’
= |P| {w' + > 2(-vi, u;)B** (v;) + w} .
i-1 i

Then I, is a subgroup of G,. Thus we have

Proposition 1.1. I}, is a lattice in Gy.

2 LCK structures on solvmanifolds

In this section, we determine a form of the fundamental 2-form on a Vaisman manifold, and obtain a left-
invariant LCK metric provided one begins with a left-invariant complex structure.

Let M be a manifold and A* (M) be the de Rham complex of M with the exterior differential operator d.
For a closed 1-form ¢ on M, we define the new differential operator dy from A? (M) to A?**(M) by

dopa=0Aa+da.

Since 0 is closed, we see that dé = 0. Then, we can define the new cohomology group Hy (M) in a natural
manner. A p-form « is called 6-closed if dya = 0. It is called 9-exact if there exists a (p — 1)-form 3 such that
a = dyf3. Similarly, we can define a new differential operator and the new cohomology group on a Lie algebra.

Let 2 be the fundamental 2-form of a LCK structure (g, J). There exists a closed 1-form w such that d(2 =
w A £2, which implies that (2 is —w-closed. Moreover, we have

Proposition 2.1 ([13]). Let (M, g) be a compact Riemannian manifold. If a closed 1-form 0 is parallel with
respect to the Levi-Civita connection V of the metric g, then any 6-closed form is 6-exact.
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From Proposition 2.1, the fundamental 2-from (2 of a Vaisman manifold is —w-exact, that is, it is given by
N=d-u,n=-wAn+dn,

where 7 is a 1-form.
A solvable Lie group G is said to be completely solvable if a linear map ad(X) from g to g has only real
eigenvalues for each X € g, where g is the Lie algebra of G. We have

Theorem 2.2 ([9]). If a completely solvable Lie group G admits a lattice I, then
Hpp(I'\G) = H’ (g)

for each p, where g is the Lie algebra of G.

Let (M = I'\G, g, ) be a LCK completely solvable solvmanifold with a left-invariant complex structure J, and
g be the Lie algebra of G. From Theorem 2.2, there exists a left-invariant closed 1-form wo such that w-wq = df.
Then, for left-invariant vector fields X, Y, we define an inner product ( , ) by

(x,Y)= [ e”g(X,Y)dp,
/

where dy is the volume element induced by a bi-invariant volume element on G. Since the complex structure
] is left-invariant, we get a left-invariant Hermitian structure ((, ), J). Let {20 be the fundamental 2-form of
({,),])- We have

Proposition 2.3 ([4]). df2 = wo A 0.

Thus a LCK structure (g, J) with left-invariant J induces a left-invariant LCK structure ({, },J) on g. We say
that (g, (, ),J) is a locally conformal Kdhler (LCK) solvable Lie algebra. Moreover, we have

Proposition 2.4 ([19]). If 2 is —w-exact, then 2y is also —wo-exact, that is, it is given by
20 = d-w,no0 = —wo A no + dno,

where 1 is a 1-form on g.

Since the solvable Lie group G is completely solvable, we see that a LCK structure (g, J») on I,\Gn induces
a left-invariant LCK structure ({, ), Jx), where J, is a left-invariant complex structure.

3 Proof of Main Theorem 1

In this section, we consider LCK structures in the case of n = 1 and prove Main Theorem 1.
In the case of n = 1, the Lie algebra g; of G; is given by
g1 =span{A,X,Y,Z:[A,X]=a:X,[A,Y]=-a1Y,[X,Y]=Z},

-~ 1 . . . .
where a; # 0. Put A = a—A. Then the Lie algebra g; is isomorphic to g} given by
1

gy =span{A,X,Y,Z:[A,X]=X,[A,Y]=-Y,[X,Y]=Z}.
From now on, we write g} as g; and AasA, respectively. Let {6, a, 3, §} be the dual basis of {4, X, Y, Z}:
do=0,da=-0nra, dB=0A8, ds=-aApf.

Then we see that H'(g;) = span{[6]}.
The 4-dimensional solvmanifold 71\ G1 has a LCK structure with non-parallel Lee form as follows:
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Example 3.1 ([1]). Let(, ) be a left-invariant metric such that {A, X, Y, Z} is an orthonormal frame, and ] be
a left-invariant complex structure defined by

JA=Y,JY=-A,]Z=X,]X=-Z.
Then (In\G1, { , },J) is a LCK manifold with the fundamental 2-form (2 given by
R=-0NB-6Aa,
and Lee form —0. We easily see that
VyO(Y) = —0(VyY) = —(A, VyY) = —([A, Y], Y) = (Y, Y) 0.
Then Lee form -0 is not parallel.

Two complex structures J; and J, on a Lie algebra g are equivalent if there exists F ¢ Aut(g) such that
Fo], =]10F.If J; and J, are equivalent, then a LCK metric g, with a complex structure J, is one-to-one
correspondence with a LCK metric g; with a complex structure J1, by g> = F*g1 [23].

Proof of Main Theorem 1. A complex structure J on a 4-dimensional solvmanifold is left-invariant [7]. Then,
a LCK structure (g,J) on I'1\G; induces a left-invariant LCK structure ({, ), J) as in section 2. Particularly,
we assume that the LCK structure (g, J) is a Vaisman structure. From Proposition 2.1 and Proposition 2.4, the
fundamental 2-form 2 of ({, ), J) is —k6-exact (k € R).

A complex structure J on g is equivalent to a complex structure J; such that

JoA=Y+qZ,JY =-A-qX,],Z=X,]X =-2,

where ¢ = Oor1 [16]. Thus, the LCK structure ({ , },J) induces the LCK structure ({ , )q,/q) with the
fundamental 2-form 2,4 given by
g =d_ron = kO A+ dn,

because there exists F € Aut(g1) such that 2, = F* 2. However, we easily see that
(2,Z) = d_on(UqZ, Z) = (=k6 A+ dn)(X,Z) = 0

because X, Z € [g1, g1] and Z is in the center of g;. This is a contradiction. O

We give some remarks:

Remark 3.2. Kasuya [12] proved that, in the case of G = R" x, R™, a solvmanifold I'\G with some conditions
has no Vaisman structures. Thus, Inoue surface S° and Oeljeklaus-Toma manifold have no Vaisman structures.
On the other hand, the solvable Lie group G is the form of Rx, H(1), where H(1) is a 3-dimensional Heisenberg
Lie group.

Remark 3.3. It is known that the first Betti number of a Vaisman manifold is odd ([11], [24]). From Theorem 2.2
[9], we see that diim Hpp(I1\G1) = dim H' (g1) = 1.

Next, we consider LCK structures on the solvable Lie algebra g;. From the argument in [14], the new
cohomology group Hz,(g1) of g1 is given by

H25(91) = span{[ A 8] 4, [6 A B] 0},
Hj(g1) = span{[5 A a]g, [0 Aale},
Hiy(g1) = {0} for k # +1,

where [ ],y is a cohomology class of a new cohomology group H2,(g1) defined by d., respectively. From
the above argument, we see that g; has no LCK structures such that the fundamental 2-form is exact.
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A —0-closed 2-form 2~ is given by
2 =adnp+b OAB+d_gn .

Then we see that
2 (JgZ,2)=02"(X,Z)=(-0Arn +dn )(X,Z)=0

because X, Z € [g1, g1] and Z is in the center of g;. Thus, (£27, J4) is not a LCK structure for any g = O or 1.
A 6-closed 2-form 27 is given by

2" =asra+bTOna+dyn’.
If (2%, ]4) is a LCK structure, then we see that
27Jq2,2) =027 (X,Z) = (a"6rna)(X,Z) = -a" +0.
Moreover, we get

QN(X,Y) = Q7 (JX,JgY) = 2" (-Z, -A - gX)
dn* (X,Y)=(a"6na+0An")(-Z,-A - gX)
" ([X,Y])=-n"(2) =—n"(Z)+a"q
O=a'q,

that is, g = 0.
Let (2%, Jo) be a LCK structure with Lee form 6 as above. Then we see that

Q7 (A,X) = 27 (JoA, JoX) = 27(Y,-Z)
(b*0Ana+den)(A,X) =0
b" +n"(X) -n"(X) =0,

that is, b* = 0. Then, we see that [2" ] € span{[6 A a]p}. This is Example 3.1. Thus, we have

Proposition 3.4. (I'1\G1,J4) has a LCK structure 12 if and only if q = 0, that is, Inoue surface S*. Moreover, a
LCK structure (£2, Jo) has a Lee form 6 and [ 2] € span{[§ A a]g}.

4 Proof of Main Theorem 2

In this section, we consider LCK structures in the case of n > 2 and prove Main Theorem 2.
In the case of n > 2, the Lie algebra g, of G is given by

gn = Spal’l{A, Xi, Yl" Z: [A’ Xl] = aiXi, [A’ Yl] = 7aiYi7 [Xi9 Yl] = Z}’

where a; # 0. Let {0, «j, 8, } be the dual basis of {4, X, Y;, Z}:
n
do = 0, dai =-a;f A qj, dﬂl =a;f A Bi, dé=- Zai A ﬂi.
i=1

Then we see that H' (gn) = span{[0]}.
We have

Lemma 4.1. Let 2 be a —k0-closed 2-form on g, (k € R). Then $20(Z, X;) = $20(Z, Y;) = O for each i.
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Proof. For each i, since n > 2, we can take j such that j # i. Then we get

20(Z,Xi) = 2([X), Y;], Xi)
= —d20(X;, Yj, Xi) + Q0([Xj, Xi], ¥;) - 20([ V), Xi], X))
= —kO A .QQ(X]', Yj,Xi) =0.
Similarly, we get 20(Z, Y;) = 0. O

Proof of Main Theorem 2. Let J, be a left-invariant complex structure on I';\ G,. We assume that the solvman-
ifold (I7\Gn,Jn) has a LCK metric g. From section 2, a LCK structure (g, Jn) induces a left-invariant LCK
structure ({, ), Jn). Let £2o be the fundamental 2-form of ({, ), J») and —ké be Lee form. O

Let o be the isomorphism from g, to g, induced by (, ). Since [gn, gn] = span{X;, Y;, Z} and 6 is closed, we
see that [gn, gn]* = span{+o(0)}. From Lemma 4.1, we get

Corollary 4.2. Jo~o(0) € span{Z}.

Proof. From Lemma 4.1, we see that
(]Z, Xi> = —Qo(Z, Xi) =0and (]Z, Yi> = —.Qo(Z, Yi) =0

for each i. Since [gn, gn] = span{X;, Y;, Z}, we have JZ € [gn, gn]" = span{~o(6)}, thatis, Joyo(6) € span{Z}.
O

Let (g, (, ),J) be a LCK solvable Lie algebra as in section 2, and wo be the Lee form. In the previous papers
[20], [21], we have

Theorem 4.3 ([20]). If {[v0(wo),J o y0(wo)],J o vo(wo)) = O, then ({, },]) is a Vaisman structure.

Theorem 4.4 ([21]). If g is completely solvable and ({ , )}, ]) is a Vaisman structure, then g = R x h(n), where
h(n) is a (2n + 1)-dimensional Heisenberg Lie algebra.

Since Z is in the center of gn, from Corollary 4.2, we see that (gn, {, ), Jn) satisfies the assumption on Theorem
4.3. Then a LCK structure ({ , ),Jx) on g is a Vaisman structure. Howevetr, g, is completely solvable and it is
the form of R x, h(n), and the action ¢ is non-trivial. This is contradiction to Theorem 4.4. Thus, (g, Jn) has
no LCK structures.

We give some remarks:

Remark 4.5. A non-degenerate —k0-closed 2-form is said to be locally conformal symplectic (LCS). The
solvmanifold I';\ G has LCS structures (21, {2, defined as follows:

n
D =d gs=-0A6-) aiAB;,

i=1

n
2 = ap ANag + d(akJral)@(s =0 Nop+ (ak + (11)9 Ad— (ak + al) Zai A Bi,
i=1

where ay + a; # 0. Note that (21 is exact and (2, is non-exact.
Remark 4.6. If a; = O for each i, then the solvmanifold I',\Gy is a nilmanifold S* x I'\H(n), where H(n) is

a (2n + 1)-dimensional Heisenberg Lie group and I' is its lattice. A nilmanifold S* x I'\H(n) has a Vaisman
structure [5].

Remark 4.7. From Theorem 4.4, we can easily prove Main Theorem 1.
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