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Abstract: We review some previous results about the Calabi-Yau equation on the Kodaira-Thurston manifold
equipped with an invariant almost-Kihler structure and assuming the volume form T?-invariant. In particu-
lar, we observe that under some restrictions the problem is reduced to a Monge-Ampére equation by using the
ansatz @ = Q - dJdu + da, where u is a T?-invariant function and a is a 1-form depending on u. Furthermore,
we extend our analysis to non-invariant almost-complex structures by considering some basic cases and we
finally take into account a generalization to higher dimensions.
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1 Introduction

The Calabi-Yau problem in 4-dimensional almost-Kahler manifolds is a PDEs system arising from the gener-
alization of the classical Calabi-Yau theorem to the non-Kahler setting.
The Calabi-Yau theorem [14] states that on a compact Kihler manifold (X, J, Q) for every smooth function

F: X — Rsuch that
/ ef Q" = / o (11

X X
there always exists a unique Kahler form @ on (X, J) satisfying

[@] =[Q], @"=efQm". (1.2)

An analogue problem still makes sense in the almost-Kdhler case, when J is merely an almost-complex struc-
ture and Q is a J-compatible symplectic form. It turns out that in this more general context, the PDEs system
arising from (1.2) is overdetermined for n > 3, while it is elliptic in dimension 4 (see [3]). Consequently, the
Calabi-Yau problem is mainly studied in 4-dimensional almost-Kdhler manifolds (see [1, 2, 11-13, 15] and the
references therein).

The study of the problem is strongly motivated by a project of Donaldson involving compact symplectic
4-manifolds (see [3]). The project is based on a conjecture stated in [3] and partially confirmed by Taubes in
[10].

In [15] Weinkove attacked the problem by introducing a symplectic potential. Indeed, given two almost-
Kéhler forms Q and @ on a compact almost-complex manifold (X, J) satisfying [Q] = [@] there always exists
a function u, called the symplectic potential, such that

(@-Q)ANw=-dldun@.

In terms of u one can always write
@=0Q-dJdu+da,
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where a is a 1-form which can be assumed co-closed with respect to the co-differential induced by @ (in this
way a is unique up addiction of harmonic 1-forms).

Weinkove proved that in order to show the solvability of the Calabi-Yau problem (1.2) it’s enough to pro-
vide an a priori estimate on the C°-norm of the almost-Kéhler potential (see theorem 1 in [15]); that can be
always done if the L!-norm of the Nijenhuis tensor of J is small enough (see theorem 2 in [15]).

In [13] Tosatti and Weinkove studied the Calabi-Yau problem on the Kodaira-Thurston manifold
(M, Qo, Jo) showing that under the assumption on the initial datum F to be invariant by the action of a 2-
dimensional torus the problem has a unique solution. The Kodaira-Thurston manifold M is a 4-dimensional
2-step nilmanifold carrying a natural almost-Kéhler structure and it can be viewed as a torus bundle over a
torus (more precisely M is an S'-bundle over a 3-dimensional torus).

In [4] it is observed that if F is T?-invariant, then (1.2) on the Kodaira-Thrurston manifold M can be rewrit-
ten in terms of the Monge-Ampére equation

(1+ux)(1 +uyy) - upy, =ef
on the 2-dimensional torus ’Jl‘,z{y and the Tosatti-Weinkove result in [13] can be alternatively obtained by ap-
plying a result of Y.Y. Li in [8]. A similar approach was then adopted in [1, 4] in order to study the Calabi-Yau
problem in every 4-dimensional torus bundle over a torus equipped with an invariant almost-Kahler struc-
ture. In this more general case the equation writes in terms of a “modified” Monge-Ampére equation which
is still solvable. Furthermore, in [2] it is studied the equation on the Kodaira-Thurston manifold when Fis S*-
invariant (instead of T?-invariant as in the previous papers). It turns out that in this last case the Calabi-Yau
problem writes as a PDE on the 3-dimensional torus Tiyt which is not of Monge-Ampére type anymore.

In this paper we review some results in [4] showing that when the projection is Lagrangian, the reduction
of the Calabi-Yau problem on the Kodaira-Thurston manifold to a scalar PDE can be obtained by setting

@ =0 +d(-Ju+uy; +uyy,)

where v; and ~, are suitable invariant forms depending on (Q, J), u is in the same space of F and y is a
coordinate on the base.

In section 3 we study the Calabi-Yau equation on (M, Q) for S!-invariant almost complex structures J
compatible to Qp. Under some strong restrictions on J, the equation can be still reduced to a PDE in a single
unknown function. In section 4 we prove the solvability of the arising equations in some special cases leaving
the more general cases for an eventually future work.

In the last section we consider a generalization of the previous sections to 2-step nilmanifold in higher
dimensions.

A remark on the notation. If P is an m-torus bundle over an n-torus, we denote by T" the base of P and by
T™ the principal fiber, in order to distinguish the base and the fibers.

Acknowledgments. The research of the present paper was originated by some discussions during “The 4™
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author thanks Anna Fino, Ryushi Goto and Keizo Hasegawa for the kind invitation. Moreover, the author is
very grateful to Ernesto Buzano, Giulio Ciraolo, Valentino Tosatti and Michela Zedda for useful conversations.

2 Calabi-Yau equations on the Kodaira-Thurston manifold

In this section we review some results in [1, 2, 4] about the Calabi-Yau equation on the Kodaira-Thurston
manifold. The Kodaira-Thurston manifold is a compact 2-step nilmanifold M defined as the quotient M = I'\ G,
where G is the Lie group given by R* in the variables (x1, X2, y1, ¥») with the multiplication

/ / / ! / ! / / !
(1, x2, 1, ¥2) - (X1, X2, ¥1,¥2) = (X1 + X1, X2 + X3, Y1 + V1, V2 + Y2 + X1X3)
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and I is the co-compact lattice given by Z* with the induced multiplication. Alternatively M can be defined
as the product M = I'y \Nil3 x 1, where Nil® is the 3-dimensional real Heisenberg group

NiP—{[é’{z} }
= vllx,y,zeR
001

and Iy is the lattice in Nil® of matrices having integers entries. M has a natural structure of principal S*-bundle
over a 3-dimensional torus T induced by the map [x1, X2, 1, ¥2] — [x1, X2, y1] and it is parallelizable. A
global co-frame on M is for instance given by

el =dx;, e’=dxy, f'=dyi, f>=dy,-xidx,.

For such co-frame we have
del =de’ =df' =0, df’=-elne?

and its dual basis is given by {0x, , Ox, + X109y, , 0y,, —0y, }. Furthermore, M has the “natural” almost-Kdhler
structure (Qg, Jo) given by the symplectic form

Qo=e' Aft+e? af? 2.1

and the Riemannian metric
go=ewel+flaflve’we?+fPaf?. (2.2

The following proposition is proved in [2]

Proposition 2.1. Let u: M — R be an S'-invariant function and

a:=—Jodu - ue'.

Then
dais of type (1, 1)
and
(Qo + da)* = (det(I +A(u)) - u,z(m) Q3, 2.3)
where I is the identity 2 x 2 matrix and
A(u) — Uxix, + Uy y, + Uy, Uxix, . (2.4)
Ux;x, Ux,x,

Proof. Letu: M — R be an S'-invariant function. Then
1 2 1
du =ux, e +ux,e” +uyf
and
1 2 1
—Jodu = ux,f" +ux,f° —uy,e

and
2

i, g 1, .2 1, 2 1, 41 1, .2
—dJodu = E Ux;x; € /\f]+uny1e A€ + Uy f ANfT+uyy,e Af —upne Ne“.
ij=1

Therefore, if a = —Jodu — ue', we have

2
da = -dJodu — du A e! = Z Ux;e' Af o+ quyle1 A e’ + uX2y1f1 AfE+ uylyle1 AfL uyle1 A fl
i,j=1

which is a form of type (1, 1) with respect to Jo. Formula (2.3) follows from a straightforward computation. [
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Proposition 2.1 is useful in the study of the Calabi-Yau problem on (M, Qg, Jo). Indeed, let F: M — R be an

Sl-invariant function satisfying Ju ef 02 = 1 and consider the Calabi-Yau equation (Qq + da)? = ef Q2 on

(M, Qo, Jo). In view of proposition 2.1, we can study the Calabi-Yau problem by introducing the ansatz

a=—-Jodu - ue'

where u is an unknown S!-invariant map. In this way the Calabi-Yau problem reduces to the single equation
det(I + A(w)) - u,z(zy1 =ef, (2.5)

on the 3-dimensional torus T?(l xoy1» Where A(u) is given by (2.4). The main result in [2] is the following

Theorem 2.2. Equation (2.5) has a solution for every S'-invariant initial datum F: M — R satisfying

fyref Q% = 1. Consequently the Calabi-Yau problem (Qo + da)? = e" Q3 has a unique solution for every S*-
invariant function F: M — R.

Special cases of equation (2.5) occur when we see M as a 2-torus bundle over a 2-dimensional torus and we
assume F depending only on the coordinates of the base. Those cases correspond to assume F depending
either on (x1, x) or on (x5, y1) (the case F = F(x1, y1) is equivalent to F = F(x,, y1)).

If F = F(xq, x»), we can assume u depending only on (x1, x») and (2.5) reduces to the Monge-Ampére type
equation

(1 + quxl)(l + quXz) - u)z(m = eF (2.6)

on the 2-dimensional torus T,z(l x,- This equation has a solution in view of a theorem of Y.Y. Li (see [8]). Note

that in this case the solution u to (2.6) is an almost-Kédhler potential of @ = Qg + da with respect to Qq. Indeed,

=0+ uxm)e1 AP+ uxm)e2 N uxmel N uxmfl A e’

and
w - .Q() = —d]()du +da
where
a=-ue'.
Hence da = uy,e’ A e? and
wnNnda=0

which implies
((I)—.Qo)/\d)=—d]0du/\d).

If F = F(x,,y1), we assume u depending only on (x5, y1) and (2.5) reduces to the “modified” Monge-
Ampére equation
(1 + tyyy, + Uy )L+ o) — u,ZQy1 =ef 2.7
on the 2-dimensional torus T%,y, . The existence of a solution to this last equation was proved in [4]. Note that
in this case
@ =1 +uyy, +uy)et Af+(1+unx)e’ A2+ uxy, et Ae* +uxy, frAf?

and if u solves (2.7), then
da = -dJodu + da,

where da = -uy,e! A e - uy, e A f1. Therefore
danw+#0
and u is not an almost-Kahler potential.

Next, we take into account the Calabi-Yau problem on M viewed as a 2-torus bundle over a 2-torus
equipped with an invariant Lagrangian almost-Kdhler structure (Q, J) and we assume F defined on the base.
Here by Lagrangian we mean that the fibers of the fibration are Lagrangian submanifolds.
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Proposition 2.3. Let (Q, J) be an invariant almost-Kdhler structure on M. Then there exist real numbers
and p, and an invariant 1-form B such that if u = u(xy, x3) is a smooth function on M, then

a=-Jdu+pue' —pue’ —uyp

is such that da is of type (1, 1). Moreover

(Q+da) = i ((11 + Uy xy ) (12 + Usyxy) — (uxle)z) . (2.8)

where 1, and 1, are positive real numbers.
Proof. We set x; = xand x, = y in order to simplify the notation. We can find an invariant Hermitian coframe
{a', a?, B, B>} on M such that
Q=a' AB +a® A B>
and
dx = Aa', dy=Ba'+Ca®.

Note that dx A dy = ACa* A a? and we can write
dp' = Aydx ndy, dB? =Adx Ady

for some 11, A, in R. Now
du = uxdx + uydy = (Aux + Buy)a® + Cuya?

and
—Jdu = (Auy + Buy)ﬁ1 + CuyB2
So
—djdu = Auxdx A B' + Auxydy A B + Cuxdx A B> + Cuyydy A B> + d(y + BuyB)
where
~v=A1Audy - A;Cudx.
Hence

—dJdu = A’uxxa® A B! + ABuxya® A BY + ACuxya® A B + ACuxya® A B2
+ BCUyyal A\ ﬁz + CZUyyaz N Bz + d(Buyaz + ’y) .
which implies that
a=-Jdu - Buy(x2 -

is such that da is of type (1, 1).
Moreover,

Q + da)* = ((1 + AU (1 + Cluyy) - (ACuxy)z) Q% - % ((11 + )Ly + uyy) - (uxy)z) Q2
162

where I; = 1/A% and I, = 1/C? and the claim follows. O

Proposition 2.4. Let (Q,]) be an invariant almost-Kdhler structure on M which is Lagrangian with respect
to the fibration [x1, X2, y1, ¥2] — [x2, y1]. There exist invariant 1-forms v, ~? such that if u = u(x,,y,) is a
smooth function on M, then

a=—Jdu+uyt+ uy172

is such that da is of type (1, 1). Moreover

1
(Q +da)* = L ((ll + Uy, ) (Lo + Uyyy, + Mply, + Mauy,) - (unyl)z) Q? (2.9)

where ly, 1, my,m, e Rand 1,1, < 0.
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Proof. First of all we use that (Q, J) is an invariant almost-Kahler structure on M which is Lagrangian with
respect to [x1, X2, ¥1, 2] — [X2, y1], then there exists an invariant Hermitian co-frame {a?, a2, 81, f?} on M
such that
Q=a' ABL+a® A B?
and
az € <e2>’ ﬁl € <ez’fl>’ al € <els ez’f1>
(see lemma 5.1 in [4]). In this way
dx, = Aa®, dy; =Ba®+CB', dp*=Aa* AB'+ua’® AB?
for some A, B, C, A, u € R. In order to semplify the notation we set x, = x and y; = y. Then

du = uxdx + uydy = Auxa® + uy(Ba* + CB*) = (Auyx + Buy)a® + Cuyp*

and
—Jdu = —(Auy + Buy)B? + Cuya® .

So
—dJdu = —Auxxdx A B* - Auxydy A B> + Cuxydx A a*
+ Cuyydy A a* - (Auy + Buy) (}t al A B+ pa® A Bl) — d(Buyp?)
i.e.,

- d]du = —Azuxxaz A Bz - BAuxyaz /\Bz —ACuxyB1 /\B2 + ACnyaz N al
+ CBuyya® A a* + C*uyyf' A a' - (Auy + Buy) (/\ at AR+ pa? /\B1> - d(Buyf?).

Now,
(Aux + Buy) (/1 al AB+ pa® /\ﬂl) = AAuy + Buy) a* A B + d(uu ')

and we can write
— dJdu = (-C*uyy — Auy — ABuy)a' A B* + (~A%uxx - BAuyy)a® A B2
— ACuxyB* A B? - (ACuyy + B’uyy)a' A a® — d(uup® + Buyp?)

which implies the first part of the statement.
Moreovet,

(Q+da)? = ((1 — A%U)(1 - C2uyy — AMuy - ABuy) - (ACuxy)2> Q?

1
= i ((11 + W) (Lo + Uyy + Myux + mauy) - (uxy)z) Q?

where

and the claim follows. O

From propositions 2.3 and 2.4 it follows that if we see M as 2-torus over a 2-torus and we fix an invariant
Lagrangian almost-Kahler structure (2, J) on M; then for every given F defined on the base of M and satisfying
fyref Q% = [}, Q? the corresponding Calabi-Yau equation can be written in terms of an unknown function u
on the base T%, of M as

1
ol ((11 + U)o + Uyy + mqux + mauy) - (qu)z) =ef

where 11, L, m;, m, € R and [, and [, are both positive or negative. This kind of equations are solvable in
view of theorem 6.2 in [4].
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3 The equation for non-invariant almost-complex structures

As pointed out in [13] it is interesting to extend the results described in the previous section to torus-invariant
almost complex structures on the Kodaira-Thurston manifold M which are compatible to the “natural” sym-
plectic form Qg defined in (2.1). In this section we consider some basic cases. Let h = h(x1, y1) be a function
in C>(T3, v,) and consider the family of Qy-compatible almost-complex structures J, induced by the relations

Jue) ="' Jue?) =-f. (1)

The following result is a generalization of proposition 2.1 to the family Jj,.

Proposition 3.1. Let u: M — R be an S'-invariant function and

a:=-Jpdu - uel.

Then
dais of type (1, 1)
and
(Qo + da)? = (det(z + Ay () - e-hu§2y1) Q3 (.2)
where I is the identity 2 x 2 matrix and
Ah(u) — ehuxlxl + e_hu)’lyl Uy, + ehhxluxl - e_hhh Uy, Uxixp (33)
e uX1X2 quXz

Proof. Let u be an S'-invariant function. Then
h 1 2 _-h 1
—Jpdu = e ux, f* + ux,f*—e uy,e

and
—dJpdu = ("ux,)x ! A FL + €M, € A f + uxp et AF + uxgx, €% A f2

+ quylf1 AfP+ e’hu,(zyle1 Ae’+ (e’huyl)yle1 AfY - que1 Ae?,

ie.,
h -h h -h 1, ¢l 2, g2
—-dJpdu = (e Uxx; + € Uyy, +€ Ay Ux, —€ "hyuy, + uyl) e Nf +ugpx,e  Af

h 2 1, 2 1, 2 -k 1, 2
+e U,  ANfT +uxye AfT+unyf Af +<e unyl—uxz)e Ae.
Therefore if & = —J,du — ue', then

h -h h -h 1, ¢l 2, g2

d(X = (e Uxix; +€ u)’1)’1 t+e thuxl -é€ h)’lu)’l +u}/1) e /\f + Ux,x, € /\f
h 2, 41l 1, 22 1,2, ~h 1, .2
+e U,  AfT Ul AfT+ Uy f AfT+e Uy, et Aet.

which is of type (1, 1) and
(Qo + da)? = det(I + ApW) - e ™2, ,

as required. O

In view of proposition 3.1, the Calabi-Yau equation on (M, Qo, J},), for an S'-invariant function F: M — R can
be reduced to
det(I + Ap(u)) —e™" u,z(zy1 =ef (3.4)

where Ay, is given by (3.3) and u: M — R is an unknown S Linvariant function. Note that for h = 0, equation
(3.4) reduces to equation (2.5) studied in [2]. We consider the following special cases:



246 —— LuigiVezzoni DE GRUYTER OPEN

If h = h(x;) and F = F(xq, x,) we may assume u depending only on (x, x,) and (3.4) reduces in the
variables x = x1,y = x5 to
1 h hh/
det ( + e l;;(lx + e Ux uxy ) _ eF
Uxy 1+ uyy

on the 2-dimensional torus T,Z(y. Such an equation can be rewritten as

det e M+ Mux Uy _F
qu 1+ Uyy

If h = h(y,) and F = F(x,, y1), then we assume u depending only on (x;, y;) and (3.4) reduces in the
variables x = y1, y = x5 to

h

~h _a—hy/
det 1+e uxxjr(l e "h uy Uxy _oF
€ TUyy 1+ uyy

on ’H‘,Z(y. Such an equation can be rewritten as

det eh + Uxx + (eh — h/)ux Uxy _ eF+h .
Uxy 1+uyy

Both cases fit in the following class of equations on ’JI‘,ZQ,

-h -h
det [ & it (ce™ + h)uy Uxy _ oFh
Uxy 1 +uyy

where h = h(x) is a smooth 1-periodic functions on R and ¢ € R. We will show the solvability of the last class
of equations in the next section.

4 Solvability of the special cases

The aim of this section is to prove the following result

Theorem 4.1. Let h = h(x) be a smooth 1-periodic functions onR, ¢ € R and let F = F(x, y) € C=(T?) be such
that

/eFdx Ady=1.
TZ
Then equation
det < et w + (ce™ + W )uy Uxy ) _ oFh 1)
qu 1 + uyy

has a solution u € C=(T?).

Before proving theorem 4.1 we consider the following preliminary lemma which is a slight generalization of
lemma 6.3 in [4].

Lemma 4.2. Let h, v € C}(R) be 1-periodic functions satisfying
eV +(c+e"W)v > -1.
Assume there exists sg € [0, 1] such that v(sg) = 0; then
[Vlico < C,

where C is a constant depending only on c and h.
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Proof. Let G be a primitive of ce™ + h’ in R. Since

Vot (cem+ W)y > e,

in terms of G we have
G G-h
e”( ,

V' +G'v) > —e

i.e. d
g(er) > -0,

Since v(sg) = 0, we have

ds

So So

S S
/i(er)ds > —/eG_th, foreverys=>1,

which implies
S

v(s) > —e 69 /eG’th, forevery s € [1, 2].
So

On the other hand

So

So
/%(er)ds > —/eG’th, foreverys <0,
S

S

which implies
So

v(s) < e‘G(S)/eG"hdr, forevery s € [-1,0].
S

The claim follows since v is 1-periodic. O
Now we can prove theorem 4.1
Proof of Theorem 4.1. Fix 0 < a < 1 and let C3*(T?) be the space of C**-functions u on T? satisfying
/ udxAndy=0.
72
Then we consider the operator T: C3*(T?) x [0, 1] — C3*(T?) defined by

-h -h
T(u, t) = det < e ot (ceTh+ W ux Hxy ) —eh (teF +1- t)
Uxy 1+ uyy

in order that u € C(z)’“(TZ) solves (4.1) if and only if T(u, 1) = 0. Then we define the set
S:={te[0,1] : thereexistsu € CS’“(TZ) such that T(u, t) = 0} .

Note that S is not empty since u = 0 satisfies T(u, 0) = 0. We will show that 1 € S by proving that S is open
and closed in [0, 1]. In this way we get that (4.1) has a solution u in C>%(T?) and theorem 3 in [9] implies that
uis in fact C*. Note that if (u, t) € C3(T?) x [0, 1] is such that T(u, ) = 0, then the matrix

h h
A, = det ( e M+ Uxx + (ce™ + h)uy Uxy )
qu 1+ Uyy

is positive-defined. Indeed, since fw efdx A dy = 0, then Ap(u) is non-singular and at a minimum point of u
all the eigenvalues of A, are positive.
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Now we prove that S is closed. First of all we observe that if u € C3(T?) satisfies T(u, t) = O for some
t € [0, 1], then

h

Mgy + (c + e"M)uy > -1, (4.2

1+uyy >-1. (4.3)

Indeed, since
(1 + e + (c + e )u)(1 + uyy) > 0

the two terms have the same sign, and they are both positive at a point (xo, yo) where u reaches its minimum
value. Lemma 4.2 then implies
llux||co = C and |luy||co < C (4.4)

where C is a constant depending on ¢, h and k. Now we focus on the C° estimate on u. Let (xo, yo) be a point
in [0, 1] x [0, 1] where u vanishes, then

1 1
u(x,y) = (x - xo) / ux((1 - )x + txo, (1 - )y + tyo) dt + (y - yo) / uy((1 - t)x + txo, (1 - Oy + tyo)) dt,
0 0

and by using (4.4) we get
lu(x, y)| < C(x - x0) + C(y - yo)
which readily implies
lullo < C.

Hence u satisfiesa C! a priori bound. Furthermore, if t € [0, 1] is fixed, equation
T(u,t)=0

belongs to the class of equations studied in [7] and theorem 2 in [7] implies thatif u € Cé’“(?l‘z) solves T(u, t) =
0 for some t and satisfies a priori C! bound, then it also satisfies a C>* bound. This implies that S is closed
in [0, 1]. Indeed, let t, be a sequence in S converging to f in [0, 1]. To each t, corresponds a function u, €
C(Z)’“(TZ) such that T(un, tn) = 0. The C>* a priori bound on solutions to T(u, t) = 0 implies that the sequence
Un is bounded in C(Z)’“(TZ) and so it admits a subsequence, which we still denote by u,, which converges in
C3(T?) to a function &t € C3(T?). Since T is continuos, T(it, f) = 0 and so, in view of [7], &t in C**(T?). Hence
t € Sand S is closed.

Next we show that S is open . Let ty € S. Then there exists u € Cé’“(’ﬂ‘z) such that T(u, ty) = 0. Let
L: C2%(T?) — CY*(T?) be defined as

L(W) := Tuj(y.1)(W, 0) .

A direct computation yields that
L(W) = (Wax + (ce™ + ROW) (L + uyy) + (€7 + tiax + (e + W)ux)(Wyy) — 2uny Wiy (4.5)

and so L is uniformly elliptic. L is injective by maximum principle and it is surjective in view of elliptic theory
(see e.g. [5]). Therefore the implicit function theorem implies that  has a open neighborhood contained in S,
and so S is open, as required. O

5 A generalization to higher dimensions

In this section we consider a generalization of the Kodaira-Thurston manifold in dimension greater than 4.
Assume n = 3. Let Gy, be the Lie group (R*", *,), where

Lseees XnyYiseesYn) *n (X0, ooy X0, Visee ey ym) =
(x Xn, Y Yn) *n (x Xn» Y Yn)

A ! / ! A / !
(X1 + X1, 0, Xn + X0, Y1 + Y1, V2 + Y2 = X2X1, oo+, Yno1 + Yn-1 — XnX1)
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and let My, = I'y\ Gn, where I'y is Z>" with the multiplication induced by *,. Then My, is a 2-step nilmanifold
and the projection 71: R?® — R™*! onto the first (n + 1)-coordinates induces to M, a structure of principal
(n - 1)-torus bundle on an (n + 1)-torus T™*!, My, is parallelizable and

ei=dxi, i=1...,n, fj=dy]-—x1dxj, j=1...,n
defines a global coframe which satisfies
de*=0, k=1,...,n, dft=0, dff=ene', k=2,...,n.

We then consider on M, the symplectic form

n
.Qn = Z (Xk N Bk
k=1
and the Qn-compatible almost-complex structure J, induced by Q, and the natural metric

n
gn=2ak®ak+ﬁk®ﬂk.
k=1

In terms of the basis B = {e!, ..., e", f1,..., f"}, Jn is defined by
Jnek = —f%, Jufk =€k,

Let u be a T™*!-invariant function on My; then

n n
S 1 S 1
du=§ Ux, €° +uy, [, —]ndu=§ Ux, f* —uy, e
s=1

s=1
and so
n n n
1 1 1, ¢l 1
~dfndu =" uxx€ AfS =Y ugye net vy fUAf ruyy et AfT Y uge Ae
r,s=1 k=1 k=2
n n
= Z Ux,x.e A f° - Z Uney: €€ A €1+ Unyif1 A+ (Uyyy, — uy)et A fE+d(uet),
r,s=1 k=1
and so if

a = —Jndu - uet,
then da is of type (1, 1) with respect to J,. Furthermore,

n

n
(Qn+da)" = (Z (8rs + Uxx.)e" A5+ (1 +uy,y, — uy,)et /\f1>

r,s=1

n

n
1 1 n n
—n! Z H uX,xqukylumel e /\f AERVAN 2] /\f
k,m=2 \r,s=2,(r,s)#(k,m)

and if F is a given T"*!-invariant map, the Calabi-Yau equation (Q + da)" = ef Q" reads in terms of u as

n n

det(I + A(w)) - Z H Uxs Uxys Uxnys | = €F (5.1)
k,m=2 \r,s=2,(r,s)#(k,m)

where A(u) = (Aj) is the n x n matrix

All = Uxix, + uy1y1 - uy1 ’ AU = uXin ) lf (ly]) 7é (19 1) .
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Example 5.1. For n = 3, equation (5.1) reads as
2 2 __F
det(I + A(u)) - Uxsx3 Ux,y; — Uxaxo Uxgy, — 2Uxyx3Uxpy Uxsy = €

this kind of equations has been considered in [6].

In analogy to the case n = 2, we can obtain special cases by regarding M, as a principal T"-bundle over a T"
and assuming F to be T"-invariant. It is not restrictive considering only the following two cases:

F=F(x1,...,xn), OrF=F(p,...,Xn, Y1)
— Inthe first case F = F(xq, ..., Xn), equation (5.1) reduces to the Monge-Ampére equation
det(I + H(u)) = ef

on the n-dimensional torus T" = R"/Z", where H(u) is the Hessian metric of u. In this case the equation
has a solution in view of [8].

— Inthesecond case, F = F(x,, ..., Xn, y1), in the variables
Z1=Y1,22 =X2y...52Zn = Xn
equation (5.1) takes the following expression
det(I + B(w)) = e
where B(u) = (Bj;) is given by

Bi1 = Uz .z + Uz, Bij = Uzz; ifi,j#1.
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