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Abstract: This article gives an exposition of the deformation theory for pairs (X, E), where X is a compact
complex manifold and E is a holomorphic vector bundle over X, adapting an analytic viewpoint a la Kodaira-
Spencer. By introducing and exploiting an auxiliary differential operator, we derive the Maurer—Cartan equa-
tion and differential graded Lie algebra (DGLA) governing the deformation problem, and express them in
terms of differential-geometric notions such as the connection and curvature of E, obtaining a chain level
refinement of the classical results that the tangent space and obstruction space of the moduli problem are
respectively given by the first and second cohomology groups of the Atiyah extension of E over X. As an ap-
plication, we give examples where deformations of pairs are unobstructed.

1 Introduction

The theory of deformations of pairs (X, E), where X is a compact complex manifold and E is a holomorphic
vector bundle over X, has been studied using both algebraic [9, 15, 16, 21] and analytic [6, 22] approaches and
is well-understood among experts. In this mostly expository paper, we revisit this problem from a viewpoint
a la Kodaira-Spencer [11-13], emphasizing the use of differential-geometric notions such as connections and
curvatures of E and the induced differential operators. What we obtain is a chain level refinement of the
classical results.

To illustrate our strategy, recall that a family of deformations {X;}¢-4 of a compact complex manifold X
over a small ball A can be represented by elements {@;}:ca C Q%1(Tx), where Ty is the holomorphic tangent
bundle of the complex manifold X. While the Dolbeault operator o : _Q?(t — Q?(’t ! on X; is not easy to write
down explicitly, one may consider the more convenient operator

O+ @0 : Q% — Q%1

Although o + @0 is not the same as O¢, their kernels coincide (see Proposition 3.1), and hence 0 + Q10
completely determines the local holomorphic functions with respective to the complex structure J; on X;. In
fact, we have Q%{l = (id - p})Q%" and the commutative diagram

o
0 t 0,1
‘QX ‘QX[
- e
0+ 10
0,1
‘QX

where 1; is the inverse of the canonical projection P; : 92’1 c Q- Q?(’t ! (see the proof of Proposition 3.13);
in this way we can compute everything in terms of the holomorphic structure on X.
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The same idea can be applied to deformations of pairs. First of all, given a family of deformations
{(Xt, Et)}¢ea of (X, E), we have a family of elements {¢;};ca € Q%1(Tx) since {X;} is in particular a family
of deformations of X. Using a smooth trivialization, we may further assume that Ey; = E as smooth complex
vector bundles. By choosing a hermitian metric on E and considering the associated Chern connection, we
define a differential operator

D¢ : QRUE) — QY T(E),

which satisfies the Leibniz rule and Df = 0 (see Section 3 for details). While Dy is certainly not the Dolbeault
operator o £, on the holomorphic bundle E;, its kernel gives precisely the space of holomorphic sections of E;
over X;, and similar to the case when E = Oy (the trivial line bundle), we have a commutative diagram

5
OY(E) —> Q%1 (E)

- s
D¢

Q31 (B)
relating the operators D¢ and O, Furthermore, D; determines a family of elements
A¢:= D¢ - 0 - 0V € Q"' (End(E));
conversely, given any family of pairs of elements A; € Q%(End(E)), ¢; € Q%!(Tx), we can set
D¢ = 0p + @V + Aq.
The upshot is the following Newlander—Nirenberg-type theorem for deformations of pairs:

Theorem 1.1 (=Theorem 3.12). Given ¢; € Q¥!(Tx) and A; € Q% (End(E)), if the induced differential oper-
ator D; defined above satisfies D? = 0, then it defines a holomorphic pair (X¢, E;) (i.e. an integrable complex
structure J¢ on X together with a holomorphic bundle structure on E over (X, J;)).

Applying this, we derive the Maurer—Cartan equation:

Theorem 1.2 (=Theorem 3.17). Given a holomorphic pair (X, E) and a smooth family of elements {(A¢, ¢¢)}tea C
Q%1(A(E)). Then (A, @;) defines a holomorphic pair (X;, E;) if and only if the Maurer—Cartan equation

3 1
0a(p)(At, @r) + 5[(At, ®e), (Ae, )] =0

is satisfied. Here, A(E) is the Atiyah extension of E which is equipped with the Dolbeault operator o A(E)> and the
bracket [-, -] is defined in terms of connections and curvatures on E in Proposition 3.14.

Moreover, the triple (Q%°(A(E)), o A@E)» [ ~]) forms a differential graded Lie algebra (DGLA), which (as ex-
pected) is naturally isomorphic to the one obtained by algebraic means [16, 21] (see Appendix A). At this
point, we should mention that the relation between deformation theories and DGLAs was first recognized in
[19] by Nijenhuis and Richardson; later, it was suggested by Goldman and Millson [3, 4] and many others that
deformation problems should always be controlled by DGLAs and solutions to the associated Maurer—Cartan
equations form moduli spaces of the deformation problems.

From the Maurer—Cartan equation, we deduce that the space of first order deformations of (X, E) is given
by the first cohomology group H g;(lE) =~ HY(X, A(E)) (see Section 4), and that the obstruction theory is captured

by the Kuranishi map

Oby g : U C H'(X, A(E)) — H*(X, A(E)),

Zti(Ai7 (pl) = H[(Af7 (Pt), (At! (pt)],

i=1
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whence obstructions lie inside the second cohomology group Hg’f ) ~ H?(X, A(E)) (see Section 5). Here, U is
A(E

a small open neighborhood of the origin 0 ¢ H'(X, A(E)). We also give a proof of the existence of a locally
complete (or versal) family (see Theorem 6.2; cf. [22]) using an analytic method originally due to Kuranishi
[14].

Next we apply this analytic approach to look for situations where deformations of holomorphic pairs are
unobstructed (Section 7). The main tool is the following proposition relating deformations of the pair (X, E)
to that of X and E, which first appeared in [7, Appendix A] without proof:

Proposition 1.3 (=Proposition 7.1). Denote the Kuranishi obstruction maps of the deformation theory of X, E
and (X, E) by Oby, Obg and Obx ) respectively. Then we have the following commutative diagram:

o> HY(X, End(E)) -~ H'(X, A(E)) -~ H'(X, Tx) >—> -
ObEJ/ Ob(x,E)\L Obxi
s H2(X, End(E)) ——> H(X, A(E)) -~ H(X, Ty) 2~ ...
Here, the connecting homomorphism 6 is given by contracting with the Atiyah class:
() = @lFvl.

Remark 1.4. The vertical maps (Kuranishi maps) in the above proposition are understood to be defined on
small neighborhoods around the origins of the corresponding cohomology groups.

Applying this proposition, we obtain results which generalize some of those in the recent work of X. Pan [20]
(where only the case when E is a line bundle was considered). We also prove that when X is a K3 surface and
E is a good bundle over X with ¢, (E) # 0 (Proposition 7.7), deformations of pairs (X, E) are unobstructed.

Remark 1.5. After we posted an earlier version of this article on the arXiv, Carl Tipler informed us that the paper
[6] of L. Huang already contained most of our results, although we have more detailed expositions of first order
deformations (Section 4) and the proof of existence of Kuranishi families (Section 6) than Huang’s paper and we
have a comparison with the algebraic approach (Appendix A) showing in particular that the isomorphism class
of the DGLA is independent of the choice of hermitian metric on E. As a result, this article should be regarded
as largely expository.

2 Connections, curvature and the Atiyah class

In this section, we review some basic notions in the theory of holomorphic vector bundles over complex
manifolds and fix our notations. Excellent references for these materials include the textbooks [5, 8].

Let E be a complex vector bundle over a smooth manifold X. For k > 0, we denote by QX the sheaf of
k-forms and by QX(E) the sheaf of E-valued k-forms over X. Recall that a connection on E is a C-linear sheaf
homomorphism V : Q°(E) — Q'(E) satisfying the Leibniz rule:

V(f-s)=df ®s+f-Vs
for f € Q% and s € Q°(E). We extend V naturally to V : QX(E) — Q*1(E) by defining
V(a®s)=daos+ (1) aA Vs
for a € QX and any s € Q°(E). The curvature

Fy =VoV:Q%E) - Q*E)
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of V can then be regarded as a global End(E)-valued 2-form. Also, V induces a natural connection on End(E)
by
(VA)(s) = V(4s) - A(Vs),

where A € Q°(End(E)) and s € Q°(E), and we have the Bianchi identity
VFy =0.

Now suppose that X is a complex manifold. For p, g > 0, we denote by QP9 the sheaf of (p, g)-forms
and by QP*4(E) the sheaf of E-valued (p, g)-forms over X. Recall that a holomorphic structure on a complex
vector bundle E over X is uniquely determined by a C-linear operator og : Q°(E) — Q%!(E) satisfying the
Leibniz rule and the integrability condition 0% = 0. If we further equip E with a hermitian metric h, then
there exists a unique connection V on E which is hermitian (i.e. dh(sy, s») = h(Vsy, s3) + h(s1, Vs,) for any
s1, 2 € Q°(E)) and compatible with the holomorphic structure on E (i.e. V%! = 9g, where V0! = [[>1 o ¥
and 171 : QP*9(E) — QP-9(E) is the natural projection map). V is usually called the Chern connection on
(E, h). The curvature Fy of the Chern connection on (E, h) is real and of type (1, 1), so the Bianichi identity
implies that dgnq(z Fv = 0, and thus this defines a class

[Fy] € H"'(X, End(E)),
called the Atiyah class of E [1]. We have the following lemma.
Lemma 2.1 ([8], Proposition 4.3.10). The Atiyah class is independent of the choice of the Hermitian metric.

Using the Atiyah class, one can define an extension of End(E) by Ty; indeed, in the language of alge-
braic geometry, we can interpret the Atiyah class as an element in the extension group Ext}(E ® Ty, E) =
Ext!(Tx, End(E)). Consider the smooth vector bundle A(E) := End(E) @ Tx and the differential operator
dam), : Q°(A(E)) — Q%' (A(E)) on A(E) defined by

< 0 B
d = End(E) ,
A(E)p ( 0 or

where B € Q%! (Hom(Tx, End(E))) acts on Q°(Tx) by
BA@:=-(-1)p_ Fg.

To simplify notations, from this point on, we will denote the vector bundles End(E) and Hom(Ty, End(E)) by
Q and H respectively unless specified otherwise.

Proposition 2.2. B € Q%' (H) is 0g-closed.
Proof. This follows from the Bianchi identity 0oFy = 0: Forany v € Ty,
(0gB)(v) = do(Bv) + B(01,V) = =0q(V_Fy) + 01,V Fy = vidoFy = 0.
O

Proposition 2.3. (A (E), 0 A(E)B) defines a holomorphic vector bundle over X whose holomorphic structure de-
pends only on the class [B].

Proof. Clearly o A(E), Satisfies the Leibniz rule, so it suffices to prove that 551(93 = 0. But 531@3 = 0ifand only
if 0gB = 0 which holds by Proposition 2.2. This proves the first part of the proposition.
To see the second part, suppose that B’ — B = dgf for some f € Hom(Tx, Q). Define the smooth bundle
isomorphism F : A(E) — A(E) by
F:(A,v)— (A-fv,v),
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and extend to A(E)-valued p-forms. We compute
éA(E)B/F(A’ V) = ((-)Q(A —fV) + B/V, (-)TXV) = (5QA - (-)va + Bv + éHfV, 5TXV)
= ((-)QA + Bv _féTXV’ 5TXV) = FéA(E)B(A’ V).

Hence F in fact defines a holomorphic bundle isomorphism between (A(E), o A(E),) and (A(E), 0 AE)y ). Since
the curvature Fy differs by an exact End(E)-valued 1-form if another metric was used, this shows that the
holomorphic structure of A(E)p only depends on the class [B] but not the metric. O

Remark 2.4. Under the Dolbeault isomorphism

H'(X, Hom(Tx, Q)) = H"'(X, Q),
the class [B] corresponds to the Atiyah class [Fv . Hence the holomorphic structure of A(E) depends only on the
Atiyah class of E.

By abuse of notations, we will now write o A(E), SImMply as 0 A(E)» keeping in mind that a hermitian metric on E
has been chosen.

Definition 2.5. The holomorphic vector bundle (A(E), 0 A(E)), which is an extension of Q = End(E) by Ty, is
called the Atiyah extension of E.

3 Maurer—Cartan equations

In this section, we start our study of the deformation theory of pairs (X, E). Our goal is to derive the DGLA and
Maurer—Cartan equation which govern this deformation problem.

3.1 Deformations of complex structures and holomorphic vector bundles

We begin by a brief review of the classical theory of deformations of complex structures and holomorphic
vector bundles; the textbooks [11] and [10] are classic references for these theories respectively.

We first recall that a family of deformations 7 : X — A of a compact complex manifold X can be rep-
resented by a family of sections ¢; € Q%1(Ty), where Ty is the holomorphic tangent bundle of X (or the
i-eigenbundle of the almost complex structure defining X), satisfying the Maurer—Cartan equation

5 1

o1, Pt + i[wt: @t = 0. o))
An essential ingredient in the proof is the Newlander—Nirenberg Theorem [18] which states that any integrable
almost complex structure comes from a complex structure.
Proposition 3.1. Define an operator 0+¢;.0 : Q° — Q%1 by f s of +@,(0f), where _ denotes the contraction
or interior product. Then a local smooth function f is holomorphic on X; if and only if (5 + (pua) f=0,ie.

5[f=0<:> (5+(pua)f=0,

where 0 is the d-operator of the complex manifold X;.
Proof. Letz!, ..., z" belocal holomorphic coordinates on X (where n is the complex dimension of X). Then
@ is of the form *

. iy a
— i
ot = @iz, )dz' ® YR

1 The Einstein summation convention will be used throughout this article.
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Hence Ty'" is locally spanned by
o 9
oz T 055
The result follows. O

Next we recall the deformation theory of holomorphic vector bundles. Let E — X be a complex vector bundle
over a complex manifold X. It is a standard fact in complex geometry that E admits a holomorphic structure
if and only if there exists a linear operator oy : Q%4(E) — Q%9*1(E) satisfying 02 = 0 and the Leibniz rule

dpla®s)=da®s +(-1)%a A dg(s),

foranya € 0%4(E) and smooth section s of E (we call this the linearized version of the Newlander—Nirenberg
Theorem; see e.g. [8, Theorem 2.6.26] or [17, Theorem 3.2]). Hence if we have a family of holomorphic vector
bundles & — A (or {E¢}¢ca) on X, then we have a family of Dolbeault operators éEt, whose squares are zero
and all satisfy the Leibniz rule.

Proposition 3.2. Given a family of deformations {E},ca of E, the element A; := 9, — o € Q°1(End(E))
satisfies the Maurer—Cartan equation

< 1

aEnd(E)At + E[At’ Ad=0

forall t € A. Conversely, if we are given a family {A;}ica C Q%(End(E)) which satisfies the Maurer—Cartan
equation for each t, then {(E ,0p+A [)} ted defines a family of deformations of E.

Proof. Note that
- < - < 1
(aE + At)z = 6EAt +AtaE + At /\A[ = aEnd(E)At + E[At, At]

The result follows from the linearized version of the Newlander—Nirenberg Theorem. O

3.2 Deformations of holomorphic pairs and the operator D,

Definition 3.3. A holomorphic pair (X, E) consists of a compact complex manifold X together with a holomor-
phic vector bundle E over X.

Definition 3.4. Let (X, E) be a holomorphic pair. A family of deformations of (X, E) over a small ball A centered
at the origin in C? consists of a proper and submersive holomorphic map 7 : X — A (a family of deformations
of X over A) and a holomorphic vector bundle & — X such that m*(0) = X and & l-1(0) = E. For t € A, we denote
by (X;, E¢) the holomorphic pair parametrized by t.

By the theorem of Ehresmann, if A is chosen to be small enough, the family X is smoothly trivial, i.e. one
can find a diffeomorphism F : X — A x X. Restricting to a fiber X; C X, one can push forward the complex
structure on X; to define J; on X; := {t} x X via F. One can also trivialize £ as A x E by a smooth bundle
isomorphism P and the holomorphic structure on E; := {t} x E is induced from that on £|x, via the map P.
Hence we can assume that our family is a smoothly trivial family A x E — A x X over a small ball A in C4
centered at the origin.

Now let {(X¢, E¢)}¢ea be a family of deformations of (X, E). By definition, {X;};c, is a family of deforma-
tions of X, so it can be represented by an analytic family of sections ¢, € Q%! (Ty) satisfying the Maurer—
Cartan equation (1). Define the operator D; : Q%9(E) — Q%9*1(E) by

De(sker) = (0 + @d)s* @ ey,

where {e;} is a local holomorphic frame of E;.
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Proposition 3.5. The linear operator D; is well-defined, that is, independent of the local holomorphic frame of
E¢. Moreover, it satisfies the Leibniz rule

Di(a®s)=(0+@ii0)a®s+ (D@ A Dy(s)
forany s € Q°(E) and a € Q°"(X). Also, D(s) = 0 if and only if 9, (s) = 0.

Proof. To prove well-definedness, we need to show that D is independent of the choice of a local holomorphic

frame {e;} of E¢. So suppose {f;} is another local holomorphic frame of E. Let TII-( be local holomorphic

functions on X; such that f; = T}‘ek. Then for a local section s = ske;, =5/ fj,» we have s = Sk‘l']k and thus

D(Ff) = (3 + 9 0)F @ fj = (3 + @ 0)(s* 1)) @ f;
= (0 +@0)sk ® T],'( = Di(s¥ey).

Hence D; is well-defined.
The Leibniz rule for Dy is clear since 0 and o both satisfy the usual Leibniz rule. Finally, for a smooth
section s of E, if we write s = s¥e; locally with {e;} a local holomorphic frame of E;, then we have

Di(s) = 0 <= (3 + @r10)s" = 0 <= §,s" = 0 <= dp,(s) = 0.
O

We claim that D? = 0. By our definition of D;, for any smooth function f : X — C and local nowhere vanishing
holomorphic section e of E;, we have

Di(fe) = (0 + pid)*f @ e.

To compute the right hand side, we need the following

Lemma 3.6. For any ¢ € Q%P(Tx) and a € Q'(E), we have the Leibniz rule
or(9.a) = o1, @ a - (-1’ g ora.

Proof. Writing ¢ = ¢jdz’ @ -, we have
iy 0
pua=gjd? ©a (5) '

Let a; := a(-%) € Q°(E). Then

ozt
Or(poa) = 3} A dZ)) @ a; + (-1)Pp}dZ A dpa;
= dr, @+ (-1 pldZ A dpa;.
To compute the last term, first note that the contraction of % with a is taken in the (1, 0)-part, we can there-
fore assume a = af‘dzi ® ey, where {e;} is a local holomorphic frame of E. So we have

9

P S
@;dzZ A oga; = —@jdZ A (azi

Joak A dzl> ® ey
i o 0 3 kgl 5
=—p;dZ ® ﬁJaE(a, dz' ® e;) = —p.oga,
and hence the desired formula. O

We can now compute D?.

Lemma 3.7. For any smooth function, f : X — C, we have the equality

(0 + ¢ 10)°f = (BTxfpt + %[(pt, (pt]> J0f.
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Proof. First, we have
(0 + ¢ 20)*f = 3(¢0f) + 1 LOf + P d(¢0f).

By Lemma 3.6, the first term is given by
0(@¢10f) = O, ¢ 0f + P;100f .

Since 00 = -09, we have
a((thaf) + (p[_laaf = aTx(thaf.

For the last term, by writing ¢, = ¢!,dz™ % in local coordinates, we have

P120f = P af 2 dz"
and so )
io 0 0 i _
@t20(@¢0f) = @; a(p’l" af dz A dz™ + go]<pm 52 l.({zl dz A dz™
But

il Pf om0 i O m i
OiPm i Zdz ANdZ" = - . Z.dz AdZ,
so we obtain

0P, O
Pe20(pe0f) = ¢} a(p'l" af dz A dz™ [(pt, ®¢loof .

The result follows. O

As {X}¢c4 is an honest family of deformations of X, the Maurer—Cartan equation (1) for ¢ holds. Hence we
have

Proposition 3.8. D? = 0.
From the viewpoint of Proposition 3.1, it is natural to compare the operator D; with dg + ¢;_V.
Proposition 3.9. A; := D; - 0 - ¢;.V € Q%Y (End(E)).

Proof. Let f be a smooth function and s a smooth section of E. Using the Leibniz rules, and the fact that the
contraction is only taken in the (1, 0)-part, we have

A¢(fs) = (0 + @¢10)f @ s + fD¢(s) — Of ® s — fOg(S) — @1V (fs)
= (@¢20)f ® s+ fDe(s) - fOR(S) = eadf ® s = fpraV(s) = fA(s).

O

In the other direction, suppose we are now given elements A; € Q%(End(E)) and ¢ € Q%!(Tx), parameter-
ized by t € A, we can then define an operator D; : Q°(E) — Q%(E) by

D¢ = 0p + @V + Aq.
We extend D; to Q%9(E) in the obvious way, so that the Leibniz rule
Dia®s)=0+@d)azs+(-1)%anDs
holds. We want to show that if D? = 0, then (4;, ¢;) defines a holomorphic pair (X;, E;). First of all, we have

Proposition 3.10. If D? = 0, then X is a complex manifold.
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Proof. Using the Leibniz rule, we have for any smooth function and sections of E that
0=D%(fs) = (0 + @;.0)* f @ s.

Hence (0 + ¢;.0)? = 0, which is equivalent to the Maurer—Cartan equation (1) by Lemma 3.7. Therefore, the
almost complex structure defined by ¢; is integrable. O

We now need to show that E also admits a holomorphic structure over X;. We will follow the approach of [17].
Let us first make the following assertion:

k

Any smooth sections of E can locally be written as s*ey,

where {e;} C ker(D¢). We can then define of, by
5Et(skek) = étsk ® €.

To check that it is well-defined, suppose we have another local basis {f;} C ker(D;), then there exist (h)’-‘) such
that f; = h}‘ek. Applying D;, we have
((_) + goma)h]’-‘ ® e, =0.

Since {e; } is assumed to be a local basis, we have 0+ <pt46)h1’.‘ = 0, which is equivalent to 5th]’f = 0. Hence
Or,(8f) =08 @ f; = 5t(5kh],;) ®f;j =08 ® h],; ;= Ok, (s*ey).

This proves well-definedness.
Clearly, it satisfies the Leibniz rule

éEt(a ®S) = 5ta ® S+ (—1)‘0('“ A (_)E[S

and 5%;[ = 0 since ¢; defines an integrable complex structure on X. Hence by the linearized version of the
Newlander—Nirenberg Theorem, E; = (E, 0 £,) is a holomorphic vector bundle over X;.
It remains to prove that our assertion is correct:

Lemma 3.11. ker(D;) generates Q°(E) locally.

Proof. Let us first fix a smooth local frame {0, } of E; over a coordinate neighborhood U C X;. What we need
are coordinate changes (f]’ (z,t)) € I'sm(U, GL,(C)) such that f]’ o; € ker(D;). Writing D¢0; = 7¥ ® o} with
8 € Q%1(X), the existence of (f]‘ (z, t)) is equivalent to
0 = De(flo)) = Of] + @e0f)) ® 0; + fiTf 0y
This in turn is equivalent to the following system of PDEs
O+ @ed)ff +flrf =0
subject to the condition:
D? =0 (0+ Pt0)Tj = Ty A r,’f.

We will show that this system is solvable, following the line of proof in [17, Theorem 9.2] (linearized version
of the Newlander—Nirenberg Theorem).
First of all we set
N:=UxC’, T:=span{dz® - p;.dz", dw; - T¥w;}.

We want to show that d(T) c Q°( /\(1C N) A T. First we have

o094 .
d(dz® - @,.dz") = %ﬁdzﬁ AdZ" - o7, @prodz”.
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Then applying the Maurer—Cartan equation (1) gives

a a
d(dz" - @¢odz") = %diﬁ A (dz” - <p’,§d.’z’7 ® ;?szw)

a<pg

= ﬁd‘%ﬁ AN (dZ’Y - (thdZ’Y).

Secondly,
d(dw; - Ttw)) = —ottw, - ottw, + Tt A dw,
= —(3 - P O)Tiw; — (0 + @ 2d)Tiwy + TL A dw,
= -0 - rO)Tiw — T8 A Thwy + TH A dw,
= —(0 - @d)Tiw; — TF A (dwy - T}cw,).

Hence by the Newlander—Nirenberg Theorem, we obtain holomorphic coordinates ({#, u}) on N and
smooth functions Ff;‘((t) = Fg(z, t), Ff((}, Us) = Fﬁ(z, u, t), and fo((t, ue) = Fi,(z, w, t) such that

dgf =Ff(z, 0(d2 - p,d2P),
duf =Fj(z, w, )(dw; - Tfwy) + Fio(z, w, 0(dz" - p¢dz").

Since {dz% - @¢.dz®, dw; - T¥w;} and {d{?, dul} are basis of T, we see that the (n + r) x (n + r)-matrix

(F9)  (Fig)
Orn  (F)
is invertible for all (z, w, t). It follows that (F f) is also invertible for all (z, w, t).
Applying the exterior differential on N and evaluating at w = 0, we have
0 = dFi A dw; + Fitk A dwy + dFiq A dz% - dF 1 A 9¢2dz® - Fiad(@adz®).

Comparing the dz A dw-component on both sides gives 0,F ; A dw; + owFj, A dz* = 0, which implies, by
contracting with ¢y, that
@¢adF) A dwi + dwFig A adz® = 0.

Then by comparing the dz A dw-component, we have
OF} A 0w + Fitk A dwy - 0wF iy A @rudz® = 0.
Together with the formula we just obtained, we arrive at
(d + ¢ 10)Fi(z, 0) + FX(z, 0)7 = 0.
The result now follows by setting fl’ (z,1) := F{: (z,0,1). O

In summary, we have proved the following

Theorem 3.12. GivenA; ¢ Q%Y (End(E)) and ¢, € Q°%(Ty). Ifthe induced differential operator D; : Q%9(E) —
Q%9Y(E) satisfies D7 = 0 and the Leibniz rule

Dia®s) =@+ @id)acs+(-1)%anDds),
then E admits a holomorphic structure over the complex manifold X;, which we will denote by E; — X or just
E;.
The operator D; gives a cochain complex
(Q%*(E), Dy).

It is then natural to compare the cohomologies H* (X, E;) and H*(Q%°(E), D;). But D; captures only the holo-
morphicity of the pair (X, E;), so we would not expect H*(Q%*(E), D;) to be something new.
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Proposition 3.13. Forany t € A, we have the isomorphism
HY(X;, E) * HI(Q**(E), D)
forany q = 0.

Proof. We first prove the case when E = Oy and q = O. Let P : Q?{l — Qg’[ ! be the restriction of the projection
ol - Q?(’[ 1, Since P is an isomorphism for |t| small, it suffices to prove that

étPt = Pt(é + ¢[Ja)

atevery point x € X.Soletusfix x € X and let {z/} be local complex coordinates around x. Let 7 ;= az] +(p] azk
and & be its dual vector. Then Maurer—Cartan equation of ¢, implies

[‘7]’ Vk] =0

By the Newlander-Nirenberg theorem, we have complex coordinates {¢’} on X, such that

a_j =V andd{ =&

at the point x. Then at x,

Pi(0+ @Lo)f = ( of +@j a—fk>P (d?).
We need to show that P;(dZ) = &. We write
—i .l ik
dz' = cl& + dje".
Then 5
L p ' .
=dZ(v,) = dz’< -+ @ azk) = &}.

Hence P(dZ) = &. Therefore,
. o f i -
Pi(5 + p_0)f = ()e = —agj dy = 3P.f

at x. Since x is arbitrary, the case g = 0 is done.
For g > 0. By abusing the notation, we still denote the induced projection .Q?(’q — Q?(’[q by P;. Let a =

aydz’. Then at the point x,
Pt(a + (th())a = Pt(é + (tha)(a]) A Pt(dfj) = c_)tPa] A é‘j

We need to show that d;(¢/) = 0 for all j. Since {&'} is a local frame of (T%l)*, dé € Q)l(’t g Q?(’[Z. Hence, in
order to prove 0,(&’) = 0, it suffices to show that dé/ (¥, 7;) = 0 for all k, I. This follows from

de/ (i, 7)) = 1@ () - 1 () - & (7, )]) = O

This completes the case E = Ox and g = 0.
For a general holomorphic vector bundle E, D; is locally given by

Did ® ej)=(0+ P:20)d ® ej,
where {e;} are local holomorphic frame of E; over X;. In this case, P; is extended by
{Xj ® ej — Pt(ai) (24 ej.

The required relation follows immediately from the E = Oy case. O
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3.3 DGLA and the Maurer—Cartan equation

We are now ready to derive the Maurer—Cartan equation governing the deformations of pairs. Given A; €
Q%Y(End(E)), ¢ € Q%1(Tx) such that the induced differential operator D, satisfies D? = 0, we have

(éE + (thV +A[)2 = D? =0.
Let us expand the left hand side:

(O + PeaV + Ap)? =0p(QV) + @1V g + 91V (9 1V)
+OpA¢ + Ardp + @ VAL + A(@e V) + A N Ay

=0p(@¢V) + 9 aVOE + 9oV (V)

+00A¢ + @ aV2A; + Ar A Ay

Applying Lemma 3.6 to the term 0 (¢p;1V), we get

(O + @tV + Ap)? =01,0¢1V + 9t (OpV + VOE) + 911V (91 V)
+ éQAt + gD[_IVQA[ + At N Ag.

Since V is the Chern connection, we have Fy = 0V + V9g, and so
O + @eaV + A = (01,0t 0V + 9oV (P aV)) + 0gA¢ + P oFy + VA + Ag A Ay
Note that the curvature F+y is given by
Fy(p, ¥) = 9.V @o9) - (D Wyp w(p,v) + g, Y1V

for ¢, 1 € Q%" (TcX). Hence
20t V(@i V) = Fo(@e, 91) + @+, 9]V,
However, ¢; € 0%1(Tx) and Fy is of type-(1, 1), we must have Fy (¢, ¢¢) = 0. Therefore,

PeaV(peaV) = %[(Pt, Pelav.
As a whole we obtain
(Op + @V + Ap)? = <5TX(Pt + %[%, <Pt]) UV +0gA¢ + e Fy + 0 V2%, + %[At, Al
But since X; is integrable, ¢; satisfies the Maurer—Cartan equation (1), and so
(Op + PeaV + A = 0gA¢ + P Fy + 9V 2A, + %[At,At].
Hence we conclude that D7 = 0 is equivalent to the following two equations

(SQAt + (Pt—va + (P[_IVQAt + %[At, At] =0,
@
- 1

or, Pt + §[<Pt, @¢ =0.

Recall that A(E) = Q & Tx as smooth vector bundle. Define a bracket [, -] : Q%P (A(E)) x Q%(A(E)) —
QOPH(A(E)) by
[(A4, ), B, )] := (VB - (-1)"7p_vA + [4, B, [p, ).

The following proposition can be proven by straightforward, but tedious, computations which we omit:
Proposition 3.14. The bracket [-, -] : Q%P (A(E)) x Q¥9(A(E)) — Q®P*9(A(E)) defined by

[(4, @), (B, )] := (92V2B - (-1)P7p_v 24 + [4, B], [o, Y])

satisfies
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@ (4, 9), (B, )] = -(-1)*[(B, ), (4, )],
@) (4, 9), [(B, ), (C, D] = [[(4, @), (B, )], (C, )] + (-1)*[(B, ¥), [(4, 9), (C, D],

for (4, ) € Q®P(A(E)), (B, ) € Q%9(A(E)) and (C, 1) € Q*"(A(E)).

We also recall the differential operator o a(g) defined in Section 2.
Again by direct computations, one can prove that the bracket [-, -] and the Dolbeault operator 0 A(E) are
compatible with each other:

Proposition 3.15. We have
dapl4, ), (B, Y)] = [0 (A4, @), (B, )] + (1)’ [(A, 9), 055 (B, ¥)]
for (4, @) € Q®P(A(E)) and (B, ) € Q**(A(E)).

Propositions 3.14 and 3.15 together say that (Q%*(A(E)), o A(E)» [ ~]) defines a differential graded Lie algebra
(DGLA).

Remark 3.16. In the appendix, we will prove that there exists a natural isomorphism between the complex
(Q%*(A(E)), o A(r)) and the one obtained using algebraic methods [16, 21] intertwining our bracket [, -] with the
algebraic one. This gives alternative proofs of Propositions 3.14 and 3.15, and shows that our DGLA is naturally
isomorphic to the one derived using algebraic methods. In particular, the isomorphism class of our DGLA is
independent of the choice of the hermitian metric we used to define the Chern connection V.

Using the bracket [-, -] and the Dolbeault operator o A(E)» We can now rewrite the two equations (2) as the
following Maurer—Cartan equation:

5 1
Oa)(At, @r) + 5[(14“ @1), (At, o)l = 0,

which governs the deformation of pairs. We summarize our results by the following

Theorem 3.17. Given a holomorphic pair (X, E) and a smooth family of elements {(A¢, ¢¢)}tea C Q%1(A(E)).
Then (A¢, @¢) defines a holomorphic pair (X, E¢) (namely, an integrable complex structure J; on X together with
a holomorphic bundle structure on E over (X, J;)) if and only if the Maurer—Cartan equation

Oa)(Ae, po) + %[(At» @), (Ae, o)l = 0 3)

is satisfied.

4 First order deformations

The Maurer—Cartan equation (3) implies that a first order deformation (A1, ¢1) (the linear term of the Taylor
series expansion of a family (A;, ¢;)) is 0 ace)-Closed:

éA(E)(Al’ §01) = Oy

and hence defines a cohomology class in the Dolbeault cohomology group Hg’l ~ HY(X, A(E)). To deter-
A(E)

mine the space of first order deformations of a holomorphic pair (X, E), it remains to identify isomorphic
deformations.

Definition 4.1. Two deformations &€ — X, & — X' of (X, E) are said to be isomorphic if there exists a biholo-
morphism F : X — X’ and a holomorphic bundle isomorphism @ : & — &’ covering F such that F|x = idx and
Q|g = idg.
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Proposition 4.2. Suppose & — X and &' — X' are isomorphic 1-real parameter family of deformations of
(X, E). If we denote by (A¢, @) and (A}, @}) the elements that represent the families ¢ — X and & — X’
respectively, then there exists (01, v) € Q°(A(E)) such that

(A;” 47?) = (A[’ q)[) + téA(E)(_@l, V) + R((A[’ (Pt), t(@l, V))’

where the error R depends smoothly on t, A(t), ¢(t), ©1, v and first partial derivatives of ©, v. Moreover, R is of
order s? in the sense that

R(S(A’ §0)9 3(69 V)) = sle((A’ §0)9 (@9 V), s)y
for some map R, which depends smoothly (with respect to the Sobolev norm; see Section 6 for its precise defi-

nition) in s, (A, ) € Q¥ (A(E)) and (8, v) € Q°(A(E)).

Proof. As before, let v € Q°(Ty) be the vector field which generates the 1-parameter family of diffeomor-
phisms F; : X — X of the underlying smooth manifold X. Since

dF(Graph(g; : TY' — Ty°)) = Graph(p; : Ty — T3°),

we already have
@t = Q¢ + o1,V + R(@y, tv).

Hence it remains to show that
At = At + t(0g(-01) - voFy) + R((A¢, @), t(01, V),

for some 0; € Q°(Q).

We define an endomorphism of E as follows: Fix p € X and the fiber Ep of E. Let P, (y : Ep — Ef,(y) be
the parallel transport along ¢t — ~p(t) := F¢(p). Define O; := P )@t : Ep — Ep. Then O, defines a bundle
endomorphism of E. Let us write

-1
Yot
O¢ =0y +tO; + 0(),
A = Ap + tA] + 0(t%),

Since @y = idg, we have O¢ = idg and Ag, = 0. We need to compute A’.
Now let e; be a local holomorphic section of E; C €. Since @; is holomorphic, @;(e;) is a holomorphic
section of E} C &', so that D;@¢(e¢) = 0, i.e.

0pDi(er) = -’ () VDe(er) - ArDy(ey).

We want to compute the first derivatives of both sides of this equation with respective to t at t = 0.
First note that @; = PV(,)@t, so we have

0 0
E(pt(et)|t=0 =-v.Ve+0Oq(e) + &et|t=0,

where e = ep. Hence
0 < < 0
aaE(pt(et)‘hO =0 (&(Dt(et)heo)

- -35(17)+ 35(61(6) + B ( syerlco)

For the term, —¢@; .V ®;(e;), we have

0 <
&(—(P;JV‘I’t(et)N@o = -} Ve-0r,v.Ve

= —<p'14Ve - 5E(VJVe) - va)EVe.
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Since e = ey is holomorphic with respective to &|-1(g), we have
0gVe = Fyl(e).
Moreover, since e; is holomorphic with respective to E;, we have D;e; = 0, that is,
Oper = —@i Ve — Acey.

Differentiate with respective to t and set t = 0, we obtain
—(leVe = éE <%€(t)‘[=o) +A1€.

Hence
%(—fpbvcpt(et))lt:o = 0p (%etlt:o) - 0g(vave) - voFye + Aqe.
For the term -A;®;(e;), we have
%(‘A;(Dt(et))hzo =-Ale.
As a whole we obtain the formula
0p(01(e)) = ~voFy(e) + (A1 - AY)(e).
Since e is holomorphic with respective to €|,-1(o), 0£(01(€)) = (9¢61)(e), so that
A} = Ay +0(-61) - v_Fy.
Therefore we have

0

&(A? —Ap)|t=0 = A} — A1 = 0¢(-61) - V_Fy,

or in other words,
A; = A[ + t(éQ(—Ql) - V_:Fv) + O(tz).

Since A is completely determined by (4¢, ¢;) and (@1, v), we have
Ap = A+ H0(-01) - voFy) + R((Ar, 9¢), t(01, V),
where R is of order ¢? and depends smoothly on t, A, ¢, ©1, v. Moreover, since the equation
opDi(er) = ~p;VDi(er) - ArDi(er)

depends smoothly on first order partial derivatives of ©, and v, we see that the error R also depends smoothly
on first order partial derivatives of ©1 and v.
Finally, R satisfies
R(s(4, 9), 5t(8, V) = s’R1((4, 9), (81, V), 9),
for some map R; which depends smoothlyin s, (4, ¢) € Q>1(A(E)) and (0, v) € Q°(A(E)). This follows from
the fact that

R((4, 9),(0,v)) - 0 as(0,v) — 0,and
R((A, 9),(0,v)) — R((6,Vv)) as(A4,¢p)—0,
with R(s(0, v)) = s2R((8, v)). O
Corollary 4.3. If € — X and &' — X' are isomorphic deformations of (X, E), then the first order terms (A1, ¢1)
and (A’ ") of the corresponding families (A, ¢;) and (A}, @}) respectively differ by an o A(E)-exact form.
Proof. We have A} - Ay = 0¢(-64) - v_Fy and ¢’ - ¢1 = 0r,v, whence
(A1, 1) - (A1, 1) = O () (-1, V).
O

We conclude that the space of first order deformations of a holomorphic pair (X, E) is precisely given by the
Dolbeault cohomology group H g,1 ~ HY(X, A(E))
A(E)
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5 Obstructions and Kuranishi family

Now given a first order deformation [(Ay, ¢1)] € Hg’l ~ H'(X, A(E)), it is standard in deformation theory to
A(E)

ask whether one can find a family (4, ¢;) integrating (A4, ¢1) to give an actual family of deformations. To
study this problem, we use a method due to Kuranishi [14].

We need to review several operators commonly used in Hodge theory. We first choose a hermitian metric
gon X and h on A(E), so that we can define a hermitian product (-, -) on Q%°(A(E)). Define the formal adjoint
of 0 (k) with respective to (-, ) by

(éA(E)a’B) = (a, B;(E)ﬁ) .
Then the Laplacian is defined by
Ape) = Oa® OaE) + Oa)0am)-
This is an elliptic self-adjoint operator and thus has a finite dimensional kernel HP (X, A(E)), consisting of
harmonic forms. We have the standard isomorphism from Hodge theory:

HP(X, A(E)) ~ Hg;i’m ~ HP (X, A(E)).

Take a completion of Q%°(A(E)) with respective to (-, -) to get a Hilbert space L*, and let H : L" —
H"(X, A(E)) be the harmonic projection. The Green’s operator G : L* — L” is defined by

I=H+AA(E)G=H+GAA(E).

It commutes with 0,4z and 9z
Nowletn1,..., nm € H(X, A(E)) be a basis and €; (t) := E;ﬁl tjn; € H'(X, A(E)). Consider the equation

€(t) = €1(0) - 28)(5,Gle(t), €(0)].

We denote the Holder norm by || - || ». The following estimates are obvious:

194E€llia <Crll€lkr1,a
IIle, S]Hk,a <Call€llie1,allOlli+1,a-
In [2], Douglis and Nirenberg proved the following nontrivial a priori estimate:
l€llka < C3(1AacE)€llk-2,a + [I€ll0,a)-

Applying these and following the proof of [11, Chapter 4, Proposition 2.3], one can deduce an estimate for the
Green’s operator G:
IGE€llk,a < Call€llk-2,a>

where all C;’s are positive constants which depend only on k and a.
Then by the same argument as in [11, Chapter 4, Proposition 2.4], or alternatively using an implicit func-
tion theorem for Banach spaces [14], we obtain a unique solution e(t) which satisfies the equation

e(0) = €1(0) - 2 85 Gle(t), €(0)],

and is analytic in the variable t. Note that the solution e(t) is always smooth. Indeed, by applying the Lapla-
cian to the above equation, we get

Aae(® + 2 8)p e, (0] =0,

Also, the solution €(t) is holomorphic in t, so we have

2
Za ) _ g,
9404
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Now since the operator
62
A A(E) + _—
; 0t;0f;

is elliptic, we see that €(t) is smooth by elliptic regularity.
Following Kuranishi [14] (see also [11, Chapter 4]), we have the following

Proposition 5.1. The solution e(t) that satisfies

1 <%
e(t) = €1(t) = 5 0,45 Gle(®), e(D)]
solves the Maurer—Cartan equation if and only if H[e(t), e(t)] = 0, where H is the harmonic projection.

Proof. Suppose the Maurer—Cartan equation holds. Then
Hle(t), e(t)] = ZHE)A(E)e(t) =0.

Conversely, suppose that H[e(t), €(t)] = 0. We must show that

B8(6) = 3qg7€(6) + 3 Le(t), €(6)] = 0.

Recall that e(t) is a solution to
1<+
e(t) = e1(t) ~ 5 0,4(p) Gle(®), e(D)]

and e (t) is 0 a(g)-Closed. By applying 0 ) to this equation, we get

< 1< <
()A(E)e‘(l‘) = —EOA(E)()A(E)G[E(t), e(t)].

Hence
26(t) = éA(E)BZ(E)G[e(t), e(t)] - [e(0), e(B)].

Using the Hodge decomposition on forms, we can write
[e(0), €(t)] = HIe(t), €(t)] + Ap5) Gle(D), €(O)] = Ay Gle(d), (0.
Therefore, we have
26(6) = (Aa(e) G ~ dam () O)Ne(), €()] = 359k Gle(®), (8)] = 20 GlOar (D), (D)),
and hence
8(6) = 8)s)GlB 4 (D), €] = 8 GIB(O) ~ S [€(0), €(0)], (O] = 83 GI6(0), (o),

where we have used the Jacobi identity in the last equality. Using the estimate

”[‘f’ U]Hk,tx < Ck,a||€||k+1,tx||n||k+1,m

we get
16Ok, < Cr,all6Dllx,all€@®]lk,a-

By choosing |¢| to be small enough so that Cy 4||€(t)||x,o < 1, we must have §(t) = O for all |¢| small enough.
This finishes the proof. O

In the case when H[e(t), e(t)] vanishes identically (which always holds if H?(X, A(E)) = 0), we have the fol-
lowing

Corollary 5.2. If H[e(t), e(t)] = O for all t, then we have a complex analytic family & — X.
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Proof. 1f H[e(t), e(t)] = O for all t, then e(t) = (A¢, ;) satisfies the Maurer—Cartan equation and so (X;, E¢)
is holomorphic for each t. In particular, we obtain a deformation X of X. Let & := A x E. A smooth section
0 : X — & of & on X can be written as

o: (t,x) — (¢, s(x, 1),

for some smooth map s : X — E. We define a Dolbeault operator o : Q%’C(E) — .Qgc’l(&) on & by
0e0(t, x) = (¢, og,s(t, x)).
Note that 0¢ is well-defined for, if {ex(t, x)} are local holomorphic frame of E; — X;, then we can write
0¢0(t, X) = (¢, 0 (s“(t, ey (t, )) = 3rs*(t, x) @ ex(t, X)),
which is a smooth section of .(2851(8). Clearly, 0% = 0 and hence ¢ is a holomorphic vector bundle over X. [J
In general, the condition H2(X, A(E)) = 0 may not be satisfied. But we can define the (singular) analytic space
8 :={t c A: H[e(t), e(t)] = 0}

and form a family & — X over 8, which is called the Kuranishi family of (X, E). In particular, we see that
the obstruction space is precisely given by the Dolbeault cohomology group Hg’f) ~ H%(X, A(E)), and the
A(E

obstructions to deformations of a holomorphic pair (X, E) is captured by the Kuranishi map
m
Oby p) : UC H'(X, A(E)) — H*(X, A(E)), Y _t;n; — HIe(t), e(D)],
i=1

where U is a small open subset around the origin 0 € H'(X, A(E)) whose diameter is less than twice of the
radius of convergence of e(t).

6 A proof of completeness

The goal of this section is to give a proof of the local completeness of a Kuranishi family for the deformation
of the pair (X, E). Existence of a locally complete (or versal) family for deformations of pairs was first proved
by Siu-Trautmann [22]. Here we give another proof using Kuranishi’s method.

Definition 6.1. A family & — X over an analytic space 8 is said to be locally complete (or versal) if for any
family &' — X' over a sufficiently small ball A, there exists an analytic map f : A — 8 such that the family
&' — X' is the pull-back of & — X via f.

Recall that for given e, (t) € H'(X, A(E)), we have existence of solutions e(t) to

e(0) = €1(0) - 2 85 Gle(t), (0]

and e(t) satisfies the Maurer—Cartan equation if and only if H[e(t), e(t)] = 0. We then obtain an analytic family
& — X over
8 :={t € A: H[e(t), e(t)] = 0}.

The main theorem is as follows:
Theorem 6.2. The Kuranishi family & — X over § is locally complete.

Before going into the details of the proof, we first introduce the Sobolev norm: One can endow A(E) a hermi-
tian metric H, induced from that of E and X, and define the inner product

@p= Y. [ HO'a,D'p),

I|<k
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a, B € Q%" (A(E)). The Sobolev norm is defined by
la| := (a, a)%.

One has the estimate
|le, Bllk < Cicl@lics|Blics1

for some constant Cy > 0.
We take a completion of Q% °(A(E)) with respective to (-, -); to get a Hilbert space L;:. The harmonic pro-
jection H : L, — H'(X, A(E)) and the Green’s operator G : L, — Ly, , satisfy the estimates

|Haty < Cilaly,
075 Galk < Crlalys.
The following lemma will be useful in the proof of the completeness theorem.

Lemma 6.3. For fixed €1(t) € H' (X, A(E)), t € S, the equation

1 k*
e(t) = €1(t) = 59,5 Gle(®), €(?)]
has only one small solution.

Proof. Suppose € is another solution. Let § := € - €(t). Then

1 <%
6 =-50,pG(le, el - [e(8), e(O)
1<+
-~ 33665, (O] + [e(0), 8] + 15, 6)
1 <%
= _iaA(E)G(Z[(S’ e(t)] + [5a 6])'
Hence
181ic < Cie(|8]ile(®) ] + 61%) < Cil 8[| €] + |8]10)-
For |e(t)| and |€e|; small, we can only have |§|; = 0. O
We are now ready to prove the local completeness theorem.

Proof of Theorem 6.2. Let & — X' be a deformation of (X, E). Let €/, be the element representing this defor-
mation. We first prove that if 5,*4(5)6/ = 0, then there exists t € $ such that €’ = e(t).
Note that ¢’ satisfies the Maurer—Cartan equation:

o€ + %[e', el=0.
Applying 0}, i), we get
Siedame + 30ple’ €1 =0.

Since 5;(]:-)6/ = 0, we have

A€ + %BZ(E)[E/, el1=0.
Then using I = H + GA (), we get

€ = He' - %5;(5)6[6’, e'l.
Note that He' € H'(X, A(E)) and by the estimate |[He'|; < C;|€’|, we see that |He'| is small if |€’|; is small.
Hence He' = e1(t) for some t € 8. Therefore, if the ball A is small enough, €’ is a solution to

/

1 3
e =e(t) - EaA(E)G[e’, e'l.
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Therefore, €' = e(t) for some t € § by Lemma 6.3.
Now we prove that for any given small deformation & — X', one can find an isomorphic deformation
&"” — X" such that the element €” which represents the family &” — X" is BZ(E)-closed. This will prove the
local completeness. Indeed, we will prove the following: Given a deformation €’, there exists n € I m(a;(E)) -
Q°(A(E)) such that the element €, which represents the deformation &” — X", is 52(E)-closed.
Let n = (0,v) € Q°(A(E)), then the elements €’, €”, which represent the deformations & — X’ and
&" — X" respectively, satisfy
€" =€ +d,p,m+R(E, 1),

where the error term R satisfies R(s€’, sn7) = s>Ry(€’, 17, s) as in Proposition 4.2. Hence 5:1(}5)6’ " = 0ifand only
if

OuEE + OpEOamm + O R(€, n) = 0.
Ifne Im(éZ(E)), then

A gy () + 5;(E)R(e'(s), n)+ BZ(E)GI =0.
Applying G, we get

1+ 0y GR(€', ) + 0 GE' = 0.

Let U; C L,ﬁ and V; C L2 be neighborhoods around 0 such that R(¢’, n7) is defined. Define F : Uy x V1 — L2
by

F(e',n) 1= 1 + 0,5 GR(€', n) + 05 GE'.
By the order condition on the error term R, the derivative of F with respective to 1 at (0, 0) is the identity map.
Hence by the implicit function theorem, there is a C>° function g such that F(¢’, n) = 0 if and only if = g(¢’).
By the error condition again, the (second order) operator |5;(E)R(e’, -)|x is small if |¢'|; is small. Hence

AA(E) + (_)Z(E)R(e/, —) + 52(}3)6‘/

is still a quasi-linear elliptic operator. By elliptic regularity, 1 is smooth. This completes our proof. O

7 Unobstructed deformations

In this section, we investigate various circumstances under which deformations of holomorphic pairs are
unobstructed.
To begin with, note that we have an exact sequence of holomorphic vector bundles

0 — End(E) — A(F) — Tx — O
by the construction of A(E) (which shows that A(E) is an extension of Q = End(E) by Tx). This induces a long
exact sequence in cohomology groups:

<o — HYX, Q) — H'(X, A(E)) — H'(X, Tx) —
— H*(X, Q) — H*(X, A(E)) — H*(X, Ty) — -+,

and the first order term (41, ¢1) defines a class [(41, ¢1)] € H*(X, A(E)).

The following proposition, which first appeared in [7, Appendix] without proof, describes the relations
between the deformations of a pair (X, E) and that of X and E.

Proposition 7.1. Denote the Kuranishi obstruction maps of the deformation theories of X, E and (X, E) by Oby,
Obg and Obx g respectively. Then, wherever the obstruction maps are defined, we have the following commu-
tative diagram:

S H'(X,Q - H'(XAE) - HY(X, Ty) &

Obsi Ob(x,) i Obxl

S HAX,Q) - B2(X,A(B) - HAX, Ty) S
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Here, the connecting homomorphism § is given by contracting with the Atiyah class:
6(p) = ¢ [Fyl.

Proof. By definition,
CIAD =[(4,0)1, (A, @) = o]

The commutative diagram follows directly from the definitions of the maps Oby,0bg and Obx . O

Remark 7.2. We remark that since tr[A, A] = O for any A € Q%1(Q), the obstruction of deforming E (with X
fixed) actually lies in H*(X, Endy(E)), where Endo(E) C End(E) is the trace-free part of End(E).
Remark 7.3. Forany [(A, ¢)] € H*(X, A(E)) such that Obx )(4, @) = 0, we have

0= Obx o [(A, )] = Obx([p)).
In this case, the map (A, @) — @ induces a map of Kuranishi slices, i.e. every deformation of the pair (X, E)
induces a deformation of the manifold X.

An immediate consequence of this proposition is the following slight generalization of a result in [20]:

Proposition 7.4. Suppose that Oby o " = 0 and the connecting homomorphism 6 : H'(X, Tx) — H*(X, Q) is
surjective, then deformations of the pair (X, E) are unobstructed.

Proof. Surjectivity of § implies that the map (* : H>(X, Q) — H?*(X, A(E)) is a zero map, and hence the map
n": H*(X, A(E)) — H*(X, Tx) is injective. But 1" o Ob(y g = Obx o " = 0, so we have Obx p) = 0. O
In the case when E = L is a line bundle, we recover the following
Corollary 7.5 ([20], Lemma 2.4). Let X be a compact complex manifold with unobstructed deformations and L
be a holomorphic line bundle over X such that the map

Ucy (L) : H'(X, Tx) — H*(X, Ox)
is surjective. Then deformations of the pair (X, L) are unobstructed.
For example, if X is an n-dimensional compact Kahler manifold with trivial canonical line bundle, then X

admits unobstructed deformations. If we further assume that H>%(X) = 0 (e.g. when the holonomy of X is
precisely SU(n)), then deformations of (X, L) for any line bundle L are unobstructed.

Definition 7.6. A holomorphic vector bundle E over a compact complex manifold X is said to be good if
H?(X, Qo) = 0, where Qq is the trace-free part of Q = End(E).

Proposition 7.7. Let X be a compact complex surface with trivial canonical line bundle (e.g. a K3-surface), and
let E be a good bundle over X with c1(E) # 0. Then deformations of the pair (X, E) are unobstructed.

Proof. By the theorem of Tian and Todorov [23, 24], we have Obyx = 0. Hence the condition Obx o 1" = 0 is
automatic.

On the other hand, note that Q" = (E" ® E)" = E* ® E = Q and similarly Qy = Qo. By Serre duality and
the fact that Ky =~ Oy, we have H°(X, Qo) = (H*(X, Qo))" = 0 since E is good. This implies that H°(X, Q) =
H°(X, Ox) = C. Then applying Serre duality again gives

H*(X,Q) ~ (H°(X,Q" @ Kx))" ~ (H°(X, Q)" ~ C.
In this case, the connecting homomorphism 6 : H'(X, Tx) ~ H"'(X) — H*(X, Q) = C is simply given by

8(p)= | pU[trFg]l =-2mi [ ¢ Uc1(E).
/ /
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When ¢4 (E) # 0, § is a nonzero map and hence surjective. Proposition 7.4 then says that any deformation of
(X, E) is unobstructed. O

A Comparison with the algebraic approach

The aim of this appendix is to give an explicit comparison between the analytic approach we adopt here and
the classical algebraic approach (see the book [21] for the deformation theory of (X, L) where L is a holomor-
phic line bundle on X, and the thesis [16] for the general case).

We start with a definition

Definition A.1. A differential operator of order 1 on a vector bundle E is a linear map P : Q°(E) — Q°(E) such

that locally,
)
P= (gij) + Zhgﬁ’
k

with (g;;) be a matrix with entries in Ox(Ua) and hf-‘j € Ox(Uq).
A differential operator of order 1 is said to be with scalar principle symbol if h{fj =hk.1.

In the algebraic approach, the role of the Atiyah extension A(E) is replaced by the sheaf D'(E) of scalar dif-
ferential operators of order less than 1 on E, namely, we have an exact sequence

0 —s End(E) —s DYE) — Tx — 0,

where the surjective map o : D}(E) — Ty is locally defined by the symbol
oP) = S 2
p oxk

There is an obvious identification of D'(E) with A(E) as smooth vector bundles, but we will see that in fact
DY(E) can be given a holomorphic structure so that D'(E) and A(E) are isomorphic as holomorphic vector
bundles.

First of all, locally on an open set Uq, We can write

PIU,; =ga+da.

Let eq be local sections of E, {f,4} be holomorphic transition functions of E and P« := P|y,(€q). To get a global
differential operator, we must have

fapPp = Pafyp-
Hence
8p = fpa8afup *+ fpaldafpa)s  da = dp.

Set
Ta :=8a — daJ(hc_tlaha),

where hq is the Hermitian metric on E|y, . Define a map
D :gu+dg— (Ta, da).
Straightforward computations give the identities
fapTp = Tafaps  OpE)(Tas da) = 0.

It then follows that @ defines an isomorphism between D' (E) and A(E). So we can give D!(E) a holomorphic
structure by pulling back that on A(E) via @. Hence we obtain
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Proposition A.2. D'(E) carries a natural holomorphic structure so that it is isomorphic to the Atiyah extension
A(E). In particular, H? (X, D*(E)) = HP (X, A(E)) for any p.
Together with the Lie bracket [16]
[waP,neQl=wAna[P,Q+wALypneQ- (D MyrL pweP,

the triple (Q%"(D'(E)), 9, [-, -]) forms a DGLA. Note that the Lie derivative acts by

Lxw = d(iyw) + ixdw = ixyow,
for any w € Q% (X) and X € Q°(Ty).
Theorem A.3. The isomorphism @ : D(E) — A(E)

D:go+dy— ga— hy'daha
intertwines with the brackets [-, -] and [-, -], i.e.

Dlp ® P, ® Q] = [p ® D(P), P @ P(Q)]p

Proof. We first prove that
[P, Q] = [D(P), D(Q)].

Write P = g + d and Q = g’ + d’ locally in a coordinate neighborhood U c X. Then
[P,Ql=1[g,g'l +dg' -d'g+[d,d]

and so
@[P,Ql = (g, g'1+dg’ -d'g-h'[d,dh,[d,d]).

On the other hand,
[@(P), ®(Q)], = (Vg - *d'h) -V (g-h'dh)+[g-h'd'h,g-h'dh),[d,d])
Now, we compute
v -hd'h) - v (g-hdh)
=d(g’ -h'd’h) + [k dh,g' - h 'd'h] - d'(g+ h *dh) - [n"*d'h, g - k" *dh]
=dg -d'g+[htdh,g'|1-[h'd'h, gl -dh td’h+d htdh-2[h dh, h"*d'h].

and
[g-h'dh,g -h'd'hl =g, g'1-g, h 'd'h]l-[h 'dh,g') +[h *dh, i *d'h].

Therefore, their sum equals to

lg,g'1+dg’ -d'g-dh*d’h+d htdh-[h'dh, i td'h].

Finally,
[htdh, h"td'h] = k- Y(dh)h 1 (d'h) - k™1 (d’ )R~ (dh)
= —(dh™)(d'h) + (d'h~Y)(dh)
=-d(h*d’h) + h'*dd’h + d'(h"*dh) - h"*d’dh
=-d(h*d’h) +d' (h"dh) + k" [d, d']h.
Hence

v -h'd'h)-vi(g-h'dh)+[g-h'd'h,g-h'd'hl=1[g,g1+dg -dg-h'[d,dh,
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which is the required equality.
To prove the general case, we have, by linearity and the case that we have proved, the End(E)-part of
®lw ® P,n ® Q] is equal to

wAn®[t(P), T(Q)]y - wAn @ [t(P), 0(Q)y + w A n @ [0(P), T(Q)]
+w A Lypyn @ T(Q) - (—1)""””‘11 A Ly ® T(P),

where 7(P) := prgpqcg) o @(P). On the other hand, the End(E)-part of [@(w ® P), @(n @ Q)] is equal to

(0 a(P)v @ 1(Q) - (-1 (n @ 0(Q)VUw & T(P) + w A n @ [T(P), T(Q)-
The Leibniz rule for connections implies that
(0w o(P).Vi @ 1(Q) = w A Ly @ T(Q) + W AN & VpT(Q)
=w A Lyp @ T(Q) + w A n @ [0(P), T(Q)].
Similarly, we have
(n© 0(@)VUw @ T(P) = N A Lo @ T(P) + (-1 w Ay @ [0(Q), T(P)].
Putting these back into [@(w ® P), (1 ® Q)], we get
Plw® P, n® Q] =[®(w e P), ®(n ® Q.

This proves our theorem. O

Remark A.4. This theorem gives a proof of the required identities in Propositions 3.14 and 3.15, and the fact
that the DGLA (Q%*(A(E)), 0 A(E)» [ —1n) is independent of the choice of the hermitian metric h.
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