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Abstract: The magnetohydrodynamic (MHD) Stokes equations have several applications in the field of biofluid
dynamics. In the present study, we propose the staggered finite volume method (S-FVM) for MHD Stokes
equations and establish its equivalence to a nonconforming finite element approximation. We also theoreti-
cally establish the convergence of the proposed S-FVM. The error estimation is carried out in an unstructured
grid framework which is known for its flexibility and robustness in dealing with complex domains. The apriori
estimate shows that the L2-norm of the error for the pressure and velocity components is of order h, the spacial
grid size. After validating the numerical performance of the scheme against benchmark test cases, we do
numerical simulations for the blood flow through an injured arteriole and analyze the influence of the
magnetic force on hemodynamics in the arteriole under an injured condition.
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1 Introduction

Blood flows in the human circulatory system is dependent on the heart’s pumping motion, which creates a
pressure differential throughout the system. Blood is electrically conducting and has magnetohydrodynamic
(MHD) flow properties because it is a suspension of red blood cells containing hemoglobin, which includes iron
oxide [20]. Pirmohammadi and Ghassemi [18] studied natural-convection flow on a staggered grid system in
the presence of a magnetic field using a hybrid scheme for the convection terms, which was a mix of the
central difference scheme and the upwind finite volume scheme. Varshney et al. [21] have used a transverse
magnetic field to study the flow of blood with several parameters like blood velocity, flow rate, wall shear
stress, flow resistance, and flow acceleration in an artery with multiple stenosis. With the help of several
simulations of the blood flow through an injured arteriole of realistic dimension, Ireland and Gent [11] studied
the interaction of red blood cells with the surrounding plasma for different severity levels of the injury. On the
other hand, MHD Stoke’s equations, Navier-Stokes equations deals with the interaction of magnetic fields with
electrically conducting fluids, hence it has many biological and medical applications. So, it has been a topic of
interest for many authors, and several studies have been done based on finite element method and finite
volume method (FVM) [2,6,15]. Recently, Merve and Tezer-Sezgin [14] studied the lid-driven cavity flow and the
backward-facing step flow under different magnetic intensities in the horizontal and vertical directions.

Furthermore, FVM is an efficient method used for the discretization of conservation laws of fluid flow.
Consequently, FVM is widely used in solving fluid flow models numerically over regular domains as well as
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over complex domains [5,8]. Also, unstructured grid, due to its flexibility for fitting an arbitrary geometry, is
used efficiently for the discretization of such equations over complex domains [13,22,23]. Staggering of velocity
and pressure prognostic variables while solving the fluid flow models is well known to yield desired stability
analogous to the up-winding methods, wherein the discrete models resulting from the numerical approxima-
tion will be the stable numerical counterparts of their continuous versions. Such stable schemes in an
unstructured framework are known to efficiently solve fluid flow in complex geometries, as found in several
biological flows like peristaltic flow in the esophagus or intestines, coronary arterial blood flow, or flow in
aortic bifurcation [17,19].

A first-order accurate scheme, based on FVM, for steady-state Stokes equation was proposed by Eymard
et al. [8], where the pressure and velocity coupling is done with such a staggered way that velocity components
are located at cell center, while pressure field is expressed as a Galerkin expansion whose values are located at
the vertices of the cell, which was analyzed by Alami-Idrissi and Atounti [1] on a general triangular meshes in
point-value sense. Further, it was improved by Blanc et al. [3] on an equilateral mesh in average-value sense.
Later on, Nicaise and Djadel [16] validated it is numerical convergence by mapping the scheme to a non-
conforming finite element problem on a Ciarlet-regular mesh [4], satisfying the orthogonal property. Deriva-
tion of FVM schemes in an unstructured framework with the staggering of field variables to achieve stable
numerical methods though complex are known for their flexibility and stability. Largely, the available litera-
ture on numerical methods based on FVM deal with the efficient implementations and conservation properties
of the scheme. However, the question of convergence analysis and the theoretical establishment of these
widely used schemes remain widely open.

Here, we theoretically analyze the proposed FVM scheme for a multidimensional MHD Stokes model on an
unstructured grid made up of triangles/tetrahedrons and derive the corresponding aprior estimates in the
functional analytic framework to theoretically prove the convergence of the scheme and also establish the
nonconforming finite element approximation of the same scheme. While there are few studies on blood flow
in arteriole [11], very little has been reported on injured arterioles. In particular, no investigation on magnetic
force effect on the flow dynamics in such a small arteriole is available. Such a study on the MHD effect on blood
flow, especially in an injured arteriole, is useful for providing insight into the effective drug delivery. Hence,
here, we carry out numerical simulations for the blood flow through an injured arteriole under the influence
of the magnetic forcing. The complete study is organized in the following way: in Section 2, we describe the
governing equation; in Section 3, we define a regular finite volume mesh and propose a finite volume
discretization of the governing equations (1)–(3); in Section 4, we analyze the convergence of the proposed
staggered FVM scheme and discuss the nonconforming finite element approximation of the scheme; in Section 5,
we present numerical validation of the scheme and later analyze the blood flow in an injured arteriole; and
subsequently, we conclude in Section 6.

2 Governing equation

2.1 The continuous MHD Stokes equations

Let Ω be an open-bounded polygonal subset of �d, =d 2 or 3. The MHD Stokes equations with a magnetic
reaction term is given as follows:

( )
( )

( ) ( )− +
∂
∂

+ = =μ u x
p x

x
b u x f x i dΔ , 1,…,i

i

i i i (1)

∇⋅ = ∀ ∈u x0, Ω, (2)

with the Dirichlet boundary condition,

( ) = ∈ ∂u x x0, Ω, (3)

2  Chitranjan Pandey and B. V. Rathish Kumar



where ( )=u u u, …, d1 is the fluid-flow velocity, p is the scalar pressure field, f si are the source terms, and >μ 0

and ≥b 0i be the constants standing for the dynamic viscosity and magnetic force coefficient, respectively. The
direction of the magnetic force, horizontal or vertical, depends on the values of bis [14].

Assumption 2.1
(1) Ω be an open-bounded polygonal subset of �d, =d 2, or 3.
(2) >μ 0 and ≥b 0.i

(3) ( )∈ ∀ =f L i dΩ 1,…, .i 2

Under Assumption 2.1, the weak formulation of the system of equations (1)–(3),

( ) ( ) ( )

( )

⎧
⎨
⎩

+ = ∀ ∈
= ∀ ∈

a u v b p v f v v V

b u q q Q

, , , ,

, 0 ,

where

( ( )) ( ) ∫= =
⎧
⎨
⎩
∈ =

⎫
⎬
⎭

V H Q q L q xΩ , and Ω d 0d
0

1 2

Ω

has unique solution [9], ( ) ( )∈u p V Q, , , with

( ) ∫ ∫∑ ∑= ∇ ∇ +a u v μ u v x b u v x, . d d ,

i

i i

i

i i i

Ω Ω

( ) ( ) ( )∫ ∫∑= − =b u q q u x f v f v x, div d , and , d .

i

i i

Ω Ω

3 Finite volume discretization of governing equation

3.0.1 Admissible mesh

Let Ω be an open-bounded polygonal subset of �d, ( =d 2 or 3). An admissible finite volume mesh of Ω, denoted
by � , is given by a family of control volumes (CVs), which are open polygonal convex subsets of Ω̄ contained in
hyperplanes of �d, denoted by � , with strictly positive ( )−d 1 -dimensional measure and a family of points ofΩ

denoted by � satisfying the following properties:
(1) The closure of the union of all CVs is Ω̄.
(2) For any �∈K , there exists a subset �K of � such that �∂ = = ∪ ∈K K K σ¯ \ ¯σ K

, and let � ��= ∪ ∈K K .
(3) For any �( ) ∈K L, 2, with ≠K L, either the d-dimensional Lebesgue measure of ∩K L¯ ¯ is 0 or ∩ =K L σ¯ ¯ ¯

for some �∈σ .
(4) The family � �( )= ∈xK K is such that ∈x K̄K , and if ∣=σ K L, it is assumed that ≠x xk L and that the straight

line �K L, going through xK and xL is orthogonal to ∣K L.
(5) For any �∈σ such that ∈ ∂σ Ω, let K be the CV such that �∈σ K , and if ∉x σK , let �K σ, be the straight

line going through xK and orthogonal to σ . Then, the condition � ∩ ≠ ∅σK σ, is assumed and let
�= ∩y σ

σ K σ, .

Furthermore, the following notations are used:
– � �( ) { ( ) }= ∈K Ksize sup diam , .
– ( )m K is the d-dimensional Lebesgue of K for any �∈K .
– ( )m σ is the ( )−d 1 -dimensional Lebesgue of σ for any �∈σ .
– � �{ }= ∈ ⊄ ∂σ σ, Ωint and � �{ }= ∈ ⊂ ∂σ σ, Ωext .
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– If � ∣∈ =σ σ K L,int , then ( )= =∣d d d x x,σ K L K L , and if � �∈ ∩σ K ext , then ( )= =d d d x y,σ K σ K σ, .

– For any �∈σ , the transmissibility through σ is defined by ( )=τσ

m σ

dσ

if, ≠d 0σ and =τ 0σ if =d 0σ

Lemma 3.1. (Galerkin interpolation of the pressure field) Let Ω be the open bounded polygonal subset of �d,
( =d 2 or 3). and � be the admissible finite volume mesh (discussed in Section 3.0.1) made up of triangles/
tetrahedrons which satisfy the required properties for finite element method with the regularity in Ciarlet’s
sense, Nicaise and Djadel [16]. Let �s denote the set of vertices of � (sK be that of a triangle/tetrahedron �∈K )
and ϕ

s
be the linear shape functions at the vertex �∈s s . If = ∑ ∈p p ϕ

K s S s sK
be the local interpolation of pressure

field over the triangle/tetrahedron �∈K , then the global interpolation error
�

‖ ‖−p p L
2 and

�
∣ ∣−p p H

1 will be
given as follows [12]:

�

�

‖ ‖ ‖ ‖ ∣ ( )∣( ) ( ) ( )∑⎜ ⎟− =
⎛
⎝

−
⎞
⎠

≤
∈

∕

p p p p C h p x ,L

K

K L K HΩ
2

1 2

1 Ω
2 2 2

�

�

∣ ∣ ∣ ∣ ∣ ( )∣( ) ( ) ( )∑⎜ ⎟− ≤
⎛
⎝

−
⎞
⎠

≤
∈

∕

p p p p C h p x ,H

K

K H K HΩ
2

1 2

2 Ω
1 1 2

for some >C C, 01 2 , where

∣ ( )∣ ∣ ( )∣
∣ ∣

∫∑=
⎛

⎝
⎜

⎞

⎠
⎟

=

∕

p x D p x xd .H

α r

r

Ω

2

1 2

r

The global pressure field is given as follows:

�

�

∑=p p ϕ .

S

s s

3.1 Discrete formulation

Let � { }= K σ, be the admissible finite volume mesh (Section 3.0.1) consisting of triangles satisfying the
properties required for the finite element method. Then, integration of equation (1) over a CV �∈K gives

( )∫ ∫ ∫ ∫− ∇ +
∂
∂

+ =
∂

μ u n γ x
p

x
x b u x f x. d d d d .

K

i
K

K
i

K

i i

K

i (4)

A possible finite volume scheme using Galerkin expansion for the pressure field is defined by the following
equations:

�

( ) ( )∫∑ ∑− +
∂
∂

+ =
∈ ∈

μ F p
ϕ

x
x b m K u m K fd ,

σ

K σ

i

s S

s

K

s

i

i
K

i

K

i

,

K K

(5)

where

�

�
�

( ) ∣
=
⎧
⎨
⎩

− ∈ =
− ∈ ∩

∀ ∈F
u u σ ε σ K L

u σ ε ε
K

, if , .

, if
.K σ

i
σ L

i

K

i

σ K

i
K

,

int

ext

�

�∫∑ ∑ ∂
∂

= ∀ ∈
= ∈

u
ϕ

x
x s Sd 0 .

i

d

K

K

i

K

s

i1

(6)
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�

∫ ∑ =
∈

p ϕ xd 0,

s S

s s

Ω

(7)

where

�
( )

( )∫= ∀ ∈ =f
m K

f x x K i d
1

d , 1,…, .
K

i

K

The unknowns are �∀ ∈u K,K

i , =i d1,…, , and �∈p s S,
s .

4 A finite-volume error estimate

Definition 4.1. Let Ω be an open-bounded polygonal subset of �d, ( =d 2 or 3) and � be an admissible mesh
(Section 3.0.1). Define �( )X to be the set of piecewise constant functions from Ω to � , i.e.,

� �( ) ( )∈ ⇒ = ∀ ∈ ∀ ∈u X u x u x K K.K

Definition 4.2. (Mesh-dependent norm) Let Ω be an open-bounded polygonal subset of �d, ( =d 2, or 3) and �

be an admissible mesh (Section 3.0.1). For �( )∈u X , L2-norm and discrete H0

1-norm are defined as follows:

� �

‖ ‖ ∣ ∣ ∣ ∣ ( )∣ ∣( ) ∫ ∫∑ ∑⎜ ⎟=
⎛

⎝
⎜

⎞

⎠
⎟ =

⎛

⎝
⎜

⎞

⎠
⎟ =

⎛
⎝

⎞
⎠

∕

∈

∕

∈

∕

u u x u x m K ud dL

K
K

K

KΩ

Ω

2

1 2

2

1 2

2

1 2

2

and,

�

�

‖ ‖ ( )∑⎜ ⎟=
⎛
⎝

⎞
⎠∈

u τ D u ,

σ

σ σ1,
2

1

2

where

�

� �

∣ ∣ ∣

∣ ∣

= − ∈ =
= ∈ ∩

D u u u σ σ K L

D u u σ

if ,

if ,

σ K L

σ K K

int

ext

and uK denotes the value taken by u on the CV K .

Lemma 4.1. (Discrete Poincaré inequality) Let Ω be an open-bounded polygonal subset of �d ( =d 2 or 3) and �

be an admissible mesh (Section 3.0.1). Then, any �( )∈u X satisfies:

�‖ ‖ ( )‖ ‖( ) ≤u udiam Ω .L Ω 1,
2

Theorem 4.2. Let Ω be an open-bounded polygonal subset of �d, =d 2 or 3, and � be the admissible mesh
(Section 3.0.1) satisfying the assumptions in Lemma 3.1. Let �( )∈ =u C i dΩ̄, , 1,…,i 2 , and �( )∈p C Ω̄,1 , and

�( )∈f C Ω̄,i 0 is defined by = − + + ∀ =f μ u p b u i dΔ , 1,…, .i i

x

i i

i
Then, equations (5)–(7) have unique solution

�� = ∈u u K,
i

K

i , =i d1,…, , and p
s
, �∈s S such that �u

i satisfies the following estimate:

� �‖ ‖ ‖ ‖∑⎜ ⎟
⎛
⎝

⎞
⎠

= ≤
=

∕

u u B

i

d

i

L L

1

2

1 2

2 2

for some �∈ +B , depending on μΩ, , and =f i d, 1,…, .i

Moreover, the error for the velocity component �� ( )∈e X
i such that � ( ) ( )= = − ∀e x e u x u a.e.

i

K

i
K K

i

�∈ ∈ =x K i d, 1,…, , satisfies the following estimate:
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�� �‖ ‖ ‖ ‖ ( )∑⎜ ⎟
⎛
⎝

⎞
⎠

= ≤
=

∕

e e C size.

i

d

i

L L

1

2

1 2

2 2

for some �∈ +C , depending on u p μΩ, , ,i , and bi, where � �( )= =u u
i

i

d

1, and � �( )= =e e
i

i

d

1.

Proof. Let =f 0
K

i and =u 0K

i
�∀ ∈K , =i d1,…, . Now, multiplying equation (5) by uK

i and summing over all
=i d1,…, and �∈K , we have the following:

� � �‖ ‖ ‖ ‖∑+ =μ u b u 0.

i

i i

L1,

2 2
2

As >μ 0 and ≥b 0i , above relation gives = =u i d0, 1,…,K

i . Now, if we write the right hand side (RHS) of
equation (6) by �∀ ∈g s S

s
, then

∑ =g 0

s

s

gives the sufficient condition for the existence of solution for equations (5) and (6), and including mean
pressure zero (7) will provide the unique solution for equations (5)–(7) [8, pp. 219–222].

Clearly, multiplying equation (5) by ui and summing over all =i d1,…, and �∈K and using equation (6),
we have:

� � �‖ ‖ ‖ ‖ ( )∑ ∑∑+ =μ u b u m K f u ,

i

i i

L

i K

K

i

K

i

1,

2 2
2

which gives the estimate for �u on the application of discrete Holder’s inequality on the RHS of above equation
and then using Lemma 4.1.

Now, adopting the notations,

( ) ( )∫= − ∇F u x n γ x¯ . d ,K σ

i

σ

i
K σ, ,

( )
( )

( )∫= −ρ u x
m K

u x x
1

d ,
K

i i
K

K

i

�

�

( ( ) ( )) ∣

( )
=
⎧
⎨
⎩
− − ∈ =

∈ ∩
F

u x u x σ ε σ K L

u x σ ε ε
*

, if , ,

, if ,
K σ

i σ
i

L
i

K

σ
i

K K

,

int

ext

�∀ ∈ =K i d, 1,…, .

Hence,

�

�

( ) ( ) ∣

( )

− = − + −

=
⎧
⎨
⎩

+ − ∈ =

+ ∈ ∩

F F F F F F

m σ R e e σ ε σ K L

m σ R e σ ε ε

¯ ¯ * *

, if , ,

, if ,

K σ

i

K σ

i

K σ

i

K σ

i

K σ

i

K σ

i

K σ

i
σ K

i

L

i

K σ

i
σ K

i
K

, , , , , ,

, int

, ext

The numerical flux satisfies the following consistency estimate.

Lemma 4.3. (Consistency of the flux) Let � be the admissible mesh (Section 3.0.1) and �( )∈ =u C i dΩ̄, , 1,…,i 2 ,
then there exists a constant, say, �∈ +c such that:

�( )
( )

∣ ∣ ( )− = ≤F F
m σ

R with R c¯ *
1

, size .K σ

i

K σ

i

K σ

i

K σ

i

, , , ,

Moreover,

�∣ ∣ ( )≤ρ c size
K

i
1

for some �∈ +c1 .
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Now, equation (4) can be rewritten as follows:

�

( )
( ) ( ) ( ) ( )∫∑ +

∂
∂

+ = +
∈

μ F
p x

x
x b m K u x m K f b m K ρ¯ d .

σ

K σ

i

K
i

i i
K K

i i

K

i

,

K

(8)

Subtracting equation (5) from equation (8) and using the consistency result from Lemma 4.3, we have

� �

( )
( ) ( ) ( )∫ ∫∑ ∑ ∑+

⎛

⎝
⎜
∂
∂

−
∂
∂

⎞

⎠
⎟ + = −

∈ ∈ ∈
μ G

p x

x
x p

ϕ

x
b m K e b m K ρ μ m σ Rd ,

σ

K σ

i

K
i s S

s

K

s

i

i
K

i i

K

i

σ

K σ

i

, ,

K K K

(9)

where

�

�

( ) ∣
=
⎧
⎨
⎩

− − ∈ =
∈ ∩

G
e e σ ε σ K L

e σ ε ε

, if , ,

, if ,
K σ

i
σ L

i

K

i

σ K

i
K

,

int

ext

�∀ ∈ =K i d, 1,…, .

Now, multiplying equation (9) by eK

i and summing over all �∈K , then over all =i d1,…, gives-

� � � �

� � �

( )
( ) ( )

( ) ( )

∫ ∫∑ ∑ ∑ ∑ ∑ ∑ ∑ ∑

∑ ∑ ∑ ∑ ∑

+
⎛

⎝
⎜
∂
∂

−
∂
∂

⎞

⎠
⎟ +

= −

= ∈ ∈ = ∈ ∈ = ∈

= ∈ = ∈ ∈

μ G e
p x

x
x p

ϕ

x
e m K b e

b m K ρ e μ m σ R e

d

.

i

d

K σ

K σ

i

K

i

i

d

K
K

i s S

s

K

s

i

K

i

i

d

K

i
K

i

i

d

K

i

K

i

K

i

i

d

K σ

K σ

i

K

i

1

,

1 1

2

1 1

,

K K

K

(10)

Now, we solve equation (10) in several parts.
(A) Applying Hölder’s inequality in the last term of equation (10), we obtain

� � � � �

( ) ( ) ∣ ∣
( )

∣ ∣ ( ) ∣ ∣∑ ∑ ∑ ∑ ∑≤ ≤
⎛

⎝
⎜

⎞

⎠
⎟
⎛

⎝
⎜

⎞

⎠
⎟

∈ ∈ ∈ ∈

∕

∈

∕

m σ R e m σ R D e
m σ

d
D e m σ d R .

K σ

K σ

i

K

i

σ

σ

i
σ K

i

σ σ

σ
i

σ

σ σ

i

,
2

1 2

2

1 2

K K K K

Now, using Lemma 4.3 and the fact that � ( ) ( )∑ = >∈ m σ d d m d. Ω , 0σ σK
, the above inequality becomes-

� �

� �( ) ( ) ‖ ‖∑ ∑ ≤ ∀ =
∈ ∈

∕m σ R e c hm e i dΩ 1,…,

K σ

K σ

i

K

i i

, 3
1 2

1,

K

�∈ +cfor some .3

(B) Using Lemma 4.3 and Young’s inequality, we obtain

� �

�

( ) ( )∣ ∣
( ) ‖ ‖∑ ∑≤ ≤ +

∈ ∈
b m k ρ e c b hm K e

c h b m b eΩ

2 2
.

K

i

K

i

K

i

K

i
K

i

i i i

L

1

1

2 2 2
2

(C)

( ) ( )
∣ ∣∫ ∫ ∫ ∫∑

⎛

⎝
⎜
∂
∂

−
∂
∂

⎞

⎠
⎟ ≤

⎛

⎝
⎜

∂ −
∂

⎞

⎠
⎟
⎛

⎝
⎜

⎞

⎠
⎟

∈

∕ ∕
p x

x
x p

ϕ

x
x e

p p

x
x e xd d d d .

K
i s S

s

K

s

i

K

i

K

K

i
K

K

i

2
1 2

2

1 2

K

Hence, using Lemma 3.1, we have >c 04 , depending on pressure field p so that
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Now, using (A), (B), and (C) in equation (10), we obtain

� � �

�
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Ω .

i

d

i i

L

i

d i i i

L
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2 2 2

3
1 2

1, 42

2

2 (11)

Using Young’s inequality in the last term of RHS, we obtain

� �
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1 2
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2

So, equation (11) becomes (as ≥b μ, 0)
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Now, applying Lemma 4.1 and then Young’s inequality on the last term of equation (12), we have
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choosing = ∕ε 1 2 and rewriting ( )
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⎣
⎤
⎦

∑
C c mmax 2 , 2 Ω , 4

c b m

μ

c h

μ2

2 Ω

3

2 diam Ωi

d i
2
2

4
2 2 2
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2
depends on μ b u, , , Ω,i i

pand . Now, equation (12) can be written as follows:

� �‖ ‖ ≤e C h .1,
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2 2 (13)

Applying the discrete Poincaré inequality 4.1 in equation (13), one can have the required results. □

4.1 Nonconforming finite element method approximation of the scheme

Nicaise and Djadel [16] validated the numerical convergence of FVM scheme for Stokes equations by mapping
the scheme to a nonconforming finite element problem. Now, we consider a nonconforming approximationVh

of the space V defined in Section 2. We approximate the problem (4) in the spaces Vh and Q
h
defined by the

following:
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( ) ∫≔ ∇b v q v q x, . dh h h h h

Ω

( ) ∫≔f w f w x, . d ,h h

Ω
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Lemma 4.4. �{ ( )}= ∈u u u, …,K K K

d
K

1 and �{ } ∈p
s s is a solution of the system of equations (5)–(7) if and only if

�= ∑ ∈∈u u χ Vh K K K h and �= ∑ ∈p p ϕ
h s s s

is a solution of

( ) ( ) ( )

( )

⎧
⎨
⎩
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a u w b w p f w w V

b u q q Q
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h h h h h h h h h

h h h h h

(14)

5 Numerical simulation

5.1 Code validation

We consider the lid-driven cavity flow under the influence of the vertically applied magnetic forcing of
different magnitudes. We validate the proposed scheme (system of equations (5)–(7)) or, equivalently, the
schemementioned in Lemma 4.4 [16] by comparing the numerical results with that of Merve and Tezer-Sezgin
[14]. All numerical simulations are done on FreeFem++ [10].

We set a square domain of unit sides and examine Stokes flow under the influence of the magnetic field
applied in the vertical direction. The domain is triangulated with a grid resolution of ×100 100. We set the
boundary conditions as follows: the upper wall is kept at a constant horizontal velocity of 1 unit and all the
other three walls are at no-slip condition. =b 01 , = =f f0, 01 2 , and =b Ha2 2 as taken by Merve and Tezer-
Sezgin [14]. We did three simulations for different Hartmann numbers ( )Ha , namely, = =Ha 1, Ha 30, and
=Ha 80. We compare the numerically simulated horizontal velocity (u1) at the vertical line segment =x 0.5

with that of Merve and Tezer-Sezgin [14]. Figure 1 shows that the numerical results are in good agreement with
the results obtained by Nicaise and Djadel [14].

Figure 1: Comparison of the horizontal velocity at =x 0.5.
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5.2 Hemodynamic simulations

We take a realistic geometry to mimic an arteriole as it was taken by Ireland and Gent [11] to analyze the
hemodynamic process around the injury. The arteriole’s diameter is fixed at 0.05 mm. The arteriole’s entire
length is 1.00 mm. The arteriole damage was depicted by a rectangular laceration in the middle of the length of
the arteriole. The laceration was estimated to be 0.10 mm in length and 0.02 mm in depth, so it represents an
injury inflicted by a razor of the thickness range of 0.1 mm. In addition, the no leakage condition will represent
a sharp stenosis case. We use a grid resolution of ×80 10 for all the hemodynamic simulations presented in
Section 5.2. We set inlet velocity and the Reynolds number according to Doutel et al. [7]. We did several
numerical simulations to observe the influence of magnetic force near the injury. We set the inlet as follows:

u has a parabolic profile with maximum velocity 1 mm/s and =v 0. While at the outlet, =∂
∂ 0

u

n
, =v 0, and =p 0.

The Reynolds number (Re) is chosen to be 0.7 [7]. We observe the effect of the magnitude of magnetic field
applied in the positive x -direction in terms of the following variables: the horizontal velocity, the pressure
field, and the wall-shear-stress (WSS) on the top and bottom walls of the arteriole.

Figures 2 and 6 present the u-velocity contour and pressure field, respectively, in the presence of no
magnetic force. The horizontal flow velocity is found to be relatively higher around the injury to maintain the

Figure 2: Contour representation of u-velocity for =Ha 0.

Figure 3: Contour representation of u-velocity for =Ha 10.

Figure 4: Contour representation of u-velocity for =Ha 50.

Figure 5: Contour representation of u-velocity for =Ha 100.

Figure 6: Contour representation of pressure (×103) field for =Ha 0.
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flow. Furthermore, in the presence of very small magnetic force in the horizontal direction, =Ha 10, i.e.,
=b 101 2 and =b 02 , the flow slows down, and the pressure increases a little, which can be seen in Figures 3 and 7.

A slight decay in the magnitude of horizontal velocity is observed in the presence of relatively high-intense

Figure 7: Contour representation of pressure (×103) field for =Ha 10.

Figure 8: Contour representation of pressure (×103) field for =Ha 50.

Figure 9: Contour representation of pressure (×103) field for =Ha 100.

Figure 10: WSS on the top wall for different Ha values. Horizontal axis represents the length of the arteriole and the vertical
axis, ×WSS 10 .2

Figure 11: WSS on the bottom wall for different Ha values. Horizontal axis represents the length of the arteriole and the vertical
axis, ×WSS 10 .2
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magnetic force and can be seen in Figures 2–5. As the horizontal magnetic force generates a drag force against
the flow, the pressure inside the arteriole as well as the WSS on the walls of the arteriole increase, as shown in
Figures 6–9. Figures 10 and 11 illustrate the WSS plots for the top and bottom walls, respectively, for various
magnetic force intensities in the horizontal direction. The WSS, on the top and the bottom wall, is found to be
relatively higher around the injury region even in the absence of the magnetic force due to the blockage.
Furthermore, in the presence of magnetic force, a considerable increment in WSS is observed at the walls of
the arteriole. The stronger the magnetic force, the stronger the generated drag force opposite to the flow. Hence,
WSS is increased on the entire top and bottom wall. A smooth variation in WSS is observed on the bottom wall
around the injury region, while the variation is sharp on the top wall due to the sharp edges of the damage.

6 Conclusion

A finite volume scheme for MHD Stokes equations on an unstructured regular mesh of triangles/tetrahedron
has been proposed, and furthermore, its theoretical convergence is studied. The equivalence of a noncon-
forming finite-element approximation with the proposed finite volume scheme has been established. The
numerical validation of the scheme is done with the lid-driven cavity flow for the different intensities of
the magnetic forces. Furthermore, hemodynamic simulations in an injured arteriole have been carried out
under the influence of different magnetic intensities, and the blood flow parameters have been studied. The
flow slows down in the presence of magnetic force but both the blood pressure and the wall-shear-stress tend
to increase. Although the blood flow deceleration is helpful in the drug intake at the injured site of the
arteriole, the increase in WSS is not favorable for the health of the blood cell.
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