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Abstract: This work presents an analytical derivation for
the stress and deformation formulations under combined
mechanical and thermal loading in rectangular function-
ally graded curved beams. The mechanical load consists of
a double couple, while the thermal load corresponds to a
steady-state temperature distribution. Using Timoshenko
beam theory and thermo-elastic theory, the governing equa-
tions incorporate an exponential material gradient in the
radial direction, assuming a constant Poisson’s ratio. The
Mathematica software was utilized to evaluate the stress
and deformation formulations for the thermo-mechanical
analysis. Meanwhile, Matlab software was used to perform
the results. The results of normalized stresses (including
radial, tangential, and von Mises components) and deforma-
tions are presented at different variations of temperatures for
two different materials that are plotted. The results for the
two considered FGM materials, Aluminum/steel and Ti-6Al-
4V/ZrO2 are compared, demonstrating lower stresses for Ti-
6Al-4V/ZrO2 under identical conditions. The study highlights
the influence of temperature and material gradients that
affect stress and deformation, with strong agreement
between analytical results and finite element analysis
(ANSYS simulations), validated through MATLAB plots.

Keywords: FGM curved beams, mechanical loads, thermal
loads, FEA, ANSYS

1 Introduction

In engineering applications, functionally graded materials
(FGMs) are widely used in aerospace, automotive, biome-
dical, energy, and structural components. FGMs consist of a
combination of two different constituents with distinct
characteristics, resulting in an advanced material with
properties that combine those of both constituent mate-
rials. The primary advantage of a gradually changing
material property gradient in a specific direction is the
mitigation of thermal and residual stresses in structural
components, thereby preventing damage [1–3].

Curved beams are among the most essential structures
in mechanical, architectural, and aerospace engineering.
They efficiently transmit loads through their elements,
enabling diverse industrial applications such as crank-
shafts, hooks, piston rings, and aerospace structural com-
ponents [4].

Several studies have investigated the behavior of FGM
curved beams under different conditions. Pei and Li [5]
theoretically evaluated stresses and deformations in FGM
curved beams using lower-order beam theory. He et al. [6]
conducted a theoretical analysis of FGM curved beams
under pure bending, accounting for the effect of grading
parameters. The results demonstrated that the inter-
mediate layer of the curved beam exhibited the highest
magnitudes of tensile and compressive stresses.

Pydah and Sabale [7] developed an analytical solution
for bi-directional FGM curved beams under various loads
and grading parameters. The critical stresses and deforma-
tions were determined based on Euler–Bernoulli theory.
Avhad and Sayyad [8] employed higher-order deformation
theories to derive an analytical solution for FGM composite
curved beams using the power-law mixture model. The
results indicated that both deformation and axial stress
increase with an increasing power index, while transverse
stress decreases.

Zhang et al. [9] conducted an analysis of the FGM nano-
curved beam using Timoshenko beam theory. The analytical
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results demonstrated that the grading index significantly
influences the deformation behavior of the curved beam.
These findings were validated against both Euler–Bernoulli
theory and previous analytical derivations for FGM curved
beams. Belarbi et al. [10] developed a theoretical formulation
for an advanced FGM curved beam, employing shear defor-
mation and higher-order shear deformation theories to com-
pute stresses and deformations while varying parameters,
including the gradient index.

Karamanli et al. [11] proposed an analytical formula-
tion for FGM curved beams using shear deformation the-
ories to investigate deformation constraints under free
vibration across different boundary conditions. A power-
law function was applied to describe the material gradient,
which varies in both radial and tangential directions.

Nikrad et al. [12] presented an analytical derivation for
FGM curved beams under thermal loading, accounting for
various porosity configurations, temperature distributions,
curvature radii, and boundary conditions. Hu et al. [13] devel-
oped a novel multi-layered FGMmodel subjected to combined
thermal and mechanical loads. Their analytical solution
determined the deformation of multi-layered curved beams,
incorporating the effects of undeformed curvature radius,
thermo-mechanical coupling, and applied forces.

Tang et al. [14] investigated a circular FGM curved arch
under combined thermal and buckling pressure effects. The
stresses and deformations were evaluated by considering a
variable power-law gradient index. Wan et al. [15] developed
an analytical derivation for FGM curved beams using
Timoshenko beam theory, incorporating key parameters: cur-
vature radius, temperature variation, andmaterial gradation.
The results demonstrated that the curved beam’s response
was highly sensitive to these parameters.

Allam and Radwan [16] performed an analytical study
of viscoelastic FGM curved nano-beams with multiple vari-
able parameters. The power-law gradient theory was
applied to analyze the beam’s behavior under bending,
buckling, and vibration. These theoretical results were
validated against the analytical solution for FGM curved
beams. Beg and Yasin [17] proposed an alternative analy-
tical solution for deeply curved FGM beams under coupled
thermal and dynamic loading, assuming a radial grading
index variation. The results revealed that static, free, and
forced vibration responses depended on the FGM layer
count, thickness, and grading index. These findings were
verified against 2D curved beam elasticity theory.

Pandey and Pradyumna [18] adopted higher-order layer-
wise beam assumptions to analyze curved FGM sandwich
beams under thermal shock with variable parameters. Liang
et al. [19] established an analytical model for a novel FGM

curved beam-reinforced composite, utilizing Hamilton’s prin-
ciples and strain-displacement theory to characterize vibra-
tion-induced deformations.

Tornabene et al. [20] employed higher-order theory to
develop a modified formulation for the thermo-electro-
elastic analysis of laminated shell structures incorporating
smart materials. Their analytical formulation was vali-
dated against finite element analysis (FEA), showing excel-
lent agreement. Brischetto and Carrera [21] investigated
thermal stress decoupling in multilayered composite shells
using the Principle of Virtual Displacements and Carrera’s
Unified Formulation, with a linear temperature distribu-
tion assumed across the thickness. Shirdelan et al. [22]
applied Hamilton’s principle to derive an analytical solu-
tion for a five-layer doubly curved shell, examining the
frequency response under various parameters. Civalek
and Baltacıoglu [23] proposed twomodels of annular sector
plates composed of FGM and laminated composites to ana-
lyze the frequency response using the first-order shear
deformation theory.

A review of previous investigations reveals that few
studies have adopted exponential functions to model FGM
properties. Mahajan and Sharma [24] developed theore-
tical formulations for layered composite curved arches
subjected to uniformly distributed loads. Their results
demonstrated that static responses of sandwich and
layered composite arches can be accurately predicted
using exponential normal and shear deformation theories.
Hussein et al. [25] evaluated the thermal conductivity ratio
of FG fin subjected to grading boundary cooling and
heating theoretically and numerically. Habib et al. [26]
utilized an exponential function along the radial direction
to analyze two FGM pressure vessels (SS304-SiC and TZM-
SiC). The study considered combined internal pressure,
time-dependent variations, and transient temperature dis-
tributions through the cylinder thickness. The results
revealed that material gradation significantly affects stress
distributions.

The novelty of this work lies in examining the coupled
effects of grading properties, mechanical loading, and
thermal loading on the stress and deformation behavior
of FGM curved beams. The equilibrium equations, derived
from thermoelastic theory, incorporate an exponential law
to describe material property variations. The analytical
solution yields radial, tangential, and von Mises stresses,
along with deformation profiles, for two FGM material
systems. Normalized stresses and deformations are pre-
sented as functions of normalized radius using MATLAB.
Excellent agreement is observed between the analytical
results and FEA performed with ANSYS.
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2 Analytical formulations

2.1 Material gradient of FGM curved beam

FGMs, as advanced composites, consist of two distinct
materials with continuously varying volume fractions
across their geometry. The FGM curved beam considered
in this study comprises two isotropic materials, with mate-
rial properties described by an exponential function.
Specifically, the modulus of elasticity E(r) is defined by
the following exponential relationship:

( ) =
⎛
⎝ − ⎞

⎠E r E e ,
ζ

r

R
2

1

2

(1)

where E(r) is the position-dependent modulus of elasticity,
r represents the radial coordinate, E2 denotes the modulus
at the outer surface (radius R2), and ζ is the material
grading parameter.

The effective material properties of the FGM curved
beam, including Young’s modulus, thermal expansion coef-
ficient, thermal conductivity, and density, are determined
using the mixture law. Accordingly, the material property
gradient follows the relation:

( ) ( ) ( )= +P r P V r P V r ,r r r1 2eff 1 2
(2)

where ( )P rreff
is defined as the curved beam’s material

properties (Young’s modulus E , thermal coefficient α,
thermal conductivity K , density ρ) as a function of r, where
r is a variable radius that spans the curved beam’s lower
surface R1 and upper surface R2, where ≤ ≤R r R1 2. Pr1

, and
Pr2

are the material properties of material 1 and material 2
as a function of r, respectively. ( )V r1 and ( )V r2 are the
volume fraction of material 1 and material 2 as a function
of r, respectively.

The volume fraction is
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By substituting Eqs. (1) and (3) into Eq. (4),
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By substituting Eqs. (3) and (5) into the mixture law
Eq. (2),

the result is shown in Eq. (6):
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Eq. (7) governs the gradation of mechanical properties
through the thickness of the curved beam. By substituting
the thermal expansion coefficients of the constituent mate-
rials, the through-thickness variation of the thermal expan-
sion coefficient is obtained as follows:

( ) = +
⎛
⎝ − ⎞

⎠α r β ηe ,
α

ζ
r

R
α

1

2
(8)

where β
α
and η

α
are the gradient parameters governing the

thermal expansion coefficient variation in the FGM curved
beam. These parameters are determined by the operating
conditions. With the assumption of a constant Poisson’s
ratio, the material properties vary exclusively along the
radial direction.

2.2 The basic equations

Figure 1 shows an FGM curved beam with a rectangular
cross-section, where
• Inner radius: R1

• Outer radius: R2

The beam is subjected to combined mechanical and
thermal loading, with a radially varying temperature dis-
tribution T = T(r) following the assumption in the previous
study [27]. Under plane stress conditions =σ 0z , the ana-
lysis proceeds with the following considerations:

= == =σ σ0, 0.r rr a r b
(9)

The radial displacement, according to Timoshenko’s
assumption, is

( )= = = =r r θ u r θ, 0 and , 0 0,o o (10)

Figure 1: FGM curved beam geometry.
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where ro is the radius of the FGM curved beam’s initial,
middle surface, where = +

r
R R

o
2

1 2 , and u is the radial
displacement.

According to the notation of Timoshenko [27], the
strain displacement relations are as follows:

=ε
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d
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where
• εr: Radial strain
• εθ: Tangential strain
• u: Radial displacement

Substituting the expression for u from Eq. (12) into Eq.
(11) and integrating yield the compatibility condition:
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The equilibrium equation is

( )=σ
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(14)

Assume the Poisson’s ratio is constant.
The radial and tangential stresses can be expressed in

terms of stress functions [28] as follows:
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F

r
,r

(15)

where F is the stress function

=σ
d

d

F
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(16)

The radial and tangential deformation, respectively,
are

= = − −u δ rε c r c θcos ,θ 1 2
(17)

= +v c rθ c θsin .1 2
(18)

2.3 Thermoelasticity analytical solution

The FGM curved beam is assumed to exhibit linear thermo-
elastic behavior. Therefore, the constitutive relations
derived from the generalized Hooke’s law under thermal
conditions are as follows:
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By substituting Eqs. (1), (15), and (16) into Eqs. (19)
and (20),
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By substituting Eqs. (21) and (22) into Eq. (13), the
resulting equation is
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Then, the resulting equation will be solved by integra-
tion using MATHEMATICA software:
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where C3 and C4 are the constants of integration
By substituting Eq. (24) into Eqs. (15) and (16) to obtain

the radial and tangential stresses,
the radial stress, tangential stress, and radial displace-

ment are expressed as follows:

( ) ( )

⎜

⎟ ⎜ ⎟

=
− − − +

×
⎡

⎣
⎢
⎢

−
− ⎛

⎝
− ⎛

⎝ + ⎞
⎠

+ ⎞
⎠

− ⎛
⎝
− ⎛

⎝ + ⎞
⎠ + ⎞

⎠
+

+ +
⎤
⎦⎥

⎛
⎝ − ⎞

⎠

⎛
⎝ − ⎞

⎠

⎛
⎝ − ⎞

⎠

σ
E

R r R vR r R

Ei R

rE
β R

R

r

η
r

T β R e
R

r
η

r
T

r
C

C
r

C

2 2 1

e

e

e

e 1

2

2

1

2

2 2

1

.

ζ
r

R

r

R

r

R

α

ζ
r

R

α α

ζ
r

R
α

r

2

2

2

2 2

2

2

1

2 2

2
2

2 1 2

2

1 2

1

3 4

2

2

2

2

(25)

4  Reham Saleh et al.



( ( ) ( ))

( ( ) ( ))

( ( ) ( ))

( ( ) ( ))

( ( ) ( ))

( ( ) ( ))

( ( ) ( ))

( ( ) ( ))

( ( ) ( ))

( )

( ( ) ( ))

( )( )

( ( ) ( )) ( ( ) ( ))

( ( ) ( ))

( )

( ( ) ( ))

( )( ( ) ( ))

( ( ) ( ))

(( ) ( ( ) ( )))

( ( ) ( ))

(( ( ) ( )) ( ))

( ( ) ( ))

( ( ( ) ( )) ( ))

( ( ) ( ))

( ( ) ( ))

( ( ) ( ))

= −

⎛
⎝

⎞
⎠ ′ − − − +

− − − +
+

⎛
⎝

⎞
⎠ ′ − − − +

− − − +

−
′ − − − +

− − − +
+

′ − − − +
− − − +

+
− ⎛

⎝
⎞
⎠

− − − +
+

−
− − − +

+
+ −

− − − +
+

⎛

⎝

⎜
⎜
−

− − − +

−
− − − +

+
−

− − − +

⎞

⎠

⎟
⎟

+
− − − − +

− − − +

−
− + − − − +

− − − +

+
− − − + − −

− − − +

+
− − − + − −

− − − +

−
− − − +

− − − +

⎛
⎝ − ⎞

⎠
⎛
⎝ − ⎞

⎠

⎛
⎝ − ⎞

⎠
⎛
⎝ − ⎞

⎠

−
⎛
⎝ − ⎞

⎠
−

⎛
⎝ − ⎞

⎠

⎛
⎝ − ⎞

⎠
⎛
⎝ − ⎞

⎠

⎛
⎝ − ⎞

⎠

⎛
⎝ − ⎞

⎠

⎛
⎝ − ⎞

⎠

⎛
⎝ − ⎞

⎠

⎛
⎝ − ⎞

⎠

σ

R Ei e R r R vR r R

re R r R vR r R

vR Ei e R r R vR r R

re R r R vR r R

vR e R r R vR r R

re R r R vR r R

R e R r R vR r R

re R r R vR r R

R Ei

r e R r R vR r R

r

r e R r R vR r R

E
β R R R vR

R r R vR r R
T E

γ

R r R vR r R

γ

R R r R vR r R

γ r R vR

R r R vR r R
T

E r R r R vR r R C

R R r R vR r R

E R vR R r R vR r R C

R R r R vR r R

E R r R vR r R R R vR C

R R r R vR r R

E r R r R vR r R rR R vR C

r R R r R vR r R

E R R r R vR r R C

r R R r R vR r R

e 2 2 1

2 2 1

e 2 2 1

2 2 1

e 2 2 1

2 2 1

e 2 2 1

2 2 1

e e

2 2 1

1 e

2 2 1

2

2 1

2 2 1

2

e

2 2 2 1

e

2 2 2 1

e

2 2 2 1

e 1 2 2 1

2 2 2 1

e 2 2 1

2 2 2 1

e 2 2 1

2 2 1

e 2 2 1

2 2 1

e 2 2 1

2 2 1

.

θ

ζ r

R

ζ r

R

ζ ζ

r

R
ζ r

R

r

R

α α

ζ

α

ζ

α

ζ

ζ

ζ

ζ

ζ

ζ

2

2
1

2

2

2 2

2

2

2

2

2 2

2

2

2

2

2
1

2

2

2 2

2

2

2

2

2 2

2

2

2

2

3
1

2

2

2 2

2

2

2

2

2 2

2

2

2

2

3
1

2

2

2 2

2

2

2

2

2 2

2

2

2

2

2

2 1
1

2

2

2

2 2

2

2

2

2 1

2

2

2

2 2

2

2

2

2

2

2 2

2

2

2

2

2

2 2

2

2

2
2

1

2

2

2 2

2

2

1

2 2

2

2 2

2

2

2

2

2

2
1

2

2

2 2

2

2

2

2

1

2

2

2 2

2

2 1

2 2

2

2 2

2

2

2

2

1

2

2

2

2

2

2

2 2

2

2 1

2 2

2

2 2

2

2

2

2

1

2

2

2 2

2

2 2 2

2

2

2

3

2 2

2

2 2

2

2

2

2

1

2

2

2 2

2

2 2 2

2

2

2

4

2

2 2

2

2 2

2

2

2

2

1

2 2

2

2 2

2

2 4

2

2 2

2

2 2

2

2

2

r

R

r

R

r

R

r

R

r

R

r

R

r

R

r

R

r

R

r

R

r

R

r

R

r

R

2

2

2

2

2 2

2

2

2

2 2

2

2

2

2

2

(26)

( )

( ) ( )
( )

( ) ( )

⎜ ⎟

⎜ ⎟

=
−

− − − +
×

⎡

⎣
⎢
⎢

−
− ⎛

⎝
− + + ⎞

⎠

− ⎛
⎝
− + + ⎞

⎠
+ + + ⎤

⎦⎥
− + + + −

− =

⎛
⎝ − ⎞

⎠
⎛
⎝ − ⎞

⎠

⎛
⎝ − ⎞

⎠
⎛
⎝ − ⎞

⎠
⎛
⎝ − ⎞

⎠

δ
E R r R E

R r R vR r R

rEi R

rE e
β R r R η

r
T

β R r R η
r

T
r

C rC C vR R r R β T
r

η T
r

C

r θC

2 2 1

e

e

e 2

2

e 2

2 2

e 2 e

2 2

cos 0,

,

ζ
r

R

r

R

r

R

α

ζ
r

R
α

α

ζ
r

R
α

ζ
r

R
α

ζ
r

R
α

2 2 2 2

2

2

2 2

2

2

2 1
2 2

2

2

2 1

2

2

2

1

2

2 2

1 3 4 2

1

2 2

1

2 2

1

2

2

2

2

2 2 2

(27)

where
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=C 0,2 (29)
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(30)

=C 0.4 (31)
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Thus, the equivalent stress (von Mises stress) is deter-
mined using Eqs. (26) and (27) as follows:

= − +σ σ σ σ σ .θ θe r

2

r

2 (32)

2.4 Temperature variation distributions

The exponential function indicates how the temperature dis-
tribution varies through the curved beam as a function of r. So,
T1 is the temperature acting on the FGM curved beam’s inner

Figure 2: Mesh details of the FGM curved beam model.

Figure 3: Variation of (a) radial stress σ̅r , (b) tangential stress σ̅ ,θ (c) equivalent stress (von Mises) σ̅ ,e and (d) deformation δ̅ through the radius r̅ of
aluminum steel FGM curved beam at ambient temperature = = = =T E ν ζ̅ 0.2112, ̅ 0.345, 0.33, and 5.532 .
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surface, and T2 is the temperature acting on its outer surface.
The one-dimensional heat conduction is as follows [28]:

( )
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⎦ =

r r
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T r
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1 d

d

d

d

0, (33)
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By integration

( )
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where Ei is an exponential function and K1 and K2 are the
constants of integration

⎪
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= =
= =

T T T

T T r R

T T r R
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on
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2 1

1 1
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(36)

3 Results and discussions

Based on the previous analytical analysis, a thermo-elastic
solution is derived by conducting stress calculations for a
rectangular curved beam made of FGM with varying para-
meters. A curved beam with a radius of the inner surface
of 150 mm and a radius of the outer surface of 190mm is
considered for the derived analysis. The curved beam’s
inner and outer materials are considered to be pure steel,
with = ×E 200 101

3 MPs and aluminum with E2 = 69 × 103

MPs, respectively, and =ν 0.3. Thus, a 3D curved beam
model is created using Ansys software to verify the analy-
tical solution. The FGM curved beam model is created
using a double couple of mechanical and thermal struc-
tures in Ansys Workbench. The model consists of four
layers, with each layer measuring 5 mm in thickness. The
element size conducted for the mesh is 2 mm, as shown in
Figure 2. The model consists of 265,508 nodes and 53,600
elements across all layers. The boundary conditions

Figure 4: Variation of (a) radial stress σ̅ ,r (b) tangential stress σ̅ ,θ (c) equivalent stress (von Misses) stress σ̅ ,e (d) deformation δ̅ through the radius r̅ of
aluminum steel FGM curved beam with different temperature range and grading constants ( )= = − × = − × =∝

− −ν β η ζ0.33, 5.7 10 , 5.4 10 , 5.53
α

6 5 .
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considered are double bending moments ( )=M 100 N. M

acting at the two ends of the FGM curved beam at the
ambient temperature, which is considered 22°C.

The following normalized values are introduced as
follows:

( ) ( ) ( )

( ) ( ) ( )

= = = =

=
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(37)
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y y
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r
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1 1

(38)

The analytical radial, tangential, and equivalent
stresses and deformations are conducted as normalized
quantities and compared with the Ansys software, as
shown in Figure 3. The normalized stresses and deforma-
tions were obtained from =r̅ 1 (inner surface) across
the thickness line with =r̅ 1.06, 1.13, 1.20 and finally 1.25,

which represent the outer surface of FGM curved
beam.Thus, the error between the FEA and analytical
results for radial, tangential, and von Mises stress and
deformation does not exceed 0.06%, with good agreement
for the radial, tangential, and equivalent (von Mises)
stresses and deformation.

It is probable that the FGM curved beam’s mechanical
properties, incorporating its modulus of elasticity, coeffi-
cient of thermal expansion, density, and applied tempera-
ture, vary with its radius. Thus, using Eqs. (25)–(27), and
(32), the stress distribution is calculated according to Equa-
tion (38), and the variation of temperature values is con-
ducted as described in the study by Haskul [28]. Figure 4
shows the variation of the normalized stresses and defor-
mation through the ratio of r R/ ,1 which represents the
curved beam’s radius. Stress variation was conducted
with a variation in the temperature surface ∆T̅ , =T̅ 01 ,
and the considered grading parameters are = − × −β 5.7 10

α

6,
= − × −η 5.4 10

α

5, and =ζ 5.53.

Figure 5: Variation of (a) radial stress σ̅r , (b) tangential stress σ̅ ,θ (c) equivalent stress (von Misses) σ̅ ,e and (d) deformation δ̅ through the radius r̅ of
Ti-6Al-4v/ZrO FGM cured beam at ambient temperature = = = =T E ν ζ̅ 0.0248, ̅ 0.2968, 0.3, and 0.242 .
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The radial stress at the curved beam’s inner surface is
close to zero and negative values and then increases slightly
along the normalized curved beam’s radius between =r̅ 1.05

and =r̅ 1.17 with increases in the surface temperature differ-
ence. Then, the radial stress decreases with an increase in the
surface temperature difference, as shown in Figure 4(a). The
tangential stresses recorded the highest values at the curved
beam’s inner surface =r̅ 1 for the difference in surface tem-
perature ∆ =T̅ 1.729, and through the beam radius r̅ , the
tangential stress decreases with a decrease in the tempera-
ture difference, as shown in Figure 4(b). Thus, the von Mises
stresses recorded the highest values at ∆ =T̅ 1.729 and
decreased with a decrease in temperature difference, as
shown in Figure 4(c). Figure 4(d), illustrates the variation of
deformations along the curved beam’s normalized radius; the
highest deformation values are recorded at ∆ =T̅ 0.330, Also,
deformation rises across the curved beam’s radius and
reduces as the temperature differential grows. The plotted

graphs illustrate the calculated stresses and deformation at
=r̅ 1.25, which represent 98% aluminum and 2% steel, which

is consistent with the mixture law.

3.1 Impact of different FGMs curved beams

In this section, another material of the FGM curved beam is
considered to enhance the effect of grading parameters in
the results. The assumed material in this case investigation
is Ti-6Al-4V/ZrO2, which is used in several applications,
including high-performance automobile parts, aerospace
fasteners, aircraft structural components, and biomedical
applications. Furthermore, the material considered for the
inner surface of the curved beam is Ti-6Al-4V with

= × = = × −E ν α122.56 10 MPa, 0.29, 7.579 10 1/°C1

3

1

6 and
ZrO2 Zirconia for the outer surface of the curved beam

Figure 6: Variation of (a) radial stress σ̅ ,r (b) tangential stress σ̅ ,θ (c) equivalent stress (von Misses) stress σ̅ ,e and (d) deformation δ̅

through the radius r̅ of Ti-6Al-4v/ZrO2 FGM curved beam with different temperature ranges and grading con-
stants ( )= = − × = × =∝

− −ν β η ζ0.3, 1.041 10 , 2.355 10 , 0.24
α

5 6 .
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= ×E 116.4 10 MPa,2

3 =ν 0.3, = × −α 8.7 10 1/°C1

6 [29]. Thus,
the considered grading parameters are = − ×∝

−β 1.041 10 ,
5

= × −η 2.355 10 ,
α

6 =ζ 0.24. The results obtained for the FGM
material considered under the same boundary conditions
show that there is a significant difference in the values of
the stresses and deformation. So, this led to the fact that the
material indices have a noticeable effect on the results.
Figure 5 compares the analytical and FEA results for
mechanical stresses and deformation, showing good agree-
ment; the error percentage does not exceed 0.9%.
Moreover, radial, tangential, and equivalent stresses and
deformation are plotted as normalized quantities. The
plotted graphs illustrate the calculated stresses and defor-
mation at =r̅ 1.25, which represents 98% Ti-6Al-4V and 2%

ZrO2, which is consistent with the mixture law.
Figure 6 illustrates the variation of normalized

thermal stresses and deformation along the radius of the
curved beam with variations in the temperature difference
across the surface. The stress and deformation values are
less than those of a steel/aluminum curved beam. Conse-
quently, grading parameters significantly impact the beha-
vior of stress and deformation.

4 Conclusion

An analytical solution is presented for a thermo-elastic
model of a rectangular curved beam composed of FGM,
considering exponential material grading in the radial
direction. Timoshenko beam theory is utilized to generate
the governing equations. The study examines the effect of
radial material gradation on stress and deformation beha-
vior under combined mechanical and thermal loading. The
total stresses and deformations are analyzed for two FGM
curved beams: an aluminum/steel FGM beam and a Ti-6Al-
4V/ZrO2 FGM beam. Parametric studies reveal the fol-
lowing key conclusions regarding the effects of exponential
grading parameters and temperature variations:
• The exponential grading parameters have a significant
influence on the stresses and deformations of the FGM
curved beam. The results show that normalized radial
stresses are nearly zero at the inner surface of the
curved beam and decrease as the steady-state tempera-
ture increases.

• Normalized tangential and equivalent stresses increase
with rising steady-state temperatures.

• Normalized deformation decreases with decreasing
steady-state temperature along the radial direction.

• The stresses and deformation in the Ti-6Al-4V/Zro2 FGM
beams are lower than those in the aluminum/steel FGM

beam due to the higher strength and stiffness of Ti-6Al-
4V/Zro2. Reduced deformation is achieved by combining
the durability and strength of Ti-6Al-4V with the high
hardness and elastic modulus of zirconia.

• The analytical results are validated against FEA (ANSYS),
with normalized stresses and deformations plotted using
MATLAB.
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