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Abstract: The present study used analytical and numerical
methods to conduction works in functional graded mate-
rial fin that is exposed to progressive boundary cooling and
heating. The fin length was chosen as a direction to vary
thermal characteristic in functionally graded material, and
the physical properties were ascertained by the linear
model. In heat sink, two approximation analytical techni-
ques are employed to evaluated the thermal performance:
one based on a mean value problem and the other strategy
based on principle of the equivalent qualities. ANSYS APD’s
numerical solution was based on a stepwise modification
of characteristics. The outcomes indicated that the thermal
conductivity ratio significantly influences temperature
levels, with the terminal temperature levels of the func-
tionally graded fin varying exponentially in relation to the
thermal conductivity ratio. The influence of material index
begins with the length of functionally graded material-fin
where the fin’s terminus experiences the largest effect. A
6.756% is the maximum absolute error between numerical
and analytical findings, which indicating a strong concor-
dance between the two analysis methods.
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1 Introduction

Convection heat transmission from a surface to the adja-
cent fluid can be significantly improved by attaching thin
metal strip to the surface, therefore augmenting the heat
transfer area. Protrusions into the adjacent fluid are referred
to as fins, frequently employed in diverse engineering appli-
cations to enhance the heat transmission. Finned surface are
widely employed in refrigeration, air conditioning, steam
power plants, cryogenics, cars, furnaces, and several indus-
trial cooling systems, Consequently, it is entirely expected that
numerous researchers have examined the thermal properties
of these fins [1].

Functionally graded material (FGM) is comprised of
ceramic and metal, which are graded in high and poor-
temperature regions according to requirement applica-
tions, and was initially introduced by scientists in 1984
for developing work of thermal barriers subjected to sig-
nificant temperature differentials. FGMs are considered a
substitute for laminated composites owing to their excep-
tional thermal and mechanical properties [2]. FGMs offer
numerous advantages that render them appealing for var-
ious applications. The ongoing spatial variation of thermo-
physical characteristics, including thermal conductivity
and heat capacity, provides benefits unattainable with
homogeneous materials. A functionally graded thermal
fin can endure significant temperature gradient without
incurring excessive thermal stress [3]. Research pertaining
to the formulation of heating models for FGMs to ascertain
temperature distribution in fin structures has garnered
significant interest from numerous researchers. A lot of
research that has been done on FGM fins lately has been
on finding the local temperature field by using FGM dis-
tribution methods. Oguntala et al. [4] presented a novel
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hybrid methodology that integrates the Laplace transform
with the Chebyshev Pseudospectral collocation technique.
The proposed method is utilized to analyze the transient
thermal performance of a convective-radiative fin com-
posed of FGM subjected to Lorenz force effects. The finding
shows that the transient thermal response of the fin is
negligible under a linear function, but it is pronounced
under an exponential function. The FGM fin temperatures,
made by an exponential law, reached a stable state more
swiftly than those made by linear and quadratic laws. The
temperature gradient of the FGM fin is negligible at any
magnetic field intensity and under both convective and
radiative conditions, in comparison with both linear and
exponential functions of the homogeneous structure fin.
Babaelahi et al. [5] employed an analytical solution to eval-
uate the thermal fields in heat pipes utilizing a heat resis-
tance approach, which they executed through FGM power-
law fins. Decreasing the internal radius and increasing the
external radius of the FGM fin according to a power-law
relationship improved thermal performance, resulting in a
reduction in the fin absolute temperature by up to 1K.
Increasing the fin’s internal temperature and the ambient
air adversely impacted the fin’s performance by reducing
cooling efficiency and convection fields.

The absolute temperature weakened by one and a half
degrees Kelvin when the grading index and heat transfer
coefficient were increased. On the other hand, decreasing
the thickness style factor and conduction coefficients had a
positive outcome on the dimensionless temperature of fin.
Dogmaz et al. [6] conducted a numerical and experimental
investigation to improve the thermal performance of
annular FGM fins. The numerical calculations conducted
to ascertain the optimal volume composition of FG fins
were followed by the fabrication of FG fins using powder
metallurgy method and the hot-pressing process. Empirical
results suggest that the assessment of transfer convection
is influenced by material composition, fin spacing, and the
temperature differential between the base and the ambient
environment. FG fin arrangement increases the heat
transfer by 59%, while aluminum fin arrangement
increases it by 33% in comparison to finless cylinders.

Furthermore, FG fins surpass aluminum fin arrange-
ment by 40% in the convection values. Jemiseye et al. [7]
demonstrated a hybrid computational study employing a
combination of Laplace transformation and Legendre
wavelet collocation methods for space- and time-depen-
dent nonlinear thermal models of a longitudinal conduc-
tive-radiative functionally graded extended surface. The
analysis results indicated that the inhomogeneity index is
directly proportional to the FGM fin temperature.
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Nonetheless, the convective term is inversely related to
the temperature under quadratic-law heat conductivity
of the passive device demonstrating superior performance
with reduced thermal distribution compared to linear- and
exponential-law heat conductivity. Sobamowo et al. [8]
used finite difference method to investigate the numerical
of transient thermal performance of a convective-radiative
fin with FGMs under the influence of magnetic field. The
different variations in thermal conductivity were consid-
ered according to linear, quadratic, exponential, and
power-law in the thermal models. The findings indicated
that an increase in magnetic field parameters and radia-
tive, along with the inhomogeneity index, enhances the
thermal performance of the fin. Furthermore, it was deter-
mined that the transient responses of the FGM fin exhi-
biting power-law function and linear-law demonstrate
the slowest and fastest thermal response, respectively.
The predominant studies have modeled the thermal profile
in FGM fins utilizing numerical techniques, specifically
through the finite element method (FEM) and also it was
focusing mainly on the analytical method.

Gaba et al. [9] provided an analytical solution for the
examination of annular fins with a changeless weight
obtained from FGM. A comprehensive second-order
ordinary differential equation has been written to construe
variations in thermal conductivity and thickness across a
defined radii for gradations of material. Oguntala et al. [10]
examined thermal models with the “Chebyshev-spectral-
collocation-technique.” This technique presumed that
“the thermal characteristic of FGM adhered to a power-
law- and linear function.” This work examines the inhomo-
geneity index of FGM of porous heat sink with convective
and radiative components in relation to the thermal con-
ductivity. Khan and Aziz [11] came up with a way to figure
out how well a steady-state fin works by using Legendre
functions for the quadratic case and Bessel functions for
linear and exponential thermal conductivity with longitu-
dinal length. The material gradient of the FG-fin signifi-
cantly affects the transient and steady-state performance
of the fin. Hassanzadeh and Bilgili [12] investigated the
thermal characteristics of materials employed in heat
exchangers featuring longitudinal FGM fins. They com-
puted the resultant equations by employing “Dirichlet
and Neumann” boundary conditions (BCs). A new strategy
and mean value theorem were used for solving the equa-
tions. The results proved that “the inhomogeneity index of
FGM significantly affects the thermal energy characteris-
tics in heat exchangers.” To look at how the functionally
graded rectangular fin reacts to heat, Jemiseye et al. [13]
applied both numerical and analytical models, the
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analytical model applied “Laplace transformation-Legendre-
wavelet-collocation-methods.” When comparing quadratic
heat conductivity to linear and exponential heat conduc-
tivities, the “passive device” showed better thermal disper-
sion and lower temperature. Sobamowo et al. [14] per-
formed a nonlinear transient thermal analysis on a
convective-radiative fin composed of FGM subjected to a
magnetic field. They discovered that augmenting the “inho-
mogeneity-index” of radiative and magnetic field factors
enhanced the fin’s performance. Hassanzadeh and Bilgili
[12] utilized a rough mathematical approach based on the
“mean-value-theorem” to evaluate the performance of
heat-sink. This study’s findings indicate that replacing the
fin’s material with FGM significantly conserves energy as a
result to improve heat transfer between the fin and the
boundary. Ranjana and Mallick [15] employed analytical
method and the “homotopy perturbation technique” to
solve the nonlinear dimensionless problem for a conduc-
tive-convective-radiative annular fin made of FGM. The
numerical results were used to validate the adopted
numerical model. A comprehensive performance analysis
is conducted, highlighting the significant impact of various
parameters, including thermo-geometric parameters, con-
duction-radiation interactions, variations in (a) heat gen-
eration, (b) thermal conductivity, (c) the exponent of the
heat transfer coefficient, and (d) surface emissivity on each
of temperature-profile, thermal-efficiency, rate of heat
transfer, and effectiveness. The differential transform
method was used by George et al. [16] to look at how the
material index of FGM, as well as convective and radiative
factors, affected the porous heat sink performance. Kumar
et al. [17] suggested a model that combines artificial-neural-
networks and differential evolution methods to figure out
how the porous, undulating fin will transfer heat. This
work analyzed the impact of several factors on tempera-
ture distribution and the heat-transfer rate visually. Soba-
mowo et al. [18] carried out a finite element analysis to
study the transient thermal response of convective-radia-
tive FG-fin in response to a “temperature-varying-mag-
netic-field.” The parametric analyses indicated that the
temperature of the extended surface rises in accordance
with the homogeneity index. As the radiation and magnetic
field characteristics get better, the thermal distribution
across the extended surface gets worse. This makes the
heat transfer rate through the passive device faster.

The purpose of this work is to provide both an analy-
tical and a numerical solution. In order to investigate the
influence of FGM on the profile of fin’s temperature, a one-
dimensional, axial FGM fin is utilized. The thermal proper-
ties of the FG fins are characterized using a linear model.
Additionally, theoretical model based on equivalent-
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property idea is equated with the linear FG-model, and a
numerical analysis is conducted using ANSYS APDL. By
comparing the numerical and analytical results, the study’s
scope is expanded and the reliability of the study is
enhanced.

2 Problem description

A functionally graded fin has thickness (¢), length (L), and
width (W) and is subjected in media with environmental
temperature (T.) and heat transfer coefficient (h). The left
side temperature of FG-fin is constant (T}) as illustrated in
Figure 1.

FGM is a kind of composite materials and it is a new
material used to design materials having certain distribu-
tion of material properties. The distribution of material
qualities can be accomplished in one-dimensional (1D),
two-dimensional, and three- dimensional FGMs. In 1D-
FGMs), several functions or models, such as the power-
law, exponential, and sigmoid models, are applied to
delineate the arrangement of material attributes in graded
structures [19]. This study used the 1D-FGM to examine the
influence of material distribution on the temperature
(value and profile) of FGM-fin, utilizing a linear formula-
tion to characterize the thermal attributes of graded struc-
tures fin as demonstrated in relation (1).

P(x) =Py x (1+yxx), (o))

where P(x) is the attribute at any given place (x), y is the

linear equation slop |y = % =1 = Kpatio — 1], and Py is the

property located at the coordinates (x = 0).

The thermal properties along the length of FG-fin are
displayed in Figure 2 when left materials of the FG-Fin is
copper (Cu) with thermal conductivity (395 W/(m K)) (i.e.,
P(L) =395 W/(m K)). From Figure 2a, the linear variation in

& T, . h
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Figure 1: Dimensions and heat conditions of FG-fin.
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Figure 2: Variation in thermal conductivity along the length of FG-fin for different K-ratios with copper (Cu) as the left side material. (a) Effect of

K-ratio. (b) Effect of (x/L).

thermal conductivity appears with different slops (y).
While Figure 2b shows the effect of K-ratio at different
positions along the length of graded structure fin.

3 Mathematical models

For simulating the heat transfer behavior of FG-Fin, three
new models are improved, one of these models is analy-
tical model, the second one is numerical model using
ANSYS software, while the final model depends on the
equivalent properties of FG-Fin.

3.1 Analytical solution

As shown in Figure 2, a permanent temperature (T}) at
base and convection model occurring at both sides (W x
L) characterizes the thermal conditions of the FGM-fin.
According to Figure 2, the heat conduction through the
FGM-fin is equivalent to the heat convection from the FG-
fin surface, and the governing equation is [20]

d(. dT
al"a

The boundary conditions (BCs) are
(i) T=T,—atx=0.

i) & =0-atx=L.

=?(T—Tw)OSXSL. @

Similar to Eq. (1), the thermal conductivity is

k(x) = ko x (1 + x x). 3)

And Eq. (2) becomes:

d dT| h
il —|==(T-T.). 4
dX[ko><(1+y><x)dx t(T T) 4)
To resolve the relation 4) suppose
T-T. X, _dr _dx
0= [T,,—Tm , andn = o therefore, do = T and dn = 7

Utilizing the Chain rule, Eq. (4) and BCs are trans-
formed into

d’o do  hi?
1+ V'?)d—nz + yd_n = %9,
d20 de
1+ )/I'))d—n2 + Vd_l] -T?6=0. (5)
hI?
SO, 2= %,

where BCs are
@ 6=1-T=Tyatn=0,
o do ar _
(ii) a—O—»——

P 0,atn =1

In relation (5), when replacement = 0.5 [21]

0 do
SY) g + y ~ T2 = 0, 6
(1+05y)d’72+ydq r’6=0 (6)

The solving of above relation is

6(n) = et + et Y]
_ M F () -4+ 05p)r
where Uiy = 2% (17 05)) .
To determine the values of A; and A, the BCs are

implemented as follows:
12 o1y-1y
A = “

2 oy —q
"

1

1- Lo
o

and A, =
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Figure 3: Procedure for finite element modeling utilizing Ansys APDL software. (a) The FGM-Fin structure. (b) A mesh drawing. (c) Results.
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~T(n) =T, +

-2
(T, - T.) x [aiTZF)eM
12)

1
+ 7(1 " e_zr) eﬂz']]l_

3.2 Numerical model

Depending on FEM, the numerical work is constructed uti-
lizing APDL program (ANSYS software). The ten-node tetra-
hedral element (SOLID87) is used in this model and the
brick element also can be used [22]. The convergent criteria
of solution is adopted to choose the suitable size of a tetra-
hedral element. The following steps are used to build this
model.
* The FG is segmented into ten pieces [23], with its mea-
surements detailed in Table 1. As shown in Figure 3a, the
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measurements of every component are (w) in width,
(L/10) in length, and (¢) in thickness.

Every piece of the graded material fin is a homogeneous
compositional part and the thermal conductivity of each
part can be calculated by

(k(i x DL) + k((i -

1) x DL)) i
2

ki=

=1, 2., 10,13)
where k; is the thermal conductivity of the ith part of
graded structure fin, and DL is the length of every piece
of graded structure fin (as shown in Table 1). Therefore,
ten values of thermal conductivity are inserted into the
software ANSYS APDL.

In this model, three BCs are used:

(@) The first at the base or lower surface of FG-fin is

constant temperature (T}).

(b) Insulated fin’s tip (ie., % =0).

At n=0.5 At =1
350
¥ Analytical ® Equivalent " ANSYS = Analytical = Equivalent = ANSYS
300
250 -
£ 200 2 200
o =
$ I
L 150 £ 150
= =
100 -
50
0 - . , ; .
To/Tb=0.2 Tw/Tb=0.5 To/Tb=0.8 To/Tb=1.25 Too/Tb=2  Toc/Tb=4 To/Mb=02 T/b=0.5 To/Tb-0.8 ToTb-125 T/b=2 To/Tb-4
Tx/Th. Tx/Th.
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400 400
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300 300
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=4 €
@ 200 = 200
1 L
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Figure 4: A comparison of temperature ascertained using numerical, equivalent property models, and analytical of temperature ratio at n =1 and

n = 0.5 when Al,05 is the left-side material and Cu is the right-side material.
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Table 2: Error rate of ANSYS and equivalent property outconmes with
respect to analytical results for different property ratios (y) at n = 0.5 and 1

Investigation of heat transfer through functionally graded material fins

Case no. T./T, Error percentage (%)
Equivalent property model = ANSYS model

T-ratio n=10.5 n=1 n=05 n=1
1.y = 0 (Homogenous fin)
1. 0.20 0 0 +3.780 +2.837
2 0.50 0 0 +1.008 +0.732
3 0.80 0 0 +0.257 +0.184
4 1.25 0 0 -0.206 -0.150
5. 2.00 0 0 -0.520 -0.374
6. 4.00 0 0 -0.786 -0.560
2.y # 0 (FG-Fin)
1. 0.20 -1.767 -1.292 +6.756  +6.320
2 0.50 -0.51 -0.369 +1.953  +1.804
3 0.80 -0.133 -0.096 +0.509 +0.467
4 1.25 +0.109 +0.078 -0.416 -0.383
5 2.00 +0.277 +0.198 -1.061 -0.969
6 4.00 +0.422 +0.301 -1.611  -1.473

Table 3: Cases considered in present study

No. of T. (°C) T, (°C) T./T, Thermal conductivity ratio
cases (K-ratio)

1 25 125 0.2 0.2,0.5,0.75,1,1.333,2,and 5
2 25 50 0.5

3 25 31.25 0.8

4 25 20 1.25

5 25 12.5 2

6 25 6.25 4

(c) Assuming a constant heat convection coefficient and
a constant ambient temperature (T.). Free convec-
tion at two surfaces of a fin with an FGM.

¢ The steady-state heat transfer is addressed to resolve the
present issue.

* To analyze the impact of varying material qualities of FG-
fin on thermal behavior represented by temperature
fields, the temperature profile at the middle of the FG-
fin and along its length is illustrated.

3.3 Homogenous model

As shown in Figure 3a and using relation (13), the equiva-
lent thermal conductivity of FGM-fins can be estimated by
the following relation [24-29]:

—_— 7

(14)

where (A¢q) is the equivalent thermal conductivity and (4;)
is the thermal conductivity of ith part.

4 Validation and accuracy of
models

The validation and accuracy of finite element model and
equivalent properties model compared with the proposed
analytical model are studied. The alumina-copper FG-fin is
considered assuming alumina (Al,05) is the left side mate-
rial and Cu is the right-side material. The comparisons
between the temperature, that are calculated by the three
models, are illustrated in Figure 4. Figure 4 shows the
comparison among the temperature estimated utilizing
three solutions (analytical solution, ANSYS model, and
equivalent property model) for different (T./T) at n = 1
and n = 0.5. The analytical model of homogenous material
and equivalent property model are used together to esti-
mate the temperature distribution of FG fins.

However, the variance between them increases once
y # 0. Also, temperatures calculated using ANSYS model is
lower than that of analytical model at small (T./T}p) ratio.
Conversely, the numerical temperature rises when the (To/
Tp) ratio increases for n = 1. The largest percentage of
absolute error between equivalent property and analytical
result is 2.363% at (T/Tp) = 0.3 and n = 0.5. The extreme
percentage of absolute error between ANSYS and analy-
tical results is 6.756% once (T»/Tp = 0.2) and (g = 0.5), also
illustrated in Table 2. This study examines the influence of
the slope of the linear equation (y) and the temperature
ratio (T./Tp) on the temperature distribution over the
length of the graded structure fin. The instances examined
in current study are presented in Table 3.

5 Cases studied

The impact of thermal conductivity ratio (K-ratio) (Kyighd/
Te) and temperature ratio on temperature behavior on the
FGM-Fins length direction are investigated in this work. The
cases examined in this study are presented in Table 3.
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Figure 5: Temperature profiles of FG-fins for different ratio of (7./T) and different K-ratios.
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Figure 6: Temperature profiles over the length of FGM-fins for various K-ratio and different ratios of (T./T}).
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Figure 7: Temperature profiles over the length of FGM-fins for different ratios of (T../T,) and various K-ratios.

6 Results and discussion

In this section, the results of the parametric case studied
described in Section 5 are displayed considering the effect
of Temperature Ratio considering the effect of (T/T}) ratio
and thermal conductivity ratio (K-ratio).

6.1 Influence of temperature ratio

Figure 5 illustrates the temperature distribution affected
by the (T./Tp) ratio on the length of FGM-Fin for various
K-ratios. Typically, when the (T./T}) ratios are less than 1
(during the cooling process), the temperature diminishes
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Figure 8: Temperature of FG-fins for different K-ratios and different ratios of ambient to base temperatures.

over the length of the FGM-fin. If the (T../T}) ratio exceeds 1
(as heating procedure), the temperature rises along the
length of the FGM-fin. At the FGM-fin lower surface or
base at (7 = 0), the input temperature diminishes as the

(T../Tp) ratio increases; under these conditions, the effect of
FG material is negligible. However, when (n > 0), the
impact of FG material is similar to a peak effect occurring
at n = 1. This fact is also depicted in Figure 6.
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6.2 Effect of K-ratio

Figure 7 shows temperatures at different points through
the length of FG-fins due to increase in the K-ratio and
at different ratios of (T./Tp). It can be seen that the
decrease or increase in temperature at any point is affected
slightly by the K-ratio at a constant ratio of (T/Tp). For
example, the temperatures at (7 = 1) when K-ratio = 0.2
and K-ratio = 4 is slightly increased at constant (T./T}) ratio
and this is illustrates sharply in Figure 8. At (n = 1), the
temperature increases with increasing K-ratio when (T./
Tp) is less than 0.8. On the other hand, the temperature
decreases with increasing K-ratio when (T./T}p) is greater
than unity.

7 Conclusion and prospective
directions

This work has provided analytical and numerical analyses
to examine the thermic action of FG-fins. The thermal char-
acteristics of the fin are expected to vary linearly along the
length of FG-fin. The current study has also taken into
account the equivalent material properties of the FG-fin.
The current analysis has also taken into account the
equivalent material properties of the FG-fin.

As heat conductivity increases along the length of the
FG-fin when the K-ratio approaches unity, the outcomes for
analogous attributes resemble those of the analytical solu-
tion. The disparity between them increases as the K-ratio
diverges from unity. In the scenario where k (x = L)
exceeds k (x = 0), when (T./T}) < 1 (indicating cooling pro-
cess), the numerical findings are inferior to the analytical
results. Conversely, when the (T./T}) ratio exceeds 1 (indi-
cating a heating process), the numerical results surpass the
analytical results. The largest error between the two solu-
tions is 6.756% at n = 0.5 and T./T, = 0.2, whereas the
maximum error between the numerical and equivalent
property results is 2.363% at n = 0.5 and T./T, = 0.2.
When k (x =L) > k (x = 0) (or K-ratio < 1), a cooling process
occurs as the T./T} ratio is less than 1, resulting in a modest
reduction in the fin temperature. Conversely, during
heating, the T./T}, ratio exceeds 1. FGM serves as a deter-
rent to heat stress. The reduction in thermal conductivity
along the length of the FG-fin adversely impacts heat trans-
mission by conduction along the fin.

In conclusion, the thermal performance of FG-fin sur-
passes that of convectional fins.
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