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Abstract: In this study, four absolute nodal coordinate for-
mulation (ANCF)-based approaches are utilized in order to
predict the buckling load of Lee’s frame under concentrated
load. The first approach employs the standard two-dimen-
sional shear deformable ANCF beam element based on the
general continuum mechanics (GCM). The second approach
adopts the standard ANCF beam element modified by the
locking alleviation technique known as the strain-split
method. The third approach has the standard ANCF beam ele-
ment with strain energy modified by the enhanced continuum
mechanics formulation. The fourth approach utilizes the higher-
order ANCF beam element based on the GCM. Two buckling load
estimationmethods are used, i.e., by tracing the nonlinear equili-
brium path of the load–displacement space using the arc-length
method and applying the energy criterion, which requires
tracking eigenvalues through the dichotomy scheme. Lee’s frame
with different boundary conditions including pinned–pinned,
fixed-pinned, pinned-fixed, andfixed–fixed are studied. The com-
plex nonlinear responses in the form of snap-through, snap-back,
and looping phenomena during nonlinear postbuckling analysis
are simulated. The critical buckling loads and buckling mode
shapes obtained through the energy criterion-based buckling
method are obtained. After the comparison, higher-order beam
element is found to be more accurate, stable, and consistent
among the studied approaches.

Keywords: absolute nodal coordinate formulation, buck-
ling analysis, nonlinear postbuckling analysis, arc-length
method, Lee’s frame

1 Introduction

Absolute nodal coordinate formulation (ANCF) is a nonin-
cremental nonlinear finite-element formulation originally
proposed for the dynamics analysis of large-deformation
and large-rotation multibody systems by Shabana [1]. ANCF
utilizes the global nodal position and gradients as degrees of
freedom (DOFs). Consequently, the formulation leads to a
constant mass matrix in the equations of motion and further
leads to zero centrifugal and Coriolis forces [2]. Additionally,
it imposes no restrictions on the amount of rotation or
deformation within the ANCF element and is consistent
with the theory of nonlinear general continuum mechanics
(GCM) [3]. Due to the above merits, ANCF has been applied
in the nonlinear dynamics analysis of vehicle chassis with
leaf spring systems [4–6], space structures [7–9], and soft
robotics [3,10–12]. In addition, the capabilities of ANCF in
the nonlinear static analysis have also been verified by
some benchmark problems [13,14]. Therefore, ANCF which
was originally proposed to study nonlinear dynamics is
useful in the nonlinear static analysis while new elements
are regularly being introduced [15].

Compared with the existing application in the non-
linear dynamics and static analysis, the potential of the
ANCF method in the nonlinear postbuckling and buckling
analysis needs further exploration. Some pioneering efforts
in the direction of ANCF-based buckling analysis include
works by several groups, as discussed subsequently. Luo
et al. proposed a new hyper-elastic ANCF shell element uti-
lizing the Kirchoff–Love theory and used the arc-length
method to trace the whole nonlinear equilibrium path in
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the load–displacement space of the cylindrical shells [16].
Similarly, a new elastoplastic thin shell ANCF element based
on the Kirchoff–Love theory and layered plastic model was
introduced by Li et al. to predict the nonlinear response [17].
In these studies, the use of ANCF shell elements has been
verified in the postbuckling analysis of the classical shell
structure, but the ANCF beam element still needs to be
assessed against the benchmark example for the postbuck-
ling structural analysis. Nachbagauer et al. constructed a
three-node beam element and traced the nonlinear equili-
brium path of a right-angle frame under end force by uti-
lizing the nonlinear static iteration method with a small
perturbation load [18]. Nachbagauer and Gerstmayr used
the enhanced continuum mechanics-based and structural
mechanics-based formulation in the buckling analysis, while
the standard continuum mechanics-based formulation was
not assessed. Recently, Shaukat et al. tested three ANCF
beam-based approaches in conjunction with the arc-length
method on the in-plane nonlinear postbuckling of the cir-
cular arches [19]. In themeantime,Wang andWang used the
energy criterion-based dichotomy scheme to find the critical
buckling load of the right angle frame [20]. The conceptual
difference between the energy criterion-based dichotomy
scheme and the other studies mentioned here is that the
perfect geometric configuration is not destroyed while
finding the critical buckling load. On the contrary, the arc-
length method-based limit point postbuckling load solutions
are bound to allow the large deformation for the algorithm
to work. Hence, the perfect geometry is not preserved. In the
current study, both methods of buckling load estimations
are utilized to analyze the benchmark problem of the
beam–column structure of Lee’s frame.

A recent rise in interest in the nonlinear behavior of
structures has led researchers to see the instability in a
new light marking the shift from the “buckliphobia to
buckliphilia” [21], some referring to it as “well-behaved
nonlinear structure” [22], and others calling it “Happy Cat-
astrophe” [23]. However, by using the mechanical instabil-
ities of the new smart material design, new application
areas can be explored in the direction of soft machines
with sensing, actuating, and control capabilities [24]. Hence,
it is imperative to keep exploring the use of advanced
numerical techniques, especially of nonlinear beam models
such as ANCF beam, which are more general than the Ber-
noulli–Euler and Timoshenko beam-based FEM models. For
the time being, ANCF has been proven suitable to handle
flexible beams, and it also provides straightforward integra-
tion between MBS and nonlinear FEM algorithms [25].
Although it completely supports the use of GCM-based non-
linear material laws [26–28]. Due to the above-mentioned
favorable characteristics of ANCF, its use in the design of

new smart material-based structures needs to be further
explored. Comparatively, ANCF-based elastoplastic analysis
can be useful for snap-based designing, shape morphing, and
multi-stable mechanical components. In the future, ANCF can
be a good numerical tool for snap-based designing. This study
is a small step in this direction to show that ANCF can be
successfully used to study the nonlinear buckling and post-
buckling behavior of the framed structures. In addition, it can
effectively trace the complex nonlinear equilibrium paths in
the load–displacement space of Lee’s frame.

The article aims to thoroughly assess the performance
of the ANCF beam element on the nonlinear postbuckling
and buckling analysis of the benchmark Lee’s frame. To
achieve this, the arc-length method and the energy criteria
method are implemented. The standard continuummechanics-
based lower-order beam element/higher-order beam element
(HOBE) and the modified one using two locking alleviation
methods are tested and compared. The study proves ANCF as
a new tool that can be effectively used in the future to
explore the nonlinear space for the snap-based design of
flexible, soft smart structures, sensors, actuators, or energy-
harvesting mechanisms.

The article is organized as follows: In Section 2, a brief
literature review of frame analysis and the motivation
to use the physics-based ANCF is described. In Section 3,
the ANCF beam element and the modified one using the
locking alleviation methods are introduced. Subsequently,
the nonlinear postbuckling and buckling analysis methods
employed are presented in Section 4. In Section 5, the
numerical cases in order to verify the capability of the
ANCF beam elements for the nonlinear postbuckling and
buckling analysis of Lee’s frame are presented. In Section
6, the conclusion is drawn based on the gathered insights.

2 Overview of postbuckling
analysis of frames

The slender frames are used in mechanical, civil, and aero-
space engineering design [29]. Early researchers such as
Timoshenko and Gere systematically studied the buckling
of the right-angle frame using the analytical method [30].
Then, Koiter showed the imperfection sensitivity of the
load-carrying simple frames by applying the perturbation
technique [31]. Later, Roorda and Chilver utilized first- and
second-order perturbation to estimate the bifurcation loads
for the two-bar problem [32]. Lee et al. were the first to
obtain the nonlinear path for the frame deflection by using
the numerical technique of the modified Newton–Raphson
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method. The numerical example studied by Lee et al.
became the benchmark now commonly referred to as
“Lee’s frame” [33]. Akoush et al. obtained the critical buck-
ling loads and the nonlinear equilibrium path for the
framed structures utilizing incremental nonlinear analysis.
The nonlinear strain–displacement relationships were used
with the continuous updating of the stiffness matrix to
incorporate the nonlinear geometric effects [34]. Parametric
nonlinear analysis was done on rotationally constrained
rigid jointed frames, which are loaded symmetrically and
asymmetrically, to study the effects of load eccentricity and
slenderness ratio by Simitses et al. [35–37]. Pignataro and
Rizzi investigated the local and global buckling modes exhi-
biting unstable postbuckling behavior by conducting the
imperfection sensitivity of the asymmetric portal frame. It
was found that the presence of multiple buckling modes
enhances the imperfection sensitivity of the portal frame
[38–40]. Pacsote and Eriksson compared the total Lagran-
gian-based element against the co-rotational based beam
element approaches in their study of the nonlinear post-
buckling analysis of the framed structures. It was found
that there is no considerable difference in the results for
the large deformation cases of moderate nature [41]. Waszc-
zyszyn and Janus-Michalska used the exact finite elements
(EFEs) by directly integrating the complete field equations
obtained from formulating two-point boundary value pro-
blem. They found that the number of elements required in
the in-plane nonlinear analysis of the slender frames using
EFEs is less than using standard finite elements [42]. The
effect of initial imperfections, geometric properties, and
boundary conditions on the nonlinear postbuckling beha-
vior of the frame structure was studied in detail by Galvão
et al. to help improve the engineering design and analysis of
elastic frames [43]. Basaglia et al. used generalized beam
theory-based beam finite elements to study the local, distor-
tional, and global postbuckling behavior of thin-walled steel
frames [44]. Yeong-Bin and Shyh-Rong studied extensively
the nonlinear behavior of the framed structures under com-
pressive loads and different boundary conditions [45]. In
their recent article, they summarized the different analytical
techniques and numerical methods utilized to study the
frames [46]. They also pointed out that if the physics-based
finite element, along with the incremental-iterative arc-
length method, is utilized to simulate the complex multi-
loop nonlinear postbuckling behavior, the overall process
can be made simpler and more effective. As the physics-
based finite element completely respects the rigid body dis-
placements at each step, making the overall efficiency much
better. Hence, this study is conducted to evaluate the feasi-
bility and effectiveness of ANCF in nonlinear frame analysis.

3 Theoretical background of ANCF

Absolute nodal coordinates and nodal slopes are used in
the discretization scheme built in the framework of ANCF.
Therefore, infinitesimal and finite rotation assumptions
which are used in the infinitesimal rotation elements, large
rotation vector elements, and incremental-rotation corota-
tional formulations are relaxed. Consequently, the mass
matrix remains constant in the equation of motion.
Additionally, the Coriolis and centrifugal forces become
zero in the equation of motion [2]. The large displace-
ment, large rotation, and large deformation analysis by
means of ANCF require straightforward implementation
[14]. For the sake of convenience, the four ANCF-based
approaches being utilized in this study are briefly out-
lined in the following sub-sections.

3.1 Omar-Shabana beam element (OmSh)

The standard two-dimensional shear deformable ANCF
beam element in which elastic forces are derived using
the GCM approach is abbreviated as “OmSh” in this
study [47]. For this OmSh element, the assumed displace-
ment field in the global coordinate system is defined as
follows:
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Then, the position vector of an arbitrary point on the
beam is obtained by ==r S x e( ) , where x is the material
coordinate vector in the straight configuration and e is
the vector of nodal coordinates given by
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The element has two nodes, while the position vector r
i

and the two gradient vectors = ∂ ∂xr r /

x
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=i 1, 2 are used as DOFs, where x and y are the material
coordinates in the straight configuration. The matrix of
shape functions is given by
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where I is the identity matrix and =s i 1, 2, ... ,6i( ) are
shape functions:
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where ξ and η are the dimensionless bi-normalized element
coordinates and l is the length of the beam element in the
initial reference configuration. The bi-normalized coordinates
are =ξ x l/ and =η y l/ , where ≤ ≤x l0 and − ≤ ≤h y h/2 /2, h
is the height of the element. According to the GCM approach,
the matrix of the position vector gradients (Jacobian matrix)
or the deformation gradient is given by
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∂
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where =X S x e
0

( ) represents the element parameters in the
initial reference configuration, = ∂ ∂J r x/

e
and = ∂ ∂J X x/

0

.
The Green–Lagrange strain matrix is obtained as follows:

= −ε J J I

1
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,m

T( ) (6)

where I is the identity matrix and the strain in Voigt is written
as follows:

= [ ]ε ε ε ε2
,v xx yy xy

T (7)

where εxx , εyy, and εxy represent the axial, transverse, and
shear strains, respectively. For the linearly elastic material,
the strain energy is calculated using the following relation:
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where Jdet

0

( ) indicates the determinant of J
0

, V indicates
straight configuration volume, and Em is the matrix of elastic
coefficients. The plane stress assumption is adopted as follows:
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where E is Young’s modulus and ν is Poisson’s ratio. The stress
vector from the mechanics definition is calculated as follows:

=σ E ε .v m v (10)

The elastic force can be obtained by differentiating the
elastic energy with respect to the nodal vector as follows:
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Then, the tangential stiffness matrix will be obtained
by derivation of elastic force by the nodal coordinate
vector as follows:
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where the numbers represent the position of stress and
strain component in the corresponding vectors.

3.2 Omar–Shabana beam element with
Strain Split Method (OS-SSM)

SSM was originally proposed by Patel and Shabana in
order to alleviate the locking problem present in the stan-
dard Omar–Shabana ANCF beam element [48]. For the
SSM approach, the assumed displacement field equations
remain as shown in Eq. (1). This approach is abbreviated as
“OS-SSM” in this study. Locking alleviation was achieved
by decoupling the higher-order strain terms found in the
axial strain and the transverse strain. In this approach, the
position field of the beam element is defined as follows:
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where the superscript c represents the centerline of the
beam and the matrix of the position vector gradients is
defined as follows:
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where J
c represents terms belonging to the centerline of

the beam and J
k represents terms belonging to higher-order

terms associated with the shear deformation and curvature
of the beam element. The Green–Lagrange strain tensor is
defined as = +ε ε ε

c k , and the two strains are given as
follows:
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The second Piola–Kirchoff stress in the Voigt form is
expressed as = +σ E ε E εv

c

v

c k

v

k , where strains are also written
in Voigt form. In addition, = E E μkE diag , ,

k

s( ) while utilizing
the plane strain assumption E

c is defined as follows:
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where λ and μ are Lamé parameters, E is Young’s modulus,
and ν is Poisson’s ratio, whereas = + +k ν ν10 1 / 12 11s ( ) ( ) is
the shear correction coefficient. The strain energy is given by
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The strain energy in the form of stress and strain
vector is shown in the above equation. Then, the elastic
force and tangential stiffness matrix are calculated using
the formulation shown in Section 3.1. Complete derivation
for SSM and further details about how to use it for curved
geometries can be found in the study of Patel and Sha-
bana [48].

3.3 Enhanced continuum mechanics
formulation (OS-EnCM)

The standard Omar–Shabana (OmSh) beam element has
been found to have Poisson locking because of the axial
strain and transverse strain coupling in the energy formu-
lation. To avoid this, Gerstmayr et al. [49] proposed the
method known as enhanced continuum mechanics formu-
lation in which the strain energy is calculated in two parts.
In this way, the Poisson effect is excluded in the transverse
direction, and the Poisson effect is included only in the
beam centerline. This approach is utilized in the Omar–
Shabana beam element framework, hence, abbreviated as
“OS-EnCM.” The assumed displacement field equation for
this approach is shown in Eq. (1). The formulation for
strain energy is as follows:
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where b is the thickness of the element; the first part
excludes the Poisson effect with the help of the modified
matrix of elastic coefficients given as follows:
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where = +G E ν/2 1( ) is the shear modulus. And, the matrix
of elastic coefficients for the second part is formulated as
follows:
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which includes the Poisson effect in the transverse direc-
tion. Then, the elastic force vector is given as follows:

∫ ∫∫ ∫=
∂
∂

= ⎛
⎝
∂
∂

⎞
⎠ + ⎛

⎝
∂
∂

⎞
⎠

−

U

b x y bh xQ

e

ε

e

σ

ε

e

σd d d ,

s

h

h l l

v

T
l

v

T

v

/2

/2

0 0

0

0

(21)

where =σ D ε
0 0 and =σ D ε

v v . The tangential stiffness matrix
is given as follows:
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where the numbers show the components in the corre-
sponding vectors. The total tangential stiffness matrix is
the sum of the two as follows:

= +K K K .

1 2

(24)

3.4 Higher order beam element (HOBE)

In the locking alleviation article, Patel and Shabana also
proposed a new two-dimensional HOBE with 16 DOFs [48].
The HOBE adopts cubic interpolation in the longitudinal
direction and quadratic interpolation in the transverse
direction. The higher order interpolation allows capturing
the complex deformation modes and also allows curvature
level continuity on the elemental nodes. The transverse
strain does not remain constant, thus allowing the easing
of the Poisson locking, especially in the large deformation
analysis. This element can also be directly derived as a two-
dimensional subset from the three-dimensional HOBE pro-
posed by Shen et al. [50], which was later found to be useful
in the study of lateral buckling by Orzechowski and Sha-
bana [51]. For HOBEs, the assumed displacement field in
the global coordinate system is defined as follows:
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The element nodal coordinate vector for the HOBE is
defined as follows:
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Correspondingly, the element has the second-order
gradient = ∂ ∂ =y ir r / , 1, 2

i i
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shape functions given as follows:
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The strain energy, elastic force, and stiffness matrix
derivation follow the GCM-based approach. The strain
energy for HOBE is given by

∫ ∫= =U V Vε E ε J ε σ J

1

2

det d

1

2

det d .

V

v

T

m v

V

v

T

v
0 0

( ) ( ) (29)

Furthermore, elastic force and tangential stiffness matrix
are calculated, as shown in Section 3.1.

3.5 Slope discontinuity modeling using ANCF

As the gradient is not continuous at the rigid joint of Lee’s
frame, it requires special attention. Therefore, the tech-
nique to model the slope discontinuity using ANCF finite
element is briefly described here. The utilization of a con-
stant coordinate transformation matrix to deal with the
slope discontinuity in the ANCF modeling was demon-
strated by Shabana and Mikkola [52]. Specifically, an addi-
tional global parameterization is introduced to unify the
gradients on the intersection node k, where the gradients
e

ik and e
jk in the associated elements i and j are trans-

formed to the unified structural gradient p
k via the trans-

formation matrix Tik and Tjk as follows:

=e T p ,

mk mk k (30)

where the transformation matrix Tmk at node k in the ele-
ment m is obtained as follows:

=
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where the transformation coefficients =c l n, 1, 2

l n,

mk , are

=
∂
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S e,
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where xn, n = 1, 2, represent the first and second element
coordinates, Sl is the lth row of the shape function matrix,
ξ

mk and η
mk are the bi-normalized coordinates of node k in

element m, and e
m

0

is the coordinate of element m in the
initial configuration. It should be noted that the transfor-
mation matrix is obtained in the initial reference config-
uration. As a result, Tmk is a constant matrix which is the
valuable property provided by the ANCF. Complete details
can be found in the original article referenced here [52].

3.6 Boundary conditions

For the boundary conditions used throughout this study, the
following expressions are used. For the pinned boundary
condition, the x and y components of the absolute nodal
coordinate positions are constraints, so that it is pinned
but can rotate:

=
⎡
⎣⎢

⎤
⎦⎥

× ×

× − × −
B

0 0

0 I
,

n n

2 2 2 1

1 2 2 2

[ ] [ ]

[ ] [ ]( ) ( )

(33)

where n is the number of components in the nodal coordi-
nate vector; for OmSh, OS-SSM, and OS-EnCM, its value is
12, whereas for HOBE, it is 16. For the fixed boundary con-
dition, all the components of the nodal coordinate vector at
that node are constraints, so that neither it can move nor
can rotate as shown below:

= ⎡
⎣⎢

⎤
⎦⎥

× ×

× ×
B

0 0

0 I

,

m m m

m m m

1

1

[ ] [ ]

[ ] [ ]
(34)

where m is half the number of components in the nodal
coordinate vector m = n/2.

3.7 ANCF finite-element formulation for the
framed structure

The nodal coordinate vector obtained from the different
elements, as presented in the previous section, should be
transformed. First, to incorporate the boundary conditions
and secondly, to include the slope discontinuity in the right
angle frame as shown:

==ē T B e .

j j j j (35)

Similarly, for the elastic force calculation, the two
effects are included as follows:
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==Q̄ B T Q .

s

j
j j j

s

(36)

And, the tangential stiffness matrix is shown below:

==K̄ T B K B T .

t j j t,j j j
T T (37)

The equation of the virtual work of stresses according to the
GCM theory can be obtained by utilizing the Green–Lagrange
strain and the second Piola–Kirchoff stress as shown below:

∫= −δW δ Vσ ε d .

s

j

V

P

j
j j

2

j

(38)

The virtual strain can be expressed as the virtual
changes in the position vector gradients as follows:

= ( ) +δ δ δε J J J J

1

2

.

j j j j j
T T

[ ( )] (39)

The second Piola–Kirchoff stresses are calculated from
the Green–Lagrange strains as follows:

=σ E ε ,

P

j

m

j

2

(40)

where E is the matrix of the elastic coefficient used to
define the constitutive relationship. Hence, the virtual
work in Eq. (38) can be written as follows:

∫= − + = −δW δ δ V δE ε J J J J Q e

1

2

d ,

s

j

V
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j j j j j

s

j j

j
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( )[( ) ( )] (41)

where Qs is the vector of the elastics forces. The virtual
work of an external force F acting at a point on the nodal
coordinate vector can be found as follows:

= = =δW δ δ δF r F S e Q e .

e

j j

P

j
j j j

e

j j
T T T (42)

Hence, utilizing the principle of virtual work for the
static analysis, one can write

∑ − =
=

δQ Q e 0.

j

n

s

j

e

j T j

1

( ) (43)

After incorporating the boundary conditions and slope
discontinuity, it can be expressed as follows:

∑ − =
=

δT B Q T B Q e 0.

j

n

j j

s

j j j

e

j T j

1

( ) (44)

Which for the equation of the static equilibrium can be
written as follows:

− =Q̄ Q̄ 0.

s e
(45)

The above equation describes the static equilibrium,
which can be solved using the nonlinear solver such as the
Newton–Raphson method or arc-length method. In this
study for the nonlinear postbuckling analysis, it is solved
using Crisfield’s arc-length method.

4 Computational strategies

In this section, the computational strategies to utilize the
ANCF approach for the nonlinear postbuckling analysis
and buckling analysis of framed structures are presented.
For the inplane nonlinear postbuckling analysis, the arc-
length method is adopted. For the buckling analysis, a
dichotomy scheme is utilized.

4.1 Nonlinear postbuckling analysis with
arc-length method

In nonlinear FEM, the load–deflection response of arches is
studied by using the nonlinear static solvers such as the
Newton–Raphson method. In the 1970s, the arc-length
method was proposed by Wempner in which the general-
ized arc-length constraint in the load–deflection space
is used to solve the algebraic equations of the discrete
system. These equations are derived from the differential
equations of the nonlinear continuous system to overcome
the limit points in incremental computations [53]. In the
1980s, Riks proposed a numerical method similar to Wemp-
ner’s method; however, the nonlinear equilibrium path is
obtained using the incremental procedure, which uses the
length of the equilibrium path as a control parameter [54].
Crisfield proposed the modified form of Rik’s method,
sometimes known as Crisfield’s arc-length method. In this
method, the tangential stiffness matrix required to solve
the nonlinear algebraic equations of the discretized form
of system equations is identical to the one utilized in the
full Newton–Raphson iteration method. The equation for
the nonlinear static equilibrium is written in the following
in the continuation method, usually called as the arc-length
method [55]:

− = − =e λQ̄ Q̄ Q q 0,

s e in

ext

ext

( ) (46)

where λ
ext

is the variable scalar loading parameter for the
external force,q

ext

is the constant directional vector for the
external force = λF q

ext ext

ext

, and Q e
in

( ) is the vector for
the internal elastic force, which is the nonlinear function
of the nodal coordinate vector. The above equation is dif-
ferent from the equation used in the full Newton–Raphson
iteration method in the way that an additional scalar
loading parameter λ

ext

is introduced [56]. Therefore, the
dimension of the variable displacement space N, now,
turns into N + 1 variable load–displacement space. Using
the benefit of the additional field available, the following
equation of constraint was introduced by Crisfield:
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= lu uΔ Δ Δ .

T 2 (47)

In the arc-length method implemented in this article,
the incremental arc-length parameter lΔ is kept constant
throughout the computation of the whole equilibrium
path, whereas uΔ is the incremental displacement vector.
The solution in the iteration step is found by following the
arc defined by the arc-length parameter lΔ in the variable
load–displacement space. But, the constraint in the displa-
cement space does not allow the solution to deviate from the
overall cylindrical curve being followed. Hence, this method
is sometimes called as “cylindrical arc-length method.” The
algorithm utilized in this article is presented in detail in the
study of Shaukat et al. [19].

The value of arc-length parameter =lΔ 0.2 was used as
a constant in the algorithm for each case being studied. If
the algorithm fails to follow the whole equilibrium path,
the constant value was reduced by half, and the nonlinear
postbuckling analysis was simulated again.

4.2 Buckling analysis using energy criterion

Wang and Wang applied the energy criterion to find the
relative minimum of the total potential energy of the
system in order to find the critical buckling load. They
effectively used the nonlinear iterative algorithm based
on the dichotomy scheme to find the critical buckling
load of the structure using ANCF beam elements.

The energy criteria can be utilized to find the critical
buckling load, as we can seek to find the condition where
the static equilibrium does not exist by continuously
updating the applied load. Hence, all the loading conditions
where the change in the total potential energy is positive
definite corresponds to the equilibrium position [57]. The
total potential energy expressed in the form of Taylor’s
series is
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Since, at the static equilibrium position, the first deri-
vative remains zero. There will be no change in the initial
configuration with respect to the applied load:

∂
∂

=
U

e

0.

0

(49)

Rearranging Eq. (48), putting the value of the first
derivative, and ignoring all the higher-order terms in
the Taylor series, we can arrive at the following
expression:
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where the tangential stiffness matrix corresponds to the
term in the above expression as follows:

∑ ∑=
∂

∂ ∂= =

U

e e

K .ij

i

n

j

n

i j
1 1

2

(52)

The energy criterion states that the homogenous quad-
ratic form of Eq. (50) remains positive definite for the
stable equilibrium to exist. It can occur if and only if the
determinant of the tangential stiffness matrix is all posi-
tive, which can be expressed as follows:

>Kdet 0.t( ) (53)

From the above discussion, it occurs that as the system
moves toward instability, the value of the determinant tends
to seek zero value. As soon as it becomes zero, the system is
no more stable. Hence, the instability condition becomes

=Kdet 0.t( ) (54)

While the determinant of the tangential stiffness matrix
can be calculated utilizing eigenvalues as follows:

∏=
=

ΛKdet ,t

n

m

m

1

( ) (55)

where the determinant is the product of all the eigenvalues
of the matrix. Hence, the critical point can be found by
carefully monitoring the sign of the eigenvalue of the tan-
gent stiffness matrix by applying the delicate dichotomy
scheme, which iterates the solution closer and closer to
zero against the varying compressive load. In this way,
the first, second, or third buckling loads, along with the
buckling mode shapes, can be extracted. Further details
and discussion can be found in the study of Wang and
Wang [20].

5 Numerical examples

In this section, the nonlinear postbuckling and buckling
analysis is conducted for Lee’s frame with different
boundary conditions. To find the relevant buckling load,
for different boundary condition cases, both buckling esti-
mation methods are employed. And, to check the validity of
the ANCF-based approaches being employed, and to verify
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the codes being used, the convergence for the nonlinear post-
buckling limit load for Lee’s frame (as shown in Figure 1) is
studied, as shown in Figure 2. Throughout the study, the
tolerance criterion and tolerance limit for the convergence
to the equilibrium state are considered to be the Euclidean
norm of the residual force as follows:

− ≤ × −
F Q 1 10 .

ext

in

4∥ ∥ (56)

5.1 Case 1: Snap-back of Lee’s frame

Lee’s frame with the length of each arm =L 0.120 m,
cross-sectional height =h 0.002 m, and cross-sectional
width =b 0.003 m is considered. The material properties,
i.e., Young’s modulus = ×E 7.2 10 N/m

6 2 and Poisson’s ratio
=ν 0.3, are used. In this case, pinned–pinned boundary

conditions at the frame ends are assumed. The arc-length
parameters used are =lΔ 0.2 m with proscribed minimum
and maximum load limits − ≤ ≤P0.025 0.025 N.

The total number of iterations and the number of load
steps utilized to reach the maximum proscribed load when
tracing the complete nonlinear equilibrium path for the
OmSh, OS-SSM, OS-EnCM, and HOBE are shown in Table 1.
The simulated deflection of Lee’s frame can be seen in
Figure 3, whereas x-deflection and y-deflection can be seen
in Figures 4 and 5, respectively. The variation of strain
energy according to the change in applied load is shown
in Figure 6. The whole 3D equilibrium path using HOBE
can be found in Figure 7. It can be observed that the
OmSh slightly overpredicts the limit point postbuckling
load as compared to the ANSYS BEAM188 reference solution.
The results produced by the OS-SSM, OS-EnCM, and HOBE
agree well with the reference solution. The complete snap-
back nonlinear postbuckling response of Lee’s frame with
pinned–pinned boundary conditions is successfully pre-
dicted by ANCF-based approaches. However, it is found
that the total number of iterations required to complete
the path is minimum for the OmSh and then OS-EnCM. It
is slightly higher for the OS-SSM and much higher for the
HOBE. It should be further noted that the HOBE required
only two iterations per incremental load step to reach the
equilibrium state and does not present any convergence-
related issues.

Figure 1: Lee’s frame with pinned–pinned boundary conditions.

Figure 2: Convergence of ANCF elements.

Table 1: Limit point postbuckling load for Lee’s frame with pinned–pinned BCs (Case 1)

OmSh OS-SSM HOBE OS-EnCM BEAM188

Limit point 0.020339 0.0185216 0.0185252 0.0185244 0.0185537
No. of elements 60 60 60 60 200
No. of steps 153 153 933 153 —

No. of iterations 438 738 1,866 448 —

Complete path Yes Yes Yes Yes Yes
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The buckling analysis based on the energy criterion
utilizing the HOBE, OS-EnCM, and OmSh approaches is
successfully conducted for Lee’s frame with pinned–pinned
boundary conditions. It is found that the OS-SSM failed to

converge to the solution. Therefore, it is not included in
Table 2. For comparison with the reference solution, 200
ANSYS BEAM188 elements are used to calculate the critical
buckling load, and the obtained results are presented in
Table 2. It can be seen that the ANCF-based HOBE and OS-
EnCM results for the first, second, and third buckling loads
are in good agreement with the reference, whereas the
OmSh overpredicts the three buckling loads. The three buck-
ling mode shapes simulated using the HOBE are shown in
Figure 8.

Figure 3: Lee’s frame with pinned–pinned boundary conditions and
contour represents von Mises stress (Case 1).

Figure 4: Snap-back of Lee’s frame showing x-deflection (Case 1).

Figure 5: Snap-back of Lee’s frame showing y-deflection (Case 1).

Figure 6: Strain energy of snap-back of Lee’s frame (Case 1).

Figure 7: Complete 3D equilibrium path of snap-back of Lee’s frame
(Case 1) with varying offset load points.

Table 2: Critical buckling load for Lee’s frame with pinned–pinned BCs
(Case 1)

First mode Second mode Third mode

ANCF HOBE 0.01384 0.04440 0.09504
ANCF OmSh 0.01538 0.04932 0.10450
ANCF OS-EnCM 0.01391 0.04434 0.09492
ANSYS BEAM188 0.01399 0.04487 0.09456

10  Abdur Rahman Shaukat et al.



It should be noted that the energy criterion-based
buckling analysis is done when the load is applied in the
vertically downward direction at the rigid joint of Lee’s
frame, not offsetting by L/5, as in the nonlinear postbuck-
ling analysis. Because the concept for using the buckling
analysis is to model the perfect initial geometry with
loading conditions of the structure without any imperfec-
tion, i.e., without any introduction of small perturbation
load or eccentric displacement in the form of a small offset.
On the contrary, for the nonlinear postbuckling analysis, the
nonlinear large deformation analysis is done by allowing
the imperfection so that the whole nonlinear equilibrium
path can be traced and the limit point postbuckling loads
can be found. In further investigation, the HOBE approach is

utilized while the offset point of the load is varied to find the
lowest limit load, but L/5 is found to give the lowest value.
Hence, we can see that the 0.0138 N critical buckling load is
less than the 0.018 N limit point postbuckling load given by
the L/5 offset. Therefore, the critical buckling load obtained
by the energy criterion-based buckling analysis should be
used as the maximum allowed load.

5.2 Case 2: Snap-through of Lee’s frame

The whole nonlinear equilibrium path in the form of the
snap-through response for Lee’s frame with pinned-fixed
boundary conditions is traced. The deflected frame after
equal intervals can be seen in Figure 9, while the deflection
in the x- and y-axis against load can be observed in Figures 10
and 11, respectively. The variation of strain energy according
to the change in applied load is shown in Figure 12. The
complete 3D equilibrium path using HOBE can be seen in

Figure 8: Buckling mode shapes for Lee’s frame with pinned–pinned BCs
(Case 1).

Figure 9: Lee’s frame with pinned-fixed boundary conditions where
contour represents von Mises stress (Case 2).

Figure 10: Snap-through of Lee’s frame showing x-deflection (Case 2).

Figure 11: Snap-through of Lee’s frame showing y-deflection (Case 2).
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Figure 13. The numerical results are presented in Table 3. It is
observed from the data that the OmSh predicts a slightly
higher limit load than the reference ANSYS BEAM188 solution
due to the presence of the locking. Whereas the other ANCF-
based approaches, i.e., OS-SSM, OS-EnCM, and HOBE, have no
considerable difference. The number of load steps and the
total number of iterations required to complete the path are
highest for the HOBE, high for the OS-SSM, while it is least for
the OmSh and OS-EnCM. Additionally, it is important to notice
that the OmSh, OS-EnCM, and HOBE only require two itera-
tions per incremental load step to converge to the equilibrium
state. The OS-SSM, in this case of snap-through buckling of
Lee’s frame, sometimes requires a higher number of itera-
tions than two per incremental load step.

Similarly, as in the previous case, for the energy cri-
terion-based buckling analysis OS-SSM failed to converge.
But, the ANCF-based HOBE, OS-EnCm, and OmSh approaches
converged, and the obtained solutions are shown in Table 4.
The mode shapes obtained utilizing the HOBE approach are
shown in Figure 14. The HOBE and OS-EnCM results for all
three critical buckling loads match well with the ANSYS
BEAM188 results, whereas, due to the locking phenomenon
present in the OmSh element, the predicted critical load is
higher.

Figure 12: Strain energy graph of snap-through of Lee’s frame
(hinged-fixed). Figure 13: Complete 3D equilibrium path of snap-through of Lee’s frame

(Case 2) with varying offset load points.

Table 3: Limit point postbuckling load for Lee’s frame with pinned-fixed BCs (Case 2)

OmSh OS-SSM HOBE OS-EnCM BEAM188

First limit point 0.019931 0.018145 0.018145 0.0181409 0.0181195
No. of elements 60 60 60 60 200
No. of steps 99 101 686 101 —

No. of iterations 198 466 1,372 202 —

Complete path Yes Yes Yes Yes Yes

Table 4: Critical buckling load for Lee’s frame with pinned-fixed BCs
(Case 2)

First mode Second mode Third mode

ANCF HOBE 0.02709 0.06375 0.12581
ANCF OmSh 0.02979 0.07056 0.14070
ANCF OS-EnCM 0.02679 0.06351 0.12883
ANSYS BEAM188 0.02701 0.06397 0.12497

Figure 14: Bucklingmode shapes for Lee’s framewith pinned-fixed BCs (Case 2).
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While using the HOBE approach, the offset point of the
load is varied in the range of L/5 to L/30, but it was found
that the L/5 offset gives the lowest value for the first limit
load. After, the energy criterion-based buckling analysis
and nonlinear postbuckling analysis results are compared.
It is found that the first critical buckling load 0.027 N is
higher than the postbuckling limit load 0.018 N, which
means that the chance of limit point buckling occurring
is higher. Therefore, the limit point postbuckling load
should be used as the maximum allowed load.

5.3 Case 3: Lee’s frame with looping
phenomenon (fixed–fixed)

The first limit points of the nonlinear equilibrium path of
Lee’s frame with fixed–fixed boundary conditions are pre-
sented in Table 5. From the comparison of the OmSh, OS-EnCM,
OS-SSM, and HOBE results against the ANSYS BEAM188, it can
be seen that the OS-SSM failed to complete the whole nonlinear
equilibrium path. Lee’s frame deflections are simulated in
Figure 15, while the x-deflection and y-deflection can be
observed in Figures 16 and 17, respectively. The variation of
strain energy according to the change in applied load is shown
in Figure 18. Thewhole nonlinear equilibrium path is shown in
Figure 19. Thewhole nonlinear equilibriumpath using HOBE is
shown in Figure 16. The HOBE results are produced using the
arc-length parameter =lΔ 0.2, whereas OmSh and OS-EnCM

=lΔ 0.1 are used. For OS-SSM arc-length parameter is further
lowered to =lΔ 0.05 even then it did not produce the whole
path. For the OS-SSM approach, the first limit point is success-
fully attained, but the postbuckling behavior present in the
form of the looping phenomenon is not captured. As in the
previous cases, it can be observed that the OmSh slightly over-
predicts the limit point postbuckling load. And, the ANCF-based
HOBE and OS-EnCM predicted loads are in good agreement
with the reference. On the contrary, it should be noted that the
HOBE requires only two iterations per incremental load step to
converge to the equilibrium state and successfully completes

the whole equilibrium path without having any convergence
issues.

During the energy criterion-based buckling analysis,
for Lee’s frame with fixed–fixed boundary conditions,
the ANCF-based OS-SSM element failed to converge. On
the other hand, the ANCF-based OmSh, OS-EnCM, and

Table 5: Limit point postbuckling load for Lee’s frame with fixed–fixed BCs (Case 3)

OmSh OS-SSM HOBE OS-EnCM BEAM188

First limit point 0.050684 0.046235 0.046518 0.0461388 0.047132
No. of elements 60 60 60 60 200
No. of steps 982 515 6,242 983 —

No. of iterations 2,068 2,603 12,484 2,084 —

Complete path Yes No Yes Yes Yes

Figure 15: Lee’s frame with fixed–fixed boundary conditions where
contour represents von Mises stress (Case 3).

Figure 16: Lee’s frame with looping phenomenon showing x-deflection
(Case 3).
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HOBE give a result that agrees well with the ANSYS
BEAM188-produced solution, as shown in Table 6. It can
be seen that OmSh overpredicts the critical buckling loads.
Hence, the three critical buckling loads and corresponding
mode shapes are successfully extracted using HOBE. Three
mode shapes obtained using the HOBE approach can be
seen in Figure 20. While investigating the various offset
load points, using the HOBE approach, it is found that the
L/6 offset point gives the lowest first limit point load as
0.03395 N. As the lowest critical buckling load is 0.028 N
which is less than the postbuckling limit load of the concern,
the critical buckling load based on energy criterion should
be used as the maximum allowed load.

5.4 Case 4: Lee’s frame with looping
phenomenon (fixed-pinned)

During the nonlinear postbuckling analysis, the looping
behavior of Lee’s frame with fixed-pinned boundary con-
ditions is simulated, and numerical results are presented
in Table 7. The deflected Lee’s frame under loading is
shown in Figure 21, whereas deflection graphs in the x-
and y-axis can be observed in Figures 22 and 23,

Figure 17: Lee’s frame with looping phenomenon showing y-deflection
(Case 3).

Figure 18: Strain energy graph of looping phenomenon of Lee’s frame
(Case 3).

Figure 19: Complete 3D equilibrium path of looping phenomenon of
Lee’s frame (Case 3) with varying offset load points.

Table 6: Critical buckling load for Lee’s frame with fixed–fixed BCs
(Case 3)

First mode Second mode Third mode

ANCF HOBE 0.02805 0.06575 0.12918
ANCF OmSh 0.03125 0.07206 0.14158
ANCF OS-EnCM 0.02820 0.06554 0.12867
ANSYS BEAM188 0.02873 0.06576 0.12827

Figure 20: Buckling mode shapes for Lee’s frame with fixed–fixed BCs
(Case 3).
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respectively. The variation of strain energy according to
the change in applied load is shown in Figure 24. The com-
plete 3D nonlinear equilibrium path obtained using HOBE
is shown in Figure 25. The HOBE results are produced using
the arc-length parameter as =lΔ 0.2, whereas for OmSh
and OS-EnCM =lΔ 0.1 is used. For, the OS-SSM approach,
arc-length parameter was further lowered to =lΔ 0.05 in

order to produce the whole path and it successfully traced
the whole path. Nonetheless, the first limit points for the
OmSh, OS-SSM, OS-EnCM, and HOBE are obtained and com-
pared against the ANSYS BEAM188 reference solution. As,
in the previous three cases, the OmSh approach slightly
overpredicts the limit load due to the presence of locking.
OS-SSM, OS-EnCM, and HOBE are found to be in good

Table 7: Limit point postbuckling load for Lee’s frame with fixed-pinned BCs (Case 4)

OmSh OS-SSM HOBE OS-EnCM BEAM188

First limit point 0.071547 0.065528 0.065856 0.065265 0.065366
No. of elements 60 60 60 60 200
No. of steps 662 1,327 3,037 663 —

No. of iterations 1,324 3,766 6,074 1,326 —

Complete path Yes Yes Yes Yes Yes

Figure 21: Lee’s frame with fixed-pinned boundary conditions where
contour represents von Mises stress (Case 4).

Figure 22: Lee’s frame with looping phenomenon showing x-deflection
(Case 4).

Figure 23: Lee’s frame with looping phenomenon showing y-deflection
(Case 4).

Figure 24: Strain energy graph of looping phenomenon of Lee’s frame
(Case 4).

In-plane nonlinear postbuckling and buckling analysis of Lee’s frame using ANCF  15



agreement with the reference ANSYS BEAM188 solution.
On the contrary, it should be noted that the HOBE and
OS-EnCM needed only two iterations per incremental load
step while tracing the whole complex looping path and suc-
cessfully completed it without presenting any convergence
related issues.

In this case, the energy criterion-based buckling ana-
lysis for the OS-SSM element failed to converge. But, the
ANCF-based HOBE, OS-EnCM, and OmSh approaches con-
verged to the solution which is shown in Table 8. The result
produced by the HOBE and OS-EnCM are found to be in
good agreement with the ANSYS BEAM188 result for the
three critical buckling loads. The three mode shapes using
the HOBE approach are shown in Figure 26. Upon varying
the offset load points and tracing the whole equilibrium
path using the HOBE approach, it is found that the L/15
gives the lowest first limit load value as 0.04015 N. It is
observed that the postbuckling limit load of concern is
many times higher than the lowest critical buckling load
of 0.014 N. Therefore, the maximum allowed load should
not exceed the critical buckling load obtained by the
energy criterion.

5.5 Case 5: Roorda’s frame

As it can be seen from the previous numerical problems,
the ANCF-based HOBE approach is the best approach
among the studied ANCF approaches for the nonlinear
frame analysis. For further verification and validation, com-
parison with the experimental result is a must. Hence, the
L-frame from Roorda’s experiment is studied here.

Koiter, in his landmark thesis, applied the perturbation-
based numerical technique to estimate the buckling load of
the L-frame, which is given by the formula = −P P θ/ 1 0.3805cr .
And, the buckling load is given by =P π EI L1.407 /cr

2 2. Rizzi
et al. used a more sophisticated analytical approach incorpor-
ating up to fourth-order terms; the solution produced by them
is = − +P P θ θ/ 1 0.3805 0.4638cr

2. Further, Galvão et al. uti-
lized an efficient nonlinear finite element formulation for the
analysis of planar elastic frames together with a nonlinear

Figure 25: Complete 3D equilibrium path of looping phenomenon of
Lee’s frame (Case 4) with varying offset load points.

Table 8: Critical buckling load for Lee’s frame with fixed-pinned BCs
(Case 4)

First mode Second mode Third mode

ANCF HOBE 0.01459 0.04626 0.09545
ANCF OmSh 0.01624 0.0509 0.1062
ANCF OS-EnCM 0.01460 0.04539 0.09664
ANSYS BEAM188 0.01490 0.04662 0.09705

Figure 26: Buckling mode shapes for Lee’s frame with fixed-pinned BCs
(Case 4).

Figure 27: Postbuckling solution for the Roorda’s frame.
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solution methodology. In Figures 27, amd 28 and data from
Galvão’s publication are used as a reference, which already
contains Rizzi et al., Koiter and Roorda results [43]. These refer-
ence results are then compared with 60 elements using the
ANCF-based HOBE approach.

Rizzi et al. conducted a thorough parametric analysis of
the two-bar frame problem by using the modified potential
energy approach. This analysis was profound yet simple,
allowing us to incorporate the fourth-order terms in the
analytical solution. But, from Figures 27 and 28, when the
analytical results of Rizzi, Roorda’s experimental, and Koi-
ter’s perturbation approach are compared, it can be seen
that Galvão’s nonlinear solution and ANCF HOBE solution
are much better.

6 Conclusion

This article verifies the capability of the ANCF beam element
for the nonlinear postbuckling and buckling analysis of Lee’s
frame benchmark example. The GCM-based ANCF beam ele-
ments and the modified one using two locking alleviation
methods are tested and compared. Four different boundary
conditions, i.e., pinned–pinned, fixed-pinned, pinned-fixed,
and fixed–fixed, are studied. The nonlinear postbuckling beha-
vior is traced in the form of snap-back, snap-through, and
looping phenomenon while the corresponding limit point post-
buckling loads are recorded. The energy criterion is applied by
tracing the eigenvalues via the dichotomy scheme to find the
critical buckling loads and extract the corresponding buckling
mode shapes. All the obtained results are compared and dis-
cussed. The following conclusions can be reached:

1. The higher-order ANCF beam element based on the GCM
approach (HOBE) is found to be accurate and stable
among the approaches being investigated. It is also the
consistent one, as it successfully converges to the solu-
tion without presenting any convergence-related issues
for both types of buckling analysis. Additionally, for the
nonlinear postbuckling analysis of the cases being inves-
tigated, HOBE needs only two iterations per incremental
load step for convergence.

2. The standard ANCF beam element modified by the
enhanced continuum mechanics method, i.e., OS-EnCM,
can predict the limit point postbuckling and critical buck-
ling loads. But, during the two cases, the arc-length para-
meter needed to be adjusted and lowered to help the OS-
EnCM approach to converge to the equilibrium path and
trace the whole equilibrium path.

3. The standard ANCF beam element modified by the split
strain method, i.e., OS-SSM, during the nonlinear post-
buckling analysis, can alleviate locking but is not able to
trace the whole nonlinear equilibrium path for the fixed–
fixed boundary condition case, which exhibits looping phe-
nomenon. For the energy criterion-based buckling analysis
of all Lee’s frame cases being investigated, this approach
does not converge to the solution.

4. The standard ANCF beam element based on the GCM
approach, i.e., OmSh, slightly overpredicts the limit
load in the nonlinear postbuckling analysis due to the
locking phenomenon but successfully traces the com-
plete equilibrium path. For the energy criterion-based
buckling analysis, this approach also slightly overpre-
dicts the critical buckling load in all the boundary con-
ditions being investigated.

Hence, it is concluded that the HOBE approach can be
used for the general in-plane nonlinear postbuckling analysis
and energy criterion-based buckling analysis of the frame
structures with different boundary conditions. Whereas the
OS-EnCM approach may reduce locking but should need
attention while performing analysis. On the contrary, the
OS-SSM approach may present some convergence-related
issues, and the OmSh approach may slightly overpredict the
buckling loads. Hence, the latter three approaches should be
used with care.

Nomenclature

e vector of element nodal coordinates
e

0

nodal vector in the reference configuration
x longitudinal coordinate defined in the local coor-

dinate system

Figure 28: Comparison between ANCF based HOBE, Roorda’s experi-
ment, Koiter’s perturbation technique, Rizzi’s analytical solution and
Galvão’s nonlinear solution.
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y transverse coordinate defined in the local coor-
dinate system

l length of the element
ξ dimensionless longitudinal coordinate
η dimensionless transverse coordinate
r global position vector of an arbitrary point

between the nodes i and j

r
c absolute position vector of the centerline of the

element
ra slope of the absolute position vector defined as

∂ ∂αr/ where =α x y yx yy, , or

s
i

shape function in the shape function matrix
S shape function matrix
Em matrix of elastic coefficient
E

c matrix of material constants belongs to centerline
terms

E
k matrix of material constants belongs to higher-

order terms
I identity matrix of order two
J
0

Jacobian matrix corresponding to a curved
configuration

J
e

Jacobian matrix corresponding to a deformed
configuration

J Jacobian matrix of deformed configuration with
respect to the curved configuration = −

J J J
e

0

1

J
c Jacobian matrix related to the centerline of

the beam
J

k Jacobian matrix related to higher-order terms
εv Voigt strain
εxx axial strain
εyy transverse strain
εxy shear strain
ε Green–Lagrange strain tensor
ε

c component of the Green–Lagrange strain tensor
belongs to the centerline

ε
k component of the Green–Lagrange strain tensor

belongs to higher-order terms
ε

v

c Voigt strain vector belonging to the centerline
ε

v

k Voigt strain vector belonging to higher-order terms
σv Voigt stress vector
ks shear correction factor
λ μ, Lame’s parameters
G shear modulus
D

0 modified matrix of elastic coefficient without
Poisson’s ratio

D
v matrix of elastic coefficient with Poisson’s ratio

T transformation matrix
Q e

in
( ) internal elastic force vector

q
ext

constant directional vector for an external force
λ

ext

variable scalar loading parameter for an external
force

F
ext

external force
lΔ arc-length constant for load estimation
uΔ incremental displacement vector

U strain energy
Kt tangent stiffness matrix
ε error estimate
P upper load limit
b cross-section width of the frame
h cross-section height of the frame
L length of the one arm of the frame
E Young’s modulus
γ Poisson’s ratio
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