
Research Article

Irfan Santosa, Eko Prasetya Budiana*, Syamsul Hadi, and Agung Tri Wijayanta

Laminar Rayleigh–Benard convection in a
closed square field with meshless radial
basis function method

https://doi.org/10.1515/cls-2022-0204
received November 24, 2022; accepted June 28, 2023

Abstract: Research on natural convection is exciting in
some experimental and numerical cases, especially in rec-
tangular cavities with relatively low heat dissipation and
thermal control systems with low cost, reliability, and ease
of use. The present study will use the meshless radial basis
function method to solve the velocity formulation of the
Navier–Stokes equations by varying some nominal Rayleigh
numbers of 104, 105, and 106. The numerical accuracy is com-
pared with the previous research. The advantages of the
meshless method are that it does not require a structured
mesh and does not require inter-nodal connectivity. The
results show that the temperature pattern is identical to the
previous research. The calculations have been done for three
different Rayleigh numbers of 104, 105, and 106 for 151 × 151
nodes. The variations of the Ra number will affect the iso-
thermal, velocity contours, and Nusselt number.

Keywords: laminar convection, Rayleigh–Benard, radial
basis function method

Nomenclature

g gravitational acceleration (m/s2)
H , L height and length of the enclosure (m)
Nu Nusselt number (–)
Pr Prandtl number (–)
Ra Rayleigh number (–)
Tc dimensionless temperature of the cold wall (–)

Th dimensionless temperature of the hot wall (–)
u, v dimensionless horizontal and vertical velocity (–)
x , y coordinates axis
α thermal diffusivity (m2/s)
β coefficient of thermal expansion (1/K)
p pressure
θ dimensionless temperature (–)
v kinematic viscosity (m2/s)

1 Introduction

Convection is heat transfer between a hot/cold surface and
a liquid, which is a complex physical phenomenon [1].
Among the different types of convection, natural convection
in a rectangular cavity is of great interest to researchers
because of the transport process in fluids where the motion
arises from the relationship between density differences
and gravity, which is very common in engineering and
environmental problems. This analysis is widely applied to
build (i.e., ventilation) airflow patterns in greenhouses, solar
energy systems, and solar air heaters and to cool electronic
equipment, desalination systems, and devices that use con-
vection to perform DNA amplification by polymerase chain
reaction , which has a great deal of scientific importance.
Therefore, it is interesting to study natural convection in
several experimental and numerical cases, where thermal
dissipation is relatively low and the thermal control system
is of low-cost, reliable, and easy to use. Research on natural
convection numerically in a rectangular cavity with a liquid
above the vertical heating plate was conducted by Rahman
et al. [2] and the effect of natural convection on metal soli-
dification was investigated by Suprianto et al. [3], Muthuvel
et al. [4] conducted numerical research by varying the type
of mesh (hexahedral, tetrahedral, and polyhedral) in a rec-
tangular cavity flow. The effect of thermal field boundaries
on natural convection in rectangular cavity planes was
investigated by Basak et al. [5], where the boundary layer
formation was examined. It has also been observed that the
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thermal boundary layer develops in more than 80% of voids
for uniform heating. In contrast, the thermal boundary layer
forms in about 60% of voids for non-uniform heating when
the value of Ra = 103.

Most natural convection research on square cavities is
currently classified into two groups. The first is differential
heating of a heated square enclosure; the effects of thermal
boundary conditions at the left and right walls were inves-
tigated by Ben Cheikh et al. [6], the effects of a two-dimen-
sional domain with vertical walls heated differently were
observed by Costa et al. [7], and analysis of the shape of a
cube with heated vertical walls was performed by Accary
and Raspo [8]. The second is a cover that is heated from
below and cooled from above (Rayleigh–Benard convec-
tion [RBC]); some experimental and numerical studies on
a rectangular box heated from below were performed by
Calcagni et al. [9], analyzing the thermography at the lower
and upper limits is the RBC observed by Platten et al. [10],
and a study of natural convection in a locally heated rec-
tangular cavity from below with a constant flux source was
performed in the study of Ben Cheikh et al. [11]. The effect
of wall thickness on natural convection and entropy in a
cavity filled with the Al2O3–water nanofluid and heated
from below was also investigated by Ishak et al. [12]. The
result is that heat transfer increases with increasing heat
thickness at the bottom. RBC is one of the simplest convec-
tion stabilities [13] witnessed when the homogeneous iso-
tropic fluid is confined in a vertical direction under the
influence of gravity and the upper plate is maintained at
a uniform and stable temperature, lower than the lower
plate that has a higher temperature. Thus, RBC is a thermo-
fluid flow affected by buoyancy due to a temperature gra-
dient first described by Rayleigh in 1916 [14]. RBC motion is
also affected by the temperature difference (ΔT) between
the hot reservoir and the cold reservoir [15], where an
increase in temperature (ΔT) causes an increase in the
velocity of the water molecules still, the size of the convec-
tion radius decreases.

Research on numerical simulations of natural convec-
tion and temperature distribution in supercritical fluid
water in a heated sidewall cavity was conducted by Li
et al. [16], where the supercritical water fluid exhibits a
thinner boundary layer at much higher velocities and
eventually forms a double eddies natural convection pat-
tern in the cavity. Another numerical study is on the two-
dimensional domain associated with natural convection in
a rectangular cavity heated from below and cooled from
above under unsteady conditions with 0.71 Pr. The Ray-
leigh number (Ra) in the range from 103 to Ra 106 was
investigated by Ouertatani et al. [17]. The finite volume
method (FVM) was used, where the momentum and energy

equations were discretized using the red and black succes-
sive over relaxation method. Then, Osman et al. [18] also
investigated a two-dimensional steady-state simulation of
natural laminar convection in a rectangular cavity with
horizontal walls heated differently with the lower wall at
a higher temperature with Ra values of 103–105, and Pr
values of 0.1–100 by using the FVM. The pressure and velo-
city terms in the momentum equations are calculated by
the SIMPLE method.

Simulation studies on an L-shaped cavity heated by
varying the Rayleigh number from 103 to 108 were per-
formed by Gawas and Patil [19]. This article analyzes RBC
fluid flow under steady or unsteady conditions by chan-
ging the average Nusselt number (Nu) along the wall heat
line. This study concludes that the higher the Ra, the more
unstable the flow structure and the effect on the Nu
number. The variations of Ra values from 102 to 106 in a
rectangular cavity were also studied by Syamsuri et al. [20]
using the FVM. They concluded that the smaller the Ra value
in the rectangular cavity, the more vertical the isothermal
line phenomenon will appear, and if the Ra value is greater,
the isothermal line phenomenon will be horizontal.

The present study proposes a meshless radial basis
function (RBF) method to solve the Rayleigh–Benard con-
vection. The Rayleigh–Benard convection problem is devel-
oped by the Navier–Stokes and energy equations. The
pressure–velocity coupling in the momentum equations
is solved by the pressure correction method. The advan-
tages of the meshless method are that it does not require a
structured mesh, is suitable for use in structured and com-
plex domains, and does not require inter-nodal connec-
tivity. The numerical accuracy obtained by the present
study was compared with those of Ouertatani et al. [17]
and Osman et al. [18]. The RBF approach is used to estimate
the unknown field, and the boundaries of each sub-domain
are explained. RBF does not require a part of the domain
boundary to solve numerical problems, and RBF can solve
problems at each node and its spatial derivatives [21]. This
feature of RBF is advantageous in solving the velocity vor-
ticity formulation of the Navier–Stokes equation because
velocity gradient calculations are used to calculate the vor-
tices determined as boundary conditions for the vorticity
transport equation [22].

2 Numerical method

A high-order accurate, flexible in terms of geometry, com-
putationally efficient, and simple-to-use numerical approach
is appropriate for partial differential equation (PDE)
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problems. Commonly used methods usually fulfill one or
two of the criteria, but not all. A fairly new approach to
solving PDEs is through RBFs [23].

2.1 RBF method

The RBF has been widely applied in various numerical
schemes. RBF is a natural generalization function from
univariate spline polynomials to multivariate arrange-
ments. Its main advantages are high dimensions and mesh-
less interpolations. RBF is a function whose value depends
on the distance from the central point. RBF can be easily
implemented for reconstructing planes or surfaces using
scattered data in 2D, 3D, or higher-dimensional domains.
The RBF method is not only used in the fields of computa-
tional fluid dynamics, but also in structural analysis, and
optimization. Rippa [24] proposed an algorithm for selecting
a good value of the shape parameter c for multiquadric,
inverse multiquadric, and Gaussian functions with RBF
methods, which can significantly affect the quality of the
interpolation of scattered data. The results of numerical
experiments involving two-dimensional data sets showed
that the algorithm consistently produced good values for
the parameter c, leading to accurate and smooth interpo-
lants with low error. The RBF method determines which
produces the best mesh and is the most efficient at C2 [25].
Best accuracy and robustness and the highest efficiency
were obtained with C2 continuous RBF which is very sui-
table for flow calculations around NACA-0012 airfoils. The
RBF method has been applied to the general higher-order
equivalent single layer (GHESL) formulation and the Differ-
ential geometry (DG) tool for the free vibrations of doubly
curved laminated composite shells and panels [26]. Results
show the RBF method coupled with the GHESL formulation
and the DG tool provides a powerful tool for analyzing the
free vibrations of complex structures, such as those found in
aerospace and mechanical engineering applications. Research
was made to modify the radial distances of existing RBFs for
the buckling analysis of functionallly gradient materials
(FGMs) rectangular plates. The results of several numerical
examples showed that the modified RBF-based methods
were accurate and well suited for analyzing rectangular
plates made of FGM [27]. In another study, Nguyen et al.
[28] presented a modified mesh-free radial point interpo-
lation method (RPIM) to explore the nonlinear bending
behavior. The results from the detailed parametric studies
showed that the modified mesh-free RPIM can effectively
predict the nonlinear bending behavior of FGM plates. The
volume fraction, plate length-to-thickness ratio, boundary

condition, and initial deflection were found to have signifi-
cant effects on the bending behavior. Research on the influ-
ence of different GPL distribution patterns, GPL weight
fraction, shape, and size of cut-outs on the free vibration
and buckling behavior of the multilayer FG-GPLRC perfo-
rated plates with meshfree RPIM based on a higher-order
shear deformation theory (HSDT) was performed by Reza
et al. [29]. The results can be used to guide the development
of new perforated plate structures with enhanced vibration
and buckling resistance. RBF-DQ (RBF-differential quadra-
ture) is a variant of the RBF method that it applied to the
approach to the free vibration problem of laminated compo-
site plates of arbitrary shape. The approach is shown to be
effective in reducing the number of grid points per element
compared to other classical approaches, while maintaining
high accuracy. The results show that the appropriate RBF-DQ
approach can accurately predict the natural frequencies of
laminated composite plates of arbitrary shape [30].

The most widely used RBF are listed in Table 1.
In the RBF method, the approach to the function f is

defined as follows [32]:

=f Bα, (1)

where α is the expansion coefficient and B is the matrix
interpolation N × N.
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Table 1: Various types of RBFs [31]

RBF Name
abbreviation

∅∅ (( )) (( ≥≥ ))r r r, Stability

Multi quadric MQ + ∈r1 2( ) Infinitely
stable

Inverse multi-
quadric

IMQ
+ ∈ r

1

1 2( )

Infinitely
stable

Inverse quadric IQ
+ ∈ r

1

1 2( )

Infinitely
stable

Generalized
multi-quadric

GMQ + ∈r1 β2( ( ) ) Infinitely
stable

Gaussian GA ∈e‒ r
2( ) Infinitely

stable
Thin page spline TPS r rlog2 Stable finite

Linear LN r Stable finite
Cube CU r3 Stable finite

Single sentence SS r k‒2 1 Stable finite
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where x, y are spatial vectors, r is the distance matrix, ε is
the shape parameter, and φ is the radial basis function.

2.2 Problem description

This article uses the two-dimensional RBF meshless model
to simulate the RBC-type thermo-fluid flow. The main
assumptions in this study are as follows: (a) fluids are
considered incompressible (Pr 0.71) so that the effect of
pressure on density variations can be neglected; (b) shear
viscosity, coefficient of thermal expansion, and thermal
diffusivity are kept constant; (c) temperature as a passive
scalar is affected by the velocity field which is affected by
buoyancy; and (d) variables are intrinsically related taking
into account the effects of density differences and buoy-
ancy forces and neglecting the viscous heat of compression
dissipation work due to pressure. The domain having a

height (H) = 1 and length (L) = 1 are the dimensions of
the rectangular cavity plane with 151 × 151 uniform nodes.
The boundary condition (Table 2) of the rectangular cavity
consists of a non-slip wall u = v = 0 on all four walls. The
thermal boundary conditions on the left and right walls are
adiabatic, and the thermal boundary conditions on the
lower and upper walls are shown in Figure 1.

= = + = = −= =θ θ θ θ
1

2
and

1

2
.y y0 H 1 C

(6)

Dimensionless parameters such as Prandtl number
(Pr) and Rayleigh number (Ra) are defined as follows:
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The procedure to calculate the Rayleigh–Benard pro-
blem in the current study is illustrated in Figure 2.

2.3 Governing equation

The Navier–Stokes equation and the energy equation are
used to set up non-dimensional equations to solve the pro-
blem of thermal incompressible convection [33].
a. Continuity equation:

∂
∂

+
∂
∂

=
u

x

v

y
0.

( ) ( )
(9)

Table 2: Boundary conditions

Air

Bottom wall
θH = + 1

2

u = v = 0

Top wall
θC = ‒

1

2

u = v = 0

Left wall = 0
θ

x

∂

∂

u = v = 0

Right wall = 0
θ

x

∂

∂

u = v = 0

Figure 1: Computational domain and boundary condition (a) and (151 × 151) uniform nodes distribution (b) for a rectangular cavity.
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b. Momentum equation – x directional:
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c. Momentum equation – y directional:
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d. Energy equation:
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The aforementioned equations are obtained by dividing
the dimensionless variable by the reference variable as follows:
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The implicit Euler method is used to discretize the time
derivative, and the RBF method is used to discretize the
space derivative. The first step is to modify the momentum

equation with the pressure term removed so that the equa-
tion becomes
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Velocity component ∼u dan ∼v is an intermediate velo-
city that does not satisfy the mass conservation equation:
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Then, the pressure term is calculated by the equation:
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Next, the actual velocity components +un 1 and +vn 1 are
calculated as follows:
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The energy equation is solved to get +θn 1 with the
equation:
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3 Discretization

The x momentum equation can be discretized using a
linear combination of RBFs, which can be expressed in
the following form:
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Figure 2: Research flow.
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The y momentum equation can be discretized using a
linear combination of RBFs, which can be expressed in the
following form:
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The pressure equation can be discretized as follows:
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The velocity correction equation can be discretized as
follows:
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The discretized form for the energy equation using a
linear combination of RBFs is given as follows:
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where Δt denotes the time step, superscript n denotes the
values of these variables at the current time step, and
superscript +n 1 indicates the values at the next time step.

4 Results and discussion

All results presented in this section are for Pr = 0.71.
Computations for three different Rayleigh numbers, Ra = 104,
105, and 106, can be solved on 151 × 151 uniform nodes.
Ouertatani et al. [17] used a non-uniform 2562 grid selected
for computations, which had a different amount of nodes.
Directional movement isothermal lines associated with Ra =

104, 105, and 106 are presented in Figures 3–5. When the Ray-
leigh number (Ra) is small, heat is conducted primarily through
the fluid layer, and the system is in a stable conduction state.
When the Ra exceeds a certain threshold value, the thermal
conductive state becomes unstable and thermal convection
occurs in the fluid layer. When the Rayleigh number (Ra) is
increased even further beyond the threshold value for the
onset of convection, the convective flow can exhibit oscillatory
behavior. For Ra = 104, the flow is symmetrical and parallel to
the horizontal wall, which indicates the dominant conduction
heat transfer mode. As the Ra value increases, the two sec-
ondary eddies observed at the left and right angles are also
symmetrical isothermal and indicate the beginning of the con-
vection motion for Ra > 105. The isothermal contour is indeed
more distorted for Ra > 105, and the higher the value of Ra, the
more convection effect can be seen. The isothermal becomes
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Figure 3: Isothermal contour at Ra 104: (a) present study with nodal 151 × 151, (b) [17], (c) [18].
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Figure 5: Isothermal contour at Ra 106: (a) present study with nodal 151 × 151, (b) [17].

Figure 6: Velocity vector at (a) Ra 104, (b) Ra 105, (c) Ra 106.
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Figure 4: Isothermal contour at Ra 105: (a) present study with nodal 151 × 151, (b) [17], (c) [18].
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Figure 7: Graph of horizontal velocity u(y) and vertical v(x) at Ra = 104, Ra = 105, Ra = 106.

Table 3: Comparison of the coordinate position umax and vmax

Ra [17] Present study

y(u
max

) x(v
max

) y(u
max

) x(v
max

)

104 0.8023 0.8263 0.8122 0.8323
105 0.8636 0.8973 0.8735 0.9061
106 0.9036 0.9359 0.9135 0.9355

Table 4: Comparison of the value of Nu at Ra 104, 105 ,106, for the value
of Pr = 0.71

Ra [17] [18] Present study

104 2.154 2.158 2.124
105 3.907 3.910 3.862
106 6.363 6.309 6.106
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curved with the strengthening of convective transport in
the cavity.

The velocity vectors of each cavity at various Ra values
are shown in Figure 6, with the length of the arrows pro-
portional to the magnitude of the velocity and the direction
indicating the direction of fluid movement. For Ra = 104, it
forms a vortex in the form of a circle in the middle,
then the greater the value of Ra = 105 forms a vortex in
the form of a circle that is getting bigger, and two vortexes
are formed. While the value of Ra = 106, the vortex
groove will be smoother and tighter, and two vortexes
are included at the upper left and lower right ends, which
are getting bigger. Once again, the clockwise movement
observed agrees with the temperature profiles, providing
further confirmation of the accuracy of the simulations.

Figure 7 shows fluid motion (u and v) distributed along L
(x) and H(y), which is increasingly non-linear with increasing
Ra value. Graph velocity u in the direction of y at the value of
Ra = 104; the same velocity pattern is formed with the pre-
vious study where the highest u values are at a speed of 0.23.
At the value of Ra = 105, the same pattern is created with the
previous study with the highest u values at a speed of 0.33.
Regarding Ra = 106, graphs show the same pattern as the
earlier study; the highest u values are at a speed of 0.34.

The position of the y(umax) and x vmax( ) coordinates
between the previous study [17] and the numerical results
display the same pattern. Using the RBF method, the umax

values in Table 3 for Ra 104, 105, and 106 are found as 0.8122,
0.8735, and 0.9135. Furthermore, the value of vmax is 0.8323,
0.9061, and 0.9355.

Table 4 compares the average Nusselt number obtained
from the current numerical simulations for Ra = 104,105, and
106 at Pr = 0.71 for incompressible fluids with the previous
literature results. It is evident from Table 4 that the current
results are based on the previous numerical results.

5 Conclusion

In this study, the Rayleigh–Benard natural convection in a
rectangular cavity has been analyzed numerically. Using
the meshless RBF method, the effect of the Ra of 104, 105, and
106 on thermal, streamline, and velocity distribution of fluid
movement in the cavity has been investigated in detail. The
results show that on the isothermal contour, the higher
the Ra value, the convection effect can be seen clearly,
and the isotherm becomes curved with the strengthening
of convective transport in the cavity. Likewise, the higher
the Ra value, the smoother and tighter the vortex grooves on
the streamlined contour, and a circle pattern is formed in

the middle and gets bigger. Then the Nusselt number also
increases with increasing Ra value. This meshless RBFmethod
can solve Rayleigh–Benard natural convection, and the results
are in good agreement with those from the previous study.
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