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Abstract: In this work, magneto-electro-mechanical size-
dependent nonlinear vibration analysis of nanobeam em-
bedded in multi-layer of Winkler, Pasternak, quadratic and
cubic nonlinear elastic media is presented. A nonlinear
partial differential equation of motion is derived using
Von Karman geometric nonlinearity, nonlocal elasticity the-
ory, Euler-Bernoulli beam theory and Hamilton’s principle.
Additionally, the efficiency of multiple scales Lindstedt-
Poincare method for the strong nonlinear and large ampli-
tude systems is presented. It is established that the results
of multiple scales Lindstedt-Poincare method are in good
agreements with the numerical and exact solutions for the
strong nonlinear problems. However, the classical multiple
scalesmethod fails and gives results with very large discrep-
ancies form the results of the numerical and exact solutions
when the perturbation parameter is large, and the nonlin-
earity terms are strong. The high accuracy of the results of
multiple scales Lindstedt-Poincare method and its excel-
lent ability to produce accurate results for all values (small
and large) of perturbation parameter and the nonlinearity
terms show the superiority of the multiple scales Lindstedt-
Poincare method over the classical multiple scales method.
Further results present the effects of the model parameters
on the dynamic behaviour of the nanobeam. It is hoped
that the present study will advance nonlinear analysis of
the engineering structures.
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Nomenclature
A adimensional maximum amplitude of the

nanobeam
E elastic modulus
E Young Modulus of Elasticity
EI bending rigidity
f axial distributed force
Hx magnetic field strength
I moment of area
k bending strain (curvature)
K kinetic energy
N axial force
M bending moment
kw Winkler elastic medium stiffness
kp Pasternak elastic medium stiffness
k2 quadratic nonlinear elastic medium stiffness
k3 cubic nonlinear elastic medium stiffness
L length of the nanotube
mo mass of the beam per unit length
N axial/Longitudinal force
Nt axial thermal load
P transverse distributed force
r radius of the nanobeam
∆T change in temperature
t time coordinate
U strain energy
u axial displacement of the nanobeam
w transverse displacement/deflection of the

nanobeam
W work done by the external forces
x axial coordinate
wo initial displacement of nanobeam
ϕ(x) trial/comparison function
αx coefficient of thermal expansion
η magnetic field permeability
σxx nonlocal normal stresses
(e0a)2 nonlocal parameter
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εxx local strain
ε0xx is the extensional strain

1 Introduction
Over the past decades, the applications of nanostructures
have been expanding continuously following the discovery
of the novel structures by Iijima [1]. In order to gain physical
insights and comprehend properties of materials and sys-
tems with nanostructures, theoretical mechanics and me-
chanics of materials have been used to study the static and
dynamic behaviours [2–9]. The significance of such stud-
ies has been displayed in the ever-increasing applications
of nanomaterials in different industrial and engineering
systems such as aerospace, advanced reactors, automo-
tive industry, fuel cells turbines, machinery, building and
bridge construction, light-weight, low-consumption, devel-
opments of nanoelectronics, nanodevices, nanomechan-
ical systems, nanobiological, nanocomposites due to its
excellent properties and high strength to weight ratio. and
high-sensitivity nanoelectromechanical systems, as well as
sensors and composite reinforcements. The excellent me-
chanical properties such as high elasticity, yield strength,
excellent flexibility and conduction have made nanostruc-
tures aroused continuous increasing scientific attentions.
Also, the nanostructure (Figure 1) undergoes large deforma-
tions within the elastic limit and vibrate at frequency in the
order of GHz and THz. Consequently, there have been large
volumes of research studies that investigated or provided
physical insight into the dynamic behaviours of the novel
structures [2–9]. In a study on nanostructure, Sears and Ba-
tra [10] studied thebucklingbehaviour of carbonnanotubes
subjected to axial compression. Yoon et al. [11] explored
the noncoaxial resonance of an isolated carbon nanotube
with multiple walls while Wang and Cai [13] presented an
extended study on the same work with the consideration
of the effects of initial stress on the nanostructure. Wang et
al. [13] analyzed the dynamic behaviour of carbonnanotube
with multiple walls using Timoshenko beam model. Zhang
et al. [14] examined the impact of compressive axial load on
the transverse vibrations of carbon nanotube with double
walls. Elishakoff and Pentaras [15] presented the fundamen-
tal natural frequencies of carbon nanotube with double
walls. Buks and Yurke [16] accessed the nonlinear nanome-
chanical resonator of mass detection while [17] Postma et
al. [18] determined the dynamic range of carbon nanostruc-
ture. Fu et al. [18] submitted nonlinear vibration analysis of
embedded nanotubes. Vibration of carbon nanotube with
electrical actuator was studied by some authors [19–24].

The nonlinear vibrations of the carbon nanotube with dou-
ble walls were submitted by Hawwa and Al-Qahtani [24].
Hajnayeb and Khadem [25] studied the nonlinear dynamic
behaviour and stability of the double-walled nanotube sub-
jected to electrostatic actuation. Xu et al. [26] considers
nonlinear intertube van der Waals forces on the dynamic
response of carbon nanotube with double walls. With the
aids of nonlocal Timoshenko beam model. Lei et al. [27]
explored surface effects on the frequency of vibration of car-
bon nanotube with double walls. Ghorbanpour et al. [28]
used shell model to analyze nonlinear nonlocal vibration of
fluid-conveying embedded carbon nanotubes with double
walls.

The analyses of the carbon nanotubes were extended
to multi-walled carbon nanotubes (MWCNTs) [29–35].
Sobamowo [36–38], Sobamowo et al. [39] as well as Arefi
and Nahvi [40] studied nonlinear vibration in nanostruc-
tures with slightly and initial curvature while Cigeroglu and
Samandari [41] analyzed the dynamic behaviour of curved
nanobeams.

Studies on vibrations of nanotubes as presented in lit-
eratures using experimental measurements, density func-
tional theory, molecular dynamics simulations, and classi-
cal continuum theories and non-classical continuum theo-
ries such as nonlocal stress theory, modified couple stress
theory, gradient strain theory, and surface elasticity the-
ory. There are some difficulties in the experiment investi-
gations at the nanoscale level. Therefore, majority of the
past works are based on theoretical investigations using
classical continuum models (which do not consider the
small-scale effects). However, due to their scale-free mod-
els as they cannot incorporate the small-scale effects in
their formulations, the classical continuum theories are
inadequate for the accurate predictions of the dynamic be-
haviours of the nanotubes. Such inadequacy in the classical
continuummodels is corrected in the works of Eringen [42–
44] and that of Erigen and Edelen [45], where the author
developed nonlocal continuummechanics based on non-
local elasticity theory. Although, some studies in literature
have used the nonlocal continuummechanics to present
some theoretical investigations [46–71]. Simsek [72] as well
as Murmu and Pradhan [73] adopted nonlocal elasticity
theory to study the nonlinear vibration of a carbon nan-
otube embedded in an elastic medium. In a recent study,
Abdullah et al. [74] presented effects of temperature, mag-
netic field, and elastic media on the nonlinear vibration
of nanobeams. The authors present very good work and
results. However, the dynamic response of the nanobeam
was not fully explored and the effect of electric field on the
vibration characteristics of the nanobeam was not studied.
Moreover, to the best of the authors knowledge, a study on
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the effects of electromechanical and thermomagnetic load-
ings on the nonlinear vibration of nanobeams embedded in
Winkler, Pasternak, quadratic and cubic nonlinear elastic
media has not been presented in literature. Additionally,
the past studies did not explore the efficacy of multiple
scales Lindstedt-Poincare method for the strong nonlin-
ear and large amplitude systems. Therefore, with the aid
of multiple scales Lindstedt-Poincare method, the present
work developed analytical solutions for magneto-electro-
mechanical size-dependent nonlinear vibration analysis
of nanobeam embedded in multi-layer of Winkler, Paster-
nak, quadratic and cubic nonlinear elastic media. With
the considerations of Von Karman geometric nonlinearity
effect and with the aids of nonlocal elasticity theory and
Euler-Bernoulli beam model, the equation of motion for
the nanobeam is derived using Hamilton’s principle. Also,
the present analysis used four layers (Winkler, Pasternak,
and quadratic and cubic nonlinear layers) which generate
nonlinearities in the developed dynamic models. Addition-
ally, the impacts of nonlocal parameter, electromechanical
parameter, magnetic force, elastic media, temperature, and
amplitude on the dynamic behaviour of the nanotube are
investigated.

Figure 1: A piezoelectric nanobeam embedded in linear and nonlin-
ear elastic media. (Note: only the bottom side of the elastic media is
shown)

2 Model development for the
single-walled nanotube

Consider a nanobeam embedded in linear and nonlinear
elastic media as shown in Figure 1. The nanobeam is sub-
jected to stretching effects and resting on Winkler, Paster-
nak and nonlinear elastic media in a thermo-magnetic en-
vironment as depicted in the figure.

Applying the nonlocal theory presented by Erigen [42–
44], Erigen and Edelen [45] and Euler-Bernoulli beam theo-
rem, the following governing equation is developed

EI
(︂
∂4w
∂x4

)︂
+ ρAc

∂2

∂t2

[︂
w − (e0a)2

∂2w
∂x2

]︂
(1)

+ kw
[︂
w − (e0a)2

∂2w
∂x2

]︂
− kp

∂2

∂x2

[︂
w − (e0a)2

∂2w
∂x2

]︂

+ k2

⎡⎣w2 − (e0a)2
∂2
(︁
w2
)︁

∂x2

⎤⎦ + k3
⎡⎣w3 − (e0a)2

∂2
(︁
w3
)︁

∂x2

⎤⎦
− ηAcH2

x
∂2

∂x2

[︂
w − (e0a)2

∂2w
∂x̄2

]︂
+
(︂
EAc

αx∆T
1 − 2ν

)︂
∂2

∂x2

[︂
w − (e0a)2

∂2w
∂x2

]︂
+ ζ EzAc

∂2

∂x2

[︂
w − (e0a)2

∂2w
∂x2

]︂

−

⎡⎣⎛⎝EAc
2L

L∫︁
0

(︂
∂w̄
∂x

)︂2
dx

⎞⎠(︂∂2w
∂x2

− (e0a)2
∂4w
∂x4

)︂⎤⎦ = 0

The derivation can be found in the Appendix.
It is assumed that the midpoint of the nanobeam is

subjected to the following initial conditions

w(x, 0) = wo ,
∂2w(x̄, 0)
∂2x = 0 (2)

The following boundary conditions for the multi-walled
nanotubes are considered in this work:

Table 1: The basic functions corresponding to the above boundary conditions

Cases Mode shape, ϕ(x) Value of β for the
first mode

1. Simply support sin
(︁
βx
L

)︁
π

2. Clamped-Clamped support
(︁
cosh

(︁
βx
L

)︁
− cos

(︁
βx
L

)︁)︁
−
(︁
sinh β+sin β
cosh β−cos β

)︁(︁
sinh

(︁
βx
L

)︁
− sin

(︁
βx
L

)︁)︁
4.730041

or 1
2

(︁
1 − cos

(︁
βx
L

)︁)︁
2π
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For simply supported (S-S) nanotube,

w(0, t) = 0, ∂2w(0, t)
∂2x = 0, w(L, t) = 0, (3)

∂2w(L, t)
∂2x = 0.

For clamped-clamped supported (C-C) nanotube,

w(0, t) = 0, ∂w(0, t)
∂x = 0, (4)

w((L, t) = 0, ∂w(L, t)
∂x = 0.

Using the following adimensional constants and vari-
ables

x = x
L ; w = wr ; t =

√︂
EI

ρAcL4
; r =

√︂
I
Ac

; (5)

h = e0aL ; αdt =
NthermalL2

EI ; A = wor ;

ξe =
ζ EzAcL2
EI ; Kw = kwL

4

EI ; Kp =
kpL2
EI ;

Ham = ηAcH
2
xL

2

EI ; Kd2 =
k2rL4
EI ; Kd3 =

k3r2L4
EI .

The adimensional form of the governing equation of
motion for the nanobeam is given as[︃
1 + Kph2 + Hamh2 − αdt h2 − ξeh2 (6)

+ h
2

2

1∫︁
0

(︂
∂w
∂x

)︂2
dx
]︃
∂4w
∂x4 +

[︃
αdt + ξe − Kwh2 − Kp − Ham

− 1
2

1∫︁
0

(︂
∂w
∂x

)︂2
dx
]︃
∂2w
∂x2 + Kww + ∂

2w
∂t2 − h2 ∂4w

∂x2∂t2

+ Kd2

[︃
w2 − h2

∂2
(︀
w2)︀

∂x2

]︃
+ Kd3

[︃
w3 − h2

∂2
(︀
w3)︀

∂x2

]︃
= 0

And the boundary conditions become
For simply supported (S-S) nanotube,

w(0, t) = 0, ∂2w(0, t)
∂2x = 0, (7)

w(1, t) = 0, ∂2w(1, t)
∂2x = 0.

For clamped-clamped supported (C-C) nanotube,

w(0, t) = 0, ∂w(0, t)
∂x = 0, (8)

w(1, t) = 0, ∂w(1, t)
∂x = 0.

3 Methods of solution
Themethods of solution for the governing equation include
Galerkin decomposition, power series method and after-

treatment technique. As the name implies the Galerkin de-
composition method is used to decompose the governing
partial differential equation ofmotion can be separated into
spatial and temporal parts. The resulting temporal equa-
tions are solved using multiple scales Lindstedt-Poincare
method. The procedures for the analysis of the equations
are given in the proceeding sections as follows:

3.1 Galerkin decomposition method

With the application of Galerkin decomposition procedure,
the governing partial differential equations of motion can
be separated into spatial and temporal parts of the lateral
displacement function as

w (x, t) = ϕ (x) q (t) (9)

Using one-parameter Galerkin decomposition procedure,
one arrives at

1∫︁
0

R (x, t)ϕ (x) dx = 0 (10)

where is R (x, t) the governing equation of motion for
nanobeam i.e.

R (x, t) =
[︃
1 + Kph2 + Hamh2 − αdt h2 (11)

+ h
2

2

1∫︁
0

(︂
∂w
∂x

)︂2
dx
]︃
∂4w
∂x4 +

[︃
αdt − Kwh2 − Kp

− Ham − 1
2

1∫︁
0

(︂
∂w
∂x

)︂2
dx
]︃
∂2w
∂x2 + Kww + ∂

2w
∂t2

− h2 ∂4w
∂x2∂t2 + Kd2

[︃
w2 − h2

∂2
(︀
w2)︀

∂x2

]︃

+ Kd3

[︃
w3 − h2

∂2
(︀
w3)︀

∂x2

]︃
= 0

where ϕ (x) is the basis or trial or comparison function or
normal function, which must satisfy the kinetic boundary
conditions in Eqs. (7) and (8), and q (t) is the temporal part
(time-dependent function).

Substituting Eqs. (11) into (10), then multiplying both
sides of the resulting equation by ϕ(x) and integrating it
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for the domain of (0, 1)

1∫︁
0

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[︃
1 + Kph2 + Hamh2

−αdt h2 + h2
2

1∫︀
0

(︁
∂w
∂x

)︁2
dx
]︃
∂4w
∂x4

+
[︃
αdt − Kwh2 − Kp − Ham

−1
2

1∫︀
0

(︁
∂w
∂x

)︁2
dx
]︃
∂2w
∂x2 + Kww + ∂2w

∂t2

−h2 ∂4w
∂x2∂t2 + K

d
2

[︂
w2 − h2 ∂

2(w2)
∂x2

]︂
+Kd3

[︂
w3 − h2 ∂

2(w3)
∂x2

]︂

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

ϕ(x)dx = 0 (12)

Substitution of Eq. (9) into Eq. (12), gives

1∫︁
0

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[︃
1 + Kph2 + Hamh2 − αdt h2

+ h
2

2

1∫︀
0

(︁
∂(ϕ(x)q(t))

∂x

)︁2
dx
]︃
∂4(ϕ(x)q(t))

∂x4

+
[︃
αdt − Kwh2 − Kp − Ham

−1
2

1∫︀
0

(︁
∂(ϕ(x)q(t))

∂x

)︁2
dx
]︃
∂2(ϕ(x)q(t))

∂x2

+Kw
(︀
ϕ(x)q (t)

)︀
+ ∂2(ϕ(x)q(t))

∂t2

−h2 ∂
4(ϕ(x)q(t))
∂x2∂t2

+Kd2

[︃(︀
ϕ(x)q (t)

)︀2
−h2

∂2
(︁
(ϕ(x)q(t))2

)︁
∂x2

]︃

+Kd3

[︃(︀
ϕ(x)q (t)

)︀3
−h2

∂2
(︁
(ϕ(x)q(t))3

)︁
∂x2

]︃

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

ϕ(x)dx = 0 (13)

1∫︁
0

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[︃
1 + Kph2 + Hamh2 − αdt h2

+ h
2q2(t)
2

1∫︀
0

(︁
∂ϕ(x)
∂x

)︁2
dx
]︃
q (t) ∂

4ϕ(x)
∂x4

+
[︃
αdt − Kwh2 − Kp − Ham

− q
2(t)
2

1∫︀
0

(︁
∂ϕ(x)
∂x

)︁2
dx
]︃
q (t) ∂

2ϕ(x)
∂x2

+Kw
(︀
ϕ(x)q (t)

)︀
+ ϕ(x) ∂

2q(t)
∂t2

−h2
(︁
∂2
∂x2

(︁
ϕ(x) ∂

2q(t)
∂t2

)︁)︁
+Kd2

[︃(︀
ϕ(x)q (t)

)︀2
−h2q2 (t)

∂2
(︁
(ϕ(x))2

)︁
∂x2

]︃

+Kd3

[︃(︀
ϕ(x)q (t)

)︀3
−h2q3 (t)

∂2
(︁
(ϕ(x))3

)︁
∂x2

]︃

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

ϕ(x)dx = 0 (14)

1∫︁
0

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[︃
1 + Kph2 + Hamh2 − αdt h2

+ h
2q3(t)
2

1∫︀
0

(︁
∂ϕ(x)
∂x

)︁2
dx
]︃
∂4ϕ(x)
∂x4

+
[︃
αdt − Kwh2 − Kp − Ham

− q
3(t)
2

1∫︀
0

(︁
∂ϕ(x)
∂x

)︁2
dx
]︃
∂2ϕ(x)
∂x2

+Kw
(︀
ϕ(x)q (t)

)︀
+ ϕ(x) ∂

2q(t)
∂t2

−h2
(︁
∂2q(t)
∂t2

∂2ϕ(x)
∂x2

)︁
+Kd2

[︃(︀
ϕ(x)q (t)

)︀2
−h2q2 (t)

∂2
(︁
(ϕ(x))2

)︁
∂x2

]︃

+Kd3

[︃(︀
ϕ(x)q (t)

)︀3
−h2q3 (t)

∂2
(︁
(ϕ(x))3

)︁
∂x2

]︃

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

ϕ(x)dx = 0 (15)
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∫︀ 1
0

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[︁
ϕ2(x) − h2ϕ(x)

(︁
∂2ϕ(x)
∂x2

)︁]︁
∂2q(t)
∂t2

+

⎡⎢⎢⎢⎢⎢⎢⎣

(︁
Kwϕ2(x) +

(︁
1 + Kph2

+Hamh2 − αdt h2
)︁
ϕ(x) ∂

4ϕ(x)
∂x4

)︁
+
(︁(︁
αdt − Kwh2 − Kp

−Ham
)︁
ϕ(x) ∂

2ϕ(x)
∂x2

)︁

⎤⎥⎥⎥⎥⎥⎥⎦ q (t)

+Kd2

[︃
ϕ3(x) − h2ϕ(x)

∂2
(︁
(ϕ(x))2

)︁
∂x2

]︃
q2 (t)

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Kd3

[︃
ϕ4(x) − h2ϕ(x)

∂2
(︁
(ϕ(x))3

)︁
∂x2

]︃

+
(︃[︃

h2
2

1∫︀
0

(︁
∂ϕ(x)
∂x

)︁2
dx
]︃
ϕ(x) ∂

4ϕ(x)
∂x4

)︃

−
(︃[︃

1
2

1∫︀
0

(︁
∂ϕ(x)
∂x

)︁2
dx
]︃
ϕ(x) ∂

2ϕ(x)
∂x2

)︃

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
q3 (t)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

dx = 0 (16)

Therefore, Eq. (16) can be written as

λ0
d2q (t)
dt2 + λ1q (t) + λ2q2 (t) + λ3q3 (t) = 0 (17)

Furthermore, we can express Eq. (62) as
d2q (t)
dt2 + λ1q (t) + λ2q2 (t) + λ3q3 (t) = 0 (18)

where

λ1 =
λ1
λ0
; λ2 =

λ2
λ0
; λ3 =

λ3
λ0
; (19)

λ0 =
1∫︁

0

(︂
ϕ2 − h2ϕ∂

2ϕ
∂x2

)︂
dx (20)

λ1 =
1∫︁

0

(︃
Kwϕ2 +

(︁
1 + Kph2 + Hamh2 (21)

− αdt h2
)︁
ϕ∂

4ϕ
∂x4 +

(︁
αdt − Kwh2 − Kp − Ham

)︁
ϕ∂

2ϕ
∂x2

)︃
dx

λ2 =
1∫︁

0

Kd2

(︃
ϕ3 − h2ϕ

∂2
(︀
ϕ2)︀

∂x2

)︃
dx (22)

λ3 =
1∫︁

0

Kd3

(︃
ϕ4 − h2ϕ

∂2
(︀
ϕ4)︀

∂x2

)︃
dx (23)

+ h
2

2

1∫︁
0

(︂
∂ϕ
∂x

)︂2
dx

1∫︁
0

ϕ∂
2ϕ
∂x2 dx

− 1
2

1∫︁
0

(︂
∂ϕ
∂x

)︂2
dx

1∫︁
0

ϕ∂
4ϕ
∂x4 dx

The initial conditions are given as

q(0) = a0,
dq(0)
dt = 0 (24)

a0 is the maximum vibration amplitude of the structure.

3.2 Method of solution: Multiple scales
Lindstedt-Poincare method

It can be seen from the above procedures that the apart
from the fact that the Galerkin decomposition method
decomposes governing equation of motion into spatial
and temporal parts, it also helps in converting the space-
and time-dependent partial differential equation to a time-
dependent ordinary differential equation. The nonlinear
ordinary differential equation easily be solved using numer-
ical methods or approximate analytical methods. In this
work, multiple scales Lindstedt-Poincare method (MSLPM)
is adopted due to its ability of providing convergent solu-
tions for large perturbation parameters, strong nonlineari-
ties, and development of total analytic solution with good
accuracy.

Multiple scales Lindstedt-Poincare method is a modi-
fied multiple scales method which incorporates the time
transformation of Lindstedt-Poincare method [75–80]. One
of the major advantages of the multiple scales method
over the Lindstedt-Poincare method is that transient so-
lutions can be found using the multiple scales method
whereas it is impossible to retrieve such solutions using
the Lindstedt-Poincare method. Combining both multiple
scales and Lindstedt-Poincare methods as it is achieved
in the multiple scales Lindstedt-Poincare method would
augment the advantages of methods in the multiple scales
Lindstedt-Poincare method so that both steady state and
transient solutions with improved convergence properties
can be achieved. Also, by expanding the natural frequency
in the modified Lindstedt-Poincare method, convergent so-
lutions for large values of perturbation parameters and
strong nonlinearities are possible.

3.2.1 Determination of natural frequencies

In order to find out the natural frequencies of the structure,
the following analysis are carried out:

The nonlinearity and excitation are ordered so that
they appear at the same time in the perturbation scheme.
Therefore, take λ2 and λ3 as ελ̃2 and ελ̃3. Applying the first
transformation, τ = ωt, to Eq. (18), one arrives at

ω2q′′ + ω0q + ελ̃2q2 + ε2 λ̃3q3 = 0 (25)

where prime denotes derivativewith respect to the new time
variable τ and λ1 = ω0 is the linear frequency of the system.
It should be stated that fast and slow time scales are slightly
different in the multiple scales Lindstedt-Poincare method.
The fast and slow time scales are defined as

T0 = τ, T1 = ετ, T2 = ε2τ (26)
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Therefore, the first and second derivatives are expressed as

d
dτ = D0 + εD1 + ε2D2 + ... (27)

d2
dτ2 = D2

0 + 2εD0D1 + ε2
(︁
D2
1 + 2D0D2

)︁
+ ... (28)

where

Dn =
∂
∂Tn

Assuming that the solution of Eq. (25) can be expressed as

q = q0 (T0, T1, T2) + εq1 (T0, T1, T2) (29)
+ ε2q2 (T0, T1, T2) + ...

and

ω2 = ω0 + εω1 + ε2ω2 + ... (30)

From Eq. (29), one can write that

ω0 = ω2 − εω1 − ε2ω2 + ... (31)

Substitute Eqs. (29) and (31) into Eq. (25), gives the following

ω2
(︁
D2
0 + 2εD0D1 + ε2

(︁
D2
1 + 2D0D2

)︁
(32)

+ ...
)︁(︁
q0 (T0, T1, T2) + εq1 (T0, T1, T2)

+ ε2q2 (T0, T1, T2) + ...
)︁
+
(︁
ω2 − εω1 − ε2ω2

+ ...
)︁(︁
q0 (T0, T1, T2) + εq1 (T0, T1, T2)

+ ε2q2 (T0, T1, T2) + ...
)︁
+ ελ2

(︁
q0 (T0, T1, T2)

+ εq1 (T0, T1, T2) + ε2q2 (T0, T1, T2) + ...
)︁2

+ ε2λ3
(︁
q0 (T0, T1, T2) + εq1 (T0, T1, T2)

+ ε2q2 (T0, T1, T2) + ...
)︁3

= 0

Also, for the initial conditions in Eq. (24), one has

q0 (0, 0, 0) + εq1 (0, 0, 0) + ε2q2 (0, 0, 0) + ... = a0, (33)

d
(︀
q0 (0, 0, 0) + εq1 (0, 0, 0) + ε2q2 (0, 0, 0) + ...

)︀
dτ (34)

=
(︁
D0 + εD1 + ε2D2 + ...

)︁(︁
q0 (0, 0, 0) + εq1 (0, 0, 0)

+ ε2q2 (0, 0, 0) + ...
)︁
= 0

Arranging Eqs. (32), (33) and (34) according to the powers
of the perturbation parameter ε, gives

The zeroth-order equation is

ε0 : quadω2D2
0q0 + ω2q0 = 0 (35)

The initial conditions are

q0(0) = A, D0q0(0) = 0 (36)

The first-order equation is

ε1 : ω2D2
0q1 + ω2q1 = −2ω2D0D1q0 + ω1q0 (37)

− λ̃2q20

The initial conditions are

q1(0) = 0, D0q1(0) + D1q0(0) = 0 (38)

The second-order equation is

ε2 : ω2D2
0q2 + ω2q2 = −2ω2D0D1q1 (39)

− ω2
(︁
D2
1 + 2D0D2

)︁
q0 + ω2q1 + ω2q0 − 2λ̃2q0q1

− λ̃3q30

The initial conditions are

q2(0) = 0, D0q2(0) + D1q1(0) + D2q0(0) = 0 (40)

The solution of the zeroth-order is

q0 = A (T1, T2) eiT0 + cc, (41)

where cc stands for the complex conjugates and A is given
by the following polar form.

A = 1
2 ãe

iβ , (42)

The solution in Eq. (41) can be written in real form as

q0 = ãcos (T0 + β) , (43)

Applying the initial conditions, provides

ã(0) = a0, β(0) = 0 (44)

Substituting Eq. (43) into Eq. (39) and eliminating the secu-
larities require that

−2iω2D1A + ω1A = 0 (45)

Without loss of generality, selecting D1A = 0, it implies
that

a = ã(T2), β = β(T2) and ω1 = 0 (46)
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The solution of the first-order is given as

q1 = B (T1, T2) eiT0 + cc (47)

+ 1
3ω2 α1

(︁
A2e2iT0 + cc − 6AA

)︁
where

B = 1
2 b̃e

i𝛾 ,

Alternatively, the real form of q1 is given as

q1 = bcos (T0 + 𝛾) + cc (48)

+ 1
6ω2 λ̃2a

2 (cos (2T0 + 2β) − 3)

The initial conditions at the first order imply that

b(0) = 1
3ω2 λ̃2a

2
0, 𝛾(0) = 0 (49)

For the second/last order, on substituting Eq. (47) and (41)
into (39) and eliminating the secular terms, produces

− 2iω2D1B − 2iω2D2A + ω2A (50)

+
(︂

10
3ω2 λ̃

2
2 − 3λ̃3

)︂
A2Ã = 0

Also, without loss of generality, D1B = 0, can be selected.
However, according to MSLPM, D1A = 0 should be tried.
The choice makes a real ω2 and therefore admissible. After
the algebraic manipulation, it was found that

a = a0, b(0) = 1
3ω2 λ̃2a

2
0, (51)

β = 𝛾 = 0, ω2 = a20
(︂
3
4 λ̃3 −

5
6ω2 λ̃

2
2

)︂
Substituting (46) and (51) into Eq. (30), the frequency of
vibration is given as

ω2 = ω2
0 + ε2a20

(︂
3
4 λ̃3 −

5
6ω2 λ̃

2
2

)︂
(52)

It should be noted that ω2 appears on both RHS and LHS
of Eq. (52), therefore, solving for real and positive value of
ω2 results in

ω2 = ω2
0

[︂
1
2

(︂
1 + 3ε2a20 λ̃3

4ω2
0

)︂
(53)

+

⎯⎸⎸⎷1
2

(︃
1 +

3ε2a20 λ̃3
4ω2

0

)︃2

−
10ε2a20 λ̃2

3ω4
0

⎤⎥⎦
Which can be written as

ω = ω0

⎯⎸⎸⎸⎸⎸⎷
[︁
1
2

(︁
1 + 3ε2a20 λ̃3

4ω2
0

)︁
+
√︂

1
2

(︁
1 + 3ε2a20 λ̃3

4ω2
0

)︁2
− 10ε2a20 λ̃2

3ω4
0

]︃
(54)

The frequency ratio, ψ = ω
ω0

(ratio of the linear to nonlinear
frequency) is given as

ψ =

⎯⎸⎸⎸⎸⎸⎷
[︁
1
2

(︁
1 + 3ε2a20 λ̃3

4ω2
0

)︁
+
√︂

1
2

(︁
1 + 3ε2a20 λ̃3

4ω2
0

)︁2
− 10ε2a20 λ̃2

3ω4
0

]︃
(55)

The final solution in terms of the nonlinear frequency is
given as

q = a0cos (ωt) +
ελ̃2a20
6ω2 (2cos (ωt) + cos (2ωt) − 3) (56)

+ O
(︁
ε2
)︁

3.2.2 Validation of the solution of the multiple scales
Lindstedt-Poincare method

On invoking the well-known perturbation criteria, the cor-
rection terms must be much smaller than the leading terms
for solution to be valid. Therefore, for the above solution in
Eq. (56) to be valid,

ελ̃2a20
6ω2 ≪ 1 (57)

The analysis for the proof of validity is given as

lim
ε→∞

ελ̃2a0
6ω2 = lim

ε→∞
ελ̃2a0
6 [A]

= 0 ≪ 1 (58)

where

A = 1
2

(︂
1 + 3ε2a20 λ̃3

4ω2
0

)︂

+

⎯⎸⎸⎷1
2

(︃
1 +

3ε2a20 λ̃3
4ω2

0

)︃2

−
10ε2a20 λ̃2

3ω4
0

It is shown that the correction term (the second term) in
Eq. (56) is always a small quantity compared with the
leading term which assures convergence. The analysis pre-
sented in Eq. (58) for the solution provided by the multiple
scales Lindstedt-Poincare method shows that solution will
always converge for all values of perturbation parameters,
ε and strong nonlinearity terms (λ̃2 and λ̃3). This is demon-
strated in Table 2 and 3 as well as the figures in the results
and discussion sections.
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3.2.3 Analytical solution using Multiple scales method

With the application of classical multiple scales method is
applied, the developed analytical solution is

q = a0cos (ωt) +
ελ̃2a20
6ω2

0
(2cos (ωt) + cos (2ωt) − 3) (59)

+ O
(︁
ε2
)︁

where

ω = ω0 + ε2a20
(︂

3
8ω0

λ̃3 −
5

12ω3
0
λ̃22
)︂

(60)

As done previously, for the above solution in Eq. (56) to be
valid,

ελ̃2a20
6ω2

0
≪ 1 (61)

However, the analysis shows below proved otherwise

lim
ε→∞

ελ̃2a20
6ω2

0
= ∞ ≫ 1 (62)

It is shown that the above criteria in Eq. (61) for the solution
provided by the classical multiple scales method cannot be
achieved because of the presence of ω2

0 being a constant
in the denominator. Such constant (ω2

0) will make the cor-
rection term to grow much larger than the leading term for

large value of (ε or ε → ∞). Therefore, the solution pro-
vided by the classical multiple scales method will diverge
or fail for large value of the perturbation parameter, (ε or
ε → ∞). This is also demonstrated in Tables 2 and 3 as well
as the figures in the results and discussion sections.

3.3 Development of exact analytical solution
for the nonlinear frequency

For the purpose of comparisons of results, following the
procedures in ref. [80], the exact analytical solution of the
nonlinear frequency is developed and given as

ω = 2π
B (63)

where

B =
a0∫︁
0

2dq√︁
ω2
0
(︀
a20 − q2

)︀
+ 2

3 ελ̃2
(︀
a30 − q3

)︀
+ 1

2 ε2 λ̃3
(︀
a40 − q4

)︀
+

b0∫︁
0

2dq√︁
ω2
0
(︀
b20 − q2

)︀
− 2

3 ελ̃2
(︀
b30 − q3

)︀
+ 1

2 ε2 λ̃3
(︀
b40 − q4

)︀
where

b0 =
1

9ε2 λ̃3

⎧⎪⎨⎪⎩
4ελ̃2 + 3ε2a0 λ̃3

+C
− D

3√2

⎫⎪⎬⎪⎭
Table 2: Parameters used for simulations

S/N Parameter Symbol Value
1. Diameter of armchair single-walled nanotube d 0.678 nm
2. Length of the nanotube L 6.78 nm
3. Aspect ratio L/h 10, 20, 50
4. Height of the nanotube h 0, 0.1, 0.3 nm
5. Thickness of the nanotube t 0.066 nm
6. Density of the nanotube ρ 2300 kg/m3

7. Young Modulus E 5.5 TPa
8. Poisson’s ratio υ 0.19
9. Cross-sectional area A 0.1406 m2

10. Thermal expansion coeflcient for room and low Temperatures αx −1.6×10−6 K−1

11. Thermal expansion coeflcient for high Temperatures αx 1.1×10−6 K−1

12. Second moment of inertia I 8.155×10−3 m4

13. Nonlocal parameter (eoa)2 0, 1, 2, 3, 4 nm2

14. Dimensionless Winkler elastic medium stiffness Kw 0 – 50
15. Dimensionless Pasternak elastic medium stiffness Kp 0 – 100
16. Dimensionless quadratic nonlinear elastic medium stiffness K1 0 – 100
17. Dimensionless cubic nonlinear elastic medium stiffness K2′ 0 – 100
18. Magnetic field permeability η 103-108 N/A2

19. Longitudinal magnetic field Hx 104-109 A/m
20. Change in temperature ∆T 0 – 300 K
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where

C =
3√2
(︁
−16ε2 λ̃2 + 12ε2a0 λ̃2 λ̃3 + 18ε4a20 λ̃23 + 54ε2 λ̃3ω2

0

)︁

3

⎯⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎷

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−128ε3 λ̃22 + 144ε4a0 λ̃22 λ̃3
−540ε5a20 λ̃23 λ̃2 − 540ε6a30 λ̃33

+648ε2aλ̃2 λ̃3ω2
0 − 972ε4a0 λ̃23ω2

0

+

⎯⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎷

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

4
(︁
−16ε2 λ̃2 + 12ε2a0 λ̃2 λ̃3

+18ε4a20 λ̃23 + 54ε2 λ̃3ω2
0

)︁3
+
(︁
−128ε3 λ̃22 + 144ε4a0 λ̃22 λ̃3

−540ε5a20 λ̃23 λ̃2 − 540ε6a30 λ̃33
+648ε2aλ̃2 λ̃3ω2

0 − 972ε4a0 λ̃23ω2
0

)︁2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

D = 3

⎯⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎷

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−128ε3 λ̃22 + 144ε4a0 λ̃22 λ̃3
−540ε5a20 λ̃23 λ̃2 − 540ε6a30 λ̃33

+648ε2aλ̃2 λ̃3ω2
0 − 972ε4a0 λ̃23ω2

0

+

⎯⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎸⎷

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

4
(︁
−16ε2 λ̃2 + 12ε2a0 λ̃2 λ̃3

+18ε4a20 λ̃23 + 54ε2 λ̃3ω2
0

)︁3
+
(︁
−128ε3 λ̃22 + 144ε4a0 λ̃22 λ̃3

−540ε5a20 λ̃23 λ̃2 − 540ε6a30 λ̃33
+648ε2aλ̃2 λ̃3ω2

0 − 972ε4a0 λ̃23ω2
0

)︁2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

3.4 Development of numerical solution

Also, the second-order ordinary differential equation in
Eq. (25) was solved numerically using fifth-order Runge-
Kutta-Fehlberg method (Cash-Karp Runge-Kutta). Since
Runge-Kutta method is used for solving first-order ordinary
differential equation, the second-order ordinary differen-
tial equation is decomposed into two first-order differential
equations as follows:

q′ = p, (64a)

p′ = −

(︁
ω0q + ελ̃2q2 + ε2 λ̃3q3

)︁
ω2 (64b)

Eqs. (64a) and (64b) can be written as

f (τ, q, p) = p, (65a)

g (τ, q, p) = −

(︁
ω0q + ελ̃2q2 + ε2 λ̃3q3

)︁
ω2 , (65b)

The iterative scheme of the fifth-order Runge-Kutta-
Fehlberg method for the system of first-order equations
is given as follows:

qi+1 = qi

+ h
(︂

2835
27648 k1 +

18575
48384 k3 +

13525
55296 k4

+ 277
14336 k5 +

1
4 k6

)︂
pi+1 = pi

+ h
(︂

2835
27648 l1 +

18575
48384 l3 +

13525
55296 l4

+ 277
14336 l5 +

1
4 l6
)︂

where

k1 = f (τi , qi , pi)
l1 = g (τi , qi , pi)

k2 = f
(︂
τi +

1
5h, qi +

1
5 k1h, pi +

1
5 l1h

)︂
l2 = g

(︂
τi +

1
5h, qi +

1
5 k1h, pi +

1
5 l1h

)︂
k3 = f

(︂
τi +

3
10h, qi +

3
40 k1h +

9
40 k2h, pi +

3
40 l1h

+ 9
40 l2h

)︂
l3 = g

(︂
τi +

3
10h, qi +

3
40 k1h +

9
40 k2h, pi +

3
40 l1h

+ 9
40 l2h

)︂
k4 = f

(︂
τi +

3
5h, qi +

3
10 k1h −

9
10 k2h +

6
5 k3h, pi

+ 3
10 l1h −

9
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6
5 l3h

)︂
l4 = g

(︂
τi +

3
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3
10 k1h −

9
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6
5 k3h, pi

+ 3
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9
10 l2h +

6
5 l3h

)︂
k5 = f

(︂
τi + h, qi −
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54 k1h +

5
2 k2h −

70
27 k3h

+3527 k4h, pi −
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5
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35
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(︂
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5
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)︂

k6 = f

⎛⎜⎜⎜⎝
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+ 575
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⎞⎟⎟⎟⎠
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253
4096 l5h,

⎞⎟⎟⎟⎠
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Table 2 presented the parameters used for the simula-
tions.

4 Results and discussion
The results of the analyses and parametric studies are pre-
sented in this section. The verifications of the analytical
solutions are shown in Tables 3 and 4.

It could be observed from the Tables that at small val-
ues of the perturbation parameter, ε, the results of multiple
scales Lindstedt-Poincare method and classical multiple
scales method are almost the same and highly accurate
when compared with the results of exact analytical and
numerical methods. However, as the values of the perturba-
tion parameter, ε continue to grow and become large, there
are notable increasing discrepancies between the results of
multiple scales Lindstedt-Poincare method and the classi-
cal multiple scales method. Moreover, for the larges values
of ε, λ̃2 and λ̃3, the analytical solutions of the multiple
scales method fail, diverge much from the exact analytical
and numerical solutions and provides erroneous results
with large percentage errors. However, it is shown in the
Tables 2 and 3 as well as in the Figures 2a-2d that for the
both small and large values of ε, λ̃2 and λ̃3, the results of
the solutions of multiple scales Lindstedt-Poincare method
are in excellent agreement with the results of both exact
analytical and numerical methods. It is also shown that
large values of ε and λ̃3 lead to amplitude deviation in the
classical multiple scales method. However, it is observed
that multiple scales Lindstedt-Poincare method produces

very good results for the large amplitudes and frequencies
as well as strong nonlinearities. This shows the superior-
ity of the Multiple scales Lindstedt-Poincare method over
the classical multiple scales method which produces re-
sults of large discrepancies for strongly nonlinear systems.
Therefore, the multiple scales Lindstedt-Poincare method
is highly accurate and provides convergent solutions for
both small and large perturbation parameters as well as for
both weak and strong nonlinearities.

It should also be noted in Figures 3a and 3b that vari-
ations of λ̃2 and λ̃3 also depict the direct effects of the
quadratic and cubic nonlinearity terms on the dynamic
behaviour of the nanobeam. However, Figure 3c presents
the comparison of results of linear and nonlinear dynamic
responses of the nanostructure. The results show varia-
tions in the linear and nonlinear behaviour even at small
values of perturbation parameter and weak nonlinearities.
Moreover, as the values of the perturbation parameter and
nonlinearities are increased, the variation and the discrep-
ancies in the dynamic behaviours of the structure increase.

The Figures 4 and 5 show the deflections of the struc-
ture along its span at five different buckled and normalized
mode shapes for the simple-simple and clamped-clamped
supports of the nanostructure.

Figures 5–12 present the impacts of nonlocal parame-
ter, temperature, elastic medium stiffness on the nonlinear
frequency to the linear frequency ratio for both simply and
clamped-clamped supported nanobeams. In all the results,
it is demonstrated that as the dimensionless amplitude in-
creases the frequency ratio increases due to the “hardening
spring” behaviour of the nanobeam.

Table 3: Comparison of results of nonlinear frequency ratio when a0 = λ̃2 = λ̃3 = 1

. . . . . . . . .ω/ωo. . . . . . . . .
ε Exact MSM MSLPM % Error in MSM % Error in MSLPM
0.1 1.000340 1.000335 1.000335 0.00049983 0.00049983
1.0 1.035926 1.033720 1.033432 0.21294957 0.24075071
10 2.954520 4.371795 2.915205 47.9697210 0.11220097
100 27.07609 338.1794 27.58255 1148.99644 1.87050641

Table 4: Comparison of results of nonlinear frequency ratio when a0 = 1

. . . . . . . . .ω/ωo. . . . . . . . .
ε λ̃2 λ̃3 Exact MSM MSLPM % Error in MSM % Error in MSLPM
1 1 1 1.035926 1.033720 1.033432 0.21294957 0.24075071
1 1 10 1.329955 1.375676 1.324775 3.43778549 0.51800000
1 1 100 2.890746 4.795266 2.932250 65.8833395 1.43575395
1 10 100 2.954520 4.795266 2.915205 62.3025060 1.33067300
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Figure 2: (a) Comparison of results when ε = 0.1, a0 = λ̃2 = λ̃3 = 1, ω0 = π (b) Comparison of results when ε = a0 = λ̃2 = λ̃3 = 1, ω0 = π (c)
Comparison of results when ε = a0 = λ̃2 = 1, λ̃3 = 10, ω0 = π (d) Comparison of results when ε = a0 = λ̃2 = 1, λ̃3 = 100, ω0 = π

Such behaviour in response to the increase in the di-
mensionless amplitude is caused by the increase in the
axial stretching due to the large deflection which leads to a
stiffer structure and a larger nonlinear frequency. The re-
sults show that the at any given dimensionless amplitude,
frequency ratio increases as the values of the dimension-
less nonlocal, quadratic and cubic elastic medium stiffness
parameters increase as shown in Figures 6–8. However, at
any given dimensionless amplitude, the frequency ratio de-
creases as the values of the temperature change, magnetic
force, Winkler and Pasternak layer stiffness parameters in-
crease as shown in Figures 9–12. It is shown in all the figures
that the impact of the dimensionless nonlocal, quadratic,
cubic elastic medium stiffness, temperature change, mag-
netic force, Winkler and Pasternak layer stiffness parame-

ters on the nonlinear frequency ratio becomes significant
as the dimensionless amplitude increase.

It is clearly seen that increase in temperature change at
high temperature reduces the frequency ratio as shown in
Figures 11. Such response is due to the fact that the Young
modulus and the flexural rigidity of the nanobeam are func-
tions of temperature. These parameters (Young modulus
and the flexural rigidity) increase at high temperature and
such causes the nanobeam to become increasingly rigid as
the temperature change increases, which consequently de-
creases the frequency ratio of the vibration of the structure.
However, at low or room temperature, increase in tempera-
ture change, increases the frequency ratio of the structure
nanotube.
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Figure 3: (a) Comparison of results when ε = 10, a0 = λ̃2 = λ̃3 = 1, ω0 = π (b) Comparison of results when ε = a0 = 1, λ̃2 = 10, λ̃3 = 100,
ω0 = π (c) Comparison of results and effect of nonlinearity on the dynamic behaviour
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Figure 4: The first five normalized mode shaped of the beam under
simple-simple supports
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Figure 5: The first five normalized mode shaped of the beam under
clamped-clamped supports
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Figure 6: (a) Effects of dimensionless nonlocal parameter on the frequency ratio for simply supported nanobeam (b) Effects of dimension-
less nonlocal parameter on the frequency ratio for clamped-clamped nanobeam
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Figure 7: (a) Effects of dimensionless quadratic elastic medium stiffness on the frequency ratio for simply supported nanobeam (b) Effects
of dimensionless quadratic elastic medium stiffness on the frequency ratio for clamped-clamped supported nanobeam
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Figure 8: (a) Effects of dimensionless cubic nonlinear elastic medium stiffness on the frequency ratio for simply supported nanobeam (b)
Effects of dimensionless cubic elastic medium stiffness on the frequency ratio for clamped-clamped supported nanobeam
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Figure 9: (a) Effects of dimensionless Pasternak elastic medium stiffness on the frequency ratio for simply supported nanobeam (b) Effects
of dimensionless Pasternak elastic medium stiffness on the frequency ratio for clamped-clamped supported nanobeam
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Figure 10: (a) Effects of dimensionless Winkler elastic medium stiffness on the frequency ratio for simply supported nanobeam (b) Effects of
dimensionless Winkler elastic medium stiffness on the frequency ratio for clamped-clamped supported nanobeam
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Figure 11: (a) Effects of temperature change on the frequency ratio for simply supported nanobeam (b) Effects of temperature change on the
frequency ratio for clamped-clamped nanobeam
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Figure 12: (a) Effects of magnetic force parameter on the frequency ratio for simply supported nanobeam (b) Effects of magnetic force
parameter on the frequency ratio for clamped-clamped nanobeam

5 Conclusions
Size-dependent nonlinear vibration analysis of nanobeam
embedded in multi-layer elastic media and subjected to
electromechanical and thermomagnetic loadings has been
presented in this work. The derivations of the nonlinear
partial differential equation of motion were based on Von
Karman geometric nonlinearity, nonlocal elasticity the-
ory, Euler-Bernoulli beam theory and Hamilton’s principle.
From the study, the following results were established:

1. The classical multiple scales method fails and gives
results with very large discrepancies form the results
of the numerical and exact solutionswhen the pertur-
bation parameter is large and the nonlinearity terms
are strong.

2. Multiple scales Lindstedt-Poincare method is highly
efficient for strong nonlinear and large amplitude
systems.

3. The frequency ratio increases as the values of the
dimensionless nonlocal, quadratic and cubic elastic
medium stiffness parameters increase. The dimen-
sionless amplitude increases the frequency ratio in-
creases.

4. The frequency ratio decreases as the values of the
temperature change, magnetic force, Winkler and
Pasternak layer stiffness parameters increase.

5. An increase in the temperature change at high tem-
perature reduces the frequency ratio but at low or
room temperature, increase in temperature change,
increases the frequency ratio of the structure nan-
otube.

6. The impact of the dimensionless nonlocal, quadratic,
cubic elastic medium stiffness, temperature change,
magnetic force, Winkler and Pasternak layer stiff-
ness parameters on the nonlinear frequency ratio
becomes significant as the dimensionless amplitude
increase.

It has also been demonstrated that the alternative com-
putational procedures can circumvent the use and opera-
tions of other approximate analytical methods which re-
quire high skill and cost and still produce approximate
analytic results of good caliber. This work will greatly ben-
efit in the design and applications of nanobeams under
electromechanical and thermomagnetic loadings.
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APPENDIX
Following the nonlocal theory presented by Erigen [42–44]
and that of Erigen andEdelen [45], the relationship between
the nonlocal stress-tensor (σij) at point x of an isotropic and
homogenous nanobeam and the local stress-tensor (tij) is[︁

1 − (e0a)2∇2
]︁
σij =

[︁
1 − (τl)2∇2

]︁
σij = Eε (x) = tij (A1)

Algebraically, Eq. (A1) can be written as

σxx − (e0a)2
∂2σxx
∂x2

= Eεx̄x = txx (A2)

Neglecting the damping of the nanobeam and the damp-
ing induced by the surrounding medium. Also, assuming
that vibration is independent of time axial forces. Based on
Euler-Bernoulli theory, the displacements in the nanobeam
are given as

ū1 = ū
(︀
x, t
)︀
− z̄ ∂w̄∂x ; ū2 = w

(︀
x, t
)︀
; ū3 = 0. (A3)

ū3 = 0, since, there is not any motion along the third direc-
tion.

Also, the strain in the longitudinal direction is given as

εxx =
∂ū1
∂x̄ (A4)

The strain in the longitudinal direction is related to the
extension and bending strains as

εxx = ε0xx + z̄k; (A5)

where extension and bending strains are respectively given
as

ε0xx =
∂ū
∂x̄ ; k = −∂

2w
∂x2

. (A6)

On substituting Eq. (A6) into Eq. (A5), we have

εxx =
∂ū
∂x − z̄ ∂

2w
∂x2

(A7)

Considering the Von Karman geometric nonlinearity effect,
the extension strain is given as

ε0xx =
∂ū
∂x + 1

2

(︂
∂w
∂x

)︂2
(A8)

Substitution of the nonlinear extension strain in Eq. (A8)
and the bending strain in Eq. (A5), provides geometric non-
linearity in the longitudinal strain as

εxx =
∂ū
∂x + 1

2

(︂
∂w
∂x

)︂2
− z̄ ∂

2w
∂x2

(A9)

Introducing the following stress resultants:

N =
∫︁
Ac

σxxdAc; M =
∫︁
Ac

σxx z̄dAc; (A10)

V =
∫︁
Ac

σxz̄dAc; I =
∫︁
Ac

z̄2dAc;

The required equation of motion for the nanobeam can be
derived after taking the variation of the relation

Π = W + K − U (A11)

where

W =
L∫︁

0

(f ū + pw) dx (A12)

K =
L∫︁

0

[︃
m0
2

(︃(︂
∂ū
∂t

)︂2
+
(︂
∂w̄
∂t

)︂2
)︃

(A13)

+m2
2

(︂
∂2w
∂x∂t

)︂2]︃
dx

U =
∫︁
V

1
2 (σxxεxx) dV (A14)

=
L∫︁

0

∫︁
A

E
2

[︃
∂ū
∂x + 1

2

(︂
∂w
∂x

)︂2
− z̄ ∂

2w
∂x2

]︃2
dAdx

Applying Hamilton’s principle, the variation of Eq. (A11) is
obtained as

δ (Π) = δ
T∫︁

0

(W + K − U) dt = 0 (A15)

Expansion of the RHS of Eq. (A15), gives

δ (Π) = δ
T∫︁

0

(W) dt + δ
T∫︁

0

(K) dt − δ
T∫︁

0

(U) dt =0 (A16)

For the first term at the RHS of Eq. (A16), i.e. the variation
of the work done by the external forces, substitution of
Eq. (A12) into the first term at the RHS of Eq. (A16), provides

δ
T∫︁

0

(W) dt =
T∫︁

0

L∫︁
0

(fδū + pδw) dxdt (A17)

Also, for the second term at the RHS of Eq. (A16), i.e. the
variation of the kinetic energy, substitution of Eq. (A13) into
the second term at the RHS of Eq. (A16), gives

δ
T∫︁

0

(K) dt =
T∫︁

0

L∫︁
0

[︂
m0

(︂
∂ū
∂t
∂δū
∂t

+ ∂w
∂t̄

∂δw
∂t

)︂
(A18)
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+m2

(︂
∂2w
∂x∂t

)︂(︂
∂2δw
∂x∂t

)︂]︂
dxdt

Furthermore, for the third term at the RHS of Eq. (A16), i.e.
the variation of the strain energy, substitution of Eq. (A14)
into the third term at the RHS of Eq. (A16), results in

δ
T∫︁

0

(U) dt =
T∫︁

0

∫︁
V

δ
(︂
1
2 (σxx̄εxx)

)︂
dVdt (A19)

=
T∫︁

0

∫︁
V

δ
(︂
1
2

(︁
Eε2xx

)︁)︂
dVdt

=
T∫︁

0

∫︁
V

δ
(︂
1
2 (σxxδεxx)

)︂
dVdt

Which gives

δ
T∫︁

0

(U) dt =
T∫︁

0

∫︁
V

σxx
(︂
∂δū
∂x + ∂w∂x̄

∂δw
∂x (A20)

−z ∂
2δw
∂x2

)︂
dVdt

On substituting Eq. (A10), one can write Eq. (A20) as

δ
T∫︁

0

(U) dt =
T∫︁

0

L∫︁
0

[︂
N
(︂
∂δū
∂x̄ + ∂w∂x

∂δw̄
∂x

)︂
(A21)

−M∂
2δw
∂x2

]︂
dxdt

On substituting Eqs. (A17), (A18), and (A21) into Eq. (A16),
we have

δ (Π) =
T∫︁

0

L∫︁
0

(fδū + pδw) dxdt (A22)

+
T∫︁

0

L∫︁
0

[︂
m0

(︂
∂ū
∂t̄
∂δū
∂t

+ ∂w̄
∂t

∂δw
∂t

)︂

+m2

(︂
∂2w
∂x∂t

)︂(︂
∂2δw
∂x∂t̄

)︂]︂
dxdt

−
T∫︁

0

L∫︁
0

[︂
N
(︂
∂δū
∂x + ∂w∂x

∂δw
∂x

)︂
−M∂

2δw
∂x2

]︂
dxdt = 0

According to Euler-Lagrange, the following equations are
obtained

−m0
∂2ū
∂t2

+ ∂N∂x + f
(︀
x, t
)︀
= 0 (A23)

− m0
∂2w
∂t2

+ m2
∂4w
∂x2∂t2

+ ∂
2M
∂x2

+ p
(︀
x, t
)︀

(A24)

+ N ∂
2w
∂x2

= 0

The nonlocal axial force (nonlinear stretching force) and
bending moment are given by

N − (e0a)2
∂2N
∂x2

= EAc

[︃
∂ū
∂x + 1

2

(︂
∂w
∂x

)︂2
− N̄
EAc

]︃
(A25)

− ζ EzAc

M − (e0a)2
∂2M
∂x2

= EI
(︂
−∂

2w
∂x2

)︂
(A26)

After differentiating Eq. (A23) wrt x, on arrives at

∂2N
∂x2

= m0
∂3ū
∂t3

− ∂f∂x (A27)

Also, from Eq. (A24), we have

∂2M
∂x2

= −p
(︀
x, t
)︀
− N ∂

2w
∂x2

+ m0
∂2w
∂t2

− m2
∂4w
∂x2∂t2

(A28)

Substitution of Eqs. (A27) and (A28) into Eqs. (A25)
and (A26), gives the nonlocal axial force and bending mo-
ment as

N = EAc

[︃
∂ū
∂x + 1

2

(︂
∂w
∂x

)︂2
− N̄
EAc

]︃
− ζ EzAc (A29)

+ (e0a)2
(︂
m0

∂3ū
∂x∂t2

− ∂f∂x

)︂

M = −EI
(︂
∂2w
∂x2

)︂
(A30)

+ (e0a)2
(︂
−p − N ∂

2w̄
∂x2

+ m0
∂2w
∂t̄2

− m2
∂4w
∂x2∂t̄2

)︂
The first derivative of Eq. (A29) is given as

∂N
∂x = EAc

[︃
∂2ū
∂x2

+ 1
2
∂
∂x̄

(︂
∂w
∂x

)︂2
− ∂
∂x

(︂
N̄
EAc

)︂]︃
(A31)

− ∂
∂x (ζ EzAc) + (e0a)

2
(︂
m0

∂4ū
∂x2∂t2

− ∂
2f
∂x2

)︂
While the second derivative of Eq. (A30) provides

∂2M
∂x2

= −EI
(︂
∂4w
∂x4

)︂
+ (e0a)2

(︂
−∂

2p
∂x2

− N ∂
4w̄
∂x4

(A32)

+m0
∂4w
∂x̄2∂t2

− m2
∂6w
∂x̄4∂t2

)︂
Substituting Eq. (A31) in to Eq. (A23), one arrives at the
horizontal equation of motion as

m0
∂2ū
∂t2

− EAc

[︃
∂2ū
∂x2

+ 1
2
∂
∂x

(︂
∂w̄
∂x

)︂2
(A33)
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− ∂∂x

(︂
N̄
EAc

)︂]︂
+ ∂
∂x̄ (ζ EzAc)

− (e0a)2
(︂
m0

∂4ū
∂x2∂t2

− ∂
2f
∂x2

)︂
= f
(︀
x̄, t
)︀

Which can also be written as

m0
∂2ū
∂t2

− EAc

[︃
∂2ū
∂x2

+ 1
2
∂
∂x

(︂
∂w̄
∂x

)︂2
(A34)

− ∂∂x

(︂
N̄
EAc

)︂]︂
+ ∂
∂x̄ (ζ EzAc)

− (e0a)2
(︂
m0

∂4ū
∂x2∂t2

− ∂
2f
∂x2

)︂
= f
(︀
x̄, t
)︀

where

N̄ = Nthermal − ηAcH2
x , (A35)

Nthermal = EAc
αx∆T
1 − 2ν ⇒ N̄ = EAc

αx∆T
1 − 2ν − ηAcH

2
x

Then Eq. (A29) becomes

N = EAc

[︃
∂ū
∂x + 1

2

(︂
∂w
∂x

)︂2
(A36)

−

(︁
EAc αx∆T1−2ν − ηAcH

2
x

)︁
EAc

⎤⎦ − ζ EzAc
+ (e0a)2

(︂
m0

∂3ū
∂x̄∂t2

− ∂f∂x

)︂
Substitution of Eq. (A35) into Eq. (A34), gives the horizontal
equation of motion of the nanobeam as

m0
∂2ū
∂t̄2

− EAc

[︃
∂2ū
∂x̄2 + 1

2
∂
∂x̄

(︂
∂w̄
∂x̄

)︂2
(A37)

− ∂∂x̄

(︃
EAc αx̄∆T1−2ν − ηAcH

2
x̄

EAc

)︃]︃
+ ∂
∂x̄ (ζEzAc)

− (e0a)2
(︂
m0

∂4ū
∂x̄2∂t̄2

− ∂
2f
∂x̄2

)︂
= f
(︀
x̄, t̄
)︀

Also, substitution of Eqs. (A32) and (A36) into Eq. (A24),
provides the vertical equation of motion as

EI
(︂
∂4w
∂x4

)︂
− (e0a)2

(︃
−∂

2p
∂x̄2 (A38)

− E

⎛⎜⎜⎝Ac
[︃
∂ū
∂x +

1
2

(︁
∂w
∂x

)︁2
−

(︁
EAc

αx∆T
1−2ν −ηAcH

2
x

)︁
EAc

]︃
−ζ EzAc + (e0a)2

(︁
m0

∂3 ū
∂x∂t2

− ∂f
∂x

)︁
⎞⎟⎟⎠ ∂4w
∂x4

+ m0
∂4w
∂x2∂t2

− m2
∂6w
∂x4∂t2

)︃
− p
(︀
x, t
)︀

− E

⎛⎜⎜⎝Ac
[︃
∂ū
∂x +

1
2

(︁
∂w
∂x

)︁2
−

(︁
EAc

αx∆T
1−2ν −ηAcH

2
x

)︁
EAc

]︃
−ζ EzAc + (e0a)2

(︁
m0

∂3 ū
∂x∂t2

− ∂f
∂x

)︁
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∂x2
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∂2w
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− m2
∂4w
∂x2∂t2

= 0

Which can be written as

EI
(︂
∂4w
∂x4

)︂
+ (e0a)2

(︃
∂2p
∂x̄2 (A39)

+ E
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2
x
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∂x∂t2

− ∂f
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= 0

where

p =
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∂2w
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)︂
(A40)

Substitution of Eq. (A36) into Eq. (A35), gives
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EI
(︂
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∂x4

)︂
(A42)
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+
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EAc αx∆T1−2ν − ηAcH

2
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Therefore, the vertical equation of motion of the nanobeam
is
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)︂
(A43)
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Takingm0 = ρAc, neglecting the rotary inertial (i.e.m2 = 0)
with no axial distributed force (i.e. f (x, t) = 0) and zero ax-
ial displacements (i.e. ū = 0). After some mathematical
processes of Integrating the nonlinear stretching force, N
between the limits 0 and L and applying the boundary con-

ditions ū(0, t) and ū(L, t) makes the axial normal force in
Eq. (A36) to become
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That is
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Therefore, Eq. (A37) and (A43) reduce to
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