DE GRUYTER Curved and Layer. Struct. 2022; 9:403-424 8

Research Article

Gbeminiyi Musibau Sobamowo*

Size-dependent nonlinear vibration analysis of
nanobeam embedded in multi-layer elastic media
and subjected to electromechanical and
thermomagnetic loadings

https://doi.org/10.1515/cls-2022-0031
Received Jan 13, 2021; accepted Dec 28, 2021 Nom en Clature
Abstract: In this work, magneto-electro-mechanical size- A adimensional maximum amplitude of the
dependent nonlinear vibration analysis of nanobeam em- nanobeam
bedded in multi-layer of Winkler, Pasternak, quadraticand E elastic modulus
cubic nonlinear elastic media is presented. A nonlinear E Young Modulus of Elasticity
partial differential equation of motion is derived using EI bending rigidity
Von Karman geometric nonlinearity, nonlocal elasticity the- f axial distributed force
ory, Euler-Bernoulli beam theory and Hamilton’s principle. Hy magnetic field strength
Additionally, the efficiency of multiple scales Lindstedt- | moment of area
Poincare method for the strong nonlinear and large ampli- bending strain (curvature)
tude systems is presented. It is established that the results g kinetic energy
of multiple scales Lindstedt-Poincare method are in good N axial force
agreements with the numerical and exact solutions for the 1 bending moment
strong nonlinear problems. However, the classical multiple k,, Winkler elastic medium stiffness
scales method fails and gives results with very large discrep- kp Pasternak elastic medium stiffness
ancies form the results of the numerical and exact solutions quadratic nonlinear elastic medium stiffness
when the perturbation parameter is large, and the nonlin- 5 cubic nonlinear elastic medium stiffness
earity terms are strong. The high accuracy of the results of [, length of the nanotube
multiple scales Lindstedt-Poincare method and its excel- m, mass of the beam per unit length
lent ability to produce accurate results for all values (small N axial/Longitudinal force
and large) of perturbation parameter and the nonlinearity N, axial thermal load
terms show the superiority of the multiple scales Lindstedt- p transverse distributed force
Poincare method over the classical multiple scales method. ¢ radius of the nanobeam
Further results present the effects of the model parameters AT change in temperature
on the dynamic behaviour of the nanobeam. It is hoped ¢ time coordinate
that the present study will advance nonlinear analysis of [ strain energy
the engineering structures. u axial displacement of the nanobeam
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is the extensional strain
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1 Introduction

Over the past decades, the applications of nanostructures
have been expanding continuously following the discovery
of the novel structures by Iijima [1]. In order to gain physical
insights and comprehend properties of materials and sys-
tems with nanostructures, theoretical mechanics and me-
chanics of materials have been used to study the static and
dynamic behaviours [2-9]. The significance of such stud-
ies has been displayed in the ever-increasing applications
of nanomaterials in different industrial and engineering
systems such as aerospace, advanced reactors, automo-
tive industry, fuel cells turbines, machinery, building and
bridge construction, light-weight, low-consumption, devel-
opments of nanoelectronics, nanodevices, nanomechan-
ical systems, nanobiological, nanocomposites due to its
excellent properties and high strength to weight ratio. and
high-sensitivity nanoelectromechanical systems, as well as
sensors and composite reinforcements. The excellent me-
chanical properties such as high elasticity, yield strength,
excellent flexibility and conduction have made nanostruc-
tures aroused continuous increasing scientific attentions.
Also, the nanostructure (Figure 1) undergoes large deforma-
tions within the elastic limit and vibrate at frequency in the
order of GHz and THz. Consequently, there have been large
volumes of research studies that investigated or provided
physical insight into the dynamic behaviours of the novel
structures [2-9]. In a study on nanostructure, Sears and Ba-
tra [10] studied the buckling behaviour of carbon nanotubes
subjected to axial compression. Yoon et al. [11] explored
the noncoaxial resonance of an isolated carbon nanotube
with multiple walls while Wang and Cai [13] presented an
extended study on the same work with the consideration
of the effects of initial stress on the nanostructure. Wang et
al. [13] analyzed the dynamic behaviour of carbon nanotube
with multiple walls using Timoshenko beam model. Zhang
et al. [14] examined the impact of compressive axial load on
the transverse vibrations of carbon nanotube with double
walls. Elishakoff and Pentaras [15] presented the fundamen-
tal natural frequencies of carbon nanotube with double
walls. Buks and Yurke [16] accessed the nonlinear nanome-
chanical resonator of mass detection while [17] Postma et
al. [18] determined the dynamic range of carbon nanostruc-
ture. Fu et al. [18] submitted nonlinear vibration analysis of
embedded nanotubes. Vibration of carbon nanotube with
electrical actuator was studied by some authors [19-24].
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The nonlinear vibrations of the carbon nanotube with dou-
ble walls were submitted by Hawwa and Al-Qahtani [24].
Hajnayeb and Khadem [25] studied the nonlinear dynamic
behaviour and stability of the double-walled nanotube sub-
jected to electrostatic actuation. Xu et al. [26] considers
nonlinear intertube van der Waals forces on the dynamic
response of carbon nanotube with double walls. With the
aids of nonlocal Timoshenko beam model. Lei et al. [27]
explored surface effects on the frequency of vibration of car-
bon nanotube with double walls. Ghorbanpour et al. [28]
used shell model to analyze nonlinear nonlocal vibration of
fluid-conveying embedded carbon nanotubes with double
walls.

The analyses of the carbon nanotubes were extended
to multi-walled carbon nanotubes (MWCNTs) [29-35].
Sobamowo [36-38], Sobamowo et al. [39] as well as Arefi
and Nahvi [40] studied nonlinear vibration in nanostruc-
tures with slightly and initial curvature while Cigeroglu and
Samandari [41] analyzed the dynamic behaviour of curved
nanobeams.

Studies on vibrations of nanotubes as presented in lit-
eratures using experimental measurements, density func-
tional theory, molecular dynamics simulations, and classi-
cal continuum theories and non-classical continuum theo-
ries such as nonlocal stress theory, modified couple stress
theory, gradient strain theory, and surface elasticity the-
ory. There are some difficulties in the experiment investi-
gations at the nanoscale level. Therefore, majority of the
past works are based on theoretical investigations using
classical continuum models (which do not consider the
small-scale effects). However, due to their scale-free mod-
els as they cannot incorporate the small-scale effects in
their formulations, the classical continuum theories are
inadequate for the accurate predictions of the dynamic be-
haviours of the nanotubes. Such inadequacy in the classical
continuum models is corrected in the works of Eringen [42—
44] and that of Erigen and Edelen [45], where the author
developed nonlocal continuum mechanics based on non-
local elasticity theory. Although, some studies in literature
have used the nonlocal continuum mechanics to present
some theoretical investigations [46—71]. Simsek [72] as well
as Murmu and Pradhan [73] adopted nonlocal elasticity
theory to study the nonlinear vibration of a carbon nan-
otube embedded in an elastic medium. In a recent study,
Abdullah et al. [74] presented effects of temperature, mag-
netic field, and elastic media on the nonlinear vibration
of nanobeams. The authors present very good work and
results. However, the dynamic response of the nanobeam
was not fully explored and the effect of electric field on the
vibration characteristics of the nanobeam was not studied.
Moreover, to the best of the authors knowledge, a study on
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the effects of electromechanical and thermomagnetic load-
ings on the nonlinear vibration of nanobeams embedded in
Winkler, Pasternak, quadratic and cubic nonlinear elastic
media has not been presented in literature. Additionally,
the past studies did not explore the efficacy of multiple
scales Lindstedt-Poincare method for the strong nonlin-
ear and large amplitude systems. Therefore, with the aid
of multiple scales Lindstedt-Poincare method, the present
work developed analytical solutions for magneto-electro-
mechanical size-dependent nonlinear vibration analysis
of nanobeam embedded in multi-layer of Winkler, Paster-
nak, quadratic and cubic nonlinear elastic media. With
the considerations of Von Karman geometric nonlinearity
effect and with the aids of nonlocal elasticity theory and
Euler-Bernoulli beam model, the equation of motion for
the nanobeam is derived using Hamilton’s principle. Also,
the present analysis used four layers (Winkler, Pasternak,
and quadratic and cubic nonlinear layers) which generate
nonlinearities in the developed dynamic models. Addition-
ally, the impacts of nonlocal parameter, electromechanical
parameter, magnetic force, elastic media, temperature, and
amplitude on the dynamic behaviour of the nanotube are
investigated.

+ L
| —

Thermal load

Magneric load
Winkler layer
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= Quadratic and
-_—— - cubic nonlinear

layers

Figure 1: A piezoelectric nanobeam embedded in linear and nonlin-
ear elastic media. (Note: only the bottom side of the elastic media is
shown)
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2 Model development for the
single-walled nanotube

Consider a nanobeam embedded in linear and nonlinear
elastic media as shown in Figure 1. The nanobeam is sub-
jected to stretching effects and resting on Winkler, Paster-
nak and nonlinear elastic media in a thermo-magnetic en-
vironment as depicted in the figure.

Applying the nonlocal theory presented by Erigen [42-
44), Erigen and Edelen [45] and Euler-Bernoulli beam theo-
rem, the following governing equation is developed
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The derivation can be found in the Appendix.
It is assumed that the midpoint of the nanobeam is
subjected to the following initial conditions

°W(x, 0) _

o ° @

w(x, 0) = Wo,

The following boundary conditions for the multi-walled
nanotubes are considered in this work:

Table 1: The basic functions corresponding to the above boundary conditions

Cases Mode shape, ¢(x) Value of B for the
first mode

1. Simply support sin <ﬁf") b

2. Clamped-Clamped support (cosh (ﬁL—") - cos (%)) - (% (sinh (I’L—X) - sin (’i—")) 4.730041

1 X
or 7 (1 - cos (BT

) 2
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For simply supported (S-S) nanotube,

wo,0-0, WD _o wu,p-0, O
b
.,
For clamped-clamped supported (C-C) nanotube,
wo,p=0, MO0 _o (4)
w((L, D) =0, awé’;’ D _o.

Using the following adimensional constants and vari-

ables
x=%; w=¥; t=1/pAECIL4; r= ALC; (5)
h= %; ad = Nthegr}ale; A= %;
Ham = 7UAC;%L2; K = kzbrf“; K§ = k3;21L4

The adimensional form of the governing equation of
motion for the nanobeam is given as

(6)
hz 1 ow 2 a4W d 2
+7/<§> dx}axq+ [at+§e—Kwh - Ky -Ham

0
1 1 ow\?, | ow 3w 5 O*w
‘5/(&) I e A v T2
0

3—h262 <W3)} -0

[1 + Kph® + Hamh? - adh? - &.h?

+K§i

w

And the boundary conditions become
For simply supported (S-S) nanotube,

2
wo,n=o0, MO0 _g %)
02x
o*w(1, )
W(l, t):O, W :0.
For clamped-clamped supported (C-C) nanotube,
B ow(0,t)
W(O, t) - Oy aX - 0’ (8)
B ow(l,t)
W(]., t)—O, T —O.

3 Methods of solution

The methods of solution for the governing equation include
Galerkin decomposition, power series method and after-
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treatment technique. As the name implies the Galerkin de-
composition method is used to decompose the governing
partial differential equation of motion can be separated into
spatial and temporal parts. The resulting temporal equa-
tions are solved using multiple scales Lindstedt-Poincare
method. The procedures for the analysis of the equations
are given in the proceeding sections as follows:

3.1 Galerkin decomposition method

With the application of Galerkin decomposition procedure,
the governing partial differential equations of motion can
be separated into spatial and temporal parts of the lateral
displacement function as

wx, )= (x)q () ©)
Using one-parameter Galerkin decomposition procedure,
one arrives at

1

/R(x,t)(;[)(x)dx:O

0

(10)

where is R (x, t) the governing equation of motion for
nanobeam i.e.
1+Kyh? + Hamh? - alh?

R(x,t) = (11)

1
+h—2 ow 2dx a4—W+
2 ox ox*

0
1 2
1 a—w dx az—W+K w+az—W
2 ox ox2 VT o2
0

o o'w + K4 {Wz _p 0% (w?)

{af - Kwh? - K,

_Ham_

ox29ot? 0x?

0% (w?)
W3—h2T =O

+K§1

where ¢ (x) is the basis or trial or comparison function or
normal function, which must satisfy the kinetic boundary
conditions in Egs. (7) and (8), and q (t) is the temporal part
(time-dependent function).

Substituting Egs. (11) into (10), then multiplying both
sides of the resulting equation by ¢(x) and integrating it
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for the domain of (0, 1)

o—_
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Substitution of Eq. (9) into Eq. (12), gives
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¢p(x)dx =0 (14)

(15)
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Therefore, Eq. (16) can be written as

7

IO K+ T’ 0+ Tag’ (=0 (1)
Furthermore, we can express Eq. (62) as
TI0 g+ g O+ 1 ©=0  (8)
where
/11—%), Az—%; A3=%; (19)
1
To- [ (4 -w58 Jar 0)
0
1
T = /<I<W¢2 + (1 + Kph? + Hamh? 1)
0
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The initial conditions are given as

4@ =a5, 110

(a? ~Kwh? - K, —Ham) 2% 4’) X

ox2

(22)

(23)

[

(24)

ag is the maximum vibration amplitude of the structure.
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3.2 Method of solution: Multiple scales
Lindstedt-Poincare method

It can be seen from the above procedures that the apart
from the fact that the Galerkin decomposition method
decomposes governing equation of motion into spatial
and temporal parts, it also helps in converting the space-
and time-dependent partial differential equation to a time-
dependent ordinary differential equation. The nonlinear
ordinary differential equation easily be solved using numer-
ical methods or approximate analytical methods. In this
work, multiple scales Lindstedt-Poincare method (MSLPM)
is adopted due to its ability of providing convergent solu-
tions for large perturbation parameters, strong nonlineari-
ties, and development of total analytic solution with good
accuracy.

Multiple scales Lindstedt-Poincare method is a modi-
fied multiple scales method which incorporates the time
transformation of Lindstedt-Poincare method [75-80]. One
of the major advantages of the multiple scales method
over the Lindstedt-Poincare method is that transient so-
lutions can be found using the multiple scales method
whereas it is impossible to retrieve such solutions using
the Lindstedt-Poincare method. Combining both multiple
scales and Lindstedt-Poincare methods as it is achieved
in the multiple scales Lindstedt-Poincare method would
augment the advantages of methods in the multiple scales
Lindstedt-Poincare method so that both steady state and
transient solutions with improved convergence properties
can be achieved. Also, by expanding the natural frequency
in the modified Lindstedt-Poincare method, convergent so-
lutions for large values of perturbation parameters and
strong nonlinearities are possible.

3.2.1 Determination of natural frequencies

In order to find out the natural frequencies of the structure,
the following analysis are carried out:

The nonlinearity and excitation are ordered so that
they appear at the same time in the perturbation scheme.
Therefore, take A, and A5 as €1, and €A5. Applying the first
transformation, T = wt, to Eq. (18), one arrives at

wzq//

where prime denotes derivative with respect to the new time
variable T and A; = wy is the linear frequency of the system.
It should be stated that fast and slow time scales are slightly
different in the multiple scales Lindstedt-Poincare method.
The fast and slow time scales are defined as

T, = 21 (26)

+woq + eMaq? +€2A3¢° = 0 (25)

To=1, Ti=c¢T,



DE GRUYTER

Therefore, the first and second derivatives are expressed as

i =Do+€eDy +€*Dy +... 27
d2
S5 = D3+ 26DoDy + € (D% + 2D0D2) +.. (28
where
d
Dn = 67,1.,'1

Assuming that the solution of Eq. (25) can be expressed as

q = qo (To, T1, T2) + £q1 (To, T1, T2) (29)
+€%q> (To, T1, T2) + ...
and
W’ = wo+Ew + 2wy + ... (30)
From Eq. (29), one can write that
2 2
Wo =W —EW|—E Wy +... (31

Substitute Egs. (29) and (31) into Eq. (25), gives the following
w? (Dg + 2eDoD; + &> (D% + 2D0D2) (32)
+...) (0 (To, T1, T2) + £a1 (To, T, T2)

+ ezqz (To, T1, T7) + ) + (cu2 - EWq - 820)2
+...) (40 (To, T1, T2) + £q1 (To, T, T2)
+€2g> (To, T1, Ta) + ) +ely (qo (To, T1, T2)
2
+ €41 (T(), T1, Tz) + quZ (To, Tl, Tz) + )
+&225 (4o (To, T1, T2) + £q1 (To, T1, T2)
5 3
+€&°qy(To, T1, Tr) + ) =0
Also, for the initial conditions in Eq. (24), one has
40 (0,0,0)+ g1 (0,0,0) +£%g> (0,0,0) + ... = ap, (33)
d (40(0,0,0) +£¢1 (0,0, 0) + £2¢ (0,0,0) +...)

dt
- (Do 1 €Dy + 2Dy + ) (qo (0, 0,0) + &4, (0, 0,0)

(34)

+£2¢5(0,0,0) + ) -0

Arranging Eqgs. (32), (33) and (34) according to the powers
of the perturbation parameter &, gives
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The zeroth-order equation is

€% : quadw?D3qo + w?qo = 0 (35)
The initial conditions are
q0(0) =A, Doqo(0) =0 (36)
The first-order equation is
e': w’Djq1+w’qr = -2w*DoD1qo +w1qo  (37)
- 712 Q(z)
The initial conditions are
q1(0) =0, Dogq1(0) + D1go(0) =0 (38)
The second-order equation is
e : w’D3qr +w’q> = -2w?DoD1q1 (39)

- w> (D% + 2D0D2) qo + w291 + W2qo — 27\2‘10‘11
—7(361(3)

The initial conditions are

q2(0) =0, Doq2(0)+D1g1(0) + D2go(0) =0  (40)
The solution of the zeroth-order is
qo=A(T1,T>) e'lo 4 cc, (41)

where cc stands for the complex conjugates and A is given
by the following polar form.
A= %Zzeiﬁ , “2)

The solution in Eq. (41) can be written in real form as

qo = @cos(To + B), (43)
Applying the initial conditions, provides
a() =ao, p0)=0 (44)

Substituting Eq. (43) into Eq. (39) and eliminating the secu-
larities require that

—2iw’D1A+wA=0 (45)
Without loss of generality, selecting D1A = 0, it implies
that

a= a(TZ)’

B=B(T;) and w;=0 (46)
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The solution of the first-order is given as

q1=B(T1, T)) e'lo + cc (47)

+ 3—2}20(1 (Azez"T0 +cc- 6AZ)

where
B= %Be”,
Alternatively, the real form of g, is given as

g1 =bcos(To+7) +cc (48)

1

52
+ w)lza (cos 2Ty +2f8)-3)

The initial conditions at the first order imply that

1

b(0) = 3w?

Ayag, +(0)=0 (49)
For the second/last order, on substituting Eq. (47) and (41)

into (39) and eliminating the secular terms, produces
- 2iw®D1B - 2iw’DyA + w, A (50)

. (%Ag . 3z3> A2 =0

Also, without loss of generality, D1 B = 0, can be selected.
However, according to MSLPM, D1 A = 0 should be tried.

The choice makes a real w, and therefore admissible. After
the algebraic manipulation, it was found that

1 ~
a=ag, b(0)= W/baé, (51)

35 5 5
B=~=0, w2=a(2)<z/13—w/1%>

Substituting (46) and (51) into Eq. (30), the frequency of
vibration is given as

w? = w) +e%a} (%713 - i?\%)

6w? (52)

It should be noted that w? appears on both RHS and LHS
of Eq. (52), therefore, solving for real and positive value of
w? results in

2 2 1 3820%;13
W = wj [— (1+7 (53)
2 4w}
~ 2 ~
1 1+ 382(1(2)A3 1082(1(2)A2
2 4w} 3wg
Which can be written as
3e2a2d
3 ()

w = Wo

1 3e2al;
+\/j (1 + v

2 _ 10£2ag}~lzj| (54)

%
3w,
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The frequency ratio, Y = w% (ratio of the linear to nonlinear
frequency) is given as

1 3e2a2l;
3 (1

Y= \/ (1 + 3e2all; )2 _ 1O£2a(2)/~12:| (55)

1
T\ 2 403 308

The final solution in terms of the nonlinear frequency is
given as

4245 (acos (wt) + cos Qi) - 3) (56

€
= t
q = apcos (wt) + ew

+0 (sz>

3.2.2 Validation of the solution of the multiple scales
Lindstedt-Poincare method

On invoking the well-known perturbation criteria, the cor-
rection terms must be much smaller than the leading terms
for solution to be valid. Therefore, for the above solution in
Eqg. (56) to be valid,

edyaj

6w? 67

<1

The analysis for the proof of validity is given as

€A2(10

Siz ap _
e 6[A]

lim =0« 1 (58)

evo0 6W?

A=%<1+
;<1+

It is shown that the correction term (the second term) in
Eq. (56) is always a small quantity compared with the
leading term which assures convergence. The analysis pre-
sented in Eq. (58) for the solution provided by the multiple
scales Lindstedt-Poincare method shows that solution will
always converge for all values of perturbation parameters,
¢ and strong nonlinearity terms (A, and As3). This is demon-
strated in Table 2 and 3 as well as the figures in the results
and discussion sections.

where

3e?a3l;
4w}

~ 2 ~
3e2agAs ~ 10e2a3A,
4w} 3w
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3.2.3 Analytical solution using Multiple scales method

With the application of classical multiple scales method is
applied, the developed analytical solution is

2
8/12(;() (2cos (wt) + cos Qwt) - 3) (59)
6wj

q = apcos (wt) +

+0 (£2>
where

w=wo +&%al <i/~13 - LJE) (60)

8wo 12w}

As done previously, for the above solution in Eq. (56) to be
valid,

edyal
20«1 (61)
6wg
However, the analysis shows below proved otherwise
edya}
g0 6W]

It is shown that the above criteria in Eq. (61) for the solution
provided by the classical multiple scales method cannot be
achieved because of the presence of w3 being a constant
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large value of (¢ or € — o0). Therefore, the solution pro-
vided by the classical multiple scales method will diverge
or fail for large value of the perturbation parameter, (¢ or
& — oo). This is also demonstrated in Tables 2 and 3 as well
as the figures in the results and discussion sections.

3.3 Development of exact analytical solution
for the nonlinear frequency

For the purpose of comparisons of results, following the
procedures in ref. [80], the exact analytical solution of the
nonlinear frequency is developed and given as
2n
W=7 (63)
where

[41]
B=/ 2dq
0 VWb (@3-) + 3ok (a3 - ) + 3o (0 - )

bo
+/ 2dq
5wl (b3 - a2) - ks (b3 - @2) + be2hs (b - g*)

where

4eds +3€2apls

in the denominator. Such constant (w3) will make the cor- b= —— +C
rection term to grow much larger than the leading term for 9e2As —%
Table 2: Parameters used for simulations
S/N Parameter Symbol Value
1. Diameter of armchair single-walled nanotube d 0.678 nm
2. Length of the nanotube L 6.78 nm
3. Aspect ratio L/h 10, 20, 50
4. Height of the nanotube h 0,0.1,0.3 nm
5. Thickness of the nanotube t 0.066 nm
6. Density of the nanotube p 2300 kg/m>
7. Young Modulus E 5.5 TPa
8. Poisson’s ratio v 0.19
9. Cross-sectional area A 0.1406 m?
10. Thermal expansion coefficient for room and low Temperatures Qx -1.6x107° K1
11. Thermal expansion coefficient for high Temperatures ax 1.1x1076 K1
12. Second moment of inertia I 8.155x107> m*
13. Nonlocal parameter (e0a)> 0,1,2,3,4nm?
14. Dimensionless Winkler elastic medium stiffness Kw 0-50
15. Dimensionless Pasternak elastic medium stiffness Kp 0-100
16. Dimensionless quadratic nonlinear elastic medium stiffness K1 0-100
17. Dimensionless cubic nonlinear elastic medium stiffness Ky 0-100
18. Magnetic field permeability n 103-108 N/A2
19. Longitudinal magnetic field Hy 10#-10° A/m
20. Changein temperature AT 0-300K
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where

v2 (—1682;\2 +12€2apA,A5 + 18e*adA3 + 54€% 15 w%)
C-

-128€3A3 + 144& apgA3A;
—540£5a(2)7lz7l2 - 540£6a87[3
+648e2alyA3wd - 972 apAw}

4(—1682A2 + 128 (1()A2/\3

+18&*a3A3 + 54627lgw(2))3

+ + (-12&93715 + 144e%agh3As
-540€°agA3A; - 540e° a3

+648e%aly 3w — 972e* apA3 w0>2

-128€3A3 + 144&" apA3A;
-540¢°agA3A; - 540e°a3 A3
+648e%al Az w} — 972" a0A3wo

4(—16€2A2 + 128 aoAzAg,

~ ~ 3
+18¢e*ajA3 + 5482/130)(2,)
+ n (—128e371§ + 1446 aoh3A;
~540¢° a3A3A; - 540%a3 A3

2
+648e%al 3w} - 972¢ ao/\3a)0)

3.4 Development of numerical solution

Also, the second-order ordinary differential equation in
Eq. (25) was solved numerically using fifth-order Runge-
Kutta-Fehlberg method (Cash-Karp Runge-Kutta). Since
Runge-Kutta method is used for solving first-order ordinary
differential equation, the second-order ordinary differen-
tial equation is decomposed into two first-order differential
equations as follows:

q=p, (64a)
) (a)oq +edq? + €215 q3)
p=- 22 (64b)
Egs. (64a) and (64b) can be written as
f(r,q,p)=p, (65a)
(woq +edrq? + €2A5 q3)
g(T) q, p) == s (65b)

w2
The iterative scheme of the fifth-order Runge-Kutta-

Fehlberg method for the system of first-order equations
is given as follows:

div1 =4

DE GRUYTER

(2835, 18575 13525,
27648 1" 48384 > " 55296 *

277 . 1
Y4336 " Zk6>

Div1 = Di
h ( 2835 ! 185751 135251

27648 1 483842 T 55296
277, l
143360 T 4

ki =f(ti, qi> Pi)
li = g(ti, qi» bi)

1 1 1
ky=f (T,- + Eh’ q; + gI<1h, pi+ gllh)

where

1 1 1
L=g (Ti + §h’ qi + gklh, pi+ 511’1)

PN O 9 R
k3—f(‘r,+ 10h, q,+40k1h+40k2h, p,+4011h
9
+Elzh>
3 3
13 =g<Ti+Eh’ qi + k1h+ kzh Dit I h
9
+Elzh>
k4=f(r,-+%h, qi+ klh— k2h+ k3h pi
3 9
+Ellh— E12h+ §I3h)
3 3 9 6
l,=g (‘ri+ Zh, q;+ Eklh— Ek2h+ §k3h, Di

6
+Ellh 012h+§lgh>

11 5 70
k5 =f (Ti + h, qi — 57’(1}1 + EkZh - ﬁth

11

35
+T7](4h, bi- ﬁ

5 70 35
Lih+ 2loh-32bh+ 77&,11)

11 5 70
15 =g <Ti + h, qi — aklh + ikzh - ﬁkgh

35 11 5 70 35
+ﬁk4h’ Di— ﬁllh + 712]’1 - fl_v,h + 2—714"1)
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44275
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1631 175 575
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44275 253
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1631 175
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Table 2 presented the parameters used for the simula-
tions.

4 Results and discussion

The results of the analyses and parametric studies are pre-
sented in this section. The verifications of the analytical
solutions are shown in Tables 3 and 4.

It could be observed from the Tables that at small val-
ues of the perturbation parameter, &, the results of multiple
scales Lindstedt-Poincare method and classical multiple
scales method are almost the same and highly accurate
when compared with the results of exact analytical and
numerical methods. However, as the values of the perturba-
tion parameter, € continue to grow and become large, there
are notable increasing discrepancies between the results of
multiple scales Lindstedt-Poincare method and the classi-
cal multiple scales method. Moreover, for the larges values
of g, iz and 713, the analytical solutions of the multiple
scales method fail, diverge much from the exact analytical
and numerical solutions and provides erroneous results
with large percentage errors. However, it is shown in the
Tables 2 and 3 as well as in the Figures 2a-2d that for the
both small and large values of €, A, and A3, the results of
the solutions of multiple scales Lindstedt-Poincare method
are in excellent agreement with the results of both exact
analytical and numerical methods. It is also shown that
large values of € and A3 lead to amplitude deviation in the
classical multiple scales method. However, it is observed
that multiple scales Lindstedt-Poincare method produces
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very good results for the large amplitudes and frequencies
as well as strong nonlinearities. This shows the superior-
ity of the Multiple scales Lindstedt-Poincare method over
the classical multiple scales method which produces re-
sults of large discrepancies for strongly nonlinear systems.
Therefore, the multiple scales Lindstedt-Poincare method
is highly accurate and provides convergent solutions for
both small and large perturbation parameters as well as for
both weak and strong nonlinearities.

It should also be noted in Figures 3a and 3b that vari-
ations of A, and A5 also depict the direct effects of the
quadratic and cubic nonlinearity terms on the dynamic
behaviour of the nanobeam. However, Figure 3c presents
the comparison of results of linear and nonlinear dynamic
responses of the nanostructure. The results show varia-
tions in the linear and nonlinear behaviour even at small
values of perturbation parameter and weak nonlinearities.
Moreover, as the values of the perturbation parameter and
nonlinearities are increased, the variation and the discrep-
ancies in the dynamic behaviours of the structure increase.

The Figures 4 and 5 show the deflections of the struc-
ture along its span at five different buckled and normalized
mode shapes for the simple-simple and clamped-clamped
supports of the nanostructure.

Figures 5-12 present the impacts of nonlocal parame-
ter, temperature, elastic medium stiffness on the nonlinear
frequency to the linear frequency ratio for both simply and
clamped-clamped supported nanobeams. In all the results,
it is demonstrated that as the dimensionless amplitude in-
creases the frequency ratio increases due to the “hardening
spring” behaviour of the nanobeam.

Table 3: Comparison of results of nonlinear frequency ratio when ag = A=As=1

......... W/Wo.euu.....
£ Exact MSM MSLPM % Error in MSM % Error in MSLPM
0.1 1.000340 1.000335 1.000335 0.00049983 0.00049983
1.0 1.035926 1.033720 1.033432 0.21294957 0.24075071
10 2.954520 4.371795 2.915205 47.9697210 0.11220097
100 27.07609 338.1794 27.58255 1148.99644 1.87050641

Table 4: Comparison of results of nonlinear frequency ratio when ag = 1

......... wl/Wo.euun....
€ A A3 Exact MSM MSLPM % Error in MSM % Error in MSLPM
1 1 1 1.035926 1.033720 1.033432 0.21294957 0.24075071
1 1 10 1.329955 1.375676 1.324775 3.43778549 0.51800000
1 1 100 2.890746 4.795266 2.932250 65.8833395 1.43575395
1 10 100 2.954520 4.795266 2.915205 62.3025060 1.33067300
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Exact analytical method

Runge-Kutta method

Multiple scales method

Multiple scales Lindstedt-Poincare method

Nondimensional mid-point displacement, w(x,t)

(b)

Exact analytical method

Runge-Kutta method

Multiple scales method

Multiple scales Lindstedt-Poincare method

Nondimensional mid-point displacement, w(x,t)

(@)

Figure 2: (a) Comparison of results when € = 0.1, ap = A, = A3 = 1, wo = 7 (b) Comparison of results whene = ag = A, = A3 = 1, wo = 7 ()
Comparison of results when € = ag = 712 =1, 713 =10, wo = 7 (d) Comparison of results when € = ag = 712 =1, )13 =100, wg =1

Such behaviour in response to the increase in the di-
mensionless amplitude is caused by the increase in the
axial stretching due to the large deflection which leads to a
stiffer structure and a larger nonlinear frequency. The re-
sults show that the at any given dimensionless amplitude,
frequency ratio increases as the values of the dimension-
less nonlocal, quadratic and cubic elastic medium stiffness
parameters increase as shown in Figures 6-8. However, at
any given dimensionless amplitude, the frequency ratio de-
creases as the values of the temperature change, magnetic
force, Winkler and Pasternak layer stiffness parameters in-
crease as shown in Figures 9-12. It is shown in all the figures
that the impact of the dimensionless nonlocal, quadratic,
cubic elastic medium stiffness, temperature change, mag-
netic force, Winkler and Pasternak layer stiffness parame-

ters on the nonlinear frequency ratio becomes significant
as the dimensionless amplitude increase.

It is clearly seen that increase in temperature change at
high temperature reduces the frequency ratio as shown in
Figures 11. Such response is due to the fact that the Young
modulus and the flexural rigidity of the nanobeam are func-
tions of temperature. These parameters (Young modulus
and the flexural rigidity) increase at high temperature and
such causes the nanobeam to become increasingly rigid as
the temperature change increases, which consequently de-
creases the frequency ratio of the vibration of the structure.
However, at low or room temperature, increase in tempera-
ture change, increases the frequency ratio of the structure
nanotube.
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Nondimensional mid-point displacement, w(x,t)

Exact analytical method

Runge-Kutta method

Multiple scales method

Multiple scales Lindstedt-Poincare method

(a)

Exact analytical method

Runge-Kutta method

Multiple scales method

Multiple scales Lindstedt-Poincare method

Nondimensional mid-point displacement, w(x,t)

0.5

Nondimensional mid-point displacement, w(x,t)
o

Linear
Nonlinear
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Figure 3: (a) Comparison of results when & = 10, ag = A, = A3 = 1, wo = 7 (b) Comparison of results when & = ao = 1, A, = 10, A3 = 100,
wo = 1 (c) Comparison of results and effect of nonlinearity on the dynamic behaviour
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Figure 6: (a) Effects of dimensionless nonlocal parameter on the frequency ratio for simply supported nanobeam (b) Effects of dimension-
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Figure 7: (a) Effects of dimensionless quadratic elastic medium stiffness on the frequency ratio for simply supported nanobeam (b) Effects
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Figure 8: (a) Effects of dimensionless cubic nonlinear elastic medium stiffness on the frequency ratio for simply supported nanobeam (b)
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Figure 9: (a) Effects of dimensionless Pasternak elastic medium stiffness on the frequency ratio for simply supported nanobeam (b) Effects
of dimensionless Pasternak elastic medium stiffness on the frequency ratio for clamped-clamped supported nanobeam
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Figure 10: (a) Effects of dimensionless Winkler elastic medium stiffness on the frequency ratio for simply supported nanobeam (b) Effects of
dimensionless Winkler elastic medium stiffness on the frequency ratio for clamped-clamped supported nanobeam
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Figure 11: (a) Effects of temperature change on the frequency ratio for simply supported nanobeam (b) Effects of temperature change on the
frequency ratio for clamped-clamped nanobeam
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Figure 12: (a) Effects of magnetic force parameter on the frequency ratio for simply supported nanobeam (b) Effects of magnetic force

parameter on the frequency ratio for clamped-clamped nanobeam

5 Conclusions

Size-dependent nonlinear vibration analysis of nanobeam
embedded in multi-layer elastic media and subjected to
electromechanical and thermomagnetic loadings has been
presented in this work. The derivations of the nonlinear
partial differential equation of motion were based on Von
Karman geometric nonlinearity, nonlocal elasticity the-
ory, Euler-Bernoulli beam theory and Hamilton’s principle.
From the study, the following results were established:

1. The classical multiple scales method fails and gives
results with very large discrepancies form the results
of the numerical and exact solutions when the pertur-
bation parameter is large and the nonlinearity terms
are strong.

2. Multiple scales Lindstedt-Poincare method is highly
efficient for strong nonlinear and large amplitude
systems.

3. The frequency ratio increases as the values of the
dimensionless nonlocal, quadratic and cubic elastic
medium stiffness parameters increase. The dimen-
sionless amplitude increases the frequency ratio in-
creases.

4. The frequency ratio decreases as the values of the
temperature change, magnetic force, Winkler and
Pasternak layer stiffness parameters increase.

5. Anincrease in the temperature change at high tem-
perature reduces the frequency ratio but at low or
room temperature, increase in temperature change,
increases the frequency ratio of the structure nan-
otube.

6. The impact of the dimensionless nonlocal, quadratic,
cubic elastic medium stiffness, temperature change,
magnetic force, Winkler and Pasternak layer stiff-
ness parameters on the nonlinear frequency ratio
becomes significant as the dimensionless amplitude
increase.

It has also been demonstrated that the alternative com-
putational procedures can circumvent the use and opera-
tions of other approximate analytical methods which re-
quire high skill and cost and still produce approximate
analytic results of good caliber. This work will greatly ben-
efit in the design and applications of nanobeams under
electromechanical and thermomagnetic loadings.
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Conflict of interest: The author states no conflict of inter-
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APPENDIX

Following the nonlocal theory presented by Erigen [42-44]
and that of Erigen and Edelen [45], the relationship between
the nonlocal stress-tensor (03;) at point x of an isotropic and
homogenous nanobeam and the local stress-tensor (t;;) is

|:1 - (eoa)zvz} O'ij = |:1 - (Tl)2v2i| Uij =Ee (X) = tij (Al)
Algebraically, Eq. (A1) can be written as

2
2 07 0%
Oxx — (€0a) aY;X

= Eezz = (A2)

tx

Neglecting the damping of the nanobeam and the damp-

ing induced by the surrounding medium. Also, assuming
that vibration is independent of time axial forces. Based on
Euler-Bernoulli theory, the displacements in the nanobeam
are given as

_OW

ﬂ1=ﬂ(i,f)—zﬁ; i =w(X,t); u3=0. (A3)

i3 = 0, since, there is not any motion along the third direc-

tion.
Also, the strain in the longitudinal direction is given as
oy
&x = 3% (A4)
The strain in the longitudinal direction is related to the
extension and bending strains as

& = eg—x +zk; (A5)

where extension and bending strains are respectively given
as

o*w
k=-—. (A6)
ox?

On substituting Eq. (A6) into Eq. (A5), we have

o ol
% 0%

o _o*w
Exx = ﬁ - Zﬁ (A7)

Considering the Von Karman geometric nonlinearity effect,
the extension strain is given as

Qo _on 1/ow)’
X ox 2\ ox

Substitution of the nonlinear extension strain in Eq. (A8)
and the bending strain in Eq. (A5), provides geometric non-
linearity in the longitudinal strain as

o _ou 1/ow)’
X 9x 0 2\ ox

(A8)

ox* (A9)
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Introducing the following stress resultants:

N=/UﬁdAc; M = /UﬁZdAC;
Ac Ac

V=/oﬁdAc; I=/22dAc;

Ac Ac

(A10)

The required equation of motion for the nanobeam can be
derived after taking the variation of the relation

I=W+K-U (A11)
where
L
W= / (fu + pw) dx (A12)
0
[ (@) w
B J 2 ot ot
mp aZW 2 —
2 (5) }d"
U- / 2 (Owex) AV (A14)

v
L ) 2
[ [EfoR, LW\ LW g
B 2 |ox 2\ ox %>
0 4
Applying Hamilton’s principle, the variation of Eq. (A11) is
obtained as

T
6(H)=6/(W+K—U)df=0 (A15)
0

Expansion of the RHS of Eq. (A15), gives
T T T
8(IT) = 6/(W) di + 5/(1<)df— 6/(U)df -0 (A16)
0 0 0

For the first term at the RHS of Eq. (A16), i.e. the variation
of the work done by the external forces, substitution of
Eq. (A12) into the first term at the RHS of Eq. (A16), provides

T T L
50/(W)dt=0/0/(fau+p6mdxdt (A17)

Also, for the second term at the RHS of Eq. (A16), i.e. the
variation of the kinetic energy, substitution of Eq. (A13) into
the second term at the RHS of Eq. (A16), gives

T T L
‘ O OB _ OW O6W
5 [ () dt - QU 00U OWOOW )  (A18
/() //[mo(atat+atat) (A18)
0 0 0
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o*w\ [o%6w\] . -
- — | | dxdt
2 (a@r) (afat)] X

Furthermore, for the third term at the RHS of Eq. (A16), i.e.

the variation of the strain energy, substitution of Eq. (A14)
into the third term at the RHS of Eq. (A16), results in

T T
5 / (U) di = / / 5 G(aﬂex—x)) dvdt  (A19)
0 oV
T
- 1 (g2 7
- //6 <5 (Eeﬁ)) dvdt
oV
T
//6< (O‘XX6€XX)) dvdt
oV
Which gives
T T odut  ow obw
- i Owobw
5/(U)dt—//aﬁ (ﬁJrﬁﬁ (A20)
0 oV
2 —
22 iw) dvd
o0X

On substituting Eq. (A10), one can write Eq. (A20) as

T T L
§ o6 oW aw
5/(U)dt—//[N (W*ﬁﬁ) (A21)
0 0 0
2
LA }d xdt
ox?

On substituting Egs. (A17), (A18), and (A21) into Eq. (A16),

we have
T L

5 (IT) = / / (f6i + p6w) dxdF (A22)
0 0

me ((onodu
o\ of of
0

L

/
2w\ [ o%*6w _
Hm (ayaz) (W)} dxdt

T L _ o .
_//[N(@_F awa6w> ~
ox
0 0

X 0%
According to Euler-Lagrange, the following equations are
obtained

oW aaw)
Jof of

26w

}dxdt =

o’ ON _

—moF * 3% +f(x,t)=0 (A23)
o*w o'w ’M _ -
-Mo— 25 2t TP (Gt (A24)
52 2o | ox (x.¢)
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27
+ N—ajg/ -0
ox
The nonlocal axial force (nonlinear stretching force) and
bending moment are given by

- _ N\ 2 =
za N _ oil 1/ow _ N
N - (epa)* —5 = EA. {a;ﬁz(m) | (4
- (E-Ac
M- (e a)ZL = EI (—‘)2W> (A26)
0% 0% e

After differentiating Eq. (A23) wrt x, on arrives at

0°N du  of
ﬁ = m()? - ﬁ (A27)

Also, from Eq. (A24), we have

2 2— 2— H—
af]‘f:—p( t) - Na—w+maw—mz67‘/‘12 (A28)
ox ox? ot ox2 ot

Substitution of Egs. (A27) and (A28) into Egs. (A25)

and (A26), gives the nonlocal axial force and bending mo-
ment as

ou 1/ow\> N
N = EAC {ax + E <ﬁ) - E - (EZAC (A29)
du  of
+ (eoa)’ (mo ~ >
oxor. X
oW (A30)
M =-EI A30
< ox’ >
2y N W oMW
+ (epa) ( p Na}2 +mo 52 my S oR
The first derivative of Eq. (A29) is given as
ON ?u 10 (ow\> o (N
ox ~ FAc [ax Y% (ﬁ) " ox (m) (A31)
o ) o'u  of
P (CEzAc) + (eoa) (mo afza aX
While the second derivative of Eq. (A30) provides
o’M (64 > ( ’p . o'w
—— =—-EI + (epa -N—— A32
ox? ot ) T y o Voxr (A
o'w 0w
+My 5 my )
ox2ot ox4ot

Substituting Eq. (A31) in to Eq. (A23), one arrives at the
horizontal equation of motion as

(A33)
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0 N 0
3% (EiAcﬂ * 3% (CEzAc)
4 2

Which can also be written as
mo 8 _pg, |22, 10 (o)

0 ox2  20x\ ox
_9 (N
ox \ EA.

- (eoa)2 (m

EA. (A34)

+ 2 (GEA

i azf) .
S9T) S f
ol o) “f®0

where

Nthermal

Then Eq. (A29) becomes

ou 1/ow)’
ox 2\ ox
(EAC - ’IACH%)
- EA;

N = EA. (A36)

- (EzAc

o’u _ﬁ)

+ (eoa)2 (mo — —
oxotr  0X

Substitution of Eq. (A35) into Eq. (A34), gives the horizontal
equation of motion of the nanobeam as

L1 (ow)?
2 0x \ 0

d EA axAT_ A HZ d
—-( 1oy —NMAc + < (E:AC)

ox2

o

—EAC{

ox EAC

- (eoa)’ (mo

u o .
FyerIc W) =f (%0

Also, substitution of Egs. (A32) and (A36) into Eq. (A24),

provides the vertical equation of motion as

o'w o%p
EI ( > ) - (eoa)’ <_6)'(2 (A38)
_ 2 (AT pacH2
_E Ac|5+3 (%‘)Ac/) . e q ow
%
2 Pu _ of ox
~(EzAc + (e0)? (mo 2% - 3L )
4 6
+mg amiz—mz aWJ -p (X, 1)
x> ot ox*ot
i 2 (EA S A H2
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2 ’u of
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m o'w
27 5 T
X2t

Which can be written as

o*w 0?
El(ax >+(eoa) ( axlzj (A39)
o 5 EA S -nA H2
el ["’% <avxv) - . I o
; ox*
—(E.Ac + (e0a)> (mo O - %)
m o'w +m o°w ) p(x,1)
—Ito = 2 — - ’
X2t X9t
. N2 (EASEI -nAcH2
Py 3 ¢ Ty MAH;
o[ gy - O g
ox?
~(E.Ac + (epa)’ ( aial; ax)
2 bey
+ moaf2 i =0
ot ax Y
where
_ ow _
p= (—kww + kpﬁ — kow? - k3w3> (A40)
Substitution of Eq. (A36) into Eq. (A35), gives
0w )
EI (A41)
(ai"

ox?
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“lox 2\ ox EA.
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o2 Eq. (A36) to become

L
EAc [ [ow\?
N- ( A /(TQ dx) (A44)

02 (kwW - kp 2 + ko W? + k3W? ditions @(0, t) and i1(L, t) makes the axial normal force in
(e a)2 P o
- (eo

ox EAC
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e b
Therefore, the vertical equation of motion of the nanobeam Therefore, Eq. (A37) and (A43) reduce to
iS a4 aZ az _
*w EI ( OX 4) +pAC P2 [W (6061) 7:| (A46)
B (j> (A43) 2= 2 2-
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o (W) e(w) L TRl ew T TR ow
_ (eOa)z kwafvzv - kpaf‘zl + kz — + ](3 =5 5 X az (WZ) ; , az (V_V3)
X ox ox ox +ky [W” - (eoa) 3% +k3 W’ = (epa) T
gla |on, 1/ 0w 2 (EAclzv rlAH) 5 2()2
- 13 T2\ a% EA -nAcHy —— 5% [ }
2 2=
du 9 0w AT\ o7 2L
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+m a4W m 66W ) +CEZAC a)_(z |:W (eoa)z X :|
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X2t ox* Ot

. 2
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oy ()

ox ox EA.
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X2t
Taking mg = pAc, neglecting the rotary inertial (i.e. m, = 0)
with no axial distributed force (i.e. f(x, t) = 0) and zero ax-
ial displacements (i.e. t = 0). After some mathematical
processes of Integrating the nonlinear stretching force, N
between the limits 0 and L and applying the boundary con-
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