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Abstract: An analytical solution is presented for the de-
termination of the deformation of rotating two-layer com-
posite beams. The direction of axis of rotation is vertical
and the speed of rotation is constant. The axis of rotation
is in the plane of symmetry of curved beam. The source
of the in-plane deformation is the stationary rotation of
the curved beam. The plane of the curvature is the sym-
metry plane of the curved beam for its material, geomet-
rical and supporting properties. Assumed form of the dis-
placement field meets the prescriptions of the classical
Euler-Bernoulli beam theory. Examples illustrate the appli-
cations of the presented analytical solution.

Keywords: Analytical solution; two-layer curved beam; in-
plane deformation

1 Introduction

Rotating curved beams are basic units in many struc-
tures and industrial applications. Nowadays the analysis
of curved composite beams is an important topic in the
structural mechanics. For the solution of static bending
problems of layered curved beam Segura and Armengaud
gave an analytical method [1]. Elasticity solutions are pre-
sented in [2] for curved beams with orthotropic function-
ally graded layers by means of Airy stress function. The de-
veloped method is illustrated in curved cantilever beams
with different types of loading conditions. Paper by Pydah
and Sabale [3] presents an analytical model for the flexure
of bidirectional functionally graded circular beams based
on the Euler-Bernoulli beam theory. The material proper-
ties are simultaneously smooth function of the radial coor-
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dinate r and the polar angle ¢. The governing equations
are solved for statically determinate circular cantilever
beams under the action of tip load.

It must be mentioned that papers by Ecsedi and
Lengyel [4, 5] provide analytical solutions for layered
curved composite beams with interlayer slip. In paper [4]
the deformation of curved composite beams with partial
shear interaction is determined under the action of concen-
trated radial load. Paper [5] gives numerical solution for
in-plane deformation of two-layer composite beam with
flexible shear connection by application of the principle of
minimum of potential energy. An analytical solution is pre-
sented in [6] for the static problems of curved composite
beams. The analytical solution formulated by Ecsedi and
Lengyel is based on fundamental solutions. Linear com-
bination of the fundamental solutions which satisfy the
given loading and boundary conditions gives the solution
of considered static boundary value problem [6].

Static problems of curved composite beams were anal-
ysed by finite element methods in papers of Ibrahimbe-
govi¢ and Frey [7], Ascione and Fraternali [8], Bhimaraddi
[9], Dorfi and Busby [10], Kim [11]. There exist several
works on the solution of static problems of curved compos-
ite beams, it is not the aim of this paper to give a complete
list of the above mentioned papers.

It should be mentioned that several papers deal with
the vibration analysis of rotating curved beams. In these
papers the axis of rotation is perpendicular to the plane of
circular centre line and the main goal is to determine the
eigenfrequencies of free vibrations. In paper by Wang and
Mahrenholtz [13] the bending vibration of rotating curved
beam is investigated by using Galerkin’s method. Longitu-
dinal and Coriolis effects are neglected. Park and Kim deal
with the dynamic properties of curved beam [14]. The de-
rived equations of motion in [14] include the Coriolis and
centrifugal forces, linear and non-linear FEM formulations
are developed and the effects of curvature and tip mass
to the motion are also studied in [14]. Paper by Chen et
al. [15] presents a dynamic model of rotating curved beam
which is based on the Absolute Nodal Coordinate Formula-
tion and on the radial integration method. Chidamparam
and Leissa [16] gives a detailed analysis on the vibration
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of curved beams, rings which lie in plane. In-plane, out-of-
plane and coupled vibrations are considered in [16]. Kar-
tav in [17] is studied the free vibration problem of rotating
curved beams with variable cross section by the use of Fi-
nite Difference Method and Finite Element Method.

In the present paper an analytical solution is formu-
lated for rotating two-layer composite curved beams. The
connection of curved beam components is perfect and the
plane of curvature is the symmetry plane for the geometri-
cal, material properties and loading conditions. In-plane
deformations are considered and the speed of rotation of
curved beams is uniform. The source of the deformation is
the system of centrifugal forces. Figure 1 shows the rotating
curved two-layer composite beam. In the cylindrical coor-
dinate system Or¢z the curved layer B; (i = 1, 2) occupies
the space domain

B ={(r,9,2)|(r,2) € A;, 6))

Q1< Q<@ <2m, |Z|S%}, (i=1,2),

where A; is the cross section of beam componenti (i = 1, 2)
(Figure 1). The common boundary of B; and B, is denoted
by 0B1>

0B, = {(r, @, 2)|[r=c, 1 <@y <27, |z| < %} 2

In Eq. (2) t denotes the thickness of the rectangular cross
sections A, and A, (Figure 1). The formulation of the an-
alytical solution developed in this paper is based on [12].
Paper [12] presents a simple one-dimensional mechanical
model to analyse the static and dynamic features of non-
homogeneous curved beam. The model of paper [12] is
based on the Euler-Bernoulli beam theory. The rotary in-
ertia is included in the expression of system of centrifugal
forces.

2 Governing equation

The in-plane deformation of rotating curved two-layer
composite beam is described by the next displacement
field in the cylindrical coordinate system Or¢z [12]

u = ue, +vey + wez, 3)

u = U(p), v=r¢)(q))+g—g, w=0. (4)

In Eq. (3) e, e, and e; are the unit vectors of the cylin-
drical coordinate system Or¢z (Figure 1). From the strain-
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Figure 1: Rotating two-layer curved beam (a) and its cross section

(b).

displacement relationships of the linearised theory of elas-
ticity we obtain

_ou _ow _ ou

8r—$=0, 2—5—0, ’Vrz=$+¥:0, )
1ow ov ov v 1ou

Mpz—?w‘f'&—oy 'Vrtp—E—;"'?ng—O (6)
u 1ov 1 d’U\  d¢

8¢_7+7%_7(U+d7(pz)+%' )

In Egs. (5-7), &r, £¢, € are the normal strains and vrg, Y7z,
oz are the shearing strains. Application of the Hooke’s law
gives

2
0¢=E(r,z){% (U+g—¢g)+%}. (8)

In Eq. (8) 0y is the normal stress and other stress compo-
nents are equal to zero, furthermore E = E(r, z) is the mod-
ulus of elasticity which may depend on the cross-sectional
coordinate r and z. Following the formulation presented in
paper [12] we introduce the next cross-sectional and mate-
rial properties (Figure 1)

AEO = E]_A] + E2A2, A= A1 +A2, (9)
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R, b-¢’ R, c-a’
[ TE(r, z)dA
po_A _Eini(b-¢) + Eara(c-a) (12)
¢ AE, b-a ’
c+b a+c
r = 2 ’ r = 2 ’ e=Tc— Ry (13)
b
B 2.t 3
ql—plt/rdr p13(b c), (14)
c
c
B 29, _ b3 3
qz—pzt/rdr pza(c a), (15)
a
b
_ 39, ba_ a4
Ql-plt/rdr p14<b c), (16)
c
(o}
_ 39, b4 4
Qz—pzt/rdr p24<c a), 17)
a
g=qg1+q2, Q=0Q1+0Qy, (18)

where E; is the modulus of elasticity of layer i and p; is the
mass density of layer i (i = 1, 2). In order to formulate the
equations of mechanical equilibrium we define the next
stress resultants-displacements relationships according to
paper [12] as

1/, dU\ do
N() =A/a(pdA _AE, [E <U+ d7)2> v @} 9

B B d’U d¢
M(p) = A/ ropdA = AE, {U + ap? + rcw] s (20)
S((p) = Tr(pdA. (21)
/

In Eq. (21) Ty is the shearing stress. The equation of me-
chanical equilibrium in terms of N, S and M can be formu-

lated as

dN

w+$+f¢:0, (22)
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—N+g—;+fr=0, (23)
dM
w+m =0. (24)

In Eqgs. (22-24) fr, fp and m are the applied forces and mo-

ment, respectively. The dimension of f; and f, is [force]

and the dimension of m is [forcexlength]. From Eq. (21) and
Eg. (23) it follows that

1 /U dUu\ d%¢

st0) =480 & (G * 3 ) * Gt

Elimination of shear force S(¢) from Egs. (22) and (23)

leads to the equation

@

dep?

] ~fo. (25)

dfy _
+N+@—f,—0. (26)

3 Determination of system of
centrifugal forces

Figure 2 shows a volume element of curved beam dB =
trdrde which loaded by centrifugal force df. It is evident

df = cuzp(r)tr2 cos pdrde. 27)

We define the centrifugal force element df; which acts on
the volume element determined by cylindrical surfaces
given by r = c and r = b and two planes given by ¢ and

do

df; = a)qu cos pde. (28)

The centrifugal force element df, acts on the volume ele-
ment determined by cylindrical surfacesr = aand r = ¢
and two planes which are given by ¢ and ¢ + d¢

dfs = w?q, cos pde. (29)
The total centrifugal force element is
dfe = dfy +df, = w?qcos pde. (30)

a) b)

Figure 2: Determination of system of centrifugal forces.
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It is evident that df: can be replaced by an equivalent
force couple at the origin O of cylindrical coordinate sys-
tem Orgz [12] (Figure 2b)

frdp = w?qcos’ pde, fyde = —wzg sin2pde, (31)

w2
mzde = 5 Qsin2¢@de. (32)

The deformation of the curved two-layer composite beam
is obtained from the system of equilibrium equations

2N
§7+N 3w?qcos® <p+a)q 0, (33)
a _ w—zQ sin 2 0. (34)
de ¢ =
We reformulate Eq. (33) as
d’N 3 1
d—(p2+N—7w qcosZ(p—fw q=0. (35)

4 Determination of radial
displacement and
cross-sectional rotation

The combination of Eq. (19) with (35) and Eq. (20) with Eq.

(34) provide

dw d3(;1> d¢
AE, {d(p +W+R (d(p d(p)] (36)
= w—zR + ia)zR cos 2
) q P q v,
dw d’¢ _ w? .
AE, (dgo re d(pz) = 7Qsm 20, 37)
here
W(p)=U+ dz—U (38)
de?

The solution of the system of differential equations (36),
(37) for W = W(¢) and ¢ = ¢(¢) is as follows

w2
——Rq+Cwcos2¢@+rcCrsing  (39)

2AE,
-rcC3cos @,

W(p) =

¢(p) = Cysin2¢ + Co+ C1¢ + Crcos g + C3sinp. (40)

DE GRUYTER

In Egs. (39), (40)
2R Q
Cw = 24Eqe ( Cq)

w? Q
C6 = 4AEqe (Rq ) 5) ‘

and Cy, C1, C, C3 are the constants of integration. The com-
bination of Eq. (38) with Eq. (39) gives the expression of the
radial displacement

(41)

2
W'R Qcosﬂp—

Ulp) = Tqu -3 (42)

rch(p Cos @

1 . .
- ErcC3<p sing + acos @ + Bsin g.
In (42) a and B are constants of integration. We introduce a
new function which is a component of the circumferential
displacement and it does not depend on the radial coordi-
nater

du 2

V((P) = di § Cw Sin Z(P (43)

- ErcCZ (cos @ — @ sin @)

- %rcC3 (sin @ + @ cos @) — asin ¢ + fcos @.
The constants of integration Cy, C1, C2, C3, a, B can be
computed from the boundary conditions. Figure 3 enumer-
ates some possible boundary conditions.

5 Examples

In the examples the next numerical data are used: a =
0.025m, ¢ = 0.035m, b = 0.055 m, t = 0.002 m,
Ey = 2x10™ Pa, E; = 8x10'° Pa, p; = 7000 £, p, = 4000
k% ,w=10* % The end cross sections of the two-layer com-

posite curved beam given by ¢, and ¢,.

5.1 Rotating half circular two-layer beam
with fixed ends

The curved beam with fixed ends is shown in Figure 4. In
this case ¢1 = 0 and @, = 7 as it can be seen in Figure 4.
The displacement functions U = U(p), V = V(¢) and the
cross-sectional rotations are given in Figures 5, 6 and 7.
The normal force N, shear force S and bending moment M
are plotted against the polar angle ¢ in Figures 8, 9 and 10.
Figures 11 and 12 show the o as a function of r for seven
different values of polar angle.
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Figure 3: In-plane boundary conditions for two-layer composite

Fy

beams: a) Fixedend: U=0,V =0, ¢ = 0.b) Freeend: N=0,S =0,

M = 0. c) Simply supported end cross section in radial direction:

U=0,M=0,N=0.d)Pinnedend: U=0,74¢p+V =0, M-r,N =0

e) Clamped circumferentially guided end: U = 0, ¢ = O, N = 0.f)
Clamped radially guided end: V = 0, ¢ = 0, S = 0. g) Loaded end
cross section: N = F1, S = Fo, M = M;.
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Figure 4: Rotating half circular two-layer beam.
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Figure 5: Plot of U(¢p) (Example 5.1).

Deformation of rotating two-layer curved composite beams =—— 185

¥ [m]
0,0008

0,0006-
0,0004
0,0002-

0 T

-0,0002+

-0,0004+

-0,0006

-0,0008+

Figure 6: Plot of V(¢) (Example 5.1).
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Figure 7: Plot of ¢(¢) (Example 5.1).
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Figure 8: Plot of N(¢) (Example 5.1).
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Figure 9: Plot of S(¢) (Example 5.1).



186 —— I.EcsediandA. ). Lengyel

0 1 2 3
3600 i i i
M [Nm] @

-3800
-4000-
4200
- 4400
- 4600
- 48004

-5000

Figure 10: Plot of M(¢p) (Example 5.1).
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Figure 11: Plot of o, as a function of r for ; (i = 1...4) (Example
5.1).
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Figure 12: Plot of 0 as a function of r for ¢; (i = 5...7) (Example
5.1).

5.2 Rotating half circular beam with radially
guided ends

The curved beam considered in Example 5.2 is shown in
Figure 13. The displacement functions U = U(¢), V = V(¢p)
and cross-sectional rotation ¢ = ¢(¢) are illustrated in Fig-
ures 14, 15 and 16. The normal force N, shear force S and
bending moment M are plotted against the polar angle ¢
in Figures 17, 18 and 19. Figures 20 and 21 show o0y as a
function of r for seven different values of polar angle.
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Figure 13: Rotating half circular beam with radially guided ends.

Figure 14:
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Plot of U(¢p) (Example 5.2).
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Figure 15: Plot of V(¢) (Example 5.2).
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Plot of ¢(¢) (Example 5.2).
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Figure 17: Plot of N(¢p) (Example 5.2).
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Figure 18: Plot of S(¢) (Example 5.2).
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Figure 19: Plot of M(¢p) (Example 5.2).

5.3 Rotating of two-layer composite closed
ring

The considered ring is illustrated in Figure 22. In this exam-
ple ¢1 = -Z, @, = 37, The functions U = U(p), V = V(p)
and ¢ = ¢(¢p) are given in Figures 23, 24 and 25. The nor-
mal force N, shear force S and bending moment M are plot-
ted against the polar angle ¢ in Figures 26, 27 and 28. Fig-
ures 29 and 30 illustrate the graphs of o as a function of
r seven different value of ¢.

5.4 Rotating two-layer composite split ring

In this example ¢, = -3, ¢, = 37” as shown in Figure 31.
The displacement functions U = U(¢), V = V(¢) and cross-
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Figure 20: Plot of 0, as a function of r for ¢; (i = 1...4) (Example
5.2).
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Figure 21: Plot of o, as a function of r for @; (i = 5...7) (Example
5.2).
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Figure 22: Rotating of two-layer composite closed ring.

sectional rotation function ¢ = ¢(¢) are shown in Figures
32, 33 and 34. The normal force N, shear force S and bend-
ing moment M as a function of ¢ are given in Figures 35,
36 and 37. Figures 38 and 39 provide the graphs of 0y as a
function of r for seven different value of ¢.
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Figure 23: Plot of U(¢p) (Example 5.3).
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Figure 24: Plot of V(¢) (Example 5.3).
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Figure 25: Plot of ¢(¢) (Example 5.3).
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Figure 26: Plot of N(¢) (Example 5.3).
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Figure 28: Plot of M(¢) (Example 5.3).
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Figure 29: Plot of 0y as a function of r for ¢; (i = 1...4) (Example

5.3).
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Figure 30: Plot of 0 as a function of r for ¢; (i = 5...7) (Example

5.3).



DE GRUYTER
p =1 A
»ﬂw%o =0
=% o =3

Figure 31: Rotating

two-layer composite split ring.
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Figure 32: Plot of U(¢p) (Example 5.4).
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Figure 33: Plot of V(¢p) (Example 5.4).

6 Supplementary comment:
Multilayered curved beam

Although the paper gives the detailed derivation of govern-
ing equations for two-layer composite beam the results of
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Figure 34: Plot of ¢p(¢) (Example 5.4).
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Figure 35: Plot of N(¢) (Example 5.4).
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Figure 36: Plot of S(¢) (Example 5.4).

be used if we redefine the cross sectional properties accord-

Sections 3-5 can be extended for multilayered curved com-
posite beam (Figure 40). All equations of Sections 2-5 can

A; = t(ajq - ap),

ing to the next equations

A=tlap1 - ay), (44)
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Figure 37: Plot of M(p) (Example 5.4).
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Figure 38: Plot of 0 as a function of r for ¢; (i = 1...4) (Example
5.4).
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Figure 39: 0, as a function of r for ¢; (i = 5...7) (Example 5.4).
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Figure 40: Cross section of multilayered composite beam.
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Introducing this cross-sectional properties into the for-
mula (40) and (42) we can directly obtain the cross-
sectional rotation and the radial displacement fields for
multilayered beam. It is evident that the formula of normal
stress 0y = 0y(r, @) can be represented as

op(r, @) = ZEi [H(r - a;)- (50)

i=1

-H(r - aj41)] H <U+ d°y > gﬂ

In Eq. (50)

0, r<o0,
H(r-a)= (51)
1, r>0

is the Heaviside function.
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7 Conclusions

Paper gives an analytical solution to obtain the deforma-
tion a rotating curved two-layer circular composite beam.
The formulation and solution of the considered equilib-
rium problem of rotating curved beam is based on the
Euler-Bernoulli beam theory. The rotary inertia is included
in the system of centrifugal forces. The numerical exam-
ples of this paper can be used as benchmark solutions to
check the validity of solutions obtained by other methods
such as finite element method, finite difference method,
etc.

Acknowledgement: The described study was carried out
as a part of the EFOP-3.6.1-16-2016-00011 "Younger and Re-
newing University — Innovative Knowledge City — institu-
tional development of the University of Miskolc aiming
at intelligent specialisation" project implemented in the
framework of the Szechenyi 2020 program. The realization
of this project is supported by the European Union, co-
financed by the European Social Fund and supported by
the National Research, Development and Innovation Of-
fice - NKFIH, K115701.

References

[1] Segura].M., Armengaud G., Analytical formulation of stresses
in curved composite beams, Archive of Applied Mechan-
ics, 1998, 68(3-4), 206-213., DOI: https://dx.doi.org/10.1007/
5004190050158

[2] Wang M., Liu., Elasticity solutions for orthotropic functionally
graded curved beams, European Journal of Mechanics - A/Solids,
2013, 37, 8-16., DOI: https://dx.doi.org/10.1016/j.euromechsol.
2012.04.005

[3] PydahA., Sabale A., Static analysis of bi-directional functionally
graded curved beams, Composite Structures, 2017, 160, 867-
876., DOI: https://dx.doi.org/10.1016/j.compstruct.2016.10.120

[4] Ecsedil., Lengyel A.)., Curved composite beam with interlayer
slip loaded by radial load, Curved and Layered Structures, 2015,
2(1), 50-58., DOI: https://dx.doi.org/10.1515/cls-2015-0004

[5] Ecsedil., Lengyel A.)., Energy methods for curved composite
beams with partial shear interaction, Curved and Layered Struc-
tures, 2015, 2(1), 351-361., DOI: https://dx.doi.org/10.1515/cls-
2015-0020

(6]

(7]

(8]

9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

Deformation of rotating two-layer curved composite beams = 191

Ecsedi l., Lengyel A.)., An analytical solution for static problems
of curved composite beams, Curved and Layered Structures,
2019, 6(1), 105-116., DOI: https://dx.doi.org/10.1515/cls-2019-
0009

Ibrahimbegovi¢ A., Frey F., Finite element analysis of linear
and non-linear planar deformations of elastic initially curved
beams, International Journal for Numerical Methods in Engineer-
ing, 1993, 36(19), 3239-3258., DOI: https://dx.doi.org/10.1002/
nme.1620361903

Ascione L., Fraternali F., A penalty model for the analysis of
curved composite beams, Computers and Structures, 1992, 45(5-
6), 985-999., DOI: https://dx.doi.org/10.1016/0045-7949(92)
90057-7

Bhimaraddi A., Carr A.)., Moss P.J., Generalized finite element
analysis of laminated curved beams with constant curvature,
Computers and Structures, 1989, 31(3), 309-317., DOI: https:
//dx.doi.org/10.1016/0045-7949(89)90378-7

Dorfi H.R., Busby H.R., An effective curved composite beam finite
element based on the hybrid-mixed formulation, Computers and
Structures, 1994, 53(1), 43-52., DOI: https://dx.doi.org/10.1016/
0045-7949(94)90128-7

Kim J.-G., An effective composite laminated curved beam ele-
ment, Communications in Numerical Methods in Engineering,
2006, 22(5), 453-466., DOI: https://dx.doi.org/10.1002/cnm.
829

Ecsedi l., Dluhi K., A linear model for the static and dynamic anal-
ysis of non-homogeneous curved beams, Applied Mathematical
Modelling, 2005, 29(12), 1211-1231., DOI: https://dx.doi.org/10.
1016/j.apm.2005.03.006

Wang J.T.S., Mahrenholtz O., Bending frequencies of a rotating
curved beam, Ingenieur-Archiv, 1975, 44(6), 399-407., DOI: https:
//dx.doi.org/10.1007/BF00534621

Park J.-H., Kim J.-H., Dynamic analysis of rotating curved beam
with a tip mass, Journal of Sound and Vibration, 1999, 228(5),
1017-1034., DOI: https://dx.doi.org/10.1006/jsvi.1999.2457
Chen Y., Zhang D., Li L., Dynamic analysis of rotating curved
beams by using Absolute Nodal Coordinate Formulation based
on radial point interpolation method, Journal of Sound and Vi-
bration, 2019, 441, 63-83., DOI: https://dx.doi.org/10.1016/j.jsv.
2018.10.011

Chidamparam P., Leissa A.W., Vibrations of planar curved beams,
rings, and arches, Applied Mechanics Reviews, 1993, 46(9), 467-
483., DOI: https://dx.doi.org/10.1115/1.3120374

Kartav 0., Vibration analysis of rotating curved beams with vari-
able cross-section, Thesis, 2014, Department of Mechanical En-
gineering, Izmir Institute of Technology


https://dx.doi.org/10.1007/s004190050158
https://dx.doi.org/10.1007/s004190050158
https://dx.doi.org/10.1016/j.euromechsol.2012.04.005
https://dx.doi.org/10.1016/j.euromechsol.2012.04.005
https://dx.doi.org/10.1016/j.compstruct.2016.10.120
https://dx.doi.org/10.1515/cls-2015-0004
https://dx.doi.org/10.1515/cls-2015-0020
https://dx.doi.org/10.1515/cls-2015-0020
https://dx.doi.org/10.1515/cls-2019-0009
https://dx.doi.org/10.1515/cls-2019-0009
https://dx.doi.org/10.1002/nme.1620361903
https://dx.doi.org/10.1002/nme.1620361903
https://dx.doi.org/10.1016/0045-7949(92)90057-7
https://dx.doi.org/10.1016/0045-7949(92)90057-7
https://dx.doi.org/10.1016/0045-7949(89)90378-7
https://dx.doi.org/10.1016/0045-7949(89)90378-7
https://dx.doi.org/10.1016/0045-7949(94)90128-7
https://dx.doi.org/10.1016/0045-7949(94)90128-7
https://dx.doi.org/10.1002/cnm.829
https://dx.doi.org/10.1002/cnm.829
https://dx.doi.org/10.1016/j.apm.2005.03.006
https://dx.doi.org/10.1016/j.apm.2005.03.006
https://dx.doi.org/10.1007/BF00534621
https://dx.doi.org/10.1007/BF00534621
https://dx.doi.org/10.1006/jsvi.1999.2457
https://dx.doi.org/10.1016/j.jsv.2018.10.011
https://dx.doi.org/10.1016/j.jsv.2018.10.011
https://dx.doi.org/10.1115/1.3120374

	1 Introduction
	2 Governing equation 
	3 Determination of system of centrifugal forces 
	4 Determination of radial displacement and cross-sectional rotation 
	5 Examples 
	5.1 Rotating half circular two-layer beam with fixed ends 
	5.2 Rotating half circular beam with radially guided ends 
	5.3 Rotating of two-layer composite closed ring 
	5.4 Rotating two-layer composite split ring 

	6 Supplementary comment: Multilayered curved beam 
	7 Conclusions 

