DE GRUYTER

Curved and Layer. Struct. 2019; 6:117-131

Research Article

Yuan Du, Haichao Li, Qingtao Gong*, Fuzhen Pang, and Liping Sun

Dynamic and Sound Radiation Characteristics of
Rectangular Thin Plates with General Boundary

Conditions

https://doi.org/10.1515/cls-2019-0010
Received Dec 11, 2018; accepted Jan 24, 2019

Abstract: Based on the classical Kirchhoff hypothesis, the
dynamic response and sound radiation of rectangular
thin plates with general boundary conditions are stud-
ied. The transverse displacements of plate are represented
by a double Fourier cosine series and three supplemen-
tary functions. The potential discontinuity associated with
the original governing equation can be transferred to
auxiliary series functions. All kinds of boundary condi-
tions can be easily achieved by varying stiffness value of
springs on each edge. The natural frequencies and vibra-
tion response of the plates are obtained by means of the
Rayleigh—Ritz method. Sound radiation characteristics of
the plate are derived using Rayleigh integral formula. Cur-
rent method works well when handling dynamic response
and sound radiation of plates with general boundary con-
ditions. The accuracy and reliability of current method are
confirmed by comparing with related literature and FEM.
The non-dimensional frequency parameters of the rectan-
gular plates with different boundary conditions and aspect
ratios are presented in the paper, which may be useful for
future researchers. Meanwhile, some interesting points are
found when analyzing acoustic radiation characteristics of
plates.
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1 Introduction

The rectangular plate is one of the most important struc-
tures in various engineering branches, such as aerospace,
electronics, mechanical, nuclear and marine engineering.
A better understanding of its dynamic and acoustic char-
acteristics is meaningful for the designers and engineers.
Many studies have been conducted on the vibration and
acoustic analysis of plate. Liew et al. [1] conducted vibra-
tion study on rectangular plates with various combina-
tions of classical boundary conditions by using a orthog-
onal plate function in the Rayleigh-Ritz procedure. Wu et
al. [2] analyzed the free-vibration of rectangular thin plates
with three classical edge conditions. Different Bessel func-
tions were presented to satisfy the edge conditions such
that the governing differential equation and the boundary
conditions of the thin plate are exactly satisfied. Mikami
et al. [3] studied vibration characteristics of rectangular
mindlin plates with two opposite edges simply supported
by using collocation method. The comparison between col-
location method and published results shows the method
yields very good results with a relatively small number of
collocation points. Liew et al. [4] developed the differen-
tial quadrature (DQ) method to analyze the free vibration
of rectangular plate with generic boundary conditions. Liu
et al. [5] presented a mesh-free method to analyze the static
deflection and the natural frequencies of thin plates with
complicated shape. Bert et al. [6] proposed two approxi-
mate methods namely complementary energy method and
differential quadrature method to analyze free vibration
of circular and square plates. Wan et al. [7] proposed a
refined triangular discrete Kirchhoff thin plate bending
element RDKT to improve the original element DKT, nu-
merical examples show that present methods indeed im-
prove the accuracy of thin plate vibration analysis. Lim
et al. [8] proposed a new symplectic elasticity approach
for exact free vibration solutions of rectangular Kirchhoff
plates based on the conservative energy principle and con-
structed within a new symplectic space. Li et al. [9] em-
ployed Green quasifunction method to solve the free vibra-
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tion problem of clamped thin plates. Tornabene et al. [10—
14] studied the dynamic behavior of functionally graded
or laminated composite doubly-curved shells and panels
of revolution using the Generalized Differential Quadra-
ture (GDQ) method. Kang et al. [15] developed a new for-
mulation for the non-dimensional dynamic influence func-
tion method, which could extract eigenvalues and mode
shapes of clamped plates with arbitrary shapes efficiently.
Li et al. [16] conducted static and free vibration analysis
of laminated composite plates based on nonuniform ra-
tional B-splines (NURBS). These researches are mainly fo-
cused on free vibration of plates and shells with classical
boundary conditions. Thai et al. [17, 18] presented an ef-
ficient shear deformation theory for vibration of function-
ally graded plates. Meanwhile, bending, buckling, and vi-
bration analyses of thick rectangular plates with different
boundary conditions are also investigated [19, 20]. Two
variable refined plate theory is used to investigate free vi-
bration of laminated composite plates by Thai et al. [21].
Dozio et al. [22] put up an efficient analytical method for
quick prediction of the modal characteristics of rectan-
gular ribbed plates. In addition, the Trigonometric Ritz
method (TRM) is conducted to analyze general vibration
of rectangular orthotropic Kirchhoff plates [23]. Natural fre-
quencies of thin and thick sandwich plates are dealt with
using the formulation of advanced two-dimensional Ritz
method [24]. Jayasinghe et al. [25] presented a Dynamic
Coefficient Matrix (DCM) method to investigate the free lat-
eral vibration of a rectangular thin plate, subjected to var-
ious boundary conditions. Li et al. [26] presented an ac-
curate solution method for the static and vibration analy-
sis of functionally graded Reissner-Mindlin plate with gen-
eral boundary conditions on the basis of the improved
Fourier series method. Shi et al. [27] proposed a modeling
method to analyze the vibration characteristics of rectan-
gular plates with cutouts having variable size.
Meanwhile, many other studies have been conducted
on forced vibration and sound radiation of plates. Al-
lahverdizadeh et al. [28] developed a semi-analytical
method for forced vibration of a thin functionally graded
plate, which proves there is almost no relation between
vibration frequencies and amplitudes of plates. Han et
al. [29] conducted forced vibration of isotropic laminated
rectangular plates based on hierarchical finite element
method. Akay et al. [30] developed an analysis of vibra-
tion of clamped plate subjected to transient point force.
The sound radiation due to forced vibration of the plate
is investigated on the basis of vibration response. Srinivas
et al. [31] presented a unified exact analysis for the bend-
ing, free and forced vibration of simply supported rect-
angular plates and laminates. Shi et al. [32] studied the
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free and forced vibration characteristics of the moderately
thick laminated composite rectangular plates on the elas-
tic Winkler or Pasternak foundations using a new method.

Inalpolat et al. [33] studied near field radiation behav-
ior of an unbaffled square plate with free edges, which is
excited by a harmonic force at its midpoint. Mace [34] de-
veloped a solution for the sound radiation from a point-
excited infinite fluid-loaded plate which is reinforced by
two sets of parallel stiffeners by using Fourier wavenum-
ber transforms. Laulagnet [35] presented sound radiation
of a simply supported unbaffled plate by using a dou-
ble layer integral representation of the acoustic pressure.
Sorokin [36] investigated vibration and sound radiation of
sandwich plates with heavy fluid loading. The interaction
between acoustic medium and plate is described by bound-
ary integral equations assembled in a two-level system.

The researches mentioned above are mainly focused
on free vibration, forced vibration and sound radiation of
plates and shells with classical boundary conditions. How-
ever, the boundary conditions encountered in practical
engineering are always complicated and variable. A uni-
fied method which could deal with vibration and acoustic
characteristics of rectangular plates subjected to general
boundary conditions is necessary and of great significance.
Specifically, an improved Fourier series method is now ex-
tended to the vibration and sound radiation characteristic
of rectangular plates with general boundary conditions.

The transverse displacement of plate is presented by
a standard double cosine Fourier series and three supple-
mentary Fourier series. The potential discontinuity of orig-
inal governing equation is transferred to auxiliary series
functions. The change of the boundary conditions can be
easily achieved by only varying the stiffness of the bound-
ary springs around the all edges of the plates without in-
volving any change to the solution procedure. The natu-
ral frequencies of rectangular plates are obtained by us-
ing the Rayleigh-Ritz method. In addition, sound pressure
and acoustic radiated power of plates are derived on the
basis of displacement response. The reliability and accu-
racy of current method are adequately validated through a
number of numerical examples.

2 Theoretical formulations

2.1 Description of the model

As shown in Figure 1, the length, width and thickness of
rectangular thin plate are separately set as a, b and h.
The boundary conditions are physically realized in terms
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of two kinds of restraining springs (translational and ro-
tational springs) attached to each edge [37-42]. Different
boundary conditions can be simulated by changing stiff-
ness of springs. The governing differential equation for vi-
bration of plate under normal load gq(x,y,t) is as below [43-
47]:

4 4
D(aw+2 0w

ox4 T ox29y2?

ow o’w
+Ty4) +phﬁ_q(xay’t) (1)

Figure 1: Rectangular thin plate with general boundary condition

When gq(x, y, t) = 0, the governing differential equa-
tion is about free vibration of plate and can be simplified
as:

DV*w(x, y) —phwzw(x, y)=0 2

Where V* = 9%/9x* + 20%/0x%0y? + 0*/0y* is the lapla-
cian operator, w(x,y) is the admissible function of trans-
verse displacement, w represents circular frequency, D =
Eh?/(12(1 - u?)) is the flexural rigidity, p means the mass
density.

According to literature [48-52], the bending moments
and the transverse shearing forces in plates can be ex-
pressed as below:

My =-D ((32)(\/2v+ubazyvzv> 3
=0 (3% +ul) @)
QX=—D((3XV3V+(2— )aaaw2> )
Qy=-D (?;‘;V +(2- u)(;);(;;/z> (6)

Rotational and translational springs along each edge
correspond to the bending moments and the transverse
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shearing forces respectively. The boundary conditions for
an elastically restrained rectangular plate are as follows:
Atx=0

kxow = Qx @
Kyo0w/dx = —My (8)

Atx=»b
kxbw = _QX (9)
K, 0w/0x = My (10)

Aty=0
kyow = Qy (1)
Kyoow/oy = -My (12)

Aty =a
kyaW = —Qy (13)
Kyqaow/dy = My (14)

Where kyo, kyp, kyo and kyq are respectively transla-
tional spring constants at edges x = 0, x = b, y = 0 and
y = a. Similarly, Kyo, Kyp, Ky0 and Ky, are separately ro-
tational spring constants at corresponding edges. Classi-
cal boundary conditions are achieved as below: clamped
boundary condition is represented when all the spring con-
stants are set as infinite, when all the spring constants are
set as zero the boundary condition is seen as free. Besides,
the unit of translational spring and rotational spring con-
stants are separately N/m and N-m/rad.

The transverse displacement of plate is expressed in
form of improved Fourier series expansions as below:

wx,y, t)=w(x,y)e™ (15)
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Where Amn, Bmn, Cmn and Dmn are the expansion co-
efficients, Am = mm/a, An = nn/b. 't is the Harmonic
time factor introduced to indicate transverse displacement
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at different times. It is easy to find that except for the stan-
dard double cosine Fourier series, three supplementary
Fourier series are also included in Eq. (15). The governing
equation of plate is four-order differential, which recuires
the third derivative of transverse displacement admissible
function is continuous and the fourth derivative exists at
all points in whole solution region. The potential discon-
tinuity associated with the original governing equation is
transferred to auxiliary series functions. Then, the Fourier
series would be smooth enough in the whole solving do-
main.

For the sake of neglecting in-plane vibration of plate,
strain energy of the plate caused by bending can be ex-
pressed as below:

2 2 2 2
a b (awa(f}y’t) + (g
Vp =D / / +2p (20 ) (2uer0) | dxdy (16)
0 0

Pwiny,d) )2
2010 (Pt

Accordingly, the total kinetic energy of the plate and
the potential energy stored in springs are separately repre-
sented as below:

2

a b
I= %Ph / / (ow(x, y, t)/at) dxdy 47)
00
Vs 18)
2
_1 o ly
2/ |k 2 awby.0) X
0 WG Y, 8 + Ky (2757
y=b
2
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"2 370 o dy
B +[k”“w("’y’ 07 + Kea (2520 T
x=a

In the above formulas (16)-(18), p means density of
rectangular thin plate, h is the thickness of the plate, y is
the Poisson’s ratio, and D = Eh>/(12(1 - u?)) represents
flexural rigidity of the plate.

Power of the external load is expressed as below:

a b
We - / / £ (6, y)w (x, y) dxdy (19)
0O 0

a

b
We = / / F&(x—xe)6(y —ye)w (x,y)dxdy (20)
00

The external load f (x, y) in Eq. (19) is uniform load
and external load F in Eq. (20) represents concentrated
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force, 6(x) is the Dirac delta function, (xe, ye) represents
the location of concentrated force.

Lagrangian function of the plate is expressed as be-
low:

L=Vy+Vs-T-We 1)

Substituting Egs. (16)-(20) into Eq. (21), partial deriva-
tives of Fourier series expansions coefficients are ex-
pressed as below:

6271;,,, =0 (22)
%ﬁm -0 23
%Ir:m -0 (24)
%ﬁm -0 25)

A group of linear algebraic equations about the un-
known Fourier coefficients of the displacement function
are obtained by Rayleigh-Ritz procedure. They can be

summed up in the matrix form:
(K - w2M> A=F (26)

K and M respectively represents stiffness matrix and mass
matrix.

2.2 Sound radiation model
Based on the model of rectangular thin plate mentioned

before, the sound pressure at arbitrary point in sound field
of plate under external load is expressed as below:

. —jkr
p(X)=]pr/vn(Y)er ds

2n @7)

S

In Eq. (27), X means field point of sound field, Y is
source point, w is circular frequency of external load, pg
denotes the density of air, c¢ is the sound velocity in air,
k = w/c means wave number, r = |X — Y| is the distance
between point X and Y.

The structure is divided into T finite elements, each
discrete element of structure can be seen as point sound
source, and Eq. (27) can be described as below:

T .
p(0) = 220 3 vy (1) 2207 (28)
i1
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Where v,(Y) is the derivation of transverse displace-
ment function, AS denotes the area of finite element.

When the surface of the structural radiation coincides
with the surface of the observation point, the acoustic ra-
diated power of the plate can be defined as below:

W, = “’po / / (Y)Sm(kr) "(Yo)dS| dS (29

Sl
When the structure is divided into C finite elements,
equation (29) can be written as below:

(30)

_ wpo €& W )sm(kr)(AS)z
p~4—;;vrlv 7

In the above equation (30), ; means position vector of
center point of arbitrary element, r is the distance between
center points of arbitrary two elements. The velocity of cen-
ter of each discrete element can be described in the form
column vector namely v = (v1, V2, Vv3,...,vy), acoustic
radiated power is simplified as below:

w, =vizy (1)
Where Z is the impedance matrix and H denotes Conjugate
transpose, Z can be written in the form as below:

1 sin(kry,,) sin(kry,y)
kr1,2 leN
sin(kry1) sin(kr,,n)
_ a)zposz k7’21 1 kl’z,N (32)
"~ 4mN2c :
sin(kry,1)  sin(kry,,) | 1
krNJ krN’z

Finally, acoustic radiated power level of the rectangu-
lar thin plate is expressed as below:

HZv

Ly, =101g (33)

3 Numerical examples and
Discussion

3.1 Convergence and boundary springs
study

The series is numerically truncated in actual calculations,
and the precision would change with the truncation num-
ber. Therefore, it is of significance to verify the effect of
truncation number on convergence of current method. In
addition, one advantage of current method is that general
boundary conditions can be easily achieved by varying
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stiffness value of springs at each edge. Thus, the effects of
the stiffness value of boundary springs on the natural fre-
quencies of thin plate should also be investigated.

Natural frequencies with subject to different truncated
configurations are computed to confirm the convergence of
the modified Fourier series method for the rectangular thin
plate. The geometric and material parameters of the rectan-
gular thin plates are: length of the plate a = 2m, breadth
of the plate b=1m and thickness of the plate h = 0.002m,
E = 2.1 x 10''Pa, p = 7850Kg/m>, u = 0.3. The first six
nondimensional frequency parameters Q = a)az(ph/D)l/ 2
of the simply supported rectangular thin plate with differ-
ent truncation number M, N are listed in Table 1. To sim-
plify the study, a symbolism is employed in the below re-
search, e.g. F, C, S, E respectively denotes the plate with
free, clamped, simply supported and elastic boundary con-
dition. In the case of FEM analysis, ABAQUS is employed
with 10° finite elements. The comparison results in Table 1
prove fast convergence and good accuracy of the current
method when truncation number M = N = 13. Therefore,
the following calculations will be conducted with the trun-
cation number M = N = 13.

As discussed in 2.1, general boundary conditions can
be simulated by changing the stiffness of springs along
each edge. When the stiffness of translational springs and
rotational springs are individually set as 10!°N/m and 0
N-m/rad, boundary condition can be seen as simply sup-
ported. With the stiffness of rotational springs gradually
increased, the first three natural frequencies of plate are
displayed in Figure 2. It is easy to find that with the in-
crease of stiffness value of rotational springs, the natu-
ral frequency of plate grows. Especially in the region be-
tween 10? and 10° N-m/rad, the natural frequency of plate
changes rapidly. When the stiffness value of rotational

120
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stiffness value of rotational spring: K

Figure 2: Realtionship between Non-dimensional frequency parame-
ters snd stiffiness of rotational springs
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Table 1: Comparison and convergence of the first six frequency parameters Q for a C-F-F-F rectangular thin plate with different truncation

numbers.
M=N Mode number
1 2 3 4 5 6

5 3.473 8.512 21.295 27.201 30.973 54.212

6 3.472 8.511 21.293 27.200 30.971 54.205

7 3.472 8.509 21.290 27.200 30.964 54.197

8 3.472 8.508 21.288 27.199 30.963 54.195

9 3.471 8.508 21.288 27.199 30.961 54.193

10 3.471 8.508 21.287 27.199 30.960 54.191

11 3.471 8.507 21.286 27.199 30.959 54.190

12 3.471 8.507 21.286 27.199 30.958 54.189

13 3.471 8.507 21.286 27.199 30.957 54.188

14 3.471 8.507 21.285 27.199 30.957 54.187

FEM 3.470 8.506 21.285 27.198 30.956 54.187

Lietal. [27] 3.470 8.505 21.281 27.201 30.955 54.185
120 stiffness value of translational springs has greater effect
a 100} on natural frequency than rotational springs. In the fol-
g lowing discussion, the corresponding spring stiffness val-
§ 80 - ues for general boundary conditions are given in Table 2.
g 60 For the sake of simplicity, a four-letter string is employed
N to represent the restraint condition of a plate. For exam-
§ 40 ple, C-F-C-S stands for the plate with edges x = 0, x = b,
S y = 0, y = a having clamped, free, clamped and simply-

&, 20 .. .
supported boundary conditions respectively.
0 1 1 1 1 1 1 1

10° 10" 10* 10° 10* 10° 10° 10" 10° 10° 10"

stiffness value of translational spring: k

Figure 3: Realtionship between Non-dimensional frequency parame-

ters snd stiffiness of translational springs

spring is greater than 10'° N-m/rad, the natural frequency
of plate is almost invariant. Which means the boundary

condition has changed from simply supported to clamped.

When the stiffness of rotational springs are set as 101°
N-m/rad, the first three natural frequencies of plate with
different translational springs stiffness are displayed in

Figure 3. It can be concluded from Figure 3 that the nat-

ural frequency of plate varies fiercely when the stiffness of

translational springs are ranged from 10?> N/m to 10’ N/m.

The natural frequency of plate is almost invariant when
the stiffness value of translational spring is bigger than
10'° N/m. In summary, when the stiffness of rotational
springs and translational springs are individually set as
10'° N-m/rad and 10'°N/m, it can be seen as clamped
boundary condition in the current method. From the com-
parison between Figure 2 and Figure 3, it is easy to find the

Table 2: Stiffness value of springs on each edge for different bound-
ary conditions.

Boundary condition k(N/m) K (N-m/rad)
F 0 0
C 1010 1010
S 1010 0
E 10° 1010

3.2 Free vibration analysis

The nondimensional natural frequency parameters Q =
wa?(ph/D)'/? obtained by current method are in compari-
son with the results of related literature [48] and ABAQUS
in this section. The plate in this subsection is of same ma-
terial property with example in 3.1. Tables 3-5 illustrate the
comparison of Q with different boundary conditions. The
tiny distinction verifies the accuracy of current method.
The first six mode shapes of clamped plate using current
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Table 3: Comparison of the first six frequency parameters Q for the rectangular thin plate with C-F-F-F boundary condition.

r=alb Source Mode number
1 2 3 4 5 6
1 Present 3.468 8.506 21.295 27.289 30.866 54.167
Lietal. [27] 3.470 8.505 21.281 27.201 30.955 54.185
ABAQUS 3.471 8.488 21.258 27.190 30.866 54.105
1.5 Present 3.451 11.657 21.465 39.363 53.541 61.615
ABAQUS 3.453 11.654 21.462 39.319 53.544 61.606
2.0 Present 3.429 14.812 21.454 48.188 60.249 92.510
ABAQUS 3.439 14.810 21.453 48.181 60.199 92.507
Table 4: Comparison of the first six frequency parameters Q for the rectangular thin plate with C-C-C-C boundary condition.
r=alb Source Mode number
1 2 3 4 5 6
1 Present 35.975 73.391 73.392 108.20 131.57 131.19
Lietal. [27] 35.985 73.393 73.393 108.21 131.58 132.20
ABAQUS 35.970 73.355 73.355 108.05 131.37 132.08
1.5 Present 60.759 93.831 148.50 149.67 179.26 226.82
ABAQUS 60.753 93.720 148.57 149.57 179.17 226.73
2.0 Present 98.308 127.28 179.05 253.02 255.81 284.25
ABAQUS 98.312 126.99 178.95 252.96 255.60 283.50
Table 5: Comparison of the first six frequency parameters Q for the rectangular thin plate with S-S-S-S boundary condition.
r=alb Source Mode number
1 P 3 4 5 6
1 Present 21.670 51.301 51.301 80.917 100.661 100.662
Lietal. [27] 21.500 51.187 51.187 80.816 100.58 100.59
ABAQUS 21.600 51.200 51.200 80.820 100.600 100.601
1.5 Present 33.937 63.350 100.766 112.607 130.235 179.454
ABAQUS 34.002 63.660 100.771 112.701 129.995 179.531
2.0 Present 52.650 81.755 130.777 171.477 199.683 200.826
ABAQUS 52.700 81.802 130.801 170.480 200.001 200.101

method and ABAQUS are respectively plotted in Figure 4.
It is helpful to understand certain features in the vibration
characteristics of rectangular plate.

Based on the validation of accuracy of current method,
the effect of dimensional parameters and elastic boundary
condition on frequency of plate is discussed. The first six
natural frequencies of thin plate with different aspect ra-
tios and boundary conditions are shown in Table 6 and Ta-
ble 7. Meanwhile, the relations between first three natural
frequencies and aspect ratios are shown in Figure 5 and
Figure 6. It’s easy to find that with the increase of aspect
ratios, the natural frequency increases. When the aspect

ratio is greater than 10, the natural frequency is almost in-
variant.

In the above analysis, boundary conditions are limited
to classical boundary conditions. However, elastic bound-
ary conditions are more commonly encountered in prac-
tical engineering. Table 8 and Table 9 show the first six
frequency parameters of thin plate with edges elastically
restrained such as C-C-C-E, S-S-E-E and F-F-E-E. What is
interesting about the data in Table 8 and Table 9 is that
in the combination of clamped boundary condition and
elastic boundary condition, with the increase region of
clamped boundary condition the frequency parameter Q =
wa*(ph/D)'/? increases. Meanwhile, in the combination
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1st mode (a) 2nd mode (a) 3rd mode (a)

-,

1st mode (b) 2nd mode (b) 3rd mode (b)

-

[t

~ 03
o

4th mode (a) 5th mode (a) 6th mode (a)

4th mode (b) 5th mode (b) 6th mode (b)

Figure 4: The first six mode shapes of rectangular thin plate with C-C-C-C boundary condition: (a) Current method (b) Abaqus

Table 6: The first six natural frequencies for the rectangular thin plate with S-S-S-S boundary condition and different aspect ratios.

r=alb Mode number
1 2 3 4 5 6
1 9.771 24.428 24.428 39.085 48.856 48.857
1.5 7.057 13.571 21.714 24.428 28.228 39.085
2 6.107 9.771 15.878 20.764 24.428 24.428
2.5 5.667 8.012 11.921 17.393 20.324 22.669
3 5.429 7.057 9.771 13.571 18.457 20.086
4 5.191 6.107 7.634 9.771 12.520 15.878
5 5.081 5.667 6.645 8.013 9.771 11.921
6 5.021 5.429 6.107 7.057 8.279 9.771
7 4,985 5.285 5.783 6.481 7.378 8.475
8 4,962 5.191 5.573 6.107 6.794 7.634
9 4.946 5.127 5.429 5.851 6.394 7.057
10 4.935 5.081 5.325 5.667 6.107 6.645

11 4.926 5.047 5.249 5.532 5.895 6.339
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Table 7: The first six natural frequencies for the rectangular thin plate with C-C-F-F boundary condition and different aspect ratios.

r=al/b Mode number
1 2 3 4 5 6
1 10.974 13.073 21.582 30.285 33.255 39.511
1.5 4,861 6.773 13.414 15.592 16.257 25.981
2 2.727 4.449 7.524 10.192 13.544 14.782
2.5 1.741 3.292 4.801 7.290 9.436 12.431
3 1.207 2.610 3.326 5.641 6.537 9.388
4 0.676 1.845 1.864 3.662 3.872 6.070
5 0.432 1.190 1.428 2.336 2.949 3.872
6 0.299 0.824 1.165 1.618 2.384 2.681
7 0.219 0.605 0.984 1.186 1.965 2.002
8 0.168 0.462 0.852 0.907 1.502 1.727
9 0.132 0.365 0.716 0.751 1.185 1.519
10 0.107 0.295 0.579 0.672 0.958 1.356
11 0.088 0.244 0.478 0.608 0.791 1.184
150
24 Present method
21 ——m=1 _
——m=2 g i
18} ——m=3 3
8
g 15+ g
St 2
8
9 2
3
6L N
3 1 1 1 1 1 1 1 1 1 0 1 1 L L
32 3 4 5 s 7 & 9 10 11 0 200 400 600 800 1000
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Table 8: The first six parameters Q for the rectangular thin plates with elastic boundary conditions and different aspect ratios.

Ratio r Mode number Boundary condition

C-C-CE C-C-E-E C-E-E-E E-E-E-E S-S-S-E

1 1 33.754 32.189 30.457 29.169 22.182
2 59.263 52.225 50.417 49.192 48.237

3 69.747 67.685 55.333 49.196 48.604

4 91.678 77.000 70.605 64.532 71.725

5 96.489 83.143 74.259 70.903 82.664

6 127.065 108.362 90.447 74.599 95.727

1.5 1 56.414 53.159 52.536 51.983 40.135
2 87.378 83.081 78.901 75.676 64.589

3 118.712 103.699 102.989 102.397 100.224

4 141.000 127.412 119.885 110.025 109.360

5 144.928 135.956 122.755 119.418 121.115

6 193.532 159.885 156.656 146.593 161.383

2 1 91.254 85.866 85.533 85.243 65.662
2 117.624 110.700 108.748 107.026 88.729

3 166.273 157.983 150.609 145.346 131.272

4 204.100 178.161 177.750 177.380 173.281

5 226.553 197.675 195.366 193.435 192.948

6 237.579 228.259 208.456 194.921 194.418

2.5 1 137.334 129.299 129.079 128.899 98.630
2 160.418 150.510 149.353 148.317 120.781

3 204.113 192.221 188.439 185.107 161.421

4 270.414 256.904 246.754 238.450 222.255

5 314.536 274.658 274.361 274.119 267.284

6 335.077 291.831 290.393 289.136 286.327

3 1 194.204 182.963 182.807 182.686 138.997
2 215.099 201.769 201.019 200.286 160.528

3 254.715 238.789 236.491 234.081 199.643

4 315.980 297.729 291.730 286.417 258.357

5 400.076 379.768 366.959 354.642 337.543

6 449.806 392.928 392.731 392.503 382.252

3.5 1 252.189 246.701 246.619 246.488 186.706
2 274.489 263.862 263.312 262.773 207.851

3 281.078 297.287 295.624 294.112 245.763

4 351.198 350.970 347.072 343.349 302.608

5 374.110 427.171 418.886 411.329 379.555

6 502.399 526.706 510.274 495.878 477.109

of simply supported, free and elastic boundary condition,
with the increase region of elastic boundary condition the
frequency parameter Q = wa?(ph/D)"/? magnifies.

3.3 Forced vibration analysis

The validity of current method to the forced vibration of
clamped thin plate is discussed in this subsection. Point

force is considered as the exciting force, the magnitude is
100N. The location of point force is the center of rectangu-
lar thin plate. The plate is of same material property with
the plate in 3.1. The geometric parameters are as below:
length a = 1m, breadth b = 1m and thickness h = 0.01m.
The points of A (0.5, 0.5) and B (0.2, 0.3) on the plate are
chosen as the examination point. Figure 7 and Figure 8 re-
spectively displays velocity response of point A and B. The
result of current method matches well with the result of
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Table 9: The first six parameters Q for the rectangular thin plates with elastic boundary conditions and different aspect ratios.

Ratio r Mode number Boundary condition

S-S-E-E S-E-E-E F-F-F-E F-F-E-E F-E-E-E

1 1 24.714 26.756 8.185 19.543 20.739
2 47.561 48.358 8.445 22.173 31.896

3 48.009 48.744 18.951 35.136 43.958

4 67.199 65.540 27.870 42.926 53.154

5 73.373 72.933 28.068 45.910 55.835

6 93.924 80.178 46.199 58.428 68.620

1.5 1 48.657 50.071 7.747 44.089 45.157
2 67.421 71.599 14.065 46.932 55.341

3 101.073 101.686 31.414 58.620 80.831

4 108.026 109.200 45.889 86.975 97.697

5 116.744 118.136 53.863 96.713 106.549

6 151.198 148.488 68.458 99.770 120.851

2 1 82.884 83.894 21.082 78.486 79.494
2 98.861 102.698 42.939 81.366 88.955

3 134.042 139.900 63.969 92.678 112.250

4 176.394 176.849 73.902 117.583 153.333

5 190.238 191.812 91.444 162.818 173.005

6 192.035 193.679 113.479 172.061 181.525

2.5 1 127.117 127.891 29.437 122.742 123.682
2 141.459 144.624 47.347 125.594 132.683

3 172.362 178.588 83.824 136.761 154.017
4 224.676 231.849 111.930 159.639 192.428
5 273.338 273.708 136.638 200.164 249.590

6 286.278 287.633 147.401 262.685 269.892

3 1 181.266 181.895 9.283 176.935 177.581
2 194.628 197.233 39.298 179.648 186.375

3 222.427 228.080 60.702 191.268 205.987

4 269.682 278.076 95.207 212.410 241.457

5 339.301 347.347 158.304 251.670 296.225

6 391.881 392.188 191.591 306.672 369.081
3.5 1 245.340 245.835 50.661 240.835 241.725
2 258.040 260.229 74.098 243.526 250.244
3 283.652 288.590 108.545 254.648 268.965
4 326.761 334.866 149.489 275.451 302.147
5 390.935 401.180 232.355 310.261 353.029
6 477.963 487.258 247.703 362.905 423.776

FEA, which validates the effectiveness of present method this section. The tiny distinction displayed in Figure 9 and

to the forced vibration.

3.4 Acoustic radiation characteristics
analysis

Figure 10 verifies the accuracy of current method when an-
alyzing acoustic radiation characteristics of plate.
Monitoring point is located 0.lm above the center of
the plate. Figure 11-12 individually provides the compari-
son of sound pressure level and sound power level with dif-
ferent boundary edges. It is apparent from Figure 11-12 that

The effect of boundary condition and location of point bothsound pressure level and sound power level reach the
force on acoustic radiation characteristics are discussed in ~ Peak when the frequency of excitation force equals first or-
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Figure 11: Sound pressure level with different boundary conditions

der natural frequency of plate. Meanwhile, with the weak-
ening of boundary condition more peaks appear and the
maximum peak value becomes bigger.

Figure 13 and Figure 14 individually presents the com-
parison of sound pressure level and sound power level of
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Figure 12: Sound power level with different boundary conditions
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Figure 13: Sound pressure level with different elastic boundary
conditions

150

—
N
[=]

f' —k=1e'N/m
)

Sound power level (dB)
O
(=)

60 —-—-k=1’N/m
e k=1e°N/m

30 n 1 1 1 1
0 200 400 600 800 1000

Excitation frequency (Hz)

Figure 14: Sound power level with different elastic boundary condi-
tions

plate when the stiffness value of translational springs k are
different. From the Figure 13 and Figure 14, it can be seen
that with the increase of stiffness value of translational
spring, the peak value varies and exists at different loca-
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tion beyond 400Hz. However, the peak value is almost in-
variant when the frequency is greater than 400Hz.

Figure 15 and Figure 16 individually compares the
sound pressure and sound power of clamped plate when
the location of point force is different. From the data in Fig-
ure 15 and Figure 16, we can see that the first peak value
exists at same location of horizontal axis. In addition, with
the point force moving to the center of plate, the number
of peak decreases, whereas the peak value increases.
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Figure 15: Sound pressure level of plate with different location of
point force
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Figure 16: Sound power level of plate with different location of point
force

4 Conclusions

This paper describes a unified Improved Fourier Series
Method (IFSM) for the vibration and acoustic characteris-

Characteristics of Rectangular Thin Plates with General Boundary Conditions = 129

tics analysis of rectangular thin plates with general bound-
ary conditions. Sine function term is introduced to mod-
ify the discontinuity of traditional Fourier Series Method
on boundary. The unknown coefficients are solved by us-
ing the Rayleigh—Ritz procedure. General boundary condi-
tions can be easily achieved by varying stiffness value of
springs on each edge. The method in this paper is of fast
convergence and good accuracy by comparing with the re-
sult of related literature and FEM. With the application of
the present method, there is no need to reformulate the
mass and stiffness matrices of the plate for the analysis on
the vibration and sound radiation characteristic of plate
with different boundary edges.

The study has identified the stiffness values of transla-
tional springs have greater effect on natural frequency of
plate than rotational springs. With the increase of aspect
ratios, the natural frequency increases. Natural frequency
of thin plate varies greatly with different boundary condi-
tions. In the combination of clamped boundary condition
and elastic boundary condition, with the increase region
of clamped boundary condition the frequency parameter
increases.

The research has also shown that sound pressure level
and sound power level of plate reach the peak value when
the frequency of excitation force equals first order natu-
ral frequency of plate. Meanwhile, with the weakening of
boundary condition more peaks appear and the maximum
peak value becomes bigger. When the point force moves to
the center of four edges clamped plate, the number of peak
decreases, whereas the peak value increases.
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