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Abstract: Based on the transfer matrix theory and pre-
cise integration method, the precise integration transfer
matrix method (PITMM) is implemented to investigate the
free vibration characteristics of isotropic coupled conical-
cylindrical shells. The influence on the boundary condi-
tions, the shell thickness and the semi-vertex conical an-
gle on the vibration characteristics are discussed. Based
on the Flügge thin shell theory and the transfer matrix
method, the field transfer matrix of cylindrical and coni-
cal shells is obtained. Taking continuity conditions at the
junction of the coupled conical-cylindrical shell into con-
sideration, the field transfer matrix of the coupled shell
is constructed. According to the boundary conditions at
the ends of the coupled shell, the natural frequencies of
the coupled shell are solved by the precise integration
method. An approach for studying the free vibration char-
acteristics of isotropic coupled conical-cylindrical shells is
obtained. Comparison of the natural frequencies obtained
using the present method with those from literature con-
firms the validity of the proposed approach. The effects of
the boundary conditions, the shell thickness and the semi-
vertex conical angle on vibration characteristics are pre-
sented.
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1 Introduction
In engineering applications, especially in the field of mod-
ern military defence, the cylindrical shells, conical shells
and coupled conical-cylindrical shells are basically sim-
plified models of many types of weapons and equipment,
such as aircraft, missiles, and submarines. The study of
free vibration characteristics of cylindrical shells is com-
prehensive. Initially, researchers [1–5] investigated cylin-
drical shells using classic thin shell theories such as Don-
nell equations, Kennard equations, Flügge equations and
Sander-Koiter equations. Harari, Sandman and Laulagnet
were representative scholars in the field. Rayleigh [6] was
a pioneer in the study of free vibration characteristics
of cylindrical shells. The literary work of Leissa [7] gave
general comments on the free vibration characteristics of
cylindrical shells. The free vibration characteristics of a
conical shellswith simply-supported boundary conditions
are examined using Statistical Energy Analysis by Creen-
welge [8]. Talebitooti [9] and Li F. M. [10] analysed the
free vibration characteristics of conical shells using the
Rayleigh-Ritzmethod. The kp-Ritzmethod is used to study
conical shells in the work of Liew et al. [11]. Guo [12] ap-
plied the multiple factor method to discuss the free vibra-
tion characteristics of conical shells. Unlike the cylindri-
cal shells, the section radius of a conical shell will vary
in the axial direction, which increases the complexity and
the difficulty in studying conical shells. So far, only an ap-
proximate solution for determining the natural frequen-
cies of conical shells has been obtained. Limited work on
the analysis of free vibration characteristics of coupled
conical-cylindrical shells has been carried out. Initially,
the natural frequencies of the coupled conical-cylindrical
shell were solved used FEM. Irie [13] investigates the nat-
ural frequencies of the coupled shell through the transfer
matrix theory. Caresta [14] used the two thin theories by
Donnell-Mushtari andFlügge to examine the free vibration
characteristics of coupled shells.

This paper applies a new method to analyse the
free vibration characteristics of isotropic coupled conical-
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cylindrical shells, which is different from the approach
employed in previous studies. Themethod is referred to as
PITMM.Based on the Flügge thin shell theory, equations of
motion for cylindrical and conical shells are derived. The
coefficientmatrix in the equations ofmotion for cylindrical
and conical shells is calculated using the precise integra-
tionmethod. To take into account the point transfermatrix
at the junction of the coupled conical-cylindrical shell and
to absorb thematrix assembly solution fromFEM, the total
transfermatrix of the coupled shell is constructed. Accord-
ing to the boundary conditions, the natural frequencies of
the coupled shell are solved. Comparison of the natural
frequencies aremadeusing themethodpresented here, re-
sults obtained using the finite element method and with
results from literature. The effects of the boundary condi-
tions, the shell thickness and the semi-vertex conical angle
on free vibration characteristics of the coupled shell have
been presented in this paper.

2 Equations of motion

2.1 Equations of motion for a cylindrical
shell

The shell deformation is described by the thin shell the-
ory that is based on linear assumptions. To obtain precise
results, the relatively accurate Flügge shell theory is used
in this paper. The force balance equation is obtained by
analysing themicro-element stress of the cylindrical shell.
In this paper, the equations are based on the kinetic the-
ory. Thus, many terms include time items. For the purpose
of facilitating the writing and derivation, the dynamic re-
sponse time item e−iωt is omitted in the remainder of the
text. The cylindrical shell coordinates system (𝛾, φ, x) and
displacement positive direction are shown in Figure 1.

Figure 1: Coordinate system of a cylindrical shell

Based on the Flügge shell theory [15], the force balance
equation of a cylindrical shell is given as follows:

∂Nx
∂x + 1

R
∂Nθx
∂θ + ρhω2u = 0 (1)

1
R
∂Nϕ
∂θ + ∂Nxθ∂x − QθR + ρhω2v = 0 (2)

Nθ
R + ∂Qx∂x + 1

R
∂Qθ
∂θ − ρhω2w = 0 (3)

Qθ =
1
R
∂Mθ
∂θ + ∂Mxθ

∂x (4)

Qx =
∂Mx
∂x + 1

R
∂Mθx
∂θ (5)

The Kevin-Kirchhoffmembrane forces, shear and all inter-
nal forces are

Vx = Nxθ −
Mxθ
R (6)

Sx = Qx +
1
R
∂Mxθ
∂θ (7)

Nx = D
(︂
∂u
∂x + µR

(︂
∂v
∂θ + w

)︂)︂
− KR

∂ψ
∂x (8)

Nθ = D
(︂
1
R

(︂
∂v
∂θ + w

)︂
+ µ ∂u∂x

)︂
+ K
R3

(︂
w + ∂

2w
∂θ2

)︂
(9)

Nxθ =
1 − µ
2 D

(︂
1
R
∂u
∂θ + ∂v∂x

)︂
+ K
R2

1 − µ
2

(︂
∂v
∂x −

∂ψ
∂θ

)︂
(10)

Nθx =
1 − µ
2 D

(︂
1
R
∂u
∂θ + ∂v∂x

)︂
+ K
R2

1 − µ
2

(︂
1
R
∂u
∂θ + ∂ψ∂θ

)︂
(11)

Mx = K
(︂
∂ψ
∂x + µ

R2
∂2w
∂θ2 −

1
R
∂u
∂x −

µ
R2

∂v
∂θ

)︂
(12)

Mθ = K
(︂

1
R2w + 1

R2
∂2w
∂θ2 + µ ∂ψ∂x

)︂
(13)

Mxθ =
1 − µ
R K

(︂
∂ψ
∂θ −

∂v
∂x

)︂
(14)

Mθx =
1 − µ
R K

(︂
∂ψ
∂θ + 1

2R
∂u
∂θ −

1
2
∂v
∂x

)︂
(15)
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where K and D are the bending rigidity and membrane
rigidity, respectively.

K= Eh3
12(1 − µ2) (16)

D = Eh
1 − µ2 (17)

The relationship between the radial displacement and
slope is

ψ = ∂w∂x (18)

There are sixteen unknown quantities in the above
equations. To eliminate eight unknown quantities
(Nθ , Nxθ , Nθx ,Mθ ,Mxθ ,Mθx , Qx , Qθ), eight unknown
quantities (u, v, w, ψ, Nx ,Mx , Vx , Sx) are retained, which
are the sectional state vector elements of the cylindri-
cal shell. All quantities are processed into dimensionless
quantities and expanded to trigonometric series along the
circumferential direction.

(u, w) = h
1∑︁
∂=0

∑︁
n
h(u, w) sin nθ (19)

v = h
1∑︁
∂=0

∑︁
n
v cos

(︁
nθ + απ2

)︁
(20)

ψ = h
R

1∑︁
∂=0

∑︁
n
ψ sin

(︁
nθ + απ2

)︁
(21)

(Nx , Nθ , Qx , Vx) (22)

= K
R2

1∑︁
∂=0

∑︁
n

(︀
Nx , Nθ , Qx , Vx

)︀
sin
(︁
nθ + απ2

)︁

(Nxθ , Nθx , Qθ , Sx) (23)

= K
R2

1∑︁
∂=0

∑︁
n

(︀
Nxθ , Nθx , Qθ , Sx

)︀
cos
(︁
nθ + απ2

)︁

(Mx ,Mθ) =
K
R

1∑︁
∂=0

∑︁
n

(︀
Mx ,Mθ

)︀
sin
(︁
nθ + απ2

)︁
(24)

(Mxθ ,Mθx) =
K
R

1∑︁
∂=0

∑︁
n

(︀
Mxθ ,Mθx

)︀
cos
(︁
nθ + απ2

)︁
(25)

where n is the circumferential modal number. Other di-
mensionless quantities and dimensionless frequency pa-
rameter are

ξ = xl (26)

l = l
R (27)

h = h
R (28)

λ2 = ρhR
2ω2

D (29)

Through complicated simplification, a first-order matrix
differential equation of the cylindrical shell is obtained.

d
{︀
Z(ξ )

}︀
dξ = lU(ξ )

{︀
Z(ξ )

}︀
+
{︀
F(ξ )

}︀
−
{︀
p(ξ )

}︀
(30)

where Z(ξ ) =
{︁
u v w ψ Mx Vx Sxφ Nx

}︁T
is

the state vector of the cylindrical shell. (u, v, w) are the
dimensionless quantities of the axial displacement (x di-
rection), the circumferential displacement (φ direction)
and the radial displacement (𝛾 direction), respectively. ψ
is a dimensionless slope, Nx is a dimensionlessmembrane
force,Mx is a dimensionless bendingmoment, (Vx , Sx) are
the dimensionless Kelvin-Kirchhoff shear force and shear
force, E and µ are Young’s modulus and Poisson’s ratio,
respectively. Z(ξ ) is the shell element’s state vector and is
also a functionof thedimensionless variables ξ .U(ξ ) is the
coefficient matrix of the differential equation of the cylin-
drical shell and is an eight-order square matrix. There are
22 non-zero elements in U(ξ ), see Appendix A.

2.2 Equations of motion for the conical shell

In a cylindrical coordinate system, the generatrix direction
and radial direction of the conical shell are defined as the
coordinate direction. The position of any point on a coni-
cal shell can be described as (s,θ). s is length from the top
point of the conical shell to any point on the conical shell
along the generatrix direction. θ is the angle of the point
along the circumferential direction in a cylindrical coor-
dinate system. The coordinate system of a conical shell is
seen in Figure 2. The analysis of the conical shell force [16],
the force balance equation of a conical shell is given as fol-
lows:

1
s
∂(sNs)
∂s + 1

s sin α
∂Nθs
∂θ + Nθs + ρhω2u = 0 (31)
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1
s sin α

∂Nθ
∂θ + 1

s
∂Nsθ
∂s + Nsθs + Qθ

s tan α + ρhω2v = 0 (32)

Nθ
s tan α −

1
s
∂(sQs)
∂s − 1

s sin α
∂Qθ
∂θ − ρhω2w = 0 (33)

Figure 2: Coordinate system of the conical shell

The Kevin-Kirchhoffmembrane forces, shear and all inter-
nal forces are

Vs = Qs +
1

s sin α
∂Mθx
∂θ (34)

Ssθ = Nsθ +
Mθx
s tan α (35)

Ns =
Eh

1 − ν2

[︂
∂u
∂s +

v
s

(︂
1

sin α
∂v
∂θ + u + w

tan α

)︂]︂
(36)

Nθ =
Eh

1 − ν2

[︂
1
s

(︂
1

sin α
∂v
∂θ + u + w

tan α

)︂
+ v ∂u∂s

]︂
(37)

Nsθ = Nθs =
Eh

2 (1 + ν)

[︂
∂v
∂s +

1
s

(︂
1

sin α
∂u
∂θ − v

)︂]︂
(38)

Mθ =
Eh3

12(1 − ν2)

[︂
1
s

(︂
− 1
ssin2α

∂2w
∂θ2 − v

∂2w
∂s2

)︂
− v ∂

2w
∂s2

]︂
(39)

Msθ = Mθs =
Eh3

12 (1 + ν)
1

s sin α

[︂
1
s
∂w
∂θ −

∂2w
∂s∂θ

]︂
(40)

Qs =
1
s

(︂
Ms + s

∂Ms
∂s

)︂
+ 1
s sin α

∂Mθx
∂θ − Mθ

s (41)

Qϕ = 1
s sin α

∂Mθ
∂θ + 1

s

(︂
Msθ + s

∂Msθ
∂s

)︂
+ Mθs

s (42)

The relationship between radial displacement and the
slope of conical shell satisfies

φ = ∂w∂s (43)

All quantities are processed into dimensionless quantities
and expanded to trigonometric series along the circumfer-
ential direction.

(u, w) = h
1∑︁
α=0

∑︁
n
(ũ, w̃) sin

(︁
nθ + απ2

)︁
(44)

v = h
1∑︁
α=0

∑︁
n
ṽ cos

(︁
nθ + απ2

)︁
(45)

φ = h
R

1∑︁
α=0

∑︁
n
φ̃ sin

(︁
nθ + απ2

)︁
(46)

(Ms ,Mθ) =
K
R

1∑︁
α=0

∑︁
n

(︀
M̃s , M̃θ

)︀
sin
(︁
nθ + απ2

)︁
(47)

(Msθ ,Mθs) =
K
R

1∑︁
α=0

∑︁
n

(︀
M̃sθ , M̃θs

)︀
cos
(︁
nθ + απ2

)︁
(48)

(Nsθ , Nθs , Qθ , Ssθ) (49)

= K
R2

1∑︁
α=0

∑︁
n

(︁
Ñsθ , Ñθs , Q̃θ , S̃sθ

)︁
cos
(︁
nθ + απ2

)︁

(Ns , Nθ , Qs , Vs) (50)

= K
R2

1∑︁
α=0

∑︁
n

(︁
Ñs , Ñθ , Q̃s , Ṽs

)︁
sin
(︁
nθ + απ2

)︁
where bending rigidity is K = Eh3

12(1−ν2) , Young’s modulus
and Poisson’s ratio are E and ν, respectively. n is the cir-
cumferential modal number. α = 1 and α = 0 are the sym-
metric or the antisymmetric modal, respectively. R is the
radius at the larger end of the conical shell. h is the thick-
ness of the conical shell. Other dimensionless quantities
are presented as

ξ = s
R (51)

ξ1 =
Lstart
R (52)

ξ2 =
Lend
R (53)

h̃ = h
R (54)
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λ2 = ρhR
2ω2

D (55)

s, Lstart , Lend are described in Figure 2. ρ, ω, λ are, respec-
tively, material density, circular frequency and the dimen-
sionless frequency parameter. There are sixteen unknown
quantities in the above equations. To eliminate eight
unknown quantities (Mθ ,Msθ ,Mθs , Nsθ , Nθs , Qθ , Nθ , Qs),
eight unknown quantities (u, v, w, φ,Ms , Vs , Ns , Ssθ) are
retained, which are the sectional state vector elements of
the conical shell. Then, the first-order matrix differential
equation of the conical shell is obtained.

d
{︀
Z(ξ )

}︀
dξ = U(ξ )

{︀
Z(ξ )

}︀
+
{︀
F(ξ )

}︀
−
{︀
p(ξ )

}︀
(56)

where
{︀
Z(ξ )

}︀
=
{︁
ũ, ṽ, w̃, φ̃, M̃s , Ṽs , Ñs , S̃sθ

}︁T
is the state

vector of the conical shell. U(ξ ) is the variable coefficient
matrix,

{︀
F(ξ )

}︀
−
{︀
p(ξ )

}︀
are exciting loads. The non-zero

elements in U(ξ ) are shown in Appendix B.

3 Solutions to equations of motion
Assuming that the exciting loads of Eqs. (30), (56) are zero,
the equations of motion are simplified to

d
{︀
Zcy(ξ )

}︀
dξ = Ucy(ξ )

{︀
Zcy(ξ )

}︀
(57)

d
{︀
Zco(ξ )

}︀
dξ = Uco(ξ )

{︀
Zco(ξ )

}︀
(58)

Eqs. (57) and (58) are the equations ofmotion for the cylin-
drical and conical shell, respectively, which are dealt with
as follows

d
{︀
Z(ξ )

}︀
dξ = U(ξ )

{︀
Z(ξ )

}︀
(59)

ξ∫︁
ξ1

d
{︀
Z(ξ )

}︀{︀
Z(ξ )

}︀ =
ξ∫︁

ξ1

U(τ)dτ (60)

ln Z(ξ )
⃒⃒ξ
ξ1
=

ξ∫︁
ξ1

U(τ)dτ (61)

ln
(︂
Z(ξ )
Z(ξ1)

)︂
=

ξ∫︁
ξ1

U(τ)dτ (62)

Z(ξ ) = exp(
ξ∫︁

ξ1

U(τ)dτ)Z(ξ1) (63)

In the following chapters, the solution for the coeffi-

cient matrix exp
(︃

ξ∫︀
ξ1
U(τ)dτ

)︃
using the precise integra-

tion method is presented.

3.1 Solutions for the coeflcient matrix of
the cylindrical shell

In the numerical calculation, the cylindrical shell is di-
vided into a series of segments. The node coordinate of a
segment is ξk , k = i + 1, i + 2, i + 3, . . . . Any coordinates
of contiguous nodes are ξk and ξk+1, where ξk+1 = ξk + ∆ξ .
The coefficient matrix U(ξ ) for the cylindrical shell is in-
dependent of ξ . Thus, the coefficient matrix in Eq. (63) can
be written as

eU∆ξ = exp

⎛⎜⎝ ξk+1∫︁
ξk

U(τ)dτ

⎞⎟⎠ (64)

Assuming that

Φ0(∆ξ ) = eU∆ξ = exp (H)2
s

(65)

where H = U ∆ξ
2s , and a value of 20 is recommended for s.

exp (H) can be expressed in terms of the Taylor series by

exp (H) = I8 +
∞∑︁
k=1

Hk
k! = I8 + Ta (66)

where I8 is an eight-order unit matrix. Using the addition
theoremdirectly to add I8 and Ta when Ta is small relative
to I8, an error in the mantissa will occur due to computer
rounding errors and leads to loss of precision. Therefore,
this paper uses an addition theorem to calculate Ta

Φ0(∆ξ ) = [(I8 + Ta) (I8 + Ta)]2
s−1

=
[︁
I8 + 2Ta + T2a

]︁2s−1
(67)

Ta can be assumed as

Ta = 2Ta + T2a (68)

After the N circulating assignment of Eq. (68), Eq. (67) can
be written as

Φ0(∆ξ ) = eU∆ξ = I8 + Ta (69)

Assuming segment coefficient matrix Tk+1 = eU∆ξ , the re-
lationship of the state vector of eachnode canbedescribed
as

Z(ξi+1) = T i+1Z(ξi) (70)
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Z(ξi+2) = T i+2Z(ξi+1) (71)
...
...

Z(ξk+1) = Tk+1Z(ξk) (72)
...
...

Z(ξn) = TnZ(ξn−1) (73)

3.2 Solutions for the coeflcient matrix of
the conical shell

To facilitate the numerical calculation, the conical shell is
split into a series of segments along the generatrix direc-
tion. Eq. (63) can be written as

Z(ξ1) = exp

⎡⎢⎣ ξ1∫︁
ξ0

U(τ)dτ

⎤⎥⎦ Z(ξ0) (74)

Z(ξ2) = exp

⎡⎢⎣ ξ2∫︁
ξ1

U(τ)dτ

⎤⎥⎦ Z(ξ1) (75)

...

...

Z(ξj+1) = exp

⎡⎢⎣ ξj+1∫︁
ξj

U(τ)dτ

⎤⎥⎦ Z(ξj) (76)

...

...

Z(ξi) = exp

⎡⎢⎣ ξi∫︁
ξi−1

U(τ)dτ

⎤⎥⎦ Z(ξi−1) (77)

Assuming

T j+1 = exp

⎡⎢⎣ ξj+1∫︁
ξj

U(τ)dτ

⎤⎥⎦ (78)

Eqs. (75)-(78) can be described as

Z(ξ1) = T1Z(ξ0) (79)

Z(ξ2) = T2Z(ξ1) (80)
...
...

Z(ξj+1) = T j+1Z(ξj) (81)
...
...

Z(ξi) = T iZ(ξi−1) (82)

The coefficient matrix U(ξ ) for the conical shell
is dependent on ξ . Therefore, the transfer matrix
exp

[︁∫︀ ξj+1
ξj U(τ)dτ

]︁
cannot be calculated like the trans-

fer matrix for a cylindrical shell. This paper calculates the
transfer matrix T j+1 for a conical shell by precise integra-
tion. Segments ∆ξ of the conical shell are divided into a
precise integral step ∆ς(∆ς = ∆ξ

s ). A value of 5 is recom-
mended for s. For the segment ξj ∼ ξj+1 of the conical
shell, the integral step node is ςk = ξj + k

(︀
ξj+1 − ξj

)︀
/s =

ξj + k∆ς, k = 0, 1, .., s. In a precise integral step, assuming
τ = (ςk−1 + ςk) /2, U(τ) can be recognized to be the con-
stant coefficient matrix, which is independent of ς. The
variable coefficient matrix T j+1 in segment of the conical
shell can be calculated through the constant coefficient
matrix of integral steps tiered multiplication

T j+1 =
s∏︁
k=1

exp
[︀
U(τk)(ςk − ςk−1)

]︀
(83)

=
s∏︁
k=1

exp
[︀
U(τk)∆ς

]︀
=

s∏︁
k=1
Tk+1j+1

The constant coefficient matrix Tk+1j+1 = exp
[︀
U(τk)∆ς

]︀
of

the precise integral step can be solved like the reference
method for solving eU∆ξ in section 3.1.

3.3 Solutions for the point matrix at the
junction of the coupled
conical-cylindrical shell

The displacements, slopes, forces and moments at the
junction of the coupled conical-cylindrical shell should
satisfy the following deformation compatibility condi-
tions.
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(a) At the junction of the coupled shell, the displace-
ments and slopes uco , vco , wco , φco of the conical
shell are in continuity with ucy , vcy , wcy , φcy of the
cylindrical shell at the three coordinate axis.

(b) At the junction of the coupled shell, the forces and
moments Nsco , Ssφco , Nsco ,Ms

co of the conical shell are
equal toMs

co , Ssφcy , V scy ,Ms
cy of the cylindrical shell at

the three coordinate axis.

According to the positive directions shown in the Fig-
ure 3. and Figure 4, the displacements, slopes, forces and
moments of the conical and cylindrical shells at the junc-
tion satisfy

ucy = uco cos α − wco sin α (84)

vcy = vco (85)

wcy = uco sin α + wco cos α (86)

φcy = φco (87)

Nscy = Nsco cos α + V sco sin α (88)

Ssφcy = S
sφ
co (89)

V scy = −Nsco sin α + V sco cos α (90)

Ms
cy = Ms

co (91)

Figure 3: The positive directions for displacements and slopes of
conical and cylindrical shells

Figure 4: The positive directions for forces and moments of conical
and cylindrical shells

To take into consideration displacements, slopes,
forces and moments satisfying the continuity conditions
at the junction, the relationship of the left end state vector
and the right end state vector at the junction is

Z(s = LLcy) = Pco→cyZ(s = LRco) (92)

Eq. (92) can be written as

Z(ξ cyi ) = Pco→cyZ(ξ coi ) (93)

The point transfer matrix Pco→cy can be described as

Pco→cy =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

cos α 0 − sin α 0 0 0 0 0
0 1 0 0 0 0 0 0

sin α 0 cos α 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 cos α 0 − sin α
0 0 0 0 0 0 1 0
0 0 0 0 0 sin α 0 cos α

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(94)

3.4 Solutions for the coeflcient matrix of
the coupled shell

An illustration of the coupled conical-cylindrical shell is
seen inFigure 5,where α is the semi-vertex conical angle.R
is the radius of the cylindrical shell,which is also the larger
end radius of the conical shell. Ls is the length from the top
point of the conical shell to the smaller end of conical shell
along the generatrix direction. Le is the length from the top
point of the conical shell to the larger end of the conical
shell along the generatrix direction. The length of conical
shell is Lco = Le − Ls and the length of the cylindrical shell
is Lcy. The thickness of the coupled shell is h.

Figure 5: Illustration for the coupled conical-cylindrical shell
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According to sections 3.1, 3.2, and 3.3, the state vector
of the segment nodes from the coupled conical-cylindrical
shell satisfy

Z(ξ1) = T1Z(ξ0) (95)

Z(ξ2) = T2Z(ξ1) (96)
...
...

Z(ξ coi ) = T iZ(ξi−1) (97)

Z(ξ cyi ) = Pco→cyZ(ξ coi ) (98)

Z(ξi+1) = T i+1Z(ξ cyi ) = T i+1Pco→cyZ(ξ coi ) (99)
...
...

Z(ξn) = TnZ(ξn−1) (100)

Eqs. (95)-(100) can bewritten in term of amatrix as follows⎡⎢⎢⎢⎢⎢⎢⎢⎣

−T1 I 0 0 0 0 0 0
0 −T2 I 0 0 0 0 0
0 0 −T3 I 0 0 0 0
0 0 0 ... 0 0 0 0
0 0 0 0 −T i+1P I 0 0
0 0 0 0 0 ... 0 0
0 0 0 0 0 0 −Tn I

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(8n,8n+8)

(101)

·

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Z(ξ0)
Z(ξ1)
Z(ξ2)
...

Z(ξi)
...

Z(ξn)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(8n+8,1)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0
0
0
...
0
...
0

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
The boundary conditions at the ends of the coupled
conical-cylindrical shell are given by
(Note: F is a free end. S is a simply supported end. C is a
clamped end.)
F-F:Mx = Vx = Sxφ = Nx = 0

Z(ξ0) =
{︁
u0 v0 w0 ψ0 0 0 0 0

}︁T
(102)

Z(ξn) =
{︁
un vn wn ψn 0 0 0 0

}︁T
(103)

S-S:v = w = Mx = Nx = 0

Z(ξ0) =
{︁
u0 0 0 ψ0 0 Vx0 Sxφ0 0

}︁T
(104)

Z(ξn) =
{︁
un 0 0 ψn 0 Vxn Sxφn 0

}︁T
(105)

C-C:u = v = w = ψ = 0

Z(ξ0) =
{︁
0 0 0 0 Mx

0 Vx0 Sxφ0 Nx0
}︁T
(106)

Z(ξn) =
{︁
0 0 0 0 Mx

n Vxn Sxφn Nxn
}︁T
(107)

F-S:

Z(ξ0) =
{︁
u0 v0 w0 ψ0 0 0 0 0

}︁T
(108)

Z(ξn) =
{︁
un 0 0 ψn 0 Vxn Sxφn 0

}︁T
(109)

F-C:

Z(ξ0) =
{︁
u0 v0 w0 ψ0 0 0 0 0

}︁T
(110)

Z(ξn) =
{︁
0 0 0 0 Mx

n Vxn Sxφn Nxn
}︁T
(111)

S-F

Z(ξ0) =
{︁
u0 0 0 ψ0 0 Vx0 Sxφ0 0

}︁T
(112)

Z(ξn) =
{︁
un vn wn ψn 0 0 0 0

}︁T
(113)

S-C

Z(ξ0) =
{︁
u0 0 0 ψ0 0 Vx0 Sxφ0 0

}︁T
(114)

Z(ξn) =
{︁
0 0 0 0 Mx

n Vxn Sxφn Nxn
}︁T
(115)

C-F

Z(ξ0) =
{︁
0 0 0 0 Mx

0 Vx0 Sxφ0 Nx0
}︁T
(116)

Z(ξn) =
{︁
un vn wn ψn 0 0 0 0

}︁T
(117)
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C-F

Z(ξ0) =
{︁
0 0 0 0 Mx

0 Vx
0 Sφx

0 Nx
0
}︁T
(118)

Z(ξn) =
{︁
un 0 0 ψn 0 Vxn Sxφn 0

}︁T
(119)

According to the given boundary conditions at the
ends of the coupled shell, row numbers where elements
of the state vector are zero are found. Then, to delete cor-
responding columns of coefficient matrix, Eq. (101) can be
written as⎡⎢⎢⎢⎢⎢⎢⎢⎣

−T̂1 I 0 0 0 0 0 0
0 −T2 I 0 0 0 0 0
0 0 −T3 I 0 0 0 0
0 0 0 . . . 0 0 0 0
0 0 0 0 −T i+1P I 0 0
0 0 0 0 0 . . . 0 0
0 0 0 0 0 0 −Tn Î

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(8n,8n)

(120)

·

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ẑ(ξ0)
Ẑ(ξ1)
Ẑ(ξ2)
...

Ẑ(ξi)
...

Ẑ(ξn)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0
0
0
...
0
...
0

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(8n,1)

Since the state vectors cannot all be zero vectors, the de-
terminant of the coefficient matrix must be zero. The fol-
lowing equation is obtained.⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒

−T̂1 I 0 0 0 0 0 0
0 −T2 I 0 0 0 0 0
0 0 −T3 I 0 0 0 0
0 0 0 ... 0 0 0 0
0 0 0 0 −T i+1P I 0 0
0 0 0 0 0 ... 0 0
0 0 0 0 0 0 −Tn Î

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒
(8n,8n)

= 0

(121)

The natural frequency ω of the coupled conical-
cylindrical shell is the only unknown quantity in the ma-
trix T and is obtained through solving the frequency char-
acteristic Eq. (121). By substituting the natural frequency
into Eq. (120), the proportional relationship of state vec-
tors can be obtained. Then, themodes of the coupled shell
will be acquired in the given boundary condition.

4 Confirmation of the PITMM and
numerical analysis

4.1 Confirmation of the PITMM

4.1.1 Results comparison of the PITMM to the previous
literature

To verify the validity of the PITMM that is used to research
free vibration characteristics of isotropic coupled conical-
cylindrical shells, the results from the PITMM are com-
pared with the results from the references [13, 14, 17]. The
geometrical parameter of the coupled conical-cylindrical
shells is L/a = 1, h/a = 0.01, R1/a = 0.4226, α = 30∘,
where L is the length of the cylindrical shell, is the ra-
dius of the smaller end of the conical shell, a is the ra-
dius of the cylindrical shell, and αis the semi-vertex an-
gle. λ=aω(ρh/D) 12 is the dimensionless frequency param-
eter. The material parameters are Poisson’s ratio υ = 0.3,
Young’s modulus E = 2.11 × 1011N/m2, and Density
ρ = 7800kg/m3. The boundary condition of the coupled
conical-cylindrical shells is free-simply.

The axial modal number is m=1, the circumferential
modal number is n=0:5, and the dimensionless frequency
parameter of the coupled conical-cylindrical shells are
presented in Table 1. The values of the frequency param-
eter from the PITMM agree well with the references [13, 14,
17]. In Table 1, m=T represents a purely torsional modal.
However, in reference [13], Irie did not take it into ac-
count. M. Caresta [14] and E. Efraim [17] show a purely tor-
sional modal. The frequency parameter corresponding to
the purely torsional modal is solved by the PITMM in this
paper.

4.1.2 Comparison of the PITMM and FEM

Comparing the results from the PITMM with the FEM, the
validity of the PITMMproposed in this paper is further ver-
ified, which is examined in Figure 9. It can be observed
from Figure 9 that the results from the PITMM match al-
most perfectlywith the results from the FEM. The results of
the PITMM and FEM only show a slight difference at n=0,
n=5. Therefore, the PITMM given by this paper can accu-
rately calculate thenatural frequencies of coupled conical-
cylindrical shells. Furthermore, the PITMM is not limited
by the boundary conditions at the ends of the coupled
shell.

The author established the finite model for the cou-
pled conical-cylindrical shell by using ABAQUS. In three
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Table 1: Frequency parameters for the coupled shells in a free-clamped boundary condition

Modal number Frequency parameter λ
n m Reference [13] Reference [14]

(Flügge)
Reference [17] PITMM

0 1 0.5047 0.505354 0.503779 0.5037
T - 0.609816 0.609852 0.6098
2 0.9312 0.930904 0.930942 0.9309
3 0.9566 0.956292 0.956379 0.9563
4 0.9718 0.971538 0.971634 0.9715
5 1.0122 1.011873 1.012090 1.0119

1 1 0.2930 0.293357 0.292875 0.2928
2 0.6368 0.636844 0.635834 0.6356
3 0.8116 0.811434 0.811454 0.8113
4 0.9316 0.931458 0.931565 0.9310
5 0.9528 0.952120 0.952178 0.9520
6 0.9922 0.991936 0.992175 0.9909

2 1 0.1010 0.100087 0.099968 0.1005
2 0.5032 0.502819 0.502701 0.5020
3 0.6916 0.691353 0.691305 0.6910
4 0.8592 0.858971 0.859114 0.8570
5 0.9164 0.915877 0.915870 0.9153
6 0.9608 0.960429 0.960702 0.9562

3 1 0.09076 0.087330 0.087603 0.0879
2 0.3921 0.391450 0.391569 0.3900
3 0.5148 0.514424 0.514478 0.5135
4 0.7537 0.753295 0.753402 0.7492
5 0.7970 0.796557 0.796590 0.7942
6 0.9197 0.919369 0.919635 0.9190

4 1 0.1477 0.144478 0.144619 0.1422
2 0.3312 0.330177 0.330354 0.3368
3 0.3965 0.395495 0.395649 0.3929
4 0.6473 0.646548 0.646678 0.6408
5 0.6932 0.692690 0.692805 0.6925
6 0.8720 0.871532 0.871812 0.8719

5 1 0.2021 0.199540 0.199546 0.1993
2 0.2966 0.295939 0.296020 0.2970
3 0.3730 0.370707 0.370901 0.3754
4 0.5805 0.579581 0.579750 0.5802
5 0.6138 0.613231 0.613363 0.6139
6 0.8187 0.818014 0.817951 0.8170

different boundary conditions, clamped-free, free-simply,
and simply-clamped, corresponding to axial modal num-
ber m=1 and circumferential modal number n=0:5, the fre-
quency parameters and modal shapes are shown in Fig-
ures 6-8.

4.2 Numerical analysis

4.2.1 Effect of boundary conditions on the free vibration
characteristic

The influences of boundary conditions on the free vibra-
tion characteristics of a coupled shell are shown in Fig-
ure 9. In three different boundary conditions, free-simply,
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Figure 6:m=1, n=0:5 modal shape in C-S condition

simply-clamped, and clamped-free, corresponding to ax-
ial modal numberm=1, the values of the frequency param-
eter varyingwith circumferentialmodal number n are plot-
ted. It can be seen that the frequency parameter curve is
relatively flat and that the frequency parameter decreases
with an n increasing in the simply-clamped boundary con-
dition. In the free-simply and clamped-free boundary con-
ditions, the frequency parameter curves intensely vary
with n and reach the minimum value at n=2. After n=2,
both of the curves rise. Corresponding to n=1:5, in the free-
simply and clamped-free boundary conditions, almost all
the frequency parameter values are less than the values in
the simply-clamped boundary condition.

4.2.2 Effect of shell thickness on the free vibration
characteristic

Figure 10 presents the influence of the shell thickness h
of the coupled shell on the frequency parameter in the
clamped-clamped boundary condition. With the increas-
ing shell thickness, the frequency parameter slowly in-
creases corresponding to the circumferential modal num-
ber n=0. However, the frequency parameter rapidly in-
creases corresponding to n=5. The stiffness increases with
the increasing of the shell thickness. The stiffness effect
dominates. Therefore, the frequency parameter of the cou-
pled conical-cylindrical shell increases with the increase
in the shell thickness.
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Figure 7:m=1, n=0:5 modal shape in F-S condition
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Figure 8:m=1, n=0:5 modal shape in S-C condition
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Figure 9: Comparison of the frequency parameterλ from the PITMM
and FEM in different boundary conditions

Figure 10: Effects of shell thickness on the frequency parameter λ in
the C-C boundary condition

Figure 11:m=1 frequency parameter λ varying with the semi-vertex
angle in the F-S boundary condition

4.2.3 Effect of the semi-vertex angle on the free
vibration characteristic

When the influence of the semi-vertex conical angle on
the frequency parameter is investigated, the structural pa-
rameters for the coupled conical-cylindrical shells are a =
0.2m, h = 0.002m, Lcy = 0.2m, Lco = 0.1m, and α =
0∘ − 90∘. The material parameters are Poisson’s ratio ,

Figure 12:m=1 frequency parameter λ varying with the semi-vertex
angle in the C-S boundary condition

Figure 13:m=1 frequency parameter λ varying with the semi-vertex
angle in the C-C boundary condition

Young’s modulus E = 2.11 × 1011N/m2, and density ρ =
7800kg/m3. Figures 11-13 present the effect of the semi-
vertex conical angle on the frequency parameter for the
coupled conical-cylindrical shells in free-simply, clamped-
simply, and clamped-clamped boundary conditions. The
conical shell is recognized as a cylindrical shell and the cir-
cular plate at the extreme semi-vertex conical angle α = 0∘

and α = 90∘. The values of the frequency parameter corre-
spond to axial modal number m=1. In Figure 11 of the free-
simply boundary condition, n=0:1, with a semi-vertex an-
gle α varying from 0∘ to, the frequency parameter gradu-
ally increases and thendecreases after α = 30∘. A decrease
in axial stiffness occurs resulting in a decrease in the fre-
quency parameter. A similar behaviour to the n=0 mode
is observed for the n=1 bendingmode. The curve of the fre-
quency parameter gradually drops, for n=2:5. In Figures 12-
13 of the clamped-simply and clamped-clamped bound-
ary conditions, n=0, the frequency parameter quickly de-
creases and reaches a minimum value at α = 90∘. The fre-
quency parameter curves initially rise and then decline,
corresponding to n=1:5. For n=1:5 as light increase of the
frequency parameter with α is observed, showing a small



The free vibration characteristics of isotropic coupled shells | 285

mass effect. A stiffening effect then dominates after α =
70∘. The higher order circumferential modes result in a
wavelike behaviour due to greater shape complexity.

5 Conclusions
A new method, PITMM, is introduced in this paper to
research the free vibration characteristics of isotropic
coupled conical-cylindrical shells. Based on the tradi-
tional transfermatrix andprecise integrationmethods, the
PITMM is constructed. Themethodnot only retains the tra-
ditional transfer matrix methods’ advantages of formula
regularity and easy programmingbut also obtains the high
accuracy from the precise integration methods. The accu-
racy of results solved by the PITMM rises, which can be ob-
served from the comparison of the results from the previ-
ous research, FEM, and PITMM. Based on the PITMM, the
effects of the boundary conditions, the shell thickness and
the semi-vertex conical angle on the free vibration charac-
teristics of the coupled conical-cylindrical shells are exam-
ined. The following observations can be made:

1. Corresponding to n=1:5, in the free-simply and
clamped-free boundary conditions, almost all the
values of the frequency parameter are less than the
values in the simply-clamped boundary condition.

2. The frequency parameter of the coupled conical-
cylindrical shell increases with an increase in the
shell thickness.

3. The semi-vertex angle significantly impacts the fre-
quency parameter corresponding to n=0:1. However,
it has little effect on the frequency parameter corre-
sponding to n=2:5. Furthermore, when α = 80∘, the
frequency parameter values tend towards fixed val-
ues corresponding to n=1:5.

Based on the characteristics of the PITMM, themethod
can also be extended to solve the free vibration problem
about variable thickness of the cylindrical shell, reinforced
cone shells and other rotating body structures.
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Appendix A. Coeflcient matrix U(ξ )
of the cylindrical shell

U12 = U75 = −U78 = −µn (A.1)

U13 = U68 = −µ (A.2)

U18 =
h̃
12 (A.3)

U21 = −U87 = n (A.4)

U24 = −
nh̃2
6 (A.5)

U27 =
h̃

6(1 − µ) (A.6)

U34 = U56 = 1 (A.7)

U43 = U65 = µn2 (A.8)

U45 =
1
h̃

(A.9)

U54 = 2(1 − µ)n2h̃ (A.10)

U62 = −
12(1 − µ2)n

h̃
(A.11)

U63 = −(12 + n4h̃2)
1 − ν2

h̃
+ 12λ2

h̃
(A.12)

U72 =
12
h̃

{︁
(1 − ν2)n2 − λ2

}︁
(A.13)

U73 = (12 + n2h̃2) (1 − ν
2)n

h̃
(A.14)

U81 = −
12λ2

h̃
(A.15)

U84 = (1 − ν)n2h̃ (A.16)

Appendix B. Coeflcient matrix of
the conical shell

U11 = U44 = −ν
1
ξ (B.1)

U12 = −U78 = −
νn
sin α

1
ξ (B.2)

U13 = U68 = −
v

ξ tan α (B.3)

U18 =
h
12 (B.4)

U21 = −U87 =
n

ξ sin α (B.5)

U22 = −U66 =
1
ξ (B.6)

U23 =
nh2

6ξ3 tan α sin α (B.7)

U24 = −
nh2

6ξ2 tan α sin α (B.8)

U27 =
h

6(1 − ν) (B.9)

U34 = U56 = 1 (B.10)

U43 = U65 =
νn2

ξ2sin2α
(B.11)

U43 =
1
h (B.12)

U53 = −U64 = −
(3 + ν)(1 − ν)n2h

ξ3sin2α
(B.13)

U54 = (1 − ν)(1 + ν + 2n2

sin2α
) hξ2 (B.14)

U55 = U88 = −(1 − ν)
1
ξ (B.15)

U61 = −
12(1 − ν2)
ξ2h tan α (B.16)
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U62 = −
12n(1 − ν2)
ξ2h tan α sin α (B.17)

U63 = −
12(1 − ν2)
ξ2h tan2 α

(B.18)

−
{︂
2 + n

2(1 + ν2)
sin2 α

}︂
(1 − ν2)n2h
ξ4 sin2 α

+ 12λ2
h

U71 = U82 =
12(1 − ν2)n
ξ2h sin α (B.19)

U72 =
12(1 − ν2)n2
ξ2h sin α − 12λ2

h (B.20)

U73 =
(1 − ν)n

ξ2 tan α sin α

[︂
12(1 + ν)

h +
{︂
1 + (1 + ν)n2

sin2α

}︂
h
ξ2

]︂
(B.21)

U74 = −
nh(1 − ν)(2 + ν)
ξ3 tan α sin α (B.22)

U75 = −
νn

ξ2 tan α sin α (B.23)

U77 = −
2
ξ (B.24)

U81 =
{︂
(1 − ν2) 1ξ2 − λ

2
}︂
12
h (B.25)

U83 =
{︂
12(1 + ν)

h − n2h
ξ2sin2α

}︂
1 − ν
ξ2 tan α (B.26)

U84 =
(1 − ν)n2h
ξ3 tan αsin2α

(B.27)
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