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Abstract: This paper presents the free vibration response
of piezo laminated composite geometrically nonlinear
conical shell panel subjected to a thermo-electrical load-
ing. The temperature field is assumed to be a uniform
distribution over the shell surface and through the shell
thickness and the electric field is assumed to be the trans-
verse component E2 only. The material properties are as-
sumed to be independent of the temperature and the elec-
tric field. The basic formulation is based on higher order
shear deformation plate theory (HSDT) with von-Karman
nonlinearity. A C0 nonlinear finite element method based
on direct iterative approach is outlined and applied to
solve nonlinear generalized eigenvalue problem. Paramet-
ric studies are carried out to examine the effect of ampli-
tude ratios, stacking sequences, cone angles, piezoelectric
layers, applied voltages, circumferential length to thick-
ness ratios, change in temperatures and support bound-
ary conditions on the nonlinear natural frequency of lami-
nated conical shell panels. The present outlined approach
has been validated with those available results in the liter-
ature.

Keywords:Nonlinear free vibration, Laminated composite
conical shell panel, C0 nonlinear finite element method

1 Introduction
The laminated composite structures are one of the most
important structural material due to their superior struc-

*Corresponding Author: Achchhe Lal: S.V. National Institute of
Technology Surat-India-395007 Surat, Gujarat India; Email: achch-
helal@med.svnit.ac.in
Niranjan L. Shegokar: Dr. D.Y. Patil School of Engineering and
Technology, Lohgaon, Pune Contact No. 9975140257

tural performance with outstanding properties such as
high specific strength and stiffness, better corrosion and
fatigue resistance, and design flexibility as per require-
ments. Shell panels are the basic structural element of
modern technology. In shell panels, a conical shell panel
is being widely used structucture in aerospace application
for rocket interstages, satellite carrier adapters for space-
craft launchers, payload fairings (launch vehicle fairings),
radomes, spacecraft fittings, missile motor cases, fuselage
and fuel tank components for aerial vehicles, etc. During
applications, this structure is subjected to very high inten-
sity of thermo-eletro-mechanical loadings. To avoide the
resonance free structure, the analysis of nonlinear free vi-
brations of conical shell panel is nessesary for optimum
performence. Aside from this, the analysis of thermal load-
ing is also extremely important for the structural integrity
and stability of the structures. Analysis of direct and con-
verse piezoelectric effects is necessary by coupling surface
bonded or embedded piezoelectric actuator and/or sensor
layers which act as a transducer between electricity and
mechanical stress can add an advantage by automating
the vibration control.

Certain efforts have been made in the past by re-
searchers for the prediction of structural responses with
andwithout use of thermo-piezo-electro-mechanical load-
ings on conical shell panels to evaluate the various re-
sponses such as buckling, vibration, bending and failure
etc. For example: Correia et al. [1] carried out the struc-
tural analysis of laminated conical shell panels using a
quadrilateral isoparametric finite element with the appli-
cation of higher-order shear deformation theory (HSDT) in
which the displacement expressions used for longitudinal
and circumferential components of displacement field are
given by power series of the transversal coordinate. Patel
et al. [2] studied the thermoelastic post buckling behavior
of cross-ply laminated composite conical shells under uni-
form temperature distribution in which critical tempera-
ture parameter values corresponding to the onset of bifur-
cation have been compared with linear eigenvalue anal-
ysis. A semi-analytical shell finite element model is de-



238 | A. Lal and N. L. Shegokar

veloped with piezoelectric ring actuators/sensors for ac-
tive damping vibration control of structures using mixed
finite element approach by Correia et al. [3]. Kulkarni et
al. [4] presented a finite element formulation for degen-
erate conical shell element using HSDT with piezoelec-
tric material assuming a parabolic shear strain variation
over the thickness. Moita Jose et al. [5] developed a fi-
nite element formulation based onKirchhoff classical lam-
inated theory for active vibration control of plate lami-
nated structure with integrated piezoelectric sensors and
actuators using Kirchhoff classical laminated theory. Ab-
dullah et al. [6] reported the prediction of the buckling
and dynamic response of laminated composite structures
considering the material properties as deterministic. Bhi-
maraddy et al. [7] developed an isoparametric finite ele-
ment analysis for laminated shells of revolution by tak-
ing into account the effects of shear deformation and ro-
tary inertia. Singh et al. [8, 9] developed a finite element
method in conjunction with the first order perturbation
technique for thermal buckling analysis of laminated com-
posite conical shell panel with and without piezoelectric
layers. The theory is developed for nonlinear free vibra-
tion of the conical shell [10, 11]. Ganesan et al. [12] an-
alyzed the piezoelectric composite cylindrical shells op-
erating in a steady state axisymmetric temperatures us-
ing FEM in which the influence of axisymmetric tempera-
ture on the natural frequencies and the active damping ra-
tio of the piezoelectric cylindrical shell is also examined.
Numerical analysis for free and forced vibration analysis
have been carried out for composite conical and cylindri-
cal shells with various approaches [13, 14]. Hu et al. [15] de-
veloped a methodology for vibration of twisted laminated
composite conical shell panels using thin shell theory and
the principle of virtual work. Free vibration analysis is car-
ried out for metal and ceramic functionally graded conical
shells using first order theory by Zhao et al. [16]. Various
theories have been developed for the free vibration anal-
ysis of plate structures along with the basic theories for
composite structures [17–19]. Free vibration of plate struc-
tures with or without piezoelectric materials using finite
element method based on HSDT with Green Langragian
nonlinear strain displacement relation is carried out by
Dash. et al. [20]. Tripathi et al. [21] analyzed the free vi-
bration analysis for a conical shell with random material
properties and also obtained natural frequency results for
a conical shell by varying geometrical parameters. Sofiyev
et al. [22] carried out the analytical procedure for the study
of free vibration and stability characteristics of homoge-
neous and nonhomogeneous orthotropic truncated and
composite conical shells with clamped edges under uni-
form external pressures. Chih et al. [23] presented a so-

lution of laminated composite conical shells subjected to
axisymmetric loads using perturbation method. Korjakin
et al. [24] carried out the damping analysis for free vibra-
tion of laminated composite conical shells using first or-
der shear deformation theory in connection with energy
method. Chang et al. [25] developed the frequency equa-
tions for free vibration of the conical shellwith various end
conditions but free from the in-plane shearing force along
with the asymptotic expressions. Bardell et al. [26] carried
out a general analysis of the vibration characteristics of
thin, open, conical isotropic panels using the h-p version
of the finite element method in conjunction with Love’s
thin shell equations. Lim et al. [27] developed amathemat-
ical model for free vibration of shallow composite conical
shells in an effort towards accurate modeling of turboma-
chinery blades in which the study focus is on glass/epoxy
conical shells with four and eight ply laminates. A global
computational approach based on the external energy
principle is employed to derive the eigenvalue equation.
Singh et al. [28] carried out vibration analysis of com-
posite plates using higher order shear deformation theory
and obtained results for fundamental natural frequency of
composite plates. Lim et al. [29] carried out analysis for vi-
bration behavior of shallow conical shells by global Ritz
formulation based on the energy principle. Lal et al. [30]
examined the second order statistics of nanlinear natu-
ral frequency of piezolaminated composite conical shell
panel subjected to thermo-electro-mechanical loading us-
ing HSDT based on C∘ nonlinear finite combined with
SOPT . Lal et al. [31] evaluated the second order statistics of
post buckling response of laminated piezoeltric composite
plate resting on elastic foundation usingmicromechanical
approach in the framework of HSDT in conjunction with
SOPT. Chaodhari et al. [32] evaluated the statistics of non-
linear fundamental frequency response of elastically sup-
ported carbonnanotube-reinforced cvomposite beamwith
the thermal environment in non-deterministic framework
using C∘ nonlinear finite element method combined with
second order perturbation method. Zhao et al. [33], eval-
uated the free vibration analysis of conincal shell panels
using element free Galerkin’s method using classical thin
shell theory based onLove’s hypothesis. Jooybar et al. [34],
evaluated the thermally induced free vibration response of
functionally graded truncated conical shell panels using
the first-order shear deformation theory (FSDT).

It is evident from the available literature that the stud-
ies on nonlinear free vibration analysis of piezolaminated
composite conical shell panel subjected to thermoelectri-
cal load are rearly dealt by the researchers due to the com-
plexity associated with the conical shell panels. In the
present work, an attempt is made to address this prob-
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lem by using computationally efficient C0 nonlinear finite
method.

The contribution of this paper is to compute the non-
linearnatural frequencyof piezolaminated composite con-
ical shell panels subjected to thermopiezoeletric loadings
using a direct iterative based C0 nonlinear finite element
method with HSDT in von-Karman nonlinearity. To im-
plement this theory, a suitable C0 continuous isoparamet-
ric finite element method with seven DOFs per node is
proposed in order to reduce the computational efforts re-
quired in the formulation of element matrices without af-
fecting the solution accuracy. The validation of the present
outlined approach is performed by comparing the results
with those reported in the literature. Typical results for
nonlinear natural frequency of laminated conical shell
panel with various ply orientations, layup sequences, and
circumferential length to thickness ratios, material prop-
erties, piezoelectric layers, thermal load, applied voltages,
and boundary conditions have been investigated. The re-
sults are presented in the form of tables, which can suit as
a benchmark for the future results.

2 Formulation
A composite laminated conical shell panel of top radius
R1, bottom radius R2, thickness h, circumferential length
(LC) and half semi-cone angle (φ) consist of N layer paral-
lel fibers embedded in a matrix with its coordinate defini-
tion and material direction of a typical lamina are shown
in Figure 1. Let (u1, u2, u3) be the displacements paral-
lel to the coordinate system (s, θ, z) located on the refer-
ence plane (z =0) of the conical panel are shown in Fig-
ure 1. It is assumed that a perfect bonding exists between
the fibers and the matrix so that no slippage can occur at
the interface and the strains experienced by the fiber, ma-
trix, and composite are equal. The fibers are assumed to be

Figure 1: Geometry of laminated composite cone lamina with geo-
metrical coordinates

uniform in properties and diameter continues and parallel
throughout the composite. It is also assumed that the com-
posite behaves like homogeneous composite material and
the effects of the average constituent’s materials (i.e., ma-
trix and fiber) are detected combined. All the formulation
part is confined here with the assumption of a linear elas-
tic material behavior with large displacement and strains
assuming von-Karman type.

The assumed displacement field to model the conical
shell panel is based on the higher order shear deformation
theory (HSDT) with von-Karman nonlinearity. The condi-
tionof zero transverse shear stresses on the topandbottom
of the conical shell is imposed to determine the higher or-
der terms on the displacement field. After imposing these
conditions, the displacement field as given in [1] for the
conical shell/panel is modified and expressed as:

u1 (s, θ, z) = u +
(︂
z − 4z3

3h2

)︂
βs − z3

4
3h2

∂w
∂s (1)

u2 (s, θ, z) =
(︂
1 + z

R2

)︂
v +

(︂
z − 4z3

3h2

)︂
βθ − z3

4
3h2

1
Rθ
∂w
∂θ

u3 (s, θ, z) = w

where
(︁
u1, u2, u3

)︁
are the displacement along(︁

s, θ, z
)︁
coordinates and

(︁
u, v, w

)︁
are the dis-

placements of a point on the middle surface with βs and
βθ as the rotations of the normal to the mid-plane about s
and θ direction, respectively and Rθ is the principal radius
of curvature in the θ direction.

From eq. (1), it can be observed that the expression for
in plane displacement u1 and u2 involve the derivatives
of out of plane displacement w, as a result of this, sec-
ond order derivativeswould be present in the strain vector,
therefore it is the necessity of the implement of C1 con-
tinuity. The complexity and difficulty involved with mak-
ing a choice of C1 continuity (for solving partial differen-
tial equations) are well known in order to avoid some dif-
ficulties associated with these elements; the displacement
field model has been slightly modified to make it suitable
for C0 continuous element [19]. The C0 continuous element
permits easy isoperimetric finite element formulation and
consequently can be applied for nonrectangular geome-
tries as well. Thus five DOFs with C1 continuity given in
eq. (1) can be increased to 7 DOFs with C0 continuity due
to conformity with HSDT. In this change, the artificial con-
straints are imposed, which can be enforced variationally
through a penalty approach, in order to satisfy the con-
straint emphasized. However, the literature [19] demon-
strated that without enforcing these constrains, accurate
results with C0 continuity can be obtained. The displace-
ment model is given in eq. (1) can be written in the modi-
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fied form as

u1 (s, θ, z) = u + f1(z)βs + f2(z)θs; (2)

u2 (s, θ, z) = v
(︂
1 + z

R2

)︂
+ f1(z)βθ + f2(z)θθ;

u3 (s, θ, z) = w;

where the function f1 (z),f2 (z), θs and θθ can be defined as

f1 (z) = C1z − C2z3; f2 (z) = −C4z3; (3)

θs =
∂w
∂s and θθ =

∂w
∂θ with

C1 = 1, C2 = C4 =
4h2
3

The displacement vector for the modified C0 continuous
model is denoted as

f =
(︁
u v w θθ θs βθ βs

)︁
(4)

The electric potential generated for the piezoelectric layer
is assumedasϕ is electric potential,which canbe assumed
as

ϕ (s, θ, z) = ϕ(0) (s, θ) + zϕ(1) (s, θ) + z2ϕ(2) (s, θ) (5)

where ϕ(0), ϕ(1) and ϕ(3)are the electric potential terms.
The nonlinear coupled piezothermoelectric consti-

tutive equations can be written as of an orthotropic
layer/lamina (say pth layer) having any fiber orientation
with respect to structural axes system (s − θ − z) [35]

σij = C
p
ij

(︁
εLij + εNLij − εTij − εVij

)︁
− eklEk (6a)

(i, j = 1, 2, ..., 6 and k, l = 1, 2, 3)

Dk = ekj
(︁
εLij + εNLij

)︁
+ ξklEl + pk∆T, (6b)

(i, j = 1, 2, ..., 6 and k, l = 1, 2, 3)

where Cpij is the reduced elasticity constantsmatrix and εLij,
εNLij , εTij are the linear, nonlinear and thermal strain vec-
tor, respectively, ekl is the matrix of the piezoelectric co-
efficients, Ek is the electric field vector, ∆T is the temper-
ature rise from a stress free reference temperature, Dk is
the electric displacement vector, ξkl is the dielectric coeffi-
cient matrix, and pk is the piezoelectric constants vector.
The electrical field E is calculated based on the gradient of
the electric potential given in Eq. (5).

From Eq. (6a) linear strain tensor can be rewritten as

εLij = HmnεLkl (7)

whereHmn is the function of Z and unit step vector defined
in the appendix (A.1) and εkl is reference plain linear strain
tensor defined as

εLkl = (8)

{︀
ε01 ε02 ε06 k01 k02 k06 k21 k22 k26 ε04 ε05 k24 k25

}︀T
Assuming that the strains are much smaller than the

rotations (in the von-Karman sense), one can rewrite non-
linear strain vector

{︁
εNLij

}︁
of the Eq. (6a) as [36],

εNLij = 1
2 [Anl] {ϕ} (9)

where Anl = 1
2

⎡⎢⎢⎢⎢⎢⎣
w,s 0
0 w,θ
w,θ w,s
0 0
0 0

⎤⎥⎥⎥⎥⎥⎦ and ϕ =
{︃
w,s
w,θ

}︃

The thermal strain vector
{︁
εTij

}︁
given in Eq. (6) can be

represented as

εTkll = ∆T

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

α1
α2
0
0
0

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
(9a)

where α1 and α2 are thermal expansion coefficients along
the s, and θ direction, respectively which can be obtained
from the thermal in the longitudinal (αl) and transverse
(αt) directions of the fibers using transformation matrix
and ∆T is the change in temperature in the shell panel sub-
jected with uniform temperature rise.

The electric field vector
{︁
εVij

}︁
given in Eq. (6) can be

represented as

εVkll = Ez

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

d31
d32
0
0
0

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
= Vktk

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

d31
d32
0
0
0

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
(9b)

where d31 and d32 are the piezoelectric strain constant
of a single ply along the s, and θ direction respectively
which can be obtained from the thermal in the longitudi-
nal and transverse directions of the fibers using transfor-
mationmatrix and Ez, Vk, tk are the electric field along the
thickness direction, applied voltage across the kth ply and
thickness of the ply in the shell panel subjected with uni-
form electric field rise.

From Eq. (6a), the electric field vector Ekis calculated
based on the gradient of the electric potential φ can be
written as

Ek = HmnϕEkl (10)

where Hmnϕ is the function of z and unit step vector of
piezoelectric layers defined in the appendix (A.2) and εϕklis
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reference plain piezoelectric strain tensor defined as

Ekl = (10a){︁
E(0)s E(0)θ E(1)s E(1)θ E(2)s E(2)θ X(1) X(2)

}︁T

with Hmnϕ =

⎡⎢⎣1 0 z 0 z2 0 0 0
0 1 0 z 0 z2 0 0
0 0 0 0 0 0 1 z

⎤⎥⎦ .

where, Es, Eθ, and X are electric field vector along s, θ, z
direction, respectively, and Hmnϕ is the unit step vector of
electric field vector.

From Eq. (2) the displacement components at any
point within the cone may also be expressed as

ui =
{︁
u1 u2 u3

}︁T
(11a)

The Eq. (11a) can be rewritten in general form

ui = Sklui , with (11b)
(k = 1, 2, 3 and l = 1, 2, . . . , 9)

where ui is the displacement vector of any point in the ref-
erenceplane and Skl = functionof z andunit step functions
defined in the appendix (A.3).

The total energy of the system consisting of linear,
nonlinear and piezoelectric stain energy of the conical
shell panel with work done due to thermal and electrical
loading can be expressed as

US = UL + UNL −WT −WV − Uϕ (12)

From Eq. (12) the linear stain energy of the conical shell is
given by

UL =
∫︁
Ω

1
2C

p
ijklεLijεLkldΩ =

∫︁
∆

1
2 εijDmnεkld∆ (13)

where Dmn is the laminate elastic stiffness matrix defined
in the appendix (A.4).

From Eq. (12), the nonlinear strain energy matrix can
be rewritten as

UNL =
∫︁
Ω

1
2 ε

NL
ij C

p
ijklεNLkl dΩ =

∫︁
∆

1
2 ε

NL
ij DNLijklε

NL
kl d∆ (14a)

where DNLijkl is the laminate stiffnessmatrices defined in the
appendix (A.5).

Using Eq. (9), the Eq. (14a) can be expressed as

UNL =
1
2

∫︁
Ω

AnijϕnijD3εij LdΩ (14b)

+ 1
2

∫︁
Ω

εij LD4AnklϕnkldΩ

+ 1
2

∫︁
Ω

AnijϕnijD5AnklϕnkldΩ, (i, j, k, l = 1, 2, 3)

where D3, D4 and D5 are the laminate stiffness matrices of
the conical shell panel defined in appendix (A.6).

From Eq. (12), the work done due to thermal loading
can be written as

WT =
∫︁
Ω

1
2BjN

T
0BTj dΩ =

∫︁
∆

1
2BjλTN

T
0BTj d∆ (14c)

where Bj is the geometric stiffness matrix defined in ap-
pendix (A.7). The parameters NT0 is the thermal compres-
sive stress resultant matrix defined in the appendix (A.8)
and λT is the critical thermal parameter.

From Eq. (12), the work done due to applied electric
field can be written as

WV =
∫︁
Ω

1
2B

V
j NV0 BVj dΩ =

∫︁
∆

1
2B

V
j λVN

V
0 BVj d∆ (14d)

where NV0 is the applied electric field stress resultant ma-
trix defined in the appendix (A.9) and λV is the critical elec-
tric field parameter.

From Eq. (12), the strain energy due to piezoelectric
layers can be rewritten as

Uϕ = UϕL + UϕNL (15)

From Eq. (15), the linear strain energy due to piezoelectric
layers

(︀
UϕL

)︀
can be rewritten as

UϕL =
∫︁
Ω

1
2 ε

L
klD1PE

ϕ
ij dΩ (15a)

+
∫︁
Ω

1
2E

ϕ
klD

T
1PεLijdΩ −

∫︁
Ω

1
2 k

ϕ
ijD2PE

ϕ
ij dΩ

where D1P and D2P are defined in appendix of (A.10)
and (A.11), respectively.

The Eq. (15), the nonlinear strain energy due to piezo-
electric layers

(︀
UϕNL

)︀
can be rewritten as

UϕNL =
1
2

∫︁
{ϕp}T{Anij}TD6{Lϕ}{ϕnij}dsdθ (15b)

+ 1
2

∫︁
{ϕnij}T{Lϕ}TD7{Anij}{ϕp}dsdθ

where D6, D7 are the linear piezoelectric stiffness matrices
defined in appendix of (A.12).

The kinetic energy of vibrating cone can be expressed
as

T =
∫︁
Ω

1
2ρp u̇i u̇jdΩ =

∫︁
∆

1
2Mjk u̇i u̇jd∆ (16)

where ρp,Mjk are mass density of the pth element and the
element consistent mass matrix defined in the appendix
(A.13), respectively and the dot indicates derivative with
respect to time “t.”
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3 Governing equation of motion
The equation of motion for nonlinear free vibration re-
sponse of the laminated composite cone in thermal en-
vironmental can be derived using Hamilton’s variational
principle

δ
t2∫︁
t1

(T − US)dt = 0 (17)

Using Eqs. (13), (14a), (14b), (14c), (14d) and (16) the
strain-displacement relation (defined in appendix) in the
reference plane, which is derived and expressed as∫︁

∆

Mmn üi1δui1 +
∫︁
∆

Dm1n1ui1 ,j1δuk1 ,l1d∆ = 0 (18)

The above eq. (18) can be further written as∫︁
∆

Mmn üi1δui1d∆+
∫︁
∆

Dm1n1 üi1δuk1,l1d∆ = 0 (19)

In the present study, a nine-noded quadrilateral C0

isoparametric element with the seven field variables per
node (s, θ, z, θs, θθ, βs and βθ) is employed. The gener-
alized field variable (f ) at any point within the element is
expressed in terms of nodal variables as follows:

f =
nn∑︁
i=1

Ni fi (20)

where fi is the field variable corresponding to the ith node;
N i is the shape function associated with the ith node and
nn is the number of nodes per element, which is nine in
the present study.

Using the Eq. (20), the strain tensor Ei j and the dis-
placement vector uα may be expressed in terms of nodal
displacement vector {δ} as

εij = Bijαδα, uα = Pijαδα (21)

where Bijα is the strain displacement matrix.
Substituting the above finite element approximations

of Eq. (20) into Eq. (19), the finite-element equations ofmo-
tion are obtained as

Mαβ(bρ)δ̈β(bρ) + Kαβ(bρ)δβ(bρ) = 0 (22)

In the above equation, Mαβ(bρ) and Kαβ(bρ) are the mass
and stiffness tensor.

The finite element equations of motion, [Eq. (22)]
may be further written with the help of a trial function
δβ(bρ; t) = qβ(bρ) exp[i(t − t0)] in the form of standard

eigen-value problem for free vibration analysis having one
system of n static equations (time is assumed as determin-
istic) can be expressed as:

[Kαβ(bρ) − λβ(bρ)Mαβ(bρ)]qβ(bρ) = 0 (23)

where Kαβ = [Klαβ +Knlαβ −Kgαβ −KVαβ −KqαβϕK−1αβϕKqαβϕ]
with Knlαβ = [ 12N1(δβ) + 1

3N2(δβ)]
where qβ, Klαβ, Knlαβ, Kgαβ,KVαβ,Kqαβϕ, Kαβϕ, Mαβ and
λβ

(︀
= ω2)︀ are defined as global (system) eigen vector, lin-

ear, nonlinear, geometric stiffness (arises due to thermo-
electrical loadings) matrices, elective field stiffness, cou-
pling matrix between elastic mechanical and electrical ef-
fects, dielectric stiffness matrix, mass matrix and system
eigenvalue, respectively [30]. The parameters [N1(δβ)] and
[N2(δβ)] are global nonlinear stiffness matrices which are
linearly and quadratically dependent on the displacement
vector, respectively [33].

Eq. (23) involve only mean quantities and is a deter-
ministic eigen value equation from which the mean eigen
value of vibration frequencies can be obtained by solving
the zeroth-order eigenpairs λβ(bρ) and qβ(bρ) by any con-
ventional technique. Since λρβ is diagonal and Kαβ andMαβ
are symmetric, the first term on the left hand side of the
above equation vanishes by the use of Eq. (23).

The nonlinear eigenvalue problem as given in Eq. (23)
is solved by employing a direct iterative method based on
C0 nonlinear finite element with the following steps

Step 1: By setting amplitude to zero, the linear eigenvalue
problem [Kαβqβ = λβMαβqβ , λβ = ωij2] is ob-
tained from Eq. (22) with all nonlinear terms set
to zero, by assuming that the system vibrates in
its principal mode to obtain the linear eigen value
and eigen vector.

Step 2: The mean mode shape of the desired linear mode
is normalized with respect to given amplitude at
the point of maximum deflection.

Step 3: Using the normalized mode shape, the nonlinear
stiffness matrix is computed with this initial dis-
placement.

Step 4: By applying these stiffness matrices the eigen-
value problem is then solved to obtain new eigen-
value and corresponding eigenvectors.

Step 5: Steps (2) to (4) are repeated until convergence
(≤ 10−2) is attained for maximum displacement
{δβ}maxand the corresponding mean natural fre-
quency

(︁
ωij =

√︁
λβ
)︁
is computed.
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Figure 2: Flow chart for an overview of the present analysis

4 Results and Discussion
The direct iterative based C0 nonlinear finite element
method outlined for nonlinear free vibration is applied
and illustrated for different boundary conditions, piezo-
electric layers, circumferential length to curvature ratios,
amplitude ratios, lamination schemes, cone thickness ra-
tios and thermal and electrical loading. A nine noded La-
grangian isoparamatric element, with 63 degrees of free-
dom (DOFs) per element for the present HSDT model has
been used for discretizing the laminate. Based on con-
vergence study conducted a (4 × 4) mesh has been used
throughout the study. A computer program has been de-
veloped in MATLAB R2009a environment to generate the
numerical results. It is noted that for the computation of
results full integration (3 × 3) is used for thick shells and
selective integration scheme (2 × 2) for the thin shell. In

the present analysis, various parameters such as circum-
ferential length to thickness ratios, amplitude ratios, and
boundary conditions are used to check the efficiency of the
presentmodel.However, present outlined formulation, so-
lution technique, and code do not put any limitations. It is
assumed that the materials are perfectly elastic through-
out the deformation.

The following dimensionless quantity and ratio has
been used in this study, ω = (ωa2

√︀
ρ/E2)/h, where, ω,

ω, ρ, a, E2 and h are defined in notation.
The ratio of nonlinear to linear frequency = ωnl/ωl
In the present study, various combinations of bound-

ary edge support conditions (BCs) namely clamped, sim-
ply supported (S1 and S2) and clamped simply supported
boundary condition for conical shell panel has been used
for the present analysis.

(a) All edges simply supported (SSSS) (S1):
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u = v = w = θθ = βθ = 0, at s = 0, a;
u = v = w = θs = βs = 0 at θ = 0, b;

(b) All edges simply supported (SSSS) (S2):

v = w = θθ = βθ = 0, at s = 0, a;
u = w = θs = βs = 0 at θ = 0, b;

(c) All edges clamped (CCCC):

u = v = w = βs = βθ = θs = θθ = 0, at s = 0, a
and θ = 0, b;

(d) Two opposite edges clamped and other two simply
supported (CSCS):

u = v = w = βs = βθ = θs = θθ = 0, at s = 0
and θ = 0; v = w = θθ = βθ = 0,
at s = a u = w = θs = βs = 0, at θ = b;

Material properties for composite and piezoceramic
are as shown in Table 1 and Table 2.

Table 1: The following elastic properties of materials used for com-
putation of numerical results

Elastic Graphite/Epoxy Piezoceramic
properties (Mean values)

Material 1 Material 2
E1 (GPa) 40 E2 25 E2 63
E2 (GPa) 6.92 10.3 63
G12 (GPa) 0.6 E2 0.5 E2 24.2
G13 (GPa) 0.6 E2 0.5 E2 24.2
G23 (GPa) 0.5 E2 0.2 E2 19
v12 0.25 0.25 0.3

α1(10−6) 1.1 1.1 0.9
α2(10−6) 25.2 25.2 0.9

4.1 Validation Study

In order to ensure the accuracy and proficiency of present
outlined direct iterative based C0 nonlinear finite element
method, three sets of examples have been analyzed for free
vibration of conical shell panel.

Example 1. To make certain accuracy of the present fi-
nite element formulation, a convergence study for mean

Table 2: The following piezoelectric properties are used for compu-
tation of numerical results

Piezoelectric Graphite/Epoxy Piezoceramic
properties Material

1
Material

2
Piezoelectric
coeflcients
(10−12 m/V)

d32 0 0 −285
d24 0 0 122
d15 0 0 122

Electric
permittivity
(10−11 F/m)

e11 0 0 1475
e22 0 0 1475
e33 0 0 1300

Figure 3: Validation study of mean fundamental frequency in 1000
rad/s for a laminated [-45∘/45∘]s simply supported cylindrical
panel, with R/h=50, for the discrete value of LC/h

Table 3: Validation study of fundamental frequency for simply sup-
ported (S2) conical shell panel with φs = 10∘, LC/h = 1000

Wmax/h Lim et al. [29] Present
0.2 239.15 240.25
0.3 358.72 360.02
0.4 478.31 479.58
0.5 597.90 599.81
0.6 717.49 719.30
0.7 837.10 840.22
0.8 956.86 959.28

natural frequencies for a [-45∘/45∘]S laminated compos-
ite simply supported cylindrical panel with thickness ra-
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Table 4: Validation study of dimensionless mean nonlinear fundamental frequency of piezo laminated layers [P/0∘/90∘/90∘/0∘] simply
supported (S2) plate.

Mesh ωl Wmax/h
0.2 0.4 0.6 0.8 1.0

2 × 2 26.132*
25.7380^

1.020*
1.018^

1.0840*
1.0712^

1.168*
1.1505^

1.300*
1.2482^

1.4360*
1.3576^

4 × 4 25.216*
25.2378^

1.017*
1.0175^

1.065*
1.0672^

1.142*
1.1430^

1.240*
1.2381^

1.358*
1.3468^

6 × 6 25.150*
25.211^

1.015*
1.0175^

1.060*
1.0672^

1.136*
1.1427^

1.256*
1.2374^

1.339*
1.3386^

^Present , *Dash et al. [20]

Table 5: Effect of amplitude ratio, frequency mode and stacking
sequence on dimensionless mean nonlinear natural frequency of
the conical shell panel.

Wmax/h Mode [00/P/90∘/
90∘/0∘]

[0∘/P/90∘/
0∘/90∘]

0.2 1 22.4509 21.0043
2 37.6789 32.2293

0.4 1 24.3101 22.5487
2 37.6769 33.5145

0.6 1 27.0088 24.9557
2 37.6754 35.4729

0.8 1 30.3130 26.7281
2 37.6814 35.6789

1.0 1 34.0033 27.5572
2 37.7275 35.6719

Table 6: Effect of amplitude ratio, frequency mode and curvature to
thickness ratio on dimensionless mean nonlinear natural frequency
with [P/0∘/90∘/90∘/0∘] conical shell panel.

Wmax/h Mode LC/h = 10 LC/h = 20 LC/h = 30
0.2 1 23.5572 28.4710 29.9226

2 34.5792 70.0617 85.3959
0.4 1 25.8885 30.0880 31.4965

2 34.5797 70.0707 86.7343
0.6 1 28.3988 32.4739 33.8323

2 34.5792 70.0742 88.7733
0.8 1 31.4248 35.3807 36.7321

2 34.5877 69.5659 91.3778
1.0 1 34.2955 38.7386 40.1015

2 35.5611 70.0652 94.5613

tio R/h = 50 and circumferential length to thickness ratio
LC/h = 10 to 40, is carried out as shown in Figure 3 and
compared with the available finite element of Tripathi et

al. [21]. It can be seen that present results obtained by C0

continuity are good arguments with the published results.

Example 2. In this example, the dimensionless nonlin-
ear fundamental frequency of conical shell panel with dif-
ferent amplitude ratios is presented and compared with
the Ritz method formulation of Lim et al. [29] as shown
in Table 3. From the table, it can be observed that the
present results obtained by C∘ finite element method with
a von-Karman theory for conical shell panel are in good
agreement with the available global Ritz method of Lim et
al. [29].

Example 3. In this example, the dimensionless nonlin-
ear fundamental frequency of piezolaminated composite
plate with different amplitude ratios and mesh densities
are compared and converged with HSDT based finite ele-
ment results of Dash et al. [20] due to unavailability of lit-
erature available on free vibration of conical shell panel
with piezoelectric layer. The results are presented in Ta-
ble 4. From thenumerical results, it is seen that the present
results obtained by C0 FEMwith von-Karman nonlinearity
are in good agreementwith the available results of C0 non-
linear FEMwith Green langrage nonlinear strain displace-
ment relations of Dash et al. [20]. It is also seen that among
the given different mesh sizes such as (2x2), 4x4) and
(6x6), the results at (4x4) mesh size has been converged
and validatedwithwith the available literature [20]. Hence
for the further computation of results, total 16 elements
with 7 degree of freedoms have been used. The results are
presented in table forms for accuracy point of view and
some results are presented with various new parameters
which clearly emphasis the importance of these parame-
ters on the natural frequency response of the conical shell
panel.
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Table 7: Effect of lamination scheme, amplitude ratio and frequency mode with position of piezoelectric layer on the dimensionless mean
nonlinear natural frequency of conical shell panel.

Stacking Sequence Wmax/h Mode P = 0 P = 1 P = 2 P = 3
0∘/90∘/90∘/0∘ 0.5 1 23.3364 27.0549 25.5697 25.4630

2 32.6378 34.5787 37.6754 39.9661
1 1 30.8397 34.2955 34.0033 33.4689

2 32.6329 35.5611 37.7275 39.9471
0∘/90∘/0∘/90∘ 0.5 1 21.9177 23.1747 23.6314 25.2234

2 32.3743 33.1130 34.4173 38.6117
1 1 27.1924 30.2770 27.5572 31.7095

2 32.3716 33.0965 35.6719 38.5862
0∘/90∘/0∘ 0.5 1 21.9207 25.9542 24.8965 25.9286

2 34.5519 37.3952 37.5787 39.8443
1 1 28.9992 34.0509 29.3401 33.7100

2 33.5462 37.3997 39.8057 39.8574
0∘/45∘/45∘/0∘ 0.5 1 21.7008 24.0790 24.1798 24.0605

2 38.085 40.4448 38.6779 48.8327
1 1 28.2865 30.1577 30.9125 30.9988

2 43.8710 40.6904 42.9175 50.9305

4.2 Numerical Examples for nonlinear
natural frequency

The results of thermoelectrically induced natural fre-
quency of laminated conical shell panels are obtained at
various parameters such as symmetric and asymmetric
cross-ply and /or angle-ply orientation, various boundary
conditions (SSSS (S1), (S2), CCCC and CSCS), different cir-
cumferential length to thickness ratio (LC/h), different am-
plitude ratio (Wmax/h), semi cone angle (φ) and material
properties etc.

The following parameters are used for computation of
results unless otherwise mentioned as φ = 27∘, LC/h = 10,
∆T = 100, ∆V = 100,material number 2 (mentioned inprop-
erties table) and SSSS (S2) supported boundary condition.

Table 5 presents the effect of amplitude ratio, fre-
quency mode and stacking sequence on the nonlinear
natural frequency of piezolaminated conical shell panel
subjected to thermo electrical loading. It is observed that
for the same frequency mode and piezo laminated layer,
the mean dimensionless frequency increases with the in-
crease of the amplitude ratio. It is also observed that
higher frequency mode makes the dimensionless natural
frequency higher. Moreover, for the same amplitude ratio
and frequency mode, the symmetric cross-ply piezolam-
inated conical shell panel shows the higher natural fre-
quency.

The effect of amplitude ratio with curvature to thick-
ness ratio on the dimensionless natural mean natural fre-

quency of conical piezolaminated simply supported con-
ical shell panel is examined in Table 6. From the table,
it is observed that for the same amplitude ratio and fre-
quency mode, the dimensionless mean natural frequency
increases with increase the curvature to thickness ratio. It
is because of as the thickness ratio of the panel increases
the panel thickness reduces causing it to increase natural
frequency. It is also observed that at the same curvature
to thickness ratio, the natural frequency of laminated con-
ical shell increases with increase in amplitude ratio and
frequency mode.

The effect of the position of a piezoelectric layer with
different lamination scheme, for various amplitude ratio
and frequency mode and piezolaminated composite con-
ical shell panel, is examined in Table 7. It is observed
that for the same lamination scheme and amplitude ra-
tio, the nonlinear mean dimensionless fundamental fre-
quency is higher for 4 layer cross-ply laminates having
piezoelectric layer position 1, while, lowest for 4 layers
antisymmetric cross-ply shell having piezoelectric layer
position 1. It is true for piezoelectric layers at position 2
and 3. Among the three positions of piezoelectric layer (P)
as given in table are considered as for example cross-ply
(0∘/90∘/90∘/0∘) laminated shell panel, then the P = 1 in-
dicates the piezoelectric layer is present at position num-
ber 1 as (P/0/90/90/0), similarly for P = 2, the lamination
scheme will be as (0∘/P/90∘/90∘/0∘) and for P = 3, the
lamination scheme will be (0∘/90∘/P/90∘/0∘).
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Table 8: Effect of material property, amplitude ratio, frequency mode, curvature to thickness ratio and lamination scheme on dimensionless
mean nonlinear natural frequency of conical shell panel (LS1 and LS2 indicate [P/0∘/45∘/0∘/45∘] and [0∘/P/45∘/0∘/45∘], respectively).

Material type Wmax/h Mode LC/h = 10 LC/h = 20
LS1 LS2 LS1 LS2

Material 1 0.5 1 19.3156 22.6389 21.1362 24.4168
2 32.1832 30.9431 38.0529 34.7426

1 1 26.2088 25.8259 28.5291 29.0459
2 37.3426 33.6544 47.2453 42.7706

Material 2 0.5 1 20.6645 23.6314 22.7352 25.3607
2 36.1912 34.4173 42.6222 38.3145

1 1 27.6700 27.5572 30.1847 30.7421
2 37.8814 35.6719 49.5656 46.4042

Table 9: Effect of boundary condition, amplitude ratio, frequency mode and curvature to thickness ratio on dimensionless mean nonlinear
natural frequency of conical shell panel with (0∘/P/90∘/90∘/0∘) lamination scheme.

Boundary Condition Wmax/h Mode LC/h
10 20 30

SSSS(S1) 0.5 1 26.9963 30.7637 32.1576
2 44.9781 56.9279 61.9514

1 1 33.7481 39.4333 40.6934
2 51.8944 61.9560 66.7043

SSSS(S2) 0.5 1 26.1186 30.0053 31.3927
2 34.4804 66.8411 61.7915

1 1 32.9291 36.4504 37.7220
2 34.5626 61.6607 66.4171

CCCC 0.5 1 36.2719 49.9069 56.4387
2 55.2608 85.9538 108.3913

1 1 43.1235 55.6653 62.1605
2 59.2262 88.1698 110.3838

CSCS 0.5 1 30.7802 39.3551 43.0643
2 50.6728 73.7474 89.4079

1 1 36.7601 44.9786 48.8022
2 55.2943 77.2015 92.6701

Table 8 examines the effect of the material proper-
ties with amplitude ratio, frequency mode, curvature to
thickness ratio and lamination scheme on the dimension-
less mean nonlinear natural frequency of piezolaminated
composite conical shell panel in the thermal environment.
For the same amplitude ratio, frequency mode and the
piezoelectric layer, the mean natural frequency increases
for the moderately deep conical shell. It is also observed
that the mean fundamental frequency increases and cor-
responding natural frequency increases as the piezoelec-
tric layer move from the first layer to the second layer. It is
due to fact that the piezoletric layeres behaves as senser.
Moreover, nonlinear natural frequency higher for the shell

panel made of material number 2. It is due to the higher
elastic stiffness as compared to material 1.

The effect of support conditions (namely, SSSS (S1),
SSSS (S2), CCCC and CSCS), amplitude ratio, frequency
mode and curvature to thickness ratio of thenonlinear nat-
ural frequency of piezolaminated composite conical shell
panel is examined in Table 9. From the table, it is observed
that for the same amplitude ratio and curvature to thick-
ness ratio the nonlinear frequency of CCCC shell panel is
highest, while SSSS (S2) shows the least numerical and it
is true for all other amplitude ratios. It is due to increased
effect of boundary constrains of CCCC shell panel is more
as compared to other supported shell panel.
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Table 10: Effect of cone angle, amplitude ratio, frequency mode and stacking sequence on dimensionless mean nonlinear natural frequency
of conical shell panel.

Cone angle Wmax/h Mode P/0∘/90∘/90∘/0∘ P/0∘/45∘/45∘/0∘

10 0.5 1 14.0369 15.2672
2 21.1040 22.3057

1 1 17.3421 19.3582
2 23.0902 23.7264

20 0.5 1 24.0160 22.1228
2 55.5419 43.5549

1 1 29.3227 26.9011
2 59.9157 46.9443

30 0.5 1 45.2054 34.7911
2 127.732 84.4448

1 1 54.1909 41.7430
2 136.177 94.6468

Table 11: Effect of electrical loading, amplitude ratio, frequency mode, material properties and lamination scheme on dimensionless mean
nonlinear natural frequency of conical shell panel with LC/h = 100.

Electric Wmax/h Mode Material - 1 Material - 2
loadings
in Volts

P/[(0∘/90∘)2]S [0∘/P/90∘/0∘/90∘] P/[(0∘/90∘)2]S [0∘/P/90∘/0∘/90∘]

200 0.5 1 34.6449 26.8264 35.4554 27.9351
2 96.0435 63.9284 97.5091 67.0797

1 1 38.5651 32.0268 39.5205 33.2173
2 101.1452 69.8958 102.6505 73.0737

0 0.5 1 34.6594 26.8655 35.4629 27.9752
2 96.0685 63.9730 97.5352 67.1264

1 1 38.5787 32.0308 39.5345 33.2504
2 101.1703 69.9970 102.6761 73.1168

−200 0.5 1 34.6739 26.9035 35.4849 28.0133
2 96.0931 64.0161 97.5597 67.1710

1 1 38.5917 32.0619 39.5481 33.2825
2 101.1939 70.0361 102.7006 73.1579

Table 10 examines the effect of semi coneangle, ampli-
tude ratio, frequency mode with lamination sequence on
the mean nonlinear natural frequency of piezolaminated
simply supported conical shell panel. It is observed that
the nonlinear natural frequency increases with increase in
semi cone angle. When the semi cone angle increases, the
structures becamemore conical and the nonlinear natural
frequency increases. It is noted that if the height of the con-
ical shell panel is taken as a constant parameter then the
nonlinear frequency of conical shell panel increases with
increase in semi cone angle.

The effect of electrical loading, amplitude ratio, fre-
quency mode, material properties and piezolamination
scheme are examined in Table 11. It is noticed that for same

amplitude ratio, frequency mode, and material property,
the nonlinear natural frequency decreases with increase
in the electrical loading. It is due to that electrical loading
makes stiffness of the conical shell lower. The nonlinear
frequency of shell panel made of material 2 is higher than
material 1. It is because of the stiffness of material 2 are
higher.

Table 12 examines the effect of thermal loading, ampli-
tude ratio, frequency mode, material properties and lami-
nation scheme on the dimensionless mean nonlinear nat-
ural frequency of piezolaminated conical shell panel. It is
noticed that for same amplitude ratio, frequency mode,
and material property, the temperature increment makes
the frequency lower. It is due to that temperature incre-
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Table 12: Effect of thermal loading, amplitude ratio, frequency mode, material properties and lamination scheme on dimensionless mean
nonlinear natural frequency of conical shell panel with LC/h = 100.

∆T Wmax/h Mode Material - 1 Material - 2
P/[(0∘/90∘)2]S [0∘/P/90∘/0∘/90∘] P/[(0∘/90∘)2]S [0∘/P/90∘/0∘/90∘]

−100 0.5 1 38.9912 34.2584 39.9621 35.3271
2 99.9567 68.9043 101.5106 72.1083

1 1 42.6012 38.5170 43.7095 39.7130
2 104.8500 74.4336 106.4429 77.6356

0 0.5 1 36.9396 30.9451 37.8413 32.0173
2 98.0279 66.3705 99.5372 69.5589

1 1 40.6704 35.4960 41.7065 36.1436
2 103.0490 72.1444 104.5973 75.3213

100 0.5 1 34.6524 26.8464 35.4629 27.9557
2 96.0560 63.9509 97.5222 67.1033

1 1 38.5716 32.0148 39.5275 33.2338
2 101.1578 69.9770 102.6635 73.0952

ment makes the stiffness of conical shell panel lower. It is
also observed that nonlinear frequency of panel is more
sensitive to frequency mode 1. It can also be seen that the
effect of thermal loading is more dominated as compared
to the electrical loading.

5 Conclusions
Adirect iterative basedC0 nonlinear finite elementmethod
has been used to obtain the nonlinear natural frequency of
piezolaminated composite conical shell panel subjected to
uniform thermo-electrical loading acting simultaneously
or individually. The following conclusions are noted from
the typical results.

1. The nonlinear natural frequency of conical shell
panel increases with increase in length to curvature
ratios.

2. With increase the amplitude ratio and frequency
mode, the nonlinear natural frequency increases.

3. The nonlinear natural frequency of conical shell
panel increases with piezoelectric layers and fur-
ther increases with increasing the piezoelectric lay-
ers from the inner side to outer side of the cone from
the neutral axis.

4. All edges clamped supported conical shell panel
shows higher nonlinear natural frequency as com-
pared to simply supported and clamped and simply
supported.

5. Increasing the number of layers initially increases
the nonlinear natural frequency but later it becomes

constant for a particular circumferential length to
thickness ratios.

6. The natural frequency of conical shell panel in-
creases with increase the semi cone angle.

7. There is declination of the nonlinear natural fre-
quency of conical shell panel subjected to thermo-
electrical loading acting simultaneously or individ-
ually.

Notations
(︀
A1ij , Bij , D1ij , Laminated plate stiffnesses
Eij , F1ij , Hij

)︀(︀
A2ij , D2ij , F2ij

)︀(︁
M1ij ,N1ij ,P1ij , Piezoeletric layer stiffnesses
Q1ij ,R1ij

)︁
(︁
M2ij ,N2ij ,P2ij ,

Q2ij ,R2ij
)︁

α1, α2 Thermal expansion coefficients along s
and θ direction, respectively

βs, βθ Rotations of normal to mid plane about
the s and θ axis respectively

∆T Difference in temperatures
ω, ω Fundamental frequency and its dimen-

sionless form
σij, εij Stress vector, Strain vector
Cijkl

p Reduced elastic material constants
ρ, λ Mass density, eigenvalue
θs, θθ, θk Two slopes and angle of fiber orienta-

tion wrt x-axis for kth layer
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E11, E22 Longitudinal and Transverse elastic
moduli

f , {f}(e) Vector of unknown displacements, dis-
placement vector of eth element

G12, G13, G23 Shear moduli
Ni Shape function of ith node
u1, u2, u3 Displacement of a point (s, θ, z)
Mαβ ,mαβ Mass and inertia matrices
a Mean radius of conical shell
D Elastic stiffness matrices
ne, n Number of elements, number of layers

in the laminated cone
nn Number of nodes per element
u, v, w Displacements of a point on the mid

plane of plate
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Appendix

Hmn =

⎡⎢⎢⎢⎢⎢⎣
1 0 0 z 0 0 z3 0 0 0 0 0 0
0 1 0 0 z 0 0 z3 0 0 0 0 0
0 0 1 0 0 z 0 0 z3 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 z2 0
0 0 0 0 0 0 0 0 0 0 1 0 z2

⎤⎥⎥⎥⎥⎥⎦ , (A.1)

Hmnϕ ==

⎡⎢⎣1 0 z 0 z2 0 0 0
0 1 0 z 0 z2 0 0
0 0 0 0 0 0 1 z

⎤⎥⎦ . (A.2)

Skl =

⎡⎢⎣1 0 0 0 f2(z) 0 f1(z)
0 1 0 f2(z) 0 f1(z) 0
0 0 1 0 0 0 0

⎤⎥⎦ , (A.3)

Dmn =

⎡⎢⎢⎢⎢⎢⎣
A1ij Bij Eij 0 0
Bij D1ij F1ij 0 0
Eij F1ij Hij 0 0
0 0 0 A2ij D2ij
0 0 0 D2ij F2ij

⎤⎥⎥⎥⎥⎥⎦ (A.4)

Where

(︀
A1ij , Bij , D1ij , Eij , F1ij , Hij

)︀
=

h/2∫︁
−h/2

Qij
(︁
1, z, z2, z3, z4, z6

)︁
dz (i, j = 1, 2, 6)

(︀
A2ij , D2ij , F2ij

)︀
=

h/2∫︁
−h/2

Qij
(︁
1, z2, z4

)︁
dz (i, j = 4, 5)

[︁
DNLijkl

]︁
=

⎡⎢⎢⎢⎢⎢⎣
[0] [0] [0] [M1] [N1]
[0] [0] [0] [N1] [P1]
[0] [0] [0] [Q1] [R1]
[M2] [N2] [P2] [0] [0]
[P2] [Q2] [R2] [0] [0]

⎤⎥⎥⎥⎥⎥⎦ , (A.5)

with
(︁
M1ij , N1ij , P1ij , Q1ij , R1ij

)︁
=
NL∑︀
k=1

h/2∫︀
−h/2

e(k)ij
(︁
1, z, z2, z3, z4

)︁
dz,

where i = 3, j = 1, 2, 6,(︁
M2ij , N2ij , P2ij , Q2ij , R2ij

)︁
=
NL∑︀
k=1

h/2∫︀
−h/2

e(k)ij
(︁
1, z, z2, z3, z4

)︁
dz,

where i = 1, 2, j = 4, 5

[D3] =

⎡⎢⎢⎢⎢⎢⎣
[A1] 0
[B] 0
[E] 0
0 [A2]
0 [C2]

⎤⎥⎥⎥⎥⎥⎦ , [D4] = [D3]T and [D5] =
[︃
[A1] 0
0 [A2]

]︃
(A.6)



Thermoelectrically induced nonlinear free vibration analysis of composite | 253

{︀
Bαij

}︀
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε01
ε02
ε06
k01
k02
k06
k21
k22
k26
ε04
ε05
k24
k25

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ni,s 0 0 0 0 0 0
0 Ni,θ 1/Rθ 0 0 0 0
Ni,θ Ni,s 0 0 0 0 0
0 0 0 0 0 0 C1Ni,s
0 0 0 0 0 C1Ni,θ 0
0 0 0 0 0 C1Ni,s C1Ni,θ
0 0 0 0 −C4Ni,s 0 −C2Ni,s
0 0 0 −(C4/Rθ)Ni,θ 0 −C2Ni,θ 0
0 0 0 −C4Ni,s −C4Ni,θ −C2Ni,s −C2Ni,θ
0 0 C1Ni,θ 0 0 C1 0
0 0 C1Ni,s 0 0 0 C1
0 0 0 −3C4/Rθ 0 −3C2 0
0 0 0 0 −3C4 0 −3C2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

s
θ
z
θθ
θs
βθ
βs

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
, (A.7)

NT0 =

⎡⎢⎣NTs MT
s

NTθ MT
θ

NTsθ MT
sθ

⎤⎥⎦ =
NL∑︁
k=1

h/2∫︁
−h/2

⎡⎢⎣ AsAθ
Asθ

⎤⎥⎦ (1, z) ∆Tdz (A.8)

NV0 =

⎡⎢⎣NVs MV
s

NVθ MV
θ

NVsθ MV
sθ

⎤⎥⎦ =
NL∑︁
k=1

h/2∫︁
−h/2

⎡⎢⎣ BsBθ
Bsθ

⎤⎥⎦ (1, z) Vktk dz (A.9)

where ⎡⎢⎣ AsAθ
Asθ

⎤⎥⎦ = −

⎡⎢⎣Q11 Q12 Q16
Q12 Q22 Q26
Q16 Q26 Q66

⎤⎥⎦
⎡⎢⎣ c2 s2

s2 c2

2cs −2cs

⎤⎥⎦[︃
α11
α22

]︃
⎡⎢⎣ BsBθ
Bsθ

⎤⎥⎦ = −

⎡⎢⎣Q11 Q12 Q16
Q12 Q22 Q26
Q16 Q26 Q66

⎤⎥⎦
⎡⎢⎣ c2 s2

s2 c2

2cs −2cs

⎤⎥⎦[︃
d31
d32

]︃

D1P =

⎡⎢⎢⎢⎢⎢⎣
[0] [0] [0] [M1] [N1]
[0] [0] [0] [N1] [P1]
[0] [0] [0] [Q1] [R1]
[M2] [N2] [P2] [0] [0]
[P2] [Q2] [R2] [0] [0]

⎤⎥⎥⎥⎥⎥⎦ , (A.10)

with
(︁
M1ij , N1ij , P1ij , Q1ij , R1ij

)︁
=
NL∑︀
k=1

zk∫︀
zk−1

e(k)ij
(︁
1, z, z2, z3, z4

)︁
dz, where i = 3, j = 1, 2, 6(︁

M2ij , N2ij , P2ij , Q2ij , R2ij
)︁
=
NL∑︀
k=1

zk∫︀
zk−1

e(k)ij
(︁
1, z, z2, z3, z4

)︁
dz, where i = 1, 2, j = 4, 5

D2P =

⎡⎢⎢⎢⎢⎢⎣
[S1] [T1] [U1] [0] [0]
[T1] [U1] [V] [0] [0]
[U1] [V] [W] [0] [0]
[0] [0] [0] [S2] [T2]
[0] [0] [0] [T2] [U2]

⎤⎥⎥⎥⎥⎥⎦ , (A.11)

with(︁
S1ij , T1ij , U1ij , Vij , Wij

)︁
=
NL∑︀
k=1

zk∫︀
zk−1

k(k)ij
(︁
1, z, z2, z3, z4

)︁
dz, where i, j = 1, 2
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(︁
S2ij , T2ij , U2ij

)︁
=
NL∑︀
k=1

zk∫︀
zk−1

k(k)ij
(︁
1, z, z2

)︁
dz, where i, j = 3

D6 =
[︃
0 0 0 M1 N1
M2 N2 P2 0 0

]︃
, D7 =

⎡⎢⎢⎢⎢⎢⎣
0 M2
0 N2
0 P2
M1 0
N1 0

⎤⎥⎥⎥⎥⎥⎦ , (A.12)

[︀
Mjk

]︀
=
NL∑︀
k=1

zk∫︀
zk−1

ρ(k)
[︀
N
]︀T [︀N]︀ dz,

[︀
N̄
]︀
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 f2(z) 0 f1(z)
0 (1 + z/Rθ)

2 0 f2(z)(1 + z/Rθ) 0 f1(z)/Rθ(1 + z/Rθ) 0
0 0 1 0 0 0 0
0 f2(z)(1 + z/Rθ) 0 f 22 (z) 0 f1(z)f2(z)/Rθ 0
f2(z) 0 0 0 f 22 (z) 0 f1(z)f2(z)
0 f1(z)/Rθ(1 + z/Rθ) 0 f1(z)f2(z)/Rθ 0 f 21 (z)/R2θ 0
f2(z) 0 0 0 f1(z)f2(z) 0 f 21 (z)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (A.13)


	1 Introduction
	2 Formulation
	3 Governing equation of motion 
	4 Results and Discussion
	4.1 Validation Study
	4.2 Numerical Examples for nonlinear natural frequency

	5 Conclusions

