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Abstract: New models for plane curved rods based on lin-
ear nonlocal theory of elasticity have been developed. The
2-D theory is developed from general 2-D equations of lin-
ear nonlocal elasticity using a special curvilinear system
of coordinates related to the middle line of the rod along
with special hypothesis based on assumptions that take
into account the fact that the rod is thin. High order theory
is based on the expansion of the equations of the theory of
elasticity into Fourier series in terms of Legendre polyno-
mials. First, stress and strain tensors, vectors of displace-
ments and body forces have been expanded into Fourier
series in terms of Legendre polynomials with respect to a
thickness coordinate. Thereby, all equations of elasticity
including nonlocal constitutive relations have been trans-
formed to the corresponding equations for Fourier coef-
ficients. Then, in the same way as in the theory of local
elasticity, a system of differential equations in terms of
displacements for Fourier coefficients has been obtained.
First and second order approximations have been consid-
ered in detail. Timoshenko’s and Euler-Bernoulli theories
are based on the classical hypothesis and the 2-D equa-
tions of linear nonlocal theory of elasticity which are con-
sidered in a special curvilinear system of coordinates re-
lated to the middle line of the rod. The obtained equations
can be used to calculate stress-strain and to model thin
walled structures in micro- and nanoscales when taking
into account size dependent and nonlocal effects.
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1 Introduction

Micro and nano technology are a subject of current scien-
tific and technological interest and development [1, 2]. The
inventions of carbon nanotubes (CNTs) and the successful
extraction of graphene sheets have motivated this interest.
Compared to more conventional materials, these nano-
materials possess superior mechanical, thermal, electri-
cal and electronic properties. The understanding of the
mechanical response of nanoscale structures, such as
bending, vibration, buckling and wave propagation, is in-
dispensable for the development and accurate design of
MEMS and NEMS, which use nanostructures such as CNTs
and graphene sheets [2-10] as constituent elements.

Mathematical modeling and computer simulation of
nanostructures such as CNTs, graphene and the MEMS and
NEMS are important for an optimum design. The study
of nanostructures can be done by experimental meth-
ods as well as by theoretical modeling. There are at least
three [5, 6] main approaches for theoretically modeling
of the nanomaterials: 1. atomistic modeling, 2. hybrid
atomistic-continuum mechanics, 3. continuum mechanics
approach.

Continuum theories describe a system in terms of a
few variables such as mass, temperature, voltage, stress,
deformation, etc., which are highly suited for direct mea-
surements of these variables. Their successes, expedi-
ency, and practicality, have been demonstrated and tested
throughout the history of science through explaining and
predicting diverse physical phenomena. The classical lin-
ear theory of elasticity is the most popular and usable in
engineering and scientific applications. It is based on the
assumption that internal interactions between neighbor-
ing elements of an elastic continuum occur locally only by
means of the symmetric force-based stress tensor, defor-
mations are determined by symmetric tensor of deforma-
tion and motion of material particles are described by a po-
sition vector. However the classical theory of elasticity fails
to produce acceptable results for materials and structures
at nanoscale, because it cannot handle scale effects which
are observed in numerous experimental studies [6, 11].
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To explain fundamental properties and behavior of
material and structures at nanoscale, classical continuum
models have been improved and further developed and
new mathematical models have been created. The micro-
continuum and nonlocal models have been developed in
order to model microscopic motions of the material par-
ticles and long range material interaction. The microcon-
tinuum (micropolar and couple stress) models have been
considered in our previous publications [12, 13]. The non-
local theory will be considered here and applied to curved
rods modeling.

The classical continuum theories are based on consti-
tutive relations which assume that the stress at a point is
a function of strain at that point. On the other hand, the
nonlocal continuum mechanics assumes that the stress at
a point is a function of strains at all points in the contin-
uum. These properties are introduced into the constitutive
equations as material parameters in from of integral over
the whole area. The nonlocal elasticity has been mostly de-
veloped in the papers Eringen’s [14-16, 18]. The nonlocal
theory of elasticity has been used to study lattice disper-
sion of elastic waves, wave propagation in composites, dis-
location and fracture mechanics, etc. Precise mathemati-
cal definitions of strong and weak nonlocality were given
in [11]. In [16] Eringen proposed a differential model of the
nonlocal elasticity which, due to its simplicity is very pop-
ular and widely used to study bending, buckling, vibration
and wave propagation, modeling size-effects in micro and
nano structures, such as CNTs and graphene sheets and
modeling and simulation MEMS and NEMS.

The classical Euler-Bernoulli beam theory equipped
with the Eringen’s nonlocal elasticity constitutive equa-
tion has been developed in [19, 20] to study nonlocal ef-
fects in bending and buckling of beams, respectively. A
huge amount of publications has appeared since that time,
where there has been development of new nonlocal mod-
els of beams, plates and shells for mathematical model-
ing and computer simulation of the materials and struc-
tures at nanoscale. In relation to the above we have to men-
tion books [3-6] and review papers [21-24]. A variational
approach was developed and applied to the nonlocal the-
ory of elasticity in [25], CNTs in [26, 27], beams in [28] and
cylindrical shells in [29] respectively. In [7, 27, 30-37] the
Euler-Bernoulli, in Timoshenko’s [38—42] and in high or-
der [28, 36, 38, 39, 43] beam theories were further devel-
oped and applied to the modeling of bending, buckling
and vibration of single-walled and multi-walled CNTs and
to study of the size and nonlocal effects in nanostructures.
Cylindrical shell models have been used in [29, 30, 44—
47]. Wave propagation and dynamical nonlocal effects in

DE GRUYTER OPEN

single-walled and multi-walled CNTs were studied in [5,
24, 43, 48-50].

There are several approaches to the development of
the theories of thin-walled structures. One consists on the
improvement of the classical physical hypothesis and the
development of theories that are more accurate. Another
approach consists in the expansion of the stress-strain
field components into polynomials series in terms of thick-
ness. In [51-53] the Legendre’s polynomials have been
used for the development of new high order theories of
plates and shells. Such an approach has significant advan-
tages since Legendre’s polynomials are orthogonal [54, 55]
and as result the developed equations are simple. For more
information look over the extended review [56].

In our previous publications [12, 13, 57-66] the ap-
proach based on the use of Legendre’s polynomials series
expansion has been applied to the development of high or-
der models of shells, plates and rods. Thermoelastic con-
tact problems of plates and shells when mechanical and
thermal conditions are changed during deformation have
been considered in [57, 58]. Then, the proposed approach
and methodology were further developed and extended
to thermoelasticity of the laminated composite materials
with the possibility of delamination along with mechani-
cal and thermal contact in the temperature field in [59], the
pencil-thin nuclear fuel rods modeling in [60], the func-
tionally graded shells in [61, 62], modeling of MEMS and
NEMS in [63, 64] as well as micropolar curved elastic rods
in [12], couple stress elastic roods in [13]. An analysis and
comparison with the classical theory of elastic and ther-
moelastic plates and shells has been done in [65, 66].

In this paper, 2-D, high order, Timoshenko’s and Euler-
Bernoulli models of curved rods based on the nonlocal the-
ory of elasticity have been developed. In the 2-D model
a special curvilinear system of coordinates related to the
middle line of the rod and special hypothesis based on as-
sumptions that take into account the fact that the rod is
thin have been used. High order model is based on the
expansion of the equations of the 2-D nonlocal theory of
elasticity into Fourier series in terms of Legendre poly-
nomials. First order and second order theories are con-
sidered in details. The Timoshenko’s and Euler-Bernoulli
models are based on the classical hypothesis and 2-D equa-
tions of nonlocal theory of elasticity in a special curvilin-
ear system. The obtained equations can be used to calcu-
late stress-strain and to model thin walled structures in
micro- and nano-scales by taking into account nonlocal ef-
fects. The proposed models can be efficient in MEMS and
NEMS modeling as well as in their computer simulation.
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2 2-D nonlocal elasticity in
orthogonal coordinates

Let’s consider the size dependent material continuum the-
ory and use it to develop an approach based on the expan-
sion of the equations of nonlocal theory of elasticity into
Fourier series in terms of Legendre polynomials and apply
it to create high order curved rod theories. Thus, we con-
sider a curved elastic rod in a 2-D Euclidian space, which
occupies the domain V = Q x[-h, h] with a smooth bound-
ary oV. Here 2h is thickness, Q = [-L, L] is the middle line
of the rod and 2L is its length. The boundary of the rod 0V
can be presented in the form oV = SU Q" U Q~, where Q*
and Q™ are the upper and lower sides and S denotes lateral
sides.

In the nonlocal theory of elasticity the internal forces
(the interaction between adjacent elements) are defined in
terms of a stress tensor @(x, t), which depend on the strain
field not only in vicinity of the point x as in classical theory
of elasticity, but also on the strain field at every point of the
body. The displacement field is fully described by the dis-
placements u(x, t) vector and the symmetric strain &(x, t)
tensor.

Here we consider a plane thin curved rod and assume
all functions that define the stress-strain state are inde-
pendent of coordinate x3 and correspond to the so-called
plane stress state. In this case, the position of any point is
defined by coordinates x = (x1, x;), stress and strain ten-
sors reduced to 0,p(X, t), £45(X, t) and £33(X, t)respectively
and displacements vector to uq(x, t). Greece indices are
equalto1, 2.

Taking into account that the nonlocal theory of curved
rods will be studied here, the curvilinear orthogonal sys-
tem of coordinates will be used. In the orthogonal system
of coordinates x = (xq, x»), the position of an arbitrary
point is defined by the radius vector R(x) = exx,. Here, the
unit orthogonal basic vectors and their derivatives with re-
spect to the coordinates are equal to

_ 1 oR
" Hy 0x4’

oeq _ r

o Tyen @hel2 W

a e'y’
where H, are Lamé coefficients and I Zﬁ are Christoffel

symbols. They are calculated by the equations

oR JR OR
Ha = oxa| V oxa Oxa @
1 oH
Yo _ = Yra
F’Xﬁ Hg, aX/; & (3)
. 1 s aHﬁny ) ()H‘XI-I,y _ aHaHB
2H.H, \ P 0xq T oxg B 5%,
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Here 6043 is an asymmetric tensor, called Kronecker delta.

From the last equation it follows that for indices a #
B #v,a=p=~and a = f # v the Christoffel symbols are
r Zﬁ = 0. The nonzero Christoffel symbols are

_i 0Hy v i oH,
H, aXfy ’ %Y Hy 0Xa

Iy, = fora # ~ (4)

More specifically nonzero Christoffel symbols are

1 __10H o 10H

FZZ_ H1 axl’ Fll - }'_I2 axz ’ (5)
. _10H ., _ 10H

F21 - Hz ()Xz ’ F12 - H1 ()X1

The differential equations of motion can be presented
in the form

V-0+b =pii, (6)

Here b is a vector of body forces, p is a density of material,
ii is the acceleration vector.

Divergence of the stress tensor in the curvilinear or-
thogonal system of coordinates has the form

_ (199  Oap o . Oayp
V-o= (H7 oy P TR ) e O

The kinematic relations have the form

€= (Vu + (Vu)T) (8)

Here, the gradient of the displacements vector is

1 Ouaea eseq < + ¥y pa ) )

1 Ouq
Vu=eg——— =

Hy 9xg

According to Eringen’s nonlocal elasticity theory [14-
18] the stress at a point x in a body is functional of the strain
field at every point of the body. Thus, the nonlocal stress
tensor ¢ at point xcan be expressed by,

o(x) = /H (|x- x/ ,T) o‘(x)dx’, (10)
%
T = eqpalle, xeV
o° = A(tre)léy; + 2ue (11)

where A = A/\%ﬂ A and p are Lame constants of classical
elasticity, @, 0¢ and € are non-local, classical stress, and
strain tensors, respectively.

The kernel function H (‘x -x'|, 1) is the nonlocal
modulus incorporating into the constitutive equations the
nonlocal effects at the reference point x, produced by lo-
cal strain at the source points x'. The term |x - x/| is the
Euclidean distance and 7 is a material constant that de-

pends on internal eq(e.g. lattice parameter, granular size
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and distance between the C-C bonds, etc.) and external
le (e.g. crack length and wave length, etc.) characteristic
lengths.

The nonlocal modulus has to satisfy the following
properties.

1. It reaches maximum at X = X attenuating with
|x-x|.

2. Whent — 0,H |x -x | must revert to the Dirac delta
function & |x - x'|in order for a classical elasticity
limit to be satisfied.

For the given material, the nonlocal modulus H can
be determined by matching the dispersion curves of plain
waves with those of atomic lattice dynamics or experi-
ments. For the 2-D case nonlocal modulus is proposed by
Eringen [18] in the form

(12)

)

1
H(, 1) = 5 Ko ( X

where K, is the modified Bessel function. From equa-
tion (12), it can be seen that the integral of the equation
over the domain yields unity. The nonlocal modulus func-
tion of equation (12) is frequently used for the analysis of
materials and structures at nanoscale.

The nonlocal constitutive relations in the form (10)
lead to the governing equations of nonlocal elastic-
ity in the form of integro-differential equations, which
are generally difficult to solve. To simplify the situa-
tion Eringen [16, 18] assumed that non-local modulus
H (]x - x|, T) is a Green’s function of the linear differen-
tial operator

LolH(jx-x' (13)

,T)] = 8(]x-x|)

Green’s function is chosen in conjunction with the
properties of the non-local modulus. By applying L[e] to
equation (10), we obtain:

Lolo] = 6¢ (14)

The differential operator Ly[®] has different forms for
different expressions of the nonlocal modulus. In [20, 22]
it was shown that the nonlocal modulus with kernel (12)
linear differential operator Ly[®] has the form

Lole] = (1 - 712V ?)[e] (15)

where V? is the Laplace operator.

Therefore, according to equations (14) and (15), the
nonlocal constitutive relation (10) can be expressed in a
differential form as:

(1-122v?)e = i(tre)wi]- +2ue (16)
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The differential equations of motion in form of dis-
placements can be obtained by substituting kinematic re-
lations (8) into the nonlocal constitutive relation (16) and
the obtained result into the equations of motion (6). In vec-
tor form, they can be represented as the following

pVu+ A+ pvV(V-w+b=pii-pr’ GV (17)

where

b=01-721v)b (18)

The expressions for differential operators in the or-
thogonal system of coordinates presented here can be
found in [12].

The complete system of nonlocal equations of elastic-
ity in the curvilinear orthogonal system of coordinates is
considered in detail here. In the next sections to follow, it
will be simplified and applied for the development of the
approximate theories for plane curved rods.

3 2-D nonlocal elasticity in
coordinates related to the middle
line of the rod

For convenience, we will introduce curvilinear coordinates
related to the middle line of the rod. In this case, coordi-
nate x; is associated with the main curvature k; of the mid-
dle line of the rod and coordinate x, is perpendicular to it.
The position vector R(x) of any point in domain ¥, occu-
pied by material points of the rod may be presented as

R(x) = r(x1) + xon(xq) (19)

where r(x1) is the position vector of the points located on
the middle line of the rod, and n(X,) is a unit vector normal
to the middle line of the rod.

In this case the 2-D equations of nonlocal elasticity can
be simplified by taking into account that Lamé coefficients
and their derivatives have the simpler form

Hqi(x1,x2) = A1(x1)1 + k1x2), Hp =1, (20)
0H; _ 0A; O0H; _ O0H, _
ox, - oxy (1 +kixz), o kiAq, oxe 0

where A1(x41) = %;‘11) is the coefficient of the first quadratic

form of the middle line.
By taking into account that we have considered rela-
tively thin rods, the following assumptions can be made

1 oHy 4 4,

1+k1X2';1—>H1"=A1, Eaxz

(1)
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Therefore Christoffel symbols (5) become

I};=0, Iti=-kiA, T3 =kiA;, TH=0 (22

After substituting the simplified Lamé coefficients (20)
and the Christoffel symbols (22) into equations of mo-
tion (6) they are simplified and the divergence of the stress
tensor in the curvilinear orthogonal system of coordinates

related to middle line of the rod becomes of the form

3 1 aO'ﬁl aO‘ﬁz
Vo= (Il aX1 " aXZ

01 =031 + 0712,

+ ](16'[;) eﬁ, (23)
02 =02 -011

In the same way, kinematic relations are simplified
and are converted to the form

1 au1 au2
_Lou _ 9 2
£11 A, on, +kiup, €2 %, (24)
_ 1 auz
12 = 75y,

The nonlocal constitutive relations (16) may be pre-
sented in the form

Gup - Tzlgvzaaﬁ = A&y Bap + 21E g (25)

The operator of Laplace in curvilinear coordinates re-
lated to the middle line of the rod has the form

2
Pl (10,20

A1 aXl A1 ax1 a 6 (26)

Finally, the differential equations of motion in the
form of displacements (17) can be rewritten in a more con-
venient form for our study, by using expressions for differ-
ential operators in the orthogonal system of coordinates
related to middle line of the rod

Ly -u+b = pii - pr*2V7%ii 27)
where Ly, is a matrix differential operator of the form
Ly = H <A2 o +klax 7) +(A+V)A1 o (ﬁ%)
A+ W55 EIoy (A1 azl)
(28)

k1A1 +A1£ ‘

V(Alza 7 klax T%) +(A+V)% (klAl +Al%)

In this section, the system of 2-D linear nonlocal the-
ory of elasticity in a special system of coordinates related
to middle line of the rod is considered in detail. These
equations will be used for the development of the approx-
imate 1-D theories of the curved rods.
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4 1-D formulation of the problem

In order to reduce the 2-D problem for the nonlocal theory
of elastic curved rods to a 1-D one, we expand the functions
that describe the stress-strain state of the rod into the Leg-
endre polynomials [54, 55] series along the coordinate x,
and present them in the form

> uk (x1) Pe(@), ug (x1)

Ug (X15X2) = (29)
k=0
2k+1 h
= h J};ua (Xlx X2)Pk(lD)dX2,
Ogp (X1,X2) = Z(fﬁﬂ (x1) Py (@), 05;;; (x1)
k=0
2k+ 1h
= fhaaﬁ (x1, x2) Pr(@)dx2,
Eap (X1, X2) = Z elg (1) P(@), £55 (x1)
k=0
2k+1

zh J;[saﬁ (Xls XZ)Pk(w)dXZs

where @ = x,/h € [-1, 1] is a normalized variable.

In general, all of the functions that are considered here
also depend on time ¢, but to reduce typing the variable of
time has been omitted.

For derivatives of the considered coefficients of the
Legendre polynomial expansions with respect to x; the fol-
lowing relations take place

k
6ua (Xl) 2k+1/aUa (X1,X2)P (w)dxz, (30)
ax1
30K s (1) 2k+1 [ 0045 (X1, X2)
oxi 2k o, Lk@dx,
h
9’ alg (x1) _2k+1 [ 0% g (X1, X2)
a )
axz Y BX% Py (m) dx,

-h

Derivatives of the components of the displacement
vector with respect to x, can be represented in the
form [54, 55]

Oua(x1, x2)

oP (w)
o Z_gua(x ) LD pyw) Gy
= 2k+ 1 ( k1 (x1) + uk*3 (x1) + ) Pi(w)
k=0

Representation for the derivative of the Legendre polyno-
mial [54, 55] has been used here.
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Then, coefficients of the Legendre’s polynomials ex-
pansion can be represented in the form

aua

( - 2k+1 / Ouy (xl,xz)P (@) dx, (32)
= ug (x1),
where
ub o) = 25 (et ey P o ), B)

In the same way, derivatives of the stress tensor com-
ponents with respect to x, can be represented in the form

S

00, ,
o ,36(2 X) _ ZU x )aPk(a)) (34)
k=0
=Y o4 Oap (1) Pi(@)
k=0
o%o, , > ind
o /_;(;(1 X2) Z Iz;ﬁ( X1) aPk(a)) Zoﬁﬁ (1) Po()
2 k=0 =
where
ohy () = 251 (ol )+ o o) +) L G9)
ok o) = 2L (0! () + 0857 0+ )

Now, we can introduce the analogy of the Laplace op-
erator, which acts on the coefficients of the Legendre’s
polynomials expansion in the following way

2k

zzok =v2 ok ik ek 4 ;" (36)

where VZe = L ai (A—ll & ) is 1-D Laplace operator in the
orthogonal system of coordinates related to middle line of
the rod.

For example, the application of the operator (36) to
the coefficients of the Legendre’s polynomials expansion
of the stress tensor components gives us

220’;;;()(1) = Vzaﬁﬂ(x1)+k107’0‘4;(x1)+07’0‘43(xl) (37)

Multiplying the equations of motion (23) by P (@) and
integrating with respect to from -h to h as well as taking
into account equations (29) - (30) and representation

21 / 0902 p, (@) dx, (39)

2k + 1 —

T [ az_( 1) Uaz} _010((2

we obtain 1-D equations of motion in the form
.o+ = pii*, (39)
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Here we introduce the analogy of the Hamilton opera-
tor which acts on coefficients of the Legendre’s polynomi-
als expansion in the following way

v.oF= <All (:iﬂll +k10ﬁ 0;;2) es, (40)
where
be=bb+ 20 (o - (b)), @)
o, o) = 281 (0 gy + o2 )+ )

In the same, way by considering equations (29) - (33)
the 2-D kinematic relations (24) can be transformed in the
1-D form

k _ 1 ouj KLk k

&1 = —~— +kiuy, &3 =1uy, 42
W PRRELE 22 =Up (42)
k Kk, 1 oup k

2e = Uy + — -kuz,
12 = U] A ox, 1ug

Constitutive relations of the nonlocal theory of elas-
ticity (25) can also be rewritten for to the coefficients of the
Legendre’s polynomials expansion and become

okp - T 1Y oaﬁ AEh. 8,5 + 2uly (43)

The substitution of the kinematic relations (42) into
the constitutive relations (43) gives us the following equa-
tions

1 aul

ok, - Tzlézzalfl =A+2u) <A o + kluz) (44)

+ Auflz‘ R
T
1 a
A, ox, - kiuy >
Then, the differential equations of motion for the non-

local theory of elasticity in the form of displacements (27)
are transformed into their 1-D form

k 2292k _ k 1 c)uk
0y - T lez 0‘22—(/1+2],l)&+/1 Af k] u;

kK 21202k ko,
01, - T Y 012=H(

(A+2p) o (1 au1
A1 c)x1 A1 aX +k1u2 (45)
A 0 1 ouk
+A7167xlu—12<+2yk1 <A1 X —2 k1u7{+ui) - 0%,
2.k
22 0%k o otk 5, o*uf 0"y
a4,V o ey Tl g i |
poo (Lou ik
A1 ax1 (Al aXl k1u1+ﬂ

d k
~ 2y (ETXI +k1u’2‘> + 2y - o,
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02u§
+
02t |

azulz‘ 212 k azuIZ(
-T
ot2 e\ ™ozt

7213
Aq

aZuk .
i thi=p

+ Vv

Now, instead of the 2-D system of the differential equa-
tions in displacements (27) we have an infinite system
of 1-D differential equations for coefficients of the Legen-
dre’s polynomial series expansion (45). In order to simplify
the problem an approximate theory has to be developed,
where only a finite number of members have to be taken
into account in the expansion of (29) as well as in all of the
above relations. For example, if we consider the n-order
approximate shell theory, only n + 1 members in the ex-
pansion (29) are taken into account

n
Ua (x1,%2) = Y g (x1) Pi(@), (46)
k=0
n
Tap (X1,%2) = > 04 (1) Pi(@),
k=0
n
€ap (X1, X2) = Y €45 (1) Py(®@),
k=0
In this case we consider that, ¥ = 0, U =0,uk5 =0

and 6% = 0 for k < 0 and for k > n.

Then the 1-D differential equations of motion for the
nonlocal theory of elasticity in displacements (45) can be
presented in the matrix form

L, -u+b = pii - pr?i2 (V2ﬁ+k1ﬁ+ﬁ) 47
where
00 700 on ron 0
L7 Ly, LT L3, uj
00 700 on ron 0
Ly LYy L1 Ly u;
Lu = : : cee E : ’ u= : ’ (48)
no no nn nn n
Ly Ly LT LY ui
no 00 nn nn n
Ly Ly -+ Ly 22 u;
b i i
0 =0 .o
b u; gz
b=|:], ﬁ =], u=|:
7 on N
{’1 up gl
b} i i"

The order of the system of differential equations de-
pends on the assumption regarding thickness distribution
of the stress-strain parameters of the shell. The higher the
order of approximation, the better accuracy of the result
obtained using the proposed theory. The complete system
of linear differential equations for the nonlocal theory of
elasticity of any order can be obtained using the equations
presented here. In the following sections, we will consider
the first and second order approximation theories in detail.
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5 First order approximation theory

In the case of the first order approximation theory only the
first two terms of the Legendre polynomials series are con-
sidered in the expansion (3.1). In this case the functions,
which describe the stress-strain state of the rod, can be
presented in the form

Tap (X1, X2) = Oag (X1) Po (W) + Ogp (1) P1 (@), (49)
£ap (X1, X2) = £gg (X1) Po (@) + €45 (1) P1 (w)
Ua (X1, X2) = Ug (X1) Po (@) + g (x1) P1 (@),
All the equations presented in the previous section
will be significantly simplified. For example in this case we
have

1 -
ug (x1) = Eu;(xl), ug (x1)=0, 09,(x1)=0, (50)
— 3 . 1. .
03 (1) = 302 (1), Hlg (1) = 3ila (1), lg (x1) = O,
. . 1
g (1) =0, ilg(x1)=0, 0Ogg(x1) =30z (x1),
Oap (1) = 0,005 (1) =0,  0gg(x1) =0,
1
ba(x1) = ha(x1), ba(x1)=0, ba(x1)=0
b:}x(xl)=0,
The equations of motion (39) now have the form
1 009, 0%u?
A, ox: +ky (021+0 2)+b1 =P5g (51)
1 009, —0 o%ul
A—laXl +k1(0'2 0'1)+b2 tz,
1 oo}y 3 _o%ud
A on T 1(021+0 z) 7O 21+b1 =P3a
1 903, | 1 3 %l
A, ax1 (Uzz 011) 50224'172 =P3a
where
40
bi (x1) = bo (x1) (52)
—1
5 (013 (x1) + 053 (x1)) , b (x1) = bi (x1)
3 ot _
ﬁ( i3 (x1) = 033 (x1))
Kinematic relations (42) have form
1 ou? 1
€ = A7 oxy Trikud, €= Eu%’ (53)
o 1, 1ouy 4 o 1 _ 10y 1
2e7; = Rt A ox kiuy, €11 A, oxy +kiuy,
1 ould
€5, =0, 2¢e1;= A, axi -k,
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The constitutive relations for the nonlocal elastic-
ity (43) have the form

09, - 212 <V20(1’1 + kloh/h) (54)
= A+ 2p)ed; +Aeds,

0%, - 212 (Vzagz + l<10%2/h) =(A+ Zy)egz +Aed;
), - 7212 (Vzoﬁ)z + klab/h) =2ued,

o011 - T°IGV2 011 = (A + 2p)el; +Aes,,

03y — T2 15V% 05, = (A + 2p)ez; + Ael;

1 2122 .1 1
012 —T1eV 01, = 2pueq,.

By substituting kinematic relations (53) into constitutive
relations (54) we obtain

0'(1)1 - Tzlg (Vzogl + kl(f%l/h) (55)
1 aul 1 1
=(A+2p) ( ox, + kluz) +Aﬁu2,
022 =T lfz_a (V 0'22 +k10'%2/h)
ou?
=(A+2p) = u2+A(A1 ox: —L +k1uz>

0(1)2 - Tzlﬁ (Vza(fz + klau/h)
ouj |
o0x1

1 au1

0
uly Loup
‘2"<h A1 3xy
klu%>,
20'%2 =A<A1 aXl +k1 2)

0'11 -T IZV 011 = (/\+ 2]1) (Ai
o3, - 212V
1
ot - 2BV, = 2y (i% - m) ,

A1 aXl

By substituting constitutive relations in the form
of (55) into equations of motion (51) we obtain the 1-D dif-
ferential equations for the nonlocal theory of elasticity in
displacements for the first order theory of nonlocal rods
theory in the form

L,-u+b= pii —przlé (Vzii + klﬁ) (56)
Here

o

L, = LY L3 Ly L% u= "2 (57)
Li? LY Lip L3’ up|’
Ly} L3 Ly Ly U3
b} ul/h

B= b(z) = u%/h
bl|” = | o
1
b3 0

DE GRUYTER OPEN

Elements of the matrix operator L, can be represented in
the form

i = 5 (o >*

R 1

SRR L L )

LBu 2-%%%% 2ukius,
L%_Ailhaixlu%’ L22=‘%%

it - g, g 2o

rihad = 2 G 2wk - 2,

Lﬂug=}l;12yaixl(k1u%>+2%’fl%’

L%?u0=—%gif, Ly5u (2)—‘3):(1"(2)’

il = gt - 25 5

1
b= 20 (4 S ) - aukdug - 2200

The equations presented in this section are first order
equations of the nonlocal curved rods theory. They can be
used for modeling and stress-strain calculations of plane
curved rods by considering nonlocal effects.

If in the above equations it is assumed that A; = 1 and
k1 = 0 the equations for the nonlocal straight beam will be
obtained in the form

o%u? A oul o%ud -
(A+2p) %1 B ox =2 4+ T2 15V? at21 + b9 (59)
a ul _ 212 kl a u1
-P at2 ®h o2t
2 2.0
a 2 ],l au1 212 2() uz bo a uz
ox?  hox ot? atz
212 k1 a uz
€ h 62t
ul 2,1
3 oud 3 o‘u =
(/1+2y) Ifaxz—h];u1+rlz zat21+b%
a2u1
“Poe
%uy 3Aou) 3(A+2M)1 1 5p 20%Us 51
ax2 & axi L A IEv atzz +b;
o%ul
_p atz ’
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Analysis of this system of partial differential equations 1 903, . 3 9 Lt o2u}
i ic case it splits up i i _ A ox, TuT ROt =Pap
shows that in the static case it splits up into two indepen 1 0X1
dent parts. The first and the fours as well as the second and 1 001, 0%k — 5 1 + FZ _ o%uf
i i ! A oxy TORAT RRTOL =P e
the third equations form separate systems of the partial 1 0X1
differential equations that can be solved independently. 1 903, 2 5 1 2 0%u3
A ox, Otiky = 3A105; + by =pg5*,
6 Second order approximation where

heor o 1 _
theory By () = B9 () + - (07 0) + 0 (), (63)
In the case of the second order approximation theory the Eil (x1) = b,~1 (x1) + % ( 5 (x1) - 05 (X1)) ,
first three terms of the Legendre polynomials series are > , 5
considered in the expansion (29). In this case the func- bi (x1) = bj (x1) + I (05 (x1) + 012 (x1)) »

tions, which describe the stress-strain state of the rod, can

be presented in the form Kinematic relations (42) have form

1 oud
Oap () = 0qp (x1) Po () + 0 5 (1) P1 (@) (60) e = oo Tl (64)
2
+053(x1) P2 (w), 0
B (x1) P2 1 dou 1 1
3 1 ) -‘5(1)2=A*TX2—’<1U(1)+EH%, 8(2)2=Hu%-
€q,p (X) = €4, (X1) Po (W) + €4 g (1) P1 (W) + £5 5 (x1) P2 (w) , e
1 ou
u; (x) = uf (x1) Po (@) + i (x1) Py (@) + uf (x1) P2 (@) el = 4oy, Tt
. . . . 1 aul 3 3
All the equ.atlons presented 1‘n thc'a previous section el, = 5 2 jud+ Eu% P Eu%
have to be modified. For example in this case parameters 10Xy
. 1 ou?
defined by the equations (50) become €2 = - axl +
1 3 "
0 _ -1 1 _ 2 2
ﬂ(xl) - hua (Xl) ’ M(Xl) hﬂ(xl) ’ (61) 8%2 = Aiiguz — klu? s 8%2 =0.
200)=0, 03, 00), 03, (1) = 209, (x1) "
Uz (x1) =0, 09, (x1), 0ol (x1)==0% (x1),
—a 2071 20717 T2 The constitutive relations for nonlocal elasticity (43)
Uiﬁa(h) = %a(xl)’ ﬁ(xl) = %ué (x1), have the form
. 3. .. . 3 0 252
fig () = itz (), i (0) =Oilg (1) = Uz (), oL -Th (65)

. .. 1
g (1) =0 iz (x1)=0 0Ogp(x1) =3 0gp(x1),

(0t + ki (ohi + 3031 () [+ 3031 () /1)

= A+ 20l + ey,

3
ap (1) = 3005 (x1),  Oap(x1) =0,

o
3 0'[2)2 = Tzlg
0 _ 2 1 _ 2 _
9a,p (1) = 320 (X1), Oup(1) =0, Gap(x1)=0, . (Vza(z)z +ky (0%2 +30%; (Xl)) [h+30%; (x1) /h2)
1 3
ba () = 3ba(x),  ba(a) = bz (), = (A+2)e; + Al
3 a9, - %12
bi(xl)= Ebi (), i 2 : 1 2 2 2
o 3, ) X . (V 0%, + ki (012 +3071; (xl)) [h+3071; (x1) /h )
b (x1) = ﬁba (x1), ba(x1)=0, bz(x1)=0, 0
= = = = 2ped,
The equations of motion (39) now have the form 0%1 _ Tzlg (Vzoh + 3k 0%1 (x1) /h)
100); o —o _o%ud = (A +2uel; +Aed
Ai aX1 +012k1 +b1 =p atz ’ (62) - H 11 22>
1
1009, o 0 o%u9 o3, - 212 (VZU%2 +3k103, (x1) /h)
- -o11ki+by =p—5°, 1 1
Al aX]_ ot = (/1+ 2].1)822 +/1€11
1 oo} 1 3 9 1 oul
A axlll +012k1—5012+b1 =p at21’ o1, - 1°l2 (V20%2+3k10%2 (X1)/h) = 2uet,,
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0%, - T°13V% 0%, = (A + 2))e?; + Ae3s,

2

07— T lgV 0'22 (/\+2’,l)£22 +A£11

2
01, - T°16V% 01, = 2ued,.

By substituting kinematic relations (64) into constitutive

relations (65) we obtain

0(1)1 - Tzlg

(66)

: (Vza(fl + ke (0%1 +30% (Xl)) [h+ 3071 (x1) /hz)

1 aul
=A+2pu )( x|

022 -T 15

1
us,

1
+ k1u2> +AE

(V203 + k(032 + 303, (1)) /h+ 303, (1) /1)

_ l 1 1 aul
—(/1+2,u)hu2+/l<A1 ox,

09, - 212

+kiu 2)

(V0% + ki (ohz + 303 (x0)) /R + 303, (o) /1)

_ 1 ouf 0,11
—y<A—16—Xl—k1u1+ﬁu1).
0%1—745(Vﬂ0%1+3kloﬁ(xﬂ/h)
us,

1 aul 3
=(A+2u) ( o +k1u2> +/lH

03, - T%15 (V 03, +3k10%; (x1) /h)
B (L
_(A+2y)hu2+A<A16X1+k1u2 ’
ol - 212 (Vza%z +3k10%, (x1) /h)

_ 1 6u%_ 1,3 2
_H<A7167x1 k1u1+hu1

2 21202 2 au%
011—-T IeV 011 = (/1+2],l) L ox, +]1ll2

1 ouf
03, - T’ 15V?03, = A (A1 axl

kiu 2)

1 ouj

o2y - 2 2V20% = (Aim _ kll@) .

By substituting constitutive relations in the form
of (66) into equations of motion (62) we obtain the 1-D dif-
ferential equations for the nonlocal theory of elasticity in
displacements for the second order theory of nonlocal rods
theory in the form (47), where matrices and vectors (48) be-

come
Ly LY Ly Ly 0 0
L9 L9 131 Ly o o
L - Llo Llo Lii Ly 0 Ly
u- 11 12

L10 L1° i il L2
o o I3 13 2 12
0 o0 L3 L} L22 L33

o

(67)

DE GRUYTER OPEN

b} ui/h 3ui/h?
b9 ul/n 3u3/h?
. |b? 3u?/h 0
, b= ~1 , o 1 , e
@5 4 3u3/h L 0
b? 0 0
b3 0 0

Elements of the matrix operator L, can be represented

in the form
b0 A+2u 0 (1 o8
Lituj = A, ox; \A; ox, - 2ukiul, (68)
00.0 _ A+2pud(kiu?) ZHleli(z) 01,1 _ 2uky 1
leuz— A1 6)(1 * A1 bxl’ L Ui = h Ui
Ol =A% joas o 02 u3=0
242 = 1ok 11U2 ) 12 .
00,0 _ 2kki ouf  p o(kyu?)
21Uz = S0 T A
Al ax1 A1 aXl
0,0 _ K O 10up o _ K ouj
Lzzllz A1 aXl A1 bxl 2]1’(1”2, L21 Alh X1 ’
Ak
L3 =-=ruz, Lofui=0, L3uj=0.
3uk 3u oud
L%(l)u(1)= };11 (1), L%(z) gz_rlyhdixf
1,1 _At2u 0 1 dup 13K
Lllul B A1 aXl A1 6)(1 2 klul h?2 u
A+2uo(kiud)  2uk; oud
11,0 _ 1U3 190Uy 12,2 _
Liju; A, ax + A, ox,’ Lifui =0
12 3A au%
Liju; = T oox,
34 oud 31k
L%?u? = _maixi’ %(Z)H(Z) - h 1u(2)s
piyd o p O (k) 2pky oup
2171 Al ax1 A1 aXl’
o KO (1w e 320 4
Lyu; = AL ox (A1 ox; 2pkiu; pr U2
3k
L3ui=0, L3juj=- n Lus.
5uk
Lifug =0, Lifud=o0, Lifui=>E"tul,
21,1 __ 57 ouy
Lyu; = A hox,
2,0 At2u 0 1 0uf 2 1510
Litug = A; ox A ox 2ukiui e uf,
22.2 A+2}1 a(kluﬁ) 2yk167u§
Lisu; = A ox, + Ay ox; L21 1=
51 ouil 5Ak
L%(Z)u(z) :Os L12 1 __m axl Lzzu% == hzl %)
1222 - _ o(kyui) 2k aiu%
2171 6x1 A1 aXl’
Lzzuz ]1 0 iaiu% 2}1](2 2 15(/\+2]1)
2252 - A1 ()X1 A1 ()Xl A1 U2 = h? 2
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o (1 oul 3(A+2p)
L111=£— = OU N o2yl 71
22U) Al 6X1 Al 6X1 ”(1“2 h2

The equations presented in this section are second or-
der equations of the nonlocal curved rods theory. They
can be used for modeling and stress-strain calculations of
plane curved rods by considering nonlocal effects.

If in the above equations it is assumed that A; = 1 and
ki1 = 0 the equations for the couple stress straight rod will
be obtained in the form
azu1 Aoud

+ ——=< +

(A+2p) R ox,

0

u 2 klau
Lol <h or

20°uf
ot?

ki 1 +iazu%

h o2t h2 02t )’

62u1

22 20%u} 5o
;v 52 +bi

3 0%u?

h?2 92t )’
0%ul
ot?

(69)

+by=p

(A+2p)

h ()X1 h ax1 h?

2 23](1 azuz
thi=r3p e~y 5t
2o 30,
h ox; h2

21231(1 a u2
h o2t ’
Syauz 15 >

“h ox; 12 u1+rzl§V2

-1 azu1

0%ul
ax2

2,1
zauz

+ 7212V

62u1

o’ui 5Aoui  15(A+2p)
axz o hr 2T
o%u3

ot?”’
Analysis of this system of partial differential equations
shows that it is coupled and cannot be split up into inde-
pendent parts.

=p

7 Nonlocal theory of Timoshenko’s
curved rod

Timoshenko’s curved rod theory is based on assumptions
concerning the value and distribution of the functions that
determine the stress-strain state along the rod thickness.
Thus, according to static assumptions ¢,, = 0 and accord-
ing to kinematic assumptions €5, = 0.

The stress state is characterized by the normal n1; and
shear n,, forces, as well as the bending m1; moment. They
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are defined as following
h h
ni =/U11dX2, niz =/012dX2, (70)
-h -h
h
miq =/011X2dX2,
-h

By integrating differential equations of motion (6)
and (23) with respect to x, from -h to h we first obtain
the first two equations of motion presented in (71). And by
multiplying the first equation of motion (23) by x, and in-
tegrating it with respect to x, from —h to h we obtain the
third equation of motion for Timoshenko’s curved rod. The
complete system of the equations of motion has the form

1 an11 aZul

A—l aX +n12k1+b1 =pF 32 (71)
1 anlz _ a

A, ox, niiki + by =pF atz s

1 omq1 _ — az’Yl

Ail aX1 nis +m3 _p] atz ’

Displacements in Timoshenko’s theory of curved
beans are defined by vectors u(x;, t) with components
Uq (X1, t) that correspond to axial and transverse displace-
ments of the middle line in the x; and x, directions re-
spectively, and v, (x1, t) that is the rotation of the cen-
troidal axis about the axis of the elements perpendicular
to the middle line. These parameters are related to the co-
efficients of the displacements expansion in the first order
theory in the following way

ug ~ Ugq, u}( ~ ’Yah, (72)

Component u} is not taking into account in the Timo-
shenko’s theory of curved rods.

In Timoshenko’s theory the strain state of the rod is
determined by quantities specified on the middle surface.
Deformations in the classical Timoshenko’s theory are de-
termined by the relations

€11 = €11 + K11X2, €12 =€12, &21=€21, (73)

Roughly speaking, component W2LOK corresponds
to the tension-compression deformation of the middle sur-
face, whereas component eq,corresponds to the transver-
sal shear deformation and component k17 to the bending
middle line, respectively. The following formulas give us
relations by corresponding quantities in the first order the-
ory
(74)

0 1
Eqp ~ €aps €11 ~ K11
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Component €95 and €35 are not taken into account in
Timoshenko’s theory of rods. Which also follows from the
kinematic hypothesis.

According to Timoshenko’s rod theory, the displace-
ment field can be represented in the form

u1(xq, x2) = u1(x1) = x271(x1),  ualx1, x2) = ua(x) (75)

where uq(x1) and u,(x;)are axial and transverse displace-
ments in the x; and x, directions respectively. Here we use
the same notations for 2-D and 1-D functions of the dis-
placements.

By substituting expressions for displacements (75)
into 2-D kinematic relations (24) we obtain kinematic re-
lations for Timoshenko’s curved rod in the from

1 ou,

1= 2 5x, kiup, ey =0, (76)
1/ 1 oup 1 dn
= [ =252 _ - = n
€12 P (A1 ox1 (1uUq 'Yl) » K11 A 0x

Constitutive relations for the nonlocal Timoshenko’s
rod theory can be obtained from (25) in the form

77)

iy - P1°V2ny; = uFer;

nii — 12T2V2n11 = EF€11,

2,22
my = 1"tV mq1 = EJkq1,

By substituting kinematic relations (76) to the consti-
tutive relations (77) we obtain constitutive relations for
nonlocal Timoshenko’s rod in the form of displacements
and rotation

ni —I T V ni —EF( 1 aul +k1u2> (78)
A1 0x1
11 —IZTZVZm —E] 1 311
PRV, = uF (L9
nip v nip —}IF (A1 aX1 k1u1> s

By substituting these constitutive relations into equa-
tions of motion (71) we obtain the 1-D differential equations
of motion for nonlocal Timoshenko’s curved rods in the

form
Ly -u+b = p(ii - 2 12V2ii) (79)

where matrices operators, vectors of deformation and
body forces become

llll L?z L¥3 251 . f:h
Ly=|L% LY L3}, u=|uy|, b=|by|, (80)
Ly, L%, LI 7 my
and
ba=1-1212VHba, 1y =0-7TLVHm;  (81)
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Elements of the matrix operator L, can be represented
in the form

l1u1 = i—? a;:l - 2kipFus, 82)
(7 ) 2
LYu, = Zlg aa:: +K3EFuy, LYm = _%%’
o
Lim = ig a’h MEY,

The equations presented in this section are equations
of the Timoshenko’s nonlocal curved rods theory. They
can be used for modeling and stress-strain calculations of
plane curved rods by considering nonlocal effects.

If in the above equations it is assumed that A; = 1 and
k1 = 0 the equations for the nonlocal straight beam will be
obtained in the form

62u1 a 258

ot?

a +b1 =p(1-1212V?)
( U
02

71
2
0x;

(83)

auz
otz ”’

a’”) +b, =p(1-1°12V?)

auz

E F 1 = p(1 zlzvz)az’h
J THE\ 5, T )t =pU o 52

Analysis of this system of partial differential equations
shows that it splits up into two separate parts. The first
equation corresponds to the tension-compression mode
and the system of the remaining two equations corre-
sponds to the bending mode. They can be solved indepen-
dently. We have to mention that the system of the equa-
tions (83) coincides with the one presented in [5, 6] up to
notation. Therefore the analysis and verification presented
in [5, 6] take place in the case that is considered here.

8 Nonlocal theory of
Euler—-Bernoulli curved rod

Like Timoshenko’s theory of curved rods, the Euler-
Bernoulli theory is also based on similar assumptions con-
cerning the value and distribution of the stress-strain state
along the rod thickness. Thus, according to static assump-
tions 0, = 0 and according to kinematic assumptions
. The stress state is characterized by the normal n;; and
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shear n,; forces, as well as the bending my;. They are de-
fined by the equations (70).

Unlike Timoshenko’s theory in Euler-Bernoulli theory
of rods the rotation of the centroidal axis is not indepen-
dent. It is represented through displacements by the equa-
tion

(84)

According to Euler-Bernoulli rod theory, the displace-
ment field can be written in the following form

1 dup(xy)

uq(xq,x2) = u1(x1) + x2 (Al X, —k1u1(X1)) , (85)

uz(x1, x2) = uzx(x1)

In the Euler-Bernoulli theory the strain state of the
curved rod is also determined by quantities specified on
the middle surface. By substituting expressions for dis-
placements into 2-D kinematic relations (2.6) we obtain
kinematic relations for Euler-Bernoulli curved rod in the
form

1 au1
€11 = 2 5x, kiuy, e =0, (86)
1 auz 1 azuz ](1 aul
e = -ku xKi1=-— + o
T Ao P TH A2 ox3 Ay oxq

Constitutive relations for the nonlocal Euler-Bernoulli
rod are the same as Timoshenko’s rod and are repre-
sented by the equations (77). By substituting kinematic re-
lations (86) to the constitutive relations (77) we represent
them in the form

nyp — lszvznll =EF (i% + k1u2) ’ (87)

A1 6x1

2
miq — lzTZVZmll = E]( 10 Uz - ﬁﬁ) ,

A2 02 Ay ox
1 ou
niy — lszvznlz = Z‘MF (ETX? - klul)

Taking into account that in Euler-Bernoulli rod theory,

rotational inertial is neglected and therefore a;]; = 0, from
the last equation of motion (71) we have
oML, (88)

Al aX1

Then the equations of motion for Euler-Bernoulli
curved rod can be presented in the form

1 6n11 k1 6m11 - L 62u1
Ao T A, oxs + by - kyinz = pF S (89)
1 azmll R 1 am3 _ 62u2
PR I R W PO L T
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By substituting kinematic relations in the form (87) in
the equations of motion (89) we obtain a differential equa-
tion of motion in the form of displacements for the nonlo-
cal Euler-Bernoulli curved rod in the form (79), where ma-
trices operators and vectors become

LY, LY u - b
O L LR P R LS S I (90)
and
by = (1-T*15V?)by, o1
- = 10°m
by =(1-1212v?) (by - — =2
2 ( e ) 2 Al ()X%
Elements of the matrix operator L, can be represented in
the form
" EF  K3EJ\ o*uy
=(—=+ , 92
11U1 <A% A% ax% ( )
kiE] 9>  EFk; ou,
Liu, =-—12 —+ —=,
PRI 0l T AL oxg
4y - _KiEJ Ouy  EFk; ouy
ATTTA 03 T AL oxy”
E] (34112 2
LYus = =2 + EFkiu,,
22U2 A? ale‘ 142

The equations presented in this section are equations
of the Euler-Bernoulli nonlocal curved rods theory. They
can be used for modeling and stress-strain calculations of
plane curved rods by considering nonlocal effects.

If in the above equations it is assumed that A; = 1
and the equations for the nonlocal straight beam will be
obtained in the form

2 . 2
EF"():; +b1=pQ1 —rzlgvz)aat“; (93)
1
6"u2 z 2122 a2112
EJ S +by=p(1-1715V) 5

1

Analysis of this system of partial differential equations
shows that it splits up into two separate parts. The first
equation corresponds to the tension-compression mode
and the second one corresponds to the bending mode.
They can be solved independently. We have to mention
that the system (93) coincides with the one presented in [5,
6] up to notation. Therefore the analysis and verification
presented in [5, 6] take place in the case that is considered
here.

9 Conclusions

In this paper new theories for the nonlocal plane curved
rods have been developed. The 2-D theory is developed
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from general 2-D equations of the nonlocal theory of elas-
ticity using a special curvilinear system of coordinates re-
lated to the middle line of the rod and a special assumption
based on assumptions that take into account the fact that
the rod is thin. High order theory is based on the expan-
sion of the equations of the theory of elasticity into Fourier
series in terms of Legendre polynomials in a thickness co-
ordinate. All of the functions that define the stress-strain
state of the rod including stress and strain tensors, vectors
of displacements and rotation and body forces have been
expanded into Fourier series in terms of Legendre polyno-
mials with respect to a thickness coordinate. Thereby, all
equations of elasticity including nonlocal constitutive re-
lations have been transformed to the corresponding equa-
tions for Fourier coefficients of the Legendre polynomials
expansion. Then, for Fourier coefficients the system of dif-
ferential equations of motion in terms of displacements
and rotations has been obtained in the same way as in
the local theory of elasticity. First order and second or-
der theories are considered in details. All differential equa-
tions including equations of motion in displacements have
been developed and presented here. The Timoshenko’s
and Euler-Bernoulli theories have been developed based
on the classical hypothesis and the 2-D equations of lin-
ear couple stress theory of elasticity in a special curvilin-
ear system of coordinates. In the same way, the system of
differential equations of motion in terms of displacements
and rotations has been developed for all the cases that
have been considered here. The equations for the nonlocal
theory of the straight beam can be derived from the equa-
tions presented here as a special case. The obtained equa-
tions can be used to calculate the stress-strain as well as to
model thin structures in nanoscales by taking into account
size and nonlocal effects.

Analysis of the systems of partial differential equa-
tions (56), (67), (79) and (90) show that all of them are
coupled and related longitudinal and flexural deforma-
tion modes and take into account effects of nonlocal defor-
mations. The second order approximation theory is more
complete and all quantities are approximated by quadratic
functions. In the first order approximation theory all quan-
tities are approximated by linear functions. The theory
based on Timoshenko’s hypothesis is less accurate, but
simple and take into account shear deformation, which
is important for dynamic analysis. The theory based on
Euler-Bernoulli hypothesis is less accurate compared with
the previous ones, but it is the simplest one and couple all
the deformation modes and takes into account effects of
nonlocal deformations.

As special case, the equations for straight beam can
be derived from the equations presented here. The ob-
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tained equations can be used to stress-strain calculation
as well as modeling thin structures in macro, micro and
nano scales with takes into account effects of nonlocal de-
formations. Specially proposed models can be efficient in
MEMS and NEMS modeling as well as computer simula-
tion.
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