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Abstract: In this paper, a modified Fourier solution based
on the first-order shear deformation theory is developed
for the free vibration problem of moderately thick compos-
ite laminated annular sector plates with general bound-
ary conditions, internal radial line and circumferential arc
supports. In this solution approach, regardless of bound-
ary conditions, the displacement and rotation components
of the sector plate are written in the form of the trigono-
metric series expansion in which several auxiliary terms
are added to ensure and accelerate the convergence of the
series. Each of the unknown coefficients is taken as the
generalized coordinate and determined using the Raleigh-
Ritz method. The accuracy and reliability of the present
solution are validated by the comparison with the results
found in the literature, and numerous new results for com-
posite laminated annular sector plates considering vari-
ous kinds of boundary conditions are presented. Compre-
hensive studies on the effects of elastic restraint parame-
ters, layout schemes and locations of line/arc supports are
also made. New results are obtained for laminated annular
sector plates subjected to elastic boundary restraints and
arbitrary internal radial line and circumferential arc sup-
ports in both directions, and they may serve as benchmark
solutions for future researches.
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1 Introduction

As one of the important structural components, compos-
ite laminated annular sector plates have found wide ap-
plications as structural members in aerospace, marine
and other industries. Notably, these plates frequently work
in complex environments and may suffer to arbitrary
boundary restraints. In addition, intermediate line/arc
supports may be placed to reduce the magnitude of dy-
namic stresses, static stresses and plate displacements as
well as satisfy special functional requirements. Therefore
a thorough understanding of the vibration behaviors of
composite laminated annular sector plates with general
boundary restraints and internal radial line and circum-
ferential arc supports is of great interest for the designers
torealize proper and comparatively accurate design of ma-
chines and structures.

To deal with the vibration of composite laminated an-
nular sector plates, the plate theory and computational
approach, which are two powerful tools, need mastering
first. So far, huge amounts of research efforts have been de-
voted to vibration analysis and dynamic behavior study of
plates and an enormous variety of plate theories and com-
putational methods have been proposed and developed.
As for the plate deformation theory, a significant number
of two-dimensional (2-D) theory and three-dimensional (3-
D) elasticity theory are given in previous studies. The com-
monly used 2-D theories contains the classical plate theory
(CPT), the first-order shear deformation theory (FSDT), and
the higher-order shear deformation theory (HSDT). More
detailed information about the progress of this subject can
be found in the monographs respectively by Leissa [1],
Qatu [2], Reddy [3], and Carrera [4]. The CPT [5-10] was
firstly employed to study various characteristics of thin
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plates. In view of the fact that CPT ignores the effect of
shear deformation through the thickness, it’s only suitable
for thin plate structures and deserves proper results at low
frequency. To eliminate this deficiency, the FSDT was de-
veloped then, which assumes constant states of the trans-
verse shear stresses through the plate thickness. There is
also a great deal of research on the plate structure on the
basis of FSDTs [11-23]. Generally, the shear correction fac-
tor is used to adjust the transverse shear stiffness as a con-
stant, which differs from the fact that the shear correc-
tion factor is determined by the material properties and
boundary conditions. Therefore, a theory considering the
effects of both shear and normal deformations is devel-
oped, which is called HSDTs. In the HSDTs, the shear cor-
rection factor is no longer used. Various HSDTs are pro-
posed in literature [24—26]. Compared with 2-D theories,
the 3-D elasticity theory gets rid of all hypotheses, so it
can not only provide realistic results but also bring out
physical insights. The investigations based on 3-D elastic-
ity theory can be seen in Ref. [27-32]. However, the HSDTs
and 3-D elasticity theory introduce mathematical and com-
putational complexities and require more computational
demanding compared with those FSDTs. Seeing from the
existing literature, we can know that with proper shear
correction factor, the first-order shear deformation the-
ory is adequate enough to predict the vibration behaviors
of moderately thick plates. In view of this, the first-order
shear deformation shell theory is just adopted to formu-
late the theoretical model in the present work.

Then, let’s turn our eye to the computational model of
composite laminated annular sector plates, which is the
other important tool for us to have a good understanding
of structural behaviors. Similarly, huge amounts of analyt-
ical and numerical methods for studying the vibration of
composite laminated annular sector plates have been pro-
posed and developed. Salehi and Sobhani [17] used the
dynamic relaxation numerical method and the finite dif-
ference discretization technique for geometrically linear
and non-linear elastic analyses of thick composite sector
plates. Sharma et al. [18] presented a simple analytical
formulation to deal with the eigenvalue problem of buck-
ling and free vibration analysis of shear deformable lami-
nated sector plates which are made up of cylindrically or-
thotropic layers. Houmat [19] performed large amplitude
free vibration of shear deformable laminated composite
annular sector plates for clamped boundary condition by
finite element method. Andakhshideh et al. [20] extended
the generalized differential quadrature method for non-
linear static analysis of laminated sector plates with any
combination of clamped, simply supported and free edges.
Maleki and Tahani [21] employed the generalized differen-
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tial quadrature method to study the bending of laminated
sector plates with both polar and rectilinear orthotropy.
Golmakani and Mehrabian [22] performed the elastic large
deflection analysis of axisymmetric ring-stiffened circu-
lar and annular general angle-ply laminated plates sub-
jected to transverse uniform load by dynamic relaxation
(DR) method. Sharma [23] investigated the free vibration of
laminated sector plates with elastic edges by using differ-
ential quadrature method. Srinivasanal and Thiruvenkat-
achari [28] presented an integral equation technique for
free vibration analysis of laminated annular sector plates
with clamped boundary condition. Ding and Xu [29] us-
ing the finite Hankel transform to study the axisymmet-
ric vibration of laminated f laminated annular plates com-
posed of transversely isotropic layers. Xu [30] presented
a new state space formulations for the free vibration of
circular, annular and sectorial plates are established by
introducing two displacement functions and two stress
functions. Malekzadeh et al. [31] used differential quadra-
ture method to analyze the free vibration analysis of thick
laminated annular sector plates with simply supported
radial edges and arbitrary boundary conditions on their
circular edges. Lately, Malekzadeh et al. [32] employed a
three-dimensional hybrid method to study the dynamic re-
sponse of thick laminated annular sector plates with sim-
ply supported radial edges and a radially distributed line
load. Fantuzzi et al. [33] employed strong form finite el-
ements to conduct the free vibration study of laminated
arbitrarily shaped plates including a quarter of an elliptic
plate, a parabolic plate and an annular sector plate.

From the above review, it’s not hard to see that each
method and technique can be only applied to a partic-
ular type of classical boundary conditions, i.e., simply-
supported supports, clamped boundaries and free edges.
In such case, constant modifications of the solution proce-
dures and corresponding computation codes are required
to deal with different boundary conditions. And it could
also become a very tedious work and result in repeti-
tive programming and a huge computational cost because
the boundary conditions of a laminated annular sector
plates cannot always be classical in practical engineer-
ing applications. A variety of possible boundary restrain-
ing cases, including classical boundary conditions, elastic
restraints and their combinations may be encountered in
the engineering practices. However, to the best of the au-
thors’ knowledge, the free vibration characteristics of the
composite laminated annular sector plates with general
boundary conditions, internal radial line and circumfer-
ential supports have not been investigated yet. Therefore,
it is necessary and of great significance to develop a uni-
fied, efficient and accurate formulation which is capable
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Figure 1: Schematic diagram of a moderately thick composite annular sector plate with elastically restrained edges: (a) geometry and di-
mensions; (b) partial boundary spring; (c) partial view; (d) lamination angle.

of universally dealing with composite laminated annular
sector plates with general boundary conditions, internal
radial line and circumferential supports.

Recently, a modified Fourier series technique pro-
posed by Li [34, 35] is widely used in the vibrations of
plates and shells with general boundary conditions by Ritz
method, e.g., [36—67]. Therefore, the present work can be
considered as an extension of the method and attempts
to provide a unified solution method for the free vibra-
tions of composite laminated annular sector with general
boundary conditions, internal radial line and circumferen-
tial supports. Concretely, to derive the theoretical formu-
lation, in addition to the modified Fourier series method,
the Ritz procedure and the artificial spring boundary tech-
nique are also introduced. The artificial spring boundary
condition is adopted to simulate the general boundary
condition and the Hamilton’s principle based on the first-
order shear deformation theory is used to derive the mo-
tion equation and related boundary equations. Each com-
ponent of displacements and rotations of those structures,
regardless of the form of the plates and boundary con-
ditions, is expressed as a modified Fourier series, which
is constructed as the linear superposition of a standard

Fourier cosine series supplemented with auxiliary polyno-
mial functions. The auxiliary polynomial functions are in-
troduced to eliminate all the relevant discontinuities with
the displacement and its derivatives at the edges and to
accelerate the convergence of series representations. The
accuracy and reliability of the current solutions are con-
firmed by comparing the present results with those avail-
able in the literature, and numerous new results for com-
posite laminated annular sector with elastic boundary re-
straints, internal radial line and circumferential supports
are presented. The effects of the elastic restraint parame-
ters, layout schemes, number of lamina and locations of
line/arc supports are also studied and reported.

2 Theoretical formulations

2.1 Description of the model

Figure 1shows a laminated annular sector plate with thick-
ness h, inner radius a, outer radius b, width R of plate in
the radial direction and sector angle ¢. The geometry and
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dimensions are defined in an orthogonal cylindrical coor-
dinate system (r, 0, z). A local coordinate system s, 6, z is
also shown in the Fig. 1(a), which will be used in the analy-
sis. Since the main focus of this paper is to develop a mod-
ified Fourier solution for the vibration analysis of compos-
ite laminated annular sector plates with general boundary
conditions, thus, in order to satisfy the request, the artifi-
cial spring boundary technique [49, 50, 62, 68] is adopted
here (seen in Fig. 1(b)), in which three groups of linear
springs (ku, kv, kw) and two group of rotational springs
(KR, Kp) are restrained at every edge of the plate to simu-
late the given boundary conditions. The stiffness values of
these boundary springs can be selected from zero to infin-
ity, and through this operation, different boundary forces
can be simulated and imposed on the mid-plane of plate.
For instance, when the spring stiffness is set substantially
larger than the plate bending rigidity, the clamped bound-
ary condition (C) is essentially realized. Specifically, kg,
kg, kg", K? and K? (é=deg_0, deg_1, r_0 and r_1) are used
to indicate the rigidities (per unit length) of the boundary
springs at the boundary 8 = 0,0 = ¢, s = 0Oand s = R,
respectively, see Fig. 1(b-c).

For the sake of brevity, the layers of the laminated
plates are made from the same composite material and of
equal thickness. The included angle between the material
coordinate of the k’th layer and the r-axis of the plate is
denoted by a, and Z k and Z¥*! indicate the distances from
the undersurface and the top surface of this layer to the
referenced plane (as shown in Fig. 1(c-d)).

2.2 Kinematic relations and stress-strain
relations

The assumed displacement field for the composite lami-
nated annular sector plates based on first-order shear de-
formation plate theory can be written as follows:

u(r,0,z,t) =up(r, 6, t) + zy(r, 6, t) (1a)
v(r, 0,2z, t) =vo(r, 0, t) + zthy(r, 0, t) (1b)
w(r,0,z,t) =wy(r,0,t) (1c)

where ug, vo and wg denote the displacements of corre-
sponding point on reference surface in the r, 6 and z di-
rections, respectively. i, and 1, are the rotations of nor-
mal to the reference surface about the r and 6 direction, re-
spectively, and ¢ is the time. According to the assumption
of small deformation and the linear strain—displacement
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relation, the strain components of functionally graded cir-
cular, annular and sector plates can be written as below:

&= €0+ 2Ky, £g=EY+2Kg (2a)

0 0 0
Yo = Vrog T Z2Kres  Yrz = Vrzs Y6z = Vo2 (2b)

where the membrane strains, denoted by &7, €9, 1%, 7%
and ’ygz, and curvature changes, denoted by k;, kg and x4,
of the reference surface are given as:

_ 9Yr

o _ Oup

Ouo . _ 0_Uo  19Vo
T o T T %8 (3a)
_10¢g  Yr _ 9%y, 10Yr Yy
=730 Ty M7 5 Y758 r

ow 1ow

FY)(’)Z = ﬁ + ¢r, ’Ygz = ?ﬁ + ’7[)9’ (Bb)

o _0Vo 10uo Vo

TSy T o0 r

According to the Hooke’s law, the corresponding
stress-strain relations of the functionally graded circular,
annular and sector plates can be written as:

oy @, @, Qs 0 o] &r
o9 Q, @ s 0 0 €9
Trg ¢ = 6’& 612(6 6’(;6 0 0 ré (4)
wzl o 0 0 T Q| |
) o o o Qs Qb ‘e

in which or and o0y are the normal stresses in the r, 0 di-
rection, T,g, Trz and Ty, are shear stresses in the r, 8 and z
in the orthogonal cylindrical coordinate system. 6§(i,j =1,
2, 4-6) are the lamina stiffness coefficients [56], which are
found from following equations:

—k
Qi1 = Q’{l cos* ak + 2(Q’{2 + 20{;6) sin? a¥cos? 6% (5a)

+ Q’z‘z sin* a¥

7k .

Q12 = (Q% + @}, - 4Q¥¢) sin? ak cos? 6F  (5b)
+ Qlfz(sin4 a* + cos* a¥)

) .

Q1. = (Q% + @k, - 4Q’(§6) sin? a* cos? a* (5¢)
+ Q% (sin* & + cos* a¥)

7]( .

Q16 = (@1 - Q%5 - 2Q%) cos® a¥sinak  (5d)

+(Qf, - @5, + 2Q¢) sin® a* cos o
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7k .
Q26 = (Q'{l - Q'{z - ZQ’éG) sin® a cos a* (5e)
+(Q%, - @5, + 2Q%,) cos® a¥ sin a*
—k .
Qes = (Q%; + @5, - 205, - 2Q%) sin® a* cos® a*  (5f)
+ Qlé6(sin a* + cos* a¥)
7]( .
Qus4 = Qb4 cos? ak + Q¥ sin® ak (59)
7]( .
Q55 = Q55 cos” a* + Qfy sin” a (5h)
—k . )
Q45 = (Q%5 - Qk,) cos a* sin a* (51)

Where a* is the fiber orientation angle between the princi-
pal direction of the kth orthotropic lamina layer and the
r-directions. The Qj; are the plane-stress reduced elastic
constants in the material axes of the kth orthotropic lam-
ina:

EX X EX
Q=1 @5=—"2, (6a)
1 - p,u5, 1 - pi,ub,
Q% = %, = pbi 0k,
Q5 =6k, Qk =64, Q4=Ghs, (D)
. EX
H21 le
EX

in which Eq, E», u12, P12, G12, G23 and Gq3 are the ma-
terial properties of the kth orthotropic lamina. It should
be noted that by letting E1 = Ez, 612 = G13 = Gz3 = E1
(2+2u15), the present analysis can be readily used to ana-
lyze isotropic annular sector plates with general boundary
conditions ,internal radial line and circumferential sup-
ports.

By carrying the integration of the stresses over the
cross-section, the force and moment resultants can be ob-
tained:

N, w2 [ o,

Ny b = / oy | dz. @)
Nre -h/2 _TrG_

M, h2 [ g, |

Mg =b/ o | zdz

Mg -h/2 | Tro]

0 h/2
r| _ Trz
{Qe} = Kb/ |:T02:| dz (8)
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where N;, Ng and N, are the in-place force resultants, M,
Mgy and M, are moment resultants, Q,, Qg are transverse
shear force resultants. x is the shear correction coefficient
and is taken as k=5/ 6. Performing the integration opera-
tion in Egs. (7) and (8), the force and moment resultants
can be written as:

N; Air A Al | &
Ng p=|A12 A Ayl €9 )
Nyg Aig Ay Ags| |75
Bi1 Bi» Byg Kr
+|B12 B By Kg
Bis Bys Bes| | %o
M; Bi1 Bia Big| (€
Mg p = |B1a By Byg| 1 €9 (10)
Mg Bis Bis Bes| |
D11 D1y Dygl| [ xr
+|D12 Dy Dy Kg
Dig Dy Degs| Ko
Qr =K A55 A45 752 (11)
Qo Aus A |78,

where A;;, B;; and Dj; are the extensional, extensional-
bending coupling, bending stiffness, and they are respec-
tively expressed as

N
Ajj = Zd‘(j(zkn ~Zy), 12)

k=1
N N

Z Z9), Dj= Z

k=
in which N denotes the amount of the laminas. It should
be noted that for the sector plates which are symmetrically
with respect to their middle surface, B;; = 0.

Zk+1 (Zk+1

2.3 Energy expressions

The strain energy (Us) of the functionally graded circular,
annular and sector plates during vibration can be define
as

1 / // N;el + Ngeg + Nrg’y?Q + Myx,
2 o \+Mokg + Mygkyo + Qryyy + QoY

Substituting Egs. (4), (9), (10) and (11) into Eq. (13), the
strain energy expression of the structure can be written in

13)

} (s + a)dsdOdz
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terms of middle plane displacements and rotations. Substituting u, v and w from Eq (1) into Eq. (17) and
5 , performing the integration with respect to z results in
A1 <M) +A (LO + 1%)
or r 2r 0 dug 2 Vo 2 ow 2
(3182 o[ ()" (3]
up \ (U , 19v% R ¢ 20 oug \ ( oYy
+2412 ( ) (ar e ) T= 1// i 161/[< ata?pg ot ) (s + a)dsdb
p | (0 05) e MG
T UERCS S8 s+ adsds oo [ ()" ()]
"0 e () (S5 ) (18)
+rdss (l% " wr) where
+KA (l W )2
44\ 7 90 o h/2
+2KkAys (%—W + ¢,) (l ‘3‘2)’ + g
r g Io I D)= (1 2z 22)az 19
(14) ( o 11 b / p (19)
-h/2
By ( aaﬂ ) (aax/z As mentioned in 2.1, to simulate the typical bound-
r r
+By, (2% ) ( 180 , ¥r ) ary condition, each edge of the plate is restrained by five
0 00 . . .
. mr+ l;ﬂ) (Lwrr groups of artificial boundary springs (ku, kv, kw; Kg, Kg).
B a’uo ’ gze 1";% " And the implement of different boundary force on the mid-
T LIT’) 1<aT’ " 71 az - Z) plane of the plate is realized by assigning the spring stiff-
U , 109vo 19%Ys |, ¥r
+Ba (7 + 1% ) (r @ty ) ness with various values, which can be from zero to infin-
RO | B (v, 1 _vo) (o .
Uy, = // 16 uar 1ra‘:ae r ar (s + a)dsd® ity.
o b [ +Bas (P + Té’) Therefore, the deformation strain energy (Usp) stored
. ("T"’rﬂ + %"a‘@’ - #) in the boundary springs during vibration can be defined
oV ou, \Z .
+Bao (52 + 155 - ) as:
1%  Yr
<f39+f> a [k qud + k) ovd
+BZ6(%°+%%?‘VTO> ¢ W 2. R 2 8 2
) (m L1 @) U 1 / +k ow” + K7 g7 + K,_Oll)e} o | 40
or r 00 r sp = 5 B
(15) 2 )| b [k ug + ky 1§
+k¥v_1W2 + I<571'P% + Krg_l'wbé} SR
oy, \ 2 ) -\ 2
D1y ( Y)" 4 Doy (% i z+ ”’7) [kgeg_oué + Kliog 0V5 + Kifeg oW’
g , 10Yr _ Yo R
v o |0 ( v o ) > 1| K ow? + nggioll)é} oo .
1 +2D12 ==L 19v + £L += / 2 2 = 2 S
Up = E // oD er 37!#2 1 arl,br _ Y (s + a)dsdf 2 0 [kgeg_luo + kéeg,l‘/O + kéveg,lw
o 0 + 16 or or + r o6 r ) R 2 0 2
+2D5¢ %% ¥ %) +Keg 1 vi + Kdeg71¢9} o-¢
(e 13- %) @)
(16)
The corresponding kinetic energy (T) function of the 2.4 Governing equations and boundary
laminated annular sector plates can be given as: conditions
R ¢ h/2 . . .
1 oulN? /ov\? The governing equations and boundary conditions of a
T= 2 / / / p ot + ot (17) functionally graded annular sector plates can be obtained
0 0 -ny

by applying the Hamilton’s principle. The Lagrangian
(aw)z} (s + a)dsdfdz functional (L) of the plates during vibration can be ex-

+ | < . .
pressed in terms of the energy expressions as:

ot

L=T-Us-U,-Up-Usp (21)
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Substituting Egs. (14)—(20) into Eq. (21) and applying
the Hamilton’s principle:

6/(T—U5—Usp—Ucp)dt=O (22)

yields:

a [k} guobug + ki ovobvo

+k owdw + KF opr6ipr + K oPbib]
~ _ _ s

b [k} juobuo + ky 1vobvo
+k wow + KE 1 pr6ipr + KL obip]
. . . o

dodt

[kgeg_ouofiuo + k(‘geg_ovoé‘vo
+hlog oWOW + Kffegiol,br&pr
+Kieg oWad%)
[kgeg_luofiuo + kgeg 1V00V0
+hlog WOW + nggj‘l’f‘s‘l’r
+Kiog 11005%0) ,

Nraauo + Ny (6110 + }agvo)
+N,g (a6v0 . 706u0 _ m)

00 r
¢ +Mr =5 "5’/”
+M (1 L7 51/; )

dsdt

D

o0 (s + a)dsdfdt

(s + a)dsddt

(23)
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Integrating by parts to relieve the virtual displacements
bug, 6vg, 6w, 6¢r and 6¢9 we have:

[a (Ny+ k) guo) |r=0

=b (Ny = ki 1uo) |r-r | Suo
+[a (Nyg+ k) ovo) -0

-b (Nre - k‘r/_1V) |r:R} 6vo

L [a (Qr+ K ow) -0
+// b (Qr - k1 w) |;-g] 6w
% [+[a (M, + K§70¢,) P
b (Mr = KF 1) |1-z| 8r
+ [a (Mre +K?ﬁol/19) lr-0
-b (Mre - K?_ﬂl’e) ‘r=R} 6g

6N, + ON,y _ Ny

t
0" /// { a;ae 2 ° o, \ 2 } 8uo(s + a)dsdodt
0 s _IO -1 ( )

ot

dodt

t

1]

ANy , Ny , Ny
Y6t ot T

() 0 (2

} 6vo(s + a)dsdodt

0 s
t 00Qr  0Q ow\?
r 9 g (0w
+/// or o8 IO(&t) }5W(S+a)dsd6dt
0 s

t ag/f,_'_b]awég_@_or
r r r
{ } S8Yy(s + a)dsdbdt
(Nr0 + ké{egfouo) lo=o

Nyg - kdeg 140 ) lo= ¢} Suo
+ [(Ne + Kgeg 0v0 ) lo=0
~(No - kcviegflvo> |0:¢} 6vo

)lo-0

+ [(Mre + ngg70¢r) lo=0
- (Mrf) - K§eg71¢") |0:¢} 6¢Y
+ [(MG + I<geg70¢9) lo-0

- (Mo - Kfeg 1¥0) lo-9] 890
Since the virtual displacements &0, 6vo0, 6w, 6y, and

8y are arbitrary, the Eq. (24) can be satisfied only if the co-
efficients of the virtual displacements are zero. Thus, the

dsdt (24)

O\m
+
P an
=
SN
+
=
a.
o
uq
=]
S

governing equations of the functionally graded annular
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sector plates are obtained as

or  ro@ r ot

rof or r

3Q,  3Qp . [ow)’
or *rag 10 (*)

OM;, oM,y My
or o0~y @

oup \ 2 owr\ 2
() ()

oMy  OM,g My _
rof * or * r Q

ovo\? o\ 2
(3 ()

2
ON; + aNrg _ N9 _IO (()UQ) +11 <all)r

(25a)

(25b)

(25¢)

(25d)

(25e)

Similarly, the general boundary conditions can be

written as:

Ny +k; guo =0
Nyg+ky gvo=0
s=0: Q,+k¥[0w=0
M;+KRogr =0
Mg+ K gthg = O
Ny - ki jup =0
Ny-kiv=0
s=R:4Qr-k}1w=0
My - Kf r =0
M- K7 15 =0

Nyg + kgeg oo =0
Ny + kEeg_OVO =0
6=0: Q9+k3”eg_0w=0
Mo+ Ko or=0
Mg + Kieq oo =0

N,g - kgeg,ll‘O =0
Ny - kéeg71V0 =0
Qo - kri/ngW =0
Mg —Kgoq 1r=0
Mg~ Koy 1%9=0

0

I
©-

>

’

(26a)

(26b)
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2.5 Admissible displacement functions

Because of its simplicity and high accuracy, Rayleigh-Ritz
method is widely used in the vibration analysis of struc-
tural elements as a very powerful tool. In the Rayleigh-
Ritz method, the solutions can be obtained by minimiz-
ing the energy functional with respect to the coefficients
of the admissible functions. So how to choose the proper
admissible functions is the core of study, for it plays the
biggest factor in determining the accuracy and stability of
the Rayleigh-Ritz method.

The main purpose of the present study is to provide an
efficient solution capable of dealing with general bound-
ary conditions, internal radial line and circumferential
supports. To satisfy the request, the displacement and ro-
tation components of the sector plate, regardless of bound-
ary conditions, are invariantly expressed as a new form of
trigonometric series expansions in which several supple-
mentary terms are introduced to ensure and accelerate the
convergence of the series expansion:

uo(s, 6, ) = Uy(s, B)e/" (27a)

= (i iAm" €08 ARy S COS Ay, 0

m=0 n=0

2 o
+ Z 10 Z aly cos Agps
=1 m=0
2 hnd .
¥ Z CL(s) Z bl cos A¢n6> et
=1 n=0

VO(S, 6’ t) = VO(S, e)eiwt (27b)

= (i i Binn €08 Ap;S €08 A4, 60

m=0 n=0

2 oo
¥ Z 10 Z ¢y cos Agms
=1 m=0
2 o .
+ Z 10 Z d}, cos A¢n6> vt
=1 n=0

w(s, 6, t) = W(s, 0)/®! (27¢)

= (i f: Cimn €OS ARy S COS Ay, 0

m=0 n=0

2 )
+ Z AC)) Z el cos Agms
=1 m=0

2 oo
+ Z 410 Zf,l, cos /\¢n6> e,
=1 n=0
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Pr(s, 0, t) = Pr(s, B)e/?"

= (i i Dimn cOS Ay S €OS A5, 0

m=0 n=0

(27d)

2 oo
+3 " 6h(0)) " g cos Agms

=1 m=0
2 oo
+> " ¢a(s) >y cos /1¢,,9> e,
=1 n=0
'7[’9(5, 9’ t) = lp@(ss G)ejwt

= (Z Z Emn €0S Agy S €08 145, 0
m=0 n=0

2 oo
+ Z 'AC) Z kb, cos Agms

=1 m=0
2 oo )
+3 " ¢a(s)Y gncos /1¢n9> e,
=1 n=0

where Ag,, = mm/R, Agpn = nn/¢, and Amn, Bmn, Cmn,
Dmn, Emn are the Fourier coefficients of two-dimensional
Fourier series expansions for the displacements functions,
respectively. ak,, bh, ch, db, ek, f, g, hl, k., ol are
the supplemented coefficients of the auxiliary functions,
where I, 2. (,’1, ¢ },, I=1, 2, represent a set of closed-form suf-
ficiently smooth functions defined over S:([0, R]x[0, ¢]).

As mentioned above, the potential discontinuities of
the original displacements and their derivatives existed in
the plate domain can be eliminated by the supplemen-
tary terms introduced in the Fourier series, which can ac-
celerate the convergence of the results. According to Eq.
(25), there are two derivatives at most in the displacement
components, which means that at least two-order deriva-
tives of the admissible functions are required to satisfy the
continuities of any point on the plate. To satisfy such re-
quirements, the following simple auxiliary functions are
selected:

(27e)

EXs) = % sin (g—;) + ZR;n sin (%) (28a)
{g(s) = —% cos (%) + % cos <%> (28b)
It is easy to verify that
&)=L R =& (R)=0,&(0)=1 (29a)
§(0)=¢(R)=¢&'(0)=0,8' (R) =1 (29b)

Similar conditions exist for the 8-related polynomials
{3 (0)and {7(6). Though these conditions are not neces-
sary, they, which can be regarded as the first-order deriva-
tives of the displacement function at the edges, make the
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one-dimensional Fourier series expansions understand-
able. Thus the two-dimensional series are formed into
residual displacement functions that at least one contin-
uous derivative with respect to s- and 6-directions exists.
The series expansion given in Eq. (27) is able to expand and
uniformly converge to any function Z(s, 8) € C? for S:([0,
R]x[0, ¢]), which can be proven mathematically. Besides,
uniformly convergent series can be obtained by differenti-
ations of the series term by term. Arbitrary accuracy of the
solution can be achieved theoretically by adopting differ-
ent truncation methods. In this solution, results with ac-
ceptable accuracy are obtained by selecting M and N terms
of the series expressions.

2.6 Solution procedure

The coefficients of the admissible functions are to be de-
termined after establishing the admissible displacement
functions and energy functions of the plate. Substituting
Egs. (1)-(12) and Egs. (14)-(20) into Eq. (21) and performing
the Rayleigh-Ritz procedure with respect to each unknown
coefficient, the motion equation of plate can be yielded
and is given in the following matrix form:

Ku Ko 0 Ky Ky,
Kvu KVV 0 KVllly I<le0
0 0 Kyw KWII,Y war (30)
Kulpr I(Vll'r KWI/M K’,brl/)r Kl/hll'e
Kupy Kvpy Ky, Kyypy  Kygpg
Muu O O Mu!/)r O Gu
0 MVV O O MVI/)g Gv
) 0 Myw O 0 Gw
M"“pr 0 0 Ml/hl// 0 Glllr
0 MV!/’@ 0 Y Ml/)ellie Gl/)e
where
Gy = A009A01""xAm/O’Am’lr""Am’n”"':AMN,
u al,---,al, a2, a2, bl, .- by, b2, b2
(31a)
G, = BOO!BOI3"' me’Ome/ly"' me/n’y"' yBMNy (31b)
L I S e e 2§ W & W S b1
0) ’ M’ 01 i M! 0) ’ N! 03 N
COO) COl!"' yCm/01 Cm/ly"' )Cm’n’s"' yCMN)
Gw = {el el 2 e 62 efl .. L f2 L. f2 } (31c)
05 ’ M’ 01 il M’ OS ’ N’ 0) N
G - {DOO)DOI)"' gDm’Ost/ly"' )Dm/n/)"' 5DMN) }
L U RPN e SRPR:r 0y P SPPOR v 0 IRy

(31d)
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,Em’n”"' yEMN;
1 2 2
» N> 90> AN

(31e)

. _{500,501,"',Em/o,qu,"'
Yo =
Ky, K K, K2, gh,

K;j and M;; (i, j =u, v, w, ¥, and ¥y) are the sub-
matrixes of global stiffness and mass matrices, and the el-
ements of the typical matrices Ky, and My, are given in
Appendix A.

To obtain the frequencies (or eigenvalues) of compos-
ite laminated annular sector plates, only solve the Eq. (30)
directly. And further by substituting the corresponding
eigenvectors into series representations of displacement
and rotation components, the corresponding mode shapes
can be yielded.

3 Numerical results and discussion

In this section, a systematic comparison between the cur-
rent solutions and theoretical results published by other
researchers is carried out to validate the excellent accu-
racy, reliability and feasibility of the present method. Fur-
thermore, the effects of elastic restraint parameters, lay-
out schemes and locations of radial line supports are also
reported. New results are obtained for laminated annular
sector plates subjected to elastic boundary restraints and
arbitrary internal radial line and circumferential arc sup-
ports in s and 0 directions. The discussion is arranged as:
Firstly, the boundary conditions of the sector plate are de-
fined in terms of boundary spring parameters; Secondly,
convergence of the modified Fourier solution is tested;
Thirdly, the composite laminated annular sector plates
with various classical boundary conditions, elastic bound-
ary conditions and their combinations are studied; Then,
the effect of layout schemes is reported; Finally, free vibra-
tion characteristics of composite laminated annular sec-
tor plates with arbitrary internal radial line and circumfer-
ential arc supports are analyzed, and the influence of the
locations of line supports on the frequency parameters is
also studied.

3.1 Determination of the boundary spring
stiffness

In this paper, virtual springs applied on the boundaries of
the structures are used to simulate the practical bound-
ary forces and displacement, where the general boundary
conditions for the structure are achieved. General bound-
ary conditions can be simply obtained by setting desired
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stiffness of the springs. For example, a clamped boundary
conditions (C) can be obtained by setting the stiffness of
all the springs to be infinitely large value compared with
the rigidities of the structures. In the solution procedure,
the “infinitely large” number, which cannot be calculated,
is replaced by a finite but large enough number. Therefore,
it is necessary to study the influence of the spring stiffness
on the modal characteristic of the plate.

In the first example, effects of elastic boundary re-
straint parameters on the frequency parameters Q =
wb?[h(pm/E>)""? of composite laminated sector annular
plate is studied. The geometric and material properties are
a/b=0.5,h/b=0.1, E1/E5 = 15,E, = 1x10'°Pa, G1; = G13 =
0.6E,, Gy3 = 0.5E5, u1> = 0.25 and p = 1500 kg/m?. For
simplicity and convenience in the analysis, five elastic re-
straint parameters I'y, I'v, I'w, I'g and I'y, which are defined
as the ratios of the corresponding spring stiffnesses to the
flexural stiffness D = E,h?/12(1 - u?,) are pre-defined
here, namely, I'y = ky/D, I'v = ky/D, 'y = kw/D, I'r = Kg/
Dand I'x, = Ky/ D. Also, a frequency parameter AQ which
is defined as the difference of the non-dimensional fre-
quency parameter Q = wh?/h(pm/E,)"'? to those of the
elastic restraint parameters I'y (A =u, v, w, Rand 6) equal to
10 8,ie., AQ = Q;, - Q;, = 1078 is used in the calculation.
In Figs. 2 and 3, variation of the lowest three frequency pa-
rameters AQ versus the elastic restraint parameters I'; (A
=u, v, w, R and 6) for unsymmetrically laminated annu-
lar sector plates [0°/90°] and symmetrically laminated an-
nular sector plates [0°/90°/0°] are presented, respectively.
The considered boundary condition is completely free at
boundaries s= 0, s= R, and clamped at boundary 8 = 0,
while at edge 6 = ¢, the plates are elastically supported by
only one group of spring component with stiffness varying
from 1078D to 10'°D. From Figs. 2-3, it is observed that the
frequency parameters AQ increase as the stiffness param-
eters increase in the certain range. It is obvious that the
active ranges of stiffness parameters vary with the change
of boundary springs. Therefore, the completely clamped
boundary conditions of a sector plate can be realized by
assigning the boundary spring stiffness to 108D.

In the following discussion, the results of vibration
characteristics including the frequencies and the modal
shapes of the composite laminated sector plate are pre-
sented. The boundary conditions considered here includes
various classical boundary conditions, general boundary
conditions and the combinations of both the two kinds of
boundary conditions. The spring stiffness parameter cor-
responding to three kinds of classical boundary conditions
and three kinds of general elastic boundary conditions
which are commonly used in the practical situation for
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Table 1: Convergence of the first six frequency parameters for a [0°/90°] laminated annular sector plate with CCCC and FFFF boundary con-
ditions (¢p=27/3, a/b=0.5, h/b=0.2, E1 | E;=40)

MxN CCcc FFFF
1 2 3 4 5 6 1 2 3 4 5 6

8x8 5.175 5.694 6.619 7.810 9.153 10.027 1.318 1.455 2.608 2.662 3.442 4.163
9x9 5.175 5.694 6.619 7.809 9.153 10.027 1.318 1.455 2.607 2.662 3.442 4.162
10x10 5.175 5.694 6.619 7.809 9.151 10.027 1.318 1.455 2.607 2.662 3.441 4.162
11x11 5.175 5.694 6.619 7.809 9.151 10.027 1.318 1.455 2.607 2.661 3.441 4.162
12x12 5.175 5.694 6.619 7.809 9.150 10.027 1.318 1.455 2.607 2.661 3.441 4.162
13x13  5.175 5.694 6.619 7.809 9.150 10.027 1.318 1.455 2.606 2.661 3.441 4.161
14x14 5.175 5.694 6.619 7.809 9.150 10.026 1.318 1.455 2.606 2.661 3.441 4.161
15x15 5.175 5.694 6.619 7.809 9.150 10.026 1.318 1.455 2.606 2.661 3.441 4.161
16x16 5.175 5.694 6.619 7.809 9.150 10.026 1.318 1.455 2.606 2.661 3.441 4.161
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Figure 2: Variation of the frequency parameters AQ versus the elastic restraint parameters I'; for a two-layered, [0°/90°], unsymmetrically
laminated annular sector plate: (@) I'y; (b) I'v; (c) I'w; (d) I'g; and (e) Iy
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Table 2: Comparison of the frequency parameters Q for a [0°/90°]5 laminated annular sector plate with different classical boundary condi-

tions (¢ = 71/3, a/b=0.1, h/b=0.2, E1/E>=40).

B.C Solutions Mode
1 2 3 4 5 6
Ccccc Presnet 16.808 25.668 25.944 34.775 35.496 35.901
DQM[18] 16.912 25.827 26.103 34.996 35.719 36.125
Error(%) 0.619 0.619 0.612 0.634 0.629 0.623
SSSS Presnet 12.363 15.183 17.779 22.996 25.050 25.517
DQM[18] 12.363 15.256 17.874 22.997 25.194 25.666
Error(%) 0.001 0.482 0.533 0.004 0.573 0.584
CSCS Presnet 12.363 15.742 22.996 25.131 25.815 33.718
DQM[18] 12.363 15.828 22.997 25.28 25.971 33.719
Error(%) 0.001 0.549 0.004 0.592 0.603 0.004
CSSS Presnet 12.363 15.244 22.996 23.393 25.112 25.523
DQM[18] 12.363 15.321 22.997 23.409 25.26 25.672
Error(%) 0.001 0.504 0.004 0.067 0.589 0.585

edge s=0 are given as

Up=0,v9=0,w=0,9,=0,Pg=0
C: k!, =10"Dm, k} o = 10°D, k), = 10°D,
KRy =10%D,K?, = 10D
Ny=0,N,p=0,Q;=0,M; =0, M, =0
K =0,k g=0,ky=0,KRy=0,K¢,=0
[N, =0,v6=0,w=0,M,=0,y=0
S: | k¥y=0,kfo=10°D, k', =10°D,
KRy=0,K%,=110%D
[ Uo #£0,v9#0,w=0,,=0,1pg=0 |
E': | k4o =102D, k! o = 102D, k¥ = 10°D,
K®,=10%D,KY, = 10%D

u0=0,v0=0,w#0,1/)r=0,1/)9=0
E*: | k4o =10%D, k! o = 10°D, k¥ = 102D,
KR, =10%D,K?, = 10D ]
Up=0,v9=0,w=0,1, #0,Py #0
E>: | k4o =10D, k! o = 10°D, k¥ = 10°D,
Kk®,=10%D,KY, = 10?D

B.C.

To test the appropriateness of this definition, namely,
express the classical boundary conditions in terms of
boundary spring parameters, several numerical examples
will be conducted in later sub-sections. For reasons of
brevity, a brief letter string is used to express the bound-
ary condition of the laminated annular sector plate, such
as FCSC denotes the annular sector plate with F, C, S and
C boundary conditions at boundaries s = 0, 8 = 0, s= R
and 0 = ¢, respectively. Unless otherwise stated, the nat-
ural frequencies of the laminated annular sector plates

are expressed in the non-dimensional parameters as Q =
wb?[h(pm/E>)"? and the material properties of the plates
are given as: E; = 1 x 10'%Pa, E{/E, = 15, G132 = G13 =
0.6E,, Gy3 = 0.5E>, u1 = 0.25 and p=1500 kg/m>.

3.2 Convergence study

In this sub-section, the convergence of composite lami-
nated annular sector plates with different boundary con-
ditions is studied. Table 1 shows the convergence studies
made for the first six frequency parameters Q of a moder-
ately thick, two-layered laminated [0°/90°]) annular sec-
tor plates with different boundary conditions, i.e. CCCC
and FFFF. The solutions for truncation schemes M=N=8, 9,
10, 11, 12, 13,14,15 and 16 are included in studies. It is obvi-
ous that the present method converges excellently and the
results are accurate enough even with a small truncated
number. The maximum difference between the results of
M=N=8 and those of M=N=16 is less than 0.078% for the
worst situation. Therefore, the truncated numbers for the
Fourier series are set as M=N=12 for the following exam-
ples, which are presented to further demonstrate the ac-
curacy and reliability of the present method. For each ex-
ample, the results of convergence study are given in detail
while only the converged results are given.
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Figure 3: Variation of the frequency parameters AQ versus the elastic restraint parameters I'; for a three-layered, [0°/90°/0°], symmetri-
cally laminated annular sector plate: (@) I'y; (b) I'v; (c) I'w; (d) I'r; and (e) I'g

3.3 Composite laminated annular sector
plates with various boundary conditions

In this sub-section, composite laminated annular sector
plates with various boundary conditions and structure
parameters are investigated. First, a verification study is
made to validate the accuracy and reliability of the present
method. The results reported by Sharma [14] are adopted
herein as the reference. And the Table 3 presents the two
methods’ comparison of the frequency parameters Q for
a [0°/90°]5 laminated annular sector plate with different
classical boundary conditions. According to the results, it
is clear that the difference between the two methods is no
more than 0.634% for the worst case.

Numerous new results are presented in Tables 3,
4 and 5 for composite laminated annular sector plates
with a variety of boundary conditions including clamped
boundary, simple-support boundary, free boundary and
their combinations. These results may serve as bench-
mark solutions for potential readers. In Table 3, the first
six non-dimension frequency Q for four-layered, cross-
ply [0°/90°/0°/90°] laminated annular sector plate sub-
jected to as many as 8 possible classical boundary condi-
tions are presented. The material properties and geomet-
ric dimensions used in the analysis are ¢ = 71/2, a/b=0.5,
E1/E,=15. Three thickness-to-radius ratios, namely, h/b
= 0.05, 0.10 and 0.2, are considered in the calculation.
In addition, it also can be seen from the table that the
augmentation of the thickness-to-radius makes frequency
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Table 3: Frequency parameters Q for a [0°/90°/0°/90°] laminated annular sector plate with different thickness-to- radius ratios and
boundary conditions (¢p = /2, a/b=0.5, E; /| E;=15).

h/b Mode Boundary conditions
Ccccc SSSS FFFF CSCs CFCF CSCF SFSF CFFF
0.05 1 13.609 7.499 2.398 13.323 13.156 13.177 7.142 2.172
2 15.563 9.489 2.606 14.497 13.235 13.540 7.323 2.244
3 19.642 13.945 5.960 17.831 13.886 15.250 8.570 3.187
4 25.343 14.039 6.730 23.248 16.180 19.215 10.058 6.034
5 30.297 20.280 10.621 24.760 20.743 24.563 12.000 7.283
6 31.556 20.900 12.875 29.912 24.378 25.076 12.129 10.527
0.1 1 9.337 6.401 2.212 9.066 8.905 8.920 5.013 1.990
2 10.892 6.973 2.468 10.241 8.965 9.277 6.032 2.058
3 13.609 8.073 5.317 12.380 9.606 10.894 6.084 2.945
4 17.006 10.457 5.947 12.885 11.673 12.282 6.262 3.639
5 18.566 11.301 7.687 16.414 12.191 13.901 7.314 5.408
6 19.555 12.380 8.874 18.400 14.997 17.605 9.990 8.756
0.2 1 5.358 3.475 1.830 5.184 5.008 5.022 2.495 1.577
2 6.342 4.510 2.119 6.152 5.061 5.393 3.023 1.619
3 7.886 5.201 3.768 6.190 5.715 6.140 4.226 1.824
4 9.675 5.666 4.022 7.760 6.091 6.636 4.351 2.428
5 10.186 6.190 4.577 9.612 7.179 8.383 5.082 4.119
6 10.686 7.352 5.531 10.075 9.036 9.958 5.273 5.598

2nd

0.4}

. . r h . . . h . . . A
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8

Figure 4: The lowest six mode shapes for a [0°/90°/90°/0°] laminated annular sector plate with CCCC boundary conditions(E; /E>=15,
a/b=0.5, h/b=0.1, p=271/3)
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Table 4: Frequency parameters Q for a [0°/90°/0°/90°] laminated annular sector plate with different orthotropy ratios and boundary con-

ditions (¢p = 71/2, a/b=0.5, h/b=0.1).

E./E, Mode Boundary conditions
CCcc SSSS FFFF Cscs CFCF CSCF SFSF CFFF
5 1 7.832 4,748 1.751 7.657 7.477 7.509 3.767 1.369
2 9.125 6.189 2.143 8.556 7.598 7.877 4.334 1.500
3 11.482 6.272 3.969 10.635 8.186 9.099 4.640 2.243
4 14.572 9.008 4.921 12.380 9.727 11.470 5.586 3.488
5 16.508 9.978 6.104 13.679 12.032 12.199 5.797 4.029
6 16.721 12.380 6.795 16.303 12.361 14.685 8.013 6.643
10 1 8.805 5.728 2.173 8.575 8.417 8.438 4.519 1.728
2 10.245 6.642 2.189 9.605 8.495 8.777 5.386 1.816
3 12.828 7.312 4.765 12.020 9.082 10.199 5.574 2.630
4 16.125 10.281 5.489 12.380 10.904 12.255 5.869 3.593
5 17.858 10.362 7.153 15.393 12.140 12.961 6.669 4.819
6 18.768 12.380 8.044 17.698 13.969 16.513 9.147 7.910
20 1 9.680 6.904 2.225 9.379 9.206 9.219 5.390 2.197
2 11.321 7.245 2.697 10.683 9.256 9.604 6.216 2.254
3 14.128 8.664 5.741 12.380 9.967 11.391 6.594 3.213
4 17.585 10.589 6.336 13.486 12.185 12.298 6.728 3.665
5 19.022 12.001 8.011 17.099 12.273 14.561 7.821 5.879
6 20.057 12.380 9.484 18.848 15.722 18.335 10.453 9.379
40 1 10.355 8.010 2.251 9.994 9.760 9.769 6.398 2.753
2 12.193 8.150 3.317 11.670 9.795 10.292 6.729 2.787
3 15.191 10.142 6.818 12.380 10.790 12.326 7.778 3.715
4 18.750 10.967 7.471 14.781 12.275 12.537 7.855 4.015
5 19.948 12.380 8.613 18.492 13.560 15.999 9.144 7.160
6 21.088 13.645 10.908 19.755 17.316 19.563 10.775 10.817

parameters decrease. Then a moderately thick (h/b=0.1)
four-layered, cross-ply [0°/90°/0°/90°] plate with various
anisotropic degrees is considered. In Table 4, the first six
frequency parameters Q for the laminated annular sec-
tor plate with eight types of classical boundary conditions
and six different anisotropic degrees, i.e., E1/E, = 5, 10,
20 and 40 are listed, respectively. The geometric dimen-
sions of the considered plate are the same as the model
used for Table 3 except ¢ = 71/2. From Table 4, it is shown
that the frequency parameters, in general, increase as the
anisotropic ratio increases. In the next example, we con-
sider a moderately thick (h/b=0.1) four-layered, cross-ply
[0°/90°/90°/0°] plate with various included angles. The
first six frequency parameters Q for the laminated annu-
lar sector plate with various classical boundary conditions
and included angles, i.e. p=60°, 120°, 240° and 360°, are
presented in Table 5. The results show that the frequency
parameters of the sector plates monotonically decrease
with the included angles increasing. The first six of mode

shapes for CCCC and CFCF laminated annular sector plates
are given in Figs. 4-5.

As we all know, a variety of possible restraint
conditions are usually encountered in engineering ap-
plications, but the corresponding vibration analysis is
quite scarce. Therefore, the composite laminated annu-
lar sector plates subjected to general elastic restraints,
are studied in the last example. The first six non-
dimension frequency Q of laminated annular sector plates
with classical-elastic restraints (CE'CE!, CE>CE?, CE3CE?,
SE'SE!, SESE?, SE°SE’, E'FE'F, E’FE°F and E’FE’F)
and elastic boundaries (E'E’E'E?, E'E°E'E?, E’E’E’E?,
E'E'E'E!, E?E?E?E?, E°E°E°E°, E2E'E%E!, E°E'E’E'and
E3E?E3E?) are presented in Tables 6 and 7. These results
may serve as benchmark solutions for potential readers.
The geometric dimensions of the considered plate are
the same as the model used for Table 3 except ¢ = m.
Three Lamination schemes, i.e. [0°/90°], [0°/90°/0°] and
[0°/90°/90°/0°], are performed in the calculation. Com-
pared with classical boundary conditions, the frequency
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Figure 5: The lowest six mode shapes fora [0°/90°/90°/0°] laminated annular sector plate with CFCF boundary conditions(E;/E,=15,
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Table 5: Frequency parameters Q for a [0°/90°/90°/0°] laminated annular sector plate with different included angles and boundary condi-

tions (E1/E>=15, a/b=0.5, h/b=0.1).

¢ Mode Boundary conditions
cccc SSSS FFFF CScs CFCF CSCF SFSF CFFF
60 1 10.374 7.802 3.320 9.857 9.573 9.598 4.144 2.522
2 13.145 8.335 3.460 11.954 9.670 10.219 7.281 2.659
3 17.550 10.536 7.802 12.380 10.767 12.232 7.562 3.541
4 19.818 12.380 8.271 16.283 12.086 12.994 8.016 4.140
5 21.773 15.325 12.943 19.552 14.184 17.743 9.231 7.915
6 22.697 15.401 13.064 21.081 19.210 19.309 11.716 10.655
120 1 9.663 6.917 1.192 9.612 9.573 9.580 5.455 2.537
2 10.070 7.380 1.511 9.857 9.598 9.664 5.660 2.553
3 11.013 7.802 2.526 10.583 9.740 10.019 7.285 2.726
4 12.549 8.335 3.615 11.955 10.221 10.912 7.356 3.367
5 14.574 8.824 4.404 12.380 11.289 12.315 7.660 3.688
6 16.938 10.536 5.007 13.914 12.253 12.456 8.212 4.724
240 1 9.586 6.917 0.360 9.581 9.574 9.575 5.571 2.540
2 9.632 7.197 0.680 9.612 9.580 9.590 5.625 2.546
3 9.743 7.309 1.105 9.692 9.604 9.635 7.207 2.555
4 9.954 7.380 1.202 9.857 9.664 9.737 7.286 2.612
5 10.297 7.532 1.462 10.145 9.790 9.934 7.304 2.763
6 10.793 7.803 1.842 10.585 10.020 10.261 7.368 3.067
360 1 9.578 6.917 0.110 9.577 9.574 9.575 5.635 2.541
2 9.593 6.981 0.288 9.588 9.576 9.581 5.639 2.543
3 9.624 7.297 0.568 9.612 9.586 9.596 7.033 2.554
4 9.682 7.326 0.706 9.658 9.606 9.627 7.287 2.555
5 9.777 7.380 0.827 9.736 9.644 9.682 7.295 2.586
6 9.921 7.458 1.063 9.857 9.709 9.771 7.322 2.655

variations of the laminated annular sector plates subjected
to elastic restraints and classical-elastic restraints with dif-
ferent lamination schemes are more complex. Form the Ta-
ble 6 and 7, it is also obvious that the lamination schemes
have significant effect on the frequency of the laminated
annular sector plates. Some mode shapes for CE*CE?, and
E>E’E°E? laminated annular sector plates are depicted in
Figs. 6-7.

3.4 Parameters study

In a composite lamina, fibers are the principal load carry-
ing members. By appropriately arranging the fiber direc-
tions in the layers of a laminated plate, special functional
requirements can be satisfied. Owing to the practical im-
portance, the influence of fiber orientations on the vibra-
tion characteristics of composite laminated annular sector
plates is investigated in this part. In Fig. 8(a)-8(d), the vari-
ation of the lowest four frequency parameters Q versus the

included angle 0 for a three-layered [0°/a°®/0°] laminated
annular sector plate with CCCC, CFFF, CSCF and CFCF
boundary conditions against the included angle 6 are de-
picted, respectively. The geometric and material properties
of the layers are a/b=0.5, h/b=0.1, ¢ = m/2 and E;/E,=15.
Many interesting characteristics can be observed from the
figures. Firstly, all the figures are symmetrical about a=
90°. Second, from the Fig. 2(a)-2(d), it can be shown that
all the mode frequency parameters of the plate decrease
with the included angle a increasing. And there is little
variation in frequency parameters of the 4th modes. From
Fig. 2(b), the results show that the 4th mode frequency pa-
rameter first remains unchanged and then declines.

As the last case of this section, the influence of the
number of layers on the fundamental frequency parame-
ters of alaminated annular sector is investigated. In Figs. 9
and 10, the variation of the lowest four frequency parame-
ters Q of a [0°/a°’], (where n=1 means a two-layered plate;
n=2 means a four-layered plate, i.e., [0°/a°/0°/a°], and so
forth) layered plate with SFSF and FSFS boundary condi-
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Figure 7: The lowest eight mode shapes for a [0°/90°/90°/0°] laminated annular sector plate with E3E3E3E3 boundary
conditions(E;/E>=15, a/b=0.5, h/b=0.1, ¢ = m)
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Table 6: Frequency parameters Q for laminated annular sector plate with different lamination schemes and classical-elastic boundary con-
ditions (E1/E»=15, a/b=0.5, h/b=0.1, ¢ = 7).

Lamination Mode Boundary conditions
schemes

CE'CE! CE?CE? CE3CE® SE!SE' SE?SE? SE°SE® E'FELF  E2FE’F  EFE°F

0°/90° 1 7.962 7.963 7.964 5.129 5.137 5.138 1.477 1.468 7.285
2 8.107 8.060 8.104 5.334 5.325 5.374 1.484 1.704 7.286

3 8.494 8.249 8.471 5.490 5.705 5.944 1.653 2.316 7.403

4 9.189 8.580 9.137 5.761 6.292 6.889 2.919 3.174 7.663

5 10.199 9.140 10.121 6.030 7.112 7.757 5.133 4.232 8.181

6 11.484 10.031 11.384 6.948 7.786 7.952 7.747 5.335 9.019

0°/90°/0° 1 9.784 9.779 9.783 5.217 7.445 7.445 1.478 1.476 8.772
2 9.862 9.828 9.859 5.572 7.449 7.449 1.484 1.704 8.789

3 10.047 9.913 10.038 6.943 7.535 7.543 1.653 2.274 8.853

4 10.393 10.063 10.374 7.544 7.651 7.696 2.750 3.042 8.993

5 10.944 10.328 10.911 7.701 7.850 8.001 4.934 3.949 9.259

6 11.719 10.786 11.672 8.015 8.157 8.508 7.683 4.981 9.705

0°/90°/90°/0° 1 8.962 8.946 8.956 5.519 6.198 6.209 1.477 1.473 8.034
2 9.177 9.037 9.149 5.875 6.406 6.522 1.484 1.713 8.049

3 9.691 9.210 9.626 6.215 6.767 7.215 1.653 2.380 8.158

4 10.565 9.610 10.464 6.559 7.395 7.822 2.945 3.401 8.479

5 11.777 10.366 11.654 7.304 7.838 8.017 5.174 4.704 9.162

6 12.330 11.518 13.129 7.417 8.010 8.348 8.005 6.186 10.263

Table 7: Frequency parameters Q for laminated annular sector plate with different lamination schemes and elastic boundary conditions
(E1/E»=15,a/b=0.5, h/b=0.1, ¢ = m).

Lamination Mode Boundary conditions
schemes

E'EZE'E? E'EPE'E® E’EEPE? E'E'E'E! E?E’E’E’ ESEPE3E’ E2E'E’E! EPE'E’E! E3E’E3E?

0°/90° 1 3.202 3.189 1.791 1.613 1.584 7.362 1.801 7.360 7.360
2 5.226 5.207 2.568 1.628 1.936 7.527 2.606 7.531 7.476

3 7.950 7.951 3.602 1.932 2.574 7.938 3.666 7.964 7.700

4 8.010 8.032 4.817 3.189 3.490 8.663 4.901 8.719 8.079

5 8.095 8.090 5.766 5.281 4.630 9.711 5.681 9.792 8.693

6 8.221 8.446 6.181 7.834 5.710 11.034 6.278 11.136 9.644

0°/90°/0° 1 3.133 3.133 1.752 1.612 1.583 8.801 1.757 8.801 8.795
2 5.001 5.001 2.429 1.627 1.919 8.904 2.446 8.908 8.869

3 7.819 7.819 3.331 1.930 2.487 9.129 3.361 9.140 8.998

4 8.318 8.318 4.381 3.041 3.263 9.531 4.423 9.552 9.208

5 9.779 9.783 5.546 5.087 4.214 10.147 5.598 10.183 9.534

6 9.828 9.859 6.809 7.768 5311 10.994 6.870 11.045 10.066

0°/90°/90°/0° 1 3.215 3.213 1.828 1.613 1.592 8.092 1.859 8.099 8.082
2 5.254 5.249 2.743 1.629 1.955 8.316 2.828 8.347 8.204

3 8.173 8.165 3.993 1.932 2.687 8.851 4.116 8.921 8.425

4 8.943 8.954 5.435 3.212 3.820 9.769 5.577 9.877 8.884

5 9.034 9.145 6.820 5.316 5.225 11.047 6.815 11.175 9.710

6 9.205 9.304 7.006 8.089 6.727 12,604 7.153 12.330 10.945
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Table 8: Comparison of the first six frequency parameters Q=wb? (ph/D)/2 for a isotropic annular sector plates with h/b = 0.001(thin

plate), a/b=0.2 and ¢ = /3.

Line Boundary conditions Mode number
supports 1 2 3 4 5 6
None SSSS 40.31 97.52 98.00 177.6136 179.8623 183.9804
FSFS 62.50 109.5 110.7227 163.9777 164.7611 167.7842
ri=R/2 SSSS present 85.40 127.7 142.6 193.7 279.6 285.0
Ref [16] 85.41 127.9 142.6 194 279.8 285.1
Error(%) 0.02 0.17 0.01 0.16 0.06 0.03
FSFS present 21.34 51.09 103.4 109.3 141.0 173.7
Ref[16] 21.34 51.11 103.5 109.3 141.3 174
Error(%) 0.01 0.03 0.06 0.01 0.24 0.19
ri=R/2, SSSS present 127.7 148.2 285.0 285.7 330.9 336.3
01=¢/2
FEM 127.8 148.3 285.3 286.1 331.1 336.4
Error(%) 0.10 0.09 0.10 0.13 0.06 0.04
FSFS present 51.09 73.51 173.7 176.5 192.8 220.3
FEM 51.21 73.64 173.8 176.9 193.1 220.8
Error(%) 0.23 0.17 0.07 0.20 0.17 0.21

tions against the number of layers n are depicted, respec-
tively. Four lamination schemes, namely, a = 30°, 45°, 60°
and 90° are considered in the investigation. The layers of
the laminated annular sector plate are of equal thickness
and made from the same material with following propri-
eties: E1/E,=15. The geometric parameters of the plate are
a/b=2, h/a=0.1. As clearly observed from Figs. 3 and 4, the
frequency parameters of the plate increases rapidly and
may reach their crest around n = 5 (10 layer), and beyond
this range, the frequency parameters remain unchanged.
In such a case, the laminated annular sector can be treated
as an orthotropic annular sector plate.

3.5 Composite laminated annular sector
plates with internal line/arc supports

In the engineering application, the composite laminated
annular sector plates are often restrained by internal ra-
dial lines and circumferential arc supports to reduce the
magnitude of dynamic and static stresses and displace-
ments of the structure or to satisfy special architectural
and functional requirements. The study of the vibrations
of moderately thick, composite laminated annular sector
plates is an important aspect in the successful applications
of these structures. However, to the best of the authors’
knowledge, no researches dealing with the free vibration

characteristics of the composite laminated annular sector
with general boundary conditions, internal radial line and
circumferential supports have been reported. Thus, in this
part, the present formulations are applied to investigate
the free vibration behaviors of composite laminated annu-
lar sector plates with internal line/arc supports and arbi-
trary boundary conditions. As shown in Fig. 7, the compos-
ite laminated annular sector plates is restrained by arbi-
trary internal radial line and circumferential arc supports.
r; and 6; represent the position of the ith and jth inter-
nal radial line and circumferential arc supports along the
r- and 6-directions, respectively. The displacement fields
in the position of the line support satisfy w(r;, 6,t) = 0
and w(r, 6;, t) = 0. This condition can be readily obtained
by introducing a group of continuously distributed linear
springs at the location of each line/arc support and setting
the stiffnesses of these springs equal to infinite (which is
represented by a very large number, 108D). Thus, the po-
tential energy (P, ;) stored in these springs is

¢ N
Prals=;/{Zkiiw(ri’e,t)z("i“’a)}de

5 Ui

R

ik
2

M; )
z:k’gjw(r,ei,t)2 ds
o U=

where M; and N; are the amount of radial line and cir-
cumferential arc supports in the r and 6 directions. k; and
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Table 9: The first five frequency parameters Q for a four-layered, [90°/0°/0°/90°] annular sector plate with different boundary conditions
and various line supports (a/b=0.2, h/b=0.1, ¢ = 11, E1/E,=15).

Line supports Mode Boundary conditions
cccc FFFF SSSS CFCF  E'E'E'E' E?E?E’E? E’E’E’E® CE'E’E3
r1=R/2 1 22.490  3.293 17.723  21.489  22.490  7.783  21.428  8.445
2 24310  3.404  19.040  21.546  24.310  8.799  23.131 9.620
3 26.427 4234 21.112  22.989  26.427  9.991 25.208  11.982
4 27.692 5.675  23.623  25.148  27.692  12.052  26.598  15.344
5 29.036  8.113  23.992  26.910 29.036  12.622 27.822  19.370
6 30.645  8.930  26.758  26.961  30.645  15.154  29.433  23.793
ri=R/3, 1 36.242  8.340  32.998  35.469  36.242  14.520 35.627  14.606
r2=2R/3
2 37.655  8.397  33.881 35.583 37.655 15.058 36.934  15.370
3 39.695  8.741 35.287  36.784  39.695  15.942  38.811  16.927
4 42.173  9.392  37.215  38.659  42.173  17.406  41.093  19.337
5 43.001  11.422  37.900  41.025 43.001  19.591  41.585  22.478
6 44,811  13.755 39.659  42.091  44.811  19.835  43.463  26.165
r1=R/2, 1 24310  3.404  19.040  21.546  24.310  8.799  23.131 9.605
01=¢/2
2 24992  4.003  19.598  21.912 24992  9.221 23.782  10.426
3 29.036  5.675  23.992  25.148 29.036 12.052  27.822  15.312
4 29.980  7.128  25.010 25.788  29.980 13.030 28.774  16.677
5 30.645  9.986  26.758  26.961  30.645 16.611  29.433  23.770
6 32.256  11.597  28.538  27.277  32.256  17.945 31.052  25.290
ri=R/3, 1 37.655  8.340  33.881 35.583  37.655 15.058 36.934  15.362
0:1=¢/2,
r,=2R/3
2 38.149  8.463 34,167 35.748 38.149  15.278 37.379  15.779
3 42173  9.392  37.215  38.659  42.173  17.406  41.093  19.315
4 42.878 10.348 37.799  39.200 42.878 17.999  41.757  20.286
5 44.811  14.588  40.256  42.220  44.811  22.611  43.463  26.146
6 45321  15.712  41.078  42.491  45.321  23.663  44.039  27.430

Figure 11: Schematic diagram of a laminated annular sector plate
with arbitrary internal radial line and circumferential arc supports.

iej denote the corresponding radial line and circumferen-
tial arc supported springs distributed at r=r; and 6 = 6;.
For an annular sector plate with elastic restraints on the
edges as well as the internal radial line and circumferen-
tial arc supports, the potential energy P,,;s stored in the
line/arc supported springs should be considered as part
of the Lagrangian energy function (Eq. (21)). Adopting the
Rayleigh-Ritz rule, the characteristic equation of the struc-
ture can be obtained easily.

Table 8 presents the first six frequency parameters
Q=wb? (ph/D)"/? for a isotropic annular sector plate with
h/b = 0.001(thin plate), a/b=0.2 and ¢ = /3, which can
be used to check the correctness of using the present for-
mulations to study the titled vibration problem. Two differ-
ent classical boundary conditions, i.e., SSSS and FSFS are
considered in the comparison. The results of the annular
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Figure 12: Variation of the frequency parameters Q versus the radial support locations for a [0°/90°/90°/0°] laminated annular sector
plate with a 6 direction internal radial support (E;/E>=15, a/b=0.5, h/b=0.1, ¢ = m)
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plate without line/arc support are given in the table to be
compared with those of the supported plate, which aims
to stressing the effect of the line/arc supports. Benchmark
results given by Liew et al. [5] based on MPT and obtained
by the ABAQUS based on FEA method are also presented.
According to the table, the good agreement between the re-
sults can be observed, where the discrepancy of the worst
case does not exceed 0.24%. Besides, it also can be seen
that the introducing of the line/arc supports can increase
the plate frequency. Then, the influence of the locations
of internal radial line and circumferential arc supports on
the frequency of a four-layered, cross-ply [0°/90°/90°/0°],
symmetrically laminated annular sector is investigated.
The sector plate parameters are given below as h/b=0.1,
a/b=0.5, ¢ = m1, E1/E,=15. For simplicity, only a radial line
support along 6 direction (6;) is considered in the analy-
sis. In Fig. 12, variation of the lowest three mode frequency
parameters Q of the considered sector plate with symmet-
rically lamination schemes ([0°/90°/90°/0°]) against the
radial line support location parameter 6,/¢ is depicted.
Eleven types of edge conditions used in the investigation
are: C-C, S-S, F-C, C-F, F-S, S-F, S-C, C-S, E'-E!, E?-E?, E>-
E3. It is obvious that the frequency parameters of the sec-
tor plate significantly are affected by the position of the ra-
dial line support, and this effect varies with the edge con-

ditions. And for different modes, the effects of radial line
support location are quite different. For the sake of com-
pleteness, variation of the lowest three mode frequency
parameters Q of the considered sector plate with unsym-
metrically lamination schemes ([0°/90°]) against the ra-
dial line support location parameter 6, /¢ are presented in
Fig. 13. Comparing Fig. 12 with Fig. 13, we can see that the
influence of the line/arc support location on the frequency
parameters varies with lamination schemes and boundary
conditions.

Since the vibration results for internal radial line and
circumferential arc supported moderately thick compos-
ite laminated annular sector plates with arbitrary bound-
ary conditions are very limited in the literature, some new
results are calculated here, which can be used for bench-
mark results by researchers as well as reference datum for
practicing engineers. In Table 9, The first six frequency
parameters Q of the considered laminated annular sector
plate with [90°/0°/0°/90°] lamination scheme and sub-
jected to as many as 8 possible boundary conditions are
presented. The sector plate is with the following propri-
eties: a/b=0.2, h/b=0.1, ¢ = m, E1/E2=15. Four different
line/arc support conditions are considered in the calcu-
lation. In addition, the first four mode shapes of the sec-
tor plate with CFCF boundary condition presented in Ta-



214 = F.Pangetal. DE GRUYTER OPEN

-
i

0.8f Ist | 08 3rd 08 4th
0.4 0.4 0.4
0.2 02 0.2
06 ? 06 D 0.6 D
08 08 0.8
) 05 1 ) 05 1 o 05 1
1st] 3rd | . 4th |
0.6 0.6
. .
© DI
-0.4 0.4

o
3
-

[N
-

08 l 2nd

o
®

(©)

-0.2

-0.4

-0.6

-0.8

o)

0.8 0.8

0.6 0.6

0.4 0.4
0.2 02

0.2 0.2

0.4 0.4
0.6 0.6f

-0.8 -0.8

(d)

o
o
w

1 ~o 05 1

o
o
3
-

Figure 14: The lowest four mode shapes for a CFCF laminate annular sector plate with various line supports:(a) None; (b) r1=R/2; (c) r1=R/3,
ra=2R/3; (d) r1=R/2, 01=¢)/2;(e) r1=R/3,61=¢/2,r2=2R/3.



DE GRUYTER OPEN

0.8
0.6

0.4

(e) 0

0.2~
-0.4
-0.6

-0.8

-1 t
0 0.5 1

A modified Fourier solution for vibration analysis... = 215

[

0.8

0.6@
PSRN

i é?
—0.6@
-0.8 >

- -
0 0.5 1 0 0.5 1

Figure 14: The lowest four mode shapes for a CFCF laminate annular sector plate with various line supports:(a) None; (b) r1=R/2; (c) r1=R/3,

ry=2R/3; (d) r1=R/2, 01=¢p/2;(€) r1=R/3,01=¢p/2,r,=2R/3.

ble 9 are also given in Fig. 14, which can improve the un-
derstanding of the vibration characteristics.

4 Conclusions

In this investigation, a modified Fourier solution based on
the first-order shear deformation theory is applied to solve
the free vibration problems of moderately thick compos-
ite laminated annular sector plates with general bound-
ary conditions, internal radial line and circumferential arc
supports. Each of displacements and rotations of com-
posite laminated annular sector plate with any type of
boundary conditions, is expressed by a modified Fourier
series, in which auxiliary polynomial functions are sup-
plemented to a standard Fourier cosine series. The intro-
duction of these auxiliary functions contributes to elim-
inating the relevant discontinuities of the displacement
function and its derivatives at the edges and accelerating
the convergence of series. Raleigh-Ritz procedure is used
to obtain the exact solution based on the energy functions
of the laminated annular sector plate. The excellent accu-
racy and reliability of the current solutions are confirmed
by comparing the present results with those available in
the literatures, and numerous new results for compos-
ite laminated annular sector plate with various classical
cases, classical-elastic restraints, elastic boundary condi-
tions, internal radial line and circumferential arc supports
are presented, which can serve as the benchmark solution
for other computational techniques in the future research.
The effects of elastic restraint parameters, layout orienta-
tions, number of layers and locations of line/arc supports
are also investigated and reported.
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Appendix A. Detailed expressions for the stiffness matrix and mass matrix

To make the expressions simple and clear, some indexes are pre-defined: s=(M+1)n+m+1, g=(M+1)nl+mi+l, s;=(M+1)(l-
1)+m+, g1=(M+1) (I-1)+m1+1, s,=(N+1)(I-1)+n+, g;=(N+1) (I-1)+nl+):
Sub-matrix Myy:

R ¢
{M,ﬁ,ﬁ} =Io//[cosARmscosAlescosA¢n6cosA¢n19] (s +a)dsdb (A1)
sq
0 0
R ¢
{Mlluz,}sq =Io// [cosARmscos}lles(kI,(G)cosAWlO} (s + a)dsdb (A.2)
' 0 0
R ¢
{Mﬁ}sq =IO//[({Il(s)cos/llescosAdecosAqme} (s + a)dsd6 (A3)
’ 0 0
R ¢
{Mﬁ}sq =Io// [cos)lRmscosAles(f,(G)(,lﬂ(G)} (s + a)dsdb (A.4)
141 5 o
R ¢
{Mﬁﬁ}s \ =IO// [(A(s)cosAlescosAd,nG(},l(G)} (s + a)dsd6 (A.5)
142 PO
R ¢
{Mﬁﬁ}s . = IO/ [((Q(s)dl(s) cos/l¢n0cos)l¢n16} (s + a)dsd6 (A.6)
00

Daiy = {a2) s (i) = (i)' (i) = {maz2) s (a7)

Sub-matrix Kyy:

{K},},}
sq

1
=

[ARmARm1 SiN ARy S SiN Agm1 S €OS Ay 0 COS Ay 6] (s + a)dsdO (A.8)

+Ay [c0S ARmS COS Agim1S €OS Ay, 0 COS A1 0/(s + @) dsdB

O —x T O —
C —e " —e O — ¢

+Agg [ApnAgn1 COS AgpnS COS Agyy1 S Sin Ay, 05in A1 6/ (s + a)| dsd6
¢
+ (ak o+ bR, (1™ ™) / €08 A €05 A 1 016
)
R

+ (kﬁeg_o + kgeg_l(—l)’”"l) /cos ARmS COS Ag17dO
0
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{K,ﬁ}sq =Aq [ARmAle sin Ag,,s sin Ales(},(G) cos /ld,nle} (s + a)dsdb

+Ay {cos ARmS COS AlesCf,(G) oS Agn10/(s + a)} dsdbf

O — i T O —
O —e °T—e °—s¢

+ Age [/\¢n1 C0S AgmsS €OS Agpm1 (L' (6) sin Agpn10/(s + a)} dsdf
¢

+ (ak'r‘io +bk$71(—1)"’+’"1) / {5(6) cos A1 0dO
0

R
K&i :Au/

/\le(a (s) sin Agm1 s cos Ay B cos A¢nle] (s +a)dsd6
542

sy o<~____§£}

+A57 [(a(s) COS ARm1S €OS A0 COS A g1 0/ (s + a)] dsd6

+Agg [)l(pn)l(pnl(fl(s) c0S Apm1S Sin Ay, 0sin Ag,10/(s + a)} dsd6

O — % °T—x o
O —e ™

R
 (Kig o+ Kieg 1(-1"™) [ £h(6)cos Agmisdo

\e

R
21
I(uu =:All J/
Slq

+1422

ARmAle $in Ay S Sin Agm1 S COS Ad,ne({,l(e)] (s + a)dsdo
[cos ARmS €OS Agm1S COS A¢ne(},1(e)/(s + a)} dsdo

+Ag [Adm €0S Agm S COS Agpm1 S Sin )l¢n6(ll,1'(0)/(s + a)} dsdf

O — % °—x o
O ~—s °~—e o

¢
+ (akl;iO + bkl;lil(_l)mi-ml) /COS/‘¢n6(ll71(e)de
0

\‘9

R
{Kﬁ =A11/
S141

ARmARm1 SIN ARy S sin /\les(zl;(e)efllﬂ(e)} (s +a)dsdf
+1422

c0S A, S COS AlesCfJ(G)G(él(e)/(s + a)} dsd6

+Agg €0S Agyns €08 Agm1SCh' (0)Eh,/ () /(s + a)} dsdf

O\ﬂ O\ﬁ °

/Il
/Il
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(A9)

(A.10)

(A11)

(A.12)
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b
+ (akt o + bR 1™ ™) / 2 O)¢,(6)d6
0

Ale((é’(s) sin Agm1S COS )l¢n9(ll,1(9)} (s +a)dsdf

k"“‘s*}

R

{Kz%zal . =A11/

0

R
+A22/
0

R
+A66/
0

R
Kﬁb =A11/

$29q

(a(s) C0S AR1S COS A¢n9(},1(9)/(s + a)} dsdb

/\¢n(a(s) €0S Agpm1S sin A¢n6(b1 ©)/(s + a)} dsdb

o\_e- o\_e_ -

ARm sin Agps¢ly’(s) cos Apnb cos Apny 9} (s + a)dsdo

Ay o\ﬂ

+A5; cos ARms(fn(s) oS Apn0cos Ay, 0/(s + a)} dsdo

+Agg A¢nA¢,n1 08 AgmsChi(s) sinAg,0sinAg,,6/(s + a)} dsdo

/Il
/Il

o\e 0\

R

+ (kcuiegﬁ + kgegfl(_l)wrnl) /COS ARmS(clzl(S)de
0

R ¢
K2} =an / / [ Sin A8 (S)24(6) €05 A1 6] (5 + )6
0

S2q1

0
R ¢

+A22// cosARms(al(s)(b(B)cos/l¢,,19/(s+a)} dsdo
0 0

R ¢
+Age / / ApnA gz €05 AmSCha ()5 (6) 5in gy 015 + )] s
0 0

R
{xa}, -au[[]
S24>2

+A22

()¢ (s) cos Agn cos /14,”10} (s + a)dsd@

‘e-o\_e

{(a (s)(él(s) oS Ay 0 cOS Agpy /(s + a)} dsdo

+Age [A¢nA¢n1(;(s)c},1(s) i A0 S0 A g 0/ (s + a)} dsdf

O —x °T—x o
Ot —e T

R

+ (kgeg_o + kgeg_l(_l)mnl) /COS ARmS(zlzl(S)de
0
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(A.13)

(A.14)

(A.15)

(A.16)



