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Abstract: This paper deals with the investigation of non-
linear free vibration behavior of elastically supported car-
bon nanotube reinforced composite (CNTRC) beam sub-
jected to thermal loading with random system properties.
Material properties of each constituent’s material, volume
fraction exponent and foundation parameters are consid-
ered as uncorrelated Gaussian random input variables.
The beam is supported by a Pasternak foundation with
Winkler cubic nonlinearity. The higher order shear defor-
mation theory (HSDT) with von-Karman nonlinearity is
used to formulate the governing equation using Hamilton
principle. Convergence and validation study is carried out
through the comparison with the available results in the
literature for authenticity and accuracy of the present ap-
proach used in the analysis. First order perturbation tech-
nique (FOPT),Secondorder perturbation technique (SOPT)
and Monte Carlo simulation (MCS) methods are employed
to investigate the effect of geometric configuration, volume
fraction exponent, foundation parameters, distribution of
reinforcement and thermal loading on nonlinear vibration
characteristics CNTRCbeam.Thepresentwork signifies the
accurate analysis of vibrational behaviour influences by
different random variables. Results are presented in terms
of mean, variance (COV) and probability density function
(PDF) for various aforementioned parameters.
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1 Introduction
Carbon nanotubes (CNTs), a new high technological ad-
vanced material of extraordinary strength and stiffness
with high aspect ratio and lowdensity, have seized consid-
erable attention of researchers since last several decades,
Iijima [1]. Motivated by their extraordinary mechanical
properties, carbon nanotubes (CNTs) have great poten-
tial for being used for reinforcement of high strength and
light-weight polymer composites, Thostenson et al. [2], Lau
et al. [3]. Many researchers have paid much attention on
the mechanical properties of carbon nanotube-reinforced
composites (CNTRC), Wuite and Adali [4], Vodenitcharova
and Zhang [5]. Hu et al. [6] evaluated the macroscopic
elastic properties of CNTRC by analyzing the elastic de-
formation of a representative volume element under sev-
eral loading conditions. Using molecular dynamics (MD),
Han and Elliott [7] simulated the elastic properties of poly-
mer/carbon nanotube composites. Wan et al. [8] investi-
gated the effective moduli of the CNT reinforced polymer
composite, with emphasis on the influence of CNT length
and CNT matrix inter phase on the stiffening of the com-
posite.

The study of the vibration characteristics of the struc-
ture resting on elastic foundation is an important concern
while designing resonant-free structural components. It
is noteworthy that during the vibration analysis of such
type of beam, uncertainty in the foundation parameters
andmaterial non-linearity cannot be avoided in a real time
manner.

A considerable spectrum of literature is available on
the linear and nonlinear free vibration response of geo-
metrically nonlinear composite panels suchasbeam,plate
and shells supported by andwithout foundation subjected
to thermomechanical loadings using deterministic system
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properties. In the samedirection, Shooshtari andRafiee [9]
presented the nonlinear forced vibration response of func-
tionally graded based on Euler-Bernoulli beam theory and
von Karman geometric nonlinearity. Yang and Chen [10]
investigated free vibration and buckling analysis of FGM
beam with open crack at their edge by using Bernoulli-
Euler beam theory and the rotation spring model. Liao-
Liang Ke et al. [11] investigated the nonlinear free vibration
of functionally graded nanocomposite beams reinforced
by single-walled carbon nanotubes (SWCNTs) based on
Timoshenko beam theory.

Kitipornchai et al. [12] derived the eigenvalue equation
by using Ritz method via direct iterative method to gener-
ate the nonlinear forced vibration of a cracked FGM beam
with different end supports based von Karman geometric
nonlinearity. Sina et al. [13] formulated the analytical so-
lution for a free vibration of FGMs beam using first order
shear deformation theory (FSDT). Aydogdu [14] used var-
ious higher order shear deformation theories and classi-
cal beam theories to obtain free vibration frequencies and
mode shapes for different material properties and slen-
derness ratios. Shen and Xiang [15] studied the behaviors
of large amplitude vibration, nonlinear bending and ther-
mal post buckling of elastically supported nanocomposite
beams reinforced by SWCNTsin thermal environments. S.
Boutaleb et al. [16] proposed a micromechanical analyti-
cal model for the problem of stiffness and yield stress pre-
diction in the case of nanocomposite consisting of silica
nanoparticles embedded in a polymer matrix.

Devalve and Pitchumani [17] presented a numerical
model to describe the vibration damping effects of CNT’s
embedded in the matrix of fiber-reinforced composite
materials used in rotating structures.KE et al. [18] pre-
sented a dynamic stability analysis of functionally graded
nanocomposite beams reinforced by SWCNTs based on
Timoshenko beam theory. Yas and Samadi [19] inves-
tigated stability and dynamic analysis of nanocompos-
ite Timoshenko beams reinforced by SWCNTs resting on
an elastic foundation and governing equations are de-
rived through using Hamilton’s principle and then solved
by using the generalized differential quadrature method
(GDQM). Rao andVarma [20] presented thermal post buck-
ling and large-amplitude vibration formulations of beams.
Mehdipour et al. [21] investigated the effects of the curva-
ture or waviness and midplane stretching of the nanotube
on the nonlinear frequency by utilizing He’s Energy Bal-
ance Method (HEBM).

However, a few literatures are available on the linear
and nonlinear vibration of CNTRCs and composite struc-
tures resting on elastic foundation. Lee and Chang [22] an-
alyzed the vibrationof fluid-filledSWCNTs embedded inan

elastic medium by using the Winkler - type model. Prad-
han and Murmu [23] used nonlocal beam theory and Win-
kler foundation model for vibration analysis of beam sur-
roundedby elasticmedium.MurmuandPradhan [24] used
nonlocal elasticity theory to study of thermo-mechanical
vibration of a SWCNT embedded in an elastic medium.
Yoon et al. [25] used the multiple-elastic beam model for
the vibration analysis of multiwall carbon nanotubes sur-
rounded in an elastic medium. These works were based
onnonlocal Euler-Bernoulli beammodel. The Timoshenko
beam theory considers the shear deformation and the
rotary inertia effect into account, is more accurate than
the Euler-Bernoulli beam theory, Timoshenko et al. [26].
Chaudhari and Lal [27] investigated the nonlinear behav-
ior of shear deformable CNTRC beam using finite element
method. Fantuzzi et al. [28] investigated the agglomera-
tion behavior of the reinforcing phase for fluctuating val-
ues of the parameters that control both the density of
CNTswithin the spherical inclusions, and the quantities of
nanofibers scattered in the polymericmatrix. Tornabene et
al. [29] studied the linear static response of nanoplates and
nanoshells are considerably affected by the agglomeration
of CNT.

The above mentioned literatures are based on deter-
ministic analysis. In the deterministic analysis, the mean
value of material properties gives only mean response and
unaccounted deviation caused due to inherent material
properties. However, the studies related to stochastic anal-
yses are limited. Certain effort have been made in the past
by the researchers to predict the structural response of
structures with random system properties.

In this direction, Shegokar and Lal [30] investigated
second order statistics of large amplitude free flexural vi-
bration of shear deformable functionally graded materi-
als (FGMs) beamswith surface-bondedpiezoelectric layers
subjected to thermo piezoelectric loadings with random
material properties. Vanmarcke and Grigoriu [31] evalu-
ated the second order statistics of deflection behavior of
beam using random material properties and rigidity via
correlation method. Kaminski [32] evaluated bending re-
sponse using second order perturbation and second order
probabilistic moment method via stress-based finite ele-
ment method. Locke [33] presented the thermally buckled
and vibration analysis for large deflection response using
iterative techniques and method of linearization. Onkar et
al. [34] presented the generalized forcenonlinear vibration
of laminated composite plate with random material prop-
erties using classical plate theory (CLT) combined with
FOPT. Kitipornchai et al. [35] studied the vibration com-
posed by the third order shear deformation theory with
random material effect using FOPT incorporating mixed
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Figure 1: Geometry of CNTRC beam resting on nonlinear elastic foun-
dation.

type and semi analytical approach to derive the standard
eigenvalue problem.

Shaker et al. [36] presented the stochastic finite ele-
ment method (SFEM) to investigate the natural frequency
of composite laminated and functionally graded plates
HSDT based on first order reliability method and second
order reliability method. Lal et al. [37, 38] evaluated the
linear and nonlinear free vibration response of laminated
composite plates with and without resting on elastic foun-
dation and thermal environment using HSDT. Jagtap et
al. [39] examined the stochastic nonlinear free vibration
response of FGM plate using HSDT with von-Karman kine-
matic nonlinear via direct iterative based stochastic finite
element method.

It is evident from the literature that limited literature
is reported on the laminated composite structureswith un-
certain system properties. However, a very few studies are
available on the linear and nonlinear vibration analysis
of the composite plates with random material properties
with or without elastic foundation. The literature reveals
that no attempt has been made to study the nonlinear free
vibration response of uncertain CNTRC beam resting on
nonlinear elastic foundations using SOPT and MCS in the
framework of the HSDT with von-Karman nonlinearity, to
the best of the authors’ knowledge.

In the present study, bothmaterial thermomechanical
properties of CNTRC, matrix and foundation parameters
are treated as normal Gaussian uncorrelated random vari-
ables in a stochastic finite element method by SOPT with
taking advantageous of MCS for predicting the natural fre-
quency of CNTRC elastically supported beam. The effect of
geometric configuration, volume fraction exponent, foun-
dation parameters, distribution of reinforcement and ther-
mal loading on nonlinear vibration characteristics CNTRC
beam is investigated. Results are shown in terms of mean,
variance (COV) and probability density function (PDF) for
various aforementioned parameters.

Figure 2: Configurations of the CNTRC in composite beams.

2 Formulations

2.1 Geometric configuration

Consider a CNTRC beam supported by nonlinear elastic
foundation consist of linear and nonlinear spring and
shear foundation of length a and thickness h located in
one dimensional plane with its coordinate definition and
material directions of typical lamina in (x, z) coordinate
system as shown in Fig. 1. The CNTRC beam is assumed
to be attached to the foundation which is not separable
during the process of deformation. The interaction be-
tween thebeamand the supporting foundation follows the
two parameters model (Pasternak-type) with Winkler cu-
bic nonlinearity as [37, 38].

p = K1w + K2w3 + K3∇w (1)

Where p and w are the foundation reaction per unit area
and transverse displacement, respectively, the parameters
∇, K1, K2 and K3 are Laplace differential operator, lin-
ear normal, shear and nonlinear normal stiffnesses of the
foundation, respectively.

2.2 Material properties of CNTRC beams

The distribution of CNTs is considered in the depth of the
composite beams as shown in Fig. 2. In this figure the den-
sity of CNTs within the area is constant and the volume
fraction of CNTs varies through the depth of the beam and
uniform distribution (UD) and functionally graded distri-
butions (FG-Λ, and FG-X) are shown. In the present analy-
sis an embedded carbon nanotube in a polymer matrix is
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used. It is assumed the CNTRC beams are made of a mix-
ture of SWCNTs and an isotropic matrix and no abrupt in-
terface between the CNT and polymer matrix in the en-
tire region of the beam. To evaluate the effective material
properties of CNTRC, rule of mixture [7, 8], and [15] is em-
ployed. According to rule of mixture model, the effective
Young’s moduli and shear modulus of CNTRC beams can
be expressed as

E11 = η1VcnEcn11 + VmEm (2)

η2
E22

= VcnEcn22
+ VmEm (3)

η3
G12

= Vcn
Gcn12

+ VmEm (4)

where Ecn11, Ecn12, Gcn12, Em and Gm are the Young’s moduli
and shear modulus of the SWCNTs and matrix, respec-
tively. It has been stated that the load transfer between the
nanotube and polymeric phases is less than perfect due to
surface effects, strain gradients effects, and intermolecu-
lar coupled stress effects, hence, the efficiency parameters
ηj (j = 1, 2, 3) in Eqs (2–4) is considered. Efficiency param-
eters will be intended later by matching the elastic moduli
of CNTRCs predicted by the MD simulations with the nu-
merical results obtained from the rule of mixture. In ad-
dition, Vcn and Vm are the volume fraction of the carbon
nanotube (CNT) and the matrix which fulfill the relation-
ship of Vcn + Vm = 1.

Similarly, Poisson’s ratio v and mass density ρ of the
CNTRC beams can be expressed as:

ν = Vcnνcn + Vmνm , ρ = Vcnρcn + Vmρm (5)

Where νcn, νm ρcn, and ρm are the Possion’s ratios andden-
sities of CNT and matrix, respectively.

The different distributions of the CNTs in the CNTRCs
beams depicted in Fig. 2 are assumed to be as follows:

UD case: Vcn = V*cn (6)

FG-Λcase: Vcn = 2
(︂
1 + 2z

h

)︂
V*cn (7)

FG-Xcase: Vcn = 2 − 4 |z|h V
*
cn (8)

where V*cn is the volume fraction of CNTs and can be eval-
uated as

Vcn =
Wcn

Wcn +
(︁
ρcn
ρm

)︁
−
(︁
ρcn
ρm

)︁
Wcn

(9)

Similarly, the effective thermal expansion coefficients
in the longitudinal and transverse directions (α11, α22)
graded in the z direction can be expressed as

α11 =
VcnEcn11αcn11 + VmEmαm
VcnEcn11 + VmEm

(10)

α22 =
(︀
1 + νcn12

)︀
Vcnαcn22 +

(︀
1 + νm

)︀
Vmαm − ν12α11 (11)

It is assumed that the material properties of CNTs and
matrix are the functions of temperature, so that the effec-
tive material properties of FG-CNTRCs, like Young’s mod-
ulus, shear modulus and thermal expansion coefficients,
are also functions of temperature T and position z.

2.3 Displacement field model

For an arbitrary CNTRC beam, the components of the dis-
placement field model can de expressed as the modified
displacement field components along x and z directions
of an arbitrary point within the beam based on the HSDT
using C0 continuity can be expressed as Chaudhari and
Lal [27]

ū(x, z) = u + f1(z)ψx + f2(z)ϕx; w̄ (x, z) = w (12)

Where u, w, Ψx and ϕ = ∂w
∂x are the mid-plane axial dis-

placement, transverse displacement, rotation of normal to
themid-plane along y- axis and slope along x- axis, respec-
tively

Where f1(z) = C1z − C2z3, f2(z) = −C4z3, (13)
With C1 = 1, C2 = C4 = 4/3h2

The displacement vector for the modified C0 continuous
model can be written as

{q} =
[︁
u w θx ψx

]︁T
(14)

2.4 Strain displacement relation

The total strain vector consisting of linear strain (in terms
of mid plane deformation, rotation of normal and higher
order terms), non-linear strain (von-Karman type), ther-
mal strains vectors associatewith thedisplacement for CN-
TRC beam can be expressed as

{ε̄} =
{︁
ε̄L
}︁
+
{︁
ε̄NL

}︁
−
{︁
ε̄T
}︁

(15)

where
{︁
εL
}︁
,
{︁
εNL

}︁
and

{︁
εT
}︁
are the linear, non-linear

and thermal strain vectors, respectively.
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From Eq. (15), the linear strain tensor using HSDT can
be written as

εL = [B]{q} (16)

where [B] and {q} are the geometricalmatrix anddisplace-
ment field vector, respectively.

The nonlinear strain vector
{︁
εNL

}︁
can be written as

εNL = 1
2 [Anl] {ϕnl} Where {Anl} =

1
2

[︂
∂w
∂x

]︂T
(17)

and {ϕnl} =
{︂
∂w
∂x

}︂
The thermal strain vector

{︁
εT
}︁
induced by uniform and

non-uniform temperature change can be expressed as{︁
εT
}︁
= {αx} ∆T (18)

Where {αx} is coefficients of thermal expansion along the
x direction, and ∆T is the change in temperature in the CN-
TRC beam considered as uniform and non-uniform type.

The uniform change in temperature (∆T) can be ex-
pressed as

∆T = T − T0 (19)

Where, T is the uniform temperature rise and T0 is the
room temperature and assumed as 300K.

2.5 Stress- Strain relation

The relation between stress and strain for the plane-stress
case using thermo-elastic constitutive relation can bewrit-
ten as

{σ̄} = [Q] {ε} (20)

{︃
σx
τxz

}︃
=
[︃
Q11 0
0 Q55

]︃{︁{︁
εL
}︁
+
{︁
εNL

}︁
−
{︁
εT
}︁}︁

(21)

where

Q11 (z) =
Ez

1 − ν2 (z)
, Q55 (z) = G12 (z) (22)

2.6 Strain energy of CNTRC beam

The strain energy (Π1) of the CNTRC beam undergoing
large deformation can be expressed as

Π1 = UL + UNL (23)

The linear stain energy (UL) of the CNTRC beam is given by

UL =
∫︁
A

1
2

{︁
εL
}︁T

[Q]
{︁
εL
}︁
dA (24)

=
∫︁
A

1
2

{︁
ε̄L
}︁T

[D]
{︁
εL
}︁
dA

where [D] and
{︁
εL
}︁
are the elastic stiffnessmatrix and lin-

ear strain vector, respectively.
The nonlinear strain energy (UNL) of the CNTRC beam

can be rewritten as

UNL =
∫︁
A

1
2

{︁
εL
}︁
[D1]

{︁
εNL

}︁T
dA (25)

+ 1
2

∫︁
A

{︁
εNL

}︁
[D2]

{︁
εL
}︁T
dA

+ 1
2

∫︁
A

{︁
εNL

}︁
[D3]

{︁
εNL

}︁T
dA

where D1, D2 and D3 are the elastic stiffness matrices of
the CNTRC beam, respectively.

2.7 Strain energy due to foundation

The strain energy due to elastic foundation having a shear
deformable layer with Winkler cubic nonlinearity is ex-
pressed as

UF =
1
2

∫︁
v

pwdV (26)

The strain energy due to the foundation is expressed
as

UF =
1
2

∫︁
A

{︂
K1w2 + 1

2K3w
4 + K2

[︁
(w,x)2 + (w,x)2

]︁}︂
dA

(27)

UF =
1
2

∫︁
A

{︃
w
w,x

}︃T [︃
K1 0
0 K2

]︃{︃
w
w,x

}︃
dA (28)

+ 1
2

∫︁
A

{︃
w
w,x

}︃T [︃
K3w2 0
0 0

]︃{︃
w
w,x

}︃
dA

2.8 Work done due to thermal loadings

The potential of work (Π2) storage due to thermal loadings
can be written as

Π2 =
1
2

∫︁
A

NT0 (w,x)2dA (29)
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The thermal compressive stress/unit length N0
T can

be expressed as

N0
T =

[︁
NxT Mx

T PxT
]︁

(30)

The Eq. (31) can be further written as

N0
T =

h/2∫︁
−h/2

(1, z, z3)(Q11)α∆Tdz (31)

2.9 Kinetic energy of the CNTRC beam

The kinetic energy (T) of the vibrating FGM beam can be
expressed as [27, 36, 37]

T = 1
2

∫︁
v

ρûT ûdv (32)

where ρ and {û} are the density and velocity vector of the
FGM beam, respectively.

T = 1
2

l∫︁
0

h/2∫︁
−h/2

ρ(z)
[︁
(u)2 + (w)2

]︁
dzdx (33)

= 1
2

l∫︁
0

h/2∫︁
−h/2

ρ(z)NTNdzdx

3 Finite Element Model

3.1 Strain energy of the beam element

The present study includes a C0 one-dimensional Hermi-
tian beam element having 4 DOFs each node. Chaudhari
and Lal [27] expressed as this type of beam element geom-
etry and the displacement vector.

{q} =
NN∑︁
i=1

Ni{q}i; x =
NN∑︁
i=1

Nixi; (34)

Ni and {q}i are signify the interpolation function for the ith
node and the vector of unknown displacements for the ith
node, correspondingly. The parameterNN shows the num-
ber of nodes per element and xi shows the Cartesian coor-
dinate. The axial displacement and rotation of normal are
represented by linear interpolation function andwhile, for
transverse displacement and slope by Hermite cubic inter-
polation functions.

Using finite elementmodel Eq. (34), Eq. (23) can be ex-
pressed as ∏︁

1
=

NE∑︁
e=1

(e)∏︁
a

=
NE∑︁
e=1

(︁
U(e)
L + U(e)

NL

)︁
(35)

Where,NE and (e) denote the number of elements and
element, respectively.

Substituting Eq. (24) and Eq. (25) into Eq. (35), Eq. (35)
can be further expressed as

Π1 =
1
2

NE∑︁
e=1

[︁
{q}T(e)[Kl + Knl]

(e)
{q}(e)

]︁
(36)

= {q}T
[︀
Kl + Knl

]︀
{q}

Here
[︀
Knl

]︀
= 1

2
[︀
Knl1

]︀
+
[︀
Knl2

]︀
+ 1

2
[︀
Knl3

]︀
Where, [Kl], [Knl1], [Knl2], [Knl3] and {q} are defined as

global linear, nonlinear stiffness matrices and global dis-
placement vector, respectively.

Similarly, using finite element model Eq. (34), Eq. (27)
after the assembly procedure can be written as

ΠF =
NE∑︁
e=1

(︁
Π(e)
F

)︁
=
{︁
∆(e)

}︁[︀
K� + Kfnl (∆)

]︀(e) {︁∆(e)}︁ (37)

= {q}
[︀
K� + Kfnl (q)

]︀
{q}

where,
[︀
K�

]︀
and

[︀
Kfnl (q)

]︀
is the global linear and nonlin-

ear foundation stiffness matrices, respectively.
Using finite elementmodel Eq. (34), Eq. (29) after sum-

ming over the entire element can be written as

Π2 =
NE∑︁
e=1

Π2
(e) = 1

2

NE∑︁
e=1

{q}T(e)λ[Kg](e){q}(e) (38)

= 1
2 λ{q}

T [Kg] {q}

where, λ and
[︀
K(G)

]︀
are defined as the thermal buckling

load parameters and the global geometric stiffnessmatrix,
respectively.

Usingfinite elementmodel as given inEq. (34), Eq. (33)
may be written as

T =
NE∑︁
e=1

{︂
*
Λ
}︂(e)T

[m]
{︂
*
Λ
}︂(e)

=
{︂
*q
}︂T

[M]
{︂
*q
}︂

(39)

where, [M] is the global consistent mass matrix [27].

4 Governing equation
The governing equation for the nonlinear static analysis
can be derived using Lagrange equation for a conservative
system and can be written as [27].

d
dt

(︂
∂T
∂q

)︂
+ ∂Π1
∂q +

∂Πf
∂q −

∂Π2
∂q = 0 (40)

By substituting the Eq. (36–39), in Eq. (40) and simplifica-
tion gives us

Mq̈ + Kq = 0 (41)
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where [K] = {[Kl] + [Knl] + [Klf ] + [Knlf ] − [KG]}
The above Eq. (41) is the nonlinear free vibration equa-

tion that can be solved literately as a linear eigenvalue
problem, assuming that the beam is vibrating in its princi-
pal mode in each iteration. For each iteration, Eq. (41) can
be expressed as a generalized eigenvalue problem as [27]:

[K] {q} = λ [M] {q} (42)

The stiffness matrix [K] consists of linear and nonlin-
ear stiffnessmatrix, foundationmatrix and geometric stiff-
ness matrix [KG], mass matrix [M], and displacement vec-
tor {q} are random in nature, being dependent on the sys-
tem properties of the structure. Consequently, the nonlin-
ear natural frequency (ωnl) and its mode shape are ran-
dom in nature.Therefore the eigenvalue and eigenvectors
also become random. In deterministic environment, the
solution of Eq. (42) can be obtained using standard solu-
tion procedure such as direct iterative, incremental and/
orNewton-Raphsonmethod etc. However, in randomenvi-
ronment to obtain the complete solution of Eq. (42), statis-
tical analysis through SOPT and MCS methods combined
with direct iterative analysis is required.

5 Solution approach

5.1 A Direct iterative method for nonlinear
vibration problem

The nonlinear eigenvalue problem as given in Eq. (42) is
assuming that the random changes in eigenvector dur-
ing iterations does not affect much the nonlinear stiff-
ness matrix and solved by implementing probabilistic ap-
proaches [37, 38].

5.2 Stochastic solution approach

In the present non-deterministic analysis, finite element
based on FOPT, SOPT and MCS methods are adopted to
quantify the structural response uncertainties by making
explicit treatment of uncertainties in any or combined
quantities. The existing uncertain variations in parame-
tersmay have significant effects on the fundamental struc-
tural characteristic in the form of nonlinear free vibration;
consequently, this uncertain parameter must affect the fi-
nal design. The FOPT and SOPT based on Taylor series ex-
pansion is used to formulate the linear relationship be-
tween some characteristics of the random response and
random structural constraints on the basis of perturbation

tactic. However, the applicability of these methods is lim-
ited due to valid for small coefficient of variation (COV) of
input random variables [37, 38]. The descriptions of these
methods are given as follows.

In this method, the stiffness matrix K, mass matrix M
and displacement vector q; are expended in terms of the
random variable αi which represent the structural uncer-
tainty existing in the CNTRC elastically supported beam,
as follows:

[K] =
[︁
K(0)

]︁
+

N∑︁
i=1

[︁
Ki (1)

]︁
αi +

1
2

N∑︁
i=1

N∑︁
j=1

[︁
Kij (2)

]︁
αiαj (43)

[q] =
[︁
q(0)

]︁
+

N∑︁
i=1

[︁
qi (1)

]︁
αi +

1
2

N∑︁
i=1

N∑︁
j=1

[︁
qij (2)

]︁
αiαj

[λ] =
[︁
λ(0)

]︁
+

N∑︁
i=1

[︁
λi (1)

]︁
αi +

1
2

N∑︁
i=1

N∑︁
j=1

[︁
λij (2)

]︁
αiαj

[M] =
[︁
M(0)

]︁
+

N∑︁
i=1

[︁
Mi

(1)
]︁
αi +

1
2

N∑︁
i=1

N∑︁
j=1

[︁
Mij

(2)
]︁
αiαj

where αi = α0 − αi with α0 denoting the mean value of ran-
dom variable αi, K(0), M(0), and q(0) is the zeroth order of
stiffness matrix, mass matrix and eigenvector which are
identical to deterministic values, K(1)

i = ∂K
∂αi

⃒⃒⃒
α=0

, K(2)
ij =

∂2K
∂αi∂αj

⃒⃒⃒
α=0

, q(1)i = ∂q
∂αi

⃒⃒⃒
α=0

, q(2)ij = ∂2q
∂αi∂αj

⃒⃒⃒
α=0

, λ(l)i = ∂λ
∂αi

⃒⃒⃒
α=0

,

λ(2)ij = ∂2λ
∂αi∂αj

⃒⃒⃒
α=0

, M(1)
i = ∂M

∂αi

⃒⃒⃒
α=0

, and M(2)
ij = ∂2M

∂αi∂αj

⃒⃒⃒
α=0

, and
are the first and second order stiffness matrix,eigenvector,
eigenvalue, and mass matrix, respectively.

Substituting Eq. (43) in Eq. (42) and collecting the sim-
ilar order of terms, following zeroth, first and second order
equations are obtained[︁

K(0)
]︁{︁
q(0)

}︁
= λ(0)

[︁
M(0)

]︁{︁
q(0)

}︁
(44)

[︁
K(0)

]︁{︁
q(1)

}︁
+
[︁
K(1)

]︁{︁
q(0)

}︁
= λ(0)

[︁
M(1)

]︁{︁
q(0)

}︁
(45)

+ λ(0)
[︁
M(0)

]︁{︁
q(1)

}︁
+ λ(1)

[︁
M(0)

]︁{︁
q(0)

}︁
{︁
Wij

II
}︁
=
[︁
K0−1

]︁
(46)

·
{︁
Fij*II −

[︁
K*Ii

]︁{︁
Wj

*I
}︁
−
[︁
K*Ij

]︁{︁
Wi

*I
}︁
−
[︁
K*IIij

]︁
{W0}

}︁
Obviously, Zeroth order Eq. (44) is the deterministic

and gives the mean response. The first order Eq. (45) and
second order Eq. (46) on other hand represents its random
counterpart and solution of this equation provides the
statistics of the vibration response, which can be solved
using the probabilistic methods like perturbation tech-
nique,MonteCarlo simulation,Newman’s expansion tech-
nique.
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From these mean and covariance matrix of response
vector, {ω} can be obtained as

⟨{ω}⟩ ≈ {ω0} +
1
2

N∑︁
i=1

N∑︁
j=1

{︁
ωij II

}︁
Cov

[︀
αi , αj

]︀
(47)

Cov [{ω} , {ω}] ≈
N∑︁
i=1

N∑︁
j=1

{︁
ωi (1)

}︁
(48)

·
(︁{︁
ωj (1)

}︁)︁T
Cov

[︀
αi , αj

]︀
After Cov

[︀
αi , αj

]︀
is substituted in terms of corre-

lation coefficients ρij in Eq. (47), final expression for
Cov [{ω} , {ω}] is obtained as

Cov [{ω} , {ω}] = (49)
N∑︁
i=1

N∑︁
j=1

∂ {ω}
∂αi

⃒⃒⃒⃒
⃒⃒
α=0

(︀
ρijσαiσαj

)︀ ∂{ω}T
∂αj

⃒⃒⃒⃒
α=0

where,

[σα] =

⎡⎢⎢⎢⎣
σb1 . . . . . . 0
0 σb2 . . . 0
. . . . . . . . . . . .
0 . . . . . . σbm

⎤⎥⎥⎥⎦ (50)

and
[︀
ρij

]︀
=

⎡⎢⎢⎢⎣
1 ρ12 . . . ρ1m
ρ21 1 . . . ρ2m
. . . . . . . . . . . .
ρm1 ρm2 . . . 1

⎤⎥⎥⎥⎦
where [σα],

[︀
ρij

]︀
and m are the standard deviation (SD) of

random variables, the correlation coefficient matrix and
number of random variables, respectively. In the present
analysis, the uncorrelated Gaussian random variable is
taken into consideration. Therefore, covariance is equal to
the variance.

The variance of the frequency of random variables bi
(i = 1, 2, . . . , R) and correlation coefficients can be ex-
pressed as

var {ω} =
(︂
∂ {ω}
∂biR

)︂
[σα]

[︀
ρij

]︀
[σα]

(︂
∂ {ω}
∂biR

)︂T
(51)

The standard deviation is taken as the square root of vari-
ance.

The second methodology known as Monte Carlo sim-
ulation (MCS) is based on the use of random variables and
probabilistic statistics by direct use of a computer to inves-
tigate the problem. In the problem, a set of random num-
bers is generated first to represent the statistical uncer-
tainties in the random structural parameters. These ran-
dom numbers are then substituted into the determinis-
tic response equation to obtain the set of random num-
bers which reflect the structural response [37, 38]. This

method is very simple and efficient when used with ana-
lytical response functions, but becomes computationally
expensive when numerical methods are used to calculate
the system response.

6 Results and discussion
The second-order statistics (mean, COV and PDF) of non-
linear fundamental frequency of CNTRC elastically sup-
ported beam by varying different foundation parameters,
support conditions, slenderness ratios, amplitude ratios,
and temperature increments, UD, FG-X and FG-Λ dis-
tributed CNTRCwith random system properties is investi-
gated. A C0 nonlinear finite element method based on di-
rect iterative procedure combined with SOPT and MCS are
used to evaluate the statistics of nonlinear fundamental
frequency.

The accuracy of the present probabilistic approach is
demonstrated by comparing the results with those avail-
able in the literatures and by employing MCS.

Thebasic randomvariables (bi) are sequenced andde-
fined as

{bi (i = 1, 2 . . . 16)} =
{︀
Ecn11, Vcn , Em , Vm , υm , Ecn22, Gcn12,

νcn , αm , αcn11, αcn12, ρm , ρcn , k1, k2, k3
}︀

whereEcn11, Vcn Em, Vm, vm, Ecn22, Gcn12, νcn, αm, αcn11, αcn12,
ρm, ρcn, k1, k2 and k3 are the Young’s modulus and vol-
ume fraction of carbon nanotube, Young’s modulus and
volume fraction of matrix, Poisson’s ratios of matrix, ther-
mal expansion coefficient and density of carbon nanotube
and matrix, and linear Winkler, Shear and nonlinear Win-
kler foundation parameters, respectively.

In the present analysis, two combinations of displace-
ment boundary conditions are used:
For simply supported (SS): u = w = 0
For clamped (CC): u = w = θx = ψx = 0;
One edge is clamped and other is simply supported (CS): u
= w = θx = ψx = 0; at x = 0 and u = w = 0; at x = a

A stochastic finite element method (SFEM) based on
FOPT, SOPT and MCS are used to evaluate the expected
mean, coefficient of variation (COV) and PDF on dimen-
sionless natural frequency of CNTRC elastically supported
uncertain beam subjected to thermal loading.

The effectivematerial properties ofmatrix (Polymethyl
methacrylate) and the carbonnanotube (CNT)are assumed
to be temperature dependent [15] which are given in Ta-
ble 1.
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Table 1: The effective material properties of matrix (Polymethyl methacrylate) and the carbon nanotube (CNT).

Properties of matrix Properties of reinforcement (CNT) Eflciency parameter
Young’s modulus (3.52-0.0034T)

GPa
Young’s modulus (ECN12 ) 600 GPa v*cn η1 η2 η3

Thermal
coeflcient (αm)

45 (1 + 0.0005∆T)×
10−6/K

Young’s modulus (ECN22 ) 10 GPa 0.12 0.137 1.022 0.715

Density (ρm) 1150 kg/m3 Shear modulus (GCN12 ) 17.2 GPa 0.17 0.142 1.626 1.138
Poisson’s ratio 0.34 Poisson’s ration

(︀
νCN12

)︀
0.12 GPa 0.28 0.141 1.585 1.109

Table 2: Convergence study of nonlinear fundamental frequency for UD distributed CNTRC beam with V*cn = 0.28,Wmax/h = 1.0, and
a/h = 25.

No. of element 16 20 24 30 40 50 60
(ωNL) 23.2421 23.3206 23.38516 23.4427 23.4895 23.5256 23.5406

Table 3: Comparison of first three non-dimensional natural frequencies of UD and FG- Λ CNTRC beams at T = 300 K. The geometric parame-
ter are taken to be a/h = 12, h = 0.1 m.

ωNL Source V*cn = 0.12 V*cn = 0.17 V*cn = 0.28
UD FG- Λ UD FG- Λ UD FG- Λ

1 Ke et al. [18] 1.0431 0.9371 1.2947 1.2947 1.4927 1.3624
Present 1.0829 0.9917 1.3104 1.2901 1.5186 1.3191

2 Ke et al. [18] 2.6791 2.5570 3.4048 3.4048 3.7156 3.6299
Present 2.5167 2.5646 3.0700 2.9432 3.5150 3.5581

3 Ke et al. [18] 4.2850 4.9915 5.4923 5.4923 5.8808 5.8922
Present 4.2816 5.0118 5.3186 5.7500 5.9443 6.1460

6.1 Convergence and validation study of
second order statistics of transverse
central deflation

The convergence study of mean dimensionless fundamen-
tal frequency by varying number of elements is exam-
ined by the direct iterative procedure is shown in Table 2.
The considerable convergence in frequency parameter is
shown as the number of element equal to 50. Therefore, in
the present analysis, the total number of elements is taken
as 50 until exclusively specified.

The accuracy and effectiveness of present determinis-
tic finite element (FE) analysis are examined by compar-
ison of first three non dimensionless natural frequencies
with different volume fraction of CNTRC-UD distributed
beams is shown in Table 3. Ke et al. [18] used first order
shear deformation theory (FSDT) based semi analytical ap-
proach. It is evident from the table that both the results are
in good agreement.

A comparison of present FE analysis of nonlinear to
linear frequency ratios for an isotropic beam with various
amplitude and slenderness ratios is shown in Table 4. The

dimensionless parameter for nonlinear frequency is taken
as ω0 = ωNL

(︀
a2/h

)︀√︀
12ρ/E in the present study. The

present CO finite element results are in good agreement
with FSDT based semi-analytical approach investigated by
Rao et al. [20].

The validation study of nonlinear to linear frequency
ratio and different CNTRC distributed beam resting on
Pasternak elastic foundation in thermal environment are
shown in Table 5. The present results using C0 FEM based
on HSDT with von-Karman nonlinearity are in good agree-
ment with Shen and Xiang [15] using HSDT based semi an-
alytical approach.

6.2 Parametric study of second order
statistics of nonlinear natural frequency

The effect of foundation parameters on nonlinear to linear
frequency ratios of CNTRC beam with different CNT rein-
forcement distribution is shown in Fig. 3. The following di-
mensionless fundamental frequency (ω), foundation pa-
rameters (k1, k2 and k3) and nonlinear to linear frequency
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Table 4: Comparison of nonlinear to linear frequency ratio(R) of isotropic beam.

Wmax/h
a/h = 25 a/h = 50 a/h = 100

Rao et al. [20] Present Rao et al. [20] Present Rao et al. [20] Present
0.0 1.0 1.0 1.0 1.0 1.0 1.0
0.2 1.0039 1.0041 1.0038 1.0037 1.0038 1.0036
0.4 1.0156 1.0162 1.0151 1.0147 1.0149 1.0142
0.6 1.0348 1.0355 1.0336 1.0323 1.0333 1.0313
0.8 1.0611 1.0609 1.0590 1.0558 1.0585 1.0542
1.0 1.0940 1.0991 1.0905 1.1437 1.0900 1.0868
2.0 1.3368 1.3491 1.3264 1.3210 1.3237 1.3124
3.0 1.6645 1.7004 1.6457 1.6473 1.6409 1.6313
4.0 2.0366 2.0781 2.0092 2.0060 2.0023 1.9848
5.0 2.4328 2.4674 2.4328 2.3794 2.3879 2.3544

Figure 3: The effect of foundation stiffness on the amplitude
–frequency curves of three types of CNTRC beam at a/h = 50,
V*cn = 0.28, T = 500 K, k1 = 104, k2 = 102, k3 = 103.

ratio are used in the present analysis are:

ω̄ = ω
(︁
a2/h

)︁√︀
ρ0/E0, K1 = k1

EOh3
a4 ,

K2 = k2
EOh3
a2 , K3 = k3

EOh
a4

The frequency ratio forUD, FG-X, andFG-Λ distributed
beam increases with increase the amplitude ratios and
foundation parameters. It is inferred from the figure that
the frequency ratio is the maximum for UD type CNT re-
inforcement distribution in all the cases considered in the
present study.

In fig. 4, the effect of volume fraction exponent on the
vibration behavior of CNTRC beam with different CNT re-
inforcement distribution is depicted. The frequency ratio

for UD, FG-X, and FG-Λ distributed beam increases with
increase the amplitude ratios, and volume fraction. This
is due to the fact that, as the volume fraction increases,
CNT reinforcement increases in the composite beam. In
the consequence, stiffness increases, therefore natural fre-
quency increases. Among the given different CNTRC dis-
tribution, The UD distributed CNTRC gives the highest fre-
quency ratio for both the conditions i.e. with and without
elastic foundation.

The effect of thermal environment on frequency ra-
tios of CNTRC beam with different distribution is shown
in Fig. 5. The frequency ratio for UD, FG-X, and FG-Λ dis-
tributed beam increases with an increase in the tempera-
ture and the amplitude ratios. Among the given different
CNTRC distribution, the frequency ratio of UD distributed
CNTRC is highest in all the cases considered in the study.

Table 6 shows the effects of individual random vari-
ables (bi) on the dimensionless mean and COV of funda-
mental frequency of CNTRC elastically supported beam
with UD and FG –X CNTRC distribution by assuming all
system properties {bi , (i = 1to16) = 0.10} as un-
correlated random variables using SOPT and MCS under
uniform pressure. Among the random system properties,
beam is more sensitive in terms of the mean and COV of
natural frequency to random change in Ecn11, Vcn, Vm and
K2. Tight controls of these randomparameters are required
for high reliability of CNTRC elastically supported beam.
The statistics results using MCS are very close to SOPT re-
sults which show the efficacy of present approaches.

Table 7 shows the effects of different foundation pa-
rameters, CNTRCdistribution and temperature increments
with uncorrelated random system properties {bi , (i =
1to16) = 0.10} on the dimensionless mean and COV of
nonlinear fundamental frequency of CNTRC beam using
SOPT subjected to temperature dependent material prop-
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Table 5: Validation table for nonlinear to linear frequency ration ωNL/ωL for CNTRC beam resting on elastic foundation in thermal environ-
ment (The dimensionless frequency is defined as ω0 = ωNL

(︀
a2/h

)︀√︀
ρ0/E0, a/h = 25, V*cn = 0.28).

k1, k2 T(K) CNRTC ω0L
Wmax/h

distribution 1.0 1.5

(0,0)

300

UD Present 23.5698 1.1155 1.2465
Shen and Xiang [15] 23.4774 1.1107 1.2352

FG-Λ Present 19.5436 1.0389 1.0858
Shen and Xiang [15] 19.9556 1.0398 1.0874

FG-X Present 26.9164 1.0983 1.1913
Present 27.1821 1.0837 1.1799

500

UD Shen and Xiang [15] 22.6109 1.1206 1.2569
Present 22.4666 1.1178 1.2495

FG-Λ Shen and Xiang [15] 19.3281 1.0390 1.0860
Present 19.3026 1.0466 1.1021

FG-X Shen and Xiang [15] 26.6578 1.0984 1.2113
Present 25.6851 1.0913 1.1956

(100,0)

300

UD Present 23.5701 1.1155 1.2465
Shen and Xiang [15] 23.6439 1.1092 1.2322

FG-Λ Present 19.5437 1.0389 1.0858
Shen and Xiang [15] 20.1512 1.0412 1.0906

FG-X Present 26.9165 1.0983 1.2113
Shen and Xiang [15] 27.3261 1.0828 12322

500

UD Present 22.6113 1.1206 1.2569
Shen and Xiang [15] 22.6405 1.1161 1.2461

FG-Λ Present 19.3282 1.0390 1.0860
Shen and Xiang [15] 20.3432 1.0529 1.1155

FG-X Present 22.6579 1.0984 1.2113
Shen and Xiang [15] 22.8237 1.1144 1.2427

(100,10)

300

UD Present 24.3238 1.1066 1.2283
Shen and Xiang [15] 23.8070 1.1078 1.2294

FG-Λ Present 22.8503 1.0270 1.0602
Shen and Xiang [15] 20.3424 1.0425 1.0934

FG-X Present 27.6616 1.0917 1.1973
Shen and Xiang [15] 27.4674 1.0520 1.1765

500

UD Present 23.3809 1.1106 1.2366
Shen and Xiang [15] 22.8109 1.1144 1.2528

FG-Λ Present 22.6656 1.0269 1.0599
Shen and Xiang [15] 21.8757 1.0564 1.1230

FG-X Present 27.4085 1.0916 1.1975
Shen and Xiang [15] 25.9868 1.0892 1.1914

erties for V*cn = 0.17, Wmax/h = 1.0. For the same foun-
dationparameter, temperature increments andCNTRCdis-
tribution, as the slenderness ratio increases themean fun-
damental frequency decreases and corresponding COVde-
creases. For the same slenderness ratio, temperature incre-
ments and CNTRC distribution, as the foundation param-
eters increase the mean fundamental frequency increases
and corresponding COV decreases. It is because of foun-

dation parameters increase the stiffness of the plate. For
the same slenderness ratio, foundation parameter and CN-
TRC distribution, as the temperature increases the mean
fundamental frequency decreases and corresponding COV
decreases. It is because of temperature increment lowers
the stiffness of the beam. For the same slenderness ra-
tio, foundation parameter and temperature increments,
among the given CNTRC distributions, the mean funda-
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(a)

(b)

Figure 4: The effect of volume fraction on the amplitude –frequency
curves of three types of CNTRC beam without elastically supported
foundation (a) and with elastically supported foundation(b) at a/h =
50, V*cn = 0.28, T = 500 K, k1 = 104, k2 = 102, k3 = 103.

mental frequency for FG-Λ is highest and correspond COV
is low as compared to other distribution.

Table 8 shows the effects of support boundary condi-
tions, foundationparameters andCNTRCdistributionwith
uncorrelated random systemproperties {bi , (i = 1to16) =
0.1} on the dimensionless mean and COV of fundamental
frequency of CNTRC beam supported with (WF) and with-
out (WOF) elastic foundationusing SOPTandMCS.Among
the different support conditions (SS, CC, and CS), dimen-
sionless mean fundamental frequency of a clamped sup-

(a)

(b)

Figure 5: The temperature variation on the amplitude –frequency
curves of three types of CNTRC beam without elastically supported
foundation (a) and with elastically supported foundation (b) at a/h
= 50, V*cn = 0.28, T = 500 K, k1 = 104, k2 = 102, k3 = 103.

ported beam is highest while COV is highest for CS sup-
ported beam. It is because of less number of edge con-
strains present for CC supported beam. The dimensionless
beam and COV of the fundamental frequency is lowered
for elastically supported (WF) beam as compared to with-
out supported (WOF) beam.

The effect of temperature increments and foundation
parameters with all random system properties {bi , (i =
1to16) = 0.10} on the PDF of nonlinear fundamental fre-
quency of elastically supported beam by variation of UD,
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Table 6: Effects of individual random variables (bi) in case of UD and FG with random system properties {bi , (i = 1, . . . , 16) = 0.1} on the
dimensionless mean and COV of nonlinear fundamental frequency of CNTRC beam with T = 500K, V*cn = 0.17,Wmax/h = 1.0, a/h = 25,
k1 = 104, k2 = 102, k3 = 103.

RV CNRTC FOPT SOPT MCS
distribution Mean COV Mean COV Mean COV

b1 = Ecn11
UD 18.9333 0.0230 19.0279 0.0229 18.8546 0.0231
FG-X 29.4478 0.0264 29.7506 0.0262 29.8375 0.0281

b2 = Vcn
UD 18.9333 0.0127 18.9623 0.0127 18.8531 0.0126
FG-X 29.4478 0.0140 29.5333 0.0140 29.8763 0.0192

b3 = Em
UD 18.9333 0.0098 18.9505 0.0098 18.8587 0.0103
FG-X 29.4478 0.0028 29.4513 0.0028 29.8635 0.0093

b4 = Vm
UD 18.9333 0.0475 19.3383 0.0465 18.9222 0.0481
FG-X 29.4478 0.0344 29.9619 0.0338 29.9198 0.0355

b5 = νm
UD 18.9333 0.0019 18.9339 0.0019 18.8698 0.0034
FG-X 29.4478 2.5765e-05 29.4478 2.5765e-05 29.8483 0.0086

b6 = Ecn22
UD 18.9333 5.6551e-15 18.9333 5.6551e-15 18.8657 5.6551e-15
FG-X 29.4478 9.1105e-15 29.4478 9.1105e-15 30.0567 9.1105e-15

b7 = Gcn12
UD 18.9333 5.9453e-05 18.9333 5.9453e-05 18.8654 6.8341e-05
FG-X 29.4478 0.0101 29.4478 0.0101 29.8887 0.0101

b8 = νcn
UD 18.9333 5.6551e-15 18.9333 5.6551e-15 18.8657 5.6551e-15
FG-X 29.4478 9.1105e-15 29.4478 9.1105e-15 30.0567 9.1105e-15

b9 = αm
UD 18.9333 5.6551e-15 18.9333 5.6551e-15 18.8657 5.6551e-15
FG-X 29.4478 9.1105e-15 29.4478 9.1105e-15 30.0567 9.1105e-15

B10 = αcn11
UD 18.9333 5.6551e-15 18.9333 5.6551e-15 18.8657 5.6551e-15
FG-X 29.4478 9.1105e-15 29.4478 9.1105e-15 30.0567 9.1105e-15

B11 = αcn12
UD 18.9333 5.6551e-15 18.9333 5.6551e-15 18.8657 5.6551e-15
FG-X 29.4478 9.1105e-15 29.4478 9.1105e-15 30.0567 9.1105e-15

B12 = ρm
UD 18.9333 0.0096 18.9499 0.0096 18.8485 0.0105
FG-X 29.4478 0.0129 29.5204 0.0129 29.8075 0.0160

B13 = ρcn
UD 18.9333 0.0097 18.9501 0.0097 18.8685 0.0100
FG-X 29.4478 0.0092 29.4846 0.0092 29.8605 0.0128

B14 = k1
UD 18.9333 6.3160e-05 18.9333 6.3160e-05 18.8655 7.8388e-05
FG-X 29.4478 3.7192e-06 29.4478 3.7192e-06 29.8372 0.0092

B15 = k2
UD 18.9333 0.0170 18.9854 0.0170 18.8657 0.0170
FG-X 29.4478 0.0112 29.5023 0.0112 29.8521 0.0139

B16 = k3
UD 18.9333 3.1680e-08 18.9333 3.1680e-08 18.8657 1.3690e-07
FG-X 29.4478 0.0091 29.4840 0.0091 29.8332 0.0130

FG-X and FG-Λ is shown in Fig. 6. The temperature in-
crement and foundation parameter makes the beam more
sensitive in terms of the mean and variance of nonlin-
ear fundamental frequency. As expected, the mean funda-
mental frequency for FG-Λ is highest and correspond COV
is low as compared to other distribution.

The effect of COC on the PDF of nonlinear fundamen-
tal frequency and combined random variables {bi , (i =
1to16) = (0.05−0.20)} on COVwith and without founda-
tion for UD, FG-X and FG-Λ Λ is shown in Fig. 7. As the COC
increases from 0.05-0.20, the dispersion in PDF increases

due tomore deviation from the nonlinear fundamental fre-
quency considering with and without foundation.

The of volume fraction on the PDF of nonlinear
fundamental frequency and combined random variables
{bi , (i = 1to16) = 0.10} on COV with and without foun-
dation for UD, FG-X and FG-Λ Λ is shown in Fig. 8. As the
volume fraction increases, themean nonlinear fundamen-
tal frequency and dispersion in PDF increases. Consider-
ing the effect of foundation, the nonlinear fundamental
frequency increases with increase in volume fraction and
gives higher values as compared to without foundation.
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Table 7: Effects of different combination of foundation stiffness parameters in case of UD and FG-X for random system properties {bi , (i =
1to16) = 0.10} on the dimensionless mean and COV of nonlinear fundamental frequency of CNTRC beam, for V*cn = 0.17Wmax/h = 1.0.

a/h
Temp CNRTC

k1
k3 = 0 k3 = 1000

(K) distribution k2 = 0 k2 = 100 k2 = 0 k2 = 100
Mean COV Mean COV Mean COV Mean COV

25

300

UD 0 21.1282 0.0641 28.7642 0.0488 21.1282 0.0641 28.7642 0.0488
FG-X 26.0836 0.0619 31.1478 0.0459 28.4453 0.0547 35.3089 0.0423
UD 104 21.1429 0.0641 28.7779 0.0488 21.1426 0.0641 28.7779 0.0488
FG-X 25.7683 0.0575 32.8217 0.0434 28.5711 0.0546 35.4315 0.0422

500

UD 0 20.2571 0.0652 28.0143 0.0490 20.2571 0.0652 28.0143 0.0490
FG-X 25.5749 0.0614 30.8858 0.0470 27.9914 0.0540 35.4340 0.0438
UD 104 20.2771 0.0651 28.0321 0.0490 20.2771 0.0651 28.0321 0.0490
FG-X 23.2332 0.0651 30.9404 0.0481 28.3972 0.0551 35.3748 0.0427

50

300

UD 0 21.8811 0.0638 29.1946 0.0470 21.8811 0.0638 29.1946 0.0470
FG-X 22.6672 0.0627 29.9728 0.0449 27.6890 0.0425 34.0471 0.0411
UD 104 21.8846 0.0496 29.1985 0.0470 21.8846 0.0638 29.1985 0.0470
FG-X 22.6684 0.0626 29.9741 0.0449 27.6900 0.0480 34.0483 0.0411

500

UD 0 21.3231 0.0651 28.7020 0.0473 21.3231 0.0651 28.7020 0.0473
FG-X 22.3330 0.0648 29.7138 0.0458 27.4123 0.0491 33.8191 0.0418
UD 104 21.3279 0.0651 28.7070 0.0473 21.3279 0.0651 28.7070 0.0473
FG-X 22.3342 0.0648 29.7151 0.0458 27.4131 0.0491 33.8202 0.0418

Table 8: Effects of boundary condition, UD , FG-X and FG-Λ considering with or without elastic foundation for random system properties
{bi , (i = 1to16) = 0.10} on the dimensionless mean and COV of nonlinear fundamental frequency of CNTRC beam under with T = 300K,
V*cn = 0.17,Wmax/h = 1.0, a/h = 25, k1 = 104, k2 = 102, k3 = 103.

BC CNRTC Case FOPT SOPT MCS
distribution Mean COV Mean COV Mean COV

SS

UD WOF 19.3853 0.0675 20.2420 0.0647 20.1373 0.0505
WF 27.7930 0.0555 28.9834 0.0532 27.7408 0.0403

FG-Λ WOF 14.1381 0.0650 14.5599 0.0631 14.1873 0.0597
WF 25.6541 0.0479 26.4106 0.0466 25.6230 0.0300

FG-X WOF 24.2473 0.0654 25.5030 0.0621 25.2607 0.5571
WF 34.3151 0.0472 35.6258 0.0454 34.1237 0.0357

CC

UD WOF 35.2775 0.0670 36.0741 0.0621 35.1425 0.0511
WF 43.9747 0.0563 45.0409 0.0526 43.8369 0.0351

FG-Λ WOF 24.4737 0.0618 25.6181 0.0591 24.4079 0.0521
WF 35.8658 0.0489 37.4012 0.0469 35.8198 0.0342

FG-X WOF 38.0606 0.0659 40.2088 0.0609 39.9404 0.0640
WF 49.3540 0.0508 52.5004 0.0478 49.2881 0.0411

CS

UD WOF 23.3401 0.0678 24.5927 0.0644 23.2424 0.0568
WF 39.8332 0.0580 42.5007 0.0543 39.7459 0.0369

FG-Λ WOF 15.9433 0.0573 16.3609 0.0559 15.2160 0.1291
WF 32.9787 0.0489 34.2807 0.0471 32.9357 0.0350

FG-X WOF 16.7965 0.0663 17.4163 0.0639 17.2411 0.0762
WF 30.0985 0.0469 31.0965 0.0454 30.1685 0.0326
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(a)

(b)

(c)

Figure 6: The effect of temperature variation on the PDF of nonlinear
fundamental frequency of nonlinear elastically supported combined
random variables {bi , (i = 1to16) = (0.10)} with and without
foundation for (a) UD and (b) FG-X and (c) FG-Λ distributed CNTRC
beams at a/h = 25,Wmax /h = 1, V*cn = 0.28, COC = 0.10, N = 104.

(a)

(b)

(c)

Figure 7: The effect of COC on the PDF of nonlinear fundamental
frequency and combined random variables {bi; (i = 1to16) =
(0.05−0.20)} on COV with and without foundation for (a) UD and (b)
FG-X and (c) FG-Λ distributed CNTRC beams at a/h = 25,Wmax /hh =
1, V*cn = 0.28, T = 300K, N = 104.
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(a)

(b)

(c)

Figure 8: The effect of volume fraction on the PDF of nonlinear fun-
damental frequency and combined random variables {bi , (i =
1to16) = (0.10)} on COV with and without foundation for (a) UD and
(b) FG-X and (c) FG-Λ distributed CNTRC beams at a/h = 25,Wmax /h
= 1, V*cn = 0.28, COC = 0.10, N = 104.

(a)

(b)

(c)

Figure 9: The effect of amplitude ratio on the PDF of nonlinear fun-
damental frequency and combined random variables {bi , (i =
1to16) = (0.10)} on COV with and without foundation for (a) UD and
(b) FG-X and (c) FG-Λ of CNTRC beams at a/h = 25, V*cn = 0.28, T =
300 K, COC = 0.10, N = 104.
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(a)

(b)

(c)

Figure 10: The effect of effect of temperatures and foundation pa-
rameters with combined random variables {bi , (i = 1to16) =
(0.10)} on dimensionless mean and COV of nonlinear fundamental
frequency of simply supported CNTRC beam using SOPT in the case
of (a) UD and (b) FG-X and (c) FG-Λ of CNTRC distributed beams at
a/h = 25, V*cn = 0.12, COC = 0.10, N = 104.

The effect of amplitude ratio on the PDF of nonlinear
fundamental frequency and combined random variables
{bi , (i = 1to16) = 0.10} on COV with and without foun-
dation for UD, FG-X and FG-Λ is shown in Fig. 9. As the
amplitude ratio increases, the nonlinear fundamental fre-
quency and dispersion in PDF increases. Considering the
effect of foundation, the nonlinear fundamental frequency
increaseswith increase in amplitude ratio andgiveshigher
values as compared to without foundation.

The effect of temperatures and foundation parameters
with combined randomvariables {bi , (i = 1to16) = 0.10}
in the case ofUD, FG-XandFG-Λ CNTRCdistributionon the
dimensionless mean and COV of nonlinear fundamental
frequency of simply supported CNTRC beam using SOPT
is shown in Fig. 10. As the temperature gradient increases,
COV of nonlinear fundamental frequency increases. Con-
sidering the effect of foundation, the COVof nonlinear fun-
damental frequency increases with respect to temperature
increment and gives lower values as compared to without
foundation. It is because of temperature increments low-
ers the stiffness of the beam.

7 Conclusion
A direct iterative based C0 finite element method com-
bined with FOPT and SOPT and MCS though HSDT with
von-Karman kinematic are used to evaluate the statistics
of nonlinear fundamental frequency of elastically sup-
ported CNTRC beam in thermal environments. The results
of FOPT and SOPT are validated by performing MCS. The
beam is composed of UD, FG-X and FG-Λ distributed CN-
TRC. The mechanical properties of CNTRC are calculated
on the basis of micromechanical based mechanics of ma-
terial model. This work signifies the influences of random
variables. The following conclusions are noted from the
above study:

The results of dimensionlessmean and COV of nonlin-
ear fundamental frequency are in good agreements with
SOPT and independent MCS approaches which shows the
validity and efficacy of present approaches. The CNTRC
elastically supported beam is more sensitive in terms of
mean and COV of natural frequency by random change in
system properties of Ecn11, Vcn, Vm and k2. Tight control of
these random parameters is required for high reliability of
CNTRC elastically supported beam. For the given UD, FG-X
and FG-Λ distributed CNTRC, the nonlinear frequency of
FG-X is highest while COV of UD distribute CNTRC is high-
est. Extra care should be taken in the UD CNTRC distri-
bution. For the given elastic foundations, the shear foun-
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dation has a dominant effect in terms of the mean and
COV of natural frequency. Proper control of shear foun-
dation is required of the high reliability of the elastically
supported CNTRC beam. As amplitude ratio increases, the
mean and corresponding COV of fundamental frequency
increases.Temperature increment makes the CNTRC beam
more sensitive in terms COV. Therefore, for high temper-
ature applications, strict control of temperature is highly
desirable for reliability of structures. For reliability point
of view, thick, clamp supported, high volume fraction of
CNTRC beam should be preferred.
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