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Abstract: This paper deals with the dynamic behavior of
curved-in-plane bridges where the effect of the bridge cur-
vature radius, the moving load (vehicle) speed, the truck
cant angle, the deck surface conditions and, mainly, the re-
sponse accuracy depending on the vehicle model used are
investigated. Besides the above parameters, the influence
of several loading models is studied as well, especially the
models of a concentrated load, a damped mass-load, a se-
quence of two concentrated loads and a real vehicle as well
as adamped vehicle, where its width is taken into account.
A 3-DOF model is considered for the analysis of the bridge,
while the theoretical formulation is based on a continuum
approach, which has been widely used in the literature to
analyze such bridges.

Keywords: Bridge dynamics; curved bridges; moving
loads; damped vehicle

1 Introduction

Numerous studies have been reported during the last
100 years dealing with the dynamic response of railway
bridges and later of highway bridges, under the influence
of moving loads. Extensive references on the literature for
this subject can be found in the excellent book of Fryba [1].

Two early contributions in this area presented by
Stokes [2] and Zimmerman [3] are very interesting. In 1905,
Krylov [4] presented a complete solution to the problem
of the dynamic behavior of a prismatic bar under a load
of constant magnitude moving with constant velocity. In
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1922, Timoshenko [5] solved the same problem but for a
harmonic pulsating moving force. Another pioneer work
on this subject was presented in 1934 by Inglis [6], in which
numerous parameters were taken into account. In 1951,
Hillerborg [7] presented an analytical solution to the pre-
vious problem by means of the Fourier method.

Despite the availability of powerful computers, most
of the methods used today for analyzing bridge vibration
problems are essentially based on the Inglis’s or Hiller-
borg’s early techniques. Relevant publications are ones by
Stending [8], Honda et al. [9], Gillespi [10], Green and Ce-
bon [11], Lee [12], Michaltsos et al. [13], Xu and Genin [14],
Foda and Abduljabbar [15] and Michaltsos [16, 17].

In engineering practice and despite the large number
of studies for over 50 years, bridges (as well as other struc-
tures) have been designed to account for dynamic loads by
just increasing the design live loads by a semi-empirical
“impact factor” or “dynamic load allowance”.

Recently, many research programs dealing with the ef-
fect of the characteristics of a bridge or a vehicle on the dy-
namic response of a bridge have been developed such as:
the programs in U.S.A [18], in U.K. and Canada [19], in the
Organization for Economic Cooperation and Development
(0.E.C.D.) [20], in Switzerland [21] etc. Among the impor-
tant studies in this field, one must especially refer to the
important experimental research by Cantieri [22] dealing
with different models of moving loads.

Curved-in-plane bridges made from reinforced con-
crete or steel material are very common as elements of
highway access, ramps and viaduct interchanges, while
they are often the only solution in special territory condi-
tions. A wide field of research is the one of seismic behav-
ior of curved-in-plane bridges.

The majority of experimental and numerical research
on curved-in-plane bridges was done in the USA in the
late 1960s and early 1970s by Mozer and Culver [23], Cul-
ver [24] and Brennan [25]. This research continued in the
1990s by Yoo and Carbine [26]; Zureick et al. [27] and was
used to improve the American Association of State High-
way and Transportation Officials (AASHTO) specifications
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regarding this topic. The aforementioned research mainly
addressed steel bridges.

The seismic behavior of bridges is principally influ-
enced by the seismic response of the substructures, such
as bridge columns, abutments and foundations. In fact,
design codes such as the Eurocodes in Europe (CEN) [28]
and the Caltrans Seismic Design Criteria in California (Cal-
trans [29]) assume that the bridge deck remains elastic dur-
ing a seismic event, and that the energy introduced by the
ground motion is dissipated by either the substructures or
specific seismic isolation and/or damping devices.

Parametric analyses related to the seismic behavior of
curved bridges have been carried out recently by Abdel-
Salam and Heins [30], Wu and Najjar [31] and Linzell and
Nadakuditi [32] who highlighted that the radius of curva-
ture had the most significant influence on the seismic re-
sponse of curved-in-plane steel I-girder simply supported
bridges. One must also mention the work of Dimitrakopou-
los and Zeng [33], who studied the interaction of trains in
curved-in-plane railway bridges and also the paper of Ton-
dini and Stojadinovic [34] who studied the seismic behav-
ior of curved-in-plane bridges.

After the two previous publications by Avraam and
Michlatsos [35] and Raftoyiannis and Michaltsos [36], the
present work deals with the dynamic behavior of curved-
in-plane bridges where the effect of the radius of curva-
ture, the vehicle speed, the truck cant angle, the deck sur-
face conditions and, mainly, the response accuracy de-
pending on the vehicle model used are thoroughly exam-
ined.

Besides the above parameters, the influence of several
loading models is studied as well, especially the models
of a concentrated load, a damped mass-load, a sequence
of two concentrated loads and a real vehicle as well as a
damped vehicle, where its width is taken into account. A
3-DOF model is considered for the analysis of the bridge,
while the theoretical formulation is based on a continuum
approach, which has been widely used in the literature to
analyze such bridges.

2 Mathematical formulation

2.1 The equations of motion

Let us consider the deck of a bridge that is shown in Fig. 1
by the gravity-center line of its cross-sections (0S).

The bridge is curved-in-plane with radius of curvature
R and thus, its length L is given by the relation L = R - a,
where a is the sectorial angle corresponding to length L.
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Figure 1: Geometrical notations and displacements for a curved
bridge deck.

An arbitrary point A can be determined by the angle §.
Assuming that the distance z,; between the shear center
M and the gravity center S is very small compared to the
radius R, one can consider the torsional moment my acting
about the gravity center axis (instead of the shear center
axis).

According to the theory of curved beams with
thin-walled cross-sections, the following equations are
valid [36]:

E]Zv””+Zgzjz-v”+%-v+cyf/+mi}=qy
E]w " G]d " E]y_G]d " E]w
(EJV_W>W tRW ST g PR
<"+ oW+ miv = g,
E]J E]J
E]w¢////_G]d¢//_R72y.¢+ Rw
'W////_'_ E]yI_QG]d 'W//+C¢d)
+]px¢=mx )

where gy, g, and my are the internal forces developed in
the cross-section at x = R-a, while Jy is the torsional mass-
moment of inertia about the x-axis. In the present analysis,
we will proceed for the usual case where m, = m; = 0 (for
the directions and axes x, y, z, see Fig. 1).

For the following analysis and in order to apply the
Galerkin method, a suitable set of expressions for the dis-
placements v, w, and ¢ is required.
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3 Set of expressions v, w, @

Considering the case of a free vibrating beam and neglect-
ing, for instant, the effect of the torsion on the vertical
bending, egs (1) become:

2E] EJ
E]zV”N+ Rzz.v"+ RZ V+eyv+mi=0 (2a)
(E]y E]w>wl///+% w' +c,w+miw=0 (2b)
EJo ¢//// Gl ¢// E]y g+ E]‘”
W////+M,W +C¢(}.5 +]px¢=0 (2c)

R

Equation (2a) shows that the lateral motion is independent
of the other two, while the vertical and torsional ones are
coupled. Hence, one can set:

v(x, t) = Y(x) - Ty(t) (2d)
w(x, t) = Z(x) - T(t) (2e)
o(x, t) = D(x) - TA(t) (2f)

3.1 The lateral motion

Introducing eq. (2d) into eq. (2a), one obtains the following
uncoupled equations:

ZEIZ EIz

ELY" (x)+ Y'(x) + =2 Y(x) - mw; Y(x) = 0 (3a)

Ty+%Ty+w§Ty=0 (3b)

Solution of eq. (3a) gives the eigenshapes of the lateral mo-
tion:

B . sinAy,L .
Yo(x)=c (sm AnXx + Snh A, L SmhAan> (3¢c)
h A 1 mw’z’n (3d)

where: Aqq 72 57,
Ao =i 1 mwsj, 30)
m=\ "Rz EJ ¢
E nr 1\’

and : Win = )z, < I~ ﬁ) 3f)
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3.1.1 The vertical-torsional motion

Introducing eqs (2e, 2f) into egs (2b, 2c), one obtains the
following equations:

(E]y E]w>Z////+%,Z”_mw§Z=O (4a)

EJo@" - GJq @ - E{Y.@+%-z’“’
+ 7”1;6]‘1 7~ Jpwi®=0  (4b)
Tz+%T+w§TZ=O (40)

Equation (4a) gives:

: . sin ki, L Qi
Zn(x) = c1 (sm kinx + Sinhko, L Sinh k2nx) (4d)
where:
K = GJq N ( GJa )2 R2m w2,
"N\ 2(R2EJ, - EJu) 2(R2E]Jy - EJa) R2E]y - Elo
(4e)
oo | Gla . ( GJa )2 R2m w3,
7N\ 2(REJy - Elw) 2(R2EJy - EJw) R2EJy - EJu
(4f)
and

W = R’E]y-EJo n’n* (n’m’ . GJg
“n R? L? L? R2EJy - EJy
(48)

The second of eqs (4) becomes:

E
EJo®;" - GL @ - 2

EJy I_QG]d z"

E
- wgn]px(pn = —%Z;m

The above due to the first of eqs (4) becomes:

E
EJo®"" = GJa®"n ~ 0 B~ w2 e Oy
= (1n Sin k1nX + (o sinh kapx (5a)
where: (i, = ki, ( k3, Elé“' w> (5b)
_ 2 EJw E]y—G]d sin k1nL
(271 - an (an R sinh kan (SC)

The solution of the above equation is:

@n(x) = 18N P1X + €2 COS YP1nX + C3 Sinh popx
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+ cosh Upnx + Ap sin kX + By oS kanx (5d)
where:
(1n
An = 5e
" EJukd + Glak3, — EJu/R? - wZJpx Ge)
CZn
B, = 5f
" EJukl, - GIakZ, — EJu/R? - w2, Jpx Gh
_ | _6Ja GJa \* @
yln_\l 2E)g +\/(2E]w> + ET, +R2](u (58)
GJ4 Gla \’ ]p"wén Iy
Uon = \J 3E). +\/(2E]w) Y T TR (5h)
The boundary conditions are: ®(0) = ®(L) = @”(0) =
@"(L) = 0, from which one can determine:
Ccon=0 (6a)
Cuyn = 0 (6b)
o — ~An(k2, + u3,) sinkinL + Bn(k3, — u3,) sinh ka, L
(M3, + u3,) sin pq,L
(60)
- An(k3, - u3,) sin ki, L — Bn(k3, + u3,) sinh ko, L
(u2,, + u3,) sinh uo, L
(6d)
and finally:
@p(X) = c1n Sin YypX + C3p sinh popx + Ay sin kypx
+ By oS kanx (6e)
4 The free vibrating bridge
The equations for the free motion of the bridge are:
E]zV””+2£2]Z -v”+i]f v+mi=0 (7a)
E] GJg EJy-GJa
<E]y w) W//// + R2 W// _ y R . ¢I/
%qsmwo )
E EJ,-G
E]w¢////_G]d¢//_i ¢ //// ]yR ]d
W =0 (7¢)
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4.1 The horizontal motion

The first of egs (7) is independent of the other two. There-
fore, the eigenfrequencies and shape functions are given
by egs (3c, 3d, 3e, 3f).

4.2 The coupled vertical-torsional motion

In order to solve egs (7b, 7c), one can search for a solution
of the form:

w(x, t) = W(x) - T(t) (8a)

¢, 1) = 6(x) - T(0) (8b)

Introducing egs (8) into egs (7b, 7¢), the following differ-
ential system is obtained:

GJa

E]J 2
S W//// Rz l/ _ SZ . @// _ T(l) . @//l/ —mo W — 0
(9a)
E]w@//// _ G]d @// El‘elzy 9 Elg //// S WI/
_]pxa)ze = O (9b)
where : Sle]z_%, Sz=@ (9¢)

In order to apply the Galerkin procedure, one can set:

Wy (X) = ap1Z1(X) + ap2Z,(X) + -+ + apnZn(x)  (10a)

Op(x) = bp1@1(x) + bpo@2(x) + -+ + bpn®Pn(x)  (10b)

where a; and b; are unknown coefficients to be determined
and Z;, @;, are arbitrarily chosen functions of x, which sat-
isfy the boundary conditions. As such functions, the ex-
pressions given by eqs (4a) and (6e) are chosen. The func-
tions Wy and 6, corresponding to the eigenfrequency wy
are determined as follows.

Introducing egs (10) into eqs (9), multiplying the out-
come successively the first by Z;, Z,, ..., Zn and the sec-
ond by @1, @, ..., @y, and integrating from O to L, one
obtains the following linear homogeneous system of equa-
tions with unknowns the coefficients a;; and by;.

L

n 1 G] "
Zapi Sl/Z Zo'dX+ de /Zl Zo’dx
i=1

0
L
+mw? /Zingx>
0
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n L EJ L
_pri SZ/CDI'ZU+T‘” @; Zgdx | =0
- 0

0
L L

n
> ap %/z}”kpgdusz/zg’@mx
i=1

0 0

n L L
+> by, E]a,/cb;”'cbgdx—G]d/@§'®gdx
i=1 5

<i]2y +w ]px) /cp Dodx | =0

witho=1tonandp =1 to n.

Equations (11) form a linear system of homogeneous
equations with unknowns a, ; and b,, ;. For a non-trivial so-
lution of this system, the determinant of the coefficients of
the unknowns must be equal to zero, i.e.:

(1)

|4ij|=0 (12)
from which the eigenfrequencies of the bridge for coupled
motion can be determined.

Eliminating the first of egs (11) and solving the remain-
ing equations, one can determine the constants a; (i =
2 to n)and b; (i = 1 to n), with respect to a; and
thus, the expressions of the eigenfunctions corresponding
to vertical-torsional motion of the bridge.

4.3 The orthogonality conditions
Easily, through the known process, one can determine the

following orthogonality conditions for the eigenshapes de-
termined according to the previous paragraphs 3.1 and 3.2:

4.3.1 Orthogonality conditions for the lateral motion

L
0 f =k
/ Yo Yydx = or (13)
, Iy for n#k
4.3.2 Orthogonality conditions for the coupled
vertical-torsional motion
0 for n=k
/(mWn Wk + ]px@n@k)dx = (14)
J Iy for n#k
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5 The forced vibrating bridge

5.1 The horizontal motion

The equation of motion is:

EJV"" + 25212 V' ];;]42 VoV +mi
=gy, ) =gy(x) - f() (15)
One can search for a solution of the form:
(16a)

V=" Ya(0) - TalD)

where Yy(x) are the eigenshapes of the bridge given by
eq. (3a) and T,(t) the time functions to be determined. In-
troducing eq. (16a) into eq. (15) one gets:

EL YV To+ ZE’ZZY T+ E’ZZYnTn
n

+CYZY"T"+mZY"T" = qyf(6)
n n

Since Y,(x) satisfies the equation of free motion eq. (3a),
the above expression becomes:

my YaTn+cy Y YaTu+mD w5 ¥uTn = gy(Of(0)
n n n
(16b)

Multiplying the above by Y, and taking into account the
orthogonality condition, one concludes to the following
equation:

. Cy -
To(t) + E"Tp(t) + wy, Tp(t)

L

SR / @) Y,(0dx - f(b)

mongdx 0

(16¢)

The solution of the above equation is given by the
Duhamel’s integral:

~

[ ay(x)Y, x)dx t

Tp(t) = 2 e PE0f(1)

L
may, [Yidx 0o
0

* Sin (Dyp(t - T) dT

with: =22, @), =w),-p (16d)
5.2 The lateral-torsional motion
The equations of motion are:
EJ GJ4 E]y-GJq
(E]y w) W//l/ + R2 W/l _ y R . ¢/l
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_Elw

2 """ + cow + mw = g (X)f(6) (17a)
E]w(p////_G]d(p//_@ ¢+E]w . ////+E]yl_gG]d
. W// + C¢¢ +]px¢) = mX(X)fd)(t) (17b)
One can search for a solution of the form:
wix, ) =Y Wa() - Pa(0) (18a)
(18b)

B0 =3 0a(x) - Palt)

where W, and 0, are the eigenshapes of the bridge given
by eqs (10a, 10b) and Pn(t) the time functions to be deter-
mined. Introducing eq. (18a, 18b) into eq. (17a, 17b) we get:

slzw,’{”P,, G]dZW Py - 8228 Py
n
- % 3 60 Patc:y Wabn
n n

+m Z Wnpn = C_]z(X) 'fz(t) (18C)

Bla > 00 Pa=Gla 3 O1Pa - Zy DL
n
E]“ZW Pn+SZZW Py

+Cy Z @nPn +]pxz @nPn
= () f5(0 (18d)

Since Wy and 0@, satisfy the equations of the free motion
eq. (9a, 9b), the above eqs become:

m Z WaP, + Z W.P,+m Z w2, WP
n n n

=q:(x) - f2(0) (19a)

]pxz OnPy + Co Z OnPn + Jpx ngn@npn
00 - £ (0 (19b)

Multiplying eqgs (19a) by W, and integrating from O to L,
next, egs (19b) by 6, and integrating from O to L, and tak-
ing into account that ¢y = ¢z/px /m, the above eqs become:

S / MW Wydx - (B + by + 02,P)
n
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L

~ £ / G- Wodx  (20a)
0
Z/]px@n@pdx < (Pn + %Pn + wgnpn)
n oo
L
= (0) / e @pdx  (20b)
0

The solution of the above system of equations is given by
the Duhamel’s integral:

L
J @zWpdx
° [ e L)

L
p (mf ngx+]pr@f,dx> 0
0 0

~

Py(0) =

~

NxOpdx

O —
3
=

-sin wp(t - 1) dT +

L L
Wzp (meﬁdx+]pr@f,dx>
0 0

t
[P fyl) - sin (e vy dr 21)

6 The moving loads

In this section, the behavior of a curved-in-plane bridge
under the action of various types of loads, moving with ve-
locity v is studied. In Figs (2a,b) one can see the bridge and
its cross-section under the action of a concentrated load,
while in Figs (2c, 2d, 2e, 2f) the different loading cases stud-
ied herein are shown.

Usually, a track cant angle ¢ exists on the curved
parts of road bridges. This angle ¢, which is important and
sometimes necessary in railway bridges, has not a signif-
icant influence on road bridges, since it is always smaller
than 5° (contrarily in railway bridges it may be up to 10°).

Let us examine the influence of the angle ¢ on the al-
lowed safe speed v of the moving load.

The equilibrium equation of the horizontal forces

MR”Z = u M g+ M g Sing, which concludes to the fol-
lowing inequality for the allowed speed v:

<4/R-g-(u+Sing)

The values of the coefficient of friction u between car tires
— asphalt, given by the relative manuals are:

(22)

u=0.72 for dry surfaces
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Figure 2: Bridge geometry and various cases of moving load models.

u=0.35 for wet surfaces

In the plots of Fig. 3, one can see the influence of angle
¢ on the load speed v for both dry and wet deck surface for
three characteristic radius of curvature R = 50 m (Fig. 3a),
R =100 m (Fig. 3b) and R = 150 m (Fig. 3c)

In Table 1, the allowed speeds and the achieved in-
crease of the allowed speeds (in percentage) for ¢ = 5°
and both for dry and wet deck surface for the above cho-
sen radius R are shown.

6.1 The concentrated moving load

In this case, the right side members of eqs (4) become:

_M-v?

_R+eH‘6(X_a)

(23a)

dy

iF

(23b)

q:=M-g-6(x-a)

M- v?
mx=<M-g-eH+m-eV)-8(x—a) (23¢)
where § is the Dirac delta function and a is the position of
the load P at time ¢.

6.1.1 The lateral motion

Introducing eq. (23a) into the right side member of eq. (15),
and following the process of paragraph 4.1, one concludes
to the following equation:

t
1 Mv?
/ R+en Y, ()8(x — a)dx
0

Yidx

.. Cy -
T, + EyT,J +wy,Tp =
m

O =~
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Table 1: Maximum speeds for various R, ¢ and deck surface conditions.
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R=50m R=100m R=150m
P 5° 0° % 5° 0° % 5° 0° %
dry 20.25 18.80 7.7 28.80 26.80 7.4 35.10 32.90 6.6
wet 15.10 13.20 14.4 21.30 18.65 14.3 26.10 22.90 13.9
u 2
_ Mv : Y,(@)
20 / m(R + ep) [ Yzdx
13 Y
18 or finally:
17 2
. Cy - Mv
16 T, + EyTp +wy,Tp = - Y, (vt),
m(R +ey) [ Yidx
135 et 0
14 - T which has the solution:
0.02 0.04 0.06 0.08 oL T _ My?
@ - L
m(R + e)wy, [ Y3dx
u 0
t
28 / . / e‘ﬁ(“T)Yp(ur)Sind)yp(t— 7)dTt (24)
0
26
with § and @y, from eq. (16).
24
= __ 6.1.2 The vertical-torsional motion
20 I -
T Introducing eqs (23b, 23c) into the right side members of
s T S oe T om o1 I egs (20a, 20b) and following the process of paragraph 4.2,
(b) one concludes to the following equation:
. Cy »
u P, + HZPP + wﬁpPp
34/ _M-g-Zp(vt)+(M-g-eH+%ev)@p(vt)
B L L
s f m [ Z3dx + Jpx [ ©3dx
0 0
30
which has the solution:
28 . Z L
b . P, - g: p(U t) /e—ﬁ(t 7. Z,w1)
24 f e T ( Iz dx+]pr9 dx> 0
- 0.02 0.04 0.06 0.08 o1 Cgeent Mo
(o) - Sind,,(t - 7)dt + H 7 Reey =V

Figure 3: The influence of track cant angle ¢ on the allowed speed v
for various R.

L
<mfZ,§dx +]pr@,§dx>
0 0

e PED . 0,(w1) - Sinw,,(t - 7) dr 25)

!
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Figure 4: The damped mass-load.

6.2 The moving damped mass-load

Let us consider next the mass-load M of Fig. 4, moving with
a constant velocity v and supported through a suspension
system on wheels with mass m,.

This system is composed of an elastic spring with con-
stant k, and a damper with constant cp.

When the load, i.e., the system of masses M and m, is
on the left end of the bridge (at t = 0), the spring is stati-

cally deformed by /- Mpg

Considering axis (€) as the reference system for mea-

suring the motion of the mass M (Fig. 4) and apply-

ing the Newton’s second law, one obtains: MZ = P -
kp ( +z- w(a)) - cplz - w(a)] or

MZ+ cpz + kpz = kpwe(a) + cpwe(a)

where:  we(a) = w(a) + egd(a) (26a)

and g is the angle at x = a and ey from Fig. 2. The above
relation can also be written as follows:

Z+2Bpz+ wf,z = F(t) (26b)

where: F(t) = wf, [w(a) + egp(a)] + 2 Bp[w(a) + eHd)(a)]
By = ZCJT/I wp = kMp (26¢)

The solution of the above differential equation (26b) is
given by the following integral:

t
z(t) = (I} /e_ﬁp(t"r)F(T) -sin @wp(t — 1) dt (26d)
i
with: @p = \/ﬂ (26e)

Applying the Leibnitz formula, according to which the
b(x)
function f(x) = [ R(x, t)dt, can be differentiated as fol-

a(x)

b(x)
R(x, b(x))4t® _ R(x, a(x)) 94X + [ —"Ra(i’t)dt,

a(x)

L dfto _
lows: %52 =
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equation (26d) gives successively:

t
50 = / e PEIE(D) (@) cos @p(t - T)
0

P

- Bpsinwy(t - 1)l dr (27a)

t
5(0) = F(O) + wip 0/ e PEOF(D) (B2 - @2) sin dp(t - 7)

- 2Bp@p cos wp(t - 7)] dT (27b)

Therefore, the right side members of eqs (1) become:

Mv?

R+eH'5(X_a)

(28a)

qy =

gz = {M(g ~3) + molg - W(a) - eHiﬁ(a)]} 8(x - )
(28b)

my = { M(g - 2) + molg - (@) - en(@)] } - e - 5(x - a)

Mv?

T o (28¢c)

cey-6(x-a)

6.2.1 The lateral motion

Introducing eq (28a) into the right side member of eq. (15),
one concludes to the solution of eq. (24).

6.2.2 The vertical-torsional motion

Introducing eqgs (28b, 28c) into the right side members of
egs (17a, 17b), one concludes to the following equations:

Slwll/l + %W 52¢// _ %¢//// + CZW + mW
= {1+ mo)g - Mz - moliv(@) + enp(]}
-6(x - a) (29a)
E] ¢//// G] ¢// E])’¢+E]‘U ””+SW +C¢¢

Tl = [{(M - M0)g — M — moii(a)

reu@l} - en s gie-er] -ar-a) @o0)

One can search for a solution in the form:

w(x, t) = Z Wr () Tn(t) (29¢)
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P06, 1) = On(x)Ta(t) (29d) 6.3 The moving vehicle

Let us consider next the vehicle of Fig. 5b, moving on the
curved bridge (see Fig. 5a) with constant speed v. This case
of loading can be easily solved following the above proce-
dure with external loads:

where W, and O, are the shape functions, according to
§3.2.

Following the procedure described in the preceding
sections, the following differential equation for the time

function T,(t) is obtained: g - <4(Rj\f .eUZ . N 4(R1\:[ .ey2+ b)) 28(x-a)
H ™ H
. Cy 1 M- v? M-v?
Tp+ETp+a)§Tp= - T {(M+m0) <4(R+6’H—b)+4(R+eH+b)>'6(X_a+2d)
mf ngx"']pr @5dX (313)
0 0
- g+ Wo(wt) - MW, () >~ (Ra(ut)[wp Ta(t) + 2B, Ta(D)]) .
’ ’ Z ’ ’ a:= 8 s+ M8 px-av2d)  Gib)
M| 5
- — |wpW,(wt) Y Ra(v8)Q1n(t)
T zn: mx=<M[;g+FZZ>(e +b) - 6(x - a)
+2Byp Wp(vt);Rn(Ul‘)QZn(t)] + (M[;g - FZZ ) (e - b) - 8(x - a)
- mon(Ut)zn:R"(Ut)T(t) + (Ml;g + F4Z > (ex +b) - 6(x — a+2d)
—_ 2 I
MeyO,(vt) ;(Rn(ut)[prn(t) +2Bp Tn(D)]) + (Tg _ F4e > (ey-b)-8(x-a+2d) (3l

- AZZH {wﬁ@p(ut)Zn:Rn(vt)an(t)

v2
+2Bp@p(vt)an(Ut)an(t)} eV@p(ut)}

a)
(30a)

where:

Rn(x) = Wn(x) + egOn(x)

t
Qui() - / To(7) - e P 5(r)dr
0
t |
Qunlt) - [ 1) ™ Ve(e)dr b) T Sl SR N
0 ~ P=Mg R |
2(1) = Pt {(ﬁlz, - @p)sin@p(t - 1) O Pl | i; P *
- - Pusreun|  PasTer %l Fey/4b} } Feeiab
-2y @, cos wy(t - 1)] (30b) “ 2d s S
(]
Clearly, a closed form solution of eq. (30a) is not pos- 0 F =MuY(R+ey)
sible. However, one can seek approximate solutions based P=M ET | = o . 0 flL
on previous pertinent works (Kounadis [37], Michalt- 5 K h' & k N ki 54
sos [16]). A first approximate solution of eq. (30a), is ob- ’ E ' : ﬁéoh mo/4 L
tained by considering as loading the force P = Mg, that ]-T::F_:&..-d,bl F:F-:E\"'4bL F{ iF
leads to eqgs (25). Introducing the known P,(t) instead of Feev/4b} YFeeo/ad
+— 2d —3— —f—2b —~

Tn(t) in the right side member of eq. (30a), one can deter-

mine its solution according to Duhamel’s integral. . . . .
Figure 5: The curved bridge (a), the moving vehicle (b) and the

damped vehicle (c).



250 — I.G. Raftoyiannis and G. T. Michaltsos DE GRUYTER OPEN

The first members of eqs (31a, 31b), and the first two of L
eqs (31c) are valid for O < ¢t < L/v, while the second mem- / e PCD @, (uT) Sind (¢ - 1) dr
bers of eqs (31a, 31b), and the third and fourth members of 0
eqs (31c) are valid for 2d/v < t < (L + 2d)/v. . (1 _H (t— £)>
2d 2d
t) = t-==)H(t-==
6.3.1 The lateral motion Q2p(0) = Qup ( v ) < v )
_ Mg _ FCeV _
Introducing eq. (31a) into the right side member of eq. (15), Qs5(0) = ( 4 4b ) (ex = b)
and following the process of §4.1, one concludes to the fol- L
lowing equation: ( / e AT @, (vT) Sinwzp(t - 1) d‘r)
0

t
o G { ( [ emrm,omnsing, - dT) (1-n (1)
md)yp f Y/%dx 0

2d 2d
¢ Q4p(t)= Q3p (t_7> H (t_7> (33b)
~p(t-1)
[1 H (/ € Ypvr - 2d) where H is the Heaviside’s unit function.
0
-Sinwy,(t-1)dr | - H (1 ) (32a) .
” ) } 6.4 The damped vehicle

M2 M2 Consider the vehicle of Fig. 5¢c, moving on the bridge with
+ (32b)  constant speed v. This case of loading can be easily solved
4.-(R+ey-b) 4-(R+eg+bh) . .
following the known procedure with external loads:

S Mt MV g
£ 4(R+eg—-b) 4(R+eg+Db)

where H is the Heaviside unit function.

2 2
6.3.2 The vertical-torsional motion M-v M-v S —a+2d
<4(R+eH—b) i 4(R+eH+b)) bc - a+ 2d)
Introducing egs (31b, 31c) into the right side members of (34a)
egs (17a, 17b) and following the known process, one con-
cludes to the following equation: q:=2-F-6(x-a)+2-F-86(x-a+2d) (34b)
1
Pp(t) = ——[R1p(t) + Q1p(t) + Q3,(8)]
K
1p My = <F+ Fcev) (eg+b)-86(x—a)+ < FZZ")
+ E[RZp(t) + Q2p(t) + Qup(8)] (33a) v
-(eg-b)-6(x-a)+ <F+ ZZV) (eg +b)
where:
L L -5(x—a+2d)+(F—FZZV)(eH—b)-5(x—a+2d)
Ko = @z (m / Zpdx + Jpx / @,idx) (340)
0 0
L where:
Mg -B(t-1) i
Ri,(t)==2 /e B0z (vT) Sin@.,(t - 7) dt 1 .. .. -
2 (0 ’ ? = 7 {M(g = 2) + molg - (@) - enp(@)]}
L . My?
-(1—H(t—;)> Fo= poe (34d)
R2p(® = Rip (t _ E) H (t _ E) The first members of eqs (34a, 34b), and the first two of
v eqs (34c) are valid for O < t < L/v, while the second mem-
M F i
Q1,00 = < g, ceV> (ex + b) bers of eqs (34a, 3'4b), and the third and fourth members
4 of eq. (34c) are valid for 2d/v < t < (L + 2d)/v.
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6.4.1 The lateral motion

Introducing eq. (34a) into the right side member of eq. (15)
and following the process of §4.1 one concludes to the so-
lution of eqs (32a) and (32b).

6.4.2 The vertical-torsional motion

Introducing eqs (34b, 34c) into the right side members of
egs (17a, 17b) and following the known process, one con-
cludes to the following equation:

Py(t) = %[Rlp(t) + Qup(6) + Qs (0]

[RZp(t) + QZp(t) + Q4p(t)] (35a)

L1
Kp
where:
L L
Kp = @z m/z,%dxupx/@,%dx
0 0
L

Ri,(t)=2-F- /e‘ﬁ(t'r)Zp(ur) Sinw,,(t - 1) dt
0

(1)
Ryp() = Rijp (t%)HO%)

Q1 ,(t) = <F+ FZZV) (e + b)
L

/ e P, (u1) Sindw., (t - ) dT
0

(rn (1))
Q2p(0)= Q1 (“%)H(t—%)

Q3,(f) = (F - FZZV) (eg —b)

L
/ e PED D (u7) Sins (¢ - 1) dr
0

(0 (%))
Qpl0) = s, (f— %) H (t‘ %)

and H is the Heaviside unit function.

(35b)
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7 Numerical results and discussion

Let us consider a bridge, curved-in-plane, with length L =
60 m (see Fig. 4). The bridge is made from structural steel
(isotropic and homogeneous material) with modulus of
elasticity E = 2,1 x 10® kN/m?, shear modulus G =
0, 8 x 108 kN/m?, moments of inertia J, = 0,50 m*, J, =
8,00 m*, torsional constant J; = 0, 50 m*, warping con-
stant J, = 0, 25 m®, mass per unit length m = 1200 kg/m
and mass moment of inertia J,x = 10200 kg-m?. Three
characteristic radius of curvature are considered: R =
50m, R =100m,and R = 150 m.

We will study the dynamic behavior of the bridge un-
der the action of:

(a) A concentrated moving load with speed v and mag-
nitude P = M - g and M = 4000 kg.

(b) A concentrated damped mass-load moving with
speed v and magnitude P =M - g.

(c) A vehicle with dimensions 2d - 2b, whose the tires
are considered as concentrated loads, and of a con-
sequence of two concentrated loads spaced at 2d
with magnitude Py = P, = M - g/2.

(d) A vehicle with dimensions 2d - 2b, having mass M
and mass of its four tires m, = 40 kg, and damping
system with k, = 10000 dN/m, ¢y = 500 dN-s/m.

According to the results of Table 1, the studied speeds
must be less than v = 35 m/sec.

7.1 The concentrated moving load
7.1.1 The lateral motion

¢ Influence of the radius of curvature

The plots of Fig. 6 show the lateral vibrations of the
middle of the bridge (at x = L/2) for speeds v = 10 m/s
(Fig. 6a), v = 20 m/s (Fig. 6b), and v = 30 m/s (Fig. 6¢)
and various values of radius of curvature.

As expected, it is observed that for small R the devel-
oped deflections are much higher than the ones for big R.
These differences amount to:

about 150% for 100 < R <150 m
about 250% for 50 < R <100 m
about 400% for 50 < R <150 m

These percentage differences are slightly affected by
the value of the speed v.

¢ Influence of the eccentricity
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Figure 6: The influence of the radius of curvature for various values
ofv:__ R=50m,...... R=100m,---R=150m.

The plots of Fig. 7 show the lateral vibrations of the
middle of the bridge (at x = L/2) for v = 30 m/s, eccentric-
ities ey = 3 m, ey = 0 m, ey = —3 m, and various radii of
curvature.

From these plots, one can see that as R increases, the
influence of the eccentricity ey on the bridge’s deflections
decreases. For R = 50 m and v = 30 m/s the difference
between ey = 3 and e;, = —3 amounts to about 15%, while
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0.001
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0.0002

(b)R =100m
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0.0004
0.0003
0.0002

0.0001

(c)R=150m

Figure 7: The influence of the eccentricity for v = 30 m/s and vari-
ousvaluesof R: ___eg=3m,...... eg=0m,---eg=-3m.

for R = 150 m and v = 30 m/s the difference between
ey = 3 and e, = -3 amounts to about 3%.

¢ Influence of the speed

Finally, in Fig. 8 one can see the deflections of the mid-
dle of the bridge for R = 50 m, ey = 0 and various values
of speed.
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Figure 8: The influence of the speed for R = 50 m, ey = O m and
),u=20m/s(...... ),u=30m/s(---).
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Figure 9: The influence of the speed forR = 50 m, ey = 3 m, ey =
1.20m,andv = 10 m/s ( ),u=20m/s(...... ),u=30m/s
(---).

7.1.2 The vertical-torsional motion

¢ Influence of the speed

The plots of Fig. 9 show the vertical-torsional vibra-
tions of the middle of the bridge (at x = L/2) for R = 50 m,
eccentricity ey = 3 m, and ey = 1.20 m.

The plots of Fig. 10 show the vertical-torsional vibra-
tions of the middle of the bridge (at x = L/2) for R = 100 m,
eccentricity ey = 3 m, and ey = 1.20 m.
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Figure 10: The influence of the speed forR = 100 m, ey = 3 m, ey =
1.20m,and v = 10 m/s ( ),v=20m/s(...... ),v=30m/s
(--).

The plots of Fig. 11 show the vertical-torsional vibra-
tions of the middle of the bridge (at x = L/2) forR = 150 m,
eccentricity ey = 3 m, and ey = 1.20 m.

From the above plots, one can ascertain that for both
deformations (deflection and torsion), the influence of the
speed is higher in bridges with small radius of curvature
than in bridges with big radius of curvature. For the cases
studied, this influence amounts to about 60-70% for R =
50 m decreasing to about 10-20% for R = 150 m.

¢ Influence of the radius of curvature

The plots of Fig. 12 show the vertical-torsional mo-
tion of the middle of the bridge (at x = L/2) for speed
v=20m/s, ey = 1.50m, ey = 1.20 m, and various radii
of curvature.

¢ Influence of the eccentricity

The plots of Fig. 13 show the vertical-torsional vibra-
tions of the middle of the bridge (at x = L/2) for R = 50 m,
v = 30 m/s, and various values of eccentricity.

The plots of Fig. 14 show the vertical-torsional vibra-
tions of the middle of the bridge (at x = L/2) for R = 100 m,
v = 30 m/s, and various values of eccentricity.

The plots of Fig. 15 show the vertical-torsional vibra-
tions of the middle of the bridge (at x = L/2) forR = 150 m,
v = 30 m/s, and various values of eccentricity.
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Figure 11: The influence of the speed forR = 150 m, ey =3 m, ey =

1.20m,and v = 10 m/s (
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Figure 12: The influence of the radius of curvature forv = 20 m/s,
eg =1.5m,ey = 1.2mandR = 50 m ( ),R =100m{(.....),
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Figure 15: The influence of the eccentricity forv = 30 m/s,R =
150m,and __ey=3m,...... eg=0m,---eg=-3m.
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Figure 16: The influence of the vehicle’s speed forR = 150 m,
eg=3mandv=10m/s(__),v=20m/s(__)andv =30m/s
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Figure 17: The influence of the load modelforR = 150 mand v =
10 m/s and (- - -) Concentrated load P = Mg, (___) Damped mass-
load M.

From the plots of Fig. 13 and for ey = -3, we observe
that both deformations (deflection and torsion) are nega-
tive. This was expected for the rotation angle, but not for
the deflection. However, this deflection is referred to the
axis of the cross-section, while the deflection of the point
where the load is applied is: -0.0005 + (-3) - (-0.002) =
+0.0055 >> [-0.0005|.

7.2 The damped mass-load

In this section, the bridge’s motion under the action of a
damped mass-load is studied. Given that the lateral mo-
tion is the same for both cases of loading, one may study
the vertical-torsional motion and then compare the motion
of the bridge under the action of a concentrated load and
of a damped mass-load.

The plots of Fig. 16 show the influence of the speed v
on the vertical-torsional motion of the middle of the bridge
for R =150 mand ey = 3 m.

From the above plots, one can see the strong influence
of the speed on the dynamic lateral-torsional motion of the
bridge.

The plots of Figs 17, 18, 19 show the motion of the mid-
dle of the bridge under the action of a concentrated load
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Figure 18: The influence of the load modelforR = 150 mandv =
20 m/sand (---) Concentrated load P = Mg, ( ) Damped mass-
load M.
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Figure 19: The influence of the load model forR = 150 mandv =
30m/sand(---)Concentrated load P = Mg, ( ) Damped mass-
load M.
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P = M * g and a damped mass-load M for R = 150 m and
different speeds.

From the above plots, is clear that the model of the
damped mass-load gives more favorable results compared
with the ones of the model of a simple concentrated load.

These differences, for small values of radii of curva-
ture are approximately ~25%, decreasing for bigger radii
to ~5%.

7.3 The moving vehicle

In this section, the dynamic behavior of the bridge shown
in Fig. 5a, under the action of a vehicle like the one of
Fig. 5b, is studied.

7.3.1 The lateral motion

¢ The influence of the load model

The plots of Fig. 20 show the lateral motion of the mid-
dle of the bridge (at x = L/2), forv = 30 m/s, ey = 3.00 m,
ey = 1.20 m and various radii of curvature.

From the above plots, it is clear that the radius of
curvature has small effect on the lateral vibrations of the
bridge. This effect varies from 6 to 10%.

¢ The influence of length 2d

The plots of Fig. 21 show the lateral motion of the mid-
dle of the bridge (at x = L/2), for R = 50 m, v = 30 m/s,
ey = 3.00m, ey = 1.20 m and various values of the vehi-
cle length 2d.

The plots of Fig. 22 show the lateral motion of the mid-
dle of the bridge (at x = L/2), for R = 100 m, v = 30 m/s,
eg = 3.00m, ey = 1.20 m and various values of the vehi-
cle length 2d.

The plots of Fig. 23 show the lateral motion of the mid-
dle of the bridge (x = L/2), for R = 150 m, v = 30 m/s,
ey = 3.00 m, ey = 1.20 m and various values of the vehi-
cle length 2d.

From the above plots, one can see that the vehicle’s
long has small effect on the lateral vibrations of the bridge.
This effect varies from 4 to 8%.

7.3.2 The vertical-torsional motion

¢ The model influence

The plots of Fig. 24 show the vertical-torsional motion
of the middle of the bridge (at x = L/2), for R = 50 m,
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Figure 20: The influence ofthel(.)ad m'odel forv = 30m/s, ey = 0.5 1 1.5 s -5
3.00m, ey = 1.20 m, for a vehicle with2d = 10m (___), one
concentrated load (- - -). Figure 23: The influence of the vehicle length forR = 150 m, v =

30m/s, ey =3.00m,ey =1.20mandd=3m(__),d=5m

(__)yd=7m(--)andd=0m{(....).
v =30m/s, ey = 3.00m, ey = 1.20 m and three models
of loading: one model of a real vehicle with dimensions
2d - 2b, a second model consisting of two concentrated
loads and a third model consisting of one concentrated
load. It is observed that for this value of R the differences
are significant.

The plots of Fig. 25 show the vertical-torsional motion
of the middle of the bridge (at x = L/2), for R = 100 m,
v =30m/s, ey = 3.00m, ey = 1.20 m and the same as
above three models of loading.

The plots of Fig. 26 show the vertical-torsional motion
of the middle of the bridge (at x = L/2), for R = 100 m,
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two loads, (....) one concentrated load.
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Figure 25: The vertical-torsional motion of the middle of the bridge
(atx = L/2),forR = 100m,v = 30m/s,eyg = 3.00m, ey =
1.20 m and three models of loading (__) the real vehicle, (- - -)
consequence of two loads, (....) one concentrated load.

DE GRUYTER OPEN

0.02

0.015

0.003

0.0025

0.002

0.0015

0.001

0.0005

Figure 26: The vertical-torsional motion of the middle of the bridge
(@tx = L/2),forR = 150m,v = 30m/s,ey = 3.00m, ey =
1.20 m and three models of loading (__) the real vehicle, (- - -)
consequence of two loads, (....) one concentrated load.

0.0035
0.003
0.0025
0.002
0.0015
0.001

0.0005

0.014

0.012

0.01 |

0.008 |

0.006

0.004

0.002 F

Z.5

Figure 27: The influence of the vehicle length forR = 50 m, v =
30m/s,eg =3.00m,ey =1.20mandd=3m(__),d=5m
(__)yd=7m(---)andd=0m¢(....).
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Figure 28: The influence of the vehicle length forR = 100 m, v =
30m/s,eg =3.00m,ey =1.20mandd=3m(__),d=5m
(__)yd=7m(--)andd=0m(....).

v = 30m/s, ey = 3.00 m, ey = 1.20 m and the above
three models of loading.

From Fig. 24, one can see that for small radii of curva-
ture the choice of the right model significantly affects the
dynamic response. It is also shown that the model with two
concentrated loads leads to inaccurate results. This error
amounts up to about 100%.

From the plots of Figs 25 and 26, it is shown that the
above model of two loads produces the most inaccurate re-
sults with error from 15 to 25%.

¢ The influence of length 2d

The plots of Fig. 27 show the lateral motion of the mid-
dle of the bridge (at x = L/2), for R = 50 m, v = 30 m/s,
ey = 3.00m, ey = 1.20 m and various values of the vehi-
cle length 2d.

The plots of Fig. 28 show the lateral motion of the mid-
dle of the bridge (at x = L/2), for R = 100 m, v = 30 m/s,
eg = 3.00m, ey = 1.20 m and various values of the vehi-
cle length 2d.

The plots of Fig. 29 show the lateral motion of the mid-
dle of the bridge (at x = L/2), for R = 150 m, v = 30 m/s,
ey = 3.00 m, ey = 1.20 m and various values of the vehi-
cle length 2d.
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Figure 29: The influence of the vehicle length for R = 150 m, v = 30
m/s,eyg = 3.00m,ey = 1.20mandd =3m(__),d=5m(__),
d=7m(---)andd=0m¢(....).

From the above plots, on can see that for small radii of
curvature (R = 50 m), the single concentrated load is the
most inaccurate model (error ~20%). The rest three models
give somewhat similar results.

For bigger radii of curvature (R = 100 m or 150 m),
all models give similar results regarding the maximum de-
formations. The differences amount to about 3 to 6%. Note
that each model gives a different view of the deformations
of the bridge. For example, the models with d = 3 and
d = 5 m give one maximum while the ones with d = 0
and d = 7 m give two maxima.

7.4 The damped vehicle

In this section, the dynamic behavior of the bridge shown
in Fig. 5a, under the action of a vehicle like the one of
Fig. 5c, is studied.

Given that the lateral motion is the same for both cases
of loading (vehicle and damped vehicle), we will study the
vertical-torsional motion and compare the motion of the
bridge under the action of a simple vehicle and a damped
vehicle.
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Figure 30: The influence of the vehicle length for R = 150 m, v = 30
m/s,eg = 3.00m, ey = 1.20mandd =7m(__),d=5m(__),
andd=3m(---).
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Figure 31: Influence of the speed v forR = 150m,d = 5m, ey =
3.00m, ey = 1.20mand v=10m/s(__),v = 20m/s(__), and
v=30m/s(---).
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Figure 32: Influence of the radius of curvatureRford = 5m, ey =
3.00m,ey =1.20mv=30m/sandR=50m(__),R=100m
(__),andR=150m¢(---).

The plots of Fig. 30 show the vertical-torsional motion
of the middle of the bridge (at x = L/2), for R = 150 m,
v =30m/s, ey = 3.00m, ey = 1.20 m and various values
of the damped vehicle length 2d.

From the above plots, it is ascertained that the wheel-
base 2d strongly affects the dynamic behavior of the
bridge, similarly as in the plots of Fig. 27.

The plots of Fig. 31 show the vertical-torsional motion
of the middle of the bridge (at x = L/2), for R = 150 m,
d=5m,ey =3.00m, ey = 1.20 m, and various speeds v.

From the plots of Fig. 31, one can see that the speed v
strongly affects the dynamic behavior of the bridge.

The plots of Fig. 32 show the vertical-torsional motion
of the middle of the bridge (at x = L/2), ford = 5m, ey =
3.00m, ey = 1.20m, v = 30 m/s and various radii of
curvature R.

From the plots of Fig. 32, it can be deduced that for
small radii of curvature the vertical motion is very small
while the torsional one becomes maximum.

In contrast, quite the opposite is happening for big val-
ues of curvature radii.

The plots of Fig. 33, 34 and 35 show the vertical-
torsional motion of the middle of the bridge (at x = L/2),
forR =150m,d = 5m, eg = 3.00m, ey = 1.20 m and
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Figure 33: The vertical-torsional motion of the middle of the bridge
forv = 10 m/s and for damped vehicle (__), simple vehicle (---).
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Figure 34: The vertical-torsional motion of the middle of the bridge
forv = 20 m/s and for damped vehicle (__), simple vehicle (---).
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Figure 35: The vertical-torsional motion of the middle of the bridge
forv = 30 m/s and for damped vehicle (__), simple vehicle (- - -).

different values of speed v under the action of a simple ve-
hicle and of a damped vehicle.

From the above plots, one can see that the damped
mass-load model produces more favorable results com-
pared to the ones of the model with a simple concentrated
load.

These differences, for small values of radii of curvature
are approximately ~35% and decrease for bigger radii to
~12%.

Finally, the plots of Figs 36, 37 and 38 show the
vertical-torsional motion of the middle of the bridge (at
x=1L/2),forR=50m,R=100m,R = 150mandd = 5m,
ey =3.00m, ey = 1.20 m, v = 30 m/sunder the action of
the four loading models.

The above plots show that the exact model of the
damped vehicle gives for:

— small radii of curvature:

~40% smaller deflections compared with the
simple vehicle

~20% smaller deflections compared with the
simple load

~10% smaller deflections compared with the
damped load

— medium radii of curvature:
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Figure 36: The vertical-torsional motion of the middle of the bridge,
forR=50m,d =5m,eg =3.00m, ey =1.20m, v = 30m/s, un-
der the action of a Damped load (__), Simple load (_ _), Damped
vehicle (- - -), Simple vehicle (... .).
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Figure 37: The vertical-torsional motion of the middle of the bridge,
forR=100m,d =5m, ey =3.00m, ey = 1.20m, v = 30 m/s, un-
der the action of a Damped load (__), Simple load (_ _), Damped
vehicle (- - -), Simple vehicle (... .).
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Figure 38: The vertical-torsional motion of the middle of the bridge,
forR=150m,d =5m, ey =3.00m, ey = 1.20 m, v = 30 m/s, un-
der the action of a Damped load (__), Simple load (_ _), Damped
vehicle (- - -), Simple vehicle (... .).

~18% smaller deflections compared with the
simple vehicle

~15% smaller deflections compared with the
simple load

~10% smaller deflections compared with the
damped load

— bigger radii of curvature:

~10% smaller deflections compared with the
simple vehicle

~20% smaller deflections compared with the
simple load

~10% smaller deflections compared with the
damped load

8 Conclusions

From the preceding analysis and the models chosen
herein, one can draw the following conclusions:

¢ A simple mathematical model for studying curved-
in-plane bridges is presented.

¢ Regarding the deck surface conditions, it is shown
that for wet surfaces the value of a safe speed de-
creases significantly (24 to 27% for R = 50 m
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to 150 m), while the use of track cant angle im-
proves noticeable the value of the allowed safe
speed (~16%).

e The radius of curvature strongly affects the lateral

motion of the bridge.

e For the vertical-torsional motion and for small val-

ues of the radius of curvature, negative deflections
of the bridge’s axis are sometimes observed, while
the deflections of the points where the load applies
is positive with values much bigger than the ones
corresponding to the bridge axis.

¢ The above mentioned deformations are affected by

the eccentricity of the applied load, and this influ-
ence amounts from 3 to 15%.

¢ In bridges with small radii of curvature, one should

use load models approaching, as possible, the ac-
tual vehicle. In this case, it is recommended to avoid
using the model of one concentrated load, or the
one of a simple vehicle without a damping system,
because the dynamical response error is extremely
high.

¢ Regarding the distance of vehicle axles, the use of

real data is crucial not only for determining the exact
value of the maximum deflection but also to achieve
the correct view of the bridge deflections.

¢ For ratios L/2d >~ 7, the resulting maximum values

of deformations are not severely affected by the use
of a specific load model.

¢ In all cases, the use of the exact load model of the

damped vehicle is recommended, since it clearly
produces the most accurate results, mainly for small
radii of curvature. For bigger radii, one can employ
the damped concentrated load with an error from 9
to 11%.

e The use of the simple vehicle model is not recom-

mended in the case of small radii of curvature, since
the error may reach up to 40%.

e The above mentioned errors are all in favor of safety,

since the dynamical deformations are all bigger than
the ones obtained with simplified models.

References

(1

(2]

Fryba, Vibrations of solids and structures under moving loads,
Nordhoff International Publication Co, Groningen, The Nether-
lands, 1972

G.G. Stokes, Discussion of a differential equation relating to
the breaking of railway bridges, Transactions of the Cambridge
Philosophical Society (1849) 707-735

3]

[5]
(6]

(7]

(8]

9]

[10]

[11]

[12]

(13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

The Influence of the Load Model and other Parameters on the Curved-in-Plane Bridges =——— 263

H. Zimmermann, Die Schwingungen eines Tragers mit bewegter
Last, Centralblatt der Bauverwaltung, 16 (1896) 249-251

A.N. Krylov, Uber die erzwungenen Schwingungen von gleich-
formigen elastigchen Staben, Mathematical Annalen, 61 (1905)
211

S.P. Timoshenko, On the forced vibration of bridges, Philosoph-
ical Magazine, Series 6, 43 (1922) 1018

C.E. Inglis, A Mathematical Treatise on Vibration in Railway
Bridges, The University Press, Cambridge, 1934

A. Hillerborg, Dynamic influences of smoothly running loads
of simply supported girders, Kungl. Tekhn. Hégs kolan, Stock-
holm, 1951

H. Steuding, Die Schwingungen von Trdgern bei bewegten Las-
ten I, II”, Ingenieur Archiv, 5(4) (1934) 275-305 and 6(4) (1935)
265-270

H. Honda, Y. Kajikawa, T. Kobori, Spectra of road surface rough-
ness on bridges, Journal of Structural Engineering ASCE, 108(9)
(1982) 3231-3243

T.D. Gillespi et al., Effect of heavy vehicle characteristics on
pavement response and performance, NCHRP, Rep. 353, (1993)
Trans Res. Board (TRB), Washington D.C.

M.F. Green, D. Cebon, D.). Cole, Effects of Vehicle Suspension
Design on Dynamics of highway Bridges, Journal of Structural
Engineering, 121(2) (1995) 272-282

H.P. Lee, Dynamic response of a Beam with a moving mass, Jour-
nal of Sound and Vibration, 191(2) (1996) 289-294

G.T. Michaltsos, D. Sophianopoulos, A.N. Kounadis, The effect
of a moving mass and other parameters on the dynamic re-
sponse of a simply supported beam, Journal of Sound and Vi-
bration, 191(3) (1996) 357-362

X. Xu, W. Xu, ). Genin, Anon linear moving mass problem, Journal
of Sound and Vibration, 204(3) (1997) 495-504

M.A. Foda, Z. Abduljabbar, A Dynamic Green Function Formula-
tion for the response of a Beam structure to a moving Mass”,
Journal of Sound and Vibration, 210(3) (1998) 295-306

G.T. Michaltsos, The influence of Centripetal and Coriolis forces
on the dynamic response of light bridges under moving vehi-
cles, Journal of Sound and Vibration, 247(2) (2001) 261-277
G.T. Michaltsos, Dynamic behaviour of a single-span beam sub-
jected to load moving with variable speeds, Journal of Sound
and Vibration, 258(2) (2002) 359-372

Am. Association of State Highway and Transport. Officials
(AASHTO), Standard specifications for highway bridges, 12th
edition, Washington D.C., 1977

Ministry of Transport. and Communications, Ontario highway
bridge design code, Downsview, Ontario, Canada, 1983.
Council of Eur. Communities, Council Directive, 92/7/EEC
amending Directive 85/3/EEC on the weights, dimensions and
certain technical characteristics of certain road vehicles, Brus-
sels, Belgium, 1992

ISO/TC 108/WG9 Draft No 3¢, Proposals for generalized road
inputs to vehicles, Int. Organization for Standarization (ISO),
Geneva, Switzerland, 1972

R. Cantieri, Beitrag zur dynamik von Strassenbrucken unter der
uberfahrt schwerer Fahrzeuge, Diss. ETH Nr 9505, Technische
Hochschule, Zurich, 1991

J. Mozer, C. Culver, Horizontally curved highway bridges -S
tability of curved plate girders, Report no.P1, research project
HPR-2(111), Carnegie Mellon University, Pittsburgh, 1970



264 —

[24]

[25]

[26]

[27]

(28]

[29]

[30]

I. G. Raftoyiannis and G. T. Michaltsos

C. Culver, Design recommendations for curved highway bridges,
Final report for research project 68-32, Pennsylvania Depart-
ment of Transportation, Harrisburg, PA, 1972

P.J. Brennan, Analysis and structural testing of a multiple con-
figuration small scale horizontally curved highway bridge, Re-
search project HPR-2(111), Syracuse University, Syracuse, NY,
1974

C.H. Yoo, R.L. Carbine, Experimental investigation of horizon-
tally curved steel wide flange beams analysis, In: Proceedings
structural stability research council annual technical session:
stability aspects of industrial buildings, (1985) 183-191

A. Zureick, R. Nagib, J.M. Yadlosky, Curved steel bridge re-
search project, interim report I: synthesis, HDR Engineering,
Pittsburgh. Publication Number FHWA-RD-93-129, 1994

CEN, Eurocode 8. Design of structures for earthquake resis-
tance: Part 2. Bridges. CEN, Brussels, 2006

Caltrans, Seismic design criteria 1.4, California Department of
Transportation, Sacramento, CA, 2006

M.N. Abdel-Salam, C.P. Heins, Seismic response of curved steel
box girder bridges, | Struct Eng, 114(12) (1988) 2790-2800

31

[32]

[33]

[34]

[35]

[36]

[37]

DE GRUYTER OPEN

H. Wu, W.S. Najjar, Parametric seismic analysis of curved steel
box-girder bridges with two continuous spans, Bridge Struct
3(3,4) (2007) 205-213

D.G. Linzell, V.P. Nadakuditi, Parameters influencing seismic re-
sponse of horizontally curved steel I-girder bridges, Steel Com-
pos Struct, 11(2) (2011) 21-38

G. Dimitrakopoulos, Q. Zeng, A three-dimensional dynamic
analysis scheme for the interaction between trains and curved
railway bridges, Computers and Structures, 149 (2015) 43-60
N. Tondini, B. Stojadinovic, Probabilistic seismic demand model
for curved reinforced concrete bridges, Bul Earthquake Eng, 10
(2012) 1455-1479

T. Avraam, G.T. Michaltsos, The influence of curvature and other
parameters on the dynamic behavior of curved bridges, Int. Jour-
nal of Bridge Engineering, 3(2) (2015) 49-76

I. Raftoyiannis, G.T. Michaltsos, Curved-in-plane Cable-Stayed
Bridges. A mathematical model, Int. Journal of Struct. Stability
and Dynamics, 12(3) (2012) DOI: 10.1142/S0219455412500113
A.N. Kounadis, An efficient and simple approximate technique
for solving non-linear initial and boundary-value problems,
Comp. Mechanics, 9 (1992) 221-231



	1 Introduction
	2 Mathematical formulation
	2.1 The equations of motion 

	3 Set of expressions v, w, bold0mu mumu 
	3.1 The lateral motion
	3.1.1 The vertical-torsional motion


	4 The free vibrating bridge
	4.1 The horizontal motion
	4.2 The coupled vertical-torsional motion
	4.3 The orthogonality conditions
	4.3.1 Orthogonality conditions for the lateral motion
	4.3.2 Orthogonality conditions for the coupled vertical-torsional motion


	5 The forced vibrating bridge
	5.1 The horizontal motion
	5.2 The lateral-torsional motion

	6 The moving loads
	6.1 The concentrated moving load
	6.1.1 The lateral motion
	6.1.2 The vertical-torsional motion

	6.2 The moving damped mass-load
	6.2.1 The lateral motion
	6.2.2 The vertical-torsional motion

	6.3 The moving vehicle
	6.3.1 The lateral motion
	6.3.2 The vertical-torsional motion

	6.4 The damped vehicle
	6.4.1 The lateral motion
	6.4.2 The vertical-torsional motion


	7 Numerical results and discussion
	7.1 The concentrated moving load
	7.1.1 The lateral motion
	7.1.2 The vertical-torsional motion

	7.2 The damped mass-load
	7.3 The moving vehicle
	7.3.1 The lateral motion
	7.3.2 The vertical-torsional motion

	7.4 The damped vehicle

	8 Conclusions

