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Abstract: A Fourier-Ritz method for predicting the free vi-
bration of composite laminated circular panels and shells
of revolution subjected to various combinations of classi-
cal and non-classical boundary conditions is presented in
this paper. A modified Fourier series approach in conjunc-
tion with a Ritz technique is employed to derive the formu-
lation based on the first-order shear deformation theory.
The general boundary condition can be achieved by the
boundary spring technique in which three types of liner
and two types of rotation springs along the edges of the
composite laminated circular panels and shells of revo-
lution are set to imitate the boundary force. Besides, the
complete shells of revolution can be achieved by using the
coupling spring technique to imitate the kinematic com-
patibility and physical compatibility conditions of com-
posite laminated circular panels at the common merid-
ian with 8 = 0 and 2n1. The comparisons established in a
sufficiently conclusive manner show that the present for-
mulation is capable of yielding highly accurate solutions
with little computational effort. The influence of boundary
and coupling restraint parameters, circumference angles,
stiffness ratios, numbers of layer and fiber orientations on
the vibration behavior of the composite laminated circular
panels and shells of revolution are also discussed.

Keywords: Fourier-Ritz method; Free vibration; Composite
laminated materials; Circular panels and shells of revolu-
tion; General Elastic Boundary

*Corresponding Author: Qingshan Wang: College of Mechanical
and Electrical Engineering, Harbin Engineering University, Harbin,
150001, PR China; Email: wanggingshanxlz@hotmail.com; Tel.:
+86-451-82519797

Dongyan Shi, Qian Liang: College of Mechanical and Electrical
Engineering, Harbin Engineering University, Harbin, 150001, PR
China

Fuzhen Pang: College of Shipbuilding Engineering, Harbin Engi-
neering University, Harbin, 150001, PR China

1 Introduction

The composite laminated circular panels and shells of rev-
olution are widely used as elementary structural compo-
nents in modern aerospace structures, missiles, naval ve-
hicles and other areas of engineering. These structural el-
ements are commonly subjected to various forms of dy-
namic loadings in their service life and therefore, the
knowledge of their vibration characteristics is of crucial
importance from the standpoint of the practical design.
However, achieving an accurate and unified vibration so-
lution for composite laminated circular panels and shells
of revolution with arbitrary boundary conditions remains
an extremely challenging task both analytically and nu-
merically due to the complicated effects involving the
transverse shear and normal deformations, coupled ma-
terial behaviors and non-zero curvatures, etc. The devel-
opment of relevant theoretical methodologies and numer-
ical modeling for composite laminated circular panels and
shells of revolution has thus received considerable atten-
tion from the research community. This paper is concerned
with the theoretical development and an efficient unified
method for free vibration analyses of composite laminated
circular panels and shells of revolution based on the first-
order shear deformation theory.

In the last decades, a large quantity of research efforts
have been devoted to the vibration analysis of compos-
ite laminated circular panels and shells of revolution in
the literature. Jin et al. [1, 2] applied the modified Fourier
method to predict the vibration characteristics of moder-
ately thick composite spherical dome and thin shallow
shells with general boundary conditions. Later, his [3]
group extended the Chebyshev-Ritz method to study the
free vibration analysis of spherical panels with general
boundary condition. Qu et al. [4] analyzed the free and
forced vibrations of composite laminated shells of revolu-
tion including cylindrical shell, conical shell and spherical
shell, in which a modified variational principle in conjunc-
tion with a multi-segment partitioning technique was em-
ployed to derive the formulation based on the first-order
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shear deformation theory. The static and free vibration
analysis of laminated shells is performed by radial basis
functions collocation, according to a layerwise deforma-
tion theory by Ferreira et al. [5, 6]. A general survey and
comparison for variety of simply supported shallow spher-
ical, cylindrical, plate and saddle panels in rectangular
planform was made by Chern and Chao [7]. Free vibration
of simply supported laminated spherical panels with ran-
dom material properties was reported by Singh et al. [8]
based on the high-order shear deformation shallow theory.
The free vibration of composite spherical shell cap with
and without a cutout is investigated by Ram and Babu [9]
using the finite element method based on a higher-order
shear deformation theory. Wu et al. [10] performed the
natural frequencies and forced responses of thin lami-
nated composite shells of general form by using a high-
order curved shell finite element. The free vibration re-
sponse of doubly-curved anisotropic laminated compos-
ite shells is presented by Fazzolari and Carrera [11] using
the hierarchical trigonometric Ritz formulation (HTRF).
Qatu [12, 13] presented accurate equations which include
shells with a pre-twist and accurate force and moment re-
sultants for free vibration of laminated composite deep,
thick shells with some selected calssical boundary con-
ditions. Kioua and Mirza [14] presented a simple and ef-
ficient method for the static analysis of shallow shells in-
cluding spherical panels under mechanical, thermal, and
piezoelectric fields with classical boundary conditions. Lal
et al. [15] investigated the nonlinear bending behaviour
of laminated composite spherical shell panel with system
randomness subjected to hygro-thermo-mechanical load-
ing by using the higher order shear deformation theory
and stochastic C° nonlinear finite element method. Lee
and Chung [16] applied the finite element model for vibrat-
ing laminated spherical shell panels with delamination
around a central cutout based on the third-order shear de-
formation theory of Sanders. Mantari et al. [17] preseneted
a exact solution for static and dynamic analysis of lami-
nated composite and sandwich cylindrical and spherical
shells and plates with simply supported boundary condi-
tions based on the new higher order shear deformation
theory. Garg et al. [18] presented a closed-form formula-
tion of two-dimensional (2D) higher-order shear deforma-
tion theories (HOSTs) for the free vibration analysis of sim-
ply supported cross-ply laminated composite and sand-
wich doubly curved shells. Panda and Singh [19, 20] an-
alyzed the nonlinear free vibration behaviour of thermally
post-buckled laminated composite spherical shallow shell
panel with claaical boundary condition by using the non-
linear finite element approach based on the higher order
shear deformation theory (HSDT). Birman et al. [21] pre-
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sented a closed form solution for axisymmetric dynamics
of spherical shells reinforced by meridional and circumfer-
ential stiffeners with classical boundary conditions. Das-
gupta and Huang [22] developed a layer-wise theory for
free vibrations of thick composite spherical panels based
on the finite element method. Panda and Mahapatra [23]
used the higher order shear deformation theory and non-
linear finite element method to investigate the nonlinear
free vibration behavior of laminated composite shallow
shell with classical boundary conditions.

As is clear from the above literature reviews, the ex-
isting works exist two defects: Firstly, most of the exist-
ing methods just can be used to achieve the spherical pan-
els and dome with classical boundary condition; Secondly,
the exsting results about the titled problems is confined to
the composite laminate spherical panels and dome. How-
ever, in the practical engineering, the boundary condition
of the work strtures can’t always be classical in nature.
In addition, the revolution axis of rotation may not coin-
cide with the spherical coordinate center and it occurs a
shift between them. Unfortunately, there is a considerable
lack of corresponding information to deal with the vibra-
tion analysis of composite laminated circular panels and
shells of revolution subjected to non-classical edge bound-
ary conditions. Thus, it is desirable to develop a unified,
efficient method which is capable of dealing with com-
posite laminated circular panels and shells of revolution
subjected to general elastic restraints. Recently, the im-
proved Fourier series was proposed in 2000 by Li [24-26]
to solve the free vibration of beams with general boundary
conditions. Later, the method fast extended to cope with
other structures (i.e. beams, plates, shells and coupled
structures) by the Du [27-30], Jin [31-46], Wang et al. [47—
52] in the last ten years due to the superiority compared
with other methods. The detailed theoretical analyses and
mathematical principle can been seen in Refs [24-26]. The
main focus of this work is to complement the vibration
studies of composite laminated circular panels and shells
of revolution with general elastic restraints and develop a
unified and sufficiently accurate analytical method to pro-
vide some useful results of the titled problem which may
be used for benchmarking by future researchers. The first-
order shear deformation shell theory is adopted to formu-
late the theoretical model. In summary, there are five mer-
its in present work: Firstly, regardless of boundary condi-
tions, the admissible function of the composite laminated
circular panels and shells of revolution is obtained by the
improved Fourier series which consists of a superposition
of the standard cosine Fourier series and several auxiliary
functions introduced to remove any potential discontinu-
ous of the original displacement and its derivatives at the
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meridian

Figure 1: The geometric parameters and coordinate system of a composite laminated shell: (a) the differential element of the composite
laminated shell; (b) the spherical shell coordinate system; (c) circumferential section of the composite laminated shell.

boundaries; Secondly, the general elastic restraints can be
achieved by the boundary spring technique in which three
types of liner and two types of rotation springs along the
edges of the circular panels and shells of revolution are
used to imitate the boundary condition. Thirdly, the com-
plete shells of revolution can be achieved by using the
coupling spring technique to imitate the kinematic com-
patibility and physical compatibility conditions of lami-
nated circular panels at the common meridian with 8 = 0
and 271. Then, the present solutions enables rapid conver-
gence, high reliability and accuracy since the unknown co-
efficients appearing in the admissible function are deter-
mined by using the Ritz procedure, compared with other
contributions. Lastly, Numerous new free vibration results
for the composite laminated circular panels and shells of
revolution with different lamination schemes and elastic
restraints are presented and the influence of boundary and
coupling restraint parameters, circumference angles, stiff-
ness ratios, numbers of layer and fiber orientations on
the vibration behavior of the composite laminated circular
panels and shells of revolution are also presented, which
can be served as benchmark data for the designers and
engineers to avoid the unpleasant, inefficient and struc-
turally damaging resonant.

2 Theoretical formulations

2.1 Description of the model

The basic configuration of the problem considered here is
a composite laminated doubly-curved shell as shown in
Fig. 1. An orthogonal curvilinear coordinate system (¢, 0,
z) is fixed in the reference surface which usually refers to
the middle surface of the shell. The displacements of the
shell in the meridional ¢, circumferential § and radial z di-
rections are denoted by u, v and w, respectively. The angle
formed by the external normal n to the reference surface
and the axis of rotation Oz, or the geometric axis O1z; of
the meridian curve, is defined as the meridional angle ¢
and the angle between the radius of the parallel circle and
the x axis is designated as the circumferential angle 8 as
shown in Fig. 1. The position of an arbitrary point within
the shell is decided by ¢y < ¢ < ¢1,0 < 0 < ¢ and
h/2 < z < h/2. The horizontal radius is designated as Ry,
and the radii of curvature in the meridional and circum-
ferential directions are respectively represented by Ry, Ry.
The included angle between the material coordinate of the
k’th layer and the ¢-axis of the shell is denoted by a, and
the distances from the undersurface and the top surface
of the layer to the reference surface are assigned as z; and
Zy41, respectively. For a surface of revolution with a circu-
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(a) Spherical panel and Spherical dome
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(b) Spherical cap

(c) Toro-circular panel and Circular toroid (Rp=-1.5)

(d) Toro-circular panel and Circular toroid (R,=1.5)

Figure 2: Composite laminated circular panels and shells of revolution structures.

lar curved meridian, they are respectively expressed as:

Ro=Rsingp +R,, Rg=Ro/sing, Rpy=R (1)

where R is the constant radius of the circular meridian
of the shell. R, is the distance between the axis of rota-
tion Oz and the geometric axis of the meridian O;z;. Fig. 2
shows the examined composite laminated circular pan-
els and shells of revolution structures for the verification
of the accuracy and versatility of the proposed approach.

The spherical panel and dome is generated as a special
case of the considered panels shells of revolution struc-
tures, when R, = 0, as diagramed in Fig. 2(a) and by set-
ting o = O, the spherical cap is obtained as illustrated in
Fig. 2(b). It is worth noting that, by setting the R}, # 0, the
panels and shells of revolution structures are transformed
to the Toro-circular panel and Circular toroid, as shown in
Fig. 2(c) (Rp < 0) and 2(d) (R, > 0).
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2.2 Kinematic relations and stress resultants

Consistent with the assumptions of the moderately thick shell theory reported above, the displacement field considered
in this study is that of the first order shear deformation theory and can be put in the following form [53-55]:

U(p,0,z,t) = uo (¢, 0,t) + 2y (¢, 0, ) (2a)
V(p,0,z,t)=vo(p,0,)+zPe(p, 0,1) (2b)
W(p,0,z,t)=wo(p,0,1t) (20)

where uy, vo and w denote the displacements of corresponding point on the reference surface in the ¢, 8 and z directions,
respectively. Y, qrpni and Yepe, are the rotations of the normal to the reference surface about the 6 and ¢ direction, re-
spectively, and t is the time. Relationships between strains and displacements along the shell reference (middle) surface
(z = 0) are represented by the following:

o _10vo 1 (dup_ 10% _1 51/19
y(pg—R(p a(p+Ro 30 VoCOS @ | Kp = 00’ Kg— + 1y cosg
_ 1 oYy 1 (Y
Kpo = Y + — R < —gcos @
The constitutive equations relating the force and moment resultants to strains and curvatures of the reference sur-
face are given in the matrix form:

gg_i<%7l:;+w) eg= ! (%ve+uoc05(p+wosm<p> 3
1 aWO 1 aWo .
ng:E<W_u0>+lp¢” W(O)ZZFO( 0 _V051n¢>+¢9

[ Ny ] [A11 A1z Ayg Bii B B '«92; T

Ny A1 Ay Ay Bix By Byl | €)
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My Bi1 Biz Bis Dii D1 Dig| | ke |’ Qo Ass  Auy| |75,

My Bi> By Bys D1z Dy Dys| | ko

(Myo] |Bis Bis Bes Dis Dz Desl Lkgpel

where Ny, Ng and Ny are the in-plane force resultants, My, My and M p are moment resultants, Qy, Qg are transverse
shear force resultants. « is the shear correction factor, which is usually selected as x = 5/6. A;;, Bjj and Dj; i,j=1,2
and 6) are the extensional, extensional-bending coupling, bending stiffness, and they are respectively expressed as

N
6 (Zi = ZK) (1,j=1,2,4,5,6) (5a)
N p—
-3 (7 -2) (- 1,2,6) (5b)
k=1
N
=330 (B -2) (- 1,2,6) (50)

k=1

—k . . . . . . o . .
where Q;; (i,j =1, 2, 4-6) are the lamina stiffness coefficients, and their detailed information are shown in Ap-
pendix A.

The strain energy (Us) of the composite laminated circular panels and shells of revolution during vibration can be

define as
_i/// +Mpgkg + +M 9K 9 + Q 0 +Q 0 R0R<pd§0dedz (6)
v 6%6 p0Kpo + Qovpz + Qovg,
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Substituting Egs. (3) and (4) into Eq. (6), the strain energy expression of the structure can be written in terms of
middle surface displacements and rotations. For convenience, the strain energy expression is divided into three com-
ponentsi.e. U = Us + Ug + Ugg, where Us, Ug and Ugs indicate Stretching, Bending and Bending-Stretching coupling

energy expressions, respectively.

5 2
AL (%+wo) +A22R%§ (%L;+u0cos<p+wosin<p)
wxss (2 (25 o) 4 1py )+ kAus (& (22— vosing) + )
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The corresponding kinetic energy (T) function of the composite laminated circular panels and shells of revolution

(alt]>2 + (a‘t/>2 ¥ (()(;/;/)2] (1 + R%,) (1 + Ri(;) RoRydpdfdz (10)
(

RoR(pd(pdedZ

1
+2D16E
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can be given as:

where

h/2

(I I Ib) = / p(2) (1 + Rz—(p) <1 + Ri9> (1,21,22) dz v

-h/2
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Table 1: The corresponding spring stiffness values for general boundary conditions.

Edges BC Essential conditions Corresponding spring stiffness values

Iy Iy Iy Iy Ty

p=constant F Ny =Nyg=Qp=Mp=Myy=0 0 0 0 0 0
C U=sV=W=0dy,=Dy=0 108D 108D 108D 108D 108D
S U=V=W=My,=Dy=0 108D 108D 108D 0 108D

SD  Ny=V=W=My=0Ps=0 0 108D 108D 0 0
B! U=V=W#0;Pp=0P=0 10°D 10°D 10°D 10°D 10%D
B2 U=V=W=0;0p=00#0 10%D 10%D 10%D 10°D 10°D
B2 Np=Nyo=Qp=Mp=My#0 10°D 10°D 10°D 10°D 10°D

f=constant F Ny =N,y9=Qp=Mp=My=0 0 0 0 0 0
d U=sV=W=0dy,=Dy=0 108D 108D 108D 108D 108D

S U=V=W=0d,=Mg=0 108D 108D 108D 108D 0

SD U=Ny=W=My=My=0 10°D 0 10°D 0 0
B}l U=V=W#0;Pp=0P5=0 102D 10°D 10°D 10%D 10%D
E? U=V=W=0;Dp=Dy+#0 108D 108D 108D 102D 102D
B> Np=Nyp=Qp=Mp=My#0 10°D 10°D 10°D 10°D 10°D

Since the main focus of this paper is to develop a unified solution for the vibration analysis of the composite lam-
inated circular panels and shells of revolution with general boundary conditions, thus, in order to satisfy the request,
the artificial spring boundary technique is adopted here. In this technique, five groups of boundary restraining springs
are arranged at all sides of the circular panels and shells of revolution to separately simulate the general boundary
conditions. Then the equations describing general elastic supported composite laminated circular panels and shells of
revolution can be written as follows:

Atg = 90, kipoU = Ny, kipoV = Nyg, koW = Qp, K@y = My, Kpo®p = Mg (12)
Atg = @1, ki U=—-Ng, ki1 V = =Ny, ks W = -Qp, K, ¥y = My, Kp1 W = Mg 13)
At0=0, KkioU=Ny, kisV =Ny, kigW = Qq, K% ¥y = Mg, Koo ¥ = Myp (14)
AtO=¢, kiU =Ny, kiisV =-N,g, kinsW = -Qq, K& ¥y = -Myg, Kgo¥o = ~Myg (15)

Thus, as one merit of the present study, the unified treatment in dealing with general boundary conditions for the
panels can be achieved by assigning the stiffness of the boundary springs with various values. For example the free
boundary condition can be readily obtained by setting the spring coefficients to zeros, and the clamped boundary can
be obtained by assigning the springs’ stiffness to infinity. Table 1 gives the corresponding spring stiffness values for the
considered boundaries. Therefore, the potential energy Us, stored in the boundary springs is given as:

[k(pou0 +kiovg + kiow + Kgoz/;é + Kgoll)é}
¢=90 RodfOdz (16)

v w (W 0 2
[ 1u0 + k(plvo + kq,lw0 + K(pllpq, + K(plzl)g} ool

Rodpdz

s ]
_h
2
h
/Z/l [’ botto + kyove + kpows + Koy + Ksoll’e]
+ —
oo [keluo +kpyv§ + kg wg + Ko g + KZIL/)(,} o
In addition to the external boundary conditions, the kinematic and physical compatibility should be satisfied at the

common meridian with 8 = 0 and 27, if a complete shell of revolution is considered. The kinematic compatibility con-
ditions include the continuity of displacements. The physical compatibility conditions can only be the five continuous
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conditions for the generalized stress resultants [53-55]. Thus, as shown in Fig. 1 (d), to consider the complete shell of
revolution characterized by ¢ = 2, it is necessary to implement the kinematic and physical compatibility conditions
between the two computational meridians of 8 = 0 and ¢ = 27.

The kinematic compatibility conditions:

Uo (¢, 0, t) = uo (¢, P, t), vo (9,0, 1) =vo (@, P, t), wo (9,0, t) =wo (@, ¢, 1) (17)
lp(P ((P, 0, t) = lplﬂ (§0, ¢’ t) s ll’e ((P’ 0, t) = l/'e ((P’ ¢’ t)

The physical compatibility conditions:

Ng(9,0,t) = No (@, P, 1), Npg (9,0, 1) = Npg (@, §, 1), Qo (9,0, 8) = Qo (¢, $, 1) (18)
Ms (9,0, t) = Ms (¢, §, 1), M(pG (p,0,0) = M(p@ (., 9,0

In order to satisfy the above requirements, the authors draw on the experience of two elastically coupled rectangu-
lar plates [56] to present a coupling spring technique which can be viewed as one innovation point of the present study.
In this technique, three groups of linear and two groups of coupling springs are applied to imitate the kinematic com-
patibility and physical compatibility conditions of functionally graded parabolic and circular panels at the common
meridian with 8 = 0 and 2r when consider a complete shell of revolution, as show in Fig. 2. Therefore, the potential
energies (Ucp) stored in in the five types of coupling springs can be defined as:

. -2 91 | kit (olo—o - u0|¢=2n)2 + ke (Volp-o - VO|¢=2n)2
Uep = 5 / / +lte (Wolgo = Wolg-2m)” + Kfe (Wplo-o — Wolp-2r)” [ Rodedz (19)

2
290 | +K§. (Yolo—o — Wolgp-2r)

It should be noted that the stiffnesses of corresponding springs used at the common meridian with 8 = 0 and 27 of
functionally graded parabolic and circular panels are revalued to be zero automatically.

2.3 Admissible displacement functions and Solution procedure

Recently, Li [24—26] proposed a modified Fourier series technique for Euler-Bernoulli beams with arbitrary boundary
conditions. In this technique, each displacement of a beam is expressed as a standard cosine Fourier series with the
addition of several supplementary terms which used to remove all the discontinuities potentially associated at the
boundaries. The detailed theoretical analyses and mathematical principle can been seen in Refs [24-26]. In this pa-
per, the modified Fourier series technique is further developed and extended to deal with the vibrations of composite
laminated circular panels and shells of revolution with elastic boundary conditions. Therefore, each of the reference
surface displacements or rotations of the normal of a shell can be written as a modified Fourier series as follows:

Uo (‘P, 0, t) = <Z

=0 n

Mz

2 o 2 oo
Al COS Am@ cos A + > x1(6) > amcosAng +>_ (@)D by cos Ane) e/t (20a)

=1 m=0 =1 n=0

3
I
o

Vo (¢, 0,t) = (Z > Bin €08 Am@ OS A + Zx, ) Z clcosAmep + Z G (o) Z dl, cos 1,0 | & (20b)
m=0 n=0 =1 m=0 =1

Chrn €OS A cos A6 + le ) Z el, cos Am@ + Z G (o) an cos A0 | &9t (20c)

=1 m=0

wo (@, 0, t) = <Z

oo
m=0

DY, coS A oS 1,0 + le C) Z &m COSAm + Z G (o) Z hl, cos Ay ) e/t (20d)

>
n=0
':b<P (p,0,t) = (ZZ
m=0 n=0

Yo (@, 0,t) = (i iEmn COS Am@ cos An6 + le 6 Z kL, cos Ame + Z G (p) Z gl cosA,0 | (20e)
m=0 n=0
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where A, = mm/A@ (Where Ap = @1 - @o), An = na/ ¢,
and A%, Blan, Ct,, D%, D%, are the Fourier coefficients
of two-dimensional Fourier series expansions for the dis-
placements functions, respectively. al,, b%, ck,, db, by, fL,
gl hL, kL., gk, are the supplemented coefficients of the
auxiliary functions y; (6) and {; (¢), where I = 1, 2. The
two types of auxiliary functions y;(6) and {; (6) are se-
lected to remove all the discontinuities potentially asso-
ciated with the first-order derivatives at the boundaries.
Thus, the function sets are capable of representing any free
vibration motion of the shell. The two types of auxiliary
functions are given as:

+ m

‘o) G (e )——A"’c %)+‘2‘—£cos %)

(21a)
Jid [ T
2 (6) = x1(0) = Zn sin (—¢) £ sin (32—(;’) 1)
X2(0) = £ cos (%) + 2 cos (3%9)
It is easy to verify that

G (@)= (@) =0 (@)=0,(1(po)=1  (22a)
G (9o) = &2 (1) = Cz/ (po) =0, (é (p1)=1 (22b)
x1(0) = x1 () = x1 () = 0, x1(0) = 1 (22¢)
x200) = x2 () =x2 () =0, X2 (¢) = 1 (22d)

The Lagrangian energy function (L) of the composite
laminated circular panels and shells of revolution can be
written as:

L=T-Us-Usp-Ug (23)

Substituting Egs. (7)-(10), (16), (19) and (20) into
Eq. (23). Then, the Lagrangian expression is minimized by
taking its derivatives with respect to these coefficients:

oL
v _O X= Amnsama bil!Bani m,diu'

aX 'Eronn,gin,hiz

(24)

Since the displacements and rotation components of
the moderately thick functionally graded parabolic and
circular panels and shells of revolution are chosen as M
and N to obtain the results with acceptable accuracy, a to-
talof 5x(M+1)x (N+ 1)+ 10 x (M + N + 2) equations are
obtained. They can be summed up in a matrix form:

(K - sz) H=0 (25)
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where K, M and H respectively represent the stiffness ma-
trix, mass matrix and vector of the unknown coefficients
for the shell. The detail expressions for above matrices are
given in Appendix B. By solving the Eq. (25), the frequen-
cies (or eigenvalues) of composite laminated circular pan-
els and shells of revolution can be readily obtained and
the mode shapes can be yielded by substituting the cor-
responding eigenvectors into series representations of dis-
placement and rotation components.

3 Results and discussions

In this section, the authors exhibit the vibration behaviors
of moderately thick composite laminated circular panels
and shells of revolution by means of the present method.
Firstly, the convergence, accuracy and reliability of the
present method are verified by the comparison with other
methods. Secondly, based on the verification, some new
results of moderately thick composite laminated circular
panels and shells of revolution are presented. Lastly, the
parameter study about the effects of the geometric and ma-
terial parameters on the vibration behaviors of the circu-
lar panels and shells is reported. In addition, unless oth-
erwise stated, the material properties used in following
analyses are: E; = 15E,, E; = 10 GPa, G235 = 0.5E3;
G12 = G13 = 0.6E3, p12 = 0.23, p = 1500 kg/m°.

3.1 Convergence study

From the theoretical formulations, we can know that the
computational accuracy relies on a limited number of
terms in the displacement expressions in actual calcula-
tion. Thus, it is very important to check its convergence.
In order to simplify this study, a symbolism is employed
to represent the boundary condition of a composite lam-
inated circular panels and shells of revolution, e.g. the
FCSE and CF respectively denote the panels with F (Free),
C (Clamped), S (simply-support) and E (Elastic restrain)
boundary conditions at ¢ = @9, 0 =0, ¢ = ¢; and 6 = ¢
and the shells with C (Clamped) and F (Free) at ¢ = ¢@o
and ¢ = ¢;. The convergence of the first eight frequency
parameters for composite laminated circular toroid and
Toro-circular panel with complete clamped boundary con-
ditions is presented in Table 2. The geometrical parameters
and layout for the composite laminated circular toroid and
Toro-circular panel used in the study are: Toro-circular
panel: R, = -1.5mand 1.5m, R = 3m, h = 0.2 m,
@o = 60°, @1 = 120°, ¢ = 120°, [0°/90°/0°]; Circular
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Table 2: Convergence of frequency parameters Q for clamped composite laminated Toro-circular panel and circular toroid with different

truncation terms M and N.

Shape R, MxN Mode number

1 2 3 4 5 6 7 8
Circular toroid -1.5 10x10 2.2596 2.2596 2.4146 2.4146 2.6191 2.6191 2.8426 2.8426
with [0°/90°] 11x11  2.2596 2.2596 2.4146 2.4146 2.6191 2.6191 2.8426 2.8426
12x12  2.2596 2.2596 2.4146 2.4146 2.6191 2.6191 2.8426 2.8426
13x13  2.2596 2.2596 2.4146 2.4146 2.6191 2.6191 2.8426 2.8426
14x14 2.2596 2.2596 2.4146 2.4146 2.6191 2.6191 2.8426 2.8426
1.5 10x10 2.1568 2.1568 2.1631 2.1631 2.2010 2.2010 2.2264 2.2264
11x11 2.1568 2.1568 2.1631 2.1631 2.1947 2.1947 2.2264 2.2264
12x12  2.1568 2.1570 2.1631 2.1631 2.1944 2.1944 2.2264 2.2264
13x13  2.1568 2.1568 2.1631 2.1631 2.1943 2.1943 2.2264 2.2264
14x14 2.1568 2.1568 2.1631 2.1631 2.1943 2.1943 2.2264 2.2264
Toro-circular panel -1.5 10x10 3.0041 3.5867 3.7325 4.0905 4.6909 5.0980 5.1652 5.4625
with [0°/90°/0°] 11x11 3.0041 3.5867 3.7324 4.0905 4.6909 5.0980 5.1652 5.4625
12x12  3.0041 3.5866 3.7324 4.0905 4.6909 5.0980 5.1652 5.4625
13x13  3.0041 3.5866 3.7324 4.0905 4.6909 5.0980 5.1652 5.4625
14x14 3.0040 3.5866 3.7324 4.0905 4.6909 5.0980 5.1652 5.4625
1.5 10x10 2.6711 2.8511 2.9112 2.9297 2.9315 2.9787 2.9958 3.0342
11x11 2.6711 2.8511 2.9112 2.9297 2.9315 2.9787 2.9958 3.0342
12x12  2.6711 2.8511 2.9112 2.9297 2.9315 2.9787 2.9958 3.0342
13x13  2.6711 2.8511 2.9112 2.9297 2.9315 2.9787 2.9958 3.0342
14x14 2.6711 2.8511 2.9112 2.9297 2.9315 2.9787 2.9958 3.0342

toroid: R, = -1.5mand15m, R = 3 m, h = 0.2 m,
@o = 60°, @ = 120°, ¢ = 360°, [0°/90°]. Five groups
of truncation terms are performed in the examination, i.e.
M = N =10, 11, 12, 13 and 14. It is evident that the present
method has an excellent convergence, and is sufficiently
accurate even when only a small number of terms are in-
cluded in the series expressions. Taking both the compu-
tational accuracy and efficiency into consideration, in fol-
lowing examples, the truncated number of the displace-
ment expressions will be uniformly selected as M x N =
12x12. Furthermore, in order to validate the accuracy and
reliability of current solution, more numerical examples
will be presented. In each case, the convergence study is
performed and for brevity purposes, only the converged re-
sults are presented here.

3.2 Validation and new results

As mentioned earlier, the complete shells can be obtained
by means of three groups of linear coupling springs and
two groups of rotational coupling springs to imitate the
kinematic compatibility and physical compatibility con-
ditions at the coupling boundary condition when the cir-

cumference angle of the panels is equal to 2. Thus, be-
fore the validation of the present method, the influence of
the stiffnesses of coupling spring on vibration behavior of
the panels should be investigated first. Table 3 shows the
first four frequency parameter Q = wR+/p/E, for com-
posite laminated Toro-circular panel with different cou-
pling springs. The all types of coupling springs, i.e. kyc =
kve = kwe = Kgc = Ky, uniformly vary from 10°D to 10®D,
where D = E1h?/12 (1 - p*). According to the Table 3, we
can see that the frequency parameter monotonously in-
creases with the increasing of the values of the stiffness of
coupling springs. Furthermore, the mechanical behavior
of the panels gradually approaches a complete shell, and
lastly remain unchanged while the stiffnesses of coupling
spring reach the infinity. So, the values of the stiffness of
coupling springs will be uniformly selected as kyc = kyc =
kwc = K(pc = Kec = 106D.

Next, the validation work for circular panels and
shells of revolution with classical boundary conditions
will be performed by using the present method. Table 4
shows the frequency parameters Q for a three-layered,
symmetrical cross-ply [0°/90°/0°] spherical dome with
different classical boundary conditions. The first ten cir-
cumferential wave number, i.e. n = 0 - 9, are consid-
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ered in the comparison. The geometric and material con-
stants of the spherical shell are: E; = 138 GPa, E, =
10.6 GPa, Glz =6 GPa; 613 = Gz3 = 3.9 GPa, Hi2 =
0.28,p = 1500 kg/m*>, R = 1m, h = 0.05m, R, =
0m, oo = 60° @1 = 90°. The results provided by
Ye et al. [1] and Qu et al. [4] based on a FSDT formu-
lation are selected as the benchmark solutions. Table 5
shows frequency parameters Q for a four-layer, unsym-
metrical cross-ply [0°/90°/0°/90°] spherical dome with
five groups of classical boundary conditions. The geo-
metric parameters of the spherical dome are: R = 1 m,
h = 01m,R, = Omand ¢y = 15° 30° and 45°,
@1 = 90°. The reference results are given by Ye et al. [1]
et al. based on the FSDT formulation. The comparison of
the frequency parameters Q for a four-layered, unsymmet-
rical cross-ply [45°/-45°/45° [-45°] spherical panels with
different classical boundary conditions obtained from the
present method and other theories and methods [3, 11] is
shown in Table 6. The panels parameters used in the com-
parison are as follows: E; = 150 GPa, E;, = 10 GPa,
Glz =6 GPa; Glz = Gl3 = Gz3 = O.SEz, Hi2 = 0.23,
p=1700kg/m*>,R =10m, h = 0.01m, R, = 0m, @y =
87.1° @1 = 92.9°, ¢ = 11.5°. Also, the validity of the
present method for three-layered, symmetrical composite
laminated spherical panels with different classical bound-
ary conditions is shown in Table 7. The geometric and ma-
terial constants of the spherical panels are: E; = 60.7 GPa,
E2 = 24.8 GPa, G12 = G13 = 623 =12 GPa, Hi2 = 023,
p =1700kg/m>, R =2m, h = 0.05m, R, = 0m, @ =
75.5°, @1 = 104.5°, ¢ = 28.6°. Four sets of lamination
schemes, i.e., [0°/0°/0°], [15°/-15°/15°], [30°/-30°/30°]
and [45°/-45° /45°], are performed in the comparison. For
comparison, the reference results given by Ye et al. [2, 3]
based on CST and FSDT are also listed in the table. Lastly,
Table 8 shows the comparison work of the first ten frequen-
cies (Hz) for an isotropic Toro-circular panel with the CFCF
boundary and circular toroid with the SS boundary con-
dition. The geometric and material constants of the Toro-
parabolic panel and Circular toroid are: Toro-parabolic
panel: Toro-circular panel: R, = -1.5m,R = 3 m, h =
0.2 m, @y = 60°, ¢; = 120°, ¢ = 120°, E = 168 GPa,
u = 0.3, p = 5700 kg/m>; Circular toroid: R, = —1.5 m,
R=3m,h=02m, @, = 60° ¢; = 120°, ¢ = 360°,
E =168 GPa, u = 0.3, p = 5700 kg/m>. The reference re-
sults given by Tornabene et al. [53] using the GDQ method
on the basis of FSDT are used to verify the accuracy of the
proposed method. From the Tables 4-8, we can see a con-
sistent agreement of present results and referential data.
Through the above analyses, the good accuracy and
convergence of the present method can be validated,
which enhances the confidence that it can be used to pred-
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icate the vibration behaviors of composite laminated cir-
cular panels and shells of revolution with elastic bound-
ary conditions. Tables 9-10 show the lowest five frequency
parameters Q for composite laminated circular toroid with
various boundary conditions including classical and elas-
tic boundary conditions. New vibration results of the com-
posite laminated Toro-circular panels are given in Ta-
bles 11-12. The geometric constants of the circular toroid
and the Toro-circular panel are the same as Table 8. Three
sets of lamination schemes, i.e., [0°/90°], [0°/90°/0°] and
[0°/90°/0°/90°], are performed in the above analysis.
Those results can be served as benchmark results for the
future computational methods in this filed. From the Ta-
bles, we can see that the vibration characteristics of the
composite laminated circular panels and shells of revolu-
tion strongly depend on the boundary condition and ma-
terial parameters. As mentioned before, the mode shapes
of the composite laminated circular panels and shells of
revolution can be obtained by substituting the correspond-
ing eigenvectors into series representations of displace-
ment and rotation components. So, for illustrative pur-
poses, some selected mode shapes of the aforementioned
structures are depicted in Figs. 3—4. From these figures, the
vibration behaviors of the panels and shells subjected to
different boundary conditions can be seen vividly, which
can enhance our understanding of the vibration charac-
teristics of composite laminated circular panels and shells
of revolution.

3.3 Some parameters study

As is well known, the fiber orientation angle, boundary
restrain parameters, layer number, circumferential angle
and stiffness ratio have a significant impact on the vibra-
tion behavior of the structures. Fig. 5 shows the varia-
tion of the frequency parameters Q for a moderately thick
composite laminated circular toroid with different bound-
ary restrain parameters I';. The variation for a moder-
ately thick composite laminated Toro-circular panel with
different boundary restrain parameters I'y are shown in
Fig. 6. The geometrical parameters of the circular toroid
and Toro-circular panel are the same as the Tables 9-12.
From the Figs. 5-6, we can know that the frequency pa-
rameters Q increases with the increasing of the boundary
restrain parameters irrespective of the types of boundary
springs. In addition, it is obvious that the vibration behav-
ior of above structures almost doesn’t change while the I',
is less than 1072D, then the change of vibration behavior
is very intensity when the I'y is under the certain range of
[1072D, 10°D], and lastly remains unchanged when the I';
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Table 3: Effect of stiffnesses of coupling spring on frequency parameters Q for Toro-circular panel.
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kuc = kyc = kwe = Rp=-1.5 Ry=1.5
Koc = Ko 1 2 3 4 1 2 3 4
10°D 2.0577 2.0764 2.2084 2.2660 1.8485 2.0458 2.1588 2.1601
10'D 2.2016 2.2274 2.3646 2.3942 1.9066 2.1305 2.1588 2.1604
102D 2.2438 2.2460 2.4062 2.4065 2.0886 2.1525 2.1590 2.1614
10°D 2.2574 2.2575 2.4132 2.4134 2.1542 2.1563 2.1610 2.1627
10“D 2.2594 2.2594 2.4144 2.4145 2.1566 2.1567 2.1628 2.1630
10°D 2.2596 2.2596 2.4146 2.4146 2.1568 2.1568 2.1631 2.1631
10°D 2.2596 2.2596 2.4146 2.4146 2.1568 2.1568 2.1631 2.1631
10°D 2.2596 2.2596 2.4146 2.4146 2.1568 2.1568 2.1631 2.1631
108D 2.2596 2.2596 2.4146 2.4146 2.1568 2.1568 2.1631 2.1631

Table 4: Comparison of the frequency parameters Q for a three-layered, cross-ply [0°/90°/0°] spherical dome with different restraints.

n Ref [4] Ref [1] Present
SDSD SS cc SDSD SS ccC SDSD SS cc

0 0.50303 3.89549 4.33683 0.50295 3.89403  4.33555 0.50303 3.89584 4.33714
1 0.91228 3.58229  3.9707 0.91165 3.58099 3.96964 0.91237 3.58262 3.97097
2 1.60951 3.37675 3.82405 1.60828 3.3754  3.82291 1.60973 3.37710 3.82435
3 2.12446 3.29465 3.77315 2.12345 3.29326 3.77197 2.12798 3.29501 3.77345
4 2.12385 3.27189 3.76161 2.12275 3.2705 3.76042 2.13065 3.27226 3.76192
5 2.16404 3.28458 3.77361 2.16293 3.28319 3.77242 2.16436 3.28494 3.77392
6 2.25058 3.32575 3.80616 2.24946  3.3244  3.80499 2.25428 3.32609 3.80648
7 2.37899 3.39491 3.86069 2.37788 3.39359 3.85954 2.37985 3.39520 3.86108
8 2.54685 3.49381 3.94014 2.54574  3.49255 3.93902 2.55656  3.49429 3.94107
9 2.75233 3.62469  4.0477 2.75123 3.62349 4.04663 2.76281 3.62578 4.05149

Table 5: Comparison of the frequency parameters Q for a four-layered, cross-ply [0°/90°/0°/90°] spherical dome with different restraints.

®o

Mode

Ref [1]

present

FF

SDSD

SS

SC

cc

FF SDSD

SS

SC

cc

15°

30°

45°

Ui A WNPFP,P UV WNEREREUDSWNPR

0.24139
0.61925
1.09809
1.15710
1.47910
0.23228
0.61199
0.61430
1.09612
1.43748
0.21980
0.37627
0.59911
0.98701 1.8397
1.08266

0.63549 1.93103
0.93741 2.00323
1.35136 2.19406
1.49074 2.37353
1.68819 2.37813
0.75173 2.25763
1.04009 2.31336
1.42146 2.42157
1.65300 2.64933
1.71311 2.78325
0.76685 2.53619
1.07386 2.58002
1.67145 2.65484

2.76414

1.93303 3.08872

2.02086
2.18373
2.39252
2.41032
2.43522
2.34867
2.45545
2.59831
2.86301
2.96718
2.79107
2.83598
2.85380
3.03830
3.35597

2.02830
2.18409
2.39428
2.54640
2.57792
2.43409
2.56885
2.69277
2.92038
3.15755
3.03174
3.07735
3.14996
3.30904
3.58253

0.24148 0.63554 1.93189
0.61938 0.94280 2.00316
1.09811 1.35312 2.19381
1.15682 1.49198 2.37379
1.47887 1.68978 2.37806
0.23270 0.75181 2.25857
0.61276 1.04344 2.31434
0.61483 1.42475 2.42231
1.09692 1.65714 2.64971
1.43641 1.71347 2.78231
0.21984 0.76683 2.53671
0.37622 1.07569 2.58056
0.59917 1.67625 2.65506
0.98680 1.84808 2.76455
1.08276 1.93385 3.08960

2.02196
2.18423
2.39283
2.41006
2.43500
2.34971
2.45657
2.59937
2.86392
2.96640
2.79181
2.83653
2.85453
3.03894
3.35716

2.02933
2.18454
2.39452
2.54624
2.57782
2.43524
2.56994
2.69368
2.92109
3.15709
3.03273
3.07849
3.15112
3.31016
3.58413
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¢ 6

Mode shapes 1-2 Mode shapes 3-4 Mode shapes 5-6 Mode shapes 7-8
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Figure 3: Mode shapes of the circular toroid with different boundary conditions.
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Toro-circular panel with CCCC boundary condition

Mode shape 1 Mode shape 2 Mode shape 3 Mode shape 4

Toro-circular panel with CFCF boundary condition

Mode shape 1 Mode shape 2 Mode shape 3 Mode shape 4
Toro-circular panel with E>’E’E°E> boundary condition

‘ ) ‘/!
-

@

\'M

Mode shape 1 Mode shape 2 Mode shape 3 Mode shape 4

Figure 4: Mode shapes of the Toro-circular panel with different boundary conditions.
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Table 6: Comparison of the frequency parameters Q for a four-layered, cross-ply [45°/-45° /45° [-45°] spherical panels with different re-
straints.

Method Mode Boundary condition
FFFF FSFS FFFC FCFC FCCC SSSS SCSC CCCC
Ref [3] 1 2.3732 7.6886 0.5360 10.119 12.550 31.799 32.310 35.898
2 5.8131 10.895 3.0887 11.429 15.220 34.178 34.599 36.700
3 8.2261 13.397 3.1118 13.425 22.351 34.947 35.113 40.645
4 12.141 16.703 9.0389 17.729 26.440 37.594 38.487 42.597
5 14.152 17.83 9.4796 20.388 32.857 42.428 44.898 48.469
6 19.369 22.328 16.037 24.034 35.394 43.625 45.858 52.539
Ref[11] 1 2.3712 7.6402 0.5347 10.033 12.529 31.727 32.229 35.827
2 5.7853 10.856 3.0688 11.402 15.125 34.127 34.542 36.612
3 8.1646 13.378 3.0946 13.403 22.147 34.884 35.043 40.488
4 12.072 16.629 8.9686 17.61 26.335 37.521 38.394 42.361
5 14.063 17.751 9.4149 20.221 32.519 42.303 44,741 48.183
6 19.224 22.161 15.910 23.911 35.215 43.500 45.668 52.218
Present 1 2.3711 7.6729 0.5514 9.9574 12.526 31.728 32.230 35.828
2 5.7857 10.971 3.0626 11.423 15.108 34.127 34.542 36.612
3 8.1633 13.249 3.2994 13.390 22.153 34.884 35.043 40.489
4 12.073 16.212 8.9849 17.941 26.330 37.521 38.395 42.362
5 14.062 17.894 9.3614 20.188 32.535 42.302 44,745 48.183
6 19.220 22.491 15.898 23.978 35.181 43.500 45.664 52.222
25 T T T T
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Figure 5: Frequencies of an moderately thick composite laminated circular toroid with I'y elastic boundary conditions:(a) [0°/90°/0°/90°]
and R, = -1.5; (b) [0°/90°/0°] and Ry, = 1.5.
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Figure 6: Frequencies of an CFCF moderately thick composite laminated Toro-circular panel with I'y elastic boundary conditions:(a)
[0°/90°/0°/90°] and R,=-1.5; (b) [0°/90°/0°] and R}, = 1.5.
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Figure 7: Frequencies of an moderately thick composite laminated Toro-circular panel with I'c elastic coupling conditions:(a)
[0°/90°/0°/90°] and R}, = 1.5; (b) [0°/90°/0°] and R}, = —1.5.
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Table 8: Comparison of the first ten frequencies (Hz) for an isotropic Toro-circular panel with CFCF boundary condition and circular toroid

with SS boundary condition.

Mode Circular toroid Toro-circular panel
Ref [52] Present Error(%) Ref [52] present Error(%)
1 342.58 342.21 0.11 251.74 252.18 0.18
2 342.58 342.21 0.11 255.73 256.18 0.17
3 374.73 374.82 0.02 338.95 339.14 0.06
4 374.73 374.82 0.03 347.75 348.02 0.08
5 377.88 377.30 0.15 363.74 363.05 0.19
6 377.88 377.30 0.15 409.79 410.46 0.16
7 438.80 439.97 0.27 472.68 471.76 0.20
8 481.90 481.12 0.16 562.05 561.37 0.12
9 481.91 481.12 0.16 627.51 627.88 0.06
10 485.20 484.79 0.08 628.42 628.79 0.06
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Figure 8: Frequencies of a [0°/90°/0°] Toro-circular panel with different circumference angles: (a) CCCC; (b) EXEYEYEY; (c) E2EZE2E2.

approaches infinity. Fig. 7 shows the influence of the cou-
pling restrain parameters I'; on the vibration behavior of
Toro-circular panels. From the figure, it can be seen that
for different types of coupling springs, this extent of the
frequency parameter Q is different. Next, the effect of the
circumference angle on the vibration behavior of compos-
ite laminated Toro-circular panels will be revealed, and
the variation of the first six frequency parameters Q of
the composite laminated Toro-circular panel with differ-
ent boundary conditions and circumference angles is pre-
sented in Fig. 8. It is evident that the frequency param-
eters Q monotonously decrease while the circumference
angle increases. Next, the focus turns to the material it-
self attributes. Fig. 9 and Fig. 10 respectively indicate the
variations of the lowest five frequency parameters Q ver-

sus the stiffness ratio E;/ E, increasing from 1 to 100. From
the figures, we can know that the frequency parameters Q
monotonously increase as the stiffness ratio increases re-
gardless of the structure shapes and boundary conditions.
It should be noted that the scope of influence of frequency
parameters decreases in the same interval region of the
stiffness ratio with the stiffness ratio E;/E, increasing.
Fig. 11 and Fig. 12 show the influence of the number of lay-
ers on the frequency parameters Q of the (0°/90°), com-
posite laminated circular toroid and Toro-circular panel
with different boundary conditions. As clearly observed
from Figs. 11-12, the frequency parameters of the struc-
tures increase rapidly and may reach their crest around
n = 6 (12 layer), and beyond this range, the frequency
parameters remain unchanged. In such a case, the struc-
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Figure 9: Frequencies of a [0°/90°] circular toroid (R}, = —1.5) with different stiffness ratios E1/E>: (a) CC; (b) SS; (c) E'E'; (d) E3E3.

tures can be treated as an orthotropic structure. As the last
case of this sub-section, the influence of the fiber orien-
tations a on the lowest six mode frequency parameters of
the composite laminated circular toroid and Toro-circular
panel is investigated. In Figs. 13 and 14, the variations of
the lowest six frequency parameters Q of the composite
laminated circular toroid and Toro-circular panel with the
CF and CFCF boundary condition against the fiber orien-
tations a are depicted, respectively. Four laminated sched-
ules, i.e. [0°/a®], [a®/0°], [0°/a°/0°] and [a°/0°/a®], are
used in the examination. The geometrical parameters of
the circular toroid and Toro-circular panel are the same
as the Tables 9-12. From the figures, we can see that the
fiber orientation a is a crucial factor to determine the vibra-
tion behavior of the composite laminated circular toroid

and Toro-circular. Besides, many interested characteris-
tics can be observed from the figures. Firstly, all the figures
are symmetrical about a = 90°; Secondly, there exists ob-
vious differences between the frequency traces of the shell
with [0°/a°] lamination and those of [a®/0°].

Through the above studies, we can know that the
present method can be universally applied to composite
laminated circular panels and shells of revolution with
general boundary conditions including classical cases,
elastic restraints and their combinations. Compared with
the existing methods, the present method doesn’t need
any change to the solution procedure when the boundary
conditions change. Besides, the boundary condition, geo-
metric and the material parameters have a significant im-
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Figure 10: Frequencies of a [0°/90°/0°] Toro-circular panel (R, =
E'E'E'EL; (d) E3EE3E3.

pact on the vibration characteristics of the composite lam-
inated circular panels and shells of revolution.

4 Conclusions

A unified method is presented for predicting the linear vi-
bration of the composite laminated circular panels and
shells of revolution with arbitrary boundary conditions.
The approach employs the first-order shear deformation
plate theory which includes the effects of rotary inertias
and shear deformation. The admissible function of the
composite laminated circular panels and shells of revolu-
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0 20 40 60 80 100

(d

1 " 1 " 1 n 1

0 20 40 60 80 100

EJE,

1.5) with different stiffness ratios E1/E>: (a) CCCC; (b) SSSS; (c)

tion is obtained by the improved Fourier series which con-
sists of a superposition of the standard cosine Fourier se-
ries and several auxiliary functions introduced to remove
any potential discontinuous of the original displacement
and its derivatives at the boundaries. The arbitrary bound-
ary condition can be achieved by the boundary spring
technique in which three types of liner and two types of
rotation springs along the edges of the circular panels and
shells of revolution are adopted. In addition, the complete
shells of revolution can be achieved by using the cou-
pling spring technique to imitate the kinematic compati-
bility and physical compatibility conditions of composite
laminated circular panels at the common meridian with
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6 = 0 and 271. The convergence, accuracy and reliability
of the present solutions are validated by numerical exam-
ples and the comparison between the present results and
those available in the literature. In addition, the influence
of boundary and coupling restraint parameters, circumfer-
ence angles, stiffness ratios, numbers of layer and fiber ori-
entations on the vibration behavior of the composite lam-
inated circular panels and shells of revolution is also pre-
sented. Numerous new free vibration results for the com-
posite laminated circular panels and shells of revolution
with different lamination schemes and elastic restraints
are presented. The following conclusions can be drawn:

(1) For the composite laminated circular panels and
shells of revolution with classical boundary con-
ditions, the natural frequencies obtained by using

the present method are in quite good agreement
with the published results. The results show that the
present method enables rapid convergence, high re-
liability and accuracy.

(2) The vibration characteristics of the composite circu-
lar panels and shells of revolution show very large
change with the boundary and coupling restraint
parameters increasing in the certain range.

(3) The frequency parameters Q monotonously de-
crease with the increasing of the circumference
angle. In addition, the frequency parameter Q
monotonously increases as the stiffness ratio in-
creases regardless of the structure shapes and
boundary conditions. It should be noted that the
scope of influence of frequency parameters de-
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ratio with the stiffness ratio E; /E, increasing

(4) The ply orientations parameters, number of layers

and material parameters of the composite laminated
circular panels and shells of revolution play a very
important role in the mechanic characteristics. For
ply orientations parameters: Firstly, all the figures
are symmetrical about a=90°; Secondly, there exists
obvious differences between the frequency traces
of the shell with [0°/a°] lamination and those of
[a°/0°]. As to the number of layers, the frequency
parameters of the structures increase rapidly and
may reach their crest around n = 6 (12 layer), and
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beyond this range, the frequency parameters remain
unchanged.

In contrast to most existing techniques, the present
method can be universally applied to a variety
of boundary conditions including all the classi-
cal cases, elastic restraints and their combinations
without the need of making any change to the solu-
tion procedure. Numerous new free vibration results
for composite laminated circular panels and shells
of revolution with different lamination schemes and
elastic restraints are presented.
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Appendix A. Detailed expressions of the lamina stiffness coefficients

611(1 = Q% cos*ak+2 (Q’l‘z + ZQ’gé) sin? a* cos? 6% + Q%, sin* a* (A)

Q5 = (Q’l‘l +Qk, - 4026) sin? a* cos? 6% + Q%, (sin4 a* + cos” ak) (A.2)

6’1(2 = (Q’l‘l +Qk, - 4Q’6‘6) sin’ aX cos? a* + Q%, (sin4 a* + cos” (xk) (A.3)

Qe - (Qf - s -2k cos” o sina* + (@, - @4, + 20k ) sin” o cos ot (A4)
612(6 = (Q’{l - Q- 2026) sin® a* cos a* + (Q’{z -k, + 2056) cos® a¥ sin a* (A.5)
6@6 = (Q’{1 +Qk, - 20’6‘6) sin? a* cos? a* + Qk, (sin4 a* + cos* ak> (A.6)

624 = QF, cos? a* + Qk; sin? a* (A7)

6’;5 = Q% cos? a* + Q% sin? a* (A.8)

6125 = (Q’5‘5 - Q'Zz,) cos a¥ sin a® (A.9)

where aX is the fiber orientation angle between the principal direction of the k'th orthotropic lamina layer and the ¢-
direction. The Q;; are the plane-stress reduced elastic constants in the material axes of the th orthotropic lamina:

Q= Eillc Q5 = Eilz( Q% = Q% = b0 (A.10)
1-pk,ub, 1-pk,ub,

E}

E}

Q53 = GX,, Q4 = G55, Q%5 = Gis, ]'112(1 = ]'4)1(2 (A11)

in which E1, E», p12, H12, G12, G23 and G153 are the material properties of the th orthotropic lamina.

Appendix B. Detailed expressions of the matrices M, K and H

K Ko Kuw Kup Ky
ng Ky Ky Kwp KVG

K= |KI, KI, Kuw Kuwp Ky, (B.1)
Ki, Kl, K, Koo Kpe
Kl, Kl KL, K, Koo
My, O 0 M, 0
o M, O 0 My

M=| 0 0 My, © o |, (B.2)
M, O
o M, o 0 My

=
=

<

S
=
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