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Determination of fracture parameters for interface
cracks in transverse isotropic
magnetoelectroelastic composites

Abstract: To determine fracture parameters of interfacial
cracks in transverse isotropic magnetoelectroelastic com-
posites, a displacement extrapolation formula was de-
rived. The matrix-form formula can be applicable for both
material components with arbitrary poling directions. The
corresponding explicit expression of this formula was ob-
tained for each poling direction normal to the crack plane.
This displacement extrapolation formula is only related
to the boundary quantities of the extended crack open-
ing displacements across crack faces, which is convenient
for numerical applications, especially for BEM. Meantime,
an alternative extrapolation formula based on the path-
independent J-integral and displacement ratios was pre-
sented which may be more adaptable for any domain-
based numerical techniques like FEM. A numerical exam-
ple was presented to show the correctness of these formu-
lae.
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1 Introduction

Magnetoelectroelastic (MEE) composites usually consist of
piezoelectric and piezomagnetic phases. A unique magne-
toelectric coupling effect will behave but absent in each
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constitute [1], which even a hundred times larger than that
in a single phase [2]. The special ability of energy con-
version among mechanical, electric and magnetic fields
leads MEE materials to increasingly extensive applications
in multifunctional devices, such as electromagnetic trans-
ducers, sensors and actuators in recent years. Many ef-
forts are focused on modeling the coupling effects [3, 4] or
free vibrations of MEE plates [5-7]. But unfortunately, MEE
composites are inherently brittle and inclined to cracking.
This will definitely influence the behavior of the compos-
ites and the life time of these devices. So it is of very impor-
tance to study the fracture mechanics of MEE materials.

The solutions to various crack problems in MEE com-
posites have been proposed. For example, Wang and
Mai [8] derived the expression of the crack-tip asymptotic
fields. Most existing works are dealt with cracks in a ho-
mogeneous media, e.g. [9, 10] for anti-plane problems,
[11-14] for in-plane crack problems and [15, 16] for penny-
shape crack problems, respectively. As known to us, the
laminated composite structures are often used to enhance
the coupling effects in multilayer actuators. The interface
debonding plays a principal role on the failure of the lay-
ered MEE structures. However, the interfacial cracks be-
tween different MEE phases are rarely considered. Most
works are related to anti-plane deformations [17-20]. The
transient response of an interfacial crack between dissim-
ilar MEE layers under in-plane magnetoelectromechanical
impacts was analyzed by [21].

For the limitation of these analytical methods for
simple crack problems, numerical methods are irreplace-
able to deal with more general cases. Although a vari-
ety of numerical methods has been developed for deal-
ing with static or dynamic fracture problems in MEE com-
posites [22-26], to authors’ knowledge, few published lit-
eratures about numerical treatments with MEE interfa-
cial crack problems can be referred. This is due to the
lack of a simple and easy extrapolating formula for de-
termination of the fracture parameters for these interfa-
cial cracks. To this end, a displacement extrapolating for-
mula for numerical applications will be derived in this pa-
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per. The relations between the extended crack opening
displacements (ECODs) and the field intensity factors of
an interfacial crack are obtained by means of the crack-
tip asymptotic fields [27]. To avoid solving the emerging
complex eigen equations, a matrix-form extrapolating for-
mula for transversely isotropic MEE bi-materials with ar-
bitrary poling directions is derived by using the expres-
sions in [28, 29]. The corresponding explicit extrapolating
formula for both poling directions perpendicular to crack
plane is also presented. Further, on the basis of a path-
independent J-integral and the crack-face displacement
ratios, an alternative extrapolation formula is deduced
which may be more adaptable for any domain-based nu-
merical techniques like FEM or XFEM [30-32]. Finally, a
numerical example is presented to verify these formulae.

2 Basic equations for
magnetoelectroelastic materials

Consider in-plane deformations of a homogeneous and
fully anisotropic magneto-electro- elastic material which
possess linear coupling between stress, electric field and
magnetic field. Thus, the constitutive relations are:

0jj = Cijui€ra — eiEr — hy;Hy
D; = eje + kuEy + ByH; )]
B; = hyjeiq + BaEy + vuH,

where 0;; and ¢;; are the components of mechanical stress
and strain; D; and E; the components of electric displace-
ment and field; B; and H; magnetic induction and field, re-
spectively; c;u, ki and -, are the elastic stiffness tensor,
the dielectric permitivity tensor and the magnetic perme-
ability tensor; ey;;, hy; and B are the piezoelectric, piezo-
magnetic and magnetoelectric coupling coefficients. The
following reciprocal symmetries hold

Cijki=Cjik1=Cijik = Cikji> €kij = €kji )
hkij = hkjiy Kij = Kji, )BI] ﬁ]u Yij = Vi

The strain &j, electric field E; and magnetic field H; can be
related to displacements u;, electric potential ¢ and mag-
netic potential ¢ via the following divergence and gradient
equations

¢, Hi=-¢;. 3)

In the absence of body forces, electric charge and current
densities, the equilibrium equations can be written as

1
&= 5 Wij+u), Ei=

045 =0, Dj;j=0, By;=0. %)
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For convenience, the following generalized displacement
vector uy, stress tensor oy, strain tensor €;;, and the gener-
alized elasticity tensor c;jx; are introduced

T
u = [u, ¢, 9] , oy = [0y, Di,Bi], &y= ey, —Ei,-Hi|,
(5)
Ciyki = Cijias J, K=1,2
Cykt =\ Cij3t = €1ij»> Ciskl = €ikts Cijal = Nyijs Ciara = Ning
Ci331 = —Kits Ciza1 = —Pits Ciazt = —Pits Cisar = Vit
(6)

where the lowercase and uppercase subscripts take values
1, 2 and 1-4, respectively.

3 Crack-tip fields for an interfacial
crack

Considering an asymptotic problem of an interfacial crack
of a length 2a lies on the interface x, =0 between two half
spaces, see Fig. 1, material I above, and II below. The sin-
gular crack-tip fields of this model under remote loadings
t) = [053, DY, B3] can be solved by an equivalent cracked
system with —t9 acting on the crack surface. Then the con-
tinuity and boundary conditions along x, =0 can be writ-
ten as

th () =t (x1), x| < oo, (7)

th (x1) =) (x1) = 13, |x1| < a, (8)

up () = uf (1), x1l 2 a, ©)

with the superscript I and II denote the upper and lower
medium, respectively.

The solution to this interfacial crack problem has been
derived by Huang et al. [27]. Accordingly, the crack-tip
asymptotic fields related to the generalized field intensity
factors K are directly presented here

6(r)—(H+H1/ Z

in which the extended crack opening displacements
(ECODs) 6 =[Auy,Aus, Ad, Aq)]T include the crack open-
ing displacements, electric and magnetic potential jumps.
The components of K = [K1, K>, K3, K4]T one to one corre-
spond to the mode-II intensity factor Ky, mode-I Kj, elec-
tric displacement intensity factor Kp and magnetic induc-
tion intensity factor Kg. H is a bi-material matrix defined
as

I([TMIW]

(1 + 2iAj) cosh Ay’ (10)

H-= YI + ?Ily (11)
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Figure 1: A central interfacial crack in a MEE bi-material.

with Y = iAB™! being the well-known Irwin matrix which
can be referred to Lei et al. [29]; wy is the eigenvector of the
following eigenvalue problem

I:IW] = eZ"AHw], (12)
and the parameter A; satisfies
det [fi- ¢’ H| - 0. (13)

Since H is Hermintian, if A satisfies equation 13, so do -4,
Aand -A.

It should be noted that the equation 11 or 14 can be di-
rectly adopted as displacement extrapolation formulae for
numerical methods to determinate the field intensity fac-
tors of an interfacial crack in any fully anisotropic MEE ma-
terials. But the complex characteristic equations 13 should
be carefully treated. The relation 10 can be further rewrit-
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ten in the following form [28]

by rVcoshA; \ 1, & 1ot
6= \/ﬁHA< T+21, AT (I+H 'H) 'K, (14)

with A = [wy, w,, w3, w,] and the symbol () denotes a di-
agonal matrix.

4 The displacement extrapolation
formula

4.1 The matrix-form displacement
extrapolation formulae

Without loss of generality, only transverse isotropic MEE
materials are considered here because most of them pos-
sess transverse isotropic. For a transverse isotropic MEE
material, the explicit expression of the Irwin matrix Y has
been deduced using an extended Lekhinitskii formalism
by Lei et al. [29]. Then letting H = V + iF and E = V™'F, the
bi-material matrix H = V + iF takes the following form [29]

V11 0 0 0
V= Voo V23 V24 , (15)
0 vz vz vz
| O vy vis vas |
[0 fi2 fis fu |
F- —fi2 0 0 O
-fiz 0 0 o0 |’
| fix 0 0 O |

for the poling axis perpendicular to the crack plane. Be-
cause of the sparse and antisymmeric structure, the rank
of the matrix F is just two. So the following equation will
be always valid

c = det[E] = det[V"'] - det[F] = O (det[F] = 0).  (16)

Further consider a more general case that the two poling
axes of material I and II are rotated at any different angles
to the Cartesian coordinate axes. The following work is to
prove the validation of det[E] = 0 under any in-plane co-
ordinate rotations.

Assume the two in-plane coordinate rotations are
about x5-axis with angle 6; and 6;; which denote the rota-
tion angle from x to the new coordinate axis x", as shown
in Fig. 1. The corresponding transformation matrices take
the form

cosf; sinf; O O

R, = —-sinf; cosf; O O =L IL (17)
0 0 1 0
0 0 0 1
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Given the Irwin matrix Y; = V; + iF; and Y = V, + iF,.
Obviously, the structures of V; and F; are the same as the
expression 15. After the coordinate rotation %; and %y, the
rotated H = V + iF can be expressed as

{ ‘7 = ‘71 + ‘72 = §R1V1§R{ + %HV2§RITI (18)

F=F;-F, = RF1R] - RyFoR)

here F is still a sparse and antisymmeric structure and
takes the form

9 fir }113 fj“
F-= _£12 AO ~f13 ~faa , (19)
~f13 fi3 0 0

_f 14 f14 0 0

with det[F] = 0. Then the determination of the rotated E

— -1 —
still equal to zero, i.e., det[E] = det[V ]-det[F]=0
By means of H = V + iF and E = V'F, the eigen equa-
tion 12 can be written as

(E+ifDw =0, 20)

with

1-B

1+p°
Observed from the relation between ff and A, § accom-

panied with -8, B and -8 will all satisfy the equation 20,

its characteristic equation can have a simple form

B = —tanh(nA)orA = —1 (21)

det[E +iBI] = B* + 2bB*> +c =0 (22)

in which b = }tr[E?], ¢ =
trace of a matrix.

Due to det[E] = 0 as mentioned above, the roots of
Eq. 22 can be expressed as

ﬁl,Z =*V —Zb,

det [E] and tr[ ] stands for the

B3,4=0 (23)

Then the oscillatory singularity of the crack-tip field can be
imaginary or real, which just depends on the sign of b =
tr[E?]/4. The four eigenpairs ((A;, w;) have the following
structures

(S,Wl) ( &, V_Vl) (0 W3) (O W4),
ln £ forb< 0
. 1 . (29)
(-ix, wl) (lK wz) (0,ws), (0,wy),
K=5-1n Lﬁ forb> 0
Based on these solutions, the relations 14 can be written

as

5= %HA (61,6, 1, VAT A+H'H) 'K,  (25)

DE GRUYTER OPEN

in which
ie cosh e
‘f = " Ti2ie b<0 (26)
1 presSTK B g
1+2x ?
—i€ cosh me
& = U 7 =&, b<O
—K COS 7K
U T b>0

Introduce the following expression 28

Aup) A7 = Gypy + Gapz + Gz + Gupy, @7
the relation 25 can be further rewritten as
5= % [G1&1 +Go&y + Gs + Gy (1+ H'H) 'K, (28)

First consider the case of tr[E?] < 0, the oscillatory sin-
gularity ¢ is imaginary with f = —v/-2b in this case. The
associated eigenvectors will satisfy

EW3 =0, EWL, =0.
(29)

Considering the properties of A given in Eq. 27, the follow-

ing matrix equation system of G; can be obtained after al-

gebraic operations

EW1 = —iﬁWl, EV_Vl = iﬁ‘l_\ll,

G1+G2+G3+G4=I
—lﬁGlA + lﬁGzA =EA
~B2G1A - B2G,A = E2A

(30)

By using the elimination method, G; can be achieved
G = —ﬁ(]ﬂ2 - iBE)
G2 = 5 (E* +iE) = G,
G; + Gy = /%(Ez + B2I)

(1)

Then the relations 28 can be given as

1 -1
K= \/> {[1 Re(fl)]ﬁz Im(fl)ETz +T1} 5,

(32)
with
T, = 2HI + H'H)!
T, = 2HE(I + H'H)!
T; = 2HE*(1+ H'H)!

(33)

In the same way, the case of tr[E?] > O is analyzed for the
real oscillatory singularity x and = —v/2b. In this condi-
tion, the associated eigenvectors satisfy

EW1 = ﬁWl, EW2 = —ﬁWz, EW3 = O, EW4 = 0,
(34)

and the expressions of G; can be easily obtained as
G1 = 2[32 (Ez + ﬁE)

GZ 2[32 ( _BE)
G3 +G4 = /_T% (Ez —BZI)

(35)
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Then the relations between K and ECODs can be expressed
as

K- \/Z{ [%({1 ‘5 - 1} l%n (& - gg%n . Tl}lé.
(36)

It should be noted that the matrix-form extrapolating for-
mulae 32 and 36 are valid for the interfacial crack in trans-
versely isotropic MEE composites with arbitrary poling di-
rections.

4.2 Explicit expressions of T;

In this section, a typical case for both poling axes of the
components perpendicular to the crack plane is treated.
With the aid of Mathematica software using the matrix in
Eqg. 15, the explicit expression of matrices T; can be ob-
tained

d0+V11 0 0 0
0 di d, ds

T = bl
! 0 & dy ds G7)
0 d; ds dg
0 fi2 fi3 fua
do+vii | -fz 0 0 O
T=—+ , 38
g V11 -fis 0 0 O (38)
—fis, 0 0 O
—V11d0 0 0 0
T; =_d0+V11 0 f122 fi2f13 frafia
vl 0 fufis fis fisfu |’
0 fiafis fisfis i
(39)
in which

2 2 2
A = V34V33+V33Vas+V22V34—2V23V24V34—V22V33Vas, (40)

do = % [flzz (V33V44 - V§4) +f123 (V22V44 - V%l;) +
+f74 (Vaavas = V33) + 2f12f13 (VauV3a — Va3Vas) + s
+2f12f14 (V23V34 — V24V33) + 2f13f14 (V23V24 — V22V34)]
(41)

dq =V22—f122/V11, d> = va3 - fiaf13/via
ds = vas — f12f1a/vi1, da =vs3 —f123/V11
ds = V34 - f13f14/v11, de = Vas - fi4/via

(42)

Using the T; expressions 37, 38, 39, the extrapolation for-
mulae 32 and 36 can be expressed in explicit forms.
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5 An alternative extrapolation
formulae based on ] integral

It is more popular to calculate the crack-tip energy release
rate (ERR) G by the path-independent J integral in finite el-
ement analyses. For a cracked MEE material, the ] integral
was defined as [15]

Ji=6G-= / (Wny - oyniuy,)dr, (43)
r

where I' is an arbitrary enclosing contour around the crack
tip and n; is the outward normal vector, and W = oy;€5/2
is the electromagnetic enthalpy density.

The following work is how to extract the field intensity
factors from ERR based on their relation [10]

G= %KTTlK. (44)

Observed the structures of the coefficient matrices T;, the
extrapolation formulae 32, 36 can be written in the follow-
ing form

-1
mip Mz M3 Myy
n -Mmi2; My mMmMp m Y/ —
K=,/ R T VLS | o)
2r | -mi3 my3 msz msy 2r
—Mig Myy M34 Mgy

(45)
By means of Eq. 37, the J-integral can be expanded as
]1 =G= %KTTlK = % [(do + V11)I<% + dlK% + dz,I(% + d6[<[24
+2d,K5K3 + 2ds KKy + 2d5K3Ky] ’
(46)
Introduce the ratio g; = 6;/6, and s; = bygqj, then the
field intensity factors can be extracted from the value of
J-integral by

K, - 5, 2587 (et M) V7]
Vi ’

in which sgn() stands for the sign function and

(47)

bi1 = —-m3,m33 — Maym3, — M35 My + 2My3masmsy
+My2M33Myy

b12 = —=by1 = m14(Masmss — ma3msy) + mzs(miamsy
—M13Ma4) + Mas(Mi3My3 — M12M33)

b13 = =b31 = mas(Mi3my, — Myz3myy) + mas(Mysmor
—M12M24) + Mas(M12My3 — M13My2)

b1y = =bs1 = mas(mizmss — mizmas) + mys(m3,
—m22m33) + m34(m13mZz - m12m23)

(48)
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by = m},ms3 — my1m3, + M33Myy — 2M13M14M3y
+M11M33Myy

ba3 = b3y = mis(mizmay — Mmiama3) + mas(Mmizmay
+M11M24) — Myg(M11Mp3 + M12My3)

bay = bsz = my3(M1sma3 — mizmys) — maz(miamuy
+M11Ma4) + M34(M11M23 + M12M13)

(49)

b33 = mi,my; — My1m3, + M3, Mys — 2M12M14Mo4
+Mi1MoaMyy

b3y = bz = mis(miamoz — mizmy;) + mas(miamas
+Mq1Ma3) — m34(m%2 + M11M32)

buy = m%3m22 - m11m%3 + m%zmas - 2mi,my3my3

’

+Mmy1mpmss3
(50)
IT =(do + v11)s3 + d153 + d4s3 + dgsi + 2(d25253
+d3$2$4 +d55354). (51)

It is desirable that the relation 47 is just related to the dis-
placement ratios 6;/6, and the value of J-integral, which
may be more efficient for numerical calculations.

6 An example for verification

In this section, a central interface crack between two
bonded MEE rectangular plates is considered, see Fig. 1.
The geometrical parameters are fixed as 2a =4.8 mm and
w = h =20 mm. The bi-material is under coupling loads
) = [05%, DY, BS°]". In the following examples, the trans-
versely isotropic BaTiOs;-CoFe,0, MEE composite materi-
als are considered. They are made of the piezoelectric ma-
terial BaTiOs as the inclusion and the piezomagnetic ma-
terial CoFe, 0,4 as the matrix with a volume fraction of the
inclusion V;. The volume fraction of the upper material I
is fixed as VI =0.5. The material constants of BaTiO; and
CoFe,0, are listed as follows

BaTiO; :
C11 = 166GPa, C13 = 78GPa, C33 = 162GPa, Cyy = 43GPa,
€31 = 11.6C/m2, €33 = —4.4(:/1112, €15 = 186C/m2,
K11 = 11.2x 107°C?/Nm’, k33 = 12.6 x 107°C?/Nm’,
711 =5 x 10®Ns?/C?, ~33 = 10 x 10"°Ns?/C?.

(52)
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COF6204 :

Ci11 = 286GP&, C13 = 170GPa, C33 = 2695GP3,

Cas = 45.3GPa, k11 = 0.08 x 107°C?/N m?,

K33 = 0.093 x 10°°C2/Nm?,h3; = 550N/Am,

h33 = 580.3N/A1‘1‘1, h15 = 699.7N/A1‘1‘1,

~11 = 590 x 107®Ns?/C?, 433 = 157 x 10 °Ns?/C>.

(53)

To verify the correctness of the displacement extrapolation
formulae 32, 36 and 47 presented in the above sections, a
special material combination of V{ = V{' =0.5 is consid-
ered as the first example, which is theoretically equivalent
to a central crack in a homogeneous MEE plate solved by
Garcia-Sanchez et al. [25]. It should be pointed out that a
tiny deviation of one constant should be given to avoid the
numerical degeneration. In practice, 33 =83.5001x10° N
s2/C? for material Il is in use. The field intensity factors are
normalized by

{ K; = KifKo, K; = KulKo, "

Kp = (€22/K22) Kn/Ko, Kg = (h22/722) Ks/Ko

with Ko = 05+/ma. To measure the intensity of the elec-
tromagnetic impacts, the following loading parameters

A= (e22/x22) DT/0%5, A= (h22/722) B3 [055.  (55)

This bi-material system under the coupling loads of ¢35 =
1MPaand A = A = 1 is solved by a dual boundary el-
ement method as proposed by Garcia-Sanchez et al. [25]
together with a sub-domain technique. The field inten-
sity factors are obtained by the formula 32. Meantime, this
crack model is also analyzed by using the XFEM software
as described in Bui and Zhang [30] and the fracture param-
eters are extracted via Eq. 47. For the clarity, only the re-
sults are presented and compared in Table 1. All the BEM
and XFEM results are compared with the corresponding re-
sults for a homogenous crack problem via the relative er-
rors. The errors of the field intensity factors are all less than
0.3% except K. Even the errors of Kj; are also within 5%.
They clearly show the correctness and accuracy of these
extrapolation formulae.

Further, a real interface crack is considered for the
case V| =0.5 and V! =0.2 in the following example. In this
case, The oscillatory singularity for this material combina-
tion is real because of tr[E?] > 0. The same coupling loads
as the first example, i.e., A = A = 1, are considered. The
BEM results by using Eq. 32 and the corresponding XFEM
results via Eq. 47 are compared in Table 2. All the errors of
the field intensity factors are within 3.5%. The correctness
of the extrapolation formulae 32 and 47 are verified again.
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Table 1: Fracture parameters of a MEE interface crack for Vi = VI =0.5

Fracture parameters Homog. results BEM results via Eq. 32  Error (%) XFEM results via Eq. 47  Error (%)

K{ 1.065296 1.068288
Ky -0.012514 -0.012897
Kp 0.999712 1.002415
Ky 0.918016 0.920544

0.28086 1.06816 0.26883
3.06304 -0.0129 3.0845
0.27037 1.002295 0.25835
0.27537 0.920434 0.26334

Table 2: Fracture parameters of a MEE interface crack for Vi =0.5 and V[ =0.2

Fracture parameters BEM results via Eq. 32

XFEM results via Eq. 47  Error (%)

K{ 1.08846
Ky -0.08803
Kp 1.08186
Ky 1.07933

1.08645 0.18467
-0.08504 3.39657
1.07948 0.21999
1.07755 0.16492
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