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Abstract

Objectives: The aim of this study is to develop a practical
method for bivariate z-score analysis which can be applied
to the survey of an external quality assessment programme.
Methods: To develop the bivariate z-score analysis, the re-
sults of four surveys of the international D-Dimer external
quality assessment programme of 2022 of the ECAT Foun-
dation were used. The proposed methodology starts by
identifying the bivariate outliers, using a Supervised
Sequential Hotelling T2 control chart. The outlying data are
removed, and all the remaining data are used to provide
robust estimates of the parameters of the assumed under-
lying bivariate normal distribution. Based on these estimates
two nested homocentric ellipses are drawn, corresponding
to confidence levels of 95 and 99.7 %. The bivariate z-score
plot described provides the laboratory with an indication of
both systematic and random deviations from zero z-score
values. The bivariate z-score analysis was examined within
survey 2022-D4 across the three most frequently used
methods.
Results: The number of z-score pairs included varied be-
tween 830 and 857 and the number of bivariate outliers
varied between 20 and 28. The correlation between the
z-score pairs varied between 0.431 and 0.647. The correlation
between the z-score pairs for the three most frequently used
varied between 0.208 and 0.636.
Conclusions: The use of the bivariate z-score analysis is of
major importance when multiple samples are distributed

around in the same survey and dependency of the results is
likely. Important lessons can be drawn from the shape of
the ellipse with respect to random and systematic de-
viations, while individual laboratories have been informed
about their position in the state-of-the-art distribution and
whether they have to deal with systematic and/or random
deviations.
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Introduction

It has been demonstrated that laboratory testing results play
a role in up to 80 % of clinical decision making [1]. It has also
been shown that laboratory testing can be included in up to
94 % of the recommendations of clinical guidelines [2]. An
accurate diagnosis, frequently based on test results from the
laboratory, is a prerequisite for adequate decisions on
treatment [3]. On the other hand, diagnostic errors can count
for 25–75 % of identified medical errors [4]. This emphasises
the need for accurate test results. However, a laboratory test
can be subject to systematic errors and random errors. It is
therefore important that a clinical laboratory has imple-
mented appropriate procedures for quality control, which
includes both internal quality control and external quality
assessment (EQA). The primary aim of EQA is to focus on the
laboratory’s analytical performance in comparison to the
values assigned on the basis of an accuracy-based reference
system or on peer-group consensus values [5]. Therefore, the
major focus of analytical performance assessment by an
EQA programme is the assessment of the deviation (bias)
from the intended value. Several possibilities are described
to assess the (relative) accuracy of measurement of a
participant in an EQA programme [6]. A frequently used
measure for the deviation between a participant’s result and
the assigned value is the z-score, which reflects this devia-
tion corrected by the variation in the distribution of all
participants’ results [7, 8]. The z-score is especially helpful
for comparing participants’ performance of peer groups
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with consensus values which are not standardised nor
harmonised. Z-scores can be evaluated separately for each
sample included in a survey (univariate approach). When
multiple samples are distributed in one survey the z-score
pairs of all participants can be plotted in a Youden plot [8].
Acceptance limits are frequently plotted by rectangular
areas, for instance at the level of z-score is −2 and 2. How-
ever, it has been demonstrated that this approach has its
limitations [9]. In the case of a survey with multiple samples
it is plausible that all samples are measured in the same
analytical run and therefore are designated as dependent
results. Z-score pairs should therefore be evaluated as paired
measurements by a bivariate control chart [9–12]. In moni-
toring z-score pairs the naïve approach is to consider two
individual control charts which aim to examine each z-score
independently of the other, an approach that is not only
inefficient but can be misleading [13]. The problem arises
from the fact that while the data have a bivariate origin,
their projection down to one variable at a time leads to loss
of significant spatial information. Thus, a method that will
allow us to monitor the pair of z-scores simultaneously,
i.e. as a single entity, is in order. Specifically, a bivariate
approach, which will take into account the correlation
between the two z-scores is needed. In general, the first
ever multivariate control chart approach initiated by
Hotelling [14] can be used, but since Hotelling, a large variety
of methods has been developed [15]. The application of a
multivariate approach to quality control results in the
area of the clinical laboratory has been described previously
as a useful tool to detect shifts in internal quality control
results [16].

The D-Dimer assay results are typically of great impor-
tance for clinical decision making in haemostasis. The
D-Dimer serves as a valuable marker of the activation of
coagulation and fibrinolysis in many clinical scenarios [17].
Most commonly, D-Dimer has been extensively investigated
for excluding the diagnosis of deep venous thrombosis (DVT)
[18]. Using the cut-off value advised by themanufacturer, the
D-Dimer test is useful to exclude DVT safely, omitting the
need for further ultrasound examination [18]. Indeed, the
diagnostic value of D-Dimer testing lies in ruling out DVT
because of its highly negative predictive value [18–20]. In
conjunction with no high clinical pre-test probability e.g.
HemosIL D-Dimer HS 500 assay is accurate when used for
DVT diagnostic work-up in out-patients [19, 20].

It is important that selected quality control samples
cover a measurement range that include concentrations
critical for patient management [21]. The concept of the
evaluation of systematic deviation from the target value
using the bivariate z-score analysis becomes even more

interesting when it distinguishes between results with and
without impact on patient management. In the case of the
evaluation of D-Dimer this implies the selection of samples
around the cut-off level for the exclusion of DVT and samples
that have a sufficiently lower or higher D-Dimer concen-
tration than the range around the cut-off level. Therefore, it
is also important in an EQA programme to use quality con-
trol samples that mimic as most as possible real clinical
samples [22–24].

The aim of this study is to develop a practical method for
bivariate z-score analysis which can be applied to the survey
of an external quality assessment programme. The external
quality assessment programme for D-Dimer of the ECAT
Foundation has been used to illustrate the application of the
proposed methodology.

Materials and methods

EQA surveys

International EQA surveys for D-Dimer are organised by the External
quality Control for Assays and Tests (ECAT) organisation (Voorschoten,
The Netherlands). In 2022 over 725 laboratories participated in these
surveys. The annual programme included four surveyswith two control
samples in each survey. Control samples were prepared from a single
patient donationwith an elevatedD-Dimer level. After informed consent
the patient plasma was collected by plasmapheresis on acid-citrate-
dextrose (ACD) [Klinikum Augsburg, Germany]. After centrifugation,
samples with different D-Dimer concentrations were prepared by
dilution with citrated normal pooled plasma. Plasma samples were
lyophilised and all coded samples for a one year’s survey programme
were distributed by ECAT at room temperature to their participants by
postal or courier service. Participants were asked to store the sample
until use at 2–8 °C. Under these conditions lyophilised samples are stable
for at least 2 years.

Participants were asked to reconstitute each quarter two samples
according to a prescribed standard procedure and to measure the
D-Dimer level using their standard D-Dimer method. Results were re-
ported to ECAT by a webtool, including information on the method,
equipment and unit.

Evaluation of results of the surveys

The evaluation of D-Dimer results includes in total eight samples from
the surveys organised in 2022.

After the closing date of a survey all resultswere evaluated by peer-
group analysis. A peer group is defined as a group of participants using
the samemethod for the measurement of D-Dimer. For each peer group
with at least 10 participants the robustmean and standard deviationwas
established using the robust statistical method Algorithm A [6]. Z-scores
were calculated on the basis of the robust peer-group means and stan-
dard deviation.
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Bivariate z-score analysis

Medical laboratories will typically test two EQA control samples at the
same time. Consequently, it is expected that the EQA control results will
tend to be correlated (rather than independent), a property that will be
transferred to their z-score values, within an analytic run, as the cor-
relation coefficient is invariant to the linear transformation that the
z-score standardisation procedure performs. In the area of Statistical
Process Control & Monitoring (SPC/M) it is well known and documented
[13] that when the aim is to monitor the quality of bivariate data, it is
more efficient to use a bivariate control chart approach, as opposed to
monitoring each dimension separately. The proposed methodology
starts by identifying the bivariate outliers, via a Supervised Sequential
Hotelling’s T2 control chart. The outlying data are removed, and all the
remaining data are used to provide robust estimates of the parameters
of the assumedunderlying bivariate normal distribution. Based on these
estimates two nested homocentric ellipses are drawn, corresponding to
confidence levels of 95 and 99.7 %. These ellipses partition the plane into
three non-overlapping regions that will indicate the status of the
bivariate points as:
– “Acceptable” (green light) if a pair of z-scores lies within the inner

ellipse (green region)
– “Need attention” (warning orange light) if a pair of z-scores lie

between the two ellipses (orange region) or
– “Unsatisfactory” (red light alarm) if a pair of z-scores lie outside the

outer ellipse (red region).

The sample estimate of the overall z-scoresmeanwill tend to be zero
and since the EQA control samples are measured at the same time it is
expected to have a positive correlation, resulting in ellipses that will tend
towards the first diagonal of the axes. The stronger the correlation
(i.e., the bigger its absolute value) the narrower these ellipses will be,
while on the other extreme of correlation close to zero (indicating inde-
pendent normal z-scores), the ellipses will turn into circles (see Figure 1).

In Appendix A all the steps of the proposed bivariate z-score
analysis, including the technical details are provided in pseudocode.

The proposed methodology analyses bivariate data, and for the
assumed bivariate normal distribution five parameters need to be
estimated from the data (mean, standard deviation for each dimension
and their correlation). Thus, from a statistical perspective using the
suggested methodology is not recommended when the volume of
available bivariate data is small, as the standard errors of the estimated
parameters will be large. The principle is that the greater the amount of
data the more accurate the estimate will be (there is no single sample
size value that is universally accepted), and from a practical perspective
more than 80 or 100 data points appears to be a safe choice.

The bivariate z-score plot described provides the laboratory with
an indication of both systematic and random deviations from zero
z-score values [25] (see Figure 2).

Bivariate z-score analysis on the results of surveys

To apply the proposed bivariate z-score analysis the z-scores obtained
from the 4 D-Dimer surveys in 2022were used (survey 2022-D1 – 2022-D4).
First for each of the four surveys the overall analysis had to be performed,
including the z-score pairs for all methods with at least 10 participants.

In addition, for survey 2022-D4 a separate bivariate z-score analysis
was also performed for the three most frequently used methods
(A=Siemens Innovance D-Dimer; B=Stago STA-Liatest D-Di Plus;
C=Werfen HemosIL D-Dimer HS 500). These three methods cover
approximately 80 % of the responses in the ECAT D-Dimer EQA pro-
gramme (see Table 1).

Results

Survey results

In Table 1 an overview is given of the robust mean and stan-
dard deviation of each sample used in the four EQA surveys in
2022 and for each of the peer groups with at least 10 partici-
pants. Two samples have been used in two different surveys
(sample 2 in survey 2022-D1/sample 1 in survey 2022-D3 and
sample 2 in survey 2022-D3/sample 2 in survey 2022-D4).

The proposed bivariate z-score analysis was applied in
all four surveys data of Table 1 and the resulting ellipses and
data point classification are shown in Figure 3.

Figure 1: Examples of different levels of correlation in the bivariate
z-score plot.

Figure 2: Sample plot of how systematic and random deviation in the
bivariate z-score plot can be observed.
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Table 2 shows a series of summary statistics regarding the
available data points per survey along with the point esti-
mates of the five parameters of the bivariate normal distri-
bution that were used to construct the respective ellipses.

Next the suggested bivariate z-score analysis was
examined within a survey (2022-D4) across different
methods (Figure 4). Inmore detail, the bivariate analysis was
performed for the entire data set and subsequently for each
of the subset of data corresponding to the three most
frequently used methods (A, B and C; for details see mate-
rials and methods). Figure 4 illustrates the fitted ellipses
along with the data per case, while in Table 3 the summary
statistics of each case are presented.

Discussion

Accurate test results are of major importance in laboratory
medicine. This is of specific importance when a measurand

Table : D-Dimer results (mg/L) for surveys performed in  (mean ± SD).

Survey -D -D -D -D

Method Unita nb Sample  Sample 
c Sample  Sample  Sample 

c Sample 
d Sample  Sample 

d

IL HemosIL D-Dimer HS D-Dimer  . ± . . ± . . ± . . ± . . ± . . ± . . ± . . ± .
Radiometer AQT Flex
D-Dimer

D-Dimer  . ± . . ± . . ± . . ± . . ± . . ± . . ± . . ± .

Sysmex LIAS Auto D-Dimer
Neo

D-Dimer  . ± . . ± . . ± . . ± . . ± . . ± . . ± . . ± .

BioMerieux Vidas D-Dimer FEU  . ± . . ± . . ± . . ± . . ± . . ± . . ± . . ± .
Werfen HemosIL D-Dimer
HS 

FEU  . ± . . ± . . ± . . ± . . ± . . ± . . ± . . ± .

Mindray D-Dimer FEU  . ± . . ± . . ± . . ± . . ± . . ± . . ± . . ± .
Mitsubishi Pathfast D-Dimer FEU  . ± . . ± . . ± . . ± . . ± . . ± . – –

Roche Cardiac D-Dimer FEU  . ± . . ± . . ± . . ± . . ± . . ± . . ± . . ± .
Roche Tinaquant nd gen.
(cal. citrate)

FEU  . ± . . ± . . ± . . ± . . ± . . ± . . ± . . ± .

Roche Tinaquant nd gen.
(cal. heparin)

FEU  . ± . . ± . . ± . . ± . . ± . . ± . . ± . . ± .

Siemens Innovance D-Dimer FEU  . ± . . ± . . ± . . ± . . ± . . ± . . ± . . ± .
Stago Liatest D-Dimer FEU  . ± . . ± . . ± . . ± . . ± . . ± . . ± . . ± .
Stago STA-Liatest D-Di plus FEU  . ± . . ± . . ± . . ± . . ± . . ± . . ± . . ± .

aD-Dimer methods can express their results in either D-Dimer units or fibrinogen equivalent units (FEU). bNumbers are taken from survey -D.
cThis sample is used in both survey -D and -D. dThis sample is used in both survey -D and -D.

Figure 3: The orange (95 %) and red (99.7 %) ellipses for each of the four
2022 surveys, along with the respective data points. Purple triangles
indicate bivariate outliers, red square points refer to alarms, orange-filled
discs are the cases that receive a warning and green open circles indicate
the conforming cases.

Table : The summary of statistics for the four surveys D–D of .

 – D  – D  – D  – D

Number of cases    

Number of univariate
outliers

   

Number of bivariate
outliers

   

Mean z-score sample  . −. −. −.
Mean z-score sample  −. −. −. −.
SD z-score sample  . . . .
SD z-score sample  . . . .
Correlation . . . .
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is used for medical decision limits [26, 27]. Here we describe
this specifically for D-Dimer, ameasurand that is used for the
exclusion of deep venous thrombosis or pulmonary embo-
lism. Assessment of the (relative) accuracy of measurement
is done by participation in an external quality assessment
(EQA) programme [5]. The ECAT Foundation provides such a
programme for D-Dimer using patient-based control sam-
ples. It is important to mimic as closely as possible the clin-
ical laboratory practice. It has been demonstrated that
artificially prepared D-Dimer samples behave different from
patient-based samples [24].

It can be appreciated from Table 1 that there could be
substantial differences between the consensus values of
different methods. It is well known that D-Dimer assays used
in clinical practice are not standardised nor harmonised [23,
28, 29]. Recently the clinical consequences of these differ-
ences have been discussed [19].

To compare the analytical results from a large cohort of
laboratories using a variety of different D-Dimer methods in
an external quality assessment programme, it is therefore
not possible to evaluate the absolute differences between the
results of the laboratories and the common or method-
specific target value. A harmonised approach to expressing
the deviation between the target value and the results of the
laboratories should be used. For this purpose, the z-score is
used in the programme of the ECAT Foundation. This reflects
the deviation corrected by the variation in the distribution of
the participants’ results [7, 8]. For each method included in
the evaluation, the corresponding target value and variation
in the distribution (= standard deviation) was established
and the corresponding z-score for the results of the labora-
tories results calculated. This makes comparison between
the participants’ z-scores of different methods possible.

It has already been demonstrated that in EQA surveys, in
which multiple samples has been distributed, only looking in
a univariate manner at the z-score performance limited the
information that could be extracted from the survey results
[9]. This study therefore investigated further how the z-score
pairs of all participants could be evaluated in a bivariate
manner. It had already been suggested that the correlation of
the z-score pairs should be examined [9]. However, it should
be realised that correlation assessment is prone to existing
outliers [30]. In the current methodology described here we
therefore propose starting first with an outlier detection
procedure. Initially, a threshold of z-score of −5/5 was used in
identifying univariate outliers. This is of course an arbitrary
choice, however, the likelihood in a normal distribution of
having results outside these thresholds is negligible. The next
step is the identification of bivariate outliers by the Super-
vised Sequential Hotelling’s T2 control chart [14], before the
bivariate z-score parameters (means, standarddeviations and
correlation) have been calculated. This ensures that the
assessment position of an individual laboratory in the bivar-
iate z-score analysis is not affected by apparent outliers. The
z-score pair distribution after the removal of outliers reflects
the state-of-the-art performance of participating laboratories,
considering the deviation from the target values for both
samples. This is called the bivariate z-score analysis.

After the outlier removal, the distribution of the z-score
pairs was assessed, calculating the 95 and 99.7 % confidence
borders of the distribution. This is a comparable approach as
the one used in a univariate z-score analysis, where the

Figure 4: The orange (95 %) and red (99.7 %) ellipses for all the data of
survey 4 and each of the individual methods A, B and C, along with the
respective data points. Purple triangles indicate bivariate outliers, red
square points refer to alarms, orange-filled discs are the cases that
receive a warning and green open circles indicate the conforming cases.

Table : The summary of statistics for the survey D of .

All
methods

Method A Method B Method C

Number of cases    

Number of univariate
outliers

   

Number of bivariate
outliers

   

Mean z-score sample  −. −. −. .
Mean z-score sample  −. −. . .
SD z-score sample  . . . .
SD z-score sample  . . . .
Correlation . . . .
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z-score ranges from −2 to 2 and from −3 to −2 or 2 to 3 are
used for performance assessment [6]. The 95 % distribution
area is reflected by the green symbols in Figures 3 and 4. The
distribution between 95 and 99.7 % is reflected by the orange
filled disc symbols in these figures, while the z-score pairs
outside the 99.7 % distribution are indicated by red square
symbols. Outlying z-score pairs are identified by purple tri-
angle symbols. In the survey reports, the position of a
participant is indicated by a black open circle. This gives the
participant the advantage of seeing their position within the
state-of-the-art distribution. It also helps the laboratory to
assess whether any corrective actions are required.

Figure 3 and Table 2 show the distribution of the z-score
pairs and the corresponding correlation parameters for the
four different D-Dimer surveys in 2022. All four surveys showa
moderate correlation (0.431–0.662) with no significant differ-
ences between the four surveys independently of the combi-
nation of D-Dimer samples used. This indicates a relatively
stable state-of-the-art situation in laboratory performance.

In Figure 4 the bivariate z-score analysis for the three
most frequently used methods was further investigated. For
this purpose, the results of the survey 2023-D4 were selected
because from two frequently used methods (Werfen
HemosIL D-Dimer HS 500 [method C] and Siemens Innov-
ance D-Dimer [method A]), this survey includes a sample
with an elevated D-Dimer level (sample 1) and one with a
D-Dimer level slightly below the medical decision limit of
0.5 mg/L. This is not seen for the third frequently used
method (Stago STA-Liatest D-Di Plus [method B]), which in-
dicates the potential heterogeneity in response between
different D-Dimer methods. However, the bivariate z-score
correlation is not affected by the differences in D-Dimer
levels measured between the methods (Table 3). For users of
the Werfen and Siemens methods, approx. 65 % of all par-
ticipants in survey 2022-D4, thus can assess how well their
measurement system distinguishes patients with a high risk
of thromboembolism vs. those for whom thromboembolic
events can be ruled out. In contrast, for methods with
D-Dimer levels belowmedical decision limit in both samples,
such an evaluation cannot be made. Ideally samples should
be used with similar features in all methods. However,
because of the heterogeneity in the responsiveness between
D-Dimer methods and the available source of control sam-
ples this will be practically difficult to achieve.

When all methods are combined into a single data set
then the sample size increases significantly, leading to esti-
mates with smaller uncertainty, which are therefore more
trustworthy. The only underlying assumption in merging all
methods together is that the z-score-generating mechanism
is the same across different methods. On the basis of the
statistical results presented in Table 3 there is no reason to

assume there is a difference in the z-score distribution be-
tween methods.

The strength of the bivariate z-score analysis relies on
the fact that it takes into account the correlation between the
z-score pairs, something that is ignored in a univariate
evaluation. In the latter we derive z-score rectangular
acceptance limits (based on the z-score limits [−2, 2] and [−3,
3]) as opposed to the actual elliptically shaped borders [13].
Notably, even when the two z-scores are independent
(i.e. their correlation is zero) the proper acceptance limits
are circular and not rectangular. Aweakness of the bivariate
z-score analysis is the fact that it is more complicated.

Important lessons can be drawn from the bivariate
z-score analysis by the laboratories participating in an EQA
programme. First, the bivariate z-score analysis expresses
the state-of-the-art situation with respect to systematic and
random deviations from the assigned values. The narrower
the ellipse, the more systematic deviations drives the posi-
tion of a laboratory within the distribution of z-score pairs.
The broader the ellipse, the more random deviations may
play a role (see Figure 2). Secondly, the bivariate z-score
analysis indicates whether the z-score pair of a laboratory is
positioned within or outside the 95 % confidence limits. If a
laboratory is positioned outside the 95 % confidence limits
it is a warning signal that corrective action might be
required. This is even more pronounced when a laboratory
is positioned outside the 99.7 % confidence limits (red
zone). A third lesson which can be drawn focuses on the
position of the z-score pair belonging to a laboratory. If the
laboratory is positioned in the left lowerquadrant (seeFigure 2)
it means there is a negative systematic deviation from the
assigned value. On the other hand, if a laboratory is posi-
tioned in the upper right quadrant there is a positive
systematic deviation from the assigned value. If a laboratory
is positioned in the upper left or lower right quadrants it
means that the z-score does not have the same sign. If the
z-scores are low, this may indicate that the position could be
driven by acceptable randomdeviations. However,when the
z-scores are high this could indicate unacceptable random
errors and corrective actions are needed, even if the position
is still within the 95 % confidence limits. It should be realized
that opposite signs for the z-scores could also be caused by
proportional bias. It is therefore always the responsibility of
a laboratory to carefully investigate the potential cause for
deviating results [31].

Themagnitude of acceptable randomdeviation depends
on the measurand, the level of the measurand and whether
this level is close to clinical decision limits. In the example
described here, it is important to evaluate whether there is
an increased risk of accidently reporting a false negative or
positive D-Dimer result. This may have significant clinical
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implications, and should also be considered when a z-score
pair is positioned in the lower left or upper right quadrant
(Figure 2). If the negative or positive systematic deviation is
too great, in this case also a false negative, or positive
D-Dimer results could be reported. If this is so, there is a
systematic deviation, which implies that all the samples
measured have a certain systematic deviation. The bivariate
z-score analysis may advantage the laboratory community
by highlighting potential systematic and random deviations
and supporting the required corrective actions. Finally, this
may lead to optimally reliable test results which are ofmajor
importance for patient care. The importance to use perfor-
mance criteria that ensure that laboratory results are pro-
duced with sufficient quality for patient care have been
emphasized [32]. One approach is the use of performance
limits defined by external quality assessment specifications.
Here we described an approach based on modern statistical
process control principles applied to external quality control
results. This may advance the clinical laboratory community
given the fact that clinical relevant samples are used in an
external quality assessment programme.

In conclusion, implementation of the bivariate z-score
analysis is of major importance when an EQA provider dis-
tributes around multiple samples in the same survey and
dependency between the reported results is plausible.
Important lessons can be drawn from the shape of the ellipse
with respect to random and systematic deviations. In addi-
tion, individual laboratories are informed about their posi-
tion in the state-of-the-art distribution and whether they
need to deal with systematic and/or random deviations.
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Appendix A: Algorithm to imple-
ment the bivariate
z-score analysis

1. Read the data set: Each data point is a pair of z-scores
(2 × 1 vector) from a given survey. We will denote the
data point (i) by:

zi = (z1i, z2i)
where, z1i, z2i refer to thefirst and second z-score of case (i) in
the data set of the specific survey.
2. Clean the data from missing values: If for a pair of

z-scores (zi), at least one of the two z-score values is a
missing value (NA) then we remove this pair from the
data set.

3. Clean the data from univariate outlying z-scores:We
set a positive threshold value Z* (for example Z*=5) and
if the absolute value of any z-score individual value
(i.e., z1i or z2i) exceeds Z*, then the pair that contains the
outlying observation is removed.

4. Clean the data from bivariate outlying z-scores: we
will adopt a Supervised Sequential Hotelling’s T 2

statistic control chart to identify candidate bivariate
outliers:
Functions needed in this step:
– Sample mean vector: a 2 × 1 vector estimated by:

z = 1
n
∑
n

i=1
zi

where, zi for i=1,2, …, n are the n available data points
– Sample covariance matrix: a 2 × 2 matrix esti-

mated by:

S = 1
n − 1

∑
n

i=1
(zi − z)(zi − z)′

where, zi for i=1, 2,…, n are the n available data points (the
prime symbol denotes the transposing of the vector). S will
be a symmetric matrix andwewill denote it from now on as:

S = [ a b
b c ]

– Hotelling’s T 2 statistic: estimated for each data
point z by:

T 2 = (z − z)′S−1(z − z)
where the prime denotes the transposed vector and S−1 is
the inverse of the matrix S. So for each of i=1,2, …, n we
will derive T2

i , i.e. we will have one score for each data
point.

– Hotelling’s Upper Control Limit (UCL): the control
chart’s limit which will be used to identify candidate
bivariate outliers. It is estimated by:

UCL = (n − 1)2
n

Beta(α ; 1, round(n − 3
2

))
where Beta(α ; 1, round(n−32 )) is the upper α percentage point
of a beta distribution with parameters 1 and round(n−32 ). For
the value of α it is suggested to use α = 0.0027.
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End of functions definition

We start with the n data-point pairs, andwewill identify
and remove sequentially bivariate outliers using a loop that
will check two conditions for each iteration:

Condition 1: for at least one data point we have
T2
i > UCL

Condition 2: The minimum of the diagonal elements of
matrix Si (i.e. the estimated sample covariance matrix,
where the subscript i indicates the value i that was left out
from the estimation and for which condition 1 is satisfied)
exceeds K, i.e. min(a,c)>K, where K is a number near but
smaller than 1 (e.g. K=0.95). Since we model z-scores the
variance should be 1 and so this condition helps to certify
that after a candidate outlier is removed the variance does
not become too small compared to the target value of 1.

The steps for removing the bivariate outliers are as
follows:
I. Start with the available data points (at the end of step 3

where univariate outliers were cleaned).
II. Estimate from the available data z (samplemean vector)
III. Estimate from the available data S (sample covariance

matrix)
III. Estimate for each of the available data point (i) the T2

i
(Hotelling’s T2 statistic score)

IV. Estimate the current UCL (Hotelling’s T 2 Upper Control
Limit)

V. When (Condition 1 & Condition 2 are TRUE) do the loop:
a. Identify the maxi(T2

i ). The data point zi is judged as
a bivariate outlier and is removed from the data set.

b. On the reduced data set of the last step do the esti-
mation steps II, III, IV, V.

End the loop.
5. Assuming bivariate normality, we make use of the esti-

matedmean (z) and variance-covariancematrix (S) from
the last iteration of the previous step (i.e., after the uni-
variate and bivariate outliers are removed) and draw two
homocentric ellipses corresponding to confidence of 95%
(orange colour, using as critical value χ22;0.05 = 5.991) and
99.7% (red colour, using as critical value χ22;0.0027 = 11.829),
where the orange will be nested in the red ellipse.

6. On the plot of the two homocentric ellipses (orange and
red) we superimpose the data points and we use a
distinct symbol to denote the outlying observations.
Depending on where a point falls, we characterise it as
conforming or non-conforming. In the latter case we
raise the alarm, which is either orange or red. Precisely,
for each data point one of the following is true:
– No alarm: if the point is plotted within the orange

ellipse.

– Orange alarm: if the point is plotted outside the or-
ange ellipse but inside the red ellipse (i.e. it does not
conform to the 95% region, but it conforms to the
99.7 % region).

– Red alarm: if the point is plotted outside the red
ellipse (i.e. it does not conform to the 99.7 % region).
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