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Abstract

Objectives: There is continuing pressure to improve the
cost effectiveness of quality control (QC) for clinical labo-
ratory testing. Risk-based approaches are promising but
recent research has uncovered problems in some common
methods. There is a need for improvements in risk-based
methods for quality control.

Methods: We provide an overview of a dynamic model
for assay behavior. We demonstrate the practical applica-
tion of the model using simulation and compare the per-
formance of simple Shewhart QC monitoring against
Westgard rules. We also demonstrate the utility of trade-off
curves for analysis of QC performance.

Results: Westgard rules outperform simple Shewhart control
over a narrow range of the trade-off curve of false-positive and
false negative risk. The risk trade-off can be visualized in terms
of risk, risk vs. cost, or in terms of cost. Risk trade-off curves
can be “smoothed” by log transformation.

Conclusions: Dynamic risk-models may provide advantages
relative to static models for risk-based QC analysis.

Keywords: analytics; Markov process; mathematical
modeling; quality control; random systems; risk; Stochastic
process.

Introduction

Clinical laboratories perform over 7 billion tests per year,
the results of which affect patient care decisions, so it is
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imperative that the results of these tests are as accurate
as possible [1]. Unfortunately, all test results suffer some
errors (systematic error, measurement error, or both), and
clinical laboratories devote considerable resources to
quality control (QC) programs to minimize the impact of
errors. Although the cost of quality (COQ) is a widely used
concept, estimates of cost of quality are rarely published,
however, a survey of COQ in business settings found that
the COQ ranged from 2 to 35% of sales revenue [2]. The
components of the COQ in the clinical laboratory setting
have been described in detail and a study estimated that
the COQ represented 32% of clinical laboratory costs.
Studies also have shown that changes in QC monitoring
procedures [3, 4]. Research has demonstrated that changes
in QC monitoring policies can lead to substantial cost
savings [5]. As a result, there is a an incentive to find
ways to improve the cost effectiveness of QC monitoring.

QC costs result from two types of events: (1) false
positive (FP) and (2) false negative (FN) events. QC systems
are designed to detect the state of the system with respect
to the presence of systematic errors. The system is said to
be in control (IC) when there is no systematic error and
out of control (OOC) when a systematic error is present.
A QC monitoring system defines rules for classifying the
system as IC or OOC, depending on the observed QC results.
An FP event occurs when the system misclassifies the sys-
tem as OOC (i.e., the rules raise a flag) when the system is,
in fact, IC. An FN event occurs when the system is OOC but
the monitoring system fails to detect the systematic error.
FP events incur costs associated with unnecessary trou-
bleshooting, repeat testing, and recalibration. FN events
incur costs associated with the impact of suboptimal med-
ical care. Recent approaches to QC have sought to balance
these two costs using risk-based approaches [6-9].

The Parvin model is one of the most commonly used
risk-based approaches [10]. This model is based on the
expected number of unacceptable final results, E[Ny,
which is defined as one in which the magnitude of sys-
tematic error is greater than the total allowable error (TEA)
but is not detected by the monitoring system and is not
thus reported. The Parvin model assumes that the system
starts in the IC state and shifts to an OOC state with a
particular magnitude of systematic error. Given this level
of error, the Parvin model determines the number of
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batches (i.e., the analytical run length [ARL]) that would
be produced before the error is detected. E[N] is deter-
mined by averaging all possible shift sizes and their asso-
ciated probabilities. The Parvin model assumes that all
shift sizes are equally likely (i.e., uniformly distributed
within some limits) and that once a shift occurs, no further
shifts occur until the systematic error is detected. We refer
to this as the no OOC transitions allowed (NOOCTA)
assumption.

The NOOCTA assumption is questionable, as it requires
one to believe that the IC is somehow special and distinct
from the OOC states with respect to transition behavior.
If the assay can make transitions away from an IC to an
00C state, why is the system incapable of making further
transitions once it has arrived at an OOC state? We inves-
tigated the impact of this assumption and found that the
NOOCTA assumption led to unexpected behavior [11]. We
would expect that the risk of FN events would increase
with the width of the control limits and that the risk of
FP events would increase as the width of the control limits
decrease. Overall, one would expect a monotonically
decreasing trade-off curve between FP risk and FN risk,
parameterized by the width of the control limits. We found
that the NOOCTA assumption led to non-monotonic trade-
off curves that had a maximum at specific control limits. In
contrast, the trade-off curves had the expected mono-
tonically decreasing shape when the NOOCTA assumption
was relaxed to allow for transitions between OOC states
(OOCTA) [11]. These findings led us to explore alternative
approaches to the risk-based analysis of QC. To that end, we
developed a new approach based on a dynamic model of
assay behavior [12, 13]. We refer to this model as Precision
QC (PQC) because similar to precision medicine, it is flex-
ible and can be adapted to a wide range of QC monitoring
methods, QC behaviors, and clinical scenarios.

The objective of this paper is to provide an overview of
the PQC model and demonstrate its practical applicability.

Materials and methods
Overview of the precision method

Definition of risk: We begin with a formal definition of risk that will be
applied to the case of a clinical assay. Risk is defined as the expected loss
over a set of potential events:

R=E[fi] = X (E)P(E) @
where E designates an event, f; (E) is the loss or cost associated with

the event, and P(E) is the probability that the event will occur [14, 15].
Thus, to evaluate risk, it is necessary to identify the set of outcomes or
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events that can occur, the probability that each event will occur, and
the losses associated with each event. In the next segment, we provide
a model to identify the events and their associated probabilities. We
then show how to determine the loss associated with each event.

Mathematical model for probabilities: We view an assay as a dynamic
system that evolves from state to state over time. The state of the system
corresponds to the mean of the QC observations u. We assume that
samples are produced in batches of size b. We further assume that the
mean remains constant during any batch but may change between
batches. The observed QC values are given by the following:

Xy = [y + & 2

where the index n designates the batch number. The mean y, repre-
sents the systematic error and &, represents the measurement error.
We assume that &, is normally distributed with a mean of zero and a
standard deviation (SD) of one &,~N (0,1). The system is said to be IC
when there is no systematic error (1,=0) and OOC otherwise (u, # 0).
The system starts in the IC state and shifts to an OOC state with
probability p. Let &, be a random variable that signifies the occurrence
of a shift event. We assume that § has a Bernoulli distribution 6, ~
Ber(p). We refer to p as the shift probability. Alternatively, we might
refer to the shift frequency 1/p. Once in an OOC state, the system may
undergo further shifts, or the OOC state may be detected by QC
monitoring. If detected, the system enters the “detected” state and is
subsequently restored to the IC state (Figure 1).

Shifts are described by a probability distribution D. In principle,
D could be any distribution (e.g., uniform or normal). For example, the
Parvin model assumes a uniform distribution [10]. When a shift occurs,
the new mean is obtained by adding the shift size A, to the current mean:

Upg =Up + A"(S'l (3)

The system can be envisioned as a random walk in which the
system takes steps of size A, with probability p. The variable &, can
assume only two values: zero or one. Thus, A, gets added to u, (i.e., the
system makes a shift of size A;) when &, = 1, which occurs with fre-
quency 1/p.

The shift frequency and the shift size distribution characterize the
stability or transition behavior of the assay as it evolves from state to
state. The transition behavior can be summarized using a transition
matrix. The rows represent the starting state, and the columns represent
the destination state. Each entry of the matrix gives the conditional
probability of moving to each destination, given that the system is in a
particular starting state:

Pu P Py Pn

T= Pan Po Pj Pn @
Ph DPp Pj P
p nl p n2 p nj P nn

The transition matrix T describes the dynamic behavior of the
system, and using mathematical techniques (i.e., finding the eigen-
vector of the transition matrix), it is possible to find the long-run
equilibrium probability of being in each state. Thus, the transition
matrix provides two of the three pieces of information required by
Eq. (D: (1) an enumeration of the states (E) and (2) the probabilities
associated with each state.

The system is monitored by a QC monitoring plan described by
a power curve (a power curve gives the probability of detecting an
00C state). The model is flexible and can accept any QC monitoring
plan, such as a simple Shewhart control chart, Westgard rules,
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cumulative sum (CUSUM), or exponentially weighted moving average
(EWMA). The probabilities in the transition matrix are determined by
two factors: the intrinsic stability of the assay (shift frequency and shift
distribution) and the influence of the QC monitoring plan [12]. The
probability of moving from the IC state to an OOC state is determined
by assay stability. Given a shift, the assay stability (shift distribution)
also determines the likelihood of each OOC state. Once in an OOC state,
the system can move to a new state either by detection or by making
another shift. If the probability of detection is low (e.g., a state with a
small systematic error), the system is likely to remain in the state
for many batches. However, if the probability of detection is high
(e.g., a state with a large systematic error), the system will only occupy
such a state for a short period before the systematic error is detected.

Loss functions: Each QC monitoring plan will have criteria for classi-
fying QC results as positive or negative. Furthermore, each QC obser-
vation is evaluated and classified as positive or negative. Losses are
associated with incorrect classifications. A TN result occurs when the
system is in the IC state, and the result is classified as negative. A TP
result occurs when the observation is classified as positive and
|tt,| > TEA. AFN result occurs if the observation is classified as negative
and the magnitude of the systematic error is greater than the
TEA: |u,| > TEA. An FP result occurs when the system is IC and the
result is classified as positive. The false positive rate (FPR) is defined
as the number of FP results divided by the total number of observa-
tions. Similarly, the false negative rate (FNR) is defined as the number
of FN results divided by the total number of observations.

FP results create costs for the laboratory. For example, each QC
flag leads to costs associated with troubleshooting, reagent use, down-
time, and repeat analyses. FN results create costs for patients due to the

[1- P(D]W)](1-p)

p[1-P(D|p)]

[1-P(D|u)I(1-p)
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Figure 1: Transition state diagram for an assay
system. The upper panel shows the Parvin
model. The lower panel shows the Precision
QC (PQC) model. The circles represent states
and the arrows represent transitions between
states. Each transition is associated with a
probability. In both models, the assay starts of
in control (IC). The system can make a
transition to an out of control (OOC) state with
probability, p or remain in the IC state with
probability 1 - P(D|p=0) where P(D|p=0) is the
probability of a false positive. In the Parvin
model, no additional transitions occur once
the system goes out of control. The system
remains in the OOC state until detected. Once
detected, the system is restored to the IC state.
The PQC model assumes that the system can
continue to make transitions to other 00C
states.

P(DIw)

Detected

harm associated with inaccurate results. In principle, there should be a
willingness to pay (WTP) to avoid erroneous results. There is a trade-off
between the rate of FP and FN results. FP results increase when the QC
monitoring policy is stringent (e.g., narrow control limits on a Shewhart
control chart) and decrease when the policy is less stringent. FN results
decrease when QC monitoring is stringent but increase when QC
monitoring is less stringent. Given these trade-offs, the selection of
parameters for a QC monitoring process can be viewed as an optimi-
zation problem that seeks to find the optimum balance between costs to
the laboratory (FP risk) and costs to patients (FN risk).

We used an incremental costing approach as is commonly used
in cost-effectiveness analysis [16]. In such an approach, costs are
assigned relative to a baseline. In our model, FP costs represent the
incremental cost relative to the cost associated with true positive
results and FN costs represent the costs relative to TN results.

Solution methods: There are two approaches to studying the behavior
of a dynamic system: (1) simulations and (2) analytic methods. Simu-
lations are straightforward, but depending on the required accuracy,
they can require significant computing time. Simulation studies can
take days to obtain precise estimates of low-probability events. Ana-
lytic methods are more complex but provide exact results relatively
quickly. We used both approaches in previous studies [11-13]. In this
study, we used simulations to compare the performance of a simple
Shewhart control chart and Westgard rules.

Simulation study design: We obtained trade-off curves for simple
Shewhart control plans and compared these to the trade-off points
obtained using Westgard rules [17, 18]. Trade-off curves for Shewhart
control were obtained by varying the control limits ke{1.5, 2.0, ..., 5}.
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Trade-off points for Westgard method were obtained by running sim-
ulations for following rule sets: 1ss, 13525, 13s22s41s, 13s22541sRus,
1352,541sR4s10x [19]. TEA was varied from 2 to 5, TEA<{2.0, 2.5, 3, ..., 5}.
We assumed a uniform shift distribution A,~U ( -6, 6) and varied the
shift probability p from 0.005 to 0.05. A combination of TEA, control
limit (k), and shift probability (p) defined a scenario. We assumed a
batch size of 100. For each scenario, we conducted 100,000 simulation
trials to obtain estimates of FN and FP risk.

Trade-off visualizations: Trade-off curves can be visualized in several
ways. We used three methods: (1) FP risk vs. FN risk, (2) FP cost vs. FN
risk, and (3) total cost vs. control limit. We converted FP risk to FP cost
by assuming a cost of $50 per FP event. We converted FN risk to FN cost
by assuming a willingness to pay $5 to avoid an unacceptable result.

Results

We generated curves showing the trade-off between FP risk
and FN risk. As expected, the curve shows a monotonically
decreasing relationship between FP risk and FN risk
(Figure 2). Wide control limits (e.g., k=4) were found to be
associated with low FP risk and high FN risk. Narrow con-
trol limits (e.g., k=1.5) were associated with high FP risk and
low EN risk.

Trade-off curves can be visualized differently (Figure 3).
If one can determine the cost of an FP event, one can plot
the FP cost as a function of FN risk. Similarly, if one can
estimate the cost of an FN event, one can plot the total cost
as a function of the control limits to determine the optimum
(i.e., cost-minimizing) control limit.

Trade-off curves are easier to visualize and compare when
they are log transformed. For example, the log-transformed
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curves show the impact of TEA on risk (Figure 4) or the
impact of shift probability (Figure 5). TEA has no impact on
FP risk, and given a fixed control limit, FN risk decreases as
TEA increases. Similarly, shift probability has little impact
on FN risk; however, FN risk increases as shift probability
increases.

We used log-transformed trade-off curves to compare
the performance of simple Shewhart control rules against
Westgard control rules (Figure 6). Westgard rules incurred
a slightly lower FP risk than Shewhart control rules for a
given level of FN risk when TEA was low (i.e., TEA=2). This
disadvantage disappeared as the TEA increased to 4.

Discussion

This paper provides an overview of the PQC model. The
PQC model is a risk-based model that views an assay as a
dynamic system that evolves through various states over
time. The system starts in the IC state and, at some point,
moves to an OOC state. The system remains in an OOC state
until the QC monitoring system raises a detection signal,
after which the system is restored to the IC state and the
cycle repeats itself. The overall behavior of the system is
determined by the proportion of time spent in each state
(a state corresponds to a level of systematic error), which
determines the risk. One of the key features of the PQC model
is that it explicitly includes the shift probability p, which
links the rates of FP and FN events. This feature makes it
possible to construct trade-off curves between FP risk and
FN risk, which characterize the performance of the QC
monitoring system. Previous methods, such as the Parvin
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Figure 2: Trade-off curve between false positive
and false negative risk. The curves were
generated assuming that the shift probability
was 0.03 and the shifts were uniformly
distributed between -6 and 6 standard
deviation (SD) units. The numbers adjacent to
the points indicate the quality control (QC)
limits. Narrow QC limits (k=1.5 SD) are
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method, focused on a single OOC event when the system
actually evolves through repetitive cycles of moving from
IC to OOC and back to IC.

We showed three different ways of visualizing the
trade-off curves generated by the PQC method: (1) FP risk
vs. FN risk, (2) FP cost vs. FN risk, and (3) total cost vs.

plotted points indicate the control limit
(k) expressed in standard deviation (SD) units.

control limits. Using Method 1, one would follow the trade-
off curve, decreasing the FN risk and increasing the FP
risk until a point is reached at which the FP risk is unac-
ceptable. One would select the control limit corresponding
to this point (the trade-off curve is parameterized by the
control limit k). This method has the advantage of requiring
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Log(False Positive Rate)

Figure 4: The impact of total allowable error
(TEA) on risk trade-offs. The curves were
generated assuming that the shift probability
was 0.03 and the shifts were uniformly
distributed between —6 and 6 standard devia-
tion (SD) units. The numbers adjacent to the
points indicate the quality control (QC) limits.
Narrow QC limits (k=1.5 SD) are associated with

_'2 high false positive risk and a low false negative
risk. Wide QC limits are associated with low
false positive risk and high false negative risk.

Log(False Positive Rate)

Figure 5: The impact of the shift probability
(p) on risk trade-offs. The curves were gener-
ated assuming that the total allowable error
was 3 and the shifts were uniformly distributed
between —6 and 6 standard deviation (SD)

: units. The numbers adjacent to the points
"‘.f indicate the quality control (QC) limits
(expressed in SD units). Narrow QC limits (k=1.5
SD) are associated with high false positive risk

-10 -8 -6
Log(False Negative Rate, E[Nuf])

no additional transformation of risk, but we suspect that
most people would have difficulty making trade-offs in
terms of risk. In Method 2, FP risk is transformed into the
expected cost by multiplying the FP risk by the cost of an FP
event. For example, if the FP risk is 0.02 per batch and
the cost of an FP event is $50; therefore, the expected cost is
$1 per event. One can then use the trade-off curve to find a
point at which the FN risk corresponds to an acceptable
FP cost. This method has the advantage that the cost of an
FP event is relatively easy to estimate, and it is easier to
make a trade-off between cost and FN risk. In the last
approach, both FP and FN risks are converted to dollar

T and a low false negative risk. Wide QC limits are
associated with low false positive risk and high
false negative risk.

terms. To convert FN risk to dollar terms, one needs to
estimate WTP to avoid an FN event. Then, the expected cost
of FNs is E[Nuf]*b*WTP, where b is the batch size. This
approach results in a curve that shows the optimum
(i.e., cost-minimizing) control limit. The problem is that it
is difficult to estimate WTP. WTP is commonly applied in
health economics and cost-effectiveness studies, but to
our knowledge, it has not been applied in clinical labora-
tory testing. We believe that the concept has utility, even if
it is not possible to obtain precise estimates of WTP. First,
the general approach indicates that control limits should
vary by WTP, and while one might not be able to specify an
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Figure 6: Comparison of Shewhart control rules with Westgard control rules. The numbers adjacent to the points in the upper left panel (TEA=2, p=0.02)
indicate the control limits, k (in standard deviation units). TEA, total allowable error.

absolute WTP, one might be able to specify a relative WTP,
or at least an ordinal WTP, which could help in setting
control limits. For example, one might suppose that WTP
for troponin is greater than WTP for creatinine, and all
else being equal, the control limits for troponin should be
narrower than the control limits for creatinine. Overall, we
suspect that Method 2 might be the easiest to apply in
practice.

We showed that log transformations of the trade-off
forms yield curves that can be more easily compared to
trade-off curves presented in native units. This allows one
to show the impact of various parameters, such as the TEA,
on the performance of a QC monitoring system. We also
showed how the transformed trade-off curves can be used
to compare the performance of different QC monitoring
methods. In this study, we compared the performance of
simple Shewhart control to Westgard control rules and
found that Westgard rules were superior to Shewhart rules
in the limited region (FP risk vs. FN risk) where Westgard
rules are applicable. This result was somewhat surprising

because some texts have advised against the use of
“sensitizing rules” because such rules increase FP risk [18].
We found that Westgard rules fell below the trade-off curve
for simple Shewhart control (i.e., for any level of FN risk,
the FP risk of Westgard rules was less than the FP risk of
Shewhart control) when TEA was less than 3. Our study
was based on assumptions such as a threshold loss function
and a uniform shift distribution, so these conclusions may
not hold more generally.

We limited our analysis to shifts in the systematic
error; however, our model can easily accommodate shifts
in both systematic error and random error [12]. In our
model, states are represented by probability distributions
which allows from complete generality. We limited the
analysis to shifts in systematic error in order to limit the
complexity and because, to our knowledge, most analyses
of QC performance focus on systematic error. Finally, very
little is known about shifts in systematic error so it is difficult
to specify a model. For that reason, we assumed that random
error was normally distributed and stationary.
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In practice, the selection of multirules is based on assay
performance [19]. Our analysis shows the performance of a
QC policy (e.g., QC limit for a Shewhart control chart, set
of Westgard rules) conditioned on the assay performance
(TEA, transition matrix). The analysis is independent of the
method used to select the rules.

The PQC method requires four inputs: (1) shift proba-
bility, (2) shift distribution, (3) power curve, and (4) loss
function [12]. Based on these inputs, the PQC method
determines the trade-off between FP risk and FN risk, and
by evaluating this trade-off, one can theoretically obtain
optimal control limits. Our analysis suggests that setting
control limits implies assumptions regarding these in-
puts. The inputs may be difficult to estimate, but the PQC
makes the assumptions explicit. A recent study showed that
most laboratories use 2sd QC limits across all assays [20].
Risk-based analysis has shown that this one-size-fits-all
approach to QC will lead to suboptimal QC monitoring. Risk-
based approaches, such as PQC, can provide guidance when
selecting and optimizing QC monitoring methods.

We recognize that it may be difficult to estimate some
of the parameters of our model. For example, it may be
challenging to estimate the cost of a false negative. How-
ever, it is known that FN results incur costs. Unlike other
models, our model makes these costs explicit. That way,
researchers can test whether FN costs are important and
assess the implications of various assumptions. In contrast,
FN costs are implicitly assigned by choosing a QC policy.

We used simulation to obtain the results in this paper.
We wish to note that we have developed methods to produce
analytical solutions for our model [12]. The analytical
approach has the advantage that it produces exact solutions
and eliminates the noise associated with simulation
estimates. This is particularly important for low event
simulations (e.g., QC with 6 sigma capability). Also, math-
ematical analysis enables one to prove that the results
are correct. We used simulation in this analysis to simplify
the paper. The methods for exact results are complicated
and simulation methods are commonly used in the litera-
ture in laboratory medicine.

Our model is not intended to be used directly. The
mathematical calculations are complex and would most
likely be carried out by a decision support system similar to
Bio-Rad’s Mission Control. Thus, much like using Google,
users would be shielded from the complexity of the
underlying algorithms. Also, we should state that this paper
is not directed toward practitioners. Rather, it is directed
toward researchers with expertise in the mathematical
analysis of QC methods who can critically evaluate our
approach and, hopefully, improve upon it.
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We believe the proposed PQC method provides a
promising approach for the risk-based analysis of QC;
however, there is a need for further development. For
example, we are currently working on a method to esti-
mate shift probability and shift size distributions and to
determine the sensitivity of the model to errors in these
estimates. There is also a need to explore other loss
functions. Risk analysis has focused on E[Nuf]; however,
there are many possible loss functions, and these could be
tailored to specific assays. We are currently working to
determine the sensitivity of risk analysis to assumptions
regarding loss functions. Finally, we hope to develop a
clinical decision support system that would suggest con-
trol limits based on the four inputs and enable lab
personnel to explore the impact of their assumptions on
the suggested control limits.
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