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Abstract: In this study, we examine a contest scenario where each player pos-

sesses a distinct head start that skews their chances of winning, thereby creating

incentive distortions from the efficient level and adversely affecting the contest

designer. While affirmative action policies offer a straightforward solution to coun-

teract these distortions, their implementation may not always be viable in real-life

applications. We characterize the unique class of non-discriminatory contest suc-

cess functions (CSF) that enables to achieve an efficient level of effort when there

are two players. Additionally, we demonstrate that achieving a symmetric equilib-

rium is unattainable without affirmative action when the contest involves more

than two players.

Keywords: contest success function; discrimination; head start; Tullock contest

1 Introduction

Contests, where multiple players compete for a single prize, have been theoreti-

cally formalized by Tullock (1980). In his model, players’ costly efforts are trans-

lated into probabilities of winning the contest through a contest success function

(CSF). However, the presence of head starts, which provide certain players with an

initial advantage in the contest without directly benefiting the contest organizer
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or society (Franke, Leininger, and Wasser 2018; Kirkegaard 2012; Siegel 2014), can

distort players’ incentives away from the efficient effort.1 To restore incentives, one

may consider using asymmetric CSFs that favor disadvantaged players and offset

the head starts enjoyed by advantaged players. This approach is often referred to

as affirmative action.

Affirmative action involves designing rules that deliberately aim to offset the

initial advantage of some candidates. Fu (2006); Franke (2012); Calsamiglia, Franke,

and Rey-Biel (2013) study affirmative action in the context of university admissions,

where exogenously disadvantaged candidates are given advantages in the contest

to compensate for their initial disadvantages.

However, there has been a recent ban on affirmative action by the US Supreme

Court (Cases No. 201199 and No. 21707 on June 29, 2023). Consequently, contest orga-

nizers may now face a new challenge in leveling the playing field without the use

of affirmative action. Moreover, in many real-life contests such as promotions or

job hiring, discrimination is prohibited, and firms and managers must implement

policies that treat participants symmetrically.

There are some papers that study how to restore incentives in contests with

heterogeneous players without using discrimination (Epstein, Mealem, and Nitzan

2013; Mealem and Nitzan 2016). In these papers, heterogeneity is modeled through

different prize valuations. Our paper differs from these papers because instead of

heterogeneity modeled through different valuations or cost functions, we consider

the players that differ only in their head starts that affect the CSF in Tullock contests

and are the same in all other dimensions including abilities, valuations, and cost

functions in order to emphasize the problem of discrimination.

Unlike existing literature on head starts in contests, our focus is on restor-

ing incentives distorted by head starts without any form of discrimination. In this

paper, we characterize a symmetric CSF that allows the implementation of the same

(efficient) level of effort in equilibrium in a contest with two participants. We also

show that it is not possible to implement the same level of effort in equilibrium

without the use of discrimination if there are more than two participants.

Our paper contributes to the literature that deals with symmetry, asymmetry,

head starts, and discrimination in contest theory. Szymanski (2003) connects the

theory of contests to sports. Feess, Muehlheusser, and Walzl (2008) study discrim-

inating political contests. Chen, Jiang, and Knyazev (2016) and Denter and Sisak

(2016) examine dynamic contests with head starts. Seel and Wasser (2014) study

the design of optimal head starts for non-standard objectives of the organizer.

1 Notice though that if the head starts are implemented by the organizer, they can make her

better off through changing incentives in the desirable way (Franke, Leininger, and Wasser 2018;

Kirkegaard 2012).
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A comprehensive survey about discrimination in contests can be found in Mealem

and Nitzan (2016).

The remainder of the paper is structured as follows. In the next section, we

present our model. In Section 3, we characterize the efficient level of effort. Sub-

sequently, we demonstrate how head starts distort the equilibrium level of effort

from the efficient one in a standard Tullock contest. In Section 5, we present our

main result, which illustrates that it may still be possible to implement an efficient

level of effort in a contest with two players by utilizing a non-discriminatory CSF

from the class of exponential CSFs. In Section 6, we solve for the equilibrium level of

effort. Then,we characterize the optimal contest prize. In Section 8,we characterize

the optimal choice of the CSF within the class of exponential CSFs. Sections 9 and 10

establish the conditions that ensure our solution represents a local and global max-

imum, respectively. In Section 11, we provide a numerical example to illustrate our

findings. In Section 12, we consider the robustness of our results to some alternative

assumptions. Finally, Section 13 concludes the paper.

2 The Model

There is a contest with N = {1,… , n} players who apply efforts to win prize P cho-
sen by the organizer. Each level of effort x is associated with twice continuously dif-

ferentiable cost function c:ℝ+ → ℝ+, such that c
′(x), c′′(x) > 0 for x > 0, c(0) = 0.

We assume that each player has exogenously given head start 𝛼i, which is additive

to her effort and increases her probability of winning but does not increase her

costs. The head starts are common knowledge. Thus, effective effort x̃i of player i,

if she applies effort xi, is given by x̃i = xi + 𝛼. Player i’s probability of winning the

contest is given by a symmetric generalized Tullock CSF p: ℝ+ ×ℝ+ → [0, 1] that

depends on the effective efforts:

p( x̃i, x̃−i) =
f ( x̃i)∑
j f ( x̃ j)

. (1)

where f (.) is a positive continuously differentiable increasing function. We assume

that this CSF is not exogenously given but is chosen by a benevolent regulatorwhose

only aim is to maximize social welfare.

Such class of CSFs has been axiomatized by Skaperdas (1996). It is shown to be

necessary and sufficient for a contestant’s winning probability to be non-negative,

increasing in her own effort, decreasing in her opponent’s effort, symmetric (in

our case, in terms of effective efforts), and consistent when a number of players

changes.
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The players’ expected utilities consist of their prize valuations weighted by

their chance of winning the prize and the cost of effort. Thus, each player chooses

the level of effort that maximizes their equilibrium expected utility. Therefore, the

equilibrium is given by the following system:

x∗
i
= argmax

xi≥0

f (xi + 𝛼i)∑
j f (x

∗
j
+ 𝛼 j)

P − c(xi), i = 1,… , n. (2)

The organizer does not benefit from the head starts of players. The organizer’s

payoff is equal to the sum of efforts minus the prize, i.e.
∑

jx j − P.

Thus, the model encompasses three sides: the regulator, the organizer, and the

players. The timing of the model is as follows:

1. The regulator chooses a CSF satisfying (1).

2. The contest organizer chooses a prize value, taking the CSF as given.

3. All players simultaneously choose effort levels, taking the prize value and the

CSF as given.

The solution concept is subgame perfect equilibrium (SPE) derived using back-

ward induction.

3 Efficient Effort

Since head start 𝛼i enjoyed by player i solely aids her in winning the competition

and holds no value for the organizer, the social surplus created in the model com-

prises solely the actually exerted efforts and their associated costs. It is given by∑
jx j −

∑
jc(xj). Given that c

′′(.) > 0, the efficient levels of effort are attained when

c′(xi) = 1 for all i ∈ N . Thus, the efficient level of effort, denoted as xe, is equal for

all players and is determined by the first-order condition

c′(xe) = 1.

4 Problems of Implementation

Here, we demonstrate that achieving an equilibrium of the game that implements

an efficient level of effort is only possible when a CSF has a specific form. Consider

the example of a standard Tullock CSF, where f (x) = x for all x ≥ 0 (Tullock 1980).

In this case, the equilibrium given by (2) can be expressed as:

x∗
i
= argmax

xi

xi + 𝛼i∑
j

(
x∗
j
+ 𝛼 j

)P − c(xi).
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Proposition 1. In a standard Tullock contest, non-zero equilibrium levels of effort

are different for any two bidders with different head starts. Precisely, for any k, l such

that 𝛼k ≠ 𝛼l it follows that x
∗
k
= x∗

l
= 0 or x∗

k
≠ x∗

l
.

Therefore, in a standard Tullock contest, the equilibrium levels of effort are

inefficient unless all players have the same head start. This implies that head start

can have a detrimental effect on efficiency.

5 Regulation and Choice of SCF

As alreadymentioned above,we assume that there exists a regulatorwho can deter-

mine the “rules of the game”, i.e. CSF, and aims to restore the socially optimal levels

of efforts in equilibrium.

Notice that if the regulator allows the discriminatory treatment of players, then

she could implement the same levels of effort in equilibrium using asymmetric

CSFs that provide each player with a disadvantage equal to their exogenous head

start, e.g. fi( x̃i) = x̃i − 𝛼i. Indeed, such an affirmative action policy gives rise to the

following CSFs:

pi( x̃i, x̃−i) =
x̃i − 𝛼i∑
j( x̃ j − 𝛼 j)

= xi∑
jx j

.

Thus, all CSFs are symmetric with respect to actual efforts. This implies that

x∗
l
= x∗

k
for any l, k ∈ N .

However, since discrimination is typically not accepted by society, we assume

that the regulator can not allow the use of asymmetric CSFs and is limited to choos-

ing the same f (.) for all players. In other words, the regulator can choose any CSF

that satisfies (1).

We start by stating the first-order conditions of maximization problems (2):

f ′
(
x∗
i
+ 𝛼i

)∑
j≠i f (x

∗
j
+ 𝛼 j)[∑

j f (x
∗
j
+ 𝛼 j)

]2 P − c′
(
x∗
i

)
= 0, i = 1,… , n.

If there is an equilibrium where all players exert the same efficient effort xe,

we obtain the following system of first-order conditions

f ′
(
xe + 𝛼i

)∑
j≠i f (x

e + 𝛼 j)[∑
j f (x

e + 𝛼 j)
]2 P − c′(xe) = 0 for any i ∈ N. (3)
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Proposition 3 establishes that an efficient level of effort can be sustained only

if f (.) is an exponential function and n = 2, i.e. the contest has two players.

Proposition 2. Assume that 𝛼k ≠ 𝛼l for any k, l ∈ N. Then,

(1) Assume n = 2. Player 1 exerts the same level of effort as player 2 does in equilib-

rium for any levels of head starts 𝛼1, 𝛼2 only if f (x) = ekx+l for some k > 0, l ∈
ℝ.

(2) If n > 2, there is no f (.) such that all players exert the same level of effort in

equilibrium for any head starts.

It is important to notice here that there are other ways to model the contest,

including those where the head-start does not destroy the symmetry of the equilib-

rium, e.g. noisy-ranking contests (Denter and Sisak 2016; Schotter andWeigelt 1992).

Proposition 2 is not applicable to such contests in general because the players will

take the same level of effort in equilibrium if the head start is additive in a noisy-

ranking contest. This equilibrium level of effort, while symmetric among players,

still depends on a head start and, thus, is different from the efficient one.While sev-

eral papers establish the equivalence of Tullock contests analyzed in our paper to

such noisy-ranking contests (Hirshleifer 1989; Jia 2008; Pelosse 2011) and to research

contests (Baye and Hoppe 2003) in the case of no head start, this equivalence does

not hold in the model with head starts. The reason for that is the following. If head

start is additive in a Tullock contest it will not be additive in an equivalent noisy-

ranking contest unless the Tullock contest uses CSF with f (x) = ekx+l resulting in

the probability of winning depending on the difference in efforts in a two-player

case. Indeed, in such a case we have

p( x̃1, x̃2) =
ekx̃1+l

ekx̃1+l + ekx̃2+l
= 1

1+ ek( x̃2−x̃1)
. (4)

Thus, in this case, p( x̃1, x̃2) is a function of ( x̃2 − x̃1) only, and players will apply

the same level of effort in equilibrium (whichmay still be different from the efficient

one).2

Wewant to emphasize that Proposition 2 provides a necessary condition on the

CSF for the existence of a symmetric equilibrium. Schweinzer and Segev (2012) and

Knyazev (2017) analyze the existence of equilibrium in symmetric Tullock contests.

However, our contest is asymmetric due to head starts. The analysis of sufficient

conditions that ensure equilibrium existence and the study of its properties is a

2 We would like to thank the anonymous reviewer for bringing this to our attention.
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complex question that we address below. For tractability, from now on, we consider

a model with 𝛼1 = 𝛼 and 𝛼2 = 0.

6 Equilibrium Effort

Consider the first-order conditions of the players, where f (u) = eku for some k > 0:

kek(x1+𝛼)ekx2[
ek(x1+𝛼) + ekx2

]2 P = c′(x1), (5)

kek(x1+𝛼)ekx2[
ek(x1+𝛼) + ekx2

]2 P = c′(x2). (6)

Indeed, the first-order conditions imply that if a non-zero equilibrium exists, it

should implement the same levels of effort for both players x1 = x2 = t. Thus, both

conditions (5) and (6) are simplified to:

kek𝛼

[ek𝛼 + 1]2
P = c′(t). (7)

Now, we define:

g(k) ≡
kek𝛼

[ek𝛼 + 1]2
. (8)

Thus, equation (7) can be rewritten as follows:

t = (c′−1(Pg(k)). (9)

To prove the existence of this equilibrium, we evaluate the second-order con-

ditions to ensure that the first-order condition on t actually provides a global maxi-

mumwhen the opponent plays the same effort. However, before proving existence,

we must determine the optimal prize P set by the contest organizer.

7 Prize Choice

The organizer chooses P to maximize her profit Π = 2t − P. Substituting the

equilibrium effort according to equation (9), the principal’s profit becomes

Π = 2(c′−1(Pg(k))− P. The first-order condition for this problem yields:

2g(k)((c′−1)′(Pg(k)) = 1.

Then, we can apply the inverse function theorem, and rewrite the first-order

condition as:

2g(k)
1

c′′((c′−1(Pg(k))
= 1,
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c′′((c′−1(Pg(k)) = 2g(k). (10)

The conditions of the inverse function theorem are satisfied because c′(.) is

continuously differentiable and increasing. However, to ensure that the first-order

condition is sufficient, we should make the following additional assumption on the

cost function.

Assumption 1. c′′(.) is increasing.

Wewill stick to this assumption below. Then, the second-order condition for the

prize choice problem is satisfied because both c′−1(.) and c′′(.) are increasing and

k > 0. Furthermore c′′(.) can be inverted. Therefore, the profit-maximizing prize is

well-defined:

P(k) ≡
c′((c′′−1(2g(k)))

g(k)
. (11)

8 Optimal k

Remember that the regulator wants to maintain an efficient level of effort in equi-

librium. By combining the equilibrium condition (9) and the condition for efficient

effort c′(t) = 1, the regulator chooses the optimal k∗ according to the following

equality:

P(k∗)g(k∗) = 1. (12)

This equality ensures the maximization of the social welfare. Substituting the

expression (11) for the optimal prize P as a function of k, we can determine the

optimal level k∗ through the following equation:

c′((c′′−1(2g(k∗)))
g(k∗)

g(k∗) = 1

⇔

2g(k∗) = c′′((c′−1(1)). (13)

Combining (12) and (13), we obtain the optimal prize value corresponding to

the welfare-maximizing k∗:

P∗ = 1

g(k∗)
= 2

c′′((c′−1(1))
.
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9 Local Optimum

If the second-order conditions are satisfied at x1 = x2 = t, thenwe have a localmax-

imum for both players’ utility functions. First, we compute a second derivative of

player 1’s utility function.

𝜕2U1(x1, x2)

𝜕x2
1

= Pk2ek(x1+x2+𝛼)
ekx2 − ek(x1+𝛼)[
ek(x1+𝛼) + ekx2

]3 − c′′(x1).

Notice that 𝜕2U1(t,t)

𝜕x2
1

≤ 0. Thus, the second-order condition for player 1 is locally

satisfied, whenever x1 = x2, because both parts of the sum are negative. For player

2, we have

𝜕2U2(x1, x2)

𝜕x2
2

= Pk2ek(x1+x2+𝛼)
ek(x1+𝛼) − ekx2[
ek(x1+𝛼) + ekx2

]3 − c′′(x2).

Thus, the second-order condition for player 2 is given by:

P∗k∗2ek
∗(2t+𝛼) ek

∗(t+𝛼) − ek
∗t

[ek
∗(t+𝛼) + ek

∗t]3
− c′′(t) ≤ 0.

This can be further simplified to

P∗k∗2ek
∗𝛼 ek

∗𝛼 − 1[
ek

∗𝛼 + 1
]3 − c′′(t) ≤ 0.

Using equations (12) and (13), this becomes

1

g(k∗)
k∗2ek

∗𝛼 ek
∗𝛼 − 1[

ek
∗𝛼 + 1

]3 − 2g(k∗) ≤ 0.

This can be simplified to

e2k
∗𝛼 − 2ek

∗𝛼 − 1 ≤ 0.

Finally, this quadratic inequality in ek
∗𝛼 gives rise to the following condition on

k∗:

ek
∗𝛼 ≤ 1+

√
2

⇔

k∗ ≤
1

𝛼
log

(
1+

√
2
)

(14)

Hence, the symmetric equilibrium with efficient levels of effort may exist only

if k∗ that solves 2g(k∗) = c′′(c′−1(1)) satisfies inequality (14). Thus, condition (14)
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limits the set of combinations of head start 𝛼 and cost function c(.) that allow for

the desired equilibrium. In fact, it produces a trade-off between these two elements.

The smaller the advantage 𝛼, the larger the class of cost functions that allow for the

social welfare maximizing equilibrium.

10 Global Optimum

Our analysis thus far does not guarantee that players exert any effort at all. Herewe

discuss the conditions that ensure a global optimum. We start with the conditions

for a global optimum for player 2. Suppose player 1 exerts effort t. Notice that (8)

implies that the optimal prize is given by P∗ = (ek
∗𝛼+1)2

k∗ek
∗𝛼 . We have a global optimum

for player 2 if the expected utility function of player 2 is concave if for all x2 ≥ 0:

𝜕2U2(t, x2)

𝜕x2
2

= P∗k∗2ek
∗(t+x2+𝛼) ek

∗(t+𝛼) − ek
∗x2[

ek
∗(t+𝛼) + ek

∗x2
]3 − c′′(x2) < 0.

Simplifying and denoting x̂ ≡ x2 − t, we have a global optimum for player 2 if

for all x̂ ≥ −t:

k∗(ek
∗𝛼 + 1)2ek

∗ x̂ ek
∗𝛼 − ek

∗ x̂

[ek
∗𝛼 + ek

∗ x̂]3
− c′′(t + x̂) < 0. (15)

There are four different cases we need to consider.

(1) At x̂ = 0, the disadvantaged player exerts effort t and the second-order condi-

tion is satisfied due to (14).

(2) Obviously, it is also satisfied for x̂ ≥ 𝛼 because the first element becomes

non-positive.

(3) Suppose now that 0 < x̂ < 𝛼. Since c′′(.) is increasing and c′′(t) = 2g(k∗), we

have c′′(t + x̂) > 2g(k∗). Then,

k∗(ek
∗𝛼 + 1)2ek

∗ x̂ ek
∗𝛼 − ek

∗ x̂

[ek
∗𝛼 + ek

∗ x̂]3
− c′′(t + x̂)

< k∗ek
∗ x̂ e

k∗𝛼 − ek
∗ x̂

ek
∗𝛼 + ek

∗ x̂
− 2

k∗ek
∗𝛼

[ek
∗𝛼 + 1]2

. (16)

Equation (16) is increasing in ek
∗𝛼 when ek

∗𝛼 > ek
∗ x̂ . Notice also that (14)

implies that, for efficient equilibrium existence, we need ek
∗𝛼 ≤ 1+

√
2. More-

over, (16) is strictly decreasing in ek
∗ x̂ . To see this, consider its derivative with

respect to ek
∗ x̂ . For convenience, denote A ≡ 1+

√
2 and X ≡ ek

∗ x̂ . Then:
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𝜕

𝜕X

(
k∗X

A− X

A+ X
− 2

k∗A
[A+ 1]2

)

∝ (A− 2X)(A+ X)− XA+ X2

(A+ X)2

∝ A2 − 2XA− X2 (17)

This quadratic function of X has its zero point at X = 13 and is smaller

than zero for X > 1. Therefore, (16) is decreasing in ekx̂ , and as a result,

decreasing in x̂. Thus, it is bounded from above by its value at ek
∗𝛼 ≤ 1+

√
2

and ekx̂ = 1. At these values, the expression (16) evaluates to zero. Therefore,

we have established that the second derivative of player 2 is smaller than zero

for any x2 ≥ t. So when player 1 exerts effort t, it is never profitable for player

2 to exert more effort than her opponent.

(4) However, the more difficult case arises when x2 < t. In this case, −t ≤ x̂ < 0,

and we have the following second-order condition:

𝜕2U2(t, x2)

𝜕x2
2

= k∗(ek
∗𝛼 + 1)2ek

∗ x̂ ek
∗𝛼 − ek

∗ x̂

[ek
∗𝛼 + ek

∗ x̂]3
− c′′(t + x̂)

≤ k∗
ek

∗𝛼 − e−k
∗t

ek
∗𝛼 + e−k

∗t − c′′(0) ≤ k∗ − c′′(0), (18)

where the first inequality follows from the fact that for any 𝑣 > 1,𝑤 ∈ [0, 1],

we have (𝑣+ 1)2𝑤 ≤ (𝑣+𝑤)2:

(𝑣+ 1)2𝑤 = 𝑣
2
𝑤+ 2𝑣𝑤+𝑤

= 𝑣
2 + 2𝑣𝑤+𝑤

2 − (1−𝑤)𝑣2 + (1−𝑤)𝑤

= 𝑣
2 + 2𝑣𝑤+𝑤

2 − (1−𝑤)(𝑣2 −𝑤)

≤ 𝑣
2 + 2𝑣𝑤+𝑤

2 = (𝑣+𝑤)2.

For 𝛼 > 0 and x̂ < 0, the inequality (18) follows. Thus, we obtain the suf-

ficient condition for the global optimum of player 2 of the form

c′′(0) > k∗. (19)

3 It has a second zero point at X = −3− 2
√
2, but since X = ekx̂d is positive, we can ignore this

second zero point.
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For player 1, we can obtain a condition similar to condition (15) that

ensures a global optimum for her:

k∗(ek
∗𝛼 + 1)2ek

∗ x̂ 1− ek
∗(x̂+𝛼)

[ek
∗(x̂+𝛼) + 1]3

− c′′(t + x̂) < 0.

Notice that this inequality is satisfied for x̂ ≥ 𝛼. For x̂ < 𝛼, we have

k∗(ek
∗𝛼 + 1)2ek

∗ x̂ 1− ek
∗(x̂+𝛼)

[ek
∗(x̂+𝛼) + 1]3

− c′′(t + x̂)

≤ k∗(ek
∗𝛼 + 1)2 − c′′(0).

Thus, we obtain the sufficient condition for the global optimum of player

1 of the form

c′′(0) > k∗(ek
∗𝛼 + 1)2. (20)

Finally, we notice that (19) is implied by (20). Thus, (20) ensures that each

player exerting effort t is indeed an equilibrium.

11 Numerical Example

Let 𝛼 = 0.5 and c(u) = u3∕50 for u ≥ 0. The efficient effort is given by t = (c′−1(1) =
(5∕3))

√
6 ≈ 4.0825. k∗ is determined by 2g(k∗) = c′′((c′−1(1)) so k∗ satisfies

2
k∗e

k∗
2(

e
k∗
2 + 1

)2 =
√
6

5
.

Thus, k∗ ≈ 1.0487. Note that this value of k is below log
(
1+

√
2
)
∕𝛼 ≈ 1.7627.

Thus, the local second-order condition (14) is satisfied. The organizer chooses prize

P∗ = c′((c′′−1(2g(k∗)))∕g(k∗) = 1∕g(k∗) = 10∕
√
6 ≈ 4.0825. She achieves a profit of

2t − P∗ ≈ 4.0825.

Given 𝛼, c(.), k∗ , and P∗, both agents find it optimal to exert effort t ≈ 4.0825

which results in player 1’s expectedutilityU1 = 1.2036 andplayer 2’s expectedutility

U2 = 0.1571. Figure 1 displays the expected utility that the agents derive given their

respective opponent plays the equilibrium effort t ≈ 4.0825. Although neither of

the two players has a concave expected utility function, effort t is an intersection

of the best responses for both players. Note that player 2 has an expected utility of

approximately only 0.0932 if she exerts zero effort.

However, this equilibrium easily breaks down when variables change slightly.

If the head start 𝛼 goes up to 0.6 the value of k∗ should be substantially increased



Offsetting Head Starts in Contests — 479

Figure 1: Plot of both player’s expected utility given that the respective opponent exerts equilibrium

effort t when 𝛼 = 0.5 and c(u) = u3∕50. The solid vertical line is placed at t. The dotted line represents
player 1’s expected utility and the dashed line represents player 2’s expected utility.

to sustain the efficient level of effort. But at the same time, the upper bound on k

would decrease with an increase in 𝛼, and at 𝛼 = 0.6, k would not be below the

upper bound anymore. Consequently, the equilibrium breaks down.

Changing the parameters of the cost function can also destroy the equilibrium.

In fact, at the given values, lowering the cost of effort can lead to a violation of the

second-order condition of player 2. If the cost function were given by c(u) = u3∕60,
the value for c′′((c′−1(1))) would slightly decrease, leading the associated value of k∗

to increase somuch, that player 2’s second-order condition is violated. The expected

utilities are shown in Figure 2.

12 Discussion

In this section, we reconsider some assumptions regarding our modeling approach

and show the robustness of our main results to these alternative specifications.

12.1 Alternative Way to Model Head Starts

Suppose that head starts are not purely discriminatory but arise because of the

actual differences in abilities. In particular, assume that instead of affecting the CSF,

the head starts affect the cost functions of the players:
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Figure 2: Plots of both players’ expected utility given that the respective opponent exerts the

candidate equilibrium effort t where the equilibrium breaks down. For the first plot: 𝛼 = 0.6 and

c(u) = u3∕50 and for the second plot: 𝛼 = 0.5 and c(u) = u3∕60. Again the solid vertical line is placed
at t. The dotted line represents player 1’s expected utility and the dashed line represents player 2’s

expected utility.

ci(xi) = 𝛼ic(xi),

where 𝛼i stands for head starts. Assume that the model is the same as before in

other aspects. Then, the efficient levels of effort are different for different players

and are determined by

𝛼ic
′(xe

i

)
= 1. (21)

We show that our main result remains unchanged in the following sense.

Proposition 3. Assume that 𝛼k ≠ 𝛼l for any k, l ∈ N. Then,

(1) Assume n = 2. Both players exert efficient levels of efforts in equilibrium for any

levels of head starts 𝛼1, 𝛼2 only if f (x) = ekx+l for some k > 0, l ∈ ℝ.
(2) If n > 2, there is no f (.) such that all players exert efficient levels of efforts in

equilibrium for any head starts.

Thus, the efficient levels of effort can be potentially sustained in the case of two

players only if the CSF is an exponential function.Withmore than twoplayers, there

is no symmetric CSF that could sustain the efficient levels of efforts in equilibrium.

However, notice that the characterization of sufficient conditions for the existence

of equilibrium similar to those derived in Sections 9 and 10 would be even more

tedious in this case because the efficient levels of effort are different for players

with different head starts. This analysis is beyond the scope of this paper.

12.2 Alternative Regulator’s Objective

In the main text, we characterize efficient effort as the one that solves the

organizer’s problem of profit maximization in the first-best world when efforts are

observable. In the case of differentiable functions, such a level of effort equates the
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marginal payoff of the organizer and the marginal effort costs of the players. This

is a traditional way to define efficient effort in principal-agent problems (e.g. see

Laffont and Martimort 2009).

However, one could consider alternative specifications where the regulator

attaches a lower weight to the organizer’s values of efforts. Assume that the regula-

tor wants to maximize
∑

j F(xj)−
∑

j c(xj), where F is some increasing, continuously

differentiable andweakly concave function. For example, if F(x) = 𝛽x, where𝛽 < 1,

the regulator assigns weight 𝛽 to the organizer’s values of efforts. Then, the socially

optimal level of effort is the same for all players and canbe found from the following

equation:

c′(xe) = F′(xe).

Since this level of effort is the same for all players, Propositions 1 and 2 remain

unchanged. Notice again that, although our main results regarding the necessary

conditions for equilibrium existence remain unchanged, we do not discuss how the

sufficient conditions for equilibriumexistencemay change in this alternative setup.

This is an important question but it is beyond the scope of this paper and requires

further investigation.

13 Conclusions

This paper examines contests with head starts and analyzes their impact on the

incentives of players to exert effort. We have demonstrated that head starts can

introduce distortions that prevent the implementation of efficient efforts in equi-

librium. While a straightforward solution would be to use affirmative action to

offset the effects of head starts, there are situations where affirmative action may

be prohibited or not feasible. However, our analysis reveals that in the case of con-

tests with only two players, the use of exponential Contest Success Functions (CSFs)

enables the implementation of symmetric and efficient efforts in equilibrium.

Appendix

Proof of Proposition 1.

Players solve for the following first-order conditions:

∑
j≠i

(
x∗
j
+ 𝛼 j

)
(∑

j

(
x∗
j
+ 𝛼 j

))2 P = c′
(
x∗
i

)
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This implies that for players k, l the following holds:

c′
(
x∗
k

)
∑

j≠k

(
x∗
j
+ 𝛼 j

) =
c′
(
x∗
l

)
∑

j≠l

(
x∗
j
+ 𝛼 j

) ⟺

c′
(
x∗
k

)
∑

j

(
x∗
j
+ 𝛼 j

)
−
(
x∗
k
+ 𝛼k

) =
c′
(
x∗
l

)
∑

j

(
x∗
j
+ 𝛼 j

)
−
(
x∗
l
+ 𝛼l

) ⟺

c′
(
x∗
k

)∑
j

(
x∗
j
+ 𝛼 j

)
− c′

(
x∗
k

)
(x∗
l
+ 𝛼l) = c′

(
x∗
l

)∑
j

(
x∗
j
+ 𝛼 j

)
− c′

(
x∗
l

)
(x∗
k
+ 𝛼k).

(22)

Now, assume by contradiction that 𝛼k ≠ 𝛼l and x
∗
k
= x∗

l
= x∗. Then, (22) simpli-

fies to

c′(x∗)𝛼l = c′(x∗)𝛼k.

This, however, implies𝛼k = 𝛼lwhenever x
∗ > 0which results in contradiction.

Proof of Proposition 2.

(1) Suppose n = 2. We show that system (3) is true only if f (x) = ekx+l for some

k > 0, l ∈ ℝ. Indeed, in this case, system (3) can be rewritten as

f ′
(
xe + 𝛼1

)
f (xe + 𝛼2)[

f (xe + 𝛼1)+ f (xe + 𝛼2)
]2 P − c′(xe) = 0,

f ′
(
xe + 𝛼2

)
f (xe + 𝛼1)[

f (xe + 𝛼1)+ f (xe + 𝛼2)
]2 P − c′(xe) = 0.

This implies

f ′
(
xe + 𝛼1

)
f (xe + 𝛼2) = f ′

(
xe + 𝛼2

)
f (xe + 𝛼1) ⟺

f ′
(
xe + 𝛼1

)
f (xe + 𝛼1)

= f ′
(
xe + 𝛼2

)
f (xe + 𝛼2)

. (23)

Notice that since xe is endogenously determined in the model, to guar-

antee that any xe can be implemented, equation (23) must be satisfied for all

xe, 𝛼1, 𝛼2 > 0. It follows that the ratio f ′(x)∕ f (x) must be constant for all x > 0.

Therefore, there are k > 0, l ∈ ℝ such that

f ′(x)
f (x)

= k

𝜕

𝜕x
log f (x) = k
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log f (x) = kx + l

f (x) = ekx+l.

(2) Assume, by contradiction, that there exists f (.) that can sustain the efficient

level of effort xe in equilibrium for n > 2 players. Then, for any two players

k, l, system (3) implies

f ′
(
xe + 𝛼k

)∑
j≠k f (x

e + 𝛼 j)[∑
j f (x

e + 𝛼 j)
]2 P − c′(xe) = 0,

f ′
(
xe + 𝛼l

)∑
j≠l f (x

e + 𝛼 j)[∑
j f (x

e + 𝛼 j)
]2 P − c′(xe) = 0.

This implies that

f ′
(
xe + 𝛼k

)(∑
j

f (xe + 𝛼 j)− f (xe + 𝛼k)

)

= f ′
(
xe + 𝛼l

)(∑
j

f (xe + 𝛼 j)− f (xe + 𝛼l)

)
⇔

f ′
(
xe + 𝛼k

)(∑
j≠k,l

f (xe + 𝛼 j)+ f (xe + 𝛼l)

)

= f ′
(
xe + 𝛼l

)(∑
j≠k,l

f (xe + 𝛼 j)+ f (xe + 𝛼k)

)
⇔

f ′
(
xe + 𝛼k

)∑
j≠k,l

f (xe + 𝛼 j)+ f ′
(
xe + 𝛼k

)
f (xe + 𝛼l)

= f ′
(
xe + 𝛼l

)∑
j≠k,l

f (xe + 𝛼 j)+ f ′
(
xe + 𝛼l

)
f (xe + 𝛼k) ⟺

∑
j≠k,l

f (xe + 𝛼 j) =
f ′
(
xe + 𝛼l

)
f (xe + 𝛼k)− f ′

(
xe + 𝛼k

)
f (xe + 𝛼l)

f ′
(
xe + 𝛼k

)
− f ′

(
xe + 𝛼l

) . (24)
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Equation (24) cannot be satisfied for any{a j}nj=1. Indeed, supposewehave
found some non-constant function f and some particular {a j}nj=1 when (24) is
true. Let us choose somem ≠ k, l. If we change 𝛼m, the left side of (24) changes,

while the right side remains the same. Thus, (24) cannot hold for any {a j}nj=1.
Thus, we obtain a contradiction.

Proof of Proposition 3. The first-order conditions for equilibrium levels of efforts

are
f ′
(
x∗
i

)∑
j≠i f (x

∗
j
)

[∑
j f (x

∗
j
)
]2 P − 𝛼ic

′(x∗
i

)
= 0, i = 1,… , n. (25)

If wewant to sustain the efficient levels of efforts in equilibrium, then plugging

(21) into (25) we get the system

f ′
(
xe
i

)∑
j≠i f (x

e
j
)

[∑
j f (x

e
j
)
]2 P − 1 = 0, i = 1,… , n.

Then, for this system to have a solution, we should have that for any i, k

f ′
(
xe
i

)∑
j≠i

f (xe
j
) = f ′

(
xe
k

)∑
j≠k

f (xe
j
).

Applying the same reasoning as in the proof of Proposition 2 we get the desired

result.
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