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Abstract: The short-term nominal interest rate can anchor private-sector
expectations into low inflation — more precisely, into the best equilibrium
reputation can sustain. I introduce nominal asset markets in an infinite horizon
version of the Barro-Gordon model and characterize the subset of sustainable
policies compatible with any given asset price system at date t=0. While there are
usually many sustainable inflation paths associated with a given set of asset
prices, the best sustainable inflation path is implemented if and only if the short-
term nominal bond is priced at a certain discount rate at date t=0.
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1 Introduction

Inflation in advanced countries has been low and stable for the last 20 years.
Remarkably, central banks have been able to bring inflation under control while
preserving their discretion at policymaking. Independence, transparency, and an
emphasis on price stability are usually credited for the improved inflation record.
Yet it remains important that we have a comprehensive understanding of how the
current framework enables successful monetary policy, especially if additional
institutional changes are being considered.

Most of the theoretical analysis of monetary policy frameworks builds upon
the literature on commitment and discretion pioneered by Kydland and Prescott
(1977) and Barro and Gordon (1983b). The initial premise is that there is a short-
run benefit from unexpected inflation. If monetary policy is discretionary, the
optimal policy is not compatible with rational expectations and the result instead
is an inflationary bias. The institutional design is then modeled as modifying the
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policy objectives, either directly or through an inflation contract, in a way that
reins in the ex-post incentives to inflate by the monetary authority.!

An old observation is that reputation can substitute for commitment: agents
may forgo short-term benefits in order to secure cooperation over the long term.
Reputation arises naturally in infinitely repeated games.? Barro and Gordon
(1983a) show that low inflation can be sustained with trigger strategies in an infi-
nitely repeated game between the monetary authority and the private sector. For-
mally, an inflation path is said to be sustainable (or enforceable) if it belongs to a
sub-game perfect equilibrium. Much of the subsequent work has focused on the
best sustainable policy.> Unfortunately infinitely repeated games have multiple
equilibria, and some may be worse than the no-reputation equilibrium. Rogoff
(1987) writes, “Repeated game models replace a cooperation problem with a coor-
dination problem.” Persson and Tabellini (1994) emphasize the “ problematic”
aspect of a “serious multiple-equilibrium problem;” while Sargent (1999) writes
that “the multitude of outcomes mutes the model empirically and undermines
the intention of early researchers to use the rational expectations hypothesis to
eliminate parameters describing expectations.”*

In this paper I show that the short-term nominal interest rate can coordinate
private-sector expectations into the best equilibrium reputation can sustain.
Hence, all is required to solve the coordination problem is to set the discount
price of a short-term nominal bond in a spot market — something central banks
routinely do. Formally, I start with an infinitely repeated version of the economy
in Barro and Gordon (1983a) and characterize all the sustainable equilibria. Then I
introduce a date t=0 spot market for nominal and real assets. By design, no action
in the asset markets changes the set of sustainable equilibria — in other words,
asset markets leave the cooperation problem intact. I show that the mapping
between asset prices and sustainable policies is usually a correspondence, i.e.
for a given asset price there are usually either many sustainable inflation paths

1 This approach started with the celebrated “conservative” central banker proposed by Rogoff
(1985). Walsh (1995) first formalized inflation contracts. The subsequent literature is very large.
Other strands of the literature emphasize learning or compare the performance of different Tay-
lor rules. See Sargent (1999) and Clarida, Gali and Gertler (2000), respectively.

2 This is not the only way to think about reputation, though. Barro (1986) and Backus and Driffill
(1985), among others, show how uncertainty about the policymaker “type” allows for a different
notion of reputation: the “ good” policymaker strives to keep inflation low to distinguish himself
from the “ bad” policymaker. See Rogoff (1987) for a survey.

3 An incomplete list is Ireland (1997), Stokey (2002) and Atkeson and Kehoe (2005).

4 The quotations are from Persson and Tabellini, eds (1994), p. 9, and Sargent (1999), p. 38. The
equilibrium multiplicity is sometimes regarded as a strength of the theory, as in Chari, Christiano
and Eichenbaum (1998).
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compatible with an equilibrium. The exception, though, is of the utmost interest:
there is a one-to-one mapping between the best sustainable policy and the highest
discount price for the short-term nominal bond at date ¢=0.

This result is made possible by three key properties of the best sustainable
equilibrium. First, the inflation rate is a function of the exogenous state of the
economy along the equilibrium path. Second, the inflation rate is the lowest of
all sustainable inflation rates at all dates. Third, the only sustainable inflation
path with the lowest inflation rate at date ¢=1is the best sustainable equilibrium.
These properties are closely related to the bang-bang structure of the best sus-
tainable equilibrium, documented in Abreu, Pearce and Stacchetti (1990).

Thus the coordination problem has moved from the very large space of pos-
sible inflation paths to a single spot market that central banks are very familiar
with. There is no question that central banks have a good hold of the short-end
of the nominal yield curve. For example, the Federal Reserve can set the rate in
the federal funds market by manipulating the supply of reserves available to
the banking sector. The federal funds rate is tightly link with short-term treas-
ury bonds: through the available sample, the correlation between target federal
funds rate and the 3-month Treasury bill rate is 0.99. Note that because the short-
term nominal bond is traded at a discount price, in a spot market, there is no
presumption that the monetary authority is committing to any action.

There are two important limitations to my analysis. First, I focus on how rep-
utation can lower the inflation rate. Thus my analysis is entirely focused on the
inflationary bias.> Similarly, I have to assume that the zero nominal interest rate
bound is not binding in the best sustainable equilibrium. Otherwise, the short-
term nominal interest fails to uniquely implement the best sustainable equilib-
rium, although it reduces the set of sequential equilibria to a desirable subset.

Finally, I include also a short discussion of inflation-targeting frameworks. To
give inflation targeting the best shot at achieving coordination, I simply assume
private-sector expectations are coordinated on the inflation target, however it is
specified.® Then I ask under which conditions the inflation-target uniquely imple-
ments the best sustainable equilibrium and, if it fails to do so, what can be said
about the associated set of sequential equilibria. I find it is possible to design the
inflation target regime to guarantee that the best sustainable equilibrium is the

5 Arguably, advanced economies have kept inflation low for decades now though there is no
consensus on how the inflationary bias has actually been solved. This paper suggests that cen-
tral banks have simply been able to build their reputation once short-term nominal rates became
the policy instrument of choice.

6 This is a strong assumption, as the inflation target would require coordination on future ac-
tions, unlike the present-period spot market implementation for the nominal interest rate.
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unique sustainable equilibrium compatible with the target. Other target designs,
commonly observed, fail to achieve unique coordination, but the associated set
of equilibria retains desirable properties.

Section 2 presents the main result in the paper in a simple economy. The reader
is referred to the Appendix for definitions, formal statements and proofs. Section 3
discusses the scope and limitations of the result. Section 4 discusses inflation tar-
geting as a coordination device. Finally, Section 5 offers some concluding remarks.

2 Sustainable monetary policy

In this section I introduce the concept and key properties of sustainable policies
in a simple economy. The Appendix contains the formal definitions, results and
corresponding proofs in a more general environment.

2.1 Asimple economy

I consider an infinitely repeated version of the economy proposed in Barro and
Gordon (1983a). Monetary policy is the outcome of a game between two players,
the monetary authority and the private sector. At every period t=1, 2, ... infla-
tion expectations 7, are embodied in the private sector’s actions, say, by setting
nominal prices. The actual inflation rate is 7,20 >0, and is directly set by the mon-
etary authority. A Phillips curve determines aggregate output

y, =y +k(m,~7,)

where x>0 and y*>0. Agents value output and inflation at date ¢ according to
—(y-y,)—(z,-0)’

where y>y*. The monetary authority is assumed to be benevolent: its objective
function is the private-sector welfare. The mismatch between the equilibrium
output y* and the output “target” y reflects the presence of distortions.” The indi-
rect utility function can be expressed as the negative of the loss function

7 The formal results in the Appendix are derived using more general specifications for both the
Phillips curve and the monetary authority’s objective function. Foundations for this economy are
discussed in Woodford (2003) and references. The use of a classical Phillips curve formulation is
very convenient. The no-reputation equilibrium is basically an infinite sequence of static econo-
mies — hence the only intertemporal link possible is reputation. For an extension of infinitely
repeated monetary policy games with endogenous state variables, see Chang (1998).
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The private sector’s continuation welfare at any date t>1 is

v[=—26il(nj, )

J=t

where 1>0>0 is the intertemporal discount rate.

I start by solving for the optimal monetary policy. Rational expectations
imply that there is no room for surprises, i.e. 7=x. Therefore the optimal mon-
etary policy 7" solves

minl(z, )
=20

at all dates. The optimal monetary policy is trivially given by the zero lower bound
on the nominal interest rate, 77=0. In more nuanced environments the optimal
inflation rate may be positive and is usually a function of the state of the economy.

It is well-known that the monetary authority must be able to commit in order
to implement the optimal policy in the one-period economy. Say the private sector
expects the optimal monetary policy, 7=x", and the monetary authority has a
chance to review the policy decision. Since 7 is already set, the monetary policy
solves the ex-post problem:

minl(z, 7).
120

The monetary authority’s best response function is

2

y-y )+ N
0 yz) o, K &
1+ 1+k

and thus the monetary authority would choose to inflate over private-sector
expectations if these were based on the optimal monetary policy:

2

y-y)+0
n=K(y )/2) + K 2ﬂ'>:r’.
1+k 1+k

Hence, the optimal monetary policy is not compatible with rational expecta-
tions and policy discretion.

What then is the rational expectations outcome in the one-period economy
without commitment? We are looking for a fixed point in the best response func-
tion. That is, the monetary authority must find it optimal to validate the private-
sector expectations,

a=argminl(z, 7).
720
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It is straightforward to solve for the unique one-period Nash equilibrium z",
a"=0+k(y-y’).

Hence, the lack of commitment leads to the well-known inflation bias, 7">x".

2.2 Sustainable policy

In the infinite horizon economy, reputation can substitute for commitment and
lower inflation. Say the private sector initially expects inflation to be below the
one-period Nash equilibrium, 7<z". If monetary policy deviates at any date
from expectations, 7,#7, then the private sector subsequently coordinates on
the one-period Nash equilibrium z". This strategy “ punishes” the monetary
authority whenever it exploits the Phillips curve. If the threat of higher inflation
in future periods is large enough to deter the monetary authority, then it is pos-
sible to sustain lower inflation rates than z".

Whether any inflation path {z,} is sustainable in this manner is easy to
check. At every date t>1, the monetary authority can fulfill private-sector expecta-
tions and get the continuation value associated with {z

jli=t?

vt=—2<§"l(n)., 7))

J=t

or it can choose some 7'#7,, knowing the one-period Nash equilibrium will follow
forever after

0
(', t)—l(=", 7).
(', 7)==l )
The inflation path {z }" is a sustainable plan if the monetary authority
chooses to fulfill private-sector expectations,

, 6 n n
V[Z—l(ﬂ . ﬂ[)—ﬁl(ﬂ s T ) (1)

for all #>¢ at all dates t>1.% In this simple economy, a sustainable inflation path
can also be thought of as a sustainable policy.

8 The concept of a sustainable plan is broader: reversion to Nash equilibrium is not the only
punishment possible and, more importantly, may not be the worst punishment possible. Hence,
Condition (1) is sufficient but not necessary to establish an inflation path as sustainable. See the
Appendix for a sufficient and necessary condition for a sustainable plan.
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The Folk theorem says that if the intertemporal discount rate is low enough,
i.e. 0 close enough to one, the optimal monetary policy should be sustainable. It
is easy to check this. The continuation value associated with the infinite repeti-
tion of 7" is
o -y)
19

4

while the best deviation achieves

_(y_y*)z_i N5 )2
T 1_6(1+fc y-y")

so the optimal monetary policy will be sustainable if
1 < 1 0

< — 2
o ~1re 1o )

or

o> 1
2417

Unfortunately, there are a lot of sustainable inflation paths. To start with,
the infinite repetition of the one-period Nash equilibrium, =" for all t>1, is
always a sustainable plan. It can be shown that, if the optimal monetary policy
is sustainable, then any constant sequence in [z, 7] is sustainable too. Actually,
the equilibrium multiplicity does not stop at deterministic sequences: it is also
possible to sustain stochastic processes for inflation.’

I'will be interested in the best sustainable policy or plan {7}~ , i.e. the sus-
tainable inflation path that achieves the highest value at date t=1, v,. The optimal
monetary policy, 7, =z" for all £>1, may be a sustainable plan, in which case it
trivially is the best sustainable plan. The cases of interest are those in which
the optimal monetary policy is not sustainable, yet the best sustainable plan
improves upon the one-period Nash equilibrium.

2.3 Key properties of the best sustainable plan

The results of this paper are built upon three key properties of the best sustain-
able plan. First, it is a constant sequence, njzn*.lo Second, it achieves the lowest

9 See the Appendix for an example.
10 For stochastic environments, the best sustainable plan is a function of the exogenous state of
the economy. See the Appendix for details.
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inflation rate sustainable at every date. Third, as long as the lower bound on
inflation is not binding, the only sustainable inflation path with 7z =" is the best
sustainable plan.

In the Appendix I develop on the theory developed by Abreu, Pearce and
Stacchetti (1990) to formally prove these properties. Here I just sketch the logic
behind them. Let {v:}:;1 be the sequence of continuation values associated with
the best sustainable inflation path {7}, . I can write the sustainability condition
(1) att=1as

=, 7 ov; 2l )l )

for all 7’>6. Why is the best sustainable plan a constant sequence? If the continu-
ation value were decreasing v, >v,, then one can just “ postpone” the start of the
best sustainable plan and do better. Note the alternative sequence {7, 7;, 7}, ...}
is sustainable since

s, 78, vl )=l )

and it achieves strictly more welfare than {7,}7,. A similar argument can be
made if the continuation value were increasing v;<v, by considering an alter-
native sequence {x,, 7,, ...} starting at date t=1. Therefore the best sustainable
plan achieves a constant value v;=v" for all £>1, which is only possible with a
constant inflation rate 7;=x".

The second property — that the best sustainable plan achieves the lowest
sustainable inflation rate at every period — follows easily now. Say a sustainable
inflation path {ﬁ[}; is such that, at some date ¢, 7, <x". The sustainability con-
dition (1) at date t implies

0 7407, 2 7)ol )
for all #'>0. Since v'2V, , the inflation path {7,, 7", #"...} is also sustainable.

Given that I(7r, ) is increasing in 7, {7,, 7", #"...} achieves
(7, ) +ov' >V
which contradicts the definition of a best sustainable plan.

Finally, we are in place for the third property of the best sustainable plan:
the only sustainable plan with 7 =7, that is, the lowest inflation sustainable in
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the first period, is the best sustainable plan. I proceed to prove this result by con-
tradiction. Assume a sequence {z°, {7 }7,} is sustainable, with 7,#x" at some
date t>2. Condition (1) implies

(7", 7' )+0v,>-(x", n*)—%l(n”, a").

Since I have already shown that the best sustainable plan is 7=n", the
(", )

continuation sequence {7, }" mustachieve strictlylessvalue, V,<v’= s

Hence

—%>—l(n’, n*)—%l(n", a")

for all 7'>d. The strict inequality above suggests that it may be possible to do
better than 7%, that is, to lower inflation a bit and yet still satisfy Condition (1).
This is exactly what I show next. Since the loss function [ is continuous and
convex in both arguments, the function

U2, w—e) _8)+minl(n’, 7 —¢)
1—6 w20

gle; n')=—
is also continuous around ¢=0. It follows that for any x>0 there exists e>0 such
that |g(e; m*)-g(0; r*)|<k. Therefore I can pick #=n"—e<n” with e>0 small enough
such that
@z, 7)

ﬁz—l(ﬂl, ﬁ)—%l(ﬂn, .7[").

Hence the constant inflation path & =7 is sustainable. Since
(7, m)<l(x’, ), 7, =z for all £>1 achieves higher welfare than the best sustain-
able plan v>Vv", a contradiction.”

It is the third property that is key for the coordination, as it establishes that
achieving a particular inflation rate in the first period is a sufficient and neces-
sary condition for the best sustainable equilibrium. Next I will seek to exploit this
property by linking the best sustainable equilibrium to a particular value of the
short-term nominal interest rate.

11 Readers familiar with Abreu, Pearce and Stacchetti (1990) will recognize the bang-bang prop-
erty of the best sequential equilibrium.
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2.4 Nominal assets and equilibrium coordination

To make the point of this paper clear, I introduce asset markets in a way that
neither the agent’s payoff nor action sets are modified by asset trading. As a
result, the set of sustainable inflation paths is left intact and asset prices are con-
fined to a coordination role.

All asset trade happens at date ¢=0, one period before the game as described
above starts. For simplicity, only a one-period nominal bond is traded here, sold
at discount rate Q. There is no monetary phenomena at date ¢t=0. All private-sec-
tor agents get an exogenous endowment y, <y.

Private-sector agents optimally choose their bond holdings B. Abstracting
from borrowing constraints, the no-arbitrage condition implies

g=sV=E,
(y—c,) B

I assume that the monetary authority holdings B are exogenously dictated
by a fiscal authority. Lump-sum transfers balance the monetary authority budget
constraint and thus the resource constraint equates consumption with output.
This renders the level of bond holdings irrelevant for the monetary authority deci-
sion problem at any date. It also does not affect the private-sector action set. As
intended, the assumptions ensure that the set of sustainable plans is preserved.'

An asset market equilibrium combines a sustainable inflation path, the port-
folio decision and the market clearing conditions. Since there are no surprises
along the equilibrium path, the arbitrage condition simplifies to a simple Fischer
equation,

=YV 1 ®)
Y=Y, 7,

An important assumption in the analysis is there is no sustainable inflation
path that makes the zero nominal interest rate condition Q<1 bind.

The arbitrage condition (2) is a one-to-one mapping between the nominal
interest rate and inflation in the first period. However, the nominal interest
rate does not seem to be informative with respect to the inflation rate in later
periods. Moreover, not even the one-to-one relationship with period t=1 inflation
stands once the possibility of sustainable stochastic inflation paths is taken into
account. There are usually many sustainable inflation paths compatible with the
same nominal interest rate at date {=0.

12 Once again the formal definitions and proofs are in the Appendix.
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The key result of this paper is that, despite the limited scope of the arbitrage
condition (2), there is a robust one-to-one relationship with the best sustainable
plan. That is, if the asset market clears at price

Q=Y VL
y=y,

the only compatible inflation path is the best one, 7 =" for all £>1.

The properties of the best sustainable plan discussed in the previous subsec-
tion are now instrumental. First and foremost, it is sufficient to pin down the date
t=1 inflation rate at ;z* to ensure that the best sustainable plan follows. Second,
there is no room for stochastic inflation paths because z* is the lowest sustain-
able inflation rate. Sitting at one extreme of the support for sustainable inflation
rates, only degenerate lotteries are compatible with discount rate Q*. It is also
straightforward to see that Q* is the highest discount price among the set of asset
market equilibria.

The nominal interest rate also coordinates expectations into the best sus-
tainable equilibrium in alternative market structures. In the Appendix I formally
prove the result for a richer set of assets in a stochastic environment. Yet the result
still hinges exclusively on the short-term nominal rate.”

3 Scope and limitations

In this section I discuss the scope of my results as well as note some of the limi-
tations of the analysis, concluding with some thoughts regarding the role of
the nominal interest rate in providing some degree of coordination in general
environments."

There are two key conditions that frame the scope of my analysis. The first key
condition is that, in absence of reputation, inflation is too high. In other words,
the analysis is entirely focused on how reputation can solve the inflationary bias
that arises from the time inconsistency problem. While such bias is pervasive
in monetary economies, it is possible that inflation is too low due the monetary
authority’s lack of commitment.

13 It is also possible, but cumbersome, to prove the result in a sequence-of-markets equilibrium.
14 As mentioned earlier, I derive the results formally in the Appendix for a quite broad envi-
ronment that includes shocks as well as general specifications for the Phillips curve and the
monetary authority’s loss function. The analysis of infinitely-repeated games, though, gets com-
plicated quite easily—for example, by introducing endogenous state variables—so formal results
for very general economies are difficult to come by.
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The second key condition is that there is a strictly monotone relationship
between the nominal interest rate and expected inflation. Obviously linear models
satisfy this condition; non-linear models rarely have non-monotone comparative
statics. However, economies in which the zero lower bound for the nominal rate
binds in the short term violate the strict monotonicity required by the condition.

3.1 Inflationary bias

My analysis is focused on how reputation can lower the inflation rate: the no-rep-
utation equilibrium inflation rate is assumed to be higher than the optimal infla-
tion rate, with the best sustainable inflation rate being somewhere in between.
This is certainly the typical case in models of inflationary bias, starting with the
seminal work in Barro and Gordon (1983b) and Barro and Gordon (1983a). More
generally, the inflationary bias arises whenever: (1) Unexpected inflation has an
expansionary effect on real output, and (2) the monetary authority aims for more
output than the natural level. I believe there is no need to discuss further (1), as
it is ever-present in any model where monetary policy has a real effect. As for (2),
there are strong structural foundations behind a loss function for the monetary
authority with an output target above its natural level. As Benigno and Woodford
(2005) show for New Keynesian models, if there are steady-state distortions in the
underlying economy, a loss function based on a linear-quadratic approximation
will have the required property.®

As advanced economies have managed to keep inflation low for decades
now, researchers routinely assume away the inflation bias by setting the mon-
etary authority’s target to the natural level, so inflation is, on average, optimal.
This does not mean that there are no time-inconsistency issues: in New Keynesian
models, the no-reputation equilibrium will typically feature excessive inflation
volatility relative to the optimal policy, in what is known as stabilization bias.'® As
shown by Kurozumi (2008), reputation can help ameliorate the stabilization bias
and even implement the optimal policy.

Unfortunately, the nominal interest rate may not be able to coordinate expec-
tations into the best sustainable policy if the stabilization bias is large relative to
the inflationary bias. More precisely, if the optimal inflation rate is higher than
the inflation rate in the no-reputation equilibrium, then setting the nominal
interest rate at the level implied by the best sustainable inflation does not rule

15 New Keynesian models specify forward-looking terms in the Phillips curve. See Woodford
(2003) for a comprehensive review.
16 See McCallum (1997) and Clarida, Gali and Gertler (1999) for early discussion of the phenomena.
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out sustainable plans with lotteries. These equilibria will have the same expected
inflation as the best sustainable plan, but inflation realizations can be spread
over the support of all sustainable plans and thus are sub-optimal. In contrast,
when the best sustainable inflation is the lowest inflation rate sustainable, that
is, sits at the boundary of the support of all sustainable plans, the nominal inter-
est rate will pin down the inflation rate without room for lotteries. Hence whether
my results apply in an economies that have both inflationary and stabilization
bias depends on the underlying parameters governing the strength of each bias.

3.2 Nominal interest rate and expected inflation

The second key condition requires that the nominal interest rate and expected
inflation have an one-to-one relationship. This condition is satisfied in models
where monetary policy does not effect real output along the equilibrium path.” In
such models, the real interest rate is constant and the Fischer equation (2) deliv-
ers the monotone relationship that we are looking for.!®

There are models, most notably those embedding a New Keynesian Phillips
curve, where monetary policy moves the real interest rate along the equilibrium
path. It is thus possible that the relationship between the nominal interest rate
and expected inflation is non-monotone. That said, these models are usually log-
linearized, thus obviously satisfying the required condition. I should also note
that the condition can be weakened to hold only for the best sustainable plan.

Similarly, the relationship between expected inflation and the nominal inter-
est rate usually does not depend on the asset-trading arrangement: whether one
assumes markets are complete or incomplete, or bonds are exclusively in nominal
terms, it is irrelevant for the Fischer equation. However, a more realistic modeling
of the asset market is bound to modify the set of sustainable plans. Nominal bond
holdings are likely to shape the ex-post incentives of the monetary authority —
see, for example, Calvo (1978). Moreover, the short-term interest rate is often not
only a nominal anchor but also the operative instrument of monetary policy. I
abstracted from these possibilities in order to focus on the coordination role.

There is, however, a relevant situation for which the conditions fails: If the
best sustainable plan calls for the nominal interest rate to be at the zero lower
bound at date t=1, then it is not possible to coordinate uniquely on the best sus-
tainable plan. A sustainable plan may feature an inflation rate being equal to

17 The one-to-one relationship does not need to hold off the equilibrium path, that is, for plans
that are not sustainable.
18 More generally, the real interest would be a function of the exogenous state of the economy.
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that under the best sustainable plan in date ¢=1 - or, more broadly, for as long as
the zero lower bound binds — yet depart from the best sustainable plan at a later
date. In New Keynesian models, the so-called forward guidance channel would
imply very different outcomes across equilibria, as inflation expectations after
the nominal rate departs the zero lower bound have a large impact on the present-
period real interest rate.

3.3 Partial coordination

Even when the above conditions do not hold, the nominal interest rate still pro-
vides some degree of coordination for private-sector expectations. To see this, it
is necessary to entertain the possibility of stochastic sustainable plans. Returning
to the simplified model of the previous section, let I1=[7,, ] be the support of
sustainable inflation rates for period ¢=1. It is well-known that if any inflation rate
in the support I is sustainable, then any probability measure u over IT for period
t=11is also a sustainable plan.” For any such sustainable plan u, I can then write
the Fischer equation (2) as

R=0[ ()" uld), 3)

where for simplicity I have assumed y,=y, and dropped time subscripts. The set
of sustainable plans u that are compatible with a particular nominal interest
rate R is simply the set of probability measures x4 over IT that satisfy (3). It is
only possible to implement uniquely the boundaries of I, say, w=rx,,, by setting
R=m,07'. When x, happens to be also the best sustainable plan we obtain my
main result.

What happens if the nominal interest rate is set to R>, 0, perhaps because
higher inflation is preferable or there is some disconnect between the policy rate
and the short-term nominal rate? One possible sustainable equilibrium compat-
ible with R would be to have inflation 7, =Rd with probability one. There are sto-
chastic sustainable plans that are compatible with R as well, but the probability
measure must respect equation (3). This is a sizable constraint over the set of
sustainable plans - particularly if RO is near the boundaries of the support IT
and the probability measure ¢ cannot have a lot of mass on inflation rates very
different from RO and satisfy (3). It is quite simple to show that, for any 7ell
and given R,

19 See Appendix for a detailed treatment of stochastic sustainable plans.
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-1
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Pr(m>7)< 1—"’)(1—}’] .

r(n>:r)( RS >

A similar bound can be obtained using the upper bound of the support II.
I should note that the above bound only applies to the first-period inflation rate.
Perhaps not surprisingly, the bounds for the inflation rate at longer horizons are
less informative, that is, the short-term nominal rate at date t=0 becomes compat-
ible with a broader set of sustainable inflation rates at later dates. However, these
bounds are quite tight if the nominal rate is set close to 7,0 as the first term in
the probability bound is close to zero. Indeed, the underlying correspondence
between the short-term nominal interest rate and the set of sustainable equilib-
ria is continuous, implying that, in general, small deviations in the short-term
nominal interest rate would produce sustainable equilibria that are, welfare wise,
very close to the best sustainable equilibrium.

An alternative approach would be to compute the worst sustainable plan
compatible with a given nominal interest rate R. This is particularly useful for
analyzing the case of a binding zero lower bound. Borrowing loosely from the
specification in Eggertsson and Woodford (2003), assume the economy is under a
negative, persistent real interest rate shock that leads the best sustainable policy
to the zero lower bound. With a constant probability, the real interest rate returns
to steady state and the best sustainable policy exits the zero lower bound. Note
that the worst sustainable plan still requires some reputation, i.e. a continuation
value, to enforce date t=1 inflation compatible with the nominal rate being at
the zero lower bound. Since the continuation value must be delivered along the
equilibrium path, there are some restrictions. For example, the worst sustainable
plan may feature departing the zero lower bound early — but not too early or the
low inflation at date t=1 would have not been sustainable. Unfortunately it is
difficult to give a precise evaluation of how far the worst sustainable equilibrium
(compatible with the initial interest rate) would depart from the best sustainable
equilibrium.

4 Inflation targeting

Inflation targeting has become the monetary policy framework of choice in
several countries since New Zealand pioneered its use in 1990. The details vary
from country to country, but at broad strokes inflation targeting can be said to
consist of a range and/or an average for the growth rate of a price level of choice,
typically a consumer price index, to be achieved over a medium-term horizon,
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e.g. 2 years. Inflation-targeting central banks still use some short-term nominal
interest rate as instrument and part of the policy communication.

In this Section I ask whether an inflation target is an effective coordination
device. I assume private-sector expectations are coordinated on the inflation
target, however it is specified. Then I check whether this is sufficient to uniquely
implement the best sustainable equilibrium and, if it is not, what can be said of
the associated set of sustainable equilibria. I do not specify how the monetary
authority achieves coordination on the target: this is not trivial since inflation
targets require coordination on future date outcomes, rather than in a present-
period spot market as in the case of the nominal interest rate.

Formally, I define an inflation-target regime as (1) a subset IIc{n>6}, and
(2) a time horizon Tc{0, 1, ...}.%° This encompasses “point” targets, a range or
a ceiling for inflation at different horizons. An inflation plan complies with the
target if 7 Il for all dates te T. 1 then ask for which inflation-target frameworks
the only sustainable plan that complies with the target is the best sustainable
plan and, if there are others, what can be said about them.?

Let us start with a point value for inflation, at some horizon T, as the target,
that is, [1=7. On the heels of my results it should not be surprising that it is pos-
sible to pick 7 such that the best sustainable plan z* is uniquely determined if
T={1}. Setting 7=, achieves coordination on the best sustainable equilibrium:
since 7, is the lower bound on the support for any sustainable inflation rate,
there is no room for stochastic sustainable equilibria. The argument sketched
here carries nicely to stochastic economies and targets defined over the average
inflation rate.

However, the condition that T={1} is important. What happens if the target is
set for later horizons? By setting 7=, for t>1 all compatible sustainable plans
will implement the best continuation equilibrium from date t onwards, but there
is no guarantee that the best sustainable equilibrium is played. For example, a
possible sustainable equilibrium would be to play the one-period Nash equilib-
rium until date t-1, and then revert to the best continuation equilibrium at date
t. If the target is specified at 7=, for several horizons te T, only the shortest
horizon date is relevant.

Perhaps not surprisingly, the benefits of a point target diminish once you
consider a stochastic economy. In any case, many inflation-targeting frame-
works specify a range for inflation, rather than target a point. The range is

20 This can be easily generalized further to stochastic economies and a richer specification for
the inflation target, like, for example, a range for the average inflation rate.

21 It may be possible that no sustainable plan complies with the target. See Kurozumi (2012) for
the limits of inflation-targeting designs based on reputation.
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unconditional, and again over some horizon T. Consider thus ﬁ=[nlb, nub].
In a deterministic setting, the range can work if the upper bound is set to be
equal to the best sustainable inflation rate, *. However, this does not work
for stochastic environments. Let s€ S be the exogenous state of the economy,
evolving according to some Markov process.” The obvious choice for 7z , would
be max__ s71*(5), that is, the maximum inflation rate attained under the best sus-
tainable equilibrium. However, it is not possible to uniquely implement the best
sustainable equilibrium. If T=1, the best continuation value is only guaranteed
if s,=arg max_ r°(s), that is, if the state realization at date =1 is such that the
upper bound on the range is binding. The same problem arises for longer hori-
zons as well. Indeed, even if the range is imposed at all dates, the best sus-
tainable equilibrium is not the unique sustainable equilibrium compatible. For
example, inflation may be at the one-period Nash equilibrium until the exog-
enous state is arg max_r*(s). On the positive side, all sustainable equilibrium
will achieve the best continuation value with probability one if the range is
imposed at all dates.

To recap, it is possible to uniquely implement the best sustainable equilib-
rium by targeting the average inflation rate in the short term. Other inflation-tar-
geting frameworks do not uniquely pin down the best sustainable equilibrium,
but they still guarantee that only a subset of sustainable equilibrium, with quite
desirable properties, is implemented. It is worth insisting, though, that this
analysis simply assumes coordination on the target, without detailing how it is
achieved. That said, it is quite intriguing that an easily communicated target can
bring a fair degree of coordination on the much larger object that the set of sus-
tainable equilibria is.

5 Concluding remarks

Advanced economies have kept inflation low for decades now yet there is no
consensus on how the inflationary bias has actually been solved. At its broadest
interpretation, this paper suggests that central banks may have simply been able
to build on their reputation by making short-term nominal rates their choice of
policy instrument. I show that manipulating the discount price of the short-term
nominal bond in a spot market — something central banks around the world seem
to have no problem doing — can effectively coordinate private-sector expectations
on the best sustainable inflation path.

22 See Appendix for a proper formulation.
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Perhaps the biggest gap between theory and practice in my analysis is the
construct of a date =0, when no equilibrium is yet selected and the monetary
authority has the ability to coordinate beliefs. Moreover, it is important that coor-
dination is a once-and-for-all event. That is, agents’ initial beliefs regarding the
equilibrium to be played are taken to be heterogeneous, that is to say, uncoordi-
nated. However, once coordination is achieved, the central bank no longer can
reset private expectations at will. This is crucial for the theory: reputation is only
as valuable as it is costly to lose it. If the monetary authority could coordinate
expectations into the best sustainable policy at any time, it would be possible to
get out of any punishment phase and no equilibrium other than the one-period
Nash equilibrium could be sustained. In other words, if the central bank could
build up reputation at will, it would render reputation useless in the first place.

The natural next step would be to embed the analysis in a learning model
with dispersed beliefs over the set of sustainable equilibria. In such model, agents
would gradually update their posterior beliefs into the sustainable equilibrium
that are compatible with the nominal interest rate set by the monetary authority.
Instead of the date t=0 construct, one would start with uninformative priors over
the set of equilibria. As the agents’ posterior converge to the best sustainable plan,
that is, once coordination is achieved, the monetary authority would face a much
harder time shifting these beliefs again — and thus preserving the role of reputation.

There remain two substantial challenges for combining a learning model and
a theory of reputation. First, we do not have tractable models of coordination. An
exception is the fictitious play model of Fudenberg and Kreps (1993) and Fuden-
berg and Takahashi (2008). There is also some work documenting how second-
price sealed-bid auctions achieve coordination on Pareto superior equilibria.?
However, in both cases, all learning is completed in the first period. Second,
sustainable equilibria rely heavily on out-of-the-equilibrium path beliefs, in the
form of trigger strategies. A learning model is bound to impact the cooperation
problem, as the monetary authority may be able to carry on with a deviation for
longer than under the rational expectations assumption.

Acknowledgments: The author is grateful to Gadi Barlevy, Nobuhiro Kiyotaki,
Keith Kuester, Jim Nason, Jaume Ventura, and Sevin Yeltekin for discussions, as
well as seminar participants at the Federal Reserve Bank of New York and the
Society of Economic Dynamics. The views expressed in this paper are those of
the author and do not necessarily reflect the views of the Federal Reserve Bank of
Philadelphia or the Federal Reserve System.

23 See van Huyck, Battalio and Beil (1993), Crawford and Boseta (1998), and Janssen (2006).
Interestingly, open market operations are an example of such auction design.
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Appendix

A.1 Environment and sustainable-equilibrium definition

This is an infinite horizon economy ¢=1, 2, ... Monetary policy is characterized
as the outcome of a repeated game between the monetary authority and a con-
tinuum I of agents, which are denoted as a whole as the private sector.

At the beginning of each period t>1, the exogenous state s, becomes common
knowledge. I assume that the exogenous state seS is governed by a stochastic
first-order Markov probability process u.

After the exogenous state is observed, private-sector agents choose some
variable, z e Z. For example, some firms may set nominal prices in advance or
unions may agree on nominal wages for the period. Let z, :J‘zndi be the average
of all agents decisions. I will assume that the private-sector agent’s and mon-
etary authority’s payoffs depend on actions {z,}, only through its average z,. This
implies that a private-sector competitive equilibrium can be thought of as the
average action z, solving the optimality conditions z,=((z;, ,), where 7, is the
private-sector inflation expectation. Furthermore, I assume that, given an infla-
tion expectation 7,, the private-sector competitive equilibrium is unique. Hence,
the private-sector competitive equilibrium can be summarized by 7,, which is
treated as the “ action” of the private sector.

Finally, the monetary authority sets the actual inflation rate 7, taking as given
the private sector’s inflation expectations 7,. Inflation is bounded below by the
zero-lower bound in the nominal interest rate, 77,e IN={w>06} where 0>0.

The economy considered is very simple. Output and inflation are linked by a
classic Phillips curve,

yt:y(nt_f[t; St)

where y(n[ -7 st) is strictly positive, increasing in the first argument, and
bounded above. Let y*(st)sy(O, st). Output is transformed one-to-one into a non-
storable consumption good. The aggregate resource constraint is then ¢,<y..

The household period payoff is given by u(y)-g(r,), where u is a strictly
increasing, concave, and twice differentiable function; and g is a strictly increas-
ing and twice differentiable equation. Function u is assumed to be bounded below
and g bounded above. Finally, [ assume that the monetary authority is benevolent
so its period payoff is given by u(y)-g( ) as well.*

24 Foundations for this economy are discussed in Woodford (2003) and references.
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I briefly introduce the time-inconsistency problem in a one-period version of
this economy. First, I will define an one-period Nash equilibrium — the discretion-
ary equilibrium in the language of Barro and Gordon (1983b). I will also charac-
terize the one-period optimal monetary policy.

Definition 1: A one-period Nash equilibrium at state s is >0 such that
u(y" (s)-g(m)zuly(n’~m; s))-g(x")

forall w'>6.
I will assume that there exists a one-period Nash equilibrium for each state
seSs.

Definition 2: The optimal monetary policy at state s is >0 such that

uly (s))-g(m)zuly (s)-g(x")

forall w'>6.

The optimal monetary policy is trivially given by w#=0 for all s€S.* The
time-inconsistency problem arises when the two equilibrium concepts are
not equivalent, i.e. the optimal monetary policy is not the unique one-period
Nash equilibrium. If this is the case, some commitment technology is required
to implement the optimal monetary policy as the unique rational expectations
equilibrium.

The set of Nash equilibrium is usually enlarged in the infinite horizon
economy. In particular, history-dependent equilibria arise, and some of the equi-
libria feature trigger strategies that resemble reputation.

I start by introducing the notation for histories.” Let n'={r, =,..., 7 }eITl’
denote the history of the monetary authority’s actions up to date t>1. In a similar
fashion define 7'eIl’ and s'e S for t>1. To denote the set of continuation histo-
ries at s, I use st j=t. The payoff-relevant node is h'={z', 7', s'}e H'=IT* xS"
for t>1, with h°={<}. Node h! is also the end-of-the-period history.

A consumption plan c={c(h):h'e H', t>1} specifies a level of consumption at
every node h'e H, t>1. Let F be a probability measure over all game nodes H, t>1.
The private-sector welfare at any k/, t>1, is defined over c given F

25 This “ boring” optimal monetary policy ensures that the analysis is focused on how reputa-
tion can achieve lower average inflation.

26 I assume that strategies can only be conditional on public histories and not on the history of
private actions {z,}7 .
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el F=Y Y ouls s ulch)-glr, DEERI, s)  (a)

j=0 st*iegt+i

where 0<d<1 is the intertemporal discount rate. I stretch the definition of v to
ex-ante welfare

v(c; s, F)ZJHV(C; h', F)F(dh'|s), (5)

v(c; F)=) u(s|s,)v(c; s, F). 6)

seS
Finally, the resource constraint is given by
c(h)=y(w,~7;s,) @)

for all h'e HY, t>1.7

Now I describe the strategy space. For the private sector, the relevant deci-
sion node is (h*?, st) as the present state of the economy is known in addition to
the history of past actions.?® The period strategy is denoted by a(h™", s,)e A(II).
The strategy space contains mixed strategies in order to allow equilibria where
private-sector expectations are driven by a sunspot variable. The private-sector
strategy is then

5={6(h", s, ):(h", 5, )eH" " xS", t21},

The monetary authority is aware of the history of actions, the state of the
economy, and the realization of the private-sector strategy. The relevant node for
the monetary authority is then x‘=(h"", s, ,)eX'=H"'xS'xII and its period
strategy is o(x)eIl. Let

o={o(x"):x'eX", t>1}
denote the monetary authority strategy.

The chosen equilibrium concept is the sequential equilibrium.

Definition 3: A sequential equilibrium (SE) is a strategy profile {6, o}, a probabil-
ity distribution F and a consumption plan c such that:

27 The resource constraint is stated with strict equality sign. This turns out to be important since
it rules out punishment strategies based on disposal of resources — what are known as “ burning
money” strategies.

28 It may sound awkward to talk of the private-sector strategy given that the private-sector is
not a rational player but a continuum of small agents. The distinction will be contained in the
equilibrium definition; the term strategy is just convenient.
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1. ForallxeX, t>1

v(c; {x', o(x")}, F)2v(c; {x', #’}, F)

for all w'>6;
2. Forall (h, s)e H'XS, t=1, ¢ is such that

7,=0(x")

almost everywhere in H'|X;
3. Forall hte H', t>1, the resource constraint (7) holds;
4.  Probability measure F is generated from {6, o}.

The key elements of the sequential-equilibrium definition are the subgame per-
fection requirement and rational expectations. The former ensures that the mone-
tary authority’s decision maximizes private-sector welfare at every decision node
— this is Condition 1 in the definition. Condition 2 imposes rational expectations:
it implies that the private sector has the correct beliefs with respect to the actual
inflation rate along the equilibrium path. Note that Conditions 1 and 2 are very
different. The private-sector “ player,” actually a continuum of atomistic agents,
does not behave strategically.

It is straightforward to show that the infinitely repeated version of a one-
period Nash equilibrium is a SE. Usually there will be many SE with distinct
welfare properties. The SEs that deliver the highest welfare possible are of obvious
interest.

Definition 4: A best sequential equilibrium (BSE) is a sequential equilibrium
{0,6, F, c} suchthat

v(c; F)>v(c’; F')

for all sequential equilibria {o’, ', F’, ¢’}.

Before proceeding to the discussion of the equilibrium properties, I define a
monetary policy plan as a probability measure M over IT'xS". Clearly, for a given
SE {o, 0, F, c}, the probability measure F defines a monetary policy plan. Fol-
lowing Chari and Kehoe (1990), a monetary policy plan will be sustainable if
there exists a SE generating the policy plan.

Definition 5: A probability measure M over I1xS' is a sustainable monetary policy
plan if there exists a sequential equilibrium {o, ¢, F, c} such that M is generated
by F.

I will often use sustainable plan for short.
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A.2 Sustainable-equilibrium properties

A key object in the analysis of SE is the equilibrium value set, i.e. the set of pri-
vate-sector welfare associated with a SE. It will prove instrumental to character-
izing the BSE. For convenience, I first define the equilibrium value set conditional
on the state s,

V(s)={v(c; s, F)|{o, ¢’, F, c} is a SE}
and then the ex-ante welfare set
V={v(c; F)l{o, o', F, c}is a SE}.

As mentioned earlier, the infinitely repeated version of a one-period Nash
equilibrium is a SE. Hence V(s) is not empty for all se S.

The remainder of this section builds on the seminal work of Abreu, Pearce
and Stacchetti (1990) to characterize the set V(s) and then the BSE. The private-
sector welfare can be written recursively. From (4), the end of period welfare can
be decomposed in the period payoff and the continuation value,

v(c; h', F)=u(c(h‘))—g(nt)+5Zﬂ(s‘“|s‘)JHMV(C; K, F)F(an''|n").

gt

The key observation is that every subgame in a SE constitutes a SE as well.
This implies that, at any node of the game, the continuation payoffs must belong
to V(s) as well, i.e.

[ v(e; I, FYF(dh'[n, )€V (s,)

for all (h"?, s)e H'XS, t>1.

The next step is to define a sustainable action e I1. Sustainable actions are
the building blocks of a SE. Loosely speaking, for an action z, to be sustainable,
there should be subgame-perfect strategies such that the monetary authority vali-
dates the private-sector expectations 7,=7,. These strategies must specify a plan
of action for every possible monetary authority action, and each of these plans
must be sustainable.

To characterize an action as sustainable seems potentially complicated. It
is possible, though, to easily characterize sustainable actions in terms of con-
tinuation values: for an action z to be sustainable, there should be a schedule
of continuation values in {V(s)}_, such that the monetary authority validates the
private-sector expectations 7=.

Definition 6: An action ne 1l is a sustainable action at se S if there exists vectors
w,, w, e{V(s")},_, such that
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u(y'(s))—-g(m)+0 Y u(s'ls)w,(s")
> u(y(’'—m; 5))-g()+0 > u(s'[s)w, (")

forall w'>6.

Vector w, details the continuation value for each state s’ if the monetary
authority validates the private-sector expectations; loosely speaking, it is the
“reward.” The “ punishment” vector w, states the continuation value if the mon-
etary authority does not validate the private-sector expectations. Because con-
tinuation values belong to {V(s)}_,, they correspond to some SE so there exist
sub-game perfect strategies sustaining the action ;. Note also the sustainable
actions are defined with a simple punishment rule: any deviation 7" has the same
punishment, i.e. the same continuation value vector w,. These simple punish-
ment rules are without loss of generality, as first pointed out in Abreu (1988).

The next theorem states the key results from Abreu, Pearce and Stacchetti
(1990) used in this paper.

Theorem 1: For all se S, V(s) is a non-empty and compact set in R. Moreover, for
any sequential equilibrium {0, 0, F, c} and for all nodes h*'e H, t>1,
1.  The private-sector welfare satisfies

v(c; W, F)eV(s)

almost everywhere in H|h', j>t-1;
2. Strategy o specifies sustainable actions almost everywhere X'|h'7, j>t-1.

Finally, for any profile of sustainable actions {7(s)} _, and a date t>1, there exists
a sequential equilibrium such that F assigns probability one to {n(s)}_, at date t.

Proof: See Abreu, Pearce and Stacchetti (1990). For a simpler proof restricted to
perfect monitoring games such as the present one, see Cronshaw and Luenberger
(1994) or Ljungqvist and Sargent (2000) |

It is useful to rephrase Theorem 1 above in terms of sustainable plans. First,
it implies that a sustainable plan M assigns positive probability only to sustain-
able actions. Moreover, for a given profile of sustainable actions and a given date,
there exists at least one sustainable plan implementing these actions at the given
date with probability 1. However, Theorem 1 does not imply that any probability
measure M over sustainable actions is sustainable.

Everything is in place to characterize the BSE and the most important result
of this section. Using the results in Theorem 1, I show that the BSE features the
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lowest sustainable inflation rate along the whole equilibrium path. Hence, while
strategies are history dependent in a potentially complicated way, the best sus-
tainable plan M* is unique and strikingly simple: along the equilibrium path
inflation depends only on the current state s.

Proposition 1: A sequential equilibrium is a best sequential equilibrium if and only
if o(x')=n"(s,) almost everywhere in X' for all t>1 where

7" (s)=inf{x|7 is sustainable at s}.

Proof: Using the fact that V(s) is compact, 7 is sustainable if and only if

0 uls’|s)(sup{V(s)—inf{V (s 2u(y(z'~7; s)-u(y'(s)-(g(zx")-g(x)) (8)

for all #’>0.

I will use this to prove that the set of sustainable actions is non-empty and
compact for all se S. First, the set always includes any one-period Nash equilib-
rium and (8) follows trivially. Consider a convergent sequence {yri}‘;":o —a of sus-
tainable actions at s. Since the right-hand side of 8 is a measurable function for
all 7’>9, it follows that 7 satisfies (8). Hence z*(s) exists and it is a sustainable
action at s.

The second part of the proof shows that z*(s) effectively characterizes the
BSE. First, I prove that V(s) is bounded above by

v(s)=u(y(a'(s)))-g (' (s)+0 Y u(s'|s)sup{V (s}

To prove this, assume there exists a SE with strictly larger value
v(G; s, I:‘)>V(sl) for s e S. Because all actions with positive probability in a SE
are sustainable actions, v(¢; h?, F )<sup{V(s,)} almost everywhere in H> Hence
v(G; s, F )>v(s,) implies that with positive probability

u(y(a (s N)-g(a' (s D<uly(a'(s))-g(a(h"))

and thus g(a(h'))< g(7'(s))). But g(n) is strictly increasing in . Therefore it
would imply that there exists a sustainable inflation rate 7(h,) strictly lower than
7°(s,), which violates the definition of 7*(s,).

It follows that V(s )=sup{V(s))} - from Theorem 1 V(s )e V(s) as there exists a
SE featuring 77(s)) at date t=1.

The same construct for any se S implies

sup{V(s)}=u(y"(s))-g (JT*(S))+5Zﬂ(S'IS)Sup{V(5')} )
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for all se S. The system of equations described by (9) proves the if and only if part
of the proposition. |

Next I present a simple corollary of Proposition 1 that plays an important part
in the result. It implies that the BSE must be sustained by promising the highest
reward and threatening with the utmost punishment. Hence, if at date t=1 the
best sustainable inflation n*(sl) is achieved for all realizations of s , it must be that
the BSE follows. The corollary highlights the importance of the recursive struc-
ture of the SE.”

Corollary 1: If 7°(s)>0, a sequential equilibrium with o(x')=m"(s,) almost every-
where in X' is a best sequential equilibrium.

Proof: Assume there exists a SE {5, &’, & F} with 6(x")=n"(s,) a.e. in X' but
v(G; s, 1:")<sup{V(sl)}. It then implies that there exists a reward continuation
value w,which renders 7(s,) sustainable with 6zs,u(s’|sl)(sup{V(s’)}—wl(s’))>0.
Since 7°(s)>d, then there exists 7**<7’(s,) satisfying (8) and contradicting the
definition of 7*(s,) [ |

A.3 Date =0 asset markets

In this section, I introduce trade in nominal and real assets. I lay out a trade struc-
ture that provides asset prices but preserves the monetary policy game exactly as
described above. Neither payoffs nor action sets are modified; in a precise sense
to be made clear later, the equilibrium value set is left intact by asset trade.

A.3.1 Asset market environment and equilibrium definition

In addition to the economy described above, I introduce a t=0 period when all
asset trading takes place. At date =0, the private sector has an endowment y >0
and there are no monetary decisions.

There are real and nominal assets that are simultaneously traded at date
t=0. Available real assets are a full set of contingent claims b(s?), sold at discount
price g(s), which deliver one unit of output at node ste S, t>1. There is also a set
of nominal claims B(s!), sold at discount price Q(s?), which deliver one nominal
unit in the event ste §, t>1. All asset prices are in units of date t=0 consumption.

29 To be precise, it is an application of the bang-bang result discussed in Abreu, Pearce and
Stacchetti (1990).
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Repayment of all claims is perfectly enforceable. Let g={q(s):s'e S, t>1} and simi-
larly for Q, b and B.

It is important to note that asset markets are not complete. The history of
actions h'e H' introduces income volatility. Yet assets only span exogenous histo-
ries S'. When I discuss the results, it will be clear that the results go through with
a more limited asset structure or sequential trading.

The price level P(h) at node h' is given by

P(h')=n P(h") (10)

for all h'e H, t>1. As the price level is irrelevant at t=0, P(h°)=1 solves the nominal
indeterminacy. Let P={P(h!):h'e H, t>0}.

The monetary authority’s net asset holdings, denoted {b, B}, are exogenously
dictated by the government. To avoid any interaction between fiscal and mon-
etary policy, I assume that the government budget is cleared via lump-sum taxes
r={r(h"):h'e H', t>0}. Therefore, the transfers satisfy

33 (a(s)bls )+ QB )<, a
and
t B(st) t
ob(s+ B e @

for all h'e HY, t>1.

The private-sector date t=0 asset market problem is to choose the date t=0
consumption c,, a consumption plan c={c(h"):h'e H, t>1}, and real and nominal
assets {b, B} to solve

maxu(c,)+6 Y u(s,|s,)v(c; s,, F) (13)
5,€S5;
subject to
¢+, Y (g(s")b(s)+Q(s)B(s)<y, ~1,, (14)
t=15est
and for all h‘e H, t>1,
. Dl ot
c(h)<h(s')+ 26 )+y(nt, 75 s)-(h') (15)

P(h')



328 —— Roc Armenter DE GRUYTER

as well as non-negative consumption c(h9)>0 and borrowing constraints
b(s')>-b,
B(s")>-B,

for all s'e S, t>1 with b>0 and B>0. Importantly, the private sector takes as
given all asset prices, the monetary authority’s actions as well as the lump sum
taxest.

I will assume that all bonds are in zero aggregate supply. Asset market clear-
ing then implies that for all s'e S, t>1,

B(s")+B(s")=0,
b(s")+b(s")=0.

I also assume that the monetary net asset holdings {b, B} never bind the pri-
vate-sector borrowing constraints.

A date t=0 asset market equilibrium combines a SE, exactly as defined above,
with optimal portfolio and market clearing conditions. The key output is the
nominal asset prices.

Definition 7: A date t=0 asset market equilibrium (AME) consists of asset prices
{q, Q}, a price level path P, lump-sum taxes t, asset holdings {b, b, B, B}, date t=0
consumption c,, and a sequential equilibrium {0, 0, F, c} such that

1. assets {B, fi} and consumption decisions {co, c} solve the private-sector date
t=0 asset market problem, (13);

date t=0 consumption is feasible c <y,

prices {q, Q} clear all asset markets,

lump-sum taxes satisfy (11) and (12),

the price level is given by (10) for all h'e H', t>0.

SNV

I have not considered the possibility that the private sector holds monetary
balances, so the nominal interest rate could be negative. To avoid this, I
assume that the lowest sustainable inflation 77(s) and the real interest rate are
non-negative.

Condition 1: For all se S,

ENVICAC)
u‘(y,)
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A.4 Asset prices and the best sustainable equilibrium

In this section I analyze the mapping between two components of a date t=0
asset market equilibrium: the asset prices and the sustainable equilibrium. This
mapping is found to be a correspondence, but the key result is actually character-
ized by an exception: the relationship between the short-term nominal interest
rate and the best sustainable equilibrium is one-to-one.

I start by proving the claim that asset trading has not changed the equilib-
rium value set. Of course, I disregard the trivial difference induced by the inclu-
sion of period ¢t=0. I define the equilibrium value set for date =0 asset market
equilibrium (AME) as

V={v(c; F){F, c} are part of a AME}.

By definition, an AME contains a SE; thus VcV. Proposition 2 proves that
VeV aswell.

Proposition 2: Let {0, 0, F, c} be a sequential equilibrium. Then there exists a
unique date t=0 market equilibrium with {o, 6, F, c}.

Proof: Given a SE, the price level is trivially given by (10) Private-sector bond
holdings are given from the market clearing conditions, b=-b and B=-B, and
the lump-sum taxes are solved from the government budget constraints (11) and
(12). The only non-trivial objects in a candidate AME are asset prices. The neces-
sary first-order conditions associated with (13) are

u(c,)g(s)=0"u(s' Iso)J'Htuc(C(ht))F (dh'|s),

u‘(c(h"))

e )QO=0ulsIs)f, s

F(dn'|s")

for all s'e S, t>1. The only candidate for ¢, is y,, as imposed by feasibility. Hence,
for a given SE, asset prices are uniquely pinned down by the above necessary
first-order conditions. Since P(h?)>0 for all h‘e H!, and u(c)>0, asset prices are
positive. Finally, consumption decisions satisfy the household budget constraints
by Walras’ Law |

Asset prices in an AME are characterized by the necessary first-order con-
ditions associated with (13). Since a SE requires s,=7, almost everywhere,
c(h)=y*(s) with probability one along the equilibrium path. Therefore real and
nominal asset prices satisfy
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a(s)=0u(s')s) Y ), 16)
u(y,)
NN T (A O o
AN=0 sl = [ oy TR 1)

for all s’e S, t>1. Thus the real interest rate is exogenous. The price level P(h!) is
a function only of z‘. This allows writing asset prices in terms of the associated
sustainable plan M. It is useful to combine the asset price conditions:

1
P(h")

Qs")=q(s)] ,——M(d'|s"). (18)

Finally I price a short-term nominal bond. It pays one nominal unit in all states of
the world at date t=1, and thus its discount price is

R::ZQ(Sl)'

s5,€S

The two key outputs from an AME are the sustainable plan and the asset
prices. I want to analyze the mapping between these two equilibrium objects. It
turns out to be convenient to think of the mapping in terms of value sets. Let

T'({g, QY)={v(c; F)|{F, c, q, Q} are a part of an AME}

defined over any positive asset price schedule {g, Q}. Proposition 2 has estab-
lished that, given a sustainable plan M, there exists a unique set of asset
prices that constitute an AME generating M. However, the converse is not true.
Given asset prices {g, Q} there may be no SE conforming to an AME. Or there
may be multiple SE. This is important in order to understand the results on
coordination.

First I show that there may be no AME for given asset prices {g, Q}. An extreme
example is convenient. Assume there is a unique one-period Nash equilibrium,
7, and, for simplicity, assume it is state invariant. It can be shown that, for low
enough 0>0, only 7 is a sustainable action and hence all SEs must feature 7
with probability one. Therefore, for any asset prices {g, Q} such that

Qls)q(s)—
JT

there would be no AME with such prices. In this example, I'{g, Q})=& for all but
one price schedule.
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Next I consider the possibility of multiple SEs associated with given asset
prices {g, Q}. For simplicity there is no exogenous uncertainty s,=5 for all t>1,
with y*(s)=y,. Assume that there exists a SE {0, 6, F, c} that places probabil-
ity one in history h‘={7}* for all >0 and its value lies in the interior of V(3).
Then there exists a SE {0/, ¢/, F’, ¢’} that places equal probability to histories
{a+e, 7, 7, ..} and {7—e¢,, 7, 7, ..} with

12 1/2 _1

7'[+€1 T—E, T

and ¢, small enough. That {0’, ¢’, F’, ¢’} is indeed a SE follows from the fact
that, for an arbitrarily small ¢, both 7+¢ and 7—e, are sustainable actions. As
long as the costs of inflation g(;r) have some curvature, the two SEs have different
ex-ante welfare.

By construction, both SEs have the same asset prices,

q(s)=90,
Q(s)=53=6[
JT

~ =
Tte, T—E,

/2 1/2 J

Hence these asset prices {g, Q} do not determine the ex-ante welfare level of
an AME. Hence, I'{g, Q}) is not a singleton.

Hence the mapping from date t=0 market equilibrium asset prices to sus-
tainable plans is a correspondence, I':{g, Q}={V, @}. However, asset prices are
informative to some extent. A key observation is that the arbitrage condition (18)
implies a one-to-one mapping between asset prices and the following moment of
the distribution of the price level,

1

oy M@ls )} .

q(s')/a(sf){ I

Many SEs or no SE may share this moment, yet it is unlikely that all SEs do.
In particular, the moment implies that asset prices constrain the support of the
compatible sustainable price levels. For example, a sustainable plan assigning
probability one to prices strictly above or strictly below g(s?)/Q(s") will not satisfy
the moment.

The next is the key result of the paper. As I just discussed, the mapping
between asset prices and sustainable policy plans is generally a correspondence.
However, the exception is of utmost interest: a date t=0 market equilibrium fea-
tures the best sustainable equilibrium if and only if the one-period nominal bond
is priced at a certain discount rate.



332 — RocArmenter DE GRUYTER
Theorem 2: A date t=0 asset market equilibrium features a best sequential equi-
librium if and only if

L uy'(s)) 1
RO _6%;”(51'50) uc(yo) JT*(SI). (19)

u(y'(s)) 1
u‘(y,) a'(s)

Proof: If an AME is a BSE, then (17) implies Q(s,)=du(s,|s,) for

each s e S and (19) follows trivially.
Consider now a AME satisfying (19). The arbitrage condition (18) implies that

E;Q(s) Zq(s )( W POR) s, ))

and combined with (19)

(s )[n( ) an(hl)F(dn s, )j

s,€8

By the definition of 7z, P(h')>>7"(s,) for any SE. Therefore

1
7' (s,) jnP(h D

F(dr,|s,)20

for each s €S. It follows that P(h") =n*(sl) for all s,e S. Finally, Condition 1 implies
that Corollary 1 applies and the only SE compatible with (19) is the BSE [ |
The first thing to note about Theorem 2 is that the price of a single asset for
a single date is sufficient to pin down the BSE for all periods. This stands in con-
trast with practically any other complete price schedule, i.e. it is not possible
to pin down uniquely other SEs even if all asset prices can be determined. This
strong result is built on the properties of the BSE summarized in Proposition 1. In
particular, the BSE belongs to the boundary of both the value set V and the set of
sustainable actions. It is straightforward to show that the best sequential equilib-
rium requires the highest discount rate for the short-term nominal interest rate.

Corollary 2: For any date t=0 asset market equilibrium,

u(y'(s) 1
R o) —_
SOXMEIT Y s
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The proof of Theorem 2 applies almost step-by-step to other asset trade
arrangements. If only the short-term nominal bond were available, then (19) is
exactly the associated necessary first-order condition. Asset trade could also be
sequential with no change in the logic of the result. Of course, if asset holdings
do change the monetary authority’s incentives, then asset prices would also bring
cooperative considerations.

It is important to note that Condition 1 s in effect: Theorem 2 does not apply if
the zero nominal interest rate bound is binding for the BSE at date ¢=1. It is easy to
find parameters such that (19) would imply a negative interest rate. Interestingly,

setting ZSEsQ(sl)zl does not solve the problem. Because I use Corollary 1 to

prove the result, if the BSE is the optimal monetary policy, there could be other
sustainable plans that start at the zero nominal interest rate level but inflation
eventually takes off.
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