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Abstract: In this article, we study the orbital dynamics
with the gravitational potential of the asteroid 93 Minerva
using an irregular shape model from observations. We
calculate its physical size, physical mass, surface height,
and zero-velocity surface. Meanwhile, we recognize that
there are five equilibrium points around Minerva, four of
which are external, and one is internal. Two of the external
equilibrium points are stable and near the y-axis, while
two external equilibrium points are unstable and near the
x-axis. In addition, we study the changes in the number,
position, and topological case of the equilibrium points
when changing the spin speed and the density. We calcu-
late the gravitational force acceleration of the polyhedron
model, and we back up our calculations by simulating the
orbit of one moonlet under the gravitational force accel-
eration of Minerva. With the simulation result, we demon-
strate the existence of stable orbits around Minerva.
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1 Introduction

Asteroids have extremely high scientific exploration value.
Through research and exploration of asteroids, we can
further utilize space resources and verify asteroid defense
technologies. Since the Galileo spacecraft flew by the 951
Gaspra mission in 1991 (Belton et al. 1992), the exploration
of asteroids and comets has come into the spotlight. A
number of countries or organizations in the world have
completed asteroid visited missions. In 1997, the NEARS
(Near Earth Asteroid Rendezvous Shoemaker) probe launched
by NASA (National Aeronautics and Space Administration)
completed the visit of asteroids such as the asteroid 253
Mathilde (Veverka et al. 1997, 2000). In 2003, JAXA (Japan
Aerospace Exploration Agency) launched The Hayabusa
probe that visited the asteroid 25143 Itokawa and returned,
and this is the first time for humans to obtain a sample of an
asteroid (Fujiwara et al. 2006, Abe et al. 2006). In 2004, the
Rosetta spacecraft of ESA (European Space Agency) imaged
the comet 67P/Churyumov-Gerasimenko and leap past the
asteroid 21 Luteria with a distance of 3,160 km (Barucci
et al. 2007). In 2012, the Chang’e 2 satellite of CNSA (China
National Space Administration) conducted a flyby of 4179
Toutatis asteroid at a distance of 3.2 km (Huang et al. 2013,
Zhao et al. 2013, Ji et al. 2015, Zou et al. 2014) and obtained
high-definition images of its surface, as shown in Figure 1. In
the future, more asteroid exploration missions will be gradu-
ally carried out, and become an indispensable step in deep
space exploration.
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Figure 1: Image of Toutatis by Chang’e 2 engineering camera
designed to monitor the state of the solar panel on December
13th, 2012.

Considering the need for asteroid exploration in the
solar system, it is of great significance to study the orbital
environment around asteroids. Werner and Scheeres (1996)
proposed a polyhedral model method to calculate the grav-
itational force of irregularly shaped asteroids, which was
later widely used in the model building of the gravitational
field environment of asteroids. Scheeres et al. (1996) applied
the Jacobian integral of particles orbiting around asteroids.
With the Jacobian integral, we can determine the range of
particle motion on the zero-velocity surface. From a prac-
tical point of view, it is an important way to understand the
orbital dynamics near asteroid by studying the equilibrium
points and periodic orbits around an asteroid, and it is also
the key to deep space exploration orbits designing. Jiang
et al. (2014) proposed a theory of local dynamics around the
equilibrium points and classified nondegenerate equili-
brium points into different cases. Wang et al. (2014) used
the classification proposed by Jiang et al. (2014) to calculate
the stability and the topological classification of equilibrium
points around 23 asteroids. Yu and Baoyin (2012a) divided
the periodic orbits near the equilibrium point in the
gravitational field into several topological cases, and
then gave a complete classification of periodic orbits.
Previous studies have used polyhedral models to ana-
lyze the dynamic environment around asteroids, such as
21 Lutetia, 41 Daphne, and 624 Hektor (Mota et al. 2019,
Jiang 2018, 2019, Jiang et al. 2018, Moura et al. 2020,
Aljbaae et al. 2019). Our goal is to analyze the dynamic
environment around binary or triple asteroid systems
with large mass ratios, considering the gravitational
potential generated by their irregular shapes.

DE GRUYTER

Asteroid 93 Minerva is the fifth triple asteroid system
to be discovered, located in the main belt (r = 2.75 au)
(Marchis et al. 2009). It is a large and dark C-type asteroid
(Lazzaro et al. 2004). The shape of Minerva is almost
spherical, its equivalent diameter is nearly 154 km, and
the rotation period is 5.981767 + 0.000004 h (Marchis
et al. 2013). It has two small moonlets Aegis and Gorgo-
neion, the approximate diameters of the two moonlets are
3.6 + 1.0 and 3.2 + 0.9 km, and the orbital semi-major
axes are 623.5 and 375 km (Marchis et al. 2013). Minerva
is such a typical triple asteroid system, and there are a lot
of papers studying its physical properties on it (Tedesco
et al. 2002, Price et al. 2001, Usui et al. 2011). However,
few articles analyzed the Minerva system dynamics. In
this article, we investigate the Minerva system dynamics,
which is both interesting and important for our study.
Our research will make a contribution to understand
the dynamical behavior of massless particles in a triple
asteroid system.

In Section 2, we discuss the physical properties of 93
Minerva, including its physical shape, physical size, and
surface height. In addition, we calculate the equilibrium
points, zero-velocity surfaces, equilibrium points eigen-
values, and their corresponding topological cases. In Sec-
tion 3, we analyze the changes in the equilibrium points
when the spin speed and the density of the asteroid
change. When the spin speed is gradually increased to
2.42 times, it is found that the number of equilibrium
points will first increase and then decrease. When the
density changes, the topological cases of the equilibrium
points also changes, which means the stability changes.
Section 4 presents the simulation of the moonlet orbits
under the Minerva gravitational potential. The gravita-
tional potential of Minerva was calculated by using the
polyhedron model and observational data. Section 5
briefly reviews the findings of the study.

2 Equations of motion and
equilibrium points

In this section, we first built the three-dimensional model
of Minerva and calculated the physical size, physical
mass, and surface height. Then, we discussed the equa-
tions of motion, the equilibrium points, and eigenvalues
of the equilibrium points around a uniformly rotating
object, and calculated the equilibrium points and their
eigenvalues of Minerva. Then we analyzed the stability of
the equilibrium points.
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2.1 Physical model

Since the gravity ratio of the two moonlets to the main
asteroid is too small and the distance from the main
asteroid is too far, we ignored moonlets gravity when
calculating the equilibrium points. We used the polyhe-
dral model method for calculations (Werner and Scheeres
1996), and this model of the asteroid Minerva contains
402 vertices and 800 triangular faces (Marchis
et al. 2013).

We translate and rotate the model of the asteroid. The
centroid of the asteroid coincides with the origin of the
coordinate system. The axes x, y, and z coincide, in this
order, with the axes of the lowest moment of inertia, the
intermediate moment of inertia, and that of the greatest
moment of inertia (Jiang and Liu 2019).

The bulk density of Minerva is estimated to be p =
1.75 + 0.30 g cm3, and the rotation period is estimated to
T = 5.981767 + 0.000004h (Marchis et al. 2013). And we
used p = 1.75 g cm> and T = 5.982h in our calculation.
Figure 2 shows the 3D polyhedron model of the asteroid
Minerva. The physical size of Minerva model is calculated
to be 182.96 km x 164.37 km x 143.79 km, and the total
mass of the model is 3.3603 x 10'® kg. The moment of
inertia is expressed as follows:

Ly = 7.3735 x 102 kg km?
I, = 8.0672 x 10" kg km?
I, =9.2386 x 102 kg km?.

Surface height refers to the distance between the cen-
troid of the asteroid and a point on the surface with a
fixed latitude and longitude. By performing calculations
on the polyhedral model, we obtained the surface height
data for Minerva, as shown in Figure 3. From the surface
height data, we can see that the value range of the surface
height is 63.7-93.1 km, and the average value is about
74.4 km. At the same time, the ratio of the maximum to
the minimum surface height is about 1.5, which is much
smaller than most asteroids. In addition, we can see from
the contour map significantly that there are four convex
areas and six concave areas on the surface of the asteroid,
and these irregular areas made a contribution to the
uneven gravity of Minerva.

2.2 Calculation of equilibrium points

We calculated the equilibrium points and zero-velocity
surface in the asteroid’s gravitational potential. When
massless particles move in an asteroid’s gravitational
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potential, we can describe its equation of motion in
Cartesian coordinates. The spin speed of the asteroid is
w. The vector from the centroid of the asteroid to the
particle is r(x, y, z). The Newtonian form of the kinetic
equation for the motion of the particle relative to the
asteroid can be expressed as (Jiang et al. 2014):

auwr) _

F+2w xF+wx(@Xr)+wxr+

The gravitational potential U and gravitational accel-
eration VU of the asteroid can be calculated by the poly-
hedron model method (Werner and Scheeres 1996).

1
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ecedges
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Among them, G =6.67 x 107'!m3 kg~! s~2 is the
Newton’s gravitational constant, which o is the bulk density
of the asteroid, r. and r; are the position vectors of the
polyhedral model related to the edges and faces, E, is the
dyad of the polyhedral model calculated by two face and
edge normal vectors of the polyhedral model, and F; is the
outer product of the surface normal vector, L, is the inte-
gration factor of the particle, and wy means the signed solid
angle of the face. We define the function H as follows:

H:%'.f_%(wxr)~(w><r)+U(r). (@)

We can see from this equation, if w is constant, then H is
also constant, which is called the Jacobi function; other-
wise, it is called the Jacobi integral. The physical
meaning of the Jacobian integral is the relative energy
of particles. Meanwhile, the effective potential V(r) is
defined as follows:

V() = —%(w x )(w xr)+ U). (5)

Substituting it into Eq. (1), we can obtain

v _,

o (6)

F+2wxF+@xr+
For asteroids with uniform spin, the aforementioned for-
mula can be simplified to

0. (7)

i‘+2w><i‘+—aV(r) =
or

At the same time, the Jacobi function can be expressed by
the effective potential as follows:
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Figure 2: The polyhedron model of asteroid Minerva consists 402 vertices and 800 triangular faces in total. (a) 3D view. (b) +y viewing

angle. (c) +z viewing angle. (d) +x viewing angle.

H-= %i‘ P V(). )

The zero-velocity surface is an important concept when
studying the particle motion interval, and it can be
defined by the following equation (Scheeres et al. 1996,
Yu and Baoyin 2012b):

V(r) = H. 9)

The equilibrium points are the critical points of the
effective potential V(r). The relative equilibrium points in
the gravitational potential of a uniformly rotating asteroid
means that if the particles are located at the relative equi-
librium point, the resultant force of the particles is zero.
So, the positions of the equilibrium points in the potential

energy of the asteroid can be calculated by the following
equation (Jiang et al. 2014):
oV, y,z) _oV(x,y,z) _ oV(x,y,2) _
ox )% 0z

0. (10)

The equilibrium points information of Minerva is
shown in Table 1. From Table 1, we found that the equili-
brium points are not on the equatorial plane, because
Minerva is not north-south symmetry. The positions of the
equilibrium points in space are shown in Figure 4(a), and
they are approximately evenly distributed around Minerva.
The zero-velocity surfaces and projections of equilibrium
points in the +z view are shown in Figure 4(b), and the
gray part is the projection of the asteroid.
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Figure 3: Surface height of Minerva, and the units on the colorbar
are km. (a) 3D plot and (b) contour plot.

2.3 Eigenvalues of equilibrium points

Denote point (x, y;, z;) as an equilibrium point and point
(x,y,z) as a point near the equilibrium point. A repre-
sents the eigenvalue of the equilibrium point. Then A
could be calculated by the following formula (Jiang et al.

. . v
2014), in which V, = (W) .
L

28+ (Vix + Vi + Vyp + 4wHA*
+ (VaVy + Vi Voz + Vy V2 — V)?y - V)?z - V)%z (11)
+ 4wV )R +(ViViy Vo + 2V VieVyz — ViV,

~ Gy V2 - V,V2) = 0.
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Table 1: Positions of the equilibrium points around Minerva

Equilibrium points x(km) y (km) z(km)
E1 133.582 -43.1355 -3.17847
E2 -28.4497 135.744 -0.659530
E3 -139.975 -22.1477 0.398907
E4 3.48440 -138.232 0.266672
E5 0.533699 -1.45692 -6.71972
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Figure 4: Locations of the equilibrium points of asteroid Minerva.
(a) The positions of the equilibrium points in space. (b) Zero-velocity
curves and projections of the equilibrium points in the +z view.
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Table 2: Eigenvalues of the equilibrium points around Minerva

Equilibrium points A A, A3 Ay As Ag

E1 0.300882/ -0.300882i 0.298503i -0.298503/ 0.096861 -0.096861
E2 0.301989i -0.301989i 0.243215i —-0.243215j 0.141071i -0.141071i
E3 0.311381/ -0.311381j 0.294989i -0.294989i 0.117155 -0.117155

E4 0.299099i -0.299099i 0.2555657 —0.255565i 0.124411i -0.124411i
E5 0.963082i -0.963082/ 0.753216i -0.753216i 0.378339i -0.378339i

The detailed calculation process is in Appendix A.
The calculated eigenvalues of the asteroid Minerva are
presented in Table 2.

The topological cases of the equilibrium points can
be determined by the following distributions of eigenva-
lues shown in Table 3 (Jiang et al. 2014, Wang et al. 2014),
case 11is stable, and other cases are unstable. From Table 3,
we can see that E1 and E3 belong to case 2, and E2, E4,
and E5 belong to case 1. Therefore, among the five equi-
librium points of Minerva, E2, E4, and E5 are linearly
stable equilibrium points, and E1 and E3 are unstable
equilibrium points.

3 Changes of equilibrium points
during the variety of parameters

When we change the parameters of the asteroid, its grav-
itational field and dynamics environment also change.
For equilibrium points, bifurcations and annihilation
may occur (Jiang and Baoyin 2018). We analyze the influ-
ences on the equilibrium points of Minerva by changing
the spin speed and density.

3.1 The change of spin speed

We observed the movement of the equilibrium point posi-
tions when the spin speed w changed, and we defined the
initial spin speed wy = 2 / T. Figure 4(b) shows the posi-
tions of the equilibrium points at the initial spin speed
wo. We kept the density unchanged, gradually increased
the spin speed from 0.5wq to 2.42w,, and observed the
change of the equilibrium points. Some typical results are
shown in Figure 5.

As Figure 5 shows, when the spin speed changes, the
number and positions of the equilibrium points also
change gradually. When w = 0.5wg, the number of equi-
librium points is five, and four external equilibrium
points positions are located close to 200 km from the
centroid of the asteroid. The distance is far away than
that when w = 1.0wy, whose distance is about 150 km.
As the spin speed varies more than 1.0w,, the creation
and annihilation of five equilibrium points of Minerva
appear. When w increases from 1.06wg to 1.07wg, the
number of equilibrium points will change from five to
seven, and the two newly created equilibrium points E6
and E7 almost overlap. As w increases to 2.0w, continu-
ally, the two newly created equilibrium points will gra-
dually separate, and all the external equilibrium points

Table 3: Topological classification of equilibrium points in the gravitational potentials of asteroids

Topological cases Eigenvalues

Stability

Case 1 J_riﬁl.(ﬁl. €R,B > 0,/=4{1,2,3} Linearly stable
Case 2 a(xa; e R, 0> 0,j=1), ii,Bj(,B/ eR, /3/ >0,j=1{1,2}) Unstable
Case 3 a(xaj € R, 05> 0,j={1,2}), £iB(B €R, 5 >0,/=1) Unstable
Case 4a tai(a; € R, ;> 0,j=1),+t0 + itf(0, T€R,0> 0,7 > 0) Unstable
Case 4b to(o; € R, ;> 0,/ =1{1,2,3}) Unstable
Case 5 ii[)}(ﬁj € [R,,B/. >0,j=1),+0+it(0,1e R,0>0,7>0) Unstable
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Figure 5: Some typical locations of equilibrium points of asteroid Minerva when increasing the spin speed. (a) w = 0.5wy. (b) w = 1.06wy.

(c) w = 1.07wy. (d) @ = 2.0wy. (&) w = 2.27wq. (f) w = 2.28wq. (8) W = 2.35wy. (h) w = 2.37wy. (i) W = 2.41wy. (j) W = 2.42w,.
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Table 4: The trend of the equilibrium points number of ten asteroids when the spin speed increases

Serial number Asteroids Diameters (km) Number trend

1 216Kleopatra 217 x 94 x 81 7-5-53-1

2 243lda 59.8 x 25.4 x 18.6 5-53-1

3 951Gaspra 18.2 x 10.5 x 8.9 5-3-1

4 1620Geographos 5.39 x 2.40 x 2.02 5-53->1

5 2063Bacchus 1.11 x 0.53 x 0.50 5-57-55-53->1
6 2867Steins 6.67 x 5.81 x 4.47 55351

7 6489Golevka 0.75 x 0.55 x 0.59 5-53-1

8 101955Bennu 0.58 x 0.44 x 0.53 9-7-5-3->1
9 S16Prometheus 148 x 93 x 72 5-3-1

10 1P/Halley 16.8 x 8.77 x 7.76 5-57-55-53->1
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Figure 6: The projection of the equilibrium points of asteroid Minerva in the +z view and the contour map of the zero-velocity surface under
different densities. (a) p = 0.5p,. (b) p = 1.0p,. (¢) p = 1.5p,.
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will be nearly uniformly distributed. As w increases to
2.27wy, E1, E3, and E7 come into the body, E3 moves to
the center, and E1 and E5 move toward each other. When
w increases to 2.28wq, E1 and E5 collide and annihilate
each other. Then there are five equilibrium points left,
which are E2, E3, E4, E6, and E7, and only E3 and E7
are inside the body.

As the spin speed continues to vary, E6 and E7 move
toward each other, and the second annihilation occurs;
meanwhile, E2 comes into the body. When w varies from
2.37wy to 2.41w,, E3 and E4 move toward each other, and
E2 moves to the center. When w increases to 2.42wq, E3
and E4 collide and annihilate each other. After the third
annihilation, only equilibrium point E2 is left inside of
the body.

Jiang and Baoyin (2018) discussed the annihilation of
relative equilibrium points in the gravitational field of irre-
gular-shaped asteroids. Ten asteroids were been simu-
lated, and the results are presented in Table 4. When the
spin speed increases, the number of equilibrium points
will only decrease in most asteroids, but 2063 Bacchus
and 1682 Q1 Halley will increase first and then decrease,
which is similar to Minerva.

3.2 The change of density

Then, we considered the change of the equilibrium points
during density changes and we defined the initial density
Po = 1.75 g cm>. We kept the spin speed constant and
changed the density to p = 0.5p, and p = 1.5p,. The cal-
culation results are shown in Figure 6. Eigenvalues of
equilibrium points at different densities are shown in
Tables 5 and 6. At the same time, Table 7 presents the
topological cases of the equilibrium points under the
three densities.

As shown in Figure 6 and Table 7 that when p = 1.5p,,
the number of equilibrium points and their topological
cases did not change, the location distribution is close
to that when p = 1.0p,. However, when p = 0.5p,, the
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number of equilibrium points increased to seven, as
shown in Figure 6(a), and F1 and F2 are newly appeared
equilibrium points. The positions of F1 and F2 are located
between E1 and E2. Also, the topological cases of each
equilibrium points are also changed. The topological cases
of E2 and E4 are case 4a, the topological case of F1 is case
1, and the topological case of F2 is case 2.

4 Simulation of the moonlet orbits

Asteroid Minerva has two small moonlets: Aegis and
Gorgoneion. Their semi-major axes of rotation around
the primary asteroid are 623.5 and 375 km (Marchis
et al. 2013). To understand the small moonlets motion
under Minerva’s gravitational potential, we simulated
the motion of Gorgoneion. Since Aegis is too far from
Minerva, the motion of Gorgoneion is more meaningful
to research.

Figure 7 shows the simulation of the Gorgoneion’s orbit
under the Minerva gravitational potential. Figure 7(a)
shows 3D maps of the orbits relative to the body-fixed
coordinate system, and Figure 7(b) shows 3D maps of
the orbits relative to the equatorial inertial coordinate system.
At the initial moment of the orbit simulation, the position is
located on the x-axis, and the initial semi-major axis is
375 km, which is equal to the semi-major axis of Gorgoneion.
The simulation time is 598.2 h, which means, that when
Minerva rotates 100 times, the orbit simulation ends.
Figure 7(c) presents the mechanical energy of the orbit,
while Figure 7(d) presents the Jacobian integral of the
orbit. The mechanical energy of the orbit varies periodi-
cally between —270.0 and -267.5 J/kg, and the Jacobian
integral of the orbit is approximately constant. The results
show that its value is about —2954.4 J/kg. As shown in
Figure 8, the semi-major axis of the track changes per-
iodically, the eccentricity is about 0.096 to 0.106, and
the median value is around 0.1. The inclination of the
orbit relative to the equatorial plane of Minerva is
about 17.25°.

Table 5: Eigenvalues of the equilibrium points around Minerva when p = 1.5p,

Equilibrium points Ay A, A3 Ay As Ag

E1 0.000299i —-0.000299i 0.000296i -0.000296i 0.000080 —-0.000080
E2 0.000299i -0.000299i 0.000264i -0.000264i 0.000104i -0.000104i
E3 0.000306/ -0.000306/ 0.000294j -0.000294i 0.000097 —-0.000097
E4 0.000297i -0.000297i 0.000266i -0.000266i 0.000104i —-0.000104i
E5 0.001114i —0.001114i 0.000923i -0.000923i 0.000529i —-0.000529i
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0.5p,

Table 6: Eigenvalues of the equilibrium points around Minerva when p

Ag

A A3 Ay As

A

Equilibrium points

-0.000137
-0.000310i
-0.000174
-0.000303/
-0.000182
-0.000125i
-0.000137

0.000137
0.000310/
0.000174
0.000303i
0.000182
0.000125/
0.000137

-0.000313/ 0.000302i -0.000302/

0.000313/

E1l

-0.000084 - 0.000210/

-0.000303/

-0.000084 + 0.000210/

0.000303/

-0.000084 - 0.000210/

-0.000330/

-0.000084 + 0.000210/

0.000330/

E2
E3
E4
E5
F1

-0.000024 - 0.000199/

—-0.000533/
—-0.000248i
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Our results show the existence of stable orbits in the
gravitational potential of Minerva. When the orbit semi-
major axis is the same as Gorgoneion and the eccentricity
is about 0.1, then there will be at least one stable orbit
exists around Minerva. Through the previous research,
when the particle moves near the equilibrium points,
the value of the effective potential will change signifi-
cantly (Jiang 2018). We can see from the figure of effective
potential shown in Section 2, it is relatively difficult to
obtain a stable periodic orbit around the equilibrium points.
Therefore, if we want the irregular shape of Minerva to have
less perturbation to the particle’s orbit, the particle should
move away from the equilibrium points. For Minerva, the
four external equilibrium points are all located close to
150 km from the centroid of the asteroid. In Figure 9, we
simulated the orbits at different initial distances, we can see
that when the initial distance is 150 or 180 km, the orbits are
unstable, but when the initial distance is 200 or 300 km the
orbits are stable. So to maintain the stability of the orbits,
the distance of the orbit relative to the centroid of the
asteroid should be much more than 150 km.

5 Conclusion

In this article, we established a three-dimensional model
of the asteroid 93 Minerva using the irregular shape
model from observations. On the basis of this model,
we calculated the physical size of asteroid Minerva to
be 182.96 km x 164.37 km x 143.79 km, and the mass to
be 3.3603 x 10'® kg, the surface height to be in the range
of 63.7 to 93.1 km. Its shape is approximately spherical,
and the surface has four significantly convex areas and
six significantly concave areas. We recognized five equi-
librium points around the Minerva, four of which are
external and one is internal. After linearizing these
motion equations in the neighborhood of each equili-
brium point, we obtained the relevant characteristic
equations and analyze the stability of these equilibrium
points based on the solutions of the equations. Through
the analysis to the eigenvalues of the equilibrium points,
the topological cases of the equilibrium points E1-E4 are
Case 2, Case 1, Case 2, and Case 1. Specifically, E2 and E4
are stable and are near the y-axis, and E1 and E3 are
unstable and are near the x-axis.

We studied the changing trend of equilibrium points
by changing the spin speed and density of the Minerva.
Keeping the density of Minerva constant and increasing
its spin speed gradually and the number of equilibrium
points will first increase from five to seven, then the
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Table 7: Equilibrium points topological cases around Minerva at different densities

Density E1 E2 E3 E4 E5 F1 F2
p = 0.5p, Case 2 Case 4a Case 2 Case 4a Case 1 Case 1 Case 2
p =1.0p, Case 2 Case 1 Case 2 Case 1 Case 1 - -
p =15p, Case 2 Case 1 Case 2 Case 1 Case 1 - -

annihilations occur, two equilibrium points collide and
annihilate each other, the number of equilibrium points
will decrease to one finally. When the spin speed is con-
stant and the density changed, and p = 1.5p,, the posi-
tions of the equilibrium points changed locally, and
neither the number nor the topological cases changed.
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When p = 0.5p,, and the number of equilibrium points
increases to seven, and its positions and topological cases
also changed, which has a certain impact on its stability. We
calculated the gravitational field of Minerva using irregular
shape model from observations. What’s more, we simulated
the orbits of the small moonlet under the gravitational
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Figure 7: Orbit simulation of Minerva moonlet. (a) 3D map of the orbit in the body-fixed coordinate system. (b) 3D map of the orbit in the
inertial system. (c) Mechanical energy of the orbit. (d) Jacobian integral of orbits.
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Figure 8: The orbital elements of simulation. (a) The semi-major axis. (b) The eccentricity. (c) The inclination of the orbit relative to the

equatorial plane of Minerva.

potential of Minerva. The mechanical energy of the moonlet’s
orbit changes periodically and the Jacobian integral remains
conservative, The result shows that there are stable orbits exist

in the Minerva system. Through the simulation of Minerva, we
research its characteristics and orbits, which will help to carry
out explorations in the future.
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Figure 9: Orbits around Minerva in different initial distances (d: initial distance). (a) d = 150 km. (b) d = 180 km. (c) d = 200 km.

(d) d = 300 km.
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Appendix

The detailed calculation of the equilibrium points eigenvalues.

The linearized equation of motion of the massless
particle relative to the equilibrium point can be written
as equation (A1). The characteristic equation of the equa-
tion (A4) could be satisfied as equation (A5). Through the
calculation, we can obtain the eigenvalues of the equili-
brium points.

MX + GX + KX = 0, (A1)
3 X - X
X=|(nl|l=|y-nl| (A2)
( zZ -2z
100 0 2w O
M=|0 10| G=|2w 0 0]
001 0 0 O
Ve Voy Vi (A3)
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In the aforementioned expression:
o2V E%
Vx=|— Vg =
o (axz )L o (axay)L
o2V o’V
Viw=|— Vg = ——
Y (ayz )L " (ayaz)L

%V o2V
sz = (_2) sz = ( ) .
0z° ), 0xoz )

— 389

(A4)

(A5)

(A6)



	1 Introduction
	2 Equations of motion and equilibrium points
	2.1 Physical model
	2.2 Calculation of equilibrium points
	2.3 Eigenvalues of equilibrium points

	3 Changes of equilibrium points during the variety of parameters
	3.1 The change of spin speed
	3.2 The change of density

	4 Simulation of the moonlet orbits
	5 Conclusion
	Acknowledgments
	References
	Appendix


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice




