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Abstract:With more and more activities in cislunar space
and deep space, a navigation system that can provide
autonomous navigation service for cislunar or even deep
space missions has become an urgent need. This article
proposes a new type of navigation constellation which is
placed on two kinds of special orbits, namely the dyna-
mical substitutes around the triangular libration points
and the distant retrograde orbits (DROs). Both types of
orbits have the same characteristics of long-term stability
under the full force model, so no orbit control is needed
and it can operate autonomously without ground support.
First, using inter-satellite range data, the autonomous
orbit determination between navigation satellites on the
dynamical substitutes and the DROs is investigated under
the full force model. Then, taking a translunar orbit as
an example, the constellation’s navigation performance
based on inter-satellite range observation is evaluated.
With range errors of 1, 10, and 100m, respectively, the
navigation capability of the constellation is successfully
verified in the sense that the accuracy of the determined
orbit reaches the level of the observation data. From the
viewpoint of stable autonomous navigation, the current
results are meaningful and deserve further considera-
tion when deploying the navigation constellation in
the Earth–Moon system.

Keywords: autonomous orbit determination, triangular
libration points, distant retrograde orbits, navigation con-
stellation, inter-satellite range data

1 Introduction

Compared with missions close to the Earth, the cislunar
space or deep space exploration mission has the following
characteristics: the probe is far away from the Earth, the
communication time is long, and the measurement and
control are more difficult. All of these put higher require-
ments on the observation means and navigation ability of
the probe itself. However, for deep space probes, tradi-
tional ground observation methods, such as range mea-
surement, are not sensitive to the position component
that is perpendicular to the line-of-sight direction for
the special near-line observation geometry (Guo 2007).
Meanwhile, due to the remote distance, the actual angle
measurement accuracy becomes too poor to be effectively
utilized in the orbit determination. Furthermore, current
global navigation satellite systems cannot provide effec-
tive navigation support for cislunar or deep space explora-
tionmissions (Kaplan and Hegarty 2006, Yuan et al. 2003).
Besides, the increasing number of space missions also
puts a heavy burden on the ground system. Therefore, it
is urgent to develop a new type of satellite navigation
system that not only meets the navigation requirements
of cislunar or deep space exploration missions but also
has strong autonomous operation capabilities.

For satellites around a central body, a well-known
fact is that the rotational symmetry of the gravitational
field of the central body leads to the deficient rank of the
information matrix B when the satellite uses only inter-
satellite range for autonomous orbit determination (Liu
2000), which leads to the inability to autonomously
determine the orbit of the satellites (Tapley et al. 2004).
However, in the three-body problem, due to the effects of
the strong perturbation of the third body, the force envir-
onment near the libration point is non-rotationally sym-
metric, so it can overcome the deficient rank problem. It
has been shown that the collinear libration points are
unstable, and triangular libration points are stable in the
linear sense (Szebehely 1967). Due to their unique position
and dynamics, the collinear libration points have been
widely used in space missions (Farquhar 1973, Lo and
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Ross 2001, Hill 2004, Sweetswer et al. 2011, Tauber et al.
2010, Hou 2008, Hou and Liu 2008, Bennett et al. 2010). In
2005, Hill and Born (2008) proposed that navigation satel-
lites can be placed on periodic or quasiperiodic orbits near
collinear libration points and can autonomously deter-
mine their own orbits using only inter-satellite range
data, which is known as Liaison Navigation.

Before analyzing the navigation performance of the
libration point constellation, it is necessary to study
whether the constellation itself can realize the autono-
mous orbit determination (Hill et al. 2005a). Through
theoretical analysis, Hill found that satellites placed on
orbits around the libration points can perform autono-
mous orbit determination using only the inter-satellite
range data (Hill et al. 2005b, Hill 2007). Through simula-
tions, Parker et al. (2012) have studied the feasibility of
autonomous orbit determination between the halo orbit
satellite around the libration point L1 and a GEO satellite
in the actual force model using the inter-satellite range
data. Leonard et al. (2013) and Parker et al. (2013) studied
the navigation capability of the navigation satellite located
on the halo orbit around the libration point L1 in the
Earth–Moon system. Du et al. (2013) studied the feasibility
of using the halo orbit around L1, L2, and low moon orbit
to form a satellite constellation for autonomous orbit
determination using inter-satellite range data. Wang
(2010) and Liu et al. (2014) studied the feasibility of auton-
omous orbit determination between halo orbit satellites
and low lunar orbit satellites using inter-satellite range
data in the absence of the ground station. Zhang (2016)
and Zhang and Xu (2014) proposed a libration point navi-
gation constellation in the circular restricted three-body
model and then analyzed and verified its navigation per-
formance. Gao et al. (2014, 2016) verified the feasibility of
autonomous orbit determination using only the crosslink
range measurement for a combined navigation constella-
tion, which is formed by a global navigation constellation
and a Lagrangian navigation constellation. This study has
been extended to large-magnitude retrograde orbits around
the Moon (Xu and Xu 2009, Liu 2016).

As mentioned in the previous paragraph, many scho-
lars have studied the application of libration point orbits
in satellite navigation. The orbits used in these studies
are usually those around the collinear libration points
and are generally unstable. Due to the influence of the
Sun’s gravitational perturbation, the orbits near the tri-
angular libration points of the Earth–Moon system are
unstable, but the instability is generally weaker than
the collinear libration points, so the orbits can be main-
tained through few orbit control, and navigation satel-
lites are considered to be placed on these orbits (Hou

and Liu 2010). There are a few studies about triangular
libration points (Huang et al. 2022, Wang 2020). The
orbits constructed in the circular restricted three-body
force model are unstable in the actual force model.
When the navigation satellite is placed on them, frequent
orbit control is necessarily required to maintain the orbit.
These operations increase the mission risk and cause the
orbital accuracy of the navigation satellite to decrease.
Therefore, navigation satellites placed on orbits near
the triangular libration points cannot satisfactorily pro-
vide navigation services for cislunar or deep exploration
missions.

Here, we propose a new type of navigation constella-
tion that is placed on two kinds of special orbits, namely
the dynamical substitutes around the triangular libration
points and the distant retrograde orbits (DROs). These
two orbits can be used as ideal orbits for placing naviga-
tion satellites since they have the characteristics of long-
term stability under the actual force model.

The article is structured as follows. The dynamic
model and coordinate system used in the article are intro-
duced in Section 22. Then two kinds of special orbits,
dynamical substitutes and DROs, are given in Section 3.
The observation model is described in Section 4. The
principle of orbit determination is given in Section 5.
The numerical simulation of the navigation constellation
is described in Section 6. Finally, some conclusions are
drawn in Section 7.

2 Dynamic model and coordinate
system

2.1 Dynamic model of dynamical substitutes

In the Earth-centered inertial frame, the relative geo-
metric relationship of the Sun–Earth–Moon-Small body
is shown in Figure 1 (not to scale display), where P is the
small body, and mEarth, mMoon, and mSun represent the
Earth, Moon, and Sun, respectively. R, RM, and RS are
the vectors from the Earth to the small body, the Moon,
and the Sun. R2 and ΔS are the vectors from the Moon to
the small body and the Sun, respectively, and Δ is the
vector from the Sun to the small body and satisfies R, R2,
RM ≪ RS, ΔS, Δ.

The equation of motion (EOM) for P is
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and the EOMs for the Sun and Moon are
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The model is used to obtain the dynamical substi-
tutes by integrating the orbits of the Moon and the Sun
with respect to the Earth under their mutual gravitation.
Their initial conditions are given by the JPL ephemeris
DE406, corresponding to the epoch J2000.0. We have to
remark that Eqs. (1)–(3) are not actually used in this
work. We list them out because the dynamical substitutes
given by Hou et al. (2015a,b) are obtained by integrating
these equations. In our work, only the initial point of the
dynamical substitutes is used. The EOMs used for auton-
omous determination of the constellation itself are given
in Section 2.2, and the EOMs used for determination of the
user satellite are given in Section 2.3.

2.2 Dynamic model describing autonomous
orbit determination of constellations

In the real Earth–Moon system, the main forces acting on
the navigation satellite include the gravity of the Earth
and the Moon, and the main perturbation factors include
the nonspherical gravitational perturbation of the Earth
and the Moon, the gravitational perturbation of third
bodies such as the Sun, and major planets. Nevertheless,
when the accuracy requirement is not that high, some
minor perturbation factors can be ignored. For example,
because the navigation satellites are far from the Earth and
the Moon, the nonspherical gravitational perturbation of
the Earth and the Moon in the abovementioned situation is
too small, so they can be ignored.

We set Mi and = / = ⋯ ≠μ M M i i, 1 11, 3i i Earth as the
masses of the other major celestial bodies in the solar
system except for the Earth. Only considering gravitational

perturbations and neglecting the nonspherical gravity of
the Earth and the Moon, as well as neglecting the solar
radiation pressure and other even smaller perturbations,
the EOM in the Earth-centered J2000.0 equatorial coordi-
nate is
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where R and Ri are the position vectors of the small body
and the third body in the Earth-centered J2000.0 equatorial
coordinate, respectively, Δi is the position vector of the
small body relative to the third body, and the expression is

= −Δ R R .i i (5)

The above four EOMs (1) to (4) are all dimensionless. That
is, the unit mass is the mass of the Earth, the unit dis-
tance is the radius of the Earth, and the time unit is
chosen such that the gravitational constant G = 1.

2.3 Dynamic model describing autonomous
navigation of constellations

The full force model described in the following is used to
study the autonomous navigation of the constellations.
In this section, theMi and = / = ⋯ ≠μ M M i i, 1 11, 3i i Earth
have the same meaning as those mentioned in Section
2.2. The EOM of the small body in the Earth-centered
J2000.0 equatorial coordinate is

= − + + +
-
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R
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where fthird_body, fNonspherical, and fSRP, (solar pressure per-
turbation) respectively, represent the third-body perturba-
tion in the solar system, the nonspherical gravitational
perturbation of the Earth, and the perturbation of solar
radiation pressure (Liu 2000).

2.4 Coordinate system

Usually, the libration point orbits are described in the
synodic frame. However, in order to consider the various
perturbations in the full force model more conveniently,
in this article, the processes of autonomous orbit deter-
mination and navigation services to user satellites are
simulated and calculated in the Earth-centered J2000.0
equatorial coordinate.

Denote r and ṙ as the position and velocity of the
probe in the J2000.0 epoch in the Earth-centered inertial

Figure 1: The geometry of the Sun–Earth–Moon–Small body.
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frame, and express them as r1 and ṙ1 in the synodic frame,
then the following conversion relationships exist:
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where C is converted by the following formula:
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where the expressions for e1,e2, and e3 in the formula are
shown as follows, respectively:
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where rm and ṙm represent the position vector and velo-
city vector of the Moon relative to the Earth.

3 Two types of special orbits

The novel navigation constellation proposed in this article
is placed on two special stable orbits: dynamic substitute
orbits and DROs. Their presentation is as follows.

3.1 Fundamentals of libration points

The dynamic model of a small body with negligible mass
(such as a spacecraft) moving in the gravitational field of
two major celestial bodies in circular orbits around each
other is a circular restricted three-body problem. As
shown in Figure 2, P represents a small body (such as a
spacecraft), while P1 and P2 represent the two major
bodies in the circular restricted three-body problem. Their
masses are expressed asm1 and m2, respectively, and m1 >
m2, and the parameter μ of the system can be expressed as
μ = m2/(m1 + m2), and O denotes the centroids of the two
major celestial bodies P1 and P2.

Figure 2: Five libration points in the synodic frame. Ta
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The EOM for P is
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The Jacobian integral C is denoted by
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Figure 3: Dynamical substitutes L4-1 (left) and L4-2 (right) in the Earth-centered J2000.0 equatorial coordinate.
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Figure 4: Dynamical substitutes L5-1 (left) and L5-2 (right) in the Earth-centered J2000.0 equatorial coordinate.

Figure 5: Navigation constellation configuration.
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3.2 Dynamical substitutes around triangular
libration points

The dynamical system of the probe has changed from an
autonomous system in the circular restricted three-body
problem to a time-varying system when the effects of the
Sun and the Moon are considered. In this case, the libra-
tion points mentioned in Section 3.1 will lose the meaning
of its dynamic equilibrium (Hou and Liu 2010, 2011).

In the barycentric synodic frame, ρ represents the
distance between the probe and triangular libration
points, and the motion equation of the probe relative
to the triangular libration points can be expressed by
the following formula:

( ) ( )= +ρ F ρ Ft ẗ , ,1 2 (13)

and the right part of the perturbation force (13) is divided
into two parts according to whether it has a relationship
with. Here, F1(t) is the expression of the perturbation term
that is related to ρ, and F2(t) is independent of ρ. We
assume that the motion of the Moon is quasiperiodic
when considering the perturbation of the Sun, then F2(t)
is also quasiperiodic. In this case, the system has a fre-
quency associated with the motion of the Moon. It has a
special solution, which is a quasiperiodic orbit with the
same period as the probe orbit, that is dynamical substi-
tute (Hou et al. 2015a,b, Xin 2017).

In order to vividly illustrate the long-term stability of
dynamical substitutes, under the full force model men-
tioned in Section 2.2, taking the epoch JD 2451695.0 as
the initial epoch, the parameters of the four dynamical

substitutes in the Earth-centered J2000.0 equatorial coor-
dinate are shown in Table 1. Dynamical substitutes are
simulated to calculate orbital evolution for 1,000 days,
and the long-term evolution of dynamical substitutes is
shown in Figure 3. L4-1 and L4-2 represent the two dyna-
mical substitutes near the triangular libration points L4
in the Earth–Moon system, and the situation near trian-
gular libration points L5 is shown in Figure 4.

3.3 DROs

A DRO with a moving direction in the synodic frame
opposite to the primaries’ revolution direction is a special
type of orbit in the circular restricted three-body problem.
In the Earth–Moon system, when the amplitude of the
DRO is small, the Earth’s gravitational perturbation is
small because the orbit is far from the Earth, and it can
be considered as a retrograde circular orbit around the
Moon. However, when the amplitude becomes larger, the
orbit is closer to the Earth, and the Earth’s gravitational
perturbation becomes larger and larger, its orbit is “stretched”
by the Earth’s perturbation, and it is no longer a circular orbit.
Hénon studied the stability of retrograde small celestial bodies
in the solar system by a numerical calculation method, and
the results showed that the retrograde orbit is more stable
than the prograde orbit. Many scholars have also studied
the stability of the orbit of the DRO around the Moon and
analyzed its orbit stability characteristics (Liu 2016, Xu 2008,
and Hénon 1973). Under the full forcemodel, the orbit around
the Moon is more complicated. However, because the orbit is

Figure 6: The relationship between the orbit determination results
of dynamical substitutes L4-1 around the triangular libration points
and the length of data.

Figure 7: The relationship between the orbit determination results of
the DROs R1 and the length of data.

6  Bin Liu et al.



retrograde, it is still possible for the orbit to remain stable
when the directional amplitude is not too large (Liu 2016).

3.4 Navigation constellation configuration

Since the four dynamic substitutes in Section 3.2 and the
DROs in Section 3.3 have long-term stability, frequent orbit
control is unnecessarily required to maintain the orbit, so
they can be used as ideal orbits for navigation constella-
tions. Therefore, we constructed the navigation constella-
tion as shown in Figure 5. The navigation constellation is
placed on the four stable dynamic substitutes and a DRO.

4 Observation model

In our research, through the process of autonomous orbit
determination and autonomous navigation, only inter-satel-
lite range data is used as observation data. Therefore, there
are three kinds of observation data in this article: Case 1, the
observation in autonomous orbit determination is the inter-
satellite range data formed between the navigation satellites,
with a random error in the measurement data. Case 2, the
observation data during autonomous navigation is the inter-
satellite range data formed between the navigation satellites
and the probe, with a random error in the measurement
data. Case 3, when there is an error in the orbit of the

Table 2: Initial conditions of an example direct translunar orbit in the Earth’s centered J2000.0 equatorial coordinate

X (km) Y (km) Z (km) VX (km/s) VY (km/s) VZ (km/s)

1411.940685377 −5945.764603086 −2434.007145772 10.588172443 2.636767362 0.093667291

Figure 8: Orbit determination accuracy with a range error of 1 m.
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navigation satellites itself, this error is equivalent to the sys-
tematic error of the ground station, so there is a third type of
observational data with a random error in the measurement
data and a systematic error in the position of the navigation
satellite.

4.1 Observation equation for autonomous
orbit determination

The range data between the navigation satellites is shown
as follows:

( ) ( ) ( )= − + − + − +ρ x x y y z z σL L L L L L L
2 2 2

noisei j i j i Lj i Lj, (14)

for the navigation satellites, ρLi j,
represents the distance

between the ith navigation satellite and the jth naviga-
tion satellite. ( )x y z, ,L L Li i i and ( )x y z, ,L L Lj j j denote the

position vector of the two navigation satellites, respec-
tively. σnoise is the random error of the range that obeys
the Gaussian random distribution.

4.2 Observation equation for autonomous
navigation

The range data between the navigation satellite and the
probe is shown as follows:

( ) ( ) ( )= − + − + − +ρ x x y y z z σL L L
2 2 2

noise (15)

for the navigation satellite and the probe, ρ represents the
distance between the navigation satellite and the probe.
(x, y, z) denotes the position vector of the probe, and (xL,
yL, zL) denotes the position vector of the navigation satel-
lite. The meaning of σnoise is the same as in formula (14).

Figure 9: Orbit determination accuracy with a range error of 10m.
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4.3 Observation equation for autonomous
navigation with errors in the navigation
satellites

When there is an error in the orbit of the navigation
satellite itself, the range data between the navigation
satellite and the probe is shown as follows:

= +r r σL L noise (16)

( ) ( ) ( )= − + − + − +ρ x x y y z z σL L L
2 2 2

noise (17)

for the navigation satellite and the probe, σbias represents
the position error of the navigation satellite. The meaning
of ρ, (x, y, z), (xL, yL, zL), and σnoise is the same as that in
formula (15).

5 Orbit determine process

5.1 Principle of orbit determination

There are many ways to determine orbit; here, we use
the usual batch method of orbit determination (Liu
2000). We do not directly use x0 in each iteration pro-
cess but use ( )/ + εx 10 as the correction value of the
state vector X0. The improvement can ensure that the
iteration process can still converge even when the initial
state is inaccurate. ε is the root mean square error of the
observational residuals, which can be used to evaluate the
accuracy of the orbit determination. The calculation for-
mula is as follows:

Figure 10: Orbit determination accuracy with a range error of 100m.

A novel autonomous navigation constellation in the Earth–Moon system  9
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5.2 The method of accuracy evaluation

By calculating the theoretical orbit value at each observa-
tion epoch ( )= …t i l1, ,i , and calculating the residual dif-
ference between it and the actual orbit of the orbit, the
errors in the radial direction (ΔRi), the lateral direction
(ΔT), and the normal direction of the orbit surface (ΔNi)
are obtained between the two orbits. By the following
formula, we can obtain the root mean square error in
all directions:
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6 Numerical simulation

6.1 Autonomous orbit determination
between the navigation satellites

The autonomous orbit determination problem of the navi-
gation satellites is the foundation of our studies. Here,
inter-satellite range data between the navigation satellites
is simulated according to the measurement model men-
tioned in Section 4.2, taking the epoch JD 2451695.0 as the
initial point, as shown in Table 1. The autonomous orbit
determination of navigation satellites is studied here in the
force model described in Section 2.3, and the dependence
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Figure 11: Orbit determination accuracy with a range error of 1 m.
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of the orbit determination accuracy on the data length is
shown in Figures 6 and 7. The σR, σT, σN, and σ are defined
in Section 5.2.

Figures 6 and 7 show the results for the dynamical
substitute L4-1 around the triangular libration point L4
and the DROs, respectively. We can see that the autono-
mous orbit determination of the navigation satellites
using the inter-satellite range data is feasible, and the
accuracy is unsatisfactory when the length of data is
less than 20 days. However, it can be improved when
the length of data is increased. When the data length is
long enough, the same level of precision as observation
data can be achieved. For a short length of data, the orbit
determination accuracy in the R and the T directions of
the navigation satellites is about the same but one or two
magnitudes better in the N direction. This difference will
disappear when the length of data is increased.

6.2 Autonomous navigation for the probe

It has been concluded in Section 6.1 that the proposed
navigation constellation can achieve autonomous orbit
determination using only inter-satellite range data. This
section will focus on the navigation service performance
of the user probe offered by this navigation constellation.
With the lunar exploration mission as the background,
the translunar orbit is considered. The navigation accu-
racy of the probe during the Earth–Moon transfer stage is
of great significance to the accuracy of the subsequent
capture and landing stages. Therefore, it is very mean-
ingful to study the autonomous navigation of the Earth–
Moon transfer orbit phase.

In this part, the Earth–Moon transfer orbit is the direct
transfer type. The initial epoch of the example translunar
orbit is JD2451695.0 and lasts 5.01309583583941 days.
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Figure 12: Orbit determination accuracy with a range error of 10 m.

A novel autonomous navigation constellation in the Earth–Moon system  11



The initial values for the example transfer lunar orbit are
shown in Table 2.

The observation data is the inter-satellite range data
between the navigation satellites and the probe. It is simu-
lated according to the measurement model mentioned in
Section 4.2. The simulation adopts the RKF7(8) integrator,
and the data sampling interval is 10min. The navigation
performance of the probe with different levels of observa-
tion data accuracy is shown in the figures below.

Figures 8–10 show the navigation service perfor-
mance of the proposed constellation on the translunar
orbit when the inter-satellite range error is 1, 10, and
100m, respectively. We can see that the navigation con-
stellation can realize autonomous navigation for the lunar
probe, and the navigation accuracy in the R and T direc-
tions is about the same level but one to two magnitudes
better in the N direction. This difference disappears when
the data length is long enough.

6.3 Autonomous navigation for the probe
with errors in the navigation satellites

The observation data are also the inter-satellite range
data between the navigation satellites and the probe,
but they are simulated according to the measurement
model mentioned in Section 4.3. A random distribution
error of 1 m is assumed for the orbit of the navigation
satellite of the navigation constellation as in formula
(21), which is equivalent to the station position error
of the ground station, and the range error is 1, 10, and
100 m, respectively. The navigation performance of
the navigation constellation proposed in the article
for the lunar probe during the transition phase is stu-
died. The simulation calculation adopts the RKF7(8)
integrator, and the data sample interval is 10 min.
The navigation performance of the probe is shown as
follows:
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Figure 13: Orbit determination accuracy with a range error of 100m.
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= ⋅ ⋅

= ⋅ ⋅

= ⋅

σ σ α δ
σ σ α δ
σ σ δ

cos cos ,
sin cos ,
sin .

X r

Y r

Z r

(21)

where σr represents the range error of the orbit of the
navigation satellite of the navigation constellation, and
σX, σY, and σZ denote the range error in X, Y, and Z direc-
tions of the navigation satellites, respectively, in the
Earth-centered J2000.0 equatorial coordinate.

Figures 11–13, respectively, show the navigation per-
formance of the proposed navigation constellation for the
lunar probe in the transition section of the Moon when
the range error is 1, 10, and 100m. Taking Figure 11 as an
example, the small graphs, respectively, show the influ-
ence of the accuracy in the R, T, and N directions and the
overall navigation accuracy. Some conclusions can be
drawn from the analysis:
(a) When the system error is considered in the navigation

satellite, the constellation proposed in this article can
still provide autonomous navigation services for the
translunar user.

(b) Under the same conditions, the accuracy of the R and
T directions has reached the orbit determination
accuracy of within 1, 10, and 100m, respectively.
However, the orbit determination accuracy in the N
direction is worse than that in the R and T directions,
which is about three times the accuracy of the R and
the T directions.

(c) Since the batch method is used in this section, when
the arc segment is longer, the navigation accuracy is
higher. The accuracy level is the same as the obser-
vation accuracy and can be reached if the time is long
enough.

7 Conclusions

This article uses the dynamical substitutes around trian-
gular libration points and DROs in the Earth–Moon system
to form a stable autonomous navigation constellation. The
ability to autonomously determine the orbits of the navi-
gation constellation itself using only inter-satellite range
data is demonstrated. Furthermore, taking the translunar
orbit as an example of the user probe, under the full force
model, the navigation service to the probe provided by the
navigation constellation is realized by using inter-satellite
range data. The simulation results show that the naviga-
tion accuracy reaches the same level as the observation
accuracy. Besides, the accuracy of the N direction is worse
than that of the R and the T directions, which is caused by
the geometric configuration of the navigation constella-
tion. In the future, we will further study the effects of the

dynamic model on the navigation accuracy and the navi-
gation performance of this navigation constellation.
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