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Abstract:
The main characteristics of geological flows such as debris flows, avalanches and lahars is due to the relative
importance of viscous versus inertial forces in the momentum balance. This paper considers the motion gener-
ated by the collapse of a dam-retaining mud, itself modeled as a power-law fluid. The equation of motion is
derived in a non-dimensional form and solved analytically with the shallow-water assumption in a dry and
smooth horizontal channel. Notably indicated are flow regimes and the effect of the reservoir length as well as
the effect of mud rheology on flow development. Then, a parametric study of this model is produced and the
effect of mud shear-thinning on flow development is pointed out.

Zusammenfassung:
Die Hauptmerkmale von geologischen Flüssen, wie beispielsweise Schuttlawinen, Lawinen und vulkanischen
Schlammströmen (Lahars), hängen vom Verhältnis der Zähflüssigkeits und Trägheitskräfte in der Impulserhal-
tungsgleichung ab. Diese Arbeit beschäftigt sich mit den Bewegungen, die beim Bruch eines Dammes entste-
hen, der eine zähflüssige Substanz zurückhält, die durch eine Kraftgesetzflüssigkeit modelliert wird. Die Bewe-
gungsgleichung wird in adimensionaler Form hergeleitet, und analytisch gelöst, unter der Seichtwasser-
hypothese für einem trockenen und glatten horizontalen Kanal. Insbesondere werden Wasserstandsverhält-
nisse und der Einfluss der Beckenlänge sowie der Einfluss der Rheologie der zähflüssigen Substanz auf die Fluss-
entwicklung aufgezeigt. Danach wird eine Parameterstudie dieses Modelles angefertigt und der Effekt der Aus-
scherung der zähflüssigen Substanz auf die Flussenwicklung wird herausgearbeitet.

Résumé:
La principale caractéristique des écoulements géologiques tels que les laves torrentielles, les avalanches et les
lahars est dûe à l’importance relative des forces de viscosité par rapport aux forces d’inertie dans l’équation de
conservation de la quantité de mouvement. Le présent article s’intéresse au mouvement généré par la rupture
d’un barrage retenant de la boue, celle-ci étant modélisée par un fluide à loi de puissance. L’équation du mou-
vement est formée sous forme adimensionnelle et résolue analytiquement avec l’hypothèse des eaux peu pro-
fondes dans un canal horizontal, lisse et sec à l’aval. Tout particulièrement, les régimes d’écoulement et l’effet
de la longueur du réservoir ainsi que l’effet de la rhéologie de la boue sur le développement de l’écoulement
sont étudiés. Par la suite, une étude paramétrique est réalisée et l’effet de la rhéofluidification de la boue sur le
développement de l’écoulement est précisé.
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1 INTRODUCTION
Dam-break flows generated by the sudden
release of a given quantity of water contained
between a fixed plate and a dam constitute a
class of gravity currents [1]. They develop in two
phases. When the gate is suddenly removed, the
fluid rapidly collapses downstream with con-
stant velocity following an inertial solution [2].
The main force acting on the water is due to grav-
ity, and acts vertically downwards (positive
wave), while a long wave of depression (negative
wave) propagates upstream with constant veloc-
ity. This negative wave is reflected by the fixed
wall and propagates away from the wall with
speed slightly greater than the speed of the front.
Thereafter, when the negative wave overtakes
the front, the front speed which has been con-
stant up to this point decreases [3]. Such scenario
can describe the initiation of flash floods (e.g.
Queensland event, Australia, 2001). After long
and intense rains over a small but sloping basin,
the water quantity can rapidly become cata-
strophic if the draining network is insufficiently
sized. The wave front travels fast, destroying
goods and structures and killing people and ani-
mals.

Debris flows involving water naturally
ladened with sediment or debris can be initiated
by dam-break event (e.g. Grand-Bornand event,
France, 1987). They transport much energy and
can even move rocks and boulders upon very long
distances. During this trip, they are responsible of
much destruction and they erode the soils. This
process results in a suspension of non-colloidal
particles (grains) in a dispersion of colloidal par-
ticles (clay) in water. For modeling, this mixture
will be considered as a stable and homogeneous
complex fluid with a rheological behavior
depending on the observation scale. On a small
scale, the mud is a multi-component material so,
it is the seat of different interactions: between
water molecules, between clay particles in water
and between grain particles in the clay-water dis-
persion, as well as the different possible combi-
nations. On a large scale, it is well known that as
far as the concentration in coarse grains is low,
the rheological behavior of this suspension is sim-
ilar to that of the suspending fluid (clay-water dis-
persion), i.e. it exhibits a yield stress and a shear-
thinning property. In this case, a third phase takes
place when the viscous effects become more
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important than inertial effects, causing the front
speed to decrease more rapidly [4, 5].

Constitutive equations are needed which
relate the stresses in the fluid to the rate of defor-
mation. In this aim, the Reiner-Rivlin form of
stress proves to be useful as a monophasic mod-
el for a complex fluid mixture, as noticed in the
ASCE 1997 Conference on Debris Flow Hazards
Mitigation. It is known that in the field, the shear-
ing rate is often less than 100 [6 - 8]. Furthermore,
Ng and Mei [9] state that at a low shearing rate,
the power-law model which only takes into
account the shear-thinning property of the mud
and neglects its plasticity is more appropriate 
[10 - 12].

In this work, the dam-break flow of clayous
mud is considered. A 1D equation of creeping
motion is derived by applying the mass and
momentum conservation laws on a power-law
constitutive equation, and made non dimen-
sional. Then, an analytical solution is found with-
in two limits: the short time limit and the long
time limit. These solutions are combined into a
single universal model. Finally, a parametric
study of this model is carried out and the effect
of mud shear-thinning on flow dynamic charac-
teristics is pointed out.

2 PROBLEM STATEMENT

2.1 RHEOLOGY  
Let us consider a dam obstructing a horizontal
smooth channel which is dry downstream and
with a given quantity of clayous mud upstream
(with height h0), contained between a fixed plate
and a dam (Figure 1). At the initial time, the dam
collapses and the fluid (with density r and appar-
ent viscosity h) is released downstream. Let t
denote the time, g the gravity, p the pressure and
V the velocity, the isochoric flow of this complex
fluid is described by the continuity and momen-
tum equations —·V = 0, rV· = rg - —p + —(2hD),
where the dot is used to indicate the total deriv-
ative and D, the rate of deformation tensor.

Let L and h0 denote the two characteristic
length scales of the flow in the direction of its
length (x-coordinate) and of its depth (y-coordi-
nate) respectively, with L >> h0 as it generally
occurs in nature, so that the motion is essential-
ly horizontal, the vertical component of the
velocity v being much smaller than u and w, the



x - and z - components (lubrication approxima-
tion). The rheological behaviour of the mud,
modelled by its shear-thinning property, obeys
the so-called power-law equation, which makes
it possible to represent changes in viscosity as
shear increases [13]

(1)

(2)

where ss denotes the extra-stress tensor, the
constants k (liquid consistency) and n (power-
law index) are the rheological parameters,
while the two scalars DII and h are the second
invariant of D and the apparent viscosity,
respectively.

The fluid is known as shear-thickening for
n > 1, Newtonian for n = 1 and shear-thinning for
n < 1. The rheological parameters are generally
determined [14] using a controlled-stress con-
trolled rate and/or controlled strain rheometer
equipped with a cone-and-plate geometry [15, 16]
or with a concentric cylindric geometry [17, 18]
as usually adopted for the formulation of sus-
pensions. For clayous mud (this case), a value of
n = 1/3 is generally used.

2.2 INERTIAL REGIME
Immediately after the sudden collapse of the
gate (located at x = 0), the viscous effects (fric-
tion) are much smaller than the inertial and the
physics of the non viscous problem is returned to
[2]. It states that the wave front advances at a
constant speed of 2÷gh0, while the negative
wave moves back with constant speed ÷gh0.
Between these two extremities, the average
speed ũ and the hydrograph are respectively giv-
en by

(3)

Important characteristics of the flow can be
derived from these relations. At dam site, height,
average velocity and flow rate are constant and
respectively given by

(4)
Assuming that the fixed plate is located at 
x = -l0, Ritter’s solution holds until the negative
wave reaches it, as the non slip condition at the
rear wall is violated for t > l0÷gh0.

2.3 EQUATION OF MOTION
Introducing the power-law equation (Eq. 1) in the
equations of motion approximated as the lead-
ing order equations in powers of the small para-
meter e = h0/L, we obtain that the pressure is
hydrostatic as usual in lubrication approxima-
tion and that the vertically averaged equation of
motion writes:

(5)
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Table 1 (left): 
Computation of the different
constants and characteristic
values versus m.

Figure 1: 
Configuration of horizontal
dam-break flow at negative
time.



Notice that the governing equation of Newton-
ian viscous dam-break flow is recovered from 
Eq. 5, for n = 1 [4]. Now, defining the following set
of non dimensional variables H = h/h0, X = x/L,
and T = t/t where

(6)

and m = 1/n, equation of motion (Eq. 5) becomes

(7)

3 ANALYTICAL SOLUTION

3.1 FLOW REGIMES
Dam-break flow belongs to the general class of
gravity currents so, the solution depends on time
scale [1]. First of all, the inertial regime, charac-
terized by a fixed height given by Eq. 4 at the dam-
site, holds immediately after the dam collapse.
Then, this results in a solution dominated by vis-
cous effects. The transition occurs when the neg-
ative wave touches the rear wall. A short time
regime takes place until the wave reflected by the
fixed plate overtakes the front. This short time
regime tends to an asymptotic form (long time
solution). Such scenario was obtained for the
dam-break flow of Newtonian fluid by Cavaillé
[19]. In this configuration the viscous solution
(short time regime for H ≥ 0.684 and the long
time regime for H £ 0.684) is presented in Figure
2. Gratton and Minotti [20] describe the Boltz-
mann transform formalism of deriving solutions
to Eq. 7, and the phase plane formalism of deriv-
ing similarity solutions as well. For consistome-
try purpose, Piau and Debiane [21] give a series

expansion of the short time solution and focus
on the shear stress and on the shear rate mean
values in the long time viscous regime.

The originality of this paper is to build the
analytical expression of the solution for the short
time (T << 1) and long time (T >> 1) viscous solu-
tions, and to combine them as the two viscous
regimes of a single universal model. Moreover,
Gratton and Minotti [20] stated that the physics
of the Newtonian case can be generalized to the
power-law model. So, the numerical computa-
tion of this solution will allow us to derive the
effect of the mud rheology on the dynamics char-
acteristics of the flow. Eq. 7 can be solved using
the method of similarity. Assuming a solution of
the form

(8)

Introducing Eq. 8 in the equation of motion (Eq. 7)
we get

(9)

where a prime denotes the derivative of a given
function with respect to its variable. To meet a
scenario similar to Figure 2, let Xb(T) denote the
front of the back wave and Xf(T) the front of the
positive wave. If Tc denotes the time where the
back wave front reaches the rear wall, the short
time regime corresponds to a viscous solution
such that T £ Tc. While, for larger time, H is every-
where less than 1.

So, two regimes can be identified, which cor-
respond to two different physical mechanisms of
reservoir emptying. The short time solution is
such that far downstream from the dam, the flu-
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Figure 2: 
Time variation of free surface
profile in the short time
regime (a) and in the long
time regime (b).



id seems to be at rest at a depth h0, so that the
reservoir’s length l0 has no effect on this flow
regime, while for the long time solution, the flow
only retains the initial (non dimensional) volume
of the reservoir V = l/L and not the details of its
initial geometry.

3.2 THE SCALING LAWS
Giving the common following expression to Y(l)
in both the short time and the long time viscous
regime:

(10)

(11)

where l = (X - X0)/(Xf - Xb)in the short time regime
and l = (X + 1)/(Xf + 1) in the long time regime
while the constants am and bm write

(12)

(13)

4 RESULTS AND DISCUSSION
First of all, the similar solution for the dam-break
flow of a power-law fluid obtained in the previ-
ous section must be validated in the limiting case
of a Newtonian fluid, by comparison with an
experimental and theoretical study presented by
[5], who obtained a short time viscous regime and
a long time viscous regime, respectively
described by the following scaling laws

(14)

These results clearly agree with those of the pre-
sent work for n = 1. Moreover, the fluid height at
dam site in the short time regime found as Hd =
0.664 in present work agrees with the value of
Hd = 0.684 obtained numerically in [22].

Then, the effect of the shear thinning prop-
erty of the mud will be derived by computing the
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Figure 3 (left above): 
Variation of characteristic
time with power law index.

Figure 4 (right above): 
Time variation of the veloci-
ty of the back wave for given
power law index.

Figure 5 (below): 
Time variation of the veloci-
ty of the positive wave for
given power law index in the
short time regime (a) and in
the long time regime (b).



solution obtained in the previous section. Indeed,
the present computations showed that the gen-
eral features of the physical description of the
development of the dam-break flows of both the
water and the mud are similar. Notably, the free
surface profile obtained in the Newtonian case is
similar to that of the mud, for the short time vis-
cous regime and for the long time regime as well.
Meanwhile, the effect of the power-law index on
the solution will be pointed out owing to a ref-
erence to the Newtonian case.

Table 1 computes the different constants
appearing in the solution together with different
characteristic quantities in the range 0.2 £ n £ 1.
Recalling that m = 1/n, we see that for increasing
power law index, the characteristic time decreas-
es following the graph presented in Figure 3. This
means that one effect of the shear thinning prop-
erty is to slow down the back wave. This result can
be verified in Figure 4 which shows that |Ub(T)|
increases with n. The same remark holds for the
velocity of the front wave Uf(T) in both the short
time regime (Figure 5a) and the long time regime
(Figure 5b). As a consequence, the abscissa of the
positive wave Xf(T) increases with the power law
index, both for the short time regime (Figure 6a)
and for the long time regime (Figure 6b).

Meanwhile, Figure 7 shows that for all the
tested values of the power law index (0.2 £ n £ 1),

the maximum heights at given station versus the
corresponding abscissa were described by a sin-
gle graph. Concerning the time when Hmax occurs
at given station, its graph for assigned power law
index is presented in Figure 8. As expected, Tmax
is shorter for larger n which agrees with the
results obtained in Figure 5b.

All these results illustrate the increasing of
the velocity of the negative wave and the posi-
tive wave with power law index, due to lower fric-
tion for the water than for the mud characterized
by the same consistency. Finally, Table 1 shows
that for decreasing power law index, the critical
height Hd decreases, which means that the quan-
tity of fluid mobilized during the short time
regime is larger for the mud than for the water.
As a consequence, for a structure situated in a
vulnerable zone, the impact will occur later for
the mud than for the water as stated earlier in
this section, but the quantity of fluid will be larg-
er. Moreover, considering that the density of the
mud is larger than that of the water, the impact
of the mud is expected to be greater and poten-
tially produce more damages. This effect was dis-
cussed in [23 - 25], among others.
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Figure 6 (above): 
Evolution of the front of the
positive wave front for
assigned power law index in
short time viscous regime (a)
and in the long time regime
(b).

Figure 7 (left below): 
Variation of the maximum
height at given station, vs the
corresponding abscissa.

Figure 8 (right below): 
Variation of the time of
occurrence of maximum
height for given abscissa for
given power law index.
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