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Harmonic analysis and generalized functional
equations for the cosine
Abstract: Let G be a locally compact group and let µ be a regular, compactly supported, complex-valued
Borel measure on G. In the present paper, we determine the continuous solutions f, g : G → ℂ of the func-
tional equation

∫
G

{f(xyt) + f(xy−1t)} dµ(t) = 2g(x)f(y), x, y ∈ G,

in terms of characters, additive maps and matrix elements of irreducible, two-dimensional representations
of G. Many consequences of this result are presented.
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1 Introduction
Let G be a group. By d’Alembert’s functional equation, we will here understand the functional equation

g(xy) + g(xy−1) = 2g(x)g(y), x, y ∈ G. (1.1)

The solutions g : G → ℂ of (1.1) are known (see [6, 16]). Some information, applications and numerous
references concerning (1.1) and its further generalizations can be found, e.g., in [1–12, 14, 15, 17–22]. An
extensive bibliography concerning (1.1) can be found in [13, 16].

In [12], Kannappan studied the functional equation

f(x + y + 2z0) + f(x − y + 2z0) = 2f(x)f(y), x, y ∈ ℝ, (1.2)

and proved that a function f : ℝ → ℂ satis�es the functional equation (1.2) for a �xed non-zero z0 ∈ ℝ
if and only if f(x) = g(x − 2z0), where g : ℝ → ℂ is a periodic solution of the cosine functional equation
g(x + y) + g(x − y) = 2g(x)g(y) for all x, y ∈ ℝ with period 4z0. Kannappan’s equation (1.2) has been gener-
alized by Perkins and Sahoo in [14]. They determined the abelian solutions f : G → ℂ (see Section 2) of the
functional equation

f(xyz0) + f(xτ(y)z0) = 2f(x)f(y), x, y ∈ G, (1.3)

where z0 ∈ Z(G), i.e., z0 belongs to the center of G (the set of elements of G that commute with every other
element in G), and τ : G → G is an involution, i.e., an anti-homomorphism such that τ(τ(x)) = x for all x ∈ G.
As a very recent result, Stetkær extended in [19] the result of Perkins and Sahoo from groups to semigroups.

Observe that (1.3), with τ being the group inversion x Ü→ x−1, can be written as

∫
G

{f(xyt) + f(xy−1t)} dµ(t) = 2f(x)f(y), x, y ∈ G,
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where µ = δz0 is the Dirac measure concentrated at z0. Our aim is to generalize this equation by substituting
the Dirac measure by an arbitrary regular, compactly supported, complex-valued Borel measure and to con-
sider more unknown functions.

Let G be a locally compact Hausdor� group and let µ be a regular, compactly supported, complex-valued
Borel measure on G. The purpose of the present paper is to give an explicit description of the continuous
solutions f, g : G → ℂ of the integral-functional equation

∫
G

{f(xyt) + f(xy−1t)} dµ(t) = 2g(x)f(y), x, y ∈ G. (1.4)

We will use this explicit description to determine the solutions f, g : G → ℂ of the functional equation

∫
G

{f(xyt) + f(xy−1t)} dµ(t) = 2f(x)f(y), x, y ∈ G, (1.5)

and each of the functional equations

f(xyz0) + f(xy−1z0) = 2g(x)f(y), x, y ∈ G, (1.6)

f(xyz0) + f(xy−1z0) = 2f(x)f(y), x, y ∈ G, (1.7)
n
∑
i=1
αi{f(xyzi) + f(xy−1zi)} = 2g(x)f(y), x, y ∈ G, (1.8)

where α1, α2, . . . , αn are complex numbers and z0, z1, . . . , zn ∈ G are arbitrary �xed elements. Note that
each of the equations (1.6)–(1.8) results from (1.4) or (1.5) by replacing µ by a suitable measure supported
on a �nite set. We prove that their solutions can be expressed in terms of characters, additive functions
and matrix-elements of irreducible two-dimensional representations of G. So, the theory is part of harmonic
analysis on groups.

Our new contributions to the theory are the following. First, we solve Kannappan’s functional equation
in integral form (cf. (1.4)–(1.5)), thereby generalizing the formulation up till now. Second, the element z0
of G appearing in (1.6) need not be in Z(G). More generally, we solve (1.8) without any conditions on the
constants z1, z2, . . . , zn.

2 Notation and terminology
Throughout the paper,ℕ, ℝ and ℂ stand for the sets of all positive integers, the real numbers and the com-
plex numbers. We let G denote a topological group with neutral element e and we let I : G → G denote the
identity function.

For any complex-valued function f on G, we use the notation
̌f (x) = f(x−1), x ∈ G.

We say that f is even if f = ̌f and odd if f = − ̌f . A function f : G → ℂ is abelian if f(xyz) = f(xzy) for all
x, y, z ∈ G and any abelian function f is central, meaning that f(xy) = f(yx) for all x, y ∈ G. A function
a : G → ℂ is called additive if it satis�es a(xy) = a(x) + a(y) for all x, y ∈ G. It is clear that any additive
function is odd.

A character χ ofG is a homomorphism χ : G → ℂ∗, whereℂ∗ denotes themultiplicative groupof non-zero
complexnumbers. As a result, characters neednot be unitary in the present paper. It iswell known that the set
of characters on G is a linearly independent subset of the vector space of all complex-valued functions on G
(see [16, Corollary 3.20]).

Let V be a vector space and let GL(V) be the algebra of all invertible operators from V into V. A represen-
tation of G on V is a map π : G → GL(V) such that

π(xy) = π(x)π(y)
for all x, y ∈ G. The space V is called the representation space of π. Note that the dimension of the represen-
tation π is dim π := dim V. By tr(π(x)), x ∈ G, we mean the trace of the operator π(x).
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Let SL(2,ℂ) denote the group of all complex 2 × 2 matrices with determinant equal to 1 and let C(G)
denote the algebra of all continuous functions from G into ℂ. If G is a locally compact Hausdor� group,
thenwe letMC(G)denote the space of all regular, compactly supported, complex-valuedBorelmeasures onG.
For µ ∈ MC(G), we use the notation

µ(f) = ∫
G

f(t) dµ(t)

for all f ∈ C(G) and we denote by π(µ) the matrix

π(µ) = ∫
G

π(t) dµ(t)

in the case when π is a continuous representation of G on ℂ2.

3 Auxiliary results
In [17], Stetkær proved the following basic theorem that we shall apply at a crucial point in the proof of our
main result (Theorem 4.1).

Theorem 3.1. Let G bea group. If the pair f, g : G → ℂ, where f ̸= 0, is a solution ofWilson’s functional equation

f(xy) + f(xy−1) = 2f(x)g(y), x, y ∈ G, (3.1)

then g is a solution of d’Alembert’s functional equation (1.1).

The continuous solutions of d’Alembert’s functional equation (1.1) are known. In [6], Davison proved the
following result.

Lemma 3.2. Let G bea topological groupand let g ∈ C(G)bea solution of d’Alembert’s functional equation (1.1)
such that g(e) = 1. Then, there is a continuous (group) homomorphism h : G → SL(2,ℂ) such that

g(x) = 1
2 tr(h(x)), x ∈ G.

Introducing the theory of representations, Stetkær proved the following result.

Lemma 3.3 ([16, Chapter 9]). Let G be a topological group. The solutions g ∈ C(G) \ {0} of d’Alembert’s func-
tional equation (1.1) are the functions of the form

g(x) = 1
2 tr(π(x)), x ∈ G,

where π ranges over the two-dimensional continuous representations π of G onℂ2 for which π(x) ∈ SL(2,ℂ) for
all x ∈ G. Furthermore, we have the following.
(i) The solution g = 1

2 tr π is non-abelian if and only if π is irreducible.
(ii) The solution g is abelian if and only if it has the form g = 1

2 (χ + χ̌), where χ is a continuous character.

As a consequence of Lemma 3.3, we �nd the complete continuous solution on an arbitrary group of the
Pexider–d’Alembert functional equation

f(xy) + f(xy−1) = 2g(x)f(y), x, y ∈ G, (3.2)

which is a special case of (1.4).

Corollary 3.4. Let G be a topological group. The pair f, g ∈ C(G), where f ̸= 0, is a solution of the functional
equation (3.2) if and only if there exist a continuous representation π : G → SL(2,ℂ) and a non-zero constant
c ∈ ℂ \ {0} such that

g(x) = 1
2 tr(π(x)), f(x) = cg(x)

for all x ∈ G.
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Proof. If we put y = e in (3.2), we �nd the equality f = f(e)g which implies, with c := f(e), that

cg(xy) + cg(xy−1) = 2cg(x)g(y), x, y ∈ G.

Then, either f = 0 or g is a solution of d’Alembert’s equation (1.1). The rest of the proof follows immediately
from Lemma 3.3.

4 Solution of (1.4)
In this section, we solve the functional equation (1.4), i.e.,

∫
G

{f(xyt) + f(xy−1t)} dµ(t) = 2g(x)f(y), x, y ∈ G,

by expressing its solutions in terms of characters, additive maps and matrix elements of irreducible, two-
dimensional representations of G.

Theorem 4.1. Let G be a locally compact Hausdor� group and let µ ∈ MC(G). Assume that the pair f, g ∈ C(G)
is a solution of the functional equation (1.4). Then, we have the following possibilities.
(i) f = 0 and g is arbitrary in C(G).
(ii) g = 0 and

∫
G

f(xt) dµ(t) = 0

for all x ∈ G.
(iii) There exists a constant c ∈ ℂ \ {0} such that one of the following statements holds.

(a) There exists a continuous irreducible representation π : G → SL(2,ℂ) such that

f(x) = c
2 tr(π(x)), g(x) = 1

2 tr(π(µ)π(x))

for all x ∈ G.
(b) There exists a continuous character χ of G such that

f = c
2 (χ + χ̌), g =

1
2 (µ(χ)χ + µ(χ̌)χ̌).

Conversely, the formulas above for f and g de�ne solutions of (1.4).

Proof. The cases (i) and (ii) are obvious. So, we suppose that f ̸= 0 and g ̸= 0. Putting y = e in (1.4) we get that

∫
G

f(xt) dµ(t) = cg(x), x ∈ G, (4.1)

where c := f(e). Since f ̸= 0 and g ̸= 0, we have c ̸= 0. Indeed, c = 0 would entail

∫
G

f(xt) dµ(t) = 0

for all x ∈ G, which implies that g(x)f(y) = 0 for all x, y ∈ G, i.e., f = 0 or g = 0, contradicting our assumption.
So, we can reformulate (1.4) as

g(xy) + g(xy−1) = 2g(x) f(y)
c

, x, y ∈ G.

Then, the pair (g, fc ) is a solution of Wilson’s functional (3.1). Using Theorem 3.1, we infer that the function
1
c f is a solution of d’Alembert’s functional equation (1.1). Then, Lemma 3.3 breaks the job into two cases: f is
either abelian or non-abelian.
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Case 1. There exists a continuous irreducible representation π : G → SL(2,ℂ) such that

f(x) = c
2 tr(π(x)), x ∈ G.

According to [16, Proposition 11.8], we infer that there exists a complex 2 × 2 matrix A such that

g(x) = 1
2 tr(Aπ(x))

for all x ∈ G. Using (4.1), we get that
tr(π(x)π(µ)) = tr(Aπ(x))

for all x ∈ G, which by Burnside’s theorem tells us that

A = π(µ).

So, we are in the case (a) of our statements.

Case 2. There exists a continuous character χ of G such that

f = c
2 (χ + χ̌).

In this case, f is abelian. Using (4.1), we get thereby that g is central. In viewof [16, Proposition 11.5], we only
have the following two subcases.

Subcase 2.1. For χ ̸= χ̌, there exist constants c1, c2 ∈ ℂ such that

g = c1χ + c2 χ̌.

Using (4.1), we get that
1
2 {µ(χ)χ + µ(χ̌)χ̌} = c1χ + c2 χ̌.

By the linear independence of di�erent characters (Artin’s Lemma, see [16, Corollary 3.20]), we infer that

c1 =
1
2µ(χ), c2 =

1
2µ(χ̌).

Then, we arrive at the solution in case (b) above.

Subcase 2.2. For χ = χ̌, we have f = cχ and there exist an additive function a : G → ℂ and a constant α ∈ ℂ
such that

g = αχ + aχ.
Using (4.1), we get that

µ(χ)χ(x) = αχ(x) + a(x)χ(x), x ∈ G,
implying, after dividing by χ(x), that

a = µ(χ) − α.
Since a is additive, the last equality canhold only if α = µ(χ) and a = 0. So,wearrive at the solution in case (b).

Conversely, simple computations prove that the formulas above for f and g de�ne solutions of (1.4).

As consequences of Theorem 4.1 one can obtain the following three corollaries.

Corollary 4.2. Let G be a locally compactHausdor� group and let µ ∈ MC(G). The solutions f ∈ C(G) \ {0} of the
functional equation (1.5) are the functions of the form

f(x) = c
2 tr(π(x)), x ∈ G,

where c ∈ ℂ \ {0} and π : G → SL(2,ℂ) is a continuous representation satisfying π(µ) = cI. Furthermore,
we have the following.
(i) f = c

2 tr π is non-abelian if and only if π is irreducible.
(ii) f is abelian if and only if it has the form

f = µ(χ)
2 (χ + χ̌),

where χ is a continuous character satisfying µ(χ) = µ(χ̌).
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Proof. By applying Theorem 4.1 with g = f , we get that there exists a constant c ∈ ℂ \ {0} such that one of the
following two possibilities holds.

(i) There exists a continuous irreducible representation π : G → SL(2,ℂ) such that

f(x) = 1
2 tr(π(µ)π(x)) = c

2 tr(π(x))

for all x ∈ G. Then, according to Burnside’s theorem, we get that

π(µ) = cI.

So, we arrive at the solution in case (i).
(ii) There exists a continuous character χ of G such that

f = c
2 (χ + χ̌) =

1
2 (µ(χ)χ + µ(χ̌)χ̌),

which implies that
c = µ(χ) = µ(χ̌).

Then, we arrive at the solution in case (ii) with the representation π de�ned by

π(x) = (
χ(x) 0
0 χ̌(x)

) , x ∈ G,

which obviously satis�es π(x) ∈ SL(2,ℂ) and π(µ) = cI. This �nishes the necessity assertion. Conversely,
simple computations prove that the formula above for f de�nes a solution of (1.5).

Corollary 4.3. Assume that G is a locally compact abelian Hausdor� group and let µ ∈ MC(G). Then, a pair
f, g ∈ C(G) \ {0} is a solution of the functional equation

∫
G

{f(x + y + t) + f(x − y + t)} dµ(t) = 2g(x)f(y), x, y ∈ G,

if and only if there exist a constant c ∈ ℂ \ {0} and a continuous character χ of G such that

f = c
2 (χ + χ̌), g =

1
2 (µ(χ)χ + µ(χ̌)χ̌).

Proof. This follows immediately from Theorem 4.1.

Corollary 4.4. Let G be a locally compact abelian Hausdor� group and let µ ∈ MC(G) be arbitrarily �xed.
The solutions f ∈ C(G) \ {0} of the functional equation

∫
G

{f(x + y + t) + f(x − y + t)} dµ(t) = 2f(x)f(y), x ∈ G,

are the functions of the form
f = µ(χ)

2 (χ + χ̌),

where χ is a continuous character of G satisfying µ(χ) = µ(χ̌) and µ(χ) ̸= 0.

Proof. This follows from Corollary 4.2.

5 Applications
In this section, let G be a topological group, n ∈ ℕ, αi ∈ ℂ and zi ∈ G be arbitrarily �xed elements for all
i = 0, . . . , n. To illustrate our theory, we continue discussing solutions of (1.4) and (1.5), but now for the
case of µ being supported by a �nite set.
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Corollary 5.1. The pair f, g ∈ C(G) \ {0} is a solution the functional equation

f(xyz0) + f(xy−1z0) = 2g(x)f(y), x, y ∈ G, (5.1)

if and only if there exists a constant c ∈ ℂ \ {0} such that one of the following statements holds.
(i) There exists a continuous irreducible representation π : G → SL(2,ℂ) such that

f(x) = c
2 tr(π(x)), g(x) = 1

2 tr(π(z0)π(x))

for all x ∈ G.
(ii) There exists a continuous character χ of G such that

f = c
2 (χ + χ̌), g =

1
2 (χ(z0)χ + χ̌(z0)χ̌).

Proof. The proof follows by putting µ = δz0 in Theorem 4.1.

In view of Corollary 5.1, we have the following result.

Corollary 5.2. Assume that G is abelian. The solutions f, g ∈ C(G) \ {0} of the functional equation

f(x + y + z0) + f(x − y + z0) = 2g(x)f(y), x, y ∈ G, (5.2)

are the functions of the form
f = c

2 (χ + χ̌), g =
1
2 (χ(z0)χ + χ̌(z0)χ̌),

where c ∈ ℂ \ {0} and χ is a continuous character of G.

As a consequence of Corollary 4.2, we have the following result on the solution of the functional equation

f(xyz0) + f(xy−1z0) = 2f(x)f(y), x, y ∈ G, (5.3)

which is a natural extension of Kannappan’s equation (1.2). We note that (5.3) was solved in [14] under the
assumptions that f is abelian and z0 ∈ Z(G).

Corollary 5.3. The solutions f ∈ C(G) \ {0} of the functional equation (5.3) are the functions of the form

f(x) = c
2 tr(π(x)), x ∈ G,

where c ∈ ℂ \ {0} and π : G → SL(2,ℂ) is a continuous representation satisfying π(z0) = cI. Furthermore,
we have the following.
(i) f = c

2 tr π is non-abelian if and only if π is irreducible.
(ii) f is abelian if and only if it has the form

f = χ(z0)
2 (χ + χ̌),

where χ is a continuous character satisfying χ(z0)2 = 1.

Proof. The proof follows by putting µ = δz0 in Corollary 4.2.

Now, we discuss other special cases of (1.4) and (1.5) which are natural generalizations of (5.1) and (5.3),
respectively.

Corollary 5.4. The pair f, g ∈ C(G) \ {0} is a solution the functional equation
n
∑
i=0
αi{f(xyzi) + f(xy−1zi)} = 2g(x)f(y), x, y ∈ G, (5.4)

if and only if there exists a constant c ∈ ℂ \ {0} such that one of the following statements holds.
(i) There exists a continuous irreducible representation π : G → SL(2,ℂ) such that

f(x) = c
2 tr(π(x)), g(x) = 1

2

n
∑
i=0
αi tr(π(zi)π(x))

for all x ∈ G.
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(ii) There exists a continuous character χ of G such that

f = c
2 (χ + χ̌), g =

1
2

n
∑
i=0
αi(χ(zi)χ + χ(z−1i )χ̌).

Proof. The proof follows by putting

µ =
n
∑
i=0
αiδz0

in Theorem 4.1.

Corollary 5.5. The solutions f ∈ C(G) \ {0} of the functional equation

n
∑
i=0
αi{f(xyzi) + f(xy−1zi)} = 2f(x)f(y), x, y ∈ G, (5.5)

are the functions of the form
f(x) = c

2 tr(π(x)), x ∈ G,

where c ∈ ℂ \ {0} and π : G → SL(2,ℂ) is a continuous representation satisfying

n
∑
i=0
αiπ(zi) = cI.

Furthermore, we have the following.
(i) f = c

2 tr π is non-abelian if and only if π is irreducible.
(ii) f is abelian if and only if it has the form

f = 1
2

n
∑
i=0
αiχ(zi)(χ + χ̌),

where χ is a continuous character satisfying

n
∑
i=0
αiχ(zi) =

n
∑
i=0
αiχ(z−1i ).

Proof. The proof follows by putting

µ =
n
∑
i=0
αiδz0

in Corollary 4.2.

Acknowledgment: We are very grateful to the referee for many useful comments and valuable suggestions.

References
[1] J. Aczél, Lectures on Functional Equations and their Applications, Academic Press, New York, 1966.
[2] J. d’Alembert, Addition au Mémoire sur la courbe que forme une corde tendue, mise en vibration, Hist. Acad. Berlin 1750

(1752), 355–360.
[3] M. Akkouchi, A. Bakali and I. Khalil, A class of functional equations on a locally compact group, J. Lond. Math. Soc. (2) 57

(1998), no. 3, 694–705.
[4] J. An and D. Yang, Nonabelian harmonic analysis and functional equations on compact groups, J. Lie Theory 21 (2011),

no. 2, 427–456.
[5] R. Badora, On a joint generalization of Cauchy’s and d’Alembert’s functional equations, Aequationes Math. 43 (1992),

no. 1, 72–89.
[6] T. M. K. Davison, D’Alembert’s functional equation on topological monoids, Publ. Math. Debrecen 75 (2009), no. 1–2,

41–66.



D. Zeglami, B. Fadli and S. Kabbaj, Harmonic analysis and generalized functional equations | 49

[7] B. Ebanks and H. Stetkær, D’Alembert’s other functional equation on monoids with an involution, Aequationes Math. 89
(2015), no. 1, 187–206.

[8] B. Ebanks and H. Stetkær, On Wilson’s functional equations, Aequationes Math. 89 (2015), no. 2, 339–354.
[9] B. Fadli, D. Zeglami and S. Kabbaj, A variant of Wilson’s functional equation, Publ. Math. Debrecen, to appear.
[10] Z. Fechner and L. Székelyhidi, A generalization of Gajda’s equation on commutative topological groups, preprint (2014),

http://arxiv.org/abs/1403.2052.
[11] Z. Gajda, A generalization of d’Alembert’s functional equation, Funkcial. Ekvac. 33 (1990), no. 1, 69–77.
[12] P. Kannappan, A functional equation for the cosine, Can. Math. Bull. 11 (1968), 495–498.
[13] P. Kannappan, Functional Equations and Inequalities with Applications, Springer, New York, 2009.
[14] A. M. Perkins and P. K. Sahoo, On two functional equations with involution on groups related to sine and cosine functions,

Aequationes Math., to appear.
[15] H. Stetkær, D’Alembert’s and Wilson’s functional equations on step 2 nilpotent groups, Aequationes Math. 67 (2004),

no. 3, 241–262.
[16] H. Stetkær, Functional Equations on Groups, World Scienti�c, Hackensack, 2013.
[17] H. Stetkær, A link between Wilson’s and d’Alembert’s functional equations, Aequationes Math., to appear.
[18] H. Stetkær, Van Vleck’s functional equation for the sine, Aequationes Math., to appear.
[19] H. Stetkær, Kannappan’s functional equation for the cosine, manuscript (2015).
[20] L. Székelyhidi, Convolution Type Functional Equations on Topological Abelian Groups, World Scienti�c, Singapore, 1991.
[21] W. H. Wilson, On certain related functional equations, Bull. Amer. Math. Soc. 26 (1920), 300–312.
[22] D. Zeglami, B. Fadli and S. Kabbaj, On a variant of µ-Wilson’s functional equation on a locally compact group, Aequationes

Math., to appear.

http://arxiv.org/abs/1403.2052

	Harmonic analysis and generalized functional equations for the cosine
	1 Introduction
	2 Notation and terminology
	3 Auxiliary results
	4 Solution of (1.4)
	5 Applications


