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Abstract: Let G be a locally compact group and let u be a regular, compactly supported, complex-valued
Borel measure on G. In the present paper, we determine the continuous solutions f, g : G — C of the func-
tional equation

[0 + foy 10} duo) = 2500f0, - xy € G,

G
in terms of characters, additive maps and matrix elements of irreducible, two-dimensional representations
of G. Many consequences of this result are presented.
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1 Introduction

Let G be a group. By d’Alembert’s functional equation, we will here understand the functional equation

g(xy) +g(xy™) = 2g(x)g(y), x,y€G. (1.1)

The solutions g : G — C of (1.1) are known (see [6, 16]). Some information, applications and numerous
references concerning (1.1) and its further generalizations can be found, e.g., in [1-12, 14, 15, 17-22]. An
extensive bibliography concerning (1.1) can be found in [13, 16].

In [12], Kannappan studied the functional equation

fix+y+2z0) + f(x -y + 220) = 2f(Of(y), x,y €R, (1.2)

and proved that a function f: R — C satisfies the functional equation (1.2) for a fixed non-zero zy € R
if and only if f(x) = g(x — 2z9), where g: R — C is a periodic solution of the cosine functional equation
gix+y)+g(x—y)=2g(x)g(y) for all x,y € R with period 4zy. Kannappan’s equation (1.2) has been gener-
alized by Perkins and Sahoo in [14]. They determined the abelian solutions f : G — C (see Section 2) of the
functional equation

fxyzo) + f(xt(y)z0) = 2f(0Of(y), x,y €G, (1.3)

where zg € Z(G), i.e., zo belongs to the center of G (the set of elements of G that commute with every other

elementin G),and 7 : G — G is an involution, i.e., an anti-homomorphism such that 7(7(x)) = x forall x € G.

As a very recent result, Stetkaer extended in [19] the result of Perkins and Sahoo from groups to semigroups.
Observe that (1.3), with T being the group inversion x — x1, can be written as

[0y + fory ok dut = 2100100, %y € 6,

G

*Corresponding author: Driss Zeglami: Department of Mathematics, ENSAM, Moulay Ismail University, BP 15290, Al Mansour,
Meknés, Morocco, e-mail: zeglamidriss@yahoo.fr

Brahim Fadli, Samir Kabbaj: Department of Mathematics, Faculty of Sciences, Ibn Tofail University, BP 14000, Kenitra,
Morocco, e-mail: himfadli@gmail.com, samkabbaj@yahoo.fr



42 —— D.Zeglami, B. Fadli and S. Kabbaj, Harmonic analysis and generalized functional equations DE GRUYTER

where y = §, is the Dirac measure concentrated at zo. Our aim is to generalize this equation by substituting
the Dirac measure by an arbitrary regular, compactly supported, complex-valued Borel measure and to con-
sider more unknown functions.

Let G be a locally compact Hausdorff group and let u be a regular, compactly supported, complex-valued
Borel measure on G. The purpose of the present paper is to give an explicit description of the continuous
solutions f, g : G — C of the integral-functional equation

[yt + fry 0 dut = 2800100, %y € 6, (1.4)
G
We will use this explicit description to determine the solutions f, g : G — C of the functional equation
[yt + foxy 20 anco) = 2f00ftn), xy € 6, (1.5)
G
and each of the functional equations
f(xyzo) + fixy 'z0) = 28(0f(y), X,y € G, (1.6)
fixyzo) + flxy ' z0) = 2f0)f(y), X,y €G, (1.7)
n
Y ailf(xyzi) + flxy ' z)} = 2800f(y), x,y € G, (1.8)
i=1
where a;, as, ..., a, are complex numbers and zo, z1, ..., 2y € G are arbitrary fixed elements. Note that

each of the equations (1.6)—(1.8) results from (1.4) or (1.5) by replacing u by a suitable measure supported
on a finite set. We prove that their solutions can be expressed in terms of characters, additive functions
and matrix-elements of irreducible two-dimensional representations of G. So, the theory is part of harmonic
analysis on groups.

Our new contributions to the theory are the following. First, we solve Kannappan’s functional equation
in integral form (cf. (1.4)—(1.5)), thereby generalizing the formulation up till now. Second, the element z,
of G appearing in (1.6) need not be in Z(G). More generally, we solve (1.8) without any conditions on the
constants z1, z2, ..., Zn.

2 Notation and terminology

Throughout the paper, N, R and C stand for the sets of all positive integers, the real numbers and the com-
plex numbers. We let G denote a topological group with neutral element e and we let I : G — G denote the
identity function.

For any complex-valued function f on G, we use the notation

f) =fx1), xeG.
We say that f is even if f = f and odd if f = —f. A function f: G — C is abelian if flxyz) = f(xzy) for all
X,¥,z € G and any abelian function f is central, meaning that f(xy) = f(yx) for all x,y € G. A function
a: G — C is called additive if it satisfies a(xy) = a(x) + a(y) for all x, y € G. It is clear that any additive
function is odd.

A character y of Gisahomomorphismy : G — C*, where C* denotes the multiplicative group of non-zero
complex numbers. As a result, characters need not be unitary in the present paper. It is well known that the set
of characters on G is a linearly independent subset of the vector space of all complex-valued functions on G
(see [16, Corollary 3.20]).

Let V be a vector space and let GL(V) be the algebra of all invertible operators from V into V. A represen-
tation of Gon Visamap 7 : G — GL(V) such that

n(xy) = n(x)m(y)

for all x, y € G. The space V is called the representation space of /1. Note that the dimension of the represen-
tation mr is dim 71 := dim V. By tr(71(x)), x € G, we mean the trace of the operator 7(x).
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Let SL(2, C) denote the group of all complex 2 x 2 matrices with determinant equal to 1 and let C(G)
denote the algebra of all continuous functions from G into C. If G is a locally compact Hausdorff group,
then we let M(G) denote the space of all regular, compactly supported, complex-valued Borel measures on G.
For u € M¢(G), we use the notation

uif) = [ A dpce
G
for all f € C(G) and we denote by () the matrix

() = jn(t) du(t)

G

in the case when 7 is a continuous representation of G on C2.

3 Auxiliary results

In [17], Stetkeer proved the following basic theorem that we shall apply at a crucial point in the proof of our
main result (Theorem 4.1).

Theorem 3.1. Let G beagroup. Ifthepairf, g : G — C,wheref # 0, is a solution of Wilson’s functional equation
foxy) + fxy™) = 2f(0g(y),  x,y €6, G.1)
then g is a solution of d’Alembert’s functional equation (1.1).

The continuous solutions of d’Alembert’s functional equation (1.1) are known. In [6], Davison proved the
following result.

Lemma 3.2. Let G be atopological group andlet g € C(G) be a solution of d’Alembert’s functional equation (1.1)
such that g(e) = 1. Then, there is a continuous (group) homomorphism h : G — SL(2, C) such that

1
g(x) = 5 tr(h(x)), xe€G.
Introducing the theory of representations, Stetkar proved the following result.

Lemma 3.3 ([16, Chapter 9]). Let G be a topological group. The solutions g € C(G) \ {0} of dAlembert’s func-
tional equation (1.1) are the functions of the form

§00 = 3 tnk), X< G,

where 1 ranges over the two-dimensional continuous representations m of G on C? for which n(x) € SL(2, C) for
all x € G. Furthermore, we have the following.

(i) The solution g = % tr 7 is non-abelian if and only if rt is irreducible.

(ii) The solution g is abelian if and only if it has the form g = %(x + X), where x is a continuous character.

As a consequence of Lemma 3.3, we find the complete continuous solution on an arbitrary group of the
Pexider—d’Alembert functional equation

foxy) + fxy™) = 2800f(y),  x,y €G, (.2)
which is a special case of (1.4).

Corollary 3.4. Let G be a topological group. The pair f, g € C(G), where f # 0, is a solution of the functional
equation (3.2) if and only if there exist a continuous representation 1 : G — SL(2, C) and a non-zero constant
c € C\ {0} such that

800 = 3 (), f00) = g0
forall x € G.



44 — D.Zeglami, B. Fadliand S. Kabbaj, Harmonic analysis and generalized functional equations DE GRUYTER

Proof. If we put y = e in (3.2), we find the equality f = f(e)g which implies, with ¢ := f(e), that
cg(xy) + cglxy™) = 2cg(0g(y), X,y €G.

Then, either f = 0 or g is a solution of d’Alembert’s equation (1.1). The rest of the proof follows immediately
from Lemma 3.3. O

4 Solution of (1.4)
In this section, we solve the functional equation (1.4), i.e.,

[yt + fry o dut) = 2800100, %y < 6,
G

by expressing its solutions in terms of characters, additive maps and matrix elements of irreducible, two-
dimensional representations of G.

Theorem 4.1. Let G be a locally compact Hausdorff group and let p € M¢(G). Assume that the pair f, g € C(G)
is a solution of the functional equation (1.4). Then, we have the following possibilities.
(i) f=0andgisarbitrary in C(G).
(i) g =0and
[ oty ducoy = 0
G

forallx € G.
(iii) There exists a constant ¢ € C \ {0} such that one of the following statements holds.
(a) There exists a continuous irreducible representation i : G — SL(2, C) such that

fx) = gtr(ﬂ(X)), gx) = %tr(ﬂ(y)n(X))

forall x € G.
(b) There exists a continuous character x of G such that

c . 1 NS
F=50+X0, &= 5m0x+HON)-
Conversely, the formulas above for f and g define solutions of (1.4).

Proof. The cases (i) and (ii) are obvious. So, we suppose that f # 0 and g # 0. Putting y = e in (1.4) we get that

Jf(xt) du(t) = cg(x), xe€gG, (4.1)
G

where c := f(e). Since f # 0 and g # 0, we have c # 0. Indeed, ¢ = 0 would entail

Jf(xt) du(e) = 0

G

forall x € G, which implies that g(x)f(y) = 0forall x, y € G, i.e., f = 0 or g = 0, contradicting our assumption.
So, we can reformulate (1.4) as

_ ()
500+ g0 = 250",y e

Then, the pair (g, ]Ec) is a solution of Wilson’s functional (3.1). Using Theorem 3.1, we infer that the function
% f is a solution of d’Alembert’s functional equation (1.1). Then, Lemma 3.3 breaks the job into two cases: f is

either abelian or non-abelian.
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Case 1. There exists a continuous irreducible representation 7 : G — SL(2, C) such that
fx) = g tr(n(x)), x¢€G.
According to [16, Proposition 11.8], we infer that there exists a complex 2 x 2 matrix A such that
1
8(x) = 5 tr(Am(x))
for all x € G. Using (4.1), we get that
tr(m(x)m(p)) = tr(Am(x))
for all x € G, which by Burnside’s theorem tells us that
A =n(p).
So, we are in the case (a) of our statements.
Case 2. There exists a continuous character y of G such that
c .
f= E(X +X)-
In this case, f is abelian. Using (4.1), we get thereby that g is central. In view of [16, Proposition 11.5], we only
have the following two subcases.

Subcase 2.1. For y # X, there exist constants c1, ¢; € C such that
g=cix +Ca)-
Using (4.1), we get that
%{u(x)x +UOOX} = cax + -
By the linear independence of different characters (Artin’s Lemma, see [16, Corollary 3.20]), we infer that

1 1.
c1= 5”(’()’ C2= 511()().

Then, we arrive at the solution in case (b) above.

Subcase 2.2. For y = x, we have f = cy and there exist an additive function a : G — C and a constant a € C
such that

g =ay + ay.
Using (4.1), we get that
ROOX(X) = ax(0) + a()x(x), x€G,
implying, after dividing by y(x), that
a=puy) - a.
Since a is additive, the last equality can hold only if a = u(xy) and a = 0. So, we arrive at the solution in case (b).
Conversely, simple computations prove that the formulas above for f and g define solutions of (1.4). 0

As consequences of Theorem 4.1 one can obtain the following three corollaries.

Corollary 4.2. Let G be alocally compact Hausdorff group and let y € M¢(G). The solutions f € C(G) \ {0} of the
functional equation (1.5) are the functions of the form

ﬂm=§uma» x G,

where c € C\ {0} and m: G — SL(2,C) is a continuous representation satisfying n(u) = cI. Furthermore,
we have the following.
() f = $trmisnon-abelian if and only if m is irreducible.

(ii) f is abelian if and only if it has the form

£=0 ),

where x is a continuous character satisfying u(x) = u(x).
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Proof. By applying Theorem 4.1 with g = f, we get that there exists a constant ¢ € C \ {0} such that one of the
following two possibilities holds.
(i) There exists a continuous irreducible representation 77 : G — SL(2, C) such that

1 c
fx) = 5 tr(n(u)m(x)) = 5 tr(rm(x))
for all x € G. Then, according to Burnside’s theorem, we get that
n(u) = cl.

So, we arrive at the solution in case (i).
(ii) There exists a continuous character y of G such that

o1 .
f=S00+10) = SO0+ ROD,
which implies that
c=puQ) = p@.

Then, we arrive at the solution in case (ii) with the representation 7 defined by

_(x() O
n(X)—(O X(X)>’ x € G,

which obviously satisfies 71(x) € SL(2, C) and () = cl. This finishes the necessity assertion. Conversely,
simple computations prove that the formula above for f defines a solution of (1.5). O

Corollary 4.3. Assume that G is a locally compact abelian Hausdorff group and let u € M¢(G). Then, a pair
f, g € C(G) \ {0} is a solution of the functional equation

[tFxey+ 04 fix =y + 0} dco = 28000, x.v € 6,
G

if and only if there exist a constant ¢ € C \ {0} and a continuous character x of G such that

c . 1 NS
f=50+X%, 8=5m0x+HOX)-
Proof. This follows immediately from Theorem 4.1. O
Corollary 4.4. Let G be a locally compact abelian Hausdorff group and let y € M¢(G) be arbitrarily fixed.
The solutions f € C(G) \ {0} of the functional equation
[trocey 40+ foc-y + O} duee = 2600f, - x < 6,
G

are the functions of the form

="y p,

where x is a continuous character of G satisfying u(y) = u(x) and u(x) # 0.
Proof. This follows from Corollary 4.2. O

5 Applications

In this section, let G be a topological group, n € N, a; € C and z; € G be arbitrarily fixed elements for all
i=0,...,n. Toillustrate our theory, we continue discussing solutions of (1.4) and (1.5), but now for the
case of u being supported by a finite set.
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Corollary 5.1. The pair f, g € C(G) \ {0} is a solution the functional equation
fixyzo) + flxy ' z0) = 28(0f(y), X,y €G, (5.1)

if and only if there exists a constant ¢ € C\ {0} such that one of the following statements holds.
(i) There exists a continuous irreducible representation 1 : G — SL(2, C) such that

flx) = gtr(ﬂ(X)), gx) = %tr(n(ZO)n(X))

forall x € G.
(ii) There exists a continuous character x of G such that

=50+, 8= 3WEK XD

Proof. The proof follows by putting y = 8, in Theorem 4.1. O
In view of Corollary 5.1, we have the following result.
Corollary 5.2. Assume that G is abelian. The solutions f, g € C(G) \ {0} of the functional equation

fx+y+2z0) +fix -y +20) = 28(0f(y), X,y €G, (5.2)
are the functions of the form

=200, 8= 5K + KD,
where ¢ € C\ {0} and y is a continuous character of G.
As a consequence of Corollary 4.2, we have the following result on the solution of the functional equation
fixyzo) + fxy™*20) = 2f0f(y), X,y € G, (5.3)

which is a natural extension of Kannappan’s equation (1.2). We note that (5.3) was solved in [14] under the
assumptions that f is abelian and zg € Z(G).

Corollary 5.3. The solutions f € C(G) \ {0} of the functional equation (5.3) are the functions of the form
fe) = 5 ta), x <G,

where ¢ € C\ {0} and m: G — SL(2, C) is a continuous representation satisfying n(zo) = cI. Furthermore,
we have the following.

() f = $trmisnon-abelian if and only if m is irreducible.

(ii) f is abelian if and only if it has the form

z .
f= @(X +X)s
where y is a continuous character satisfying x(zo)? = 1.
Proof. The proof follows by putting yu = §,, in Corollary 4.2. O

Now, we discuss other special cases of (1.4) and (1.5) which are natural generalizations of (5.1) and (5.3),
respectively.

Corollary 5.4. The pair f, g € C(G) \ {0} is a solution the functional equation

aiff(xyzi) + fixy 'z} = 280)f(y), X,y €G, (5.4)

M=

T
<}

if and only if there exists a constant ¢ € C \ {0} such that one of the following statements holds.
(i) There exists a continuous irreducible representation 1 : G — SL(2, C) such that

flo) = gtr(n(X)), glx) = % Y a; tr(m(zi)m(x))
i=0

forall x € G.
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(ii) There exists a continuous character x of G such that
c y 1 s
f=50+X, g=3 Y ai(x(zx +x(zHX)-
i=0

Proof. The proof follows by putting
n
M= Z aiazo
i=0
in Theorem 4.1.

Corollary 5.5. The solutions f € C(G) \ {0} of the functional equation

ailf(xyzi) + fxy'zi)} = 2f(0f(y), x,y € G,

o

I}
<}

are the functions of the form
f) = 5 ta), x <G,

where c € C\ {0} and m : G — SL(2, C) is a continuous representation satisfying
n
z a;n(zi) = cl.
i=0

Furthermore, we have the following.
(@) f = $trmisnon-abelian if and only if m is irreducible.
(ii) f is abelian if and only if it has the form

1 ;
f=5 X ax@ -+,

i=0

where y is a continuous character satisfying
n n
Y aix(zi) = ) aix(z;h).
i=0 i=0

Proof. The proof follows by putting
n
M= Z aiSZo
i=0

in Corollary 4.2.
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