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1 Introduction

Stability is a very important subject in the theory and applications of differential equations. The stability
analysis of delay differential equations has received considerable attentions over the last few decades. The
stability and boundedness of solutions of delay differential equations were considered in [8, 10, 12, 24]. The
Lyapunov functional approach is an interesting and fruitful technique to determine the stability behaviour
of solutions of linear and nonlinear differential equations. This technique has gained increasing significance
and given impetus for modern development of stability theory of differential equations. During the past few
decades, by using Lyapunov functionals, many results have been obtained on the qualitative behaviours of
solutions for various higher-order (third, fourth and fifth-order) vector differential equations without delay,
see, for example, [1-3, 11, 13, 14, 16, 23]. On the other hand, for certain third and fourth-order scalar de-
lay differential equations, the stability and the boundedness results have been investigated only by a few
researchers, see, for example, [4, 5, 15, 17-21, 25]. Besides, it is worth mentioning, that according to our
observations, there are only a few papers on the same topic for certain second and fourth-order vector delay
differential equations, see, for example, [6, 22].

In this paper, by defining Lyapunov functionals, we obtain proper sufficient conditions for the stability
and the boundedness of solutions in the cases P = 0 and P # 0, respectively, to the following third-order
vector delay differential equation of the type:

X+ AX +GX) + HX(t - 1) = P(t), (1.1)

where ris a positive constant which will be determined later, X € R", A is a constant n x n-matrix, G and H are
n-vector continuous functions with G(0) = H(0) = 0 and P(t), t € [0, 00), is an n-vector continuous function.
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Equation (1.1) is the vector version for the system of real third-order differential equations with delay

n
Xi + Z aijXj + gi(X1, ..., Xp) + hi(x1(t=71), ..., xpn(t=7) =pi(t), i=1,2,...,n,
=1

in which a;; are constants. Moreover, it is assumed that the Jacobian matrices

Ja(X) = (%) and Jg(Y) = (%), ij=1,2,...,n,
0X; 0y;

exist and are continuous.

Special cases of (1.1), when n = 1, have been investigated by Zhu [25], Sadek [15] and Tung [20], and
when r = 0, have been considered by Hara [11], Chukwu [9], Tun¢ and Ates [23].

We need the following notations and definitions:
i) A;(M),i=1,2,...,n,are the eigenvalues of the n x n matrix M.
(ii) (X,Y) corresponding to any pair X, Y of vectors in R" stands for the usual scalar product Y[, x;y;. The

Euclidean length in R™ will be denoted by | - |, so that in particular | X|? = (X, X) for arbitrary X € R".
(iii) The matrix M is said to be negative-definite, when (MX, X) < O for all nonzero X € R".

2 Stability

Now we consider the stability criteria for the general autonomous delay differential system:
x(t) = f(xe), X¢(s) =x(t+s), -h<s<0,t>0, (2.1)
where f: Cy — R" is a continuous mapping with f(0)=0,
Cu :={¢ € C([-h,0],R") : ||| < H}
and for H; < H, there exists L(H) > 0 with |f(qb)| < L(H1) when |¢]| < H;.

Theorem 2.1 ([7]). Let V(¢): Cy — R be a continuous functional satisfying a local Lipschitz condition with
V(0) = 0 and the functions W; (i = 1, 2) are wedges, such that

1) Wi(lp0))) < V() < Wa(llpl),

(i) V2.1(¢) < O for ¢ € Cp.

Then, the zero solution of (2.1) is uniformly stable.

The following theorem is the first main result of (1.1).

Theorem 2.2. In addition to the fundamental assumptions on the functions H and G, suppose the existence of
arbitrary positive constants a,, a’l, ay, a’z, as, a;.Assume alsothatfori=1,2,...,n,thefollowing conditions
are satisfied:

() The matrix A is symmetric and a1 < Ai(A) < a).

(i) G(0) =0, J5(Y) is symmetric and a> < Ai(J(Y)) < a’2 forall Y € R™.

(iii) Jg(Y) - jol Jc(0Y) do is negative-definite.

(iv) H(0) = 0, Ju(X) is symmetric and as < Ai(Ju(X)) < &}, for all X € R".

) ara; —al >0.

(vi) Ja(X) commutes with Jy(X') for all X, X' € R™.

Then, the zero solution of (1.1) with P = 0 is uniformly stable, provided that

arar — a} ara; — a} }
’

r < min s
{ 2apa3vn " 2a5(2u + 1)Vn

where ,
A0 + A
= —3 > O

2a;
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The following two lemmas are important for the proof of the main results.
Lemma 2.1. Let M be a real symmetric n x n matrix. If a' > A;{(M) >a >0,i=1,2,...,n, then

a' (X, X) > (MX, X) > a(X, X),
a’?(X, Xy = (MX, MX) > a*(X, X).

Lemma 2.2. AssumethatX =Y,V =2,7Z = W. Then,

1
d
ey i J(H(UX),X) do = (H(X), Y),

d

) —

T (G(0Y), Y)do = (G(Y), Z).

Ot .. ©

Proof. (1) We have that

Q..lg_

1
7 J(H(UX),X) do =

1
o(Jg(oX)Y, X)do + J(H(O‘X), Y)do
0

1
0%(H(0X), Y)do + J (H(6X), Y) do

1
|
1 1
= 4’ o(Ju(0X)X,Y) do + J(H(o‘X), Y) do
1
J 0
g

= a(H(0X), V)| = (H(X), Y).

The proof of (2) is similar to that of (1).

Proof of Theorem 2.2. We write equation (1.1) with P(t) = 0 as the following equivalent system:
X=Y,
Y = Z, t

Z=-AZ-G(Y)-HX) + J]H(X(s))Y(s) ds.

t
Define a Lyapunov functional as '

1
2Vi(Xe, Ye, Z) = 2p I(H(UX), X)do +2(Y, HX)) + 2u(Y, Z)
0

1 0 t
‘2 J(G(GY), Y) do + (Z, Z) + u(AY, Y) + 24 J J 1Y(0)I2 d6 ds,
0 -r t+s

t

where A is a positive constant which will be determined later.
We define

1
Iy = J]G(OY) do.
0
Then, it follows from (ii) that
Ai(T(Y)=>a, >0 forall Y e R".

Since 21 I_Or ftis Y(8)|12 d6 ds is non-negative, we find

1 1
2V; = 2u J(H(UX), X)ydo +2(Y, HX)) + 2 J(G(UY), Y)do + u(AY, Y) + | Z + uY|? - u?||Y|2.
0 0

(2.2)

(2.3)

(2.4)

(2.5)
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From A;(A) > a1 (because of (i)) and from Lemma 2.1, we get that

1 1
2V >2u J(H(UX), X)do - ||1"’%H(X)||2 +2 J(G(O‘Y), Y)do
0 0
— T2 YI2 +1Z + pYI? + play - wIYI? + T2 Y + T2 HX)J.

The matrix I' is symmetric because J; is symmetric, and the eigenvalues of T are positive because of (2.5).
Consequently, the square root Iz exists. This is again symmetric and non-singular for all Y € R". Therefore,
we have
1
2V, >2u J(H(UX), X) do — (T YH(X), H(X))
0 ) (2.6)
+2 j(G(oY), Y)do - (LY, Y) +1Z + pY|* + plas - wIYI?,
0

so that
V12 81+ 82+ 1Z+puY)? + p(ay - Y12,
where
1
Sy :=2pu J(H(GX), X) do - (T"'H(X), H(X)),
0
1
Sy:=2 j(G(GY), Y)do - ('Y, Y).
0
Since

a_?n (H(01X), H(01X)) = 25(01X)X, H(01 X)),

by integrating both sides from 07 = 0 to 07 = 1 and because of H(0) = 0, we obtain
1
(H(X), H(X)) =2 I(]H(le)X, H(o1X)) do.
0
Thus, we have
1 1 1
S1 = 231 (H(0X), X) do - 217 [ (010X, H(@1X)) do = 2 [ (H(o10. (1] -~ T (01 X)}X) do.
0 0 0

But, from 5
a_cu(H(“lUZX)’ (U =T (01 X)}X) = (01Ju(0102X)X, {u] - T (01 X)}X),

by integrating both sides from ¢, = 0 to 0, = 1 and because of H(0) = 0, we find

1

(H(01X), {uI - T~ (01 X)}X) = J 01(Jr(0102X)X, {uI = T (01 X)}X) do>.
0

Hence, we have

S1=2| | o1Un(0102X)X, {uI - T x(01X)}X) do, doy

=2 | | 01Un(0102X){uI - T k(01 X)}X, X) do, doy.

I
|

C———p O ——
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Let
Q = {uI -T (o1 X)}u(0102X).

Since 4;(T1) < a—lz and a3 < A;(Ju(X)) < a4, and because of (2.5) and (iv), respectively, it follows that

AUl = T7Yg) = A(uD) - (T ) = p - dsast.

“10‘”“3 , we have

Since p =
_ 1 _
Ai(Q) = (u-asayHas = E(alaz -ay)aza;t =1 ag > 0.

Then, we have from Lemma 2.1 that
11
>2 J J o1{aoX, X) do, doy > ao| X||%.
00

From the identity

1 1
j oJ6(0Y)Y, Y) do = (G(Y), Y) - j(G(oY), Y) do,
[0) 0

(2.4) and (iii), it is clear that

1 1
2 J(G(UY), Y)do-(G(Y),Y) = |(G(cY),Y)do - J o{Jc(aY)Y,Y)do
0 0

Ol_.,_\ ot—,,_.

1
H(T(GY)Y, Y) do - Jo(](;(aY)Y, Y) do
0

o{Jg(oY)-T(cY)}Y,Y)do > 0.

|
© —

Since

1
T(Y)Y = j](;(oY)Ydo - G(Y),
0

it follows that

1
Sy =2 j(G(aY), Y)do - (TY, Y) > 0.
0

From the estimates of S; and S,, we obtain

2V1 2 aollXI? +1Z + uYI* + p(as = wIYI?.

lxlaz

Buta; -pu= “3 > 0, therefore there exists a positive constant Dy such that

Vi = Di(IXI? + Y1 + 1Z11%).

By using the hypotheses of Theorem 2.2, we obtain ||A|| < vna} by (i), and since aH(‘TX)

H(0) = 0, we find from (iv) that
1
[HX)| < J”]H(UX)""X" do < Vnab||X]|.
0
Also, since 2%V = J;(gY)Y and G(0) = 0, we find from (ii) that

1
G < J"]G(UY)"" Yl do < Vnaj||Y],
0

2.7

(2.8)

(2.9)
=Jy(oX)X and
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by using the Cauchy-Schwarz inequality [(m, n)| < |mllIn| < 3(Im|? + |n||?) and from

0 t t
21 J j 1Y(O)|% d6 ds = 27 J(G—Hr)IIY(G)IIZ do < 2A|Y|2

—r t+s t-r t

t t
J (O—t+7)d0 = A2 Y]? = Ar J IYI2 6. (2.10)
-r

t-r

Thus, we can obtain
2V1 < u+ Dab ValXI1? + (1 + p + pay Vi + 2ab Vi + Ar?) Y2 + (u + 1))1Z)1%. (2.11)
Hence, we have a positive constant D, satisfying
Va1 < Do (IX12 + IYI1% + 1Z11%). (2.12)

From (2.3), (2.2) and Lemma 2.2, it is obvious that

iV1 =uZ,2) -(AZ,Z) + Ju(X)Y, Y) — u(Y, G(Y))

dt t t t
¥ <uY, j Tr(X(s))Y(s) ds> N <Z, j Tr(X(s))Y(s) ds> FAIYIPr-A j 1Y) a8,
t-r t-r t-r
so that
d
Vi = (A~ pI)Z, 2) + Gp(OY, V) - (Y, G(Y)

t

t
N <;1Y+ Z, J ]H(X(s))Y(s)ds> LAY =2 J 1Y(0)|2 de.

t-r t-r

From the conditions (i), (ii), (iv) of Theorem 2.2, (2.7) and Lemma 2.1, we have

t

d

Evl < —(uagz — ab)[| Y% = (ay - I Z]1* + <HY+ Z, J JH(X(S))Y(S)dS> +AIY)Pr -2 J 1Y(6)]* d6.
t-r t-r

Since ||Jg(X)| < \/ﬁag by (iii), and by using the Cauchy—Schwarz inequality, we obtain

t
|<uY +Z, j Tu(X(s))Y(s) ds> < IpY + 2|

t-r

t
j Tu(X(s))Y(s) ds
t—r

t
< IVl + 121 j Vnd,|Y(s)| ds
t-r

' t

) t
< —"“3W(uyn2r+ j 1Y(s)|2 ds) + “%ﬁ@zuzw j 1Y(s)I2 ds)-

2
t-r t-r
It follows that
d ajvn
EV1=—<ya2—a’3—y32 r-/\r)uyu2
al v aivan alvm ¢ (2.13)
(@ -p- 2z + (B2 2R A [nY(e)nzde.
t-r
If we take A = agzﬁ(y+1)>0, then
d ara, —ay  aiyn 5 ((xlaz—ag asn ,
I {EEEE B o urfiveE - s )iz,
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Therefore, if

. {alaz—a; ara; — af }
r < min , ,

2aa5vn’ 2ai(2pu + 1)vVn
then

ditv1 < -a(|Y)? +11Z]*) forsomea > O. (2.14)

From (2.9), (2.12) and (2.14), it can be seen that the Lyapunov functional V; (X;, Y, Z;) satisfies all the con-
ditions of Theorem 2.1, so that the zero solution of (1.1) with P = 0 is uniformly stable.
Thus, the proof of Theorem 2.2 is now complete. O

3 Boundedness

Now we consider the system of delay differential equations
x=F(t, %), X =x(t+6), -r<6<0, (3.1)

where F: R x C — R" is a continuous mapping and takes bounded sets into bounded sets.
The following theorem is a well-known result obtained by Burton [8].

Theorem 3.1. Let V(t, ¢): R x C — R" be a continuous functional that is locally Lipschitz in ¢. If
t

@) W(xl) < V(t, x¢) < Wi(|x(@®)]) + Wz( I W3(IX(S)I)dS>,
t-r
(i) Vi3.1)(t, %) < =W3(|X(D)]) + M for some M > 0,
where W and W; (i = 1, 2, 3) are wedges, then the solutions of (3.1) are uniformly bounded and uniformly ulti-
mately bounded for a bound B.

The following theorem is the second main result of (1.1).

Theorem 3.2. Suppose, further to the conditions of Theorem 2.2, that there exists a constant m > 0 such that
|P(t)|| < m. Then, every solution of (1.1) is uniformly bounded and uniformly ultimately bounded, provided that

. (a3 ara; — al ara; — al
r<ming—, —; 7 5 , 7 :
as 2a3(1+2u+aiaz —ag +2a7 +a1)vn 2aa5(1 +ag)vn

Proof. Now we consider the boundedness of the solutions of (1.1). We assume that P(t) is bounded with
a bound m and the conditions of Theorem 2.2 hold.
First we can write (1.1) as the following equivalent system:

X=Y,
Y-=2, (3.2)

t
Z=-AZ-G(Y)-HX)+ J]H(X(s))Y(s) ds + P(t).
t,
Consider the Lyapunov functional as '
V=Vi(Xe, Ye, Ze) + Vo Xy, Y, Zy),s (3.3)

where V; is defined as (2.3) and V> is defined as

1
2V, = 2a? j(H(oX), X)do + ax(araz — a5)(X, X) + 2a1 (H(X), V) (3.4)
) .

+ a3V, V) + 2(aa - (X, Z+ V) +an{Z+ a1V, Z + a1 Y).
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Then, we can obtain

1 2
Vs = J(H(UX), X) do - %(H(X) HX)) + 2—||a3Y + ar HX)|
0

3 as
!

a e, —ak a
+ 22 B X+ (Z+ V)P + —3||Z+ a, Y|
2a;
1 a0y — 0(’
=S5+ —lajY + atHX)|1? + —IlazX +(Z+a V)| + —IIZ +ar Y|,
20(3 205
where
1 az
S3:=aj j(H(aX), X)do - 2—1,(H(X), H(X)).
0 %
Since

0
a_o_1<H(01X), H(01X)) = 2{Ju(01X)X, H(01X)),

by integrating both sides from ¢; = 0 to g7 = 1 and because of H(0) = 0, we get
1
(H(X), HX)) = 2 J(]H((HX)X, H(01X))do,.
0

Therefore

_ N

1
S3=a} J(H(GX), X)do -
0

Nauks

j(]H(le)X, H(01X)) doy = o j<H(ch), fr- ai,BJH(mX)}X} do;.

But A;(Ju(X)) < a} by (iv), which implies that S5 > 0. Thus, we obtain

aLa; — a al
22X+ Z+a V)P + ﬁnmalyuz. (3.5)
2

1 2
V> ﬁ||a'3Y+ artHX)| + 20,

3

Then, from (2.8), (3.3) and (3.5), we have

!

1 1 1 a
Ve ZaolXI? + ZIZ + uY|? + Zpu(ay — | Y|? + —|1Z + a1 Y||2
> ol Xl +2|I + Y| +2y( 1= wIYl +2a2" +aY|

+L,II(X;Y+(X1H(X)I|2+%HQZX_F(ZJFQIY)HZ. (3.6)
3 2
From conditions (i)—(v) of Theorem 2.2 and by using the Cauchy-Schwarz inequality, we get
o o 1 (% o0
(@i ) s m@a -+ )i (3.7)

+ {alaz -ab+ a1<% + a1>}||Z||2.
Thus, from (2.10), (2.11), (3.3) and (3.7), we have
N 1 2 1\ &2 2
V< {a3 n(y tyt a + al) + (a1ay - a3)<7 +a + 1)}IIXII

1
+ {ag \/ﬁ(al + 5) + %(a’lx/ﬁ+ 1) +abvn+ al(alaz - ag) + a%(% + 1)]»||Y||2

{alaz -+ a1<a1 + 2) By ||Z||2

Ar
2 2

t
J 1Y]% ds.

t-r
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Then,
{a \/ﬁ(y+—+a1+a1>+(a1az—a3)(—+a1+1)}||X||2
{ <a1+ >+—(alx/ﬁ+1)+a2\/ﬁ+a1(a1a2 a3)+a1<“2 )}uyn2
o

1
alaz—a3+a1(a1+ 2)+§+ }»IIZII2 (3.8)

Ar 2 2 2
+E{ J 5(||X|| + Y17+ 11Z] )ds}.

t-r

From (2.3), (3.2) and by using the conditions of Theorem 2.2, we find

a,a; —al ak\/n ajar —ah  ab/n
Dy, o (D0 ROV Yy (D00 ST
dt 2 2 2a, 2
abvn  aln
+<yY+Z,P(t)>+(” 32\/_+ 3;/_—A)J||Y(s)||2ds.
t-r
In view of the condition |P(t)|| < m, we get
a ar — ak al\n a o, —ak  akn
Ay, < (2R E 3v_r—Ar)uYuz (5= 3‘/_,,)"2"2
dt 2 2 2, 2 659)
3.9
alyn ol
+um||Y||+m||Z||+(“ 32 3— j|Y(s)||2ds.

Also from (3.4), (3.2) and by using the conditions of Theorem 2.2, we obtain

t
%Vz —(aya; — a3)(H(X), X) + a%<Y, J Ju(X(s))Y(s) ds + P(t)>
t-r

t

t
a1<Z, J Ju(X(s)Y(s) ds + P(t)> + (@ - ag)<x, J Ju(X(s)Y(s) ds + P(t)>.
t t—-r

Since azvVn|lX|| < |HX)| < a; VX, 1P| < m and |[Jg(X)|| < \/ﬁa; by (iv), and by using the Cauchy-
Schwarz inequality, we have

d
PTG Va(araz - ab)IXI? + m{(araz — ab)IXI + a3 1Yl + a1 1121}

20

t
—(nYu2 I|Y(s)||2ds> .10

t-r

! —a t
+w(uxu2 I|Y(s)||2ds>

t
a ahn
22 (||Z||2r+ | ivesin? as).

Therefore, from (3.9) and (3.10), we get

d
—V < (arar - ay)mlX| + (u + a})m| Y] + (a1 + D)m| Z]|

dt
{ svVn(aia; - ab) - Mr}"xuz
((xlaz—a3 Ilagz\/_r a%“é\/ﬁr_}Lr>||Y||2
<Ol10l2 - 0‘3 32\/_,, a1a2'3\/ﬁr)”2"2
) {M Vi (@a —ggmgﬁ . aiazé\/ﬁ N “1“23*5 -1 jtuY(s)Il2 ds.

t-r
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Let

!
A=2 n(1+ F oty — ah +ag + a?)
=3 H 1Q2 3 1 1)s

. [as3 a1ay — a’3 aay — a’3
r<mini—, — ; 3 ) 7 :
ay 205(1+2u+arap — af + 2a7 + a;)Vn 20a5(1 +ar)vn

Then, we can take
k=mmax{aia; — a5, p+af, ay + 1},

so that

d

EV < —a(IXI + 1Y1% + 1ZI1%) + ka(IXI + 1 Y] + 1Z1])
a a 3a

= —E(IIXII2 + 1Y% +121%) - 5{(|IX|| 1%+ (Y- %+ (1Z] - k)*} + 7k2

< —g(||X||2 +1Y1% +121%) + 370(’(2 for some a, k > 0. (3.11)

Therefore, from (3.6), (3.8) and (3.11) the Lyapunov functional V satisfies all the conditions of Theorem 3.1
by taking

_ a 3a
Ws(|x]) = E(IIXII2 +1YI° +1Z]*) and M= Tkz-

Hence, the solutions of (1.1) are uniformly bounded and uniformly ultimately bounded for a bound m, and
the proof of Theorem 3.2 is completed. O
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