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1 Introduction
Stability is a very important subject in the theory and applications of di�erential equations. The stability
analysis of delay di�erential equations has received considerable attentions over the last few decades. The
stability and boundedness of solutions of delay di�erential equations were considered in [8, 10, 12, 24]. The
Lyapunov functional approach is an interesting and fruitful technique to determine the stability behaviour
of solutions of linear and nonlinear di�erential equations. This technique has gained increasing signi�cance
and given impetus for modern development of stability theory of di�erential equations. During the past few
decades, by using Lyapunov functionals, many results have been obtained on the qualitative behaviours of
solutions for various higher-order (third, fourth and �fth-order) vector di�erential equations without delay,
see, for example, [1–3, 11, 13, 14, 16, 23]. On the other hand, for certain third and fourth-order scalar de-
lay di�erential equations, the stability and the boundedness results have been investigated only by a few
researchers, see, for example, [4, 5, 15, 17–21, 25]. Besides, it is worth mentioning, that according to our
observations, there are only a few papers on the same topic for certain second and fourth-order vector delay
di�erential equations, see, for example, [6, 22].

In this paper, by de�ning Lyapunov functionals, we obtain proper su�cient conditions for the stability
and the boundedness of solutions in the cases P = 0 and P ̸= 0, respectively, to the following third-order
vector delay di�erential equation of the type:

X⃛ + AẌ + G(Ẋ) + H(X(t − r)) = P(t), (1.1)

where r is a positive constantwhichwill be determined later, X ∈ ℝn,A is a constant n × n-matrix,G andH are
n-vector continuous functions with G(0) = H(0) = 0 and P(t), t ∈ [0,∞), is an n-vector continuous function.
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Equation (1.1) is the vector version for the system of real third-order di�erential equations with delay

x⃛i +
n
∑
j=1
aij ẍj + gi(ẋ1, . . . , ẋn) + hi(x1(t − r), . . . , xn(t − r)) = pi(t), i = 1, 2, . . . , n,

in which aij are constants. Moreover, it is assumed that the Jacobian matrices

JH(X) = (
∂hi
∂xj

) and JG(Y) = (
∂gi
∂yj

), i, j = 1, 2, . . . , n,

exist and are continuous.
Special cases of (1.1), when n = 1, have been investigated by Zhu [25], Sadek [15] and Tunç [20], and

when r = 0, have been considered by Hara [11], Chukwu [9], Tunç and Ateş [23].
We need the following notations and de�nitions:

(i) λi(M), i = 1, 2, . . . , n, are the eigenvalues of the n × n matrix M.
(ii) ⟨X, Y⟩ corresponding to any pair X, Y of vectors in ℝn stands for the usual scalar product ∑n

i=1 xiyj. The
Euclidean length inℝn will be denoted by ‖ ⋅ ‖, so that in particular ‖X‖2 = ⟨X, X⟩ for arbitrary X ∈ ℝn.

(iii) The matrix M is said to be negative-de�nite, when ⟨MX, X⟩ < 0 for all nonzero X ∈ ℝn.

2 Stability
Now we consider the stability criteria for the general autonomous delay di�erential system:

̇x̄(t) = f (x̄t), x̄t(s) = x̄(t + s), −h ≤ s ≤ 0, t ≥ 0, (2.1)

where f : CH → ℝn is a continuous mapping with f (0) = 0̄,

CH := {ϕ ∈ C([−h, 0],ℝn) : ‖ϕ‖ ≤ H}

and for H1 < H, there exists L(H1) > 0 with |f (ϕ)| ≤ L(H1) when ‖ϕ‖ ≤ H1.

Theorem 2.1 ([7]). Let V(ϕ) : CH → ℝ be a continuous functional satisfying a local Lipschitz condition with
V(0) = 0 and the functions Wi (i = 1, 2) are wedges, such that
(i) W1(|ϕ(0)|) ≤ V(ϕ) ≤ W2(‖ϕ‖),
(ii) V̇(2.1)(ϕ) ≤ 0 for ϕ ∈ CH .
Then, the zero solution of (2.1) is uniformly stable.

The following theorem is the �rst main result of (1.1).

Theorem 2.2. In addition to the fundamental assumptions on the functions H and G, suppose the existence of
arbitrary positive constants α1, α�1, α2, α�2, α3, α�3. Assume also that for i = 1, 2, . . . , n, the following conditions
are satis�ed:
(i) The matrix A is symmetric and α1 ≤ λi(A) ≤ α�1.
(ii) G(0) = 0, JG(Y) is symmetric and α2 ≤ λi(JG(Y)) ≤ α�2 for all Y ∈ ℝn.
(iii) JG(Y) − ∫

1
0 JG(σY) dσ is negative-de�nite.

(iv) H(0) = 0, JH(X) is symmetric and α3 ≤ λi(JH(X)) ≤ α�3 for all X ∈ ℝn.
(v) α1α2 − α�3 > 0.
(vi) JH(X) commutes with JH(X�) for all X, X� ∈ ℝn.
Then, the zero solution of (1.1) with P = 0 is uniformly stable, provided that

r < min {
α1α2 − α�3
2α2α3√n

,
α1α2 − α�3

2α�3(2µ + 1)√n
},

where

µ =
α1α2 + α�3

2α2
> 0.
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The following two lemmas are important for the proof of the main results.

Lemma 2.1. Let M be a real symmetric n × n matrix. If a� ≥ λi(M) ≥ a > 0, i = 1, 2, . . . , n, then

a�⟨X, X⟩ ≥ ⟨MX, X⟩ ≥ a⟨X, X⟩,
a�2⟨X, X⟩ ≥ ⟨MX,MX⟩ ≥ a2⟨X, X⟩.

Lemma 2.2. Assume that Ẋ = Y, Ẏ = Z, Ż = W. Then,

(1) d
dt

1

∫
0

⟨H(σX), X⟩ dσ = ⟨H(X), Y⟩,

(2) d
dt

1

∫
0

⟨G(σY), Y⟩ dσ = ⟨G(Y), Z⟩.

Proof. (1) We have that

d
dt

1

∫
0

⟨H(σX), X⟩ dσ =
1

∫
0

σ⟨JH(σX)Y, X⟩ dσ +
1

∫
0

⟨H(σX), Y⟩ dσ

=
1

∫
0

σ⟨JH(σX)X, Y⟩ dσ +
1

∫
0

⟨H(σX), Y⟩ dσ

=
1

∫
0

σ ∂
∂σ

⟨H(σX), Y⟩ dσ +
1

∫
0

⟨H(σX), Y⟩ dσ

= σ⟨H(σX), Y⟩!!!!
1
0 = ⟨H(X), Y⟩.

The proof of (2) is similar to that of (1).

Proof of Theorem 2.2. We write equation (1.1) with P(t) = 0 as the following equivalent system:

{{{
{{{
{

Ẋ = Y,
Ẏ = Z,
Ż = −AZ − G(Y) − H(X) +

t

∫
t−r

JH(X(s))Y(s) ds.
(2.2)

De�ne a Lyapunov functional as

2V1(Xt , Yt , Zt) = 2µ
1

∫
0

⟨H(σX), X⟩ dσ + 2⟨Y, H(X)⟩ + 2µ⟨Y, Z⟩

+ 2
1

∫
0

⟨G(σY), Y⟩ dσ + ⟨Z, Z⟩ + µ⟨AY, Y⟩ + 2λ
0

∫
−r

t

∫
t+s

‖Y(θ)‖2 dθ ds,
(2.3)

where λ is a positive constant which will be determined later.
We de�ne

Γ(Y) =
1

∫
0

JG(σY) dσ. (2.4)

Then, it follows from (ii) that
λi(Γ(Y)) ≥ α2 > 0 for all Y ∈ ℝn . (2.5)

Since 2λ ∫0−r ∫
t
t+s‖Y(θ)‖

2 dθ ds is non-negative, we �nd

2V1 ≥ 2µ
1

∫
0

⟨H(σX), X⟩ dσ + 2⟨Y, H(X)⟩ + 2
1

∫
0

⟨G(σY), Y⟩ dσ + µ⟨AY, Y⟩ + ‖Z + µY‖2 − µ2‖Y‖2.
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From λi(A) ≥ α1 (because of (i)) and from Lemma 2.1, we get that

2V1 ≥ 2µ
1

∫
0

⟨H(σX), X⟩ dσ − ‖Γ−
1
2H(X)‖2 + 2

1

∫
0

⟨G(σY), Y⟩ dσ

− ‖Γ
1
2 Y‖2 + ‖Z + µY‖2 + µ(α1 − µ)‖Y‖2 + ‖Γ

1
2 Y + Γ−

1
2H(X)‖2.

The matrix Γ is symmetric because JG is symmetric, and the eigenvalues of Γ are positive because of (2.5).
Consequently, the square root Γ 1

2 exists. This is again symmetric and non-singular for all Y ∈ ℝn. Therefore,
we have

2V1 ≥ 2µ
1

∫
0

⟨H(σX), X⟩ dσ − ⟨Γ−1H(X), H(X)⟩

+ 2
1

∫
0

⟨G(σY), Y⟩ dσ − ⟨ΓY, Y⟩ + ‖Z + µY‖2 + µ(α1 − µ)‖Y‖2,
(2.6)

so that
V1 ≥ S1 + S2 + ‖Z + µY‖2 + µ(α1 − µ)‖Y‖2,

where

S1 := 2µ
1

∫
0

⟨H(σX), X⟩ dσ − ⟨Γ−1H(X), H(X)⟩,

S2 := 2
1

∫
0

⟨G(σY), Y⟩ dσ − ⟨ΓY, Y⟩.

Since
∂
∂σ1

⟨H(σ1X), H(σ1X)⟩ = 2⟨JH(σ1X)X, H(σ1X)⟩,

by integrating both sides from σ1 = 0 to σ1 = 1 and because of H(0) = 0, we obtain

⟨H(X), H(X)⟩ = 2
1

∫
0

⟨JH(σ1X)X, H(σ1X)⟩ dσ1.

Thus, we have

S1 = 2µ
1

∫
0

⟨H(σX), X⟩ dσ − 2Γ−1
1

∫
0

⟨JH(σ1X)X, H(σ1X)⟩ dσ1 = 2
1

∫
0

⟨H(σ1X), {µI − Γ−1JH(σ1X)}X⟩ dσ1.

But, from
∂
∂σ2

⟨H(σ1σ2X), {µI − Γ−1JH(σ1X)}X⟩ = ⟨σ1JH(σ1σ2X)X, {µI − Γ−1JH(σ1X)}X⟩,

by integrating both sides from σ2 = 0 to σ2 = 1 and because of H(0) = 0, we �nd

⟨H(σ1X), {µI − Γ−1JH(σ1X)}X⟩ =
1

∫
0

σ1⟨JH(σ1σ2X)X, {µI − Γ−1JH(σ1X)}X⟩ dσ2.

Hence, we have

S1 = 2
1

∫
0

1

∫
0

σ1⟨JH(σ1σ2X)X, {µI − Γ−1JH(σ1X)}X⟩ dσ2 dσ1

= 2
1

∫
0

1

∫
0

σ1⟨JH(σ1σ2X){µI − Γ−1JH(σ1X)}X, X⟩ dσ2 dσ1.
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Let
Q = {µI − Γ−1JH(σ1X)}JH(σ1σ2X).

Since λi(Γ−1) ≤ 1
α2 and α3 ≤ λi(JH(X)) ≤ α�3, and because of (2.5) and (iv), respectively, it follows that

λi(µI − Γ−1JH) = λi(µI) − λi(Γ−1JH) ≥ µ − α�3α
−1
2 .

Since µ = α1α2+α�3
2α2 , we have

λi(Q) ≥ (µ − α�3α
−1
2 )α3 =

1
2 (α1α2 − α

�
3)α3α

−1
2 =: α0 > 0.

Then, we have from Lemma 2.1 that

S1 ≥ 2
1

∫
0

1

∫
0

σ1⟨α0X, X⟩ dσ2 dσ1 ≥ α0‖X‖2.

From the identity
1

∫
0

σ⟨JG(σY)Y, Y⟩ dσ ≡ ⟨G(Y), Y⟩ −
1

∫
0

⟨G(σY), Y⟩ dσ,

(2.4) and (iii), it is clear that

2
1

∫
0

⟨G(σY), Y⟩ dσ − ⟨G(Y), Y⟩ =
1

∫
0

⟨G(σY), Y⟩ dσ −
1

∫
0

σ⟨JG(σY)Y, Y⟩ dσ

=
1

∫
0

σ⟨Γ(σY)Y, Y⟩ dσ −
1

∫
0

σ⟨JG(σY)Y, Y⟩ dσ

= −
1

∫
0

σ⟨{JG(σY) − Γ(σY)}Y, Y⟩ dσ ≥ 0.

Since

Γ(Y)Y =
1

∫
0

JG(σY)Y dσ = G(Y), (2.7)

it follows that

S2 := 2
1

∫
0

⟨G(σY), Y⟩ dσ − ⟨ΓY, Y⟩ ≥ 0.

From the estimates of S1 and S2, we obtain

2V1 ≥ α0‖X‖2 + ‖Z + µY‖2 + µ(α1 − µ)‖Y‖2. (2.8)

But α1 − µ = α1α2−α�3
2α2 > 0, therefore there exists a positive constant D1 such that

V1 ≥ D1(‖X‖2 + ‖Y‖2 + ‖Z‖2). (2.9)

By using the hypotheses of Theorem 2.2, we obtain ‖A‖ ≤ √nα�1 by (i), and since ∂H(σX)
∂σ = JH(σX)X and

H(0) = 0, we �nd from (iv) that

‖H(X)‖ ≤
1

∫
0

‖JH(σX)‖‖X‖ dσ ≤ √nα�3‖X‖.

Also, since ∂G(σY)
∂σ = JG(σY)Y and G(0) = 0, we �nd from (ii) that

‖G(Y)‖ ≤
1

∫
0

‖JG(σY)‖‖Y‖ dσ ≤ √nα�2‖Y‖,
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by using the Cauchy–Schwarz inequality |⟨m, n⟩| ≤ ‖m‖‖n‖ ≤ 1
2 (‖m‖2 + ‖n‖2) and from

2λ
0

∫
−r

t

∫
t+s

‖Y(θ)‖2 dθ ds = 2λ
t

∫
t−r

(θ− t+ r)‖Y(θ)‖2 dθ ≤ 2λ‖Y‖2
t

∫
t−r

(θ− t+ r) dθ = λr2‖Y‖2 = λr
t

∫
t−r

‖Y‖2 dθ. (2.10)

Thus, we can obtain

2V1 ≤ (2µ + 1)α�3√n‖X‖2 + (1 + µ + µα�1√n + 2α�2√n + λr2)‖Y‖2 + (µ + 1)‖Z‖2. (2.11)

Hence, we have a positive constant D2 satisfying

V1 ≤ D2(‖X‖2 + ‖Y‖2 + ‖Z‖2). (2.12)

From (2.3), (2.2) and Lemma 2.2, it is obvious that

d
dt
V1 = µ⟨Z, Z⟩ − ⟨AZ, Z⟩ + ⟨JH(X)Y, Y⟩ − µ⟨Y, G(Y)⟩

+ ⟨µY,
t

∫
t−r

JH(X(s))Y(s) ds⟩+⟨Z,
t

∫
t−r

JH(X(s))Y(s) ds⟩+ λ‖Y‖2r − λ
t

∫
t−r

‖Y(θ)‖2 dθ,

so that

d
dt
V1 = −⟨{A − µI}Z, Z⟩ + ⟨JH(X)Y, Y⟩ − µ⟨Y, G(Y)⟩

+ ⟨µY + Z,
t

∫
t−r

JH(X(s))Y(s) ds⟩+ λ‖Y‖2r − λ
t

∫
t−r

‖Y(θ)‖2 dθ.

From the conditions (i), (ii), (iv) of Theorem 2.2, (2.7) and Lemma 2.1, we have

d
dt
V1 ≤ −(µα2 − α�3)‖Y‖

2 − (α1 − µ)‖Z‖2 +⟨µY + Z,
t

∫
t−r

JH(X(s))Y(s) ds⟩+ λ‖Y‖2r − λ
t

∫
t−r

‖Y(θ)‖2 dθ.

Since ‖JH(X)‖ ≤ √nα�3 by (iii), and by using the Cauchy–Schwarz inequality, we obtain

!!!!!!!!!
⟨µY + Z,

t

∫
t−r

JH(X(s))Y(s) ds⟩
!!!!!!!!!
≤ ‖µY + Z‖

"""""""""

t

∫
t−r

JH(X(s))Y(s) ds
"""""""""

≤ (µ‖Y‖ + ‖Z‖)
t

∫
t−r

√nα�3‖Y(s)‖ ds

≤
µα�3√n

2 (‖Y‖2r +
t

∫
t−r

‖Y(s)‖2 ds) +
α�3√n
2 (‖Z‖2r +

t

∫
t−r

‖Y(s)‖2 ds).

It follows that

d
dt
V1 = −(µα2 − α�3 −

µα�3√n
2 r − λr)‖Y‖2

− (α1 − µ −
α�3√n
2 r)‖Z‖2 + (

µα�3√n
2 +

α�3√n
2 − λ)

t

∫
t−r

‖Y(θ)‖2 dθ.
(2.13)

If we take λ = α�3√n
2 (µ + 1) > 0, then

d
dt
V1 ≤ −{

α1α2 − α�3
2 −

α�3√n
2 (2µ + 1)r}‖Y‖2 − (

α1α2 − α�3
2α2

−
α�3√n
2 r)‖Z‖2.
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Therefore, if

r < min{
α1α2 − α�3
2α2α�3√n

,
α1α2 − α�3

2α�3(2µ + 1)√n
},

then
d
dt
V1 ≤ −α(‖Y‖2 + ‖Z‖2) for some α > 0. (2.14)

From (2.9), (2.12) and (2.14), it can be seen that the Lyapunov functional V1(Xt , Yt , Zt) satis�es all the con-
ditions of Theorem 2.1, so that the zero solution of (1.1) with P = 0 is uniformly stable.

Thus, the proof of Theorem 2.2 is now complete.

3 Boundedness
Now we consider the system of delay di�erential equations

̇x̄ = F(t, x̄t), x̄t = x̄(t + θ), −r ≤ θ ≤ 0, (3.1)

where F : ℝ × C → ℝn is a continuous mapping and takes bounded sets into bounded sets.
The following theorem is a well-known result obtained by Burton [8].

Theorem 3.1. Let V(t, ϕ) : ℝ × C → ℝn be a continuous functional that is locally Lipschitz in ϕ. If

(i) W(|x̄(t)|) ≤ V(t, x̄t) ≤ W1(|x̄(t)|) +W2(
t

∫
t−r

W3(|x̄(s)|) ds),

(ii) V̇(3.1)(t, x̄t) ≤ −W3(|x̄(t)|) +M for some M > 0,
where W and Wi (i = 1, 2, 3) are wedges, then the solutions of (3.1) are uniformly bounded and uniformly ulti-
mately bounded for a bound B.

The following theorem is the second main result of (1.1).

Theorem 3.2. Suppose, further to the conditions of Theorem 2.2, that there exists a constant m > 0 such that
‖P(t)‖ ≤ m. Then, every solution of (1.1) is uniformly bounded and uniformly ultimately bounded, provided that

r < min{α3
α�3
,

α1α2 − α�3
2α�3(1 + 2µ + α1α2 − α�3 + 2α21 + α1)√n

,
α1α2 − α�3

2α2α�3(1 + α1)√n
}.

Proof. Now we consider the boundedness of the solutions of (1.1). We assume that P(t) is bounded with
a bound m and the conditions of Theorem 2.2 hold.

First we can write (1.1) as the following equivalent system:

{{{{{
{{{{{
{

Ẋ = Y,

Ẏ = Z,

Ż = −AZ − G(Y) − H(X) +
t

∫
t−r

JH(X(s))Y(s) ds + P(t).

(3.2)

Consider the Lyapunov functional as

V = V1(Xt , Yt , Zt) + V2(Xt , Yt , Zt), (3.3)

where V1 is de�ned as (2.3) and V2 is de�ned as

2V2 = 2α21

1

∫
0

⟨H(σX), X⟩ dσ + α2(α1α2 − α�3)⟨X, X⟩ + 2α1⟨H(X), Y⟩

+ α�3⟨Y, Y⟩ + 2(α1α2 − α�3)⟨X, Z + α1Y⟩ + α1⟨Z + α1Y, Z + α1Y⟩.

(3.4)
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Then, we can obtain

V2 = α21

1

∫
0

⟨H(σX), X⟩ dσ −
α21
2α�3

⟨H(X), H(X)⟩ + 1
2α�3

‖α�3Y + α1H(X)‖2

+
α1α2 − α�3

2α2
‖α2X + (Z + α1Y)‖2 +

α�3
2α2

‖Z + α1Y‖2

= S3 +
1
2α�3

‖α�3Y + α1H(X)‖2 +
α1α2 − α�3

2α2
‖α2X + (Z + α1Y)‖2 +

α�3
2α2

‖Z + α1Y‖2,

where

S3 := α21

1

∫
0

⟨H(σX), X⟩ dσ −
α21
2α�3

⟨H(X), H(X)⟩.

Since
∂
∂σ1

⟨H(σ1X), H(σ1X)⟩ = 2⟨JH(σ1X)X, H(σ1X)⟩,

by integrating both sides from σ1 = 0 to σ1 = 1 and because of H(0) = 0, we get

⟨H(X), H(X)⟩ = 2
1

∫
0

⟨JH(σ1X)X, H(σ1X)⟩ dσ1.

Therefore

S3 = α21

1

∫
0

⟨H(σX), X⟩ dσ −
α21
α�3

1

∫
0

⟨JH(σ1X)X, H(σ1X)⟩ dσ1 = α21

1

∫
0

⟨H(σ1X), {I −
1
α�3
JH(σ1X)}X⟩ dσ1.

But λi(JH(X)) ≤ α�3 by (iv), which implies that S3 ≥ 0. Thus, we obtain

V2 ≥
1
2α�3

‖α�3Y + α1H(X)‖2 +
α1α2 − α�3

2α2
‖α2X + (Z + α1Y)‖2 +

α�3
2α2

‖Z + α1Y‖2. (3.5)

Then, from (2.8), (3.3) and (3.5), we have

V ≥
1
2α0‖X‖

2 +
1
2 ‖Z + µY‖2 + 1

2µ(α1 − µ)‖Y‖
2 +

α�3
2α2

‖Z + α1Y‖2

+
1
2α�3

‖α�3Y + α1H(X)‖2 +
α1α2 − α�3

2α2
‖α2X + (Z + α1Y)‖2.

(3.6)

From conditions (i)–(v) of Theorem 2.2 and by using the Cauchy–Schwarz inequality, we get

V2 ≤ {α1α�3√n(α1 + 1) + (α1α2 − α�3)(
α2
2 + α1 + 1)}‖X‖2

+ {α�3(α1√n +
1
2) + α1(α1α2 − α�3) + α

2
1(
α1
2 + 1)}‖Y‖2

+ {α1α2 − α�3 + α1(
1
2 + α1)}‖Z‖2.

(3.7)

Thus, from (2.10), (2.11), (3.3) and (3.7), we have

V ≤ {α�3√n(µ +
1
2 + α1 + α21) + (α1α2 − α�3)(

α2
2 + α1 + 1)}‖X‖2

+ {α�3√n(α1 +
1
2) +

µ
2 (α

�
1√n + 1) + α�2√n + α1(α1α2 − α�3) + α21(

α1
2 + 1)}‖Y‖2

+ {α1α2 − α�3 + α1(α1 +
1
2) +

µ
2 +

1
2}‖Z‖

2 +
λr
2

t

∫
t−r

‖Y‖2 ds.
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Then,

V ≤ {α�3√n(µ +
1
2 + α1 + α21) + (α1α2 − α�3)(

α2
2 + α1 + 1)}‖X‖2

+ {α�3√n(α1 +
1
2) +

µ
2 (α

�
1√n + 1) + α�2√n + α1(α1α2 − α�3) + α

2
1(
α1
2 + 1)}‖Y‖2

+ {α1α2 − α�3 + α1(α1 +
1
2) +

µ
2 +

1
2}‖Z‖

2

+
λr
α {

t

∫
t−r

α
2 (‖X‖

2 + ‖Y‖2 + ‖Z‖2) ds}.

(3.8)

From (2.3), (3.2) and by using the conditions of Theorem 2.2, we �nd

d
dt
V1 ≤ −(

α1α2 − α�3
2 −

µα�3√n
2 r − λr)‖Y‖2 − (

α1α2 − α�3
2α2

−
α�3√n
2 r)‖Z‖2

+ ⟨µY + Z, P(t)⟩ + (
µα�3√n

2 +
α�3√n
2 − λ)

t

∫
t−r

‖Y(s)‖2 ds.

In view of the condition ‖P(t)‖ ≤ m, we get

d
dt
V1 ≤ −(

α1α2 − α�3
2 −

µα�3√n
2 r − λr)‖Y‖2 − (

α1α2 − α�3
2α2

−
α�3√n
2 r)‖Z‖2

+ µm‖Y‖ + m‖Z‖ + (
µα�3√n

2 +
α�3√n
2 − λ)

t

∫
t−r

‖Y(s)‖2 ds.
(3.9)

Also from (3.4), (3.2) and by using the conditions of Theorem 2.2, we obtain

d
dt
V2 ≤ −(α1α2 − α�3)⟨H(X), X⟩ + α21⟨Y,

t

∫
t−r

JH(X(s))Y(s) ds + P(t)⟩

+ α1⟨Z,
t

∫
t−r

JH(X(s))Y(s) ds + P(t)⟩ + (α1α2 − α�3)⟨X,
t

∫
t−r

JH(X(s))Y(s) ds + P(t)⟩.

Since α3√n‖X‖ ≤ ‖H(X)‖ ≤ α�3√n‖X‖, ‖P(t)‖ ≤ m and ‖JH(X)‖ ≤ √nα�

3 by (iv), and by using the Cauchy–
Schwarz inequality, we have

d
dt
V2 ≤ −α3√n(α1α2 − α�3)‖X‖

2 + m{(α1α2 − α�3)‖X‖ + α
2
1‖Y‖ + α1‖Z‖}

+
α�3√n(α1α2 − α

�
3)

2 (‖X‖2r +
t

∫
t−r

‖Y(s)‖2 ds) +
α21α

�
3√n
2 (‖Y‖2r +

t

∫
t−r

‖Y(s)‖2 ds)

+
α1α�3√n

2 (‖Z‖2r +
t

∫
t−r

‖Y(s)‖2 ds).

(3.10)

Therefore, from (3.9) and (3.10), we get
d
dt
V ≤ (α1α2 − α�3)m‖X‖ + (µ + α21)m‖Y‖ + (α1 + 1)m‖Z‖

− {α3√n(α1α2 − α�3) −
(α1α2 − α�3)α

�
3√n

2 r}‖X‖2

− (
α1α2 − α�3

2 −
µα�3√n

2 r −
α21α

�
3√n
2 r − λr)‖Y‖2

− (
α1α2 − α�3

2α2
−
α�3√n
2 r −

α1α�3√n
2 r)‖Z‖2

+ {
µα�3√n

2 +
α�3√n
2 +

(α1α2 − α�3)α
�
3√n

2 +
α21α

�
3√n
2 +

α1α�3√n
2 − λ}

t

∫
t−r

‖Y(s)‖2 ds.
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Let

λ =
α�3√n
2 (1 + µ + α1α2 − α�3 + α1 + α

2
1),

r < min{α3
α�3
,

α1α2 − α�3
2α�3(1 + 2µ + α1α2 − α�3 + 2α21 + α1)√n

,
α1α2 − α�3

2α2α�3(1 + α1)√n
}.

Then, we can take
k = mmax{α1α2 − α�3, µ + α21, α1 + 1},

so that
d
dt
V ≤ −α(‖X‖2 + ‖Y‖2 + ‖Z‖2) + kα(‖X‖ + ‖Y‖ + ‖Z‖)

= −
α
2 (‖X‖

2 + ‖Y‖2 + ‖Z‖2) − α2 {(‖X‖ − k)
2 + (‖Y‖ − k)2 + (‖Z‖ − k)2} + 3α

2 k2

≤ −
α
2 (‖X‖

2 + ‖Y‖2 + ‖Z‖2) + 3α
2 k2 for some α, k > 0. (3.11)

Therefore, from (3.6), (3.8) and (3.11) the Lyapunov functional V satis�es all the conditions of Theorem 3.1
by taking

W3(|x̄|) =
α
2 (‖X‖

2 + ‖Y‖2 + ‖Z‖2) and M =
3α
2 k2.

Hence, the solutions of (1.1) are uniformly bounded and uniformly ultimately bounded for a bound m, and
the proof of Theorem 3.2 is completed.
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